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Definable relations in finite-dimensional
subspace lattices with involution
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In memory of Bjarni Jonsson.

Abstract. For a large class of finite dimensional inner product spaces V/,
over division *-rings F', we consider definable relations on the subspace
lattice L(V') of V, endowed with the operation of taking orthogonals. In
particular, we establish translations between the relevant first order lan-
guages, in order to associate these relations with definable and invariant
relations on F'—focussing on the quantification type of defining formulas.
As an intermediate structure we consider the *-ring R(V') of endomor-
phisms of V', thereby identifying L(V') with the lattice of right ideals of
R(V'), with the induced involution. As an application, model completeness
of F is shown to imply that of R(V) and L(V).
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1. Introduction

Translating geometric concepts into algebraic ones is a well established method
since Descartes. For Projective Geometry, Whiteley [11,12] has discussed this
in the context of first order logic. In particular, “geometric configurations”
appear as sets of systems of subspaces, definable in terms of the subspace
lattice. Well known examples are the centrally and the axially perspective
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configurations related to the Arguesian law of Bjarni Jénsson (cf. [3]) as well as
harmonic quadruples and the more powerful quadrangular sextuples of Jonsson
[8]-

The Logic point of view also governed the study [6] of complexity of
satisfiability problems in ortholattices of subspaces of finite dimensional real
and complex Hilbert spaces (the structures of finite dimensional Geometric
Quantum Logic): via interpretation of polynomial feasibility problems in one
direction, by non-deterministic Linear Algebra algorithms in the other.

The present note takes up ideas from both approaches considering defin-
able relations on lattices L(V') (with the induced involution) of subspaces of
(inner product) spaces V over division (*-) rings F' and their coordinate-wise
description. Notice that F' is in the signature of rings with involution but no
operation symbol to capture multiplicative inverse. Of course, translating from
F, inversion can be dealt with as a defined operation.

A structure well suited to relate L(V') with the coordinate domain F' is
the (x-) ring R(V') of endomorphisms of V: its lattice (with involution) of right
ideals is canonically isomorphic to L(V'). While the translation from L(V') to
R(V) is obvious, the converse relies on von Neumann’s [10] Coordinatization
Theory (requiring dimension > 3), based on the concept of frames, refined
to capture relations. Passing from R(V) to F, sets ® of n-tuples of endomor-
phisms are associated with sets K of n-tuples of matrices over F' via a fixed
basis, but depending only on the isometry type (up to scaling) of that basis.
The corresponding invariance property follows from definability on the side of
R(V), it has to be required on the side of F' (that is, on the side of matrices).
The reverse translation from F into R(V) proceeds via existential or univer-
sal quantification over systems of matrix units: the ring analogues of frames.
Accordingly, translations come in pairs, one intended to preserve quantification
types X, the other ITj.

The crucial observation is that, for any orthogonal basis, one can express
(in terms of the associated frame or matrix units) the quotients of the diago-
nal entries of the matrix describing the form — this generalizes the concept of
“orthonormal frame” from [6]. Definability requires that for some basis these
quotients are defined in F' via first order formulas. Moreover to grant, for
any such system of quotients, automorphisms of L(V) matching the associ-
ated frames, we require that F' is commutative or that vectors can be nor-
malized (e.g. in quaternionic Hilbert spaces). The intended preservation of
quantification type becomes possible if the formulas defining the form are in
31 respectively ITy. Our main Theorems 6.2 and 10.4 translate thus definable
n-ary relations in one structure to relations of appropriate arity in another
while preserving their descriptive complexity.

The translations allow to deduce ‘model completeness’ of L(V) and R(V)
(i.e. quantifier elimination up to one existential block) from that of F; cf.
Proposition 12.2. They also allow to relate decidability and axiomatizability
of L(V) and R(V) with that of F; see Corollaries 10.5 and 10.7.

A particular feature of the anisotropic case is that any quantifier-free
formula is, within L(V'), equivalent to a positive primitive one (Corollary 12.1);
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this extends to R(V) with the additional operation of Moore-Penrose-Rickart
pseudo-inversion (Theorem 12.3).

All translations in this note are effective; it is not hard to see that, in the
purely relational setting, these translations can be carried out in polynomial
time — but a detailed discussion shall be postponed to subsequent work.

2. Algebraic preliminaries

Statements presented as “Fact” are well known or obvious; proofs will be
omitted or sketched. In the sequel, let F' be a division ring with involution
r — r* and V a right F-vector space of dimension dimV = d < oo and
endowed with a non-alternate non-degenerate x-hermitean form (.|.), that is:
additive in both arguments and

(orfws) = r*(vw)s, (wlo) = (v|w)*

as well as (v|v) # 0 for some v, and (w|v) = 0 for all w € V only if v = 0 cf.
[5, Chapter I]. We write |v| = (v|v) (without taking square roots which may
not exist in F'). A basis v = (v1,...,vq) is orthogonal if (v;|vj) = 0 for i # j;
we will speak of a L-basis. Recall that such always exist [5, IT §2 Corollary 1]:
any v1 # 0 can be completed to a L-basis; and one has for such

<Z’Uﬂ’i| Zvjsj> = Zr,”;|vk|sk
i j k

with |vg| = |vg|* # 0; we write o] = (1, |v1| 7 uval,. .., [v1|val). Observe
that || determines the isometry type of ¥ up to a scaling.
Up to (isometric) isomorphism the spaces V are the F¢ with the form

(7|5) = Z T30k Sk
k

where §; = ¢ # 0. Moreover, for any endomorphism f of V' there is a unique

endomorphism f*, the adjoint of f, such that (fv|w) = (v|f*w) for all v, w.

Indeed, if fv; =3, viar; then by with f*v; = >, veby; are determined from
agjlvil = (fvjlvi) = (vs]f i) = |vjlbjs.

We say that f is orthogonal if f* = f~!, equivalently, if f is bijective and

(folfw) = (vjw) for all v,w € V.

A x-ring is a ring with unit 1 and with an involution r +— r* that is an
anti-automorphism of order 2; 1 and 0 are considered as constants, +, -, —, *
as fundamental operations.

The endomorphism ring of V is also a *-ring R = R(V') with involution
f = f*. Tt is von Neumann regular: for any a there is b such that aba = a (cf.
[10]). Any right ideal I of R is principal and, if I = aR, then I = abR with
idempotent ab for any b such that aba = a. Observe that for any idempotent
e € R one has

aRCeR & ea=a.
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Associating with I the subspace U = (J{im f | f € I} of V, one can choose ¢ as
the projection onto U associated with any direct decomposition V =U @ W;
thus U = ime.

We will consider lattices L with bounds 0 and 1, joins being written as
a~+0b and meets as aNb, with meets having preference over joins in notation. We
write a@b=cifa+b=cand anNb = 0; and a®* b = ¢ if, in addition, a < b™.
An involution on L is a map a — a* such that a*t = ¢ and a < b if and
only if b+ < at. Considering such as an additional operation, L becomes an
involutive lattice, IL for short. It is an ortholattice if aNa® = 0. The lattice of
linear subspaces of V with involution U + U+ = {v € V | Vu € U. (v|u) = 0}
forms an IL L = L(V') which is an ortholattice if the form on V is anisotropic.
Moreover, L(V)) = L(V") if V' arises from V by scaling.

The right ideals of R form an IL with join I 4+ J, meet I N J, bounds
0 = {0} C Rand 1 := R, and involution

(eR): = (1 — e¢*)R for idempotent e.

This lattice is modular and a complement of eR is given by (1—e)R. Moreover,
an isomorphism onto L(V') is given by Q(fR) = im f. We will identify these
two structures under this isomorphism.

3. Preliminaries from logic

We consider first order languages with countably many variables, equality,
and finitely many operation symbols, but no relation symbols. Finite strings
of variables or elements are written e.g. as T and a, the length being given
by context. We also use matrices X = (x;;);; of variables in an obvious way.
Given a structure A and a formula ¢(Z, z) in the first order language A built
on the signature of A and constants a from A let Moda(¢(Z,a)) = {u € A™ |
A E o(i,a)}. Th(A) denotes the first order theory of A. A subset M of A™ is
definable if M = Mod 4 (¢(Z)) for some formula ¢(Z) € A. The following tool
will later be applied to pass from definitions involving coordinates to defining
formulas in lattices Ag and Ar. The formula p is meant to capture coordinate
systems.

Fact 3.1. Let G a subgroup of the automorphism group of A and p(Z) and
o(z,z) formulas in A such that

(i) There is a in A such that A = p(a).

(ii) For all a in A with A = p(a) one has Moda(p(Z,a)) closed under the
component-wise action of G on A™.

(ii) For alla,b in A, if A |= p(a) and A = p(b) then there is w € G such that
wa = b.

Then for all @,b in A such that A = p(a) and A = p(b)
Moda(¢(z,a)) = Moda(o(Z,b)) = Moda(Vz.p(2) = ¢(Z,2))
= Mod A (3z.p(2) A ©(Z, 2)).
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Proof. Assume that A |= p(a), p(b) and consider any @ € Mod(¢(Z,a)). By
(iii) there is w € G such that wa = b. By (ii), 4 | p(w™'4,a). Applying w,
it follows A = o(@,b). In view of (i) this proves that there is M C A™ such
that M = Moda(p(Z,a)) for all @ with A = p(a). Also, C in the second
equality follows while C in the third is obvious. Finally, to show u € M for
@ € Moda(3z.p(2) A ¢(Z, Z)) choose witnessing a. O

The quantification type Xy or IIj of a formula ¢(Z) is considered up to
logical equivalence and cumulative; in particular, 3y is in 3 if ¢ is quantifier-
free; and positive primitive if, in addition, ¢ is a conjunction of equations. A
positive 31-formula is a disjunction of positive primitives. A basic equation or
basic atomic formula is of the form y = x or y = f(Z) where f is an operation
symbol.

Fact 3.2. To every quantifier-free formula o(Z) there is a conjunction of basic
equations, ©'(Z, z,7), with new variables Z,§ and a boolean combination ¢" ()
of equations between variables from § such that (&) is logically equivalent to
both

¢ (2,2,9) = 325.¢'(2,2,9) A" (1)

©"(%,2,9) = Vzy. ¢ (%, 2,9) = ¢ (1).
In particular, any positive 31 -formula is equivalent to one where the atomic
formulas are basic equations.

Moreover, ¢’ is such that satisfying values for z, 7 are given and uniquely
determined by those for z.

Proof. With each term #(Z) one can associate new variables y; and Z; and a
conjunction ¢ (Z, Zt, y¢) of basic equations such that ¢(Z) = y; is equivalent to
3z e (T, Zt, 1) as well as to VZ;. o (T, Zr, ye) (the Z; capture the intermediate
values when evaluating the term ¢(z)). Thus, ¢1(Z) = ¢2(Z) is equivalent to
both

324, 2ty 1, (T, 28y, Yty) N 1o (T, 2ty Yto) AN Yty = Yty
V2t12t2. Pty (i‘7 Zty s ytl) A Pto (j’ Ztys ytz) = Yt = Yt,

Now, given quantifier-free ¢(Z) replace any equation t1(Z) = ¢2(Z), occurring
in o(Z) by y;, = i, to obtain ¢” in variables y;. Also, let ¢'(&, z,§) the
conjunction of all ¢4 (Z, z;, y;) where ¢(Z) occurs in () (as side of an equation)
and where z comprises all Z; and g all y;. O

In the following definition k£ ranges over all integers k > 0.

e We say that a map 7 from one language to another preserves type if 7(p)
is (i) in X whenever ¢ is; (ii) in II; whenever ¢ is; and (iii) positive
primitive whenever ¢ is.

e We say that 7 shifts type (modulo a formula «) if the following hold: (i)
If pisin Xy (and o € 1), then so is 7(p) in case k is odd; otherwise in
Ypy1. (ii) If ¢ is in II (and « € II), then so is 7(p) in case k is even;
otherwise in ITj 4. (iii) If ¢ is positive primitive, then so is 7(¢).
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e A pair 77,77 preserves type (modulo a formula «) if 77(y) is (i) of type

Yy whenever ¢ is (and o € 3); (ii) of type II; whenever ¢ is (and
a € ¥); and (iii) positive primitive whenever ¢ is.
We consider also bounded quantifications

3y. p(Z,9) ANp(Z,y) and Vy. p(z,9) = (T, 7)
where p(Z,y) is a conjunction of equations and no variable from § occurs
bounded in 1. The bounded quantification type %% resp. 1% of a formula with
prenex bounded quantifiers is defined in the obvious manner.

Fact 3.3. Any formula of type X% (I1%) is logically equivalent to a formula of
type Xy, (Ilg).

Qx will denote a quantification where ) stands for 3 or V; also, a block
of quantifications is denoted in the form Q Z. Such will give rise to bounded
quantifications Q7 where for each zj a binding formula has to be specified.

We say that a structure A is model complete (cf. Exercise 3.4.12d in
[9]) if for any formula ¢(Z) there is ¢'(Z) in 31 equivalent to ¢(Z) within A.
By the Tarski-Seidenberg Theorem, this applies to any real-closed field (in the
signature of rings resp. *-rings with identity involution), e. g. the field R of real
numbers. It also applies to x-fields F' = F*(i) where F* = {r € F | r = r*}
is real closed, i ¢ F*, i> = —1 and (a + bi)* = a — bi for a,b € F*; e.g. the
x-field C of complex numbers with conjugation as involution. This provides
axiomatizations of Th(R) and Th(C), given by finitely many schemes. However,
neither theory is finitely axiomatizable.

Observation 3.4. If F' is a x-subfield of C then any real algebraic number
contained in F' is definable in F'.

4. Overview

In the sequel, F' will be a division *-ring, V' a vector space of dim V = d over F'
and endowed with a *-hermitean form as above, R its x-ring of endomorphisms,
and L the involutive lattice of (principal) right ideals of R. From Section 8 to
10 we require that one of the following holds.

(A) F is commutative.

(B) V allows normalization: for any v # 0 there is r € F such that |vr| = 1.
In case (B), speaking about a basis we require also |v1| = 1. The Condi-
tion (B) applies, for example, to spaces H? with canonical scalar products, H
the quaternions. In Sections 8 and 10 we require

(C) V admits a L-basis © such that each component «; from « = |7| is first
order definable within F' by some formula oz;# (u;). Thus, « is defined by
Ao (w).

Also, when translating from ring or field language into lattice language (with

or without involution), in order to make use of coordinatization methods, we
have to require

(D) dimV > 3.
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In the sequel, both F' and V' (vector space plus form) will be arbitrary under
the above restrictions.

We consider the languages Arp and Ag in the signature of *-rings; Ay
in the signature of ILs. Any space V has associated R and L with a natural
correspondence between R™ and L™, for fixed n, given by @ = fR, meaning
that, component-wise, ux = fxR. That is

Orr = {(f,a) eER"xL.|u= fR}, Orr{(a, f) el"xR"|u= fR}
and thus inducing the maps
Orr(®) = {fR|fe®}CL", Or(M)={f]|fReM}CR"

between the power sets of R™ and L™. For an isometry type « of orthogo-
nal bases, one can also associate with such ® and M relations Og,p(P) and
0101 (M) over F, more precisely subsets of (F4*4)m,

Our main objective will be to establish translations (with a focus on
quantification types) between the languages of L, R, and F' (denoted by 7 with
suitable subscripts) which match defining formulas for relations matched by
one of the above correspondences. These translations depend on dim V' and, if
F is involved, have refer to the isometry type (supposed to be definable, due
to condition (C)) of an orthogonal basis. In order to deal with quantification
type Xy resp. I, these translations come in pairs 77,77, also denoted by 7€,
Q € {3,V} (though, translating from Ay there is no 77, cf. Problem 13.1).
They can be viewed as interpretations (cf. [7]), with the exception of the TgL
which are to capture the “many-to-one” relation €y, .

The concept of frame, the lattice version of a coordinate system, is intro-
duced in Section 5 and used to reduce ¥;-formulas to positive primitive ones.
Section 6 gives the translation from Ay to Ag. The converse translation in Sec-
tion 7, from AR to Ay relies on Coordinatization Theory. Translation to Ag
means considering R as a matrix ring and requires reference to a basis repre-
senting its isometry type (Section 8). In order to get a one-one correspondence
(in Section 10), one needs to consider invariance properties of definable sets of
matrices (Section 9). Counterexamples in Section 11 show that quantification
is required when translating from F' to L. The special case of anisotropic forms
is dealt with in Section 12.

The results in Sections 6 to 10 remain valid — in simplified versions — if
F' is just a division ring, V' a vector space, v any basis, R the endomorphism
ring, L the lattice of all linear subspaces of V', isomorphic to the lattice of
right ideals of R (we will indicate where presence or absence of involution does
matter). Here, one uses any systems of matrix units and frames, proofs are
simplified versions of the ones given.

5. Frames

Frames are the lattice analogues of coordinate systems in projective geometry.
Fix d > 1. A frame in a bounded lattice L is a system a = (a;; | 1 < 4,5 < d)
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of elements such that for pairwise distinct ¢, j, k (where a; = a;;)

1= @a& aij = aji, a;+a;=a; ®a;j, ax = (a; +ax) N (ay + ajr).
¢
Let p(z) the obvious conjunction of bounded lattice equations such that @ is a
frame in L if and only if L = p(a). We always require that the order d of a is
the height of L, e.g. d = dim V for L = L(V'). Thus, the a; and a;; are atoms
and the aj = 37, a; are coatoms such that (); a; = 0. The frame a of L(V)
is associated with the basis v of V' if

a; = v F, a;; = (v; —v;)F for i # j.

Clearly, any basis gives rise to an associated frame; and for any frame a of
L(V) and 0 # v; € a; there is a unique basis ¥ extending v; and having @
associated. Moreover, completing a basis of U to a basis of V' one gets the
following fact.

Fact 5.1. For U € L(V) one has dimU = k if and only if there is a frame a
such that U = Zle a;.

A frame a in a lattice with involution is orthogonal or a L-frame if a; < ajL
for all ¢ # j. The above remarks on “association” apply to L-frames and |-
bases, analogously. In the context of lattices with involution and fixed dimen-
sion, p(z) will denote the conjunction of equations defining orthogonal frames
of order d.

Frames allow to derive equivalences of formulas in Aj, assuming fixed

dimension. With zf =37, 2; and ¥ = (21,...,z)) define the lattice term
k
ﬂ Z Th + 2 ﬁzz—i—z Jch—&—z)ﬂzl%—zl])ﬂz])
h=11i=1 VEL

Fact 5.2. For any frame a in L(V) and any b € L(V)*,

a) = 1 ifby, #0 forallh <k,
o if b, = 0 for some h < k.

The claim follows from the fact that, due to the frame relations, a; is
perspective to a; via a;; if 1 # j.

Proposition 5.3. (i) Within the classes of all L(V') (with or without involu-
tion), dimV = d fized, any ¥1-formula o(x) is equivalent to a positive
31 -formula.
(ii) In the presence of involution, given d, for any quantifier-free formula
o(Z) € AL there is a term t(Z,y) € A, such that for any V of dimV =d
one has p(T) equivalent to 3y. t(z,y) = 0 in L(V).

Proof. Of course, we may assume ¢(Z) quantifier-free. First observe that for
any u,w € L = L(V) one has (due to modularity and existence of complements
and frames)

u=we LiEJ (utw)Ny=0 Aunw+y=1,
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uFweS LEIZ prE)AN z1==xN(ut+w) A zzNunNw=0.

Thus, any conjunction ¢;(Z), 1 <i < k, of atomic and negated atomic formulas
is equivalent to a formula 3g;. A; t;;(Z,9;) = 0 A s;5(Z,9;) = 1 and the latter
to 3y;. ti(i,gi) =0A Si(f,gi) = 1 where t; = Zj tij and s; = mj Sij- This
proves the first claim.

Assuming the presence of involution, s;(Z,y;) = 1 is equivalent to
si(z,5:)F = 0 and () to 3g;. 7:(Z, ;) = 0 with r; = t; + si-. Of course, the
7J; may be assumed to have no variables in common.

Now, the conjunction ¢g(z) of equations defining frames of order d is
equivalent to Jyg.70(Z,50) = O for some term ry. Then, by Fact 5.2, with g
comprising all the g; (that is, § = (%o, J1,---,Yk), one has that \/f:1 i(Z) is
equivalent to

3z3y. ro(Z,90) + Dr(r1(Z,91), .. ., 7k(Z, Tk), Z) = 0. O

Concerning the Grassmann-Cayley algebra point of view one has the
following where LS (V') denotes the set of all linear subspaces of V' endowed
with the ternary relations

jla,bye) & a=b®c, m(a,bc)< a=bNecAb+ec=1
and Agc the associated language.

Corollary 5.4. For any fized d and any 31 (positive primitive) formula o(Z)
in the language of bounded lattices there is a X1 (positive primitive) formula
Y(Z) in Age such that, for any V of dimV = d, L(V) | ¢(a) if and only if
LEC(V) | v (a).

Proof. In view of Proposition 5.3 and Fact 3.2 we may assume that ¢(Z) is
positive quantifier-free with all atomic subformulas being basic (a conjunction
of equations). Thus, it suffices to encode the latter into positive primitive
formulas. Since L(V') is complemented, this is achieved for = y + z by

FuZv3w. j(y,u,v) A j(z,0,w) Az, y,w)
and dually for z =y N z. 0

6. Interpreting lattices in rings

This is the easy part when translating between A; and Ag, not requiring
coordinate systems, whence uniform independent of dimensions.

The basic relation between L and R is given by u = fR. We write @ = fR
if this holds component-wise and define for M C L"

0rr(M)={f €eR|fRe M}.

Translation from L to R relies on the following.
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Fact 6.1. For any idempotents e, f,g in R one has the following.
eR=fR & ef=fANfe=e
gR=eR+ fR & ge=eNgf=fANTIrds.g=er+ fs,
gR=eRNfR & eg=fg=gATIrds.(1—g)=r(1—e)+s(1— f).
Also, (eR)t = (1 —¢*)R, 0 =0R, and 1 = 1R.

Proof. The first claims are obvious. Considering the opposite ring, the right
hand side of the third equivalence amounts to R(1 — g) = R(1 —¢) + R(1 — f)
which in turn to gR = eRN fR by [10, Lemma I1.2.3]. O

We have to translate any ¢(z) in Ay into T?R(go(f)) in Ag, Q € {3,V},
such that for any f in R

L @(fR) & R m2(0(f). (%)

Let the variables x of Ag also serve as variables of Ap; though, for each

2 add a specific variable Z. If ¢(Z) is a basic equation, then by Fact 6.1 there
is 79%(»(Z)) in the same free variables # which is positive primitive such
that (%) holds when substituting f with idempotent f;. Now, given quantifier-
free ¢(Z) € Ay, in view of Proposition 5.3 and Fact 3.2 there is a positive
31 -formula 3y.¢(z,y) with basic atomic formulas, equivalent to ¢ within L.
Translating these basic equations as above, we obtain a positive ¥;-formula
792, (¢(2)) such that () holds when substituting f with idempotent fx. Finally,

given prenex p(z) = QY. ¥ (z, ) define 77 pp as
3z /\mkxkzﬂ?k =2k ANQTY. Th1, (V' (T, 2, 7))
k

where ¢ arises from 1) substituting 32y, for 2 and where quantification Qy,
in Qy gives rise to Qye bounded by y? = y,. This is comprised in the following
main result:

Theorem 6.2. If M is definable in L™ (by prenex ©(Z)) then Opr(M) is defin-
able in R™ (by 72(¢(2))). Moreover, 775 shifts type.

For example, 1 N 29 = 0 translates into
3@13@2. 1171.%11‘1 =T A\ JCQj:QJ:‘Q = X9

Ay13ye.¥5 = y1 Ays =y AL =y1(1 — 2181) + Yo (1 — 22d2).

7. Interpreting rings within lattices

A subset ® of R™ determines a subset of L™, canonically,

Ore(®) = {fR]| f € ®}.
The objective is to show, by means of a translation, that 6y, (®) is definable in
L if so is ® in R. This requires d > 3, since for d < 2, L degenerates to a set with
involution and two constants. Thus, fixed d > 3 is a general assumption for this
section. Also, the translation will depend on d, being uniform otherwise. We
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use concepts from Coordinatization Theory — but proofs are by elementary
Linear Algebra.

The “coordinate systems” for R are systems € = (e;; | 1 < 4,5 < d) of
s-matriz units that is elements of R such that (where e; = e;;)

d €L ifl=1
. 7 5

g e, =1idy, € =e;, ewe;; = ] )
j=1" R ! 0 if £ # 1.

(Since we read from right to left when applying maps we read indices the same
way.)

Observe that V' = @]l ime; withdimime; = 1and ime;; = imej;
and that the restriction e;;|im e; is an isomorphism of im e; onto ime; and that
eij Zk# ime;, = 0 whence e;‘j\ ime; an isomorphism of ime; onto ime; and
e;jl 2ogxiimex = 0. The system e of xmatrix units is associated with the

L-basis v if
ot — (% if k= j,
TR 00 itk £

=ime;

Of course, for any _-basis there is an associated system of *-matrix units and
vice versa: choose 0 # v; € ime; and v; = €;1v1. As for frames, for systems of
matrix units in R we suppose the order d to be d = dim V.

In order to relate frames to matrix units, recall that for subspaces U, W
of V such that U N W = 0 there is a 1-1-correspondence between linear maps
f:U — W and subspaces X such that XNW =0and X +W = U+ W given
by G(f) = {u — f(u) | uw € U}, the (negative) graph of f (as considered by
von Neumann). Under the isomorphism €2, identifying the right ideal lattice
with the subspace lattice, if U = ime; and W = ime;, where ¢ # j, then, for
f € eiRej, Q((ej — f)R) is the graph of the induced map. This allows to think
of (e; — f)R as a graph. We define R;; ={u el |u®a; =a; +a;}.

Fact 7.1. There is a 1-1-correspondence between systems € of x-matrix units
of R and L-frames a of L given by a; = e;R and a;; = (e; — e;;)R for i # j.
Moreover, for i # j, u € Ry if and only if u = (e; — f)R for some (unique)
f € e; Rej,

First, we establish a d?-dimensional interpretation of R in L; that is, we
view R as a matrix ring (via a system é of *-matrix units) and capture the
coefficients by lattice elements (via the associated L-frame a). Indeed, f € R
is uniquely determined by its “matrix coeflicients” e; fe;; these in turn by the
graphs (e; — e;fe;)R in case i # j while in case ¢ = j one has to choose k # j
and to use the graph (e; — ex; fe;)R.

Thus, we choose n;; uniformly such that n;; = i if i # j and n;; #
j. Then, under the correspondence of Fact 7.1 one has an injective map 7
(depending on a) associating with each f € R a d x d-array 7f of elements
7i; f of L (the “lattice coefficients” of f)

Tiif = (ej — enyifej)R.
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Observe that 7;;f = mjeife; = mjeif = 7j;fe; and that, for ¢ # j, 7, f =
(ej — eifej)R while Tjjf = Tnjjjen].jjf.

A matrix X = (ui5)i; € L?*d is in the image of 7 iff uij € Ry,;; for
all 4, j; indeed, under this assumption, we have u;; = (e; — fi;)R for unique
fij € en,;Re; and choose [ = Zij €in,,; fij to obtain 7f = X.

Further, we have to express the fundamental operations of R (we use the
binary operation of subtraction in place of addition and its inversion) in terms
of the lattice coefficients and the frame. Choose specific variables zZ = (2;;)4;
(where z; = z;) for frame elements. With additional variables x,y define for
pairwise distinct 4, j, k the perspectivity terms and further terms tailored to
capture subtraction, involution, and multiplication (where h is minimal such
that h # 4, j); these terms involve the variables Z though not listed, explicitly.

(@) = (2 + 25) N (21i + )
i (x) = (25 + 28) N (215 + )
Y Sij & = (21 + 2) N (20 + (20 + 205) O (y + pi5 (2)))
LU#U = (Zj + Zz) N (Zz @ij {IT)J'
Yy ®ijz = (2 +2;) N (y + ).
Observe that for pairwise distinct 4, j, k and f,g € R
pii(Tii f) = Tigenifs pi(Tisf) = T fejn
Tikg Qij Tkj [ = Tijeigerfe; = Tijgexf.
and for any i, j
Tij9 Oniyi Tisf = Ti5(9 — f), (Tijf)#"”” =T f",
70 = a5,  Tij€ij = an,,;
whence 7;;id = 735 (>, ex) = an,,;; if i = j, a; else. Also observe
Tjif = Tnjji€n;;5f = ng0 @nyy5 Teje; [ for any £ j,n;.

This leaves us to deal with multiplication, mimicking matrix multiplication.

In order to have sums available, define the lattice terms sfj (z1,...,2¢), recur-
sively,
0 _ 41 _ )
i = 2js 85 = Tey1 Oij (25 Oij 845(1,+ -+, 20))
to obtain

¢
Tij th = 4 (i f1, - Tij fo)-
h=1

Since 7;5(g9f) = Zizl Tijgen f, once we express the 7;5e;gep, fe; in terms of 71,9,
Tn; [, and the ayg, it is obvious how to construct the required lattice terms. This
requires choices of indices, though, these depend only on equalities between
indices and can be done uniformly.

Assume i # j. If b # 4, j then n;, = ¢ and ny; = h whence 7;5e;9en fe; =
Ting ®ij Th; f. Otherwise, choose k # i,j and ¢ = e;genr and f' = exp fej;
then e;gepfe; = g'erf' whence 7;5e;9enfe; = Ting' ®ij i f'; if b = j then
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Tikg = Tijg @ik Tik€jk = Tijg ik ajk and 7 f" = 755 f i k = ny;, me; f' =
pZ‘]’i”Tjjf else; if h =4 then 73, f' = ag; ®p; 7 f and, for any € # i, k, 7,9’
it Qir (Tii€1ig9 @ik ai;) where Tie5g is Tiig if € = ng, pil ;mig, else.

Assume ¢ = j and put & = nj;. If h # j,k then 7j5e;g9enfe; =
Thjerjejgenfe; = (arj Qrn Ting) @kj Thy f. If h = j choose £ # j, k and observe
that

Tijejge;fe; = Tkjerjgejeerj fe; = Theerjgeje Qkj Tejeenersfe;
= (Tkjerjg€; Ore aje) @k (aok ®ej 75 f€;)
= (7j59€; e aje) ®r;j (aek D¢j Tj5f€5)-
If h = k choose ¢ # k, j to obtain

Tijejgenfe; = Thjerjgerfe; = Thienjger fejeer; = (Theerjgerfeje) @nj agj
= (ar; Ore Tjegerfeje) @y ary = (ar; Qe (Tjrg®je Trefeje)) Dy agj

where Tpofeje = T f Qre aje.

Choose for each variable z € Ar a d x d-array of variables 7;;2 in Ap, all
pairwise distinct. In view of the above, for any equation ¢(Z) in Ag there is
a conjunction o(¢)(X,2) of equations in Aj, where Xy = (7;x%);; such that,
for any L-frame @ of L and f in R

REo(f) & LiEale)((7ijf)ij,a). (%)

Observe that 7;; f is obtained substituting f into *-ring terms (based on a
system of s«-matrix units and associated L-frame) and so obtaining a lattice
element while 7;; is a lattice variable to denote such element; in particular,
77 is NOT a lattice term which would yield 7;; f if fR is substituted for x.

For example, consider dimension d = 3 and the formula ¢ (z,y) given as
-y = y-x. With the ring variables x,y we have the associated 3 x 3-matrices
X = (wi;)ij and Y = (y;;)q; of of lattice variables where, for convenience, we
write * = 1, ¥y = %2, and x;; = 7;;7 and y;; = 7;;y. Recall the variables z for
the 3-frame, not mentioned explicitly. Define ny; = 2, nos = 3, ngz = 1. Now
o(¥)(X,Y, z) is the formula

3

/\ S?J(xz Xi15 Yj» Ti Xi25 Yj, Tq X435 yj) = 3§j(yi Xilj X5, Yi Xi25 Y5, Yi X435 xj)
i,j=1
where y X;p; * is the lattice term in variables x,y, z given as follows. First,
consider 7 # j. y Xgj * = y Qi « if b # 4,j. Otherwise, let & # i,7j; if
h =jand k = nj; then y x;n; ¢ = (y @ik 2j1) Q45 x; if h = j and k # nj;
then y Xinj & = (y @ik 2jk) Rij pZ;j]a:; if h =i and j = n;; then y X;p; ¢ =
(215 @ik (Y Qi 2ik)) ®ij (2ki Okj x); if b = i and j # ny then y X5 2 =
(zij @ik (0},..1Y Qjk zik)) Dij (2hi Oy T).

Assume i = j and put k = nj;. If h # j, k then yx;n;0 = (21 Qpng) Ok 2.
If h =j and ¢ # j,k then y x;n; = (y Qwe 2j¢) Okj (2 @¢5 x). If h = k and
CF#k,j then y Xin; © = (215 @ke (Y ®je (T Dre 2j0)) Ry 205-

Define o(y) for arbitrary quantifier-free ¢ replacing any equation occur-
ring in ¢ by the corresponding conjunction of equations; then (x) holds, too.
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Corollary 7.2. L-frames provide a d?-dimensional interpretation of R in L,
uniformly for oll V of dimV = d, as established, above.

In order to capture the relation gz between rings and lattices we need,
in addition, to express fR in terms of the lattice coefficients of f.

Lemma 7.3. There is a lattice term t((x;j)i;, Z) such for any V of dimV =d
and L-frame a of L and f € R

fR=t((1ij [)ij, a)-

Proof. In defining t we use a |-basis v, the associated |-frame a, and *-matrix
units €, but our definition does not depend on these. Recall the isomorphism
Q) identifying right ideals with subspaces: fR +— im f; for readability, we write
a in place of Q(a). For r € F' we define

Tijr = (vj — Up,; 7)) F
and observe that
a; = v F' = 7350, an;5 = 7i;1 = (v — vn,) F,
it = Tjn, 7 " and 7,7 ® aj = an,, +a; i r#0,
Q(Ti]‘f) = Tijrij Where enijifvj = UnijTij-
Since fR = Zj fejRand 7;; f = 735 fe; it suffices to consider the case f = fe;,

say for j = 1. We put n; = ki, 751 = 15, and U = Q(fe1R) = imf =
(ZZ Un"i)F. If 4 # 0 then

U= (Z viriry ) F = ﬂ (Tig(—rﬂ“[l) + Z ak).
i 1<i<d, il ki,

Below, we define lattice terms to(z, z) such that

1 if rp # 0 for some ¢,

to(Tkll’ﬁ, .. .,delrd,(i) =
0 else,

and t;¢(x,y, z), i # ¢, such that

—1 .
_ Tie(—Ts if s #0,
bie(ThiT Tio18,@) = {al Era ! ifs=0
i Qe =0.

Thus
U =to(Tky171s - -+ s Tky17d> @) N ﬂ (tig(Tkil’ri,Tkel’r‘g,&) + Z ak).
i£e ki, 0
Thus, we have a term ¢; to deal with the case f = fe;; similarly, terms ¢; to

deal with f = fe;. The term required in the lemma is then ¢ = Zj t;. Still,
we have to establish ty; and the ;4. Let

to = Z((Z‘1 +21) N 2y + 2y k) N2k + Z Z((wz +21) Nz + zi) N 2
% i>2 &

— compare the proof of Fact 5.2. Now define for pairwise distinct 4, j, k

tijk(x,y,2) = ([(@ 4+ y) N (ar + a;) + a;] N (ar; + a;) + ax) N (a; + a;)
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and observe that
tijk(Tjﬂ’, TjkS, C_l) = {

p;‘gj((vj —ur)F),a) = (v; —vr)F, pzi((vj —vr)F,a) = (v — v;r)F.

Thus, substituting and applying perspectivity terms, one derives t;, for any of
the cases it 1 #£/(,i=1,and { = 1. O

mi(—rs7h) if s £0,
a; + a; if s =0,

Define, for the given d > 3, the translation TR 5, Ar — Ap as follows:
for prenex Lp( ) = Qy. ¥(z,7) define 79, (p)(Z, X, 2) as

Qg o(¥)(7,X,Y, 2)
where o (1) is prenex as defined preceding Corollary 7.2, where Xy, = (7;;21)4;

and Yy = (7jy¢):;, and where quantification Qy, in QY gives rise in Q"9 to Qye
bounded by VYr. y, = t(Yy, ) (if Q = V) resp. 3Yp. yo = t(Yr, 2) (if @ = 3).

Fact 7.4. For any L-frame a, f € R, and B given by the By = (73 fi)ij in
L9 one has R |= o(f) if and only if L = 79, (»)(fR, B, a).
Proof. By Lemma 7.3, one has for k=1,...,n

ur = t((7ij fr)ij), @) < wx = fR.

The claim follows from condition (x) satisfied by o. O

Let pg(2) the conjunction of equations such that L = pg(a) if and only if

a is an L-frame. Define 797 (¢(Z)) as

3xX. /\a:k—th, 2)A TR (9)(Z, X, Z)

and 797 (p(#)) as

vX. /\xk = t(Xp, 2) = 79, () (7, X, 2).

and then 77((z)) and 77(p(7)) as

3z. po(2) A Th1,(0(2)) and Vz. po(2) = TRy, (¢(2)).
Recall Fact 3.3 to obtain the following theorem:
Theorem 7.5. Fiz d > 3. If ® C R™ is Ag-definable (by prenex ¢(T)) then
Orr(®) is Ar-definable in L™ (by T}?L((p(f>) for Q € {3,V}). Moreover, the

pair TI%L, TIV%L preserves type.

For example, if ¥ (z,y) is the formula -y = y -z, considered in the above
example, then ¢(x) = Vy.(z,y) translates to 75, (¢)(z) given by
Vz(po(2) = VX (z = t(X) = VWY (y = t(Y, 2) = () (X, Y, 2)))).

We leave it as an exercise to find a short defining formula for gy (®) where

= {reR|RE o).
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8. Interpretations referring to a basis

Recall that we require condition (A) or (B) as well as condition (C); that is,
in case (A) F is commutative and in case (B) L-bases v = (v1,...,vq) with
|v1] = 1 exist and that we consider only such. Thus, in these cases, given a
L-basis ¥ and a = [v] = (1, |v1]| " |val, ..., |v1| 7 |va]) from Section 2, one has
the well known description of R. Namely,

Qu(f) = (aij)i; where fv; = vaj;

defines an isomorphism of R onto the *-ring F*?: the matrix ring F?*¢
endowed with the involution

Afe = DJYA* D,

where D, is the diagonal matrix with diagonal o and A* = (a};); the con-
jugate transpose of A. Indeed, in case (A), scaling the form on V to obtain
the space V'’ with form (x]y)’ = |vi|~*{x]y), one does not change adjoints,
that is R(V) = R(V’). Thus, there is a conjunction (@, X,Y) (with d x d-
matrices X,Y of variables) of equations such that B = A~ is equivalent to
F = (7, A, B), provided that |F| = a.

Also, assuming (C), there are an orthogonal basis o with 7] = o =
(a1,...,0q) and first order formulas af& (u;) such that for any r; € F one has
i = a; if and only if F' = a; then o# () = N of (u;) defines o

For F4*? one has the canonical *-matrix units where e;; has 1 in position
(4,4), 0 else; and the isomorphism §2; matches the given system of x-matrix
units with the canonical one.

Now, for any fixed n, component-wise application of the isomorphism
Qy : R — F%4 gives rise to Opyr € R™ x (FX9)", In order to see that
definable subsets of R™ are related with such of F dz”, with any variable z in
AR we associate a dx d-array 7(z) = (7;;);; of specific variables in Ap and will
translate p(Z) € Ag into TI%)QF(X> € Ap where X, = (7i;21)i; and Q € {3,V}.
Via the entry-wise description of operations in F2*¢ any basic ring equation
is translated into a conjunction of equations in Ar while xo = 27 is translated
into (1, X1, X5), adding in front an existential resp. universal quantifier for u
which is bounded by a# (). Clearly, (for any |-basis v with || = « and in
case (B) also |v1] = 1) one has

REo(f) © F R, p(e)(A) where Ay = Qs(f).

In view of Fact 3.2, this extends, canonically, to a translation Tga r(p) for
quantifier-free formulas into X7 resp. II; formulas and then for arbitrary prenex
formulas — the bounded Q-quantification for @ to be put in front of the formula.
As mentioned above, in this particular context, basic equations are translated
into conjunctions of equations, Thus, one obtains the following fact.

Fact 8.1. If ® C R™ is Ag-definable (by ¢(Z)) within R then Orsp(P) C
(Fdxdyn s Ap-definable (by TgaF(go(f)) within F. Moreover, the pair
Thors Thar Dreserves types modulo o .
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For example, let d = 3, FF = R (or any real closed field) with identity
involution, and o = (1,2, —v/3). Then « is defined by the formula o ()
given as u; = 1/\u§ =2ANuy > 0/\u§ = 3 A —u3 > 0 where u > 0 is the
formula 3v. v? = u. This results in (7, X,Y) as

/\uiyji = TijUy.

j
Now, the formula 22 = z Azx* = 0, defining the set of idempotent e such that
eR is co-isotropic, translates to

Ju. Oz#(ﬂ) A /\:L’ij = inhxhj
ij h
A(ij)ig- (1@, ()i, Wig)ig) A\ Y winynj = 0)
ij h

alternatively to

V. o /\JJU = szhxhj
/\V(yz‘j)z‘j- (T(ﬂv (wij)ij, (Yij)ij) = /\Zﬂcihyhj =0)).

ij h

The translation from L to F' has that to R as an intermediate step. Define
015 r as the relational product Orsr 00 and TEQF TEQF OTLR A — Ap.
Observe that for @ € L™ one has (with Ay = (af;)i;)

d d
Orop () == {A € (F”)" [ Qup) = > (O wial))Fk=1,...n}.
j=1 i=1

Fact 8.2. If M C L™ is Ap-definable (by ©(T)) within L then Orzp(M) C
(FIxd)n s A p-definable (by 77,z ((Z)) within F. Moreover, 77, shifts types
modulo a7 .

In the converse direction, let € the system of s-matrix units and a the
L -frame associated with ©¥ — and observe that these are also associated with
or for any r # 0; in other words, scaling the form with r # 0 does not change
the relation of “association”. Let Opzr = 0&% - The basic interpretation of F'
in R (giving rise to one in L) is the following fact.

Fact 8.3. e1Re; is a x-subring of R, but with unit ey and there is an isomor-
phism wy of F onto e1Rey such that wy(r)vy = vyr.

We give a translation of formulas not depending on ¥ so that it can
be used later with varying coordinate systems. Let the Xj = (Xyij)i; be
d x d-arrays of variables, all pairwise distinct, and ¥(X) = Qy.¢'(X,7) a
formula in Az with quantifier-free ¢/, with free variables X, and quantified
ye according to the string @ of quantifiers. Consider the y, as variables in
AR and choose pairwise distinct new variables z, and z;; in Ag. Translate
(X)) into 7%, (¥)(Z, 2) € AR given as Qi1 where v arises from v’ replacing
any occurrence of xy;; by 21,2121, any occurrence of y, by z11y,211. Observe
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that, in view of Fact 8.3, one has R |= ¢(f,€) if and only if F' |= ¢ (A) where
A = Q(fr).

Fact 8.4. If K C (F¥X" s Ap-definable within F (by prenex (X)) then
Orsr(K) is Ar-definable within R (by 725(¢)(Z, €)) where € is associated with
0. Moreover, T2, preserves types.

For example, consider ¥(X1, X5) given as Jy;. /\ij Y1%14; = T2;5. Then
this translates to Hyl. /\ij Z11Y121121iT145251 = 21iT245251-

Again, the translation from F' to L has that to R as intermediate step:
Define 031, = Orr 0 Oppzr and TIO,L = T}%L o T?;R where T}%L is the restriction
to e1Re; and R;; of the interpretation of R in L (w.r.t. associated € and a) of
Corollary 7.2, that is the well known interpretation of F in L. By Fact 7.4 we
conclude the follow consequence:

Fact 8.5. If K C (F™" is Ap-definable within F (by prenex (X)) then
Ors(K) is Ap-definable within L (by 7%, (¢)(Z,a)) where a is associated
with . T%L preserves types.

9. Invariance

Clearly, definable subsets of R™ or L™ are invariant under automorphisms. In
order to apply Fact 3.1, we have to choose suitable groups of automorphisms.
In case (B) let F™ = {1} and O (V) consist of all orthogonal maps. In case
(A) let FT the multiplicative subgroup {r | 0 #r = r* € F} of F and O" (V)
consist of all scaled orthogonal maps g: for some r € F'™ and orthogonal h

gv = h(vr) forallveV.
In view of commutativity, g = rh := (rid) o h; equivalently
(gv|gw) = r(vjw) for all v,w € V.

For L-bases 0, w we write v ~ w if |@| = r|0| for some r € F*. Observe that
this relation and the group Q1 (V) are not changed if the form on V is scaled
by an element of F'T.

Fact 9.1. (i) O (V) is a subgroup of GL(V).

(ii) For any g € OT(V), the maps f — g®(f) = gfg~" and fR— g“(fR) =
gfR are automorphisms of R and L, respectively. Moreover, g — g™ and
g — g= define group homomorphisms.

(iii) © ~ w if and only if w = gv for some g € OT (V).

Proof. Let r,h,g be as above. Then (rh)~! = r=*h=t (rh)* = rh* = rh™1,

and gfR = gfg~ 'R which yields (i) and (ii). Now, if |w| = r|t| and r € F T,

define g € GL(V) by gv; = w; to obtain, for v =), v;r; and w = Zj v;8;, that

(gulgw) = (32, wirs 325 wys;) = 3 rilwilss = v 32, rflvilsi = r(v|w). O

We say that ® C R™ and M C L™ are invariant if they are invariant under
the component-wise action of the g% resp. g*, g € O (V). Clearly, definable ®
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and M are invariant; if ® is invariant then so is Oz (®) and if M is invariant
then so is 0, (M).

Dealing with the *ring F2*? we define O} (F,d) = OT (F?), consisting
of the T' € GL(F, d) such that TTe = rT~! for some 0 # r € F'*, and consider
the action A +— TAT~! on F¥*I We call K C (F™*)" a-invariant if it
is invariant under the component-wise action of O (F,d); right invariant if
(AiTy, ..., AT,) € K for all (Ay,...,A,) € K and T; € GL(F, d); and o-bi-
invariant if both conditions are satisfied, i.e. if (T'A1Ty,...,TA,T,) € K for
all (Ay,...,A,) € K, T € OX(F,d), and T; € GL(F,d).

Of course, given a first order formula, right invariance of the subset of
(F@*d) it defines can be stated by a first order sentence; similarly a-invariance
if o is definable.

Fact 9.2. Or5r and Ops1 induce mutually inverse bijections between the set of
all subsets M of L™ and the set of all right invariant subsets K of (F@*d)m,

Given «, define Oror(®), Opar(K), Opar (M), and g1 (K), respectively,
as the union of the Opyp(P), Opsr(K), Orsr (M), and Oy, (K) where ¥ ranges
over all 1-bases v with |7| = a.

Proposition 9.3. Fiz a L-basis v and o = |7].

(1) Oror and Opsr induce mutually inverse bijections between the set of all
mwvariant ® C R™ and the set of all a-invariant K C (FdXd)”. Moreowver,
for such ® and K, Opsr(P) = Opar(®) and Opzr(K) = 0par(K).

(ii) Orsr and Opsp induce mutually inverse bijections between the set of all
invariant M C L™ and the set of all a-bi-invariant K C (F4*4)": more-
over, for such M and K, 0155 (M) = 0par (M) and Opsr, (K) = 0par(K).

Returning to the example of ® consisting of all idempotent e such that
eR is co-isotropic, consider A € K = Oryp(®) that is A2 = A and AfeA = 0.
Consider also T' € OF (F, 3), that is TTe = T~ for some 0 # r € F. It follows
(TAT=1)? = TAT™! and (TAT V)leTAT! = (T~ )« AfeTteTAT—1 =
r(T~1)Te ATa AT=1 = 0 showing a-invariance of K. Now, let ® = 0.g(M)
where M = {U € L | Ut < U} is invariant in L. Thus, K’ = 0p,r(®') is a-
bi-invariant. On the other hand, ®’ is the union of all eR, e € ®, whence
K' = K GL(F,3) which is right invariant, obviously. To see a-invariance,
directly, consider AB where A € K and B € GL(F,3) and T € O} (F,3);
then TABT ' = TAT 'TBT~' € K’ since TAT! € K.

Proof. Observe that, by Fact 9.1(iii), w; = >, vit;; defines a L-basis w ~ v if
and only if T = (t;;);; € OF (F,d) if and only if w = g(v) for some g € 0T (V)
with Q5(g) = T. To prove (i) it suffices to observe that, for A = Q;(f), basis
transformation yields T AT = Q4(g7 1 fg) = Qu(f). Concerning (ii), assume
that M is invariant. Thus, with @ = g(v), A € 0,7 (%) implies

d

d
) = 3 wiaky)F

=1 i=1
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that is, A € Opgr(g(w)). This proves that Opsr(M) = Opar(M). To prove
a-bi-invariance of 0z, (M), assume T' € O} (F,d) related to w and g as above
and observe that TA € Op;r(@) due to

d d
9(uk) Z Z Zvltzh Jay,;) F Z Zvi(z tar;) F
h=1

j=1 h=1 i=1 =1 i=1

The same kind of reasoning applies for the reverse direction, while Fact 9.2
proves that the induced maps are inverses of each other. O

10. Definability

While, according to Section 8, definability in R or L gives rise to definability in
F, depending only on o = |7| in view of Proposition 9.3, the converse requires
to capture « in terms of *-matrix units respectively |-frames. For the latter,
we combine Corollary 7.2 and 8.3 into the following fact:

Fact 10.1. For any basic x-ring operation q(Z) there is an ortholattice term
4(z, z) such that for any L-basis U and associated system € of x-matriz units
and L-frame a, and for any i > 2, the set Rjy(a) ={uel|u®a; =a1 +a;}
becomes a *-ring under the operations §(z,a), and wi(r) = (e; — e;1 o wy(r))R
defines an isomorphism of F onto R;1(a).

Recall that in condition (C) we require that there are o (z) € Ap such
that r = o if and only if F = o7 (r). Then there is a(z) in Ap such that
F = a?(r) if and only if r = —a; '. We say that a system € of +-matrix units
is an a-system if

eiRe; E a?(efleﬂ) fori=2,...,d;
and a L-frame a is an a-frame if
Rii(@) = of((a1 +a;) Nag;) fori=2,...,d.

Lemma 10.2. Let v a 1 -basis with associated system € of x-matrix units and
L-frame @. Then, for any o € F?, one has |v| = ra for some r € F* if and
only if € is an a-system if and only if a is an a-frame.

Proof. In view of scaling we may assume |vi| = 1. For i > 1 let f; = efjei.
Then, in view of Fact 83, f; = ejfie1 = wy(r;) for some r; € F and it
follows r; = |vy|r; = <v1|v1r1) = (v1|fiv1) = (esv1]eiv1) = (vi\v,) = |v;]; in
particular, e;Re; = o] #(f;) for all i > 1 if and only if F |= o] #(r;) for all i > 1
if and only if r; = «; for all i > 1 if and only if |7] = a.

Concerning the lattice case, observe that the isomorphism identifying
right ideal with subspaces takes wt(r) to (v; —v;r)F. Again, denote the image
frame in the subspace lattice also by a. It suffices to show that (a; + a;) N
af; = (v + via )F in other words: (v — v;rlvy — v;) = 0 if and only if
r = —|v;| 7|y The latter is easily verified. O
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Lemma 10.3. For given o such that o = r|v| for some 1 -basis v and r € FT,
the groups of all g™ and of all g, g € OT(V), act transitively on the set of
all a-systems respectively all a-frames.

Proof. Let € the a-system associated with . It suffices to consider any a-
system f and to find g € O (V) with gf'e = f. For that purpose, choose w;

with im f; = w F' (and [w;| = 1 in case (B)) and complete to a L-basis w
associated to f. By Lemma 10.2 we have w ~ v. Hence, gv = w for some
g € OT(V) and g®e = f. The reasoning for frames is analogous. O

For (X) € Ap and N € {R, L} define 77,5 (%) and 73,5 (%) in Ag as
3z pan(2) ATpy(¥) and Vz. pan (2) = T (¥)

where por(Z) and p,p(Z) are the obvious first order formulas defining the
concept of a-system and a-frame, respectively. Observe that the latter formulas
are in X, (in IIg, positive primitive) of so are the a;#.

Theorem 10.4. Assume that one of conditions (A), (B) holds and that (C)
holds, as stated in Section 4 with o defined by o . Consider the bijections of
Proposition 9.3.

(i) Orar and Opar match Ag-definable ® C R(V)™ with Ap-definable and
a-invariant K C (Fxd)n,

(ii) Let dimV > 3. Opor and Opqr, match Ap-definable M C L(V)™ with
Ap-definable and a-bi-invariant K C (F4*d)",

Associated translations in (i) are provided by TgaF and TgaR, Q € {3,v}
so that the (3,Y)-pairs of translations preserve type modulo o . In (ii) the
translations are Tror which shifts type modulo o and the pair TEQL,T}?QL
which preserves types modulo o . If F' is model complete then so is R and, in
case dimV > 3, L.

Observe that, in general, a-bi-invariant K are not definable in our sense.
For example, consider V' = R? with canonical scalar product and M consisting
of all (a, (ej — f)R), f € eiRej, such that ej; fe;; = ke; for some k € N where
aisa L- frame, € the associated system of x-matrix units. Then 0,5 (M) is
bi-invariant but not definable. Similarly, one can choose M definable by the
conjunction of infinitely many formulas, requiring ej; fe;; # ke; for all k € N.

Proof. Translating ¢(X) in Ap to 72y (¥)(X) in Ay, N € {R, L}, based on
Facts 8.4 and 8.5, we apply Fact 3.1 with p(2Z) given by pon(Z) and ¢(Z, 2)
by 725 (¥)(Z, 2). Here, the system of matrix units respectively the frame asso-
ciated with v witnesses condition (i), while (ii) is granted by Proposition 9.3
and (iii) by Lemma 10.3. The converse translations are given by Facts 8.1 and
8.2.

Now, assume F' model complete whence the «; defined by X;-formulas
a#( ;). Translating from Ag to Ap, one has 75, (¢(Z)) in Fact 8.1 of the
form Ju. o (u) A (X) and for any L-basis v with || = a one has R |-

o(f) iff F = ¢(Qs(f)). By model completeness, ¥(X) is equivalent in F to
a Xi-formula ¢/(X), that is R = o(f) iff F = ¢/(Q(f)). Translating back
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from Ar to Ar via Fact 8.4 one obtains x = 7%,(¢/(X))(X, 2) in 1 such
that F = ¢/(B) iff R |= x((wy (D), €) where € is the system of *-matrix units
associated with o, By = Q4(fx), b a (systematic) listing of all the entries of
the By, and wy the isomorphism of F' onto e;Re;. The ay;; are obtained from
fr as wy ' (erieifrejejr). This allows to rewrite y to X'(Z, 2), also in ¥, such
that R = X/(f,e) iff F = ¢'(A) iff R = ¢(f) (namely, substitute z1;2;712;2j1
for the entry xj;; of Xj). In view of Fact 3.1 one gets ¢(Z) equivalent in R
to 3z. par(Z) A X'(Z,Z) which is in ¥;. This proves model completeness of
R. The translation 73, o 775 (cf. Theorems 6.2 and 7.5) yields then model
completeness of L. O

The translations 7 apply also in the case n = 0, providing translations
between the first order theories of F', R, and L. Recall the assumptions of
Theorem 10.4.

Corollary 10.5. Th(F') is decidable if and only Th(R) is decidable if and only if,
in case d > 3, Th(L) is decidable. The analogous result applies to 31 -fragments.

Corollary 10.6. Let Vi and Vi, be spaces admitting L-bases v and v of cardi-
nality d such that there is a¥ (y) € Ap defining |v| in F and |v'| in F'. Then
Th(F) = Th(F') if and only Th(R(V)) = Th(R(V")) if and only if, in case
d >3, Th(L(V)) = Th(L(V")).

Proof. The first equivalence follows from Fact 8.3 in one direction, from
R(V) FI%Td in the other. The second equivalence follows from Theo-

rem 7.5. O

Corollary 10.7. Let ¥ an aziomatization of Th(F').

(i) An aziomatization of Th(R) is given by 7%, p(X) along with the finitely
many axioms requiring that R is a reqular *-ring of module height d admit-
ting an a-system of matriz units (transferring this concept to abstract
*-TINgs ).

(ii) In case d > 3, an aziomatization of Th(L) is given by 77 () together
with the finitely many axioms requiring that L is an involutive Arguesian
lattice of height d admitting an a-frame.

Th(F) is finitely axiomatizable if and only Th(R) is finitely aziomatizable if
and only if, in case d > 3, Th(L) is finitely axiomatizable.

Proof. Consider the |-basis © required in Theorem 10.4 and the associated
a-system € and a-frame a. Let R’ be a model of the axioms in (i). The matrix
units & yield a ring isomorphism R’ — F'**¢ for the #-ring F' = elR’e}
which is a division #-ring since €} is a minimal projection. Moreover, since &’
is an a-system, this isomorphism is easily seen to be an isomorphism R’ —
F’iXd of #-rings. That is, up to isomorphism, R = R(V},) with L-basis v’
satisfying the requirements of Corollary 10.6 and &’ the a-system associated
with ©’. Then, due to the translation of ¥ into the language of R, one has
Th(F’) = Th(e}R’e}) = Th(e;Re;) = Th(F) and it follows Th(R) = Th(R’)
by Corollary 10.6.
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Assume that Th(R) is finitely axiomatizable but that Th(F') is not. By
the Compactness Theorem one can replace 7, () in the axiomatization of
Th(R) by 77,(T) for some finite subset I' of ¥. On the other hand, since
Th(F) is not finitely axiomatizable, there are F’ and 1) € Th(F) such that
F'=T"U{-¢} where I is T together with the finitely many axioms granting
that F'® satisfies the hypotheses of Corollary 10.6. If follows Th(R’) = Th(R)
for R = F'™** but 7Y (1) & Th(R), contradiction.

The lattice case is shown, similarly: Arguesian lattices of height > 3
with a L-frame are coordinatized by vector spaces (cf. [2, Theorem 13.4]), the
involution is then induced by a hermitean form (cf. [4, §14]). O

11. Counterexamples

Example 11.1. The set M = {u € L | dimu = k} is positive primitive definable
in L, without using involution, but not quantifier-free in the IL L if d > 3;
Orr(M) ={A € F? | 1k(A) = k} is quantifier-free definable in F.

Proof. The positive claims are obvious (cf. Fact 5.1). Assume a quantifier-
free definition ¢y, of dimwu = k in the IL L(V'). The involutive sublattice S,
generated by any u consists of 0,u N ut,u,u™,u +ut,1 whence any ¢(z) is
equivalent to a Boolean combination of zNz* = 0, z < 1, and 2+ < . Since
V' admits an orthogonal basis, for any 0 < k < d there is uj with dimwuy = k
and S, the 4-element boolean algebra. In particular, S,, = S, with u; — uas.
Thus, both u; and wusy satisfy ¢ and 5. Contradiction. O

Example 11.2. For a field F, the set M of all collinear harmonic quadruples
18 positive primitive definable in L without involution but not quantifier-free in
the IL L if d > 3. Also, Opr(M) is quantifier-free definable in F.

Proof. Let o(Z) express that the Z are a harmonic quadruple of points on a line
— referring to points not on the line. Now, the involutive sublattice S generated
by a quadruple of points on a line [ is isomorphic to the direct product of a
height 2 IL if I NI+ = 0; otherwise, S consist, besides 0,1, only of points on
I and lines through [*. Thus, a quantifier-free formula equivalent in L to ¢(Z)
can state only some boolean combination of equalities between the x; and their
orthogonals on the line. O

12. The anisotropic case

We now derive some stronger results in case that V' is anisotropic, that is, if
(v|v) = 0 implies v = 0. Then L is an ortholattice. Here, F' may be any division
ring with involution.

Corollary 12.1. Fiz d. For any X1-formula ¢(Z) there is a formula of the form
Jy. t(z,y) = 0 with a term t such that this formula is equivalent to p(T) within
L for any anisotropic V of dimV = d.
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Proof. This follows from Proposition 5.3. Here, we can simplify the construc-
tion observing that any equation u = w is equivalent, within L, to ¢ = 0 where
t=(utN(u+w))+ (wtN(u+w)). And, in view of Fact 5.2, given a frame a,
we have u # w equivalent to D1 (t,a)* = 0. Thus, referring to @, any conjunc-
tion ¢;(Z) of atomic and negated atomic formulas is equivalent to r;(Z,a) = 0

for some terms r; and \/f:1 vi(z) to Di(ri1(z,a),...,r(z,a)) = 0. Finally,
reference to a can be replaced by quantification 3z, bounded by the equation
r0(Z) = 0 comprising the equations defining a frame. O

Proposition 12.2. For any formula ©(Z) € Ay, there is a quantifier-free formula
&(Z) € A equivalent to p(Z) in L for any anisotropic V of dimV = 2 over
an infinite field F'.

Proof. We show that the class C of all infinite ortholattices of height 2 admits
quantifier elimination. Observe that here both z = x Vy and z = x Ay are
equivalent to quantifier-free formulas in the language with operation symbols
0,1, only; and the ortholattices L reduce to infinite sets with constants 0,1
and a fixedpoint-free involution interchanging these. In particular, for any
assignments Z — @’ in L; € C of equal cardinality there is an isomorphism
w: L — Ly with w(a') = @® provided that these assignments satisfy the
same quantifier-free formulas — choose w(b') = (a?)* if b = a} and match the
remaining pairs of orthocomplements of Ly with those of La. Thus, (c¢) of [7,
Theorem 8.4.1] together with the Lowenheim-Skolem-Theorem apply to prove
quantifier elimination. O

In the anisotropic case, R owns also the operation f — f* of Moore-
Penrose-Rickart pseudo-inversion, uniquely determined by well known identi-
ties — we write R if that operation is added and AE for the associated first
order language.

Theorem 12.3. Fiz d > 3. For any %:-formula ¥(Z) € A}, there is a term
p(Z,9) € A}, such that ¢(Z) is equivalent to 3y p(Z,y) = 0 within RT for any
anisotropic V of dimV = d.

Proof. In view of the Apg-equations having the pseudo-inverse as unique solu-
tion, we may replace any equation in AE by a positive primitive formula in
Apg. Thus, we may assume that ¢ (Z) is a X;-formula in Ag. By Theorem 7.5,
Trr(¥) is a Yi-formula in A, which, by Corollary 12.1 is equivalent within
L to one of the form 3y¢(Z,y) = 0. Now, within RT, for any f € R one
has L(f)R = fR and RR(f) = Rf with left projection L(f) := ffT and
right projection R(f) := f*f and the fundamental operations of L can be
expressed by *-ring terms with the additional operations of left and right pro-
jection [1, Proposition §1.3.7]; in particular, they can be expressed by terms of
A% Thus, t(z,9) translates into a term p(Z, %) in A} and Iy¢(z,y) = 0 into
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13. Open problems

Of course, an interpretation of L within R can also be given considering joins
and meets as smallest upper and greatest lower bounds. Though, this would
not preserve type Il;.

Problem 13.1. Is there a map 7 : A, — Apg such that 7(y) is in IT; if so is ¢
and 7(y) defines 0y r(M) if ¢ defines M?

For anisotropic V', one can replace 6 r by a bijection 7 of L onto the set
P of self-adjoint idempotents of R. If the operation of Moore-Penrose-Rickart
inversion is added to R, the following has a positive answer.

Problem 13.2. Is there a map 7 : A, — Ag such that 7(y¢) is in IT; if so is ¢
and 7(y) defines (M) (within P) if ¢ defines M?

In the presence of an orthonormal basis U, for any *-ring term ¢(Z) there

are *-ring terms t;;(X) such that Qz(t(f)) = (t;;(A))i; where Ay = Q5(fr).
Thus, in this case Fact 8.1 can be improved by a map 7 which preserves types
and quantifier freeness.

Problem 13.3. In the presence of an orthonormal basis v, is there a map 7 :
A, — Ap such that 7(p) defines 07 (M) if ¢ defines M and such that 7(p)
is quantifier-free if so is ?
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