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On modular lattices generated by 1+ 2+ 2

Christian Herrmann, Margarete Kindermann, and Rudolf Wille

1. Main results

One approach to classification problems of modular lattices is to determine all
subdirectly irreducible modular lattices which are generated by a homomorphicimage
of a given poset (or, more generally, of a given partial lattice). In Wille [10], it is
proved for a finite poset P not containing any subset isomorphic to

o a

1+14+1+4+1: 0000 or 34242:0 [ |

< ©

that a subdirectly irreducible modular lattice generated by a homomorphic image of
P is either a two-element lattice D, or a five-element non-distributive lattice M. Each
of the ‘critical’ posets 14+1+1+1 and 1+2+2 generates infinitely many subdirectly
irreducible modular lattices which are not isomorphic (s. Herrmann [5] and Herrmann
and Huhn [6]).

In this note we analyse subdirectly irreducible modular lattices generated by
14242 to such an extend that a complete list of subdirectly irreducibles can be de-
scribed for the variety A4 generated by all lattices of normal subgroups of groups and
for the variety € generated by all complemented modular lattices. As a byproduct we
get that every subdirectly irreducible modular lattice generated by 1+2+2 has al-
ready four generators.

THEOREM. Let M be a subdirectly irreducible modular lattice generated by ele-
ments a, b, ¢, d, e with b<c and d <e; furthermore, let M be non-isomorphic to D, and
M;. Then the elements 0,b,cAe,d,c,bvd, e, and | form an eight-element boolean
sublattice of M and either

(*) ais a common complement of b, c ne, and d in M or

(**) a is a common complement of ¢, bv d, and e in M.

In the terminology of Herrmann and Huhn [6] the theorem says that M is gener-
ated by a 3-frame or its dual. Thus, applying the main results of Herrmann and
Huhn [6], we get the following two corollaries.

COROLLARY 1. The following is, up to isomorphism, a complete list of all sub-
directly irreducible lattices in N which are generated by elements a, b, ¢, d, e with b<c
and d<e:
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(1) DZ, M:«);

(2) the rational projective plane L((Q?),);

(3) the subgroup lattices L(C ) of the third power of the cyclic groups Cx of prime
power order;

(4) for any prime p the lattice of all those subgroups of the third power C i,, of the
p-Priifer-group which are the solution sets of finite systems of linear equations with
integer coefficients;

(5) the duals of the lattices under (4).

Moreover, we may assume that b={(x,0,0)|xed}, c={(x,7,0)|x,yed},
d=1{(0,0,2) | zeA}, e={(0,7,2) | y, ze A} in the cases (2)~(5) with A=Q, Cp, Cpe,
and Z,, resp., and either a={(x, x, x) | xe 4} or a={(x, x+2, 2) | x, ze 4}

COROLLARY 2. A subdirectly irreducible lattice M in € generated by elements
a, b, ¢, d, e with b<c and d <e is either D,, M5 or a projective plane; if M is an argue-
sian projective plane, M has to be a plane over a prime field.

The proof of the Theorem will be divided into two parts: First, we derive a list of
relations on a, b, c, d, e valid in both cases (*) and (*x); secondly, we use these rela-
tions to get-a subdirect decomposition in a factor with relations (*) and-another with
relations (**). Then, as M is subdirectly irreducible, one projection must be an iso-
morphism, i.e. M satisfies either (x) or (»*).

2. Relations for M/

As in Wille [9, 10], the essential tools will be the following two lemmas:

D,-LEMMA. Let S be a subdirectly irreducible modular lattice generated by the
union of two finite subsets Ey and E,. Then S %D, implies

sup Ey = infE; .

M;-LEMMA. Let S be a subdirectly irreducible modular lattice generated by the
union of five finite subsets Ey, E,, E3, E, and E,, where E,, E3, and Es are not empty;
furthermore, let &;:=sup\J(E; | i divides j) and e;:=inf\J(E;|j divides i) for ie
{2, 3, 5}. Then S % M; implies

(B2ne3)v(Ean8s) v (Esnes)=(e2ves)Ale, ves)a(esVes).
By the D,-Lemma, we get the following relations for the generators a, b, ¢, d, e of

the subdirectly irreducible modular lattice M (b<c, d<e):

anb=and=bard=0 avec=agve=cve=1

anc<bve avbz=cnad

ane<cvd avdzbne (D
cne<avbvd bvdzancne.



Vol 5, 1975 On modular lattices generated by 1+4+2+2 245

Proof. b<c and d<e implies anbAad=0. Since a>brd (E,={a}, E,=
(b, c, d, e}), we get bAd=0. Because of d>anbnre (Eo={d}, E;={a, b, ¢, e})
and exanb (Ey={d, e}, E,={a, b, c}), we have d>anAb; hence anb=0 and, by
symmetry, aAd=0. Dually, we get avc=ave=cve=I1. The other relations are
direct consequences of the D,-Lemma.

In the following we apply several times the M;-Lemma to get a homomorphism a
from the third power of the three-element chain Dy := {0, 1, 2} into M such that
b=0200, c=a220, d =x002 and e=a022 (then it immediately follows that the ele-
ments 0, b, cAae, d, c,bvd, e, and 1 form a boolean sublattice of M).

ancre=0. 2

Proof. It results from the M,-Lemma with E,=0, E,={a}, E;={b}, Es={d},
and E, = {c, e} that

(anb)v(and)v(ad)=((ancre)vibae)a
Allancre)vcnd)A((bre)v(cad));

from this we get by (1) and the modular law
0=ancren{(bre)v(cad)=ancrnen(bvd)=ancne.

bae=0=cnd. 3

Proof. By the M;-Lemma (E,=0, E;={a}, Es={b, ¢}, Es={d}, E;={e}), we
have
(anc)v(and)vicad)z((ane)v(bre)a((ane)vdyr((bre)vd);

it follows by (1), (2) and the modular law

O=bad=ba(dv(ancne))=bren(dv(anc)z
zbren(lanc)viand)vicad)yzbren((ane)yvd)=bren(avd)=bne,

hence b Ae=0. c Ad=0 follows by symmetry.

CLAIM 1. There exists a unique homomorphism « from the distributive lattice
(D3)? into M with 2000=0, «100=>b A (a v d), x2200=b, a010=cA(avb) ren(avd),
a020=cAe, a001=d A(av b) and a002=4d.

Proof. The elements 0, bA(avd), b, ca(avb)ren(avd), cne, d A(avb), and
d are contained in the sublattice D of M which is generated by the two chains {b A
(avd), b, cA(avb), ¢} and {d A(avb), d, en(avd), e}. By Birkhoff [2], Theorem
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I11.9, D is distributive. If we take the conditions on « in Claim 1 as a definition of a
map, we get a meet-homomorphism from the join-irreducible elements of (D,)? into
the distributive sublattice D by (3). Since the meet of join-irreducible elements is
again join-irreducible in the distributive lattice (D5)?, the meet-homomorphism can
be uniquely extended to a homomorphism from (D;)? into D (s.e. Balbes and Horn

[1], Theorem 4).
Claim 1 has the following dualization:

CLAIM 1*. There exists a unique homomorphism «* from the distributive lat-
tice (D3)* into M with a*222=1, a*22l=cv(ane), a*220=c, a*212=bv{(anc)v
dv(ane),a*202=bvd, a*122=ev(anc), and a022=e.

cnen(avb)=caren(avd). 4

Proof. By the My-Lemma (E,={b}, E,={a}, Ey={c}, Es={d}, E,={e}), we
have

((avd)rc)v((avbya(bvd)vica(bvd)=
((ane)v(crne)ya(lane)vd)a((cne)vd).

Using (3) and the modular law, we get

((avb)rc)v((avb)a(bvd))v(ca(bvd)=
=(anc)vbv((avb)a(bvd)vb=(avb)a(bvdv(anc))

and, by duality and symmetry,
(@ne)vicrne)a((ane)vd)a((cane)yvd)=(ane)v(enca(avd));
hence

cnen(avb)=caen(avb)a(dv(ca(avb))=caen(avb)a(bvdv(anc)=>
>cren((ane)v(enca(avd))zcren(avd).

By symmetry we also get caea(avb)<caen(avd).
ba(ev(anc))=bna(avd) (5)

Proof. By the M;-Lemma (E,=0, E,={a}, E;={b,c}, Es={d, e}, E;=0) we
have
(anc)v(ane)v(cae)z(avb)a(avd)an(bvd);
it follows
(anc)vezbna(avd),
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hence
ba(ev(anc)zba(avd).

Conversely, using (4), we get

ba(avd)zbaca((anc)v(ane)yvd)y=ba((anc)v(caren(avd)))=
=ba((anc)vicanen(avb)))=brca((arc)v(ea(avb)=
=ba(avb)a(ev(anc))=bna(ev(anc)).

CLAIM 2. a=a*.
Proof. The assertion follows from the fact that « and o* coincide on the generat-

ing subset {100, 200, 010, 020, 001, 002} of (D;)>:

a*200=a*220 A a*202=cA(bvd)=bv(cAd)=b=4200 by (3)
a*002=d =002 by symmetry
a*¥020=0*220 A 0*022=c A e=0020,

a*100=a*122 A a*200=(ev (anc))Ab=bA(avd)=al00 by (5)

a*001 =d A (av b)=0a001 by symmetry
a*010=a*212 A a*020=(bv (anc)vdv(ane)ncre
=(bv(anc)vd)acne by the dual of (4)
=(((evb)rc)v(drc)ne
=(avb)acne by (3)
=cA(avb)ren(avd) by (4)
=a010
(avbya(avd)y=aval00=avall0=aval0l=avalll. (6)

Proof. By the modular law, we have av«l00=av(ba(avd))=(avb)a(avd)
and symmetrically av a001=(av b) A (av d); furthermore, ava0l0=av(cA(avb)
renfavd))=(av(cre))rlavb)a(avd)=(avb)a(avd), since av(cae)=av
(@anc)vicae)=av(calev(anc))zav(ba(avd))=(avb)a(avd)by(5)and the
modular law. :

CLAIM 3. v:=(anac)v(ane)isacommon complement of 2100, x010, and «001
in the interval [0, «111].

Proof. By (6), the dual of (6), and Claim 2, we get for xe{100, 010,001}
(anc)v(ane)vax=(analll)vax=(avax)ralll=(avb)ar(avd)ralll =alll;
furthermore, ((anc)v(ane))Aal00=((arc)v(ane))aba(avd)<anrb=0 by (1),
symmetrically (a A ¢) v (an e) A«001 =0, and finally (aAc)v(ane)aallO=((arc)v
(ane)acn(avb)ren(avd)<ancae=0Dby(2).
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Claim 3 has the following dualization (¢=a* by Claim 2!):

CLAIM 3*. w:=(avb)a(avd) is a common complement of a221, «212, and
«122 in the interval [al11, 1].
The relations proved in this section may be visualized by the following diagram:

& 221=cvlane)
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3. The subdirect decomposition

In this section we describe M as the union of certain sublattices of M. This leads
to an isomorphism from M onto a subdirect product of the intervals [0, «111] and
[«111, 1]. For the first step we use the following lemma which is essentially out of
Herrmann [4].

LEMMA. Let ¢ be a lattice of finite length and let ¢ and y be a join-homomorphism
and a meet-homomorphism, resp., from S into a lattice L with certain bounded sublat-
tices L, (xeS) such that ox and yx are the lower bound and the upper bound of L., resp.;
Sfurthermore, let L, L, be a (non-empty) filter in L, and an ideal in L, if y covers x in
S. Then \ J(L, | x&S) is a sublattice of L.

Proof. For z;eL,, (i=0, 1) we have to show that z, v z; is again in the union of
the L,. This is trivial for xy=x,. If x,#x,, then w.l.o.g. x; <x, v x,. Let x, be the
cover of x; in a maximal chain from x; to x, v x; of minimal length. By assumption,
z,:=2z,vox,eLl,,. Therefore, we can conclude by induction that z,vz =
2oV OXGVZy VOX =20V ZiV O (XoV X ) =20V Z VOX3=20V Z3€L . =L s,
Dually, we get z, Az,eL, .,

Let S be the lattice described by the following diagram:

222

000

We define 4:S— M, 6:S— M, and y:S— M by

ga:=a and ax:=ax for xeS\{a},
ox:=@a&xnalll for xeS,
yx:=dxvalll for xeS.
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o and y are a join-homomorphism and a meet-homomorphism, resp., from Sinto M
by Claim 1, 1*, 2, 3, and 3*. Let M, (x€S) be the sublattice of M generated by
{ax} U [ox, al11] U [alll, px].

z=(zAalll)v(zAadx) for xeS and zeM,. @)

Proof. By modularity, M, (xeS) is generated by [ox, all1]uU [ox, 4x]. Thus,
Theorem I11.15 in Birkhoff [2] can be applied which proves the assertion

CLAIM 4. M =\J(M, | xeS).

Proof. Using (7), it can be easily seen that S, M, o, y, and the M, (xeS) fullfil the
assumptions of the Lemma. Therefore, | J (M, | xeS) is a sublattice of M, which con-
tains the generators a, b, ¢, d, and e of M by definition; hence M = (M, | xes).

allt A(zgvzy)=(alll Azg)v(alll Az)) for zo,2z,€M. (8)
Proof. By Claim 4, there are x;€S with z;e M, (i=0, 1). It follows:

alll A(zovzy)=alll A((zo Aalll) v (zg Adxo) V(2 Aalll) v (zy AdX,))

by (7)
=(zoAalll)v(zy Aalll) v (a1l A((zo Adxo) v (2, A dX,)))
L(zoAalll)v(zy Aalll) v (alll A(Gxy v @xy))
=(zoAalll)v(z; Aalll) v (alll Adxe) v (all]l Adx,)

by section 2
=(zoAalll)v(z;Aalll)vox,vox,
=(alll Azp)v(alll Az,).

The other inequality is always fullfilled.

CLAIM 5. The mapping ¢:M—[0,alll]x [alll, 1] with yYz=(zAxlll,
zvalll) is an isomorphism from M onto a subdirect product of [0, «111] and
[alll, 1],

Proof. The assertion is a direct consequence of (8), Satz I.1.3 and Satz 1.3.1 in
Maeda [7].

Since M is subdirectly irreducible, the composition of  with one projection of
[0, 2111 x [«111, 1] has to be an isomorphism. Since Ya=(v,w), Yyb=(«100,
a211), Ye=(x110, a221), yd =(x001, «112), and ye=(«011, 122) by section 2, it fol-
lows from Claim 3 and 3* that M satisfies (x) or (xx). Claim 1, 1*, and 2 result that the
elements 0, b, cAe, d, ¢, bvd, e, and 1 form a boolean sublattice of M. This boolean
sublattice must consist of eight elements, since the intervals [0, b], [0, c Ae], and
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[0, ] are projective by the claims of section 2. Thus, the proof of the Theorem is
finished

Appendix

In section 2 it has been proved, actually, that any elements a, b, ¢, d, e in a modular
lattice which satisfy the relations < ¢ and d < e and the relations given by the D,- and
M;-Lemma also satisfy the relations expressed in the first diagram, i.e. the relations
stated in claims 1-3*. This result has been applied by W. Poguntke [8] to get the
classification of the indecomposable S-spaces for S=1+2+2 in a more lattice-
theoretical way as it is done by other authors (cf. Gabriel [3]).
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