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1. Introduction

Recently, Bridson and Wilton [3] have shown that the triviality problem for
finitely presented profinite groups is algorithmically unsolvable: Let Gπ denote the
group with (finite) presentation π and Ĝπ the inverse limit of all Gπ/N , N a normal
subgroup of finite index.

Fact 1. There is no algorithm which for any π decides whether Ĝπ is trivial.

Moreover, they derive that there is no algorithm deciding for every π whether
Gπ admits a non-trivial finite dimensional F -linear representation, F a fixed or
arbitrary field.

As done for word problems by Gurevich [6], the triviality problem for a class C
can be reformulated to decide for any conjunction π(x̄) of equations whether there
is A ∈ C and a satisfying assignment x̄ 7→ ā for π in A such that the ai from ā
generate a non-singleton subalgebra of A. Note that, in the case of finite signature,
the triviality problem is an instance of the uniform word problem.

The complement of the triviality problem for C can be understood as satisfia-
bility problem for C: to decide for any π(x̄) whether it has a non-trivial satisfying
assignment in some member A of C, that is generating a non-singleton subalgebra
of A. In the presence of constants 0, 1 such that 0 = 1 only in trivial members of C
(as in the case of bounded lattices and rings with unit), the satiafiability problem
asks whether there is a satisfying assignment in some non-trivial member of C. In
this case, unsolvability of the problem is preserved under expansions.

2. Main results

For a vector space V let L(V ), denote the lattice of all subspaces, L1
0(V ) the

same with bounds 0 = 0 and V = 1 as constants. Let F be a class of fields
containing a field of characteristic 0 or fields of arbitrarily large characteristic and
V a class of finite dimensional F -vector spaces, F ∈ F , such that for any F ∈ F
and d ∈ N there are an extension F ′ of F in F , and a F ′-vector space W ′ ∈ V with
dimF ′ W ′ ≥ d. In the sequel, V will always denote such class. One may assume
F closed under isomorphism and V under semilinear isomorphism. An obvious
example is the class of all finite dimensional F -vector spaces, F ∈ F .

Our main result is the following, based on Fact 1 and the well known interpreta-
tion of rings within modular lattices, due to von Neumann [18] (cf. Lipshitz [16]).

Theorem 2. The satisfiability problems for {L(V ) | V ∈ V} and {L1
0(V ) | V ∈ V}

are unsolvable.
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“Short” conjunctions of equations which require large dimensions for satisfiablity
can be constructed, explicitly. In [5] the bit length of a group presentation is defined
as the total number of bits required to write the presentation; in particular, words
are considered as strings of powers of generators and inverses of generators, the
exponents encoded in binary. Transferring this to lattice presentations, we allow
the use of recursively defined subterms, encoding the number of iteration steps in
binary. Based on short presentations for alternating groups [5] and the lower bound
on non-trivial irreducible representations [22] one obtains the following.

Proposition 3. There are a constant K and for any n > 7 a conjunction ψn(ȳ)
of bounded lattice equations in 8 variables ȳ and of bit length O(K log n) such that
ψn(ȳ) is satisfiable in L1

0(V ) for some V ∈ V with dimV = d > 0 for d = n but not
for d < n.

3. Applications

3.1. Computational Geometry. Recall, that a Grassmann-Cayley algebra (cf
[21]) with underlying vector space V has operations ∧ and ∨ and terms built from
that (and 0,1) are simple Cayley algebra expressions. One has A ∧ B = A ∩ B if
A+B = V and A∨B = A+B if A∩B = 0. Inspection of the proof of Theorem 2
yields

Corollary 4. There is no algorithm to decide satisfiability, of conjunctions of equa-
tions between simple expressions. within the class of Grassmann-Cayley algebras
over V ∈ V.

3.2. Relation algebras, databases, and Independence Logic. From Theo-
rem 2 one gets, easily, unsolvability of the satisfiability problem for the class of
subgroup lattice of finite abelian groups. Using the approach of [9,10] and [7] we
derive the following three corollaries.

Corollary 5. The satisfiability problem for the class of finite relation algebras (with
or without complementation) is unsolvable.

Corollary 6. There is no algorithm to decide for any given finite set of functional
and embedded multi-valued database dependencies whether it admits a finite model
with more than one data set.

Cf. [17] for an analogous result on sets of conditional inclusion and conditional
functional dependencies.

Corollary 7. There is no algorithm to decide for any given finite set of inclusion
and conditional independence atoms whether it admits a non-trivial finite model.

3.3. Matrix rings. Let End(V ) denote the endomorphism ring of the vector space
V , with unit idV . Since the operations of L1

0(V ) can be defined by positive formulas
within End(V ), Theorem 2 implies the following.

Corollary 8. The satisfiability problem for {End(V ) | V ∈ V} is unsolvable.

3.4. Inner product spaces. If V is a finite dimensional vector space over a field
with involution r 7→ r† and endowed with an anisotropic †-hermitean form, then
L1
0(V ) becomes a (modular) ortholattice L⊥(V ) with orthocomplementation U 7→
U⊥ (observe that here any conjunction of equations is equivalent to an equation

t(x̄) = 1). Moreover, End(V ) becomes a ∗-ring End†(V ) under the involution f 7→
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f†, the adjoint of f w.r.t. the given form. Let V† a class of such spaces having
reduct V. By Theorem 2 and Corollary 8 one has the following.

Corollary 9. Then the satisfiability problems for {L⊥(V ) | V ∈ V†} and {End†(V ) |
V ∈ V†} are unsolvable.

We have constructed, elsewhere, a sequence 2k+ 1-variable ortholattice terms tk
and length in O(k) such that tk(x̄) = 1 is satisfiable in L⊥(V ) for dimV = d = 2k

but for no smaller d. The methods of [8] yield

Corollary 10. The satisfiability problem for {L⊥(V ) | V ∈ V†} and equations
t(x̄) = 1 with 6-variable terms t(x̄) is unsolvable.

3.5. Finite dimensional Hilbert spaces. Motivated by the possible role of these
structures in the analysis of Quantum Computation [2,4], in [12] we dealt with the
special case where F is a subfield of C closed under conjugation and considered as a
∗-ring with this involution; also, we restricted V to have an orthonormal basis, that
is to be isometrically isomorphic to Fd with canonical hermitean scalar product,
d = dimV . We considered the satisfiability problem for fixed L⊥(Fd), and showed
it NP-complete for d = 2 (for d = 1 one has the Boolean satisfiability problem)
and, for d ≥ 3 and F ∈ {R,C}, complete for BP(NP0

R): a natural complexity class
between NP and PSPACE [19]. Concerning the satisfiability problem for the class
L⊥(F∗) = {L⊥(Fd) | d ∈ N}, Corollary 9 gives unsolvability answering the question
left open in [12, §III.C].

We also showed in [12] the decision problem for the equational theory of fixed
L⊥(Fd) is poly-time equivalent to the complement of the satisfiability problem for
L⊥(Fd). Concerning the equational theory of L⊥(F∗), if an identity t = 1 fails in
L⊥(F∗) then it fails in L⊥(Fd) with d the number of occurences of variables in the
negation normal form of t [11]. Thus, for F ∈ {R,C} these decision problems for
the equational theory of L⊥(Fd) resp. L⊥(F∗) belong to coBP(NP0

R) ⊆ PSPACE.

The analoguous results can be shown for the equational theories of End†(Fd) resp.

{End†(Fd) | d ∈ N}. Compare this with the lower bounds on proof complexity due
to Li and Tzameret [15].
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