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Abstract

We study modular ortholattices in the variety generated by the finite di-
mensional ones from an equational and geometric point of view. We relate this
to coordinatization results.

1 Introduction

Modular lattices endowed with an orthocomplementation, MOLs for short, were in-
troduced by Birkhoff and von Neumann [7] as abstract anisotropic orthogonal ge-
ometries. The cases of particular interest were the finite dimensional [7] and the
continuous (von Neumann [37]) ones. These include the projection lattices of type
I,, resp. type I factors of von Neumann algebras. According to Kaplansky [29],
completeness implies continuity and, in particular, the absence of infinite families
of pairwise perspective and orthogonal elements (finiteness). This implies that in
general there is no completion. In particular, there is no obvious analogue to ideal
and filter lattices, the basic tool in the equational theory of lattices.

In our context, the most relevant result of that theory is Frink’s [12] embedding
of a complemented modular lattice in a subspace lattice of a projective space and
Jénsson’s [26] supplement that lattice identities are preserved under this construction.
It easily follows that the lattice variety generated by complemented modular lattices
is generated by its finite dimensional members (cf [19]). The role of finite resp.
finite dimensional MOLs for the equational theory of MOLs was discussed in Bruns
[8] and in Roddy [39] focussing on a description of the lower part of the lattice of
MOL-varieties.

In this paper our main objective are the members of the variety generated by
finite dimensional MOLs. These will be called proatomic in view of the following
(where ‘geometric representation’ refers to a projective space with an anisotropic
polarity).
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Theorem 1.1 The following are equivalent for an MOL L
(1) L is proatomic
(2) L has an atomic MOL-extension
(3) L has a geometric representation

Our main tools are the MOL-construction method from Bruns and Roddy [9] and
the concept of orthoimplication from Herrmann and Roddy [20]. The most promi-
nent examples are the continuous geometries constructed by von Neumann [38] from
finite dimensional inner product spaces. Also, we construct subdirectly irreducible
proatomic MOLs generated by an orthogonal 3-frame and of arbitrarily large finite
as well as infinite height.

Quite a few questions remain unanswered - notably, whether there is a non-
proatomic MOL and whether every proatomic MOL has an atomic extension within
its variety. Also, how to characterize x-regular rings with a proatomic lattice of
principal right ideals. These and related questions are discussed in the final section.

As general references see [6, 10, 14, 22, 28, 31, 34, 35, 37, 41, 43]. An excellent
survey of complemented modular lattices has been presented by Wehrung [44]. The
most important concepts and results will be recalled in the sequel.

2 Structure and coordinatization of MOLs

2.1 Complemented modular lattices

All lattices will have smallest element 0, treated as a constant. Joins and meets will
be written as a + b and ab. The dimension or height of a lattice L is the minimal
length of maximal chains where length of a chain is cardinality with one element
deleted. Pp denotes the set of atoms of L. L is atomic if for every a > 0 there is
a>p€ Pp. And L is atomless if it has no atoms, equivalently if for all a > 0 there
isa>b>0.

Elements a, b of a lattice form a quotient a/b if a > b. Then we have the interval
sublattice [a,b] = {z € L | a <z < b} and we write dim[a, b] = dima/b. The height
of an element a is dim a/0. a/b transposes down to ¢/d and ¢/d up to a/bif a = b+c
and d = bc. Quotients in the equivalence relation generated by transposed quotients
are called projective to each other. Each lattice congruence is determined by its set
of quotients and closed under projectivity.

A lattice is complemented if it has bounds 0, 1 and if for every a there is a com-
plement b such that ab = 0 and a + b = 1. A lattice is relatively complemented if
each of its interval sublattices is complemented. Any modular complemented lattice
is such.

Elements a, b of a lattice are perspective, a ~ b, via c if ¢ is a common complement
of a,bin [0,a + b]. In a complemented modular lattice, a ~ b via d in [ab, a + b] iff



a ~ b via ¢ where ¢ is a complement of ab in [0,d] resp. d = ab+ c. Also, according
to Lemma 1.4 in Jénsson [27], if a ~ ¢ ~ b and a > 0 then there are a > @ > 0 and
b>b > 0 such that a ~ b.

An ideal is called neutral or a p(erspectivity)-ideal, if it is closed under perspec-
tivity. According to [6] p.78, for complemented modular lattices the neutral ideals
I are precisely the O-classes I(6) of lattice congruence relations 6 - and determine
those, uniquely:

a/b€ B iff a=b+ cfor some c € [ resp. ab/ € [

Let I(a) consist of all finite sums of x; perspective to some y; < a. By [27] Lemma
1.5 we have that I(a) is the neutral ideal associated with the congruence generated
by a/0. A lattice is finitely subdirectly irreducible if the meet of any two nontrivial
congruences is nontrivial.

Proposition 2.1 Let M be a subdirectly irreducible complemented modular lattice
with minimal congruence . Then

I(a) = I(p) for all a/0 € u
[0,0] is a simple lattice for each b/0 € u
For each a > 0 there is 0 < a < a with a/0 € p.

A complemented modular lattice is finitely subdirectly irreducible iff
For all a,b > 0 there are a > a > 0 andb21~9>0 with @ ~ b.

Every such is either atomic or atom-less.

Proof. Ad 1: pu is generated by any of its quotients. Ad 2. Let y < z < b. Choose a
as complement of y in [0, z]. Since b € I(u) = I(a) we have b/0 in the congruence of
0, b] generated by a/0, i.e. by x/y cf Lemma 2.2 in [27].

Ad 3. Let ¢/d a generating quotient of p, w.l.o.g. d = 0. Then ¢/0 € con(a/0),
i.e. ¢/0 has a proper sub-quotient projective to a sub-quotient x/y of a/0. But then
a/0 € p with @ > a > 0 and a relative complement a of y in [0, x].

Now, assume that M is finitely subdirectly irreducible. Then given a,b > 0 we
have I(a) N I(b) # 0 whence there a > a; ~ ¢; € I(b) and then b > by ~ 2 < ¢y
and, by modularity, a; > as ~ ¢ whence a ~ b for some as > a > 0 and by > b>0.
If L has an atom a, then each b contains an atom perspective to a in two steps.
Conversely, we have 0 < ¢ € I(a) N I(b). O

2.2 Ortholattices

An ortholattice is a bounded lattice, L = (L;+,-,0, 1), together with an orthocom-
plementation, i.e. a unary operation ': L +— L satisfying, for all z,y € L,

x+a=1,x-2 =0,z =2" and x < y implies 3/ < 2.
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Since the last property, in the presence of the other ones, is equivalent to DeMorgan’s
laws ((z+y) = «’-y" and its dual), this class of algebras forms a variety, or equational
class. Modular ortholattices will be called MOLs, for short. Examples are Boolean
algebras, the height 2 lattice MO,, with atoms a,, a,, (o < k) and orthocomplemented
non-desarguean planes, e.g. arising by a free construction.
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Orthomodular lattices satisfy only a special case of modularity: x = y+zy’ for y < .
It follows that y < x generate a Boolean subalgebra and that lattice congruences are
ortholattice congruences. In particular, subdirect irreducibility depends only on the
lattice structure and we have Prop.2.1 for MOLs, too.

Let V(L) denote the ortholattice variety generated by L. Any interval [0,u] of an
orthomodular lattice is itself an orthomodular lattice with complementation x — x'u
which is a homomorphic image of the subalgebra [0, u] U [u/, 1] of L whence in V'(L).
Hence, by duality so are the intervals [v, u]. We refer to these as interval subalgebras.
A relative orthomodular lattice is a lattice with an orthomodular complementation
on each of its interval sublattices, such that each subinterval has the induced com-
plementation. Thus, each orthomodular lattice L can be considered as a relative one
and we have M € V(L) if and only if M belongs to the relative variety of L. In par-
ticular, an MOL, L, has the relative sub-MOL L;, which in turn can be considered
as directed union of the [0, u], u € Ly,.

Lemma 2.2 Let ~ be a reflexive binary relation on an orthomodular lattice L which
is compatible with the lattice operations (i.e. a sublattice of L?). If ~ is symmetric or
compatible with the orthocomplement (i.e. a subalgebra of L*) then ~ is a congruence
relation of L

Proof. If ~ is also symmetric (i.e. a lattice tolerance) then we have a ~ b iff
a+b~ ab. Namely, a+b ~b+b=0band a+b ~ a+a = a from a ~ b resp.
b ~ a whence a + b = (a + b)(a + b) ~ ab. Conversely, from a + b ~ ab if follows
a+b=a+b+0b~ ab+ b = 0> and similarly a + b ~ a whence a ~ a + b and
a=a(a+0b) ~ (a+b)b="0b. Therefore, from a ~ b with c = a+b ~ ab = d it follows
cd ~ 0 and, since d" = cd’ + ¢ by orthomodularity, o’ + ' = d’ ~ ¢ = o't/ whence
a ~"b.

This means that ~ is a subalgebra of L?, in any case. Now, recall that p(z,y, z) =
(x+ (y + 2)y)(z + ((z + y)y') is a Mal’cev term for orthomodular lattices, i.e.
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p(z,x,2) = z and p(x, z,z) = x. Thus, according to the Goursat-Lambek Lemma
[32] p.10 we have symmetry and transitivity, too. Indeed, from y ~ y, z ~ y, and
x ~ z it follows y = p(y, z,x) ~ p(y,y,z) = = and from z ~ y, y ~ y, and y ~ z it
follows z = p(x,y,y) ~ p(y,y,z) = z. O

Corollary 2.3 A set Q of quotients in an orthomodular lattices is the set of quotients
of a congruence relation (i.e. afb iff (a + b)/(ab) € Q) if and only if it contains all
a/a and is closed under subquotients, transposes and

a/c,b/c € Q implies (a+b)/c € Q, «c¢/a,c/be Q implies c/(ab) € Q

Proof. According to [5] 6 is a lattice tolerance. Also, the transitivity of Q is immediate
from the existence of relative complements. O The most prominent example of a
congruence on an MOL and its neutral ideal are

ablpnb < dim[ab,a+bl <oo I =Ly, ={a€ L|dim[0,a] < oo}

2.3 Review of coordinatization

Let n > 3 fixed. An n-frame, in the sense of von Neumann [37], in a lattice L is a
list @ : a;,a;;,1 <1i,5 <mn,i# j of elements of L such that for any 3 distinct j, k, [

a; Zai = Hai = a0k, @;+ = a;j+ag, a; = a; = (a; +a;)(ajx + ag).
i i
The frame is spanning in L if [[,a; = 0 and ), a; = 1;. The coordinate domains
associated with the frame a are

RZ]:R(L7a')z_]:{r€[/|raj:aza], T—'—CL]:aZ+aJ} Z%j

Now assume that L is modular and n > 4 or in case n = 3 assume the Arguesian law
of Jénsson [26]. According to von Neumann [37] and Day and Pickering [11], using
lattice polynomials @;;, ©;;, ®;; in a, each of these can be turned into a ring with
zero a; and unit a;; such that there are ring isomorphism of R;; onto R;; and Ry;
respectively

Tkt = Tk = (1 + age)(ai +ap),  mwr = re; = (r + ag)(ar + aj).

Thus, we can speak of the ring R(L,a). The operations on R;; can be defined with
just one auxiliary index k and the result does not depend on the choice of k. In
particular, the multiplication on R;; is given by

(s 1)k = (rij + sj0)(a; + ay)

The invertible elements of R;; are those which are also in Rj;, i.e. (r™1); = rj. It
follows that every s lattice homomorphism induces a homomorphism of coordinate
rings. If L is complemented, then surjectivity is preserved.



For a right module Mg let L(Mp) denote the lattice of all right R-submodules. A von
Neumann regular ring is an associative ring with unit such that for each » € R there
is a quasi-inverse x € R such that rar = r (so homomorphic images are also regular).
Equivalently, the principal right ideals form a complemented sublattice L(Rg) of the
lattice L(RRr) of all right ideals - consisting precisely of the compact elements. And,
equivalently, each principal right ideal has an idempotent generator (resp. the same
on the left). The lattice structure is given in terms of idempotents e, f, g by

eR+ fR = (e+g)R with gR=(f—ef)R
eRNfR = (f—fg9)R with Rg= R(f—ef)
Re® R(1—e) = R

Corollary 2.4 If R is reqular and ¢ : R — S a surjective homomorphism then there
is a surjective homomorphism ¢ : L(R) — L(S) such that ¢(aR) = ¢(a)S.

This is part of the following result of Wehrung [42]

Theorem 2.5 For a reqular ring R there is a 1-1-correspondence between two-sided
ideals of R and neutral ideals of L(R) given by

I'={a€eR|aR €T}, I={aR|a€cl}

We say that a lattice L is coordinatized by the regular ring R, if L is isomorphic to
L(Rg) - and then Arguesian, in particular. Of course, a height 2-lattice is coordi-
natizable if an only if it is infinite or has p* 4+ 1 atoms for some & and some prime
p. From Jénsson [27] Cor.8.5, Lemma 8.2, and Thm.8.3 and von Neumann [37] (see

[16] for a short proof) we have

Theorem 2.6 FEvery complemented modular lattice which is simple of height > n
or has a spanning frame of order n, n > 4 resp. n > 3 and L Arguesian, can be
coordinatized by a regular ring. FEvery interval [0,u] of a coordinatizable lattice is
coordinatizable.

We need more information about frames and an alternative view of coordinatization.
Recall, that the ring R, of n x n-matrices over a regular ring R is itself regular.
Assume n > 3 and let e; denote the i-th unit vector in the module R™.

(1) Given a ring R, the right submodules of R™ form a modular lattice £(R};). For
regular R, the finitely generated ones form a complemented sublattice L(RZ}).
Moreover, the E; = ¢;R, i < n and E;; = (e;—e;) R form a spanning (canonical)
frame E. For n > 3, the lattice L(R%) is generated by E and its coordinate
ring.

(2) For every complemented modular L with spanning n-frame a there is regular
ring R and an isomorphism ¢ of L(R%) onto L with ¢(E) = a. Moreover,
R(L,a);; is a regular ring with zero a;, unit a;j, ®;;, ©;;, and ®;; and an
isomorphic image of R via r;; — ¢((e; — e;r)R).
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(3) The lattices L(R,,gr,) and L(R}) are isomorphic with an ideal I corresponding
to a submodule U iff the columns in U are exactly the columns of matrices in
I. The canonical idempotent matrices with all entries 0 but one diagonal entry

1 correspond to the canonical basis vectors. This isomorphism takes L(R,gr,)
to L(R}).

2.4 Coordinatization of ortholattices

An involution % on a ring R is an involutory anti-automorphism
(r+s) =r"+s* (rs)" =s7r", r=r forallrseR.

An element such that r* = r is called hermitian. A *-ring is an associative ring R
with 1 endowed with an involution. A x-ring is *-regular if it is von Neumann regular

and if
r*r = 0 implies r = 0 for all » € R.

Equivalently, each principal right ideal is generated by an hermitian idempotent.
On a x-regular ring R, x L y < 2*y = 0 defines an anisotropic symmetric rela-
tion compatible with addition and right scalar multiplication, whence an anisotropic
orthogonality on L£(Rg). In particular

X Xt={ycR|VoeX zLy}eL(RR)

turns L(Rg) into an MOL - again this characterizes *-regularity. This MOL satisfies
the same orthoimplications as £L(Rg) and is said to be coordinatized by R. If e is a
hermitian idempotent we also have eRt = (1 — e)R and eRe is *-regular if e is, in
addition, central.

Corollary 2.7 If R is x-reqular and I an ideal of R then I* = I and R/I is x-regular,
too. Homomorphic images of coordinatizable MOLs are coordinatizable.

Proof. I is generated by {e | e* =e, eR € I}, whence closed under the involution.
Thus, R/I is a #-ring, naturally, and *-regular since every principal right ideal is
generated by a hermitean idempotent. Thus, L(R/I) with involution * is an MOL
and the lattice homomorphism ¢, associated with the canonical homomorphism of R
onto R/I according to Cor.2.4, preserves orthocomplementation, as well. The second
claim follows by Thm.2.5. O From von Neumann [37] II, Thms.4.3 -4.5 and 2.6 we
have

Theorem 2.8 FEvery MOL coordinatized as a lattice by a reqular ring is coordinatized
by a x-reqular ring - having the given ring as reduct. In particular, every MOL L
with spanning frame of order n > 4 (n > 3 for Arquesian L) can be coordinatized by
a x-reqular ring.



Now, assume we are given an MOL L and n > 3. A frame a in L is orthogonal, if
a; < aj, for all j # k cf [40]. According to Maeda [33, 34] we can add to the above
description

(1) Given a *-regular ring R and invertible elements ay, ..., o, of R such that af =
a; then L = L(R}%) is a MOL with orthogonal frame E and

XI:{<y17'-'7yn)| Zy:alezo for all (xlv"'uxn) EX}

i=1

(2) For every MOL L with spanning orthogonal frame a there is an isomorphism ¢
of an MOL as in (1) (and w.l.o.g. a3 = 1) onto L with ¢(FE) = a. Moreover,
R(L,a)y2 is *-regular

(3) The matrix ring R,, of x-regular ring R is *-regular if and only if there are a; as
in (1). Then, the involution is given by
(zi5)" = (0 'af;04)
and the isomorphism between L(R,r,) and L(R%) is an MOL-isomorphism,

too.

Lemma 2.9 Let S be a x-reqular ring such that L(Ss) contains an orthogonal n-
frame a. Then choosing hermitian idempotents e; generating a; there is a * regular
ring R with wnvertible hermitian 1 = «q,...,a, such that S is isomorphic to the
x-ring R, as above and the induced MOL-isomorphism maps a onto the canonical
frame.

Proof. The case n = 2 is illustrative enough. We may assume that S = R,, as a ring

and
1 0 0 0
elelz(o 0)’ 62:E2:<0 1)
To define the involution on R consider
r 0 « [a c
a=(50) =5 3)

Form A L E5 we get A*Ey =0 and ¢ =d = 0. From A = AE; we get A* = FA*
and b = 0. Thus, we get an involution of R such that

(o) =(50)

Using orthogonality to Fs resp. E; we get

(o) = (5 0) (o) =Ga)- Ga)= (5 0) = (5 D)

0 c
0 d

)



whence a* = 0 and @ = 0. Thus, with a similar argument, we have § and « in R
such that

(00) =G 0) (o) =0 8) (o) =(55)

Hence

whence 8 =™t = g*. O

Given a right R-module V, a map ® : V? — R is *-sesqui-linear if ®(x,y) is linear
in y, additive in z, and ®(rz,y) = r*®(z,y). It is x-hermitian if also ®(y,z) =
(®(x,y))*. Defining

Ut={zecV|VueU ®@,u) =0}, Le(V)={UcL(Vy) | U+ =U}

one obtains a complete lattice with involution * which is an ortholattice if an only if
® is anisotropic: ®(x,x) # 0 for x # 0. If also dim Vi < oo them it is an MOL. Of
course, with respect to an orthogonal basis, one obtains a description by a diagonal
matrix as in (1) above. Now, the results of Baer [4] and Birkhoff and von Neumann
[7] can be formulated as follows

Theorem 2.10 FEwvery finite MOL is a direct product of Boolean algebras and MO,,’s.
FEvery finite dimensional MOL 1s a direct product of MOLs of height < 3 and MOLs
arising from finite dimensional vector spaces with anisotropic x-hermitian form resp.
matriz *-rings over skew fields.

3 MOLs in projective spaces

3.1 Projective spaces

If a modular lattice, M, is algebraic (i.e. complete with a join-dense set of compact
elements) and atomistic (equivalently: M is complemented resp. 1, is a join of



atoms) we speak of a geomodular lattice. By My, we denote the neutral ideal of
elements of finite height in M. For geomodular M, these are the elements which are
joins of finitely many atoms.

By a projective space we understand a set P of points together with a distinguished
set of 3-element subsets, the collinear triplets, such that the following ‘triangle axiom’
holds: If p, s,q and g, t, r are collinear but p, ¢, are not then there is unique u such
that p,r,u and s,t,u are collinear. A subspace of P is a subset U of P such that if
p,q € U and p,q,r collinear then » € U. The subspaces form a geomodular lattice
S(P) where meet is intersection and the join of X and Y consists of all r collinear
with some p € X and ¢ € Y. Singleton subspaces and points are identified. P
is irreducible if for any two points there is a third one collinear with them. If P
is irreducible and S(P) of height n > 4 then, by the Coordinatization Theorem of
Projective Geometry, there is a vector space V' such that S(P) is isomorphic to the
lattice £(V) of linear subspaces of V.

Now, let M be any modular lattice and P = P, be the set of points, i.e. atoms, of
M. Then P is turned into a projective space where p, ¢, r are collinear if p+q = p+r =
q + r. We will refer to this as the projective space Py; of M. The subspace lattice
S(P) is canonically isomorphic to the ideal lattice of the sublattice of L consisting
of all elements which are joins of finitely many atoms.

If M is algebraic and P = Py, then S(P) is isomorphic to the interval sublattice
(0,3 P] of M in the following manner: If u € M then U = {p € Plp < u} is a
subspace. Conversely, if S is a subspace then Y-S € M, and S={p € Plp <> S}
It will sometimes be convenient to consider u € M as a subspace and, when we do,
we will do so without changing notation. A subgeometry @) of a projective geometry
P is just a relatively complemented 0-sublattice of S(P)y;, with set @ C P of atoms.
In other terms, () is a subset of P with the induced collinearity and closed under
the operation given by the triangle-axiom: If p,q,r, s,t are in () and p, s,q and ¢, t,r
are collinear, but p, ¢, r are not, then there is u in () such that p,r,u and s,t,u are
collinear.

The disjoint union of projective spaces P; constitutes a projective space P. Con-
versely, on the point set P of a geomodular lattice, perspectivity is transitive and P
splits into connected irreducible components P; which are projective spaces in their
own right. The subspace lattice S(F;) forms an interval [0, P;] in S(P) and S(P)
is isomorphic to the direct product of the S(P;) via

X—=(XNnPF|iel)
In particular, we have projections which are lattice homomorphisms
mi:S(P)—=S(P), mX=XNPF

The following are due to Frink [12] (cf [10]).
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Lemma 3.1 Let ab = 0 in M and p an atom of M such that p < a+ b, p £ a,
and p £ b. Then p,a(p +b),b(p + a) are collinear atoms of M. In a complemented
modular lattice, if p an is atom of M such thatp < a+b, p £ a, and p £ b then
there are atoms g < a and r < b such that p,q,r are collinear.

a+b

Proof. The first is done by a direct calcula-
tion. In the second let b a complement of ab
in [0, ] and apply the first. O

For any map v : L — M of and Q C Py,
there is a natural map g : L — S(Q) given
by

vou=» {q€Q|q<a}

Lemma 3.2 Let M, L be modular lattices, (Q a subgeometry of Py, L complemented,
and v : L — M a lattice homomorphism. Then vg : L — S(Q) is a lattice homo-
morphism provided that v0 = 0y and

for all a,b € L with ab =0 and all p € Q with p < ya + vb but p £ va
and p £ vb one has also (p + vb)ya € Q and (p + va)yb € Q

Moreover, vq is a lattice embedding if v is such and for all a > 0 in L there isp € Q
with p < va

The Frink embedding of a complemented modular lattice arises by Lemma 3.2 from
the principal embedding v, : L — F(L). The points are the maximal filters of L -
we also speak of the Frink space of L.

If Q C P is closed under perspectivity, i.e. a union of components then

g : S(P) = S(Q), ﬂQx:x-ZQ:{qEQ\qgaj}

is a surjective lattice homomorphism. For any O-lattice homomorphism ¢ : L. — M
and @) C Py there is a natural map eg : L — S(Q) given by

eQa:Z{quMgea}

and this the 0-lattice homomorphism 7 o ¢, if M = S(P) and @ is closed under
perspectivity.

Now, let € be an embedding - so consider L as a sublattice of S(P). If P is the
disjoint union of subspaces P; then the projections 7; provide a subdirect decompo-
sition of L. Thus, if L is subdirectly irreducible then there exists a component () of
P such that e is an embedding.
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3.2 Orthogonalities

By an orthogonality on a lattice M we understand a binary relation such that 0 L
for all v and
u L v implies v 1L u

u L v and w < v together imply u L w
v 1 v and u L w together imply v L v 4+ w
The orthogonality induced on a subset () of M is given by
rloyiffe Ly, z9ye@
Given M; with orthogonality 1;, the product M has the orthogonality
(a; |iel)L(b|iel) iff Viel. a; L;b;
If : M — N is a surjective homomorphism, then N has the orthogonality
a Ly biff a = ¢c, b= ¢d for some ¢ L, d
On the filter lattice (M) we obtain the canonical orthogonality

FlrGiffalbforsomeacF, beG

An orthogonality is anisotropic if u L v implies uv = 0. This property is preserved
under forming products, sublattices, homomorphic images, and filter lattices. An
orthogonality is non-degenerate if uw L v for all v implies v = 0. This is obviously
so in the anisotropic case. For any ortholattice we have a canonical orthogonality:
x Ly, iff z <y¢.

Now, let M be algebraic and P a join-dense set of compact elements such that for
any u,v € M and p € P with p < v+ v there are ¢ < u and r < v in P such that
p < g+ r. This applies with P the set of all compact elements of any M resp. P the
set of points in a geomodular M. By an orthogonality on P we understand a binary
symmetric relation L on P such that

pLlq, pLlr and s < q+ r together imply p L s
We obtain an orthogonality on M defining
ulwv iff plgforallp<u,q<w

Namely, the first two properties are obvious. In the third we may assume u € P.
Now, if v4+w > p € P then there are ¢ < v,r < w such that p < ¢+ r whence u L ¢,
u L r and so u L p. Defining

ut => {qge PlqgLu}
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we get
u<otiffu Loviffo<ut

Namely, if w > p € P and u L v, then v* > p and there are finitely many ¢; € P
with ¢; L v and p < Y ¢; whence p L v. It follows that x — z* is a self adjoint
Galois connection on the lattice M. In particular the map is order reversing and the
map z — 2 is a closure operator on M. To wit

u < v implies v+ < ut, uw<utt

(Zie] ui)l = H(uf)a ut = H{pl |lu>pe P}
The closed elements of M, endowed with the partial order inherited from M and the
restriction of *, form a complete meet sublattice K of M and a complete ortholattice
containing L as a subalgebra. Indeed, a Vi b = a Vg b = (atbh)t = (V)L =
(a'b') = a+ b for a,b € L. Moreover K is atomistic if P consists of atoms p such
that p = p't. K satisfies the covering property. if uV p = u + p covers u for any
atom p £ u.

Let @ be join-dense in M. Then any orthogonality on M is determined by the
orthogonality induced on (). It is anisotropicif p [ p for all p € () and non-degenerate
if for each p € @ there is ¢ € @) such that p [ ¢. For a direct product M = S(P) of
M; = §(P;) with the product orthogonality, we have P the disjoint union of the P;
and speak of the orthogonal disjoint union of the P;, L;.

Proposition 3.3 Let L be a bounded lattice with anisotropic orthogonality 1 and
assume that for each x there is x’ such that

 Lx andVy. y<x+ (x+y)

Then x' = sup{z | z L x} is uniquely determined and L with x — z' is an orthomod-
ular lattice.

Proof. With y =1 we get 1 <x+2a'. Now, ifr <yandy L 2/ theny < z+4+yzr' ==z
whence x = sup{y | y L 2'}. Since z” L 2/, it follows 2” < z. For z > 2’ and
z L xweget z <z +2"z <2’ +xz=2a whence 2’ =sup{z | z L x}. It follows
x < a2, thus x = 2”. Moreover, x <y’ implies x L y whence y < 2’ and we have an
ortholattice, indeed. O

Lemma 3.4 FEvery 0-1-lattice embedding nn : L — S(P) of an MOL induces an
anisotropic orthogonality on P

pLq iff p<naandq<n(a) for somea € L
Moreover,

n(a') < (na)* foralla e L

13



Proof. For convenience, we think of n as idy. Consider p L ¢, and s < ¢+ r. Then
p <a,band ¢ < a,r <bfor some a,b € L whence p < ab and s < da' +V = (ab)'.
Thus we obtain an anisotropic orthogonality. Moreover, if p < n(a’) then p < d’, i.e.
p L aandsop L na. Thus, n(a’) < (na)*. Now, na +na’ = n(a +a') = 1 by
embedding, na - (na)* = 0 by anisotropicity, and na’ < (na)* by hypothesis, whence
na' = (na)* by modularity. O

3.3 Polarities

An orthogonality on a geomodular lattice resp. its projective space is a polarity if it
is nondegenerate and if pt is a coatom for each atom p.

Lemma 3.5 A nondegenerate orthogonality 1 on a geomodular lattice is a polarity
if and only if

pr(g+7) >0 for all points q#r withp L q, p L

Proof. If L is a polarity then p* is a coatom whence the claim follows by modularity.
Conversely, consider ¢ £ p*. We have to show that ¢ +p =1, i.e. r < g+ p* for
all r # ¢q. But, by hypothesis, if 7 £ p~ then 0 < s =pt(g+7r) < q+7r,s0 s < ptis
apointandr < g+s<qg+pt. O

Corollary 3.6 For an anisotropic orthogonality 1 on a geomodular lattice the fol-
lowing are equivalent

(1) L is a polarity

(2) p+pt =1 for all atoms p

(3) (p+7)pt >0 for all atoms p #r

Proof. As observed above, pp™ = 0. Thus for r # p we have (3) trivially, if r L p, and
by the Lemma, otherwise. If (2) holds, then pt is a coatom by modularity. Thus, by
modularity, p + p+ = 1 if and only if p* is a coatom. O

Corollary 3.7 For each MOL M there is a canonical anisotropic polarity on Py
given by
pLq if and only if p <p

Corollary 3.8 A projective space with anisotropic polarity is the orthogonal disjoint
unton of its irreducible components. Conuversely, the orthogonal disjoint union of
spaces with polarity yields a space with polarity.

Proof. In view of (3) p # r and p £ r jointly imply that there is a ¢ collinear with
p,r. O According to Maeda [33] an orthogonality L on a desarguean irreducible
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projective space P (so L(P) = L(Vp) for some vector space) is a polarity if and only
if there is an anti-automorphism * of D and x-hermitian form ® on Vp such that

p=vD 1L ¢g=wD if and only if &(v,w) =0

and ® is anisotropic if and only if so is L. For such, the lattice Lg(V') of closed
elements is modular if and only if V}p is finite dimensional (Keller [30]).

Lemma 3.9 Let L be an anisotropic polarity on the geomodular lattice M. Then
(1) vt =wandu+ut =1 for allu € My,

(2) Each interval [0,u] € My, with the induced orthogonality is an MOL
with orthocomplementation

xHxl“:Z{qgumLx}:uzpl.

Proof by induction on the height of w.
For u = 0 nothing is to be done. So
let v a lower cover of u. By induc-
tive hypothesis. v + v+ = 1, whence
by modularity p = wwvt € P and
u = v+ p. It follows, with modular-
ity again, v + ut = v + p + vipt =
(v +vH)(p+ pt) = 1. Since utt > u
and utut = we have v = u by
another application of modularity. Fi-
nally, choose p < z and let v = up*. v
is a lower cover of u. Then

r=p4oz, z-=p-vz)t, = (vx
whence by induction
r4+rt=ptur+ar=p+v=u O

A geometric representation of an MOL is a 0-1-lattice embedding n : L — M = S(P)
into the subspace lattice of a projective space P with anisotropic polarity L such
that

n(a) L n(a") forallae L

By modularity it follows

n(a') =n(a)- forallac L
Indeed, n(a)* > n(a’), n(a) - n(a)~ = 0, and n(a) +n(a’) =n(a+a’) = 1.
Corollary 3.10 Fvery subalgebra L of an atomic MOL M has a geometric repre-
sentation n : L — S(Pyy) with n(a) = {p € Py | p < a}.
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3.4 Geometric MOL construction
For each polarity on a geomodular lattice M the following hold
(i) If # <y € M such that dimy/x < ¥y then dimzt/y* < dimy/x
(i) If x <y € C such that dimy/z < ¥y then dimgy/z = dimz*/y+ = dimy/x
(ili) If w € C' and > w in M such that dimz/u < Ry then z € C

Namely, consider 2 < y in M with dimy/x < Rg. Then y = x + > p; with dimy/z
many p; € P and y= = 2z [, p;-. This proves (i). Now, if z,y € C then dimy/z =
dimzt/yt. If x <¢ y is a covering in C, then y* < z+ and we may choose p < z+,
p £ y*. Then y £ pt and ypt € C. It follows = yp* <y, y whence (ii). Finally, if
u € C and > u in M then dimz/u > dimut /2t > dim 2 /utt = dim 2 /u >
dim z/u. Thus (iii).

An important congruence relation g on any modular lattice M (cf [10]) is given by

zpy iff  dim(z +y)/(zy) < Vo
iff dimz/x <Ny and dimy/z < N, for some z > z,y
iff dimx/u < Ny and dimy/u < Xy for some u < z,y

Given any subset L of M we define
L={zeC|xpu for some uec L}

Consider the conditions

(a) ab € L foralla,be L
(b) a+bel, at+b-eC foralabel
(c) at €L forallac L

Lemma 3.11 Let L be a polarity on the geomodular lattice M. Then
e (a) implies that L is meet-closed in M and C, simultaneously
o (b) implies that L is join-closed in M and C, simultaneously
e (c) implies that L is closed under x — x*

In particular, L is a modular ortholattice if 1 is anisotropic and (a), (b), (¢) hold.
This is basically Lemma 2 of [9]. Proof. Observe that

L = {zeC|3aecL3yzcC y<z azclyz2 and dimz/y < Ny}
In particular,

z,y,2€C,ael, y<z a,x€ly, 2, and dimz/y <R, jointly imply = € L
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Indeed, for z ppa in C' we have also y = xa and, by (iii), 2 =z + a in C and y p 2.
Assuming (c), for x € L with (i) we conclude y* yu 2+ whence 2+ j1a' and so 2+ € L.

Now, consider y < a < zand v <b<win C, dimz/y < Vg, and dimw/v < Ny.
Let x € [y, z] and u € [v,w]. By the congruence properties of p one has zu puab and
z+upa+b By (i) z,u,xu € C. Thus zu € L if a,b € L and (a). Moreover
x+u € C provided that > a, u >band a+ b € C.

Now suppose (b) and a,b € L. We show y + v € C by induction on dima/y +
dimb/v. In doing so, by (iii) we may assume that we have y < ¢t < a with ¢ and ¢t + v
in C'. Considering the sublattice of M generated by y,¢,v two cases are possible:
firstly, y + v = t + v with nothing left to do; secondly, y + v < t 4+ v. If we had
vtyt < tt then by modularity v+ + t+ < vt +yt. Now at < t+ < gyt bt <ot
and at + b+ € C by hypothesis. Thus, as shown above, we would have v+ + ¢+ and
vt +ytin C. It would follow vt = (vt + t1)t < (vt +y1)t = vy, a contradiction.
So we may choose p € P such that p < vty p £ t+. Then p* >y +ov, pt 2t +0.
Consequently, y +v = (t+v)p- € C. With (iii) it follows z +u € C for all z € [y, 2],
u € [v,w] whence & +u € L since a + b € L by hypothesis. O

Proposition 3.12 For any geometric representation L € M of an MOL, there is a
sub-MOL L of the ortholattice K of closed elements of M containing L and all atoms
of M. In particular, L is an atomic MOL containing L as a sub-MOL.

Proof. Apply 3.11. O The original
example in [9] was based on a separa-
ble real Hilbert space (H,®) and L =
{0,H, A, A+,C,C*+, D, Dt} C Lg(H) such
that A*+C € Lg(H) coatom, X+Y = H for
X #Y in L\ {0}, else. Thus L/ 0, = MOs
whence L is not coordinatizable. On the
other hand, L contains an infinite set of
orthogonal perspective elements and is not
normal in the sense of Wehrung [43]. The

same holds for the subalgebra generated by
A C,D.

3.5 Topological MOL construction

In his paper [12] Frink pointed out that his embedding can be seen as a generaliza-
tion of Stone’s representation of Boolean algebras as rings of sets. In [26] Jénsson
established as much of a duality as appears possible without an orthogonality. Topo-
logical representations for orthomodular lattices have been given by Iturrioz [24, 25].
But modularity hardly can be characterized within that approach. Therefore, we
prefer to work on a projective space at the price of using a more general concept of
‘topology’, as explained in Abramsky and Jung [1].
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An abstract characterization of the Frink embedding has been given by J6nsson [26]:
Considering L as a sublattice of M = S(P) it is a regular sublattice which means
that L is a complemented 0-1-sublattice of the geomodular lattice M such that

for all X C L with 0 = [],, X then there is finite Y C X with [[,,Y =0

for any v € My, and ¢ € P with ug = 0 there are a,b € L with a > u,
b > q, and ab = 0.

A subspace topology O on a projective space P is a 0-1-sublattice of S(P) closed
under arbitrary joins. The members of O are referred to as open subspaces. The
space is strongly Hausdorff if for any finite n and p # ¢;, (1 < i < n in P there are
U,V € Osuch that pe U, ¢; € V(i <n) and UNV = (). The space is Hausdorff if
this holds for n = 1.

An s-basis B of O is a 0-sublattice such that each member of O is a directed sum
(i.e. union) of members of 5.

Call a subspace A s-compact if for any covering A C J,.; U; with a directed
system of open subspaces U; there is ¢ € I such that A C U;. Observe that if U,V
are s-compact subspaces then so is U + V.

A MOL-space is a projective space P endowed with an anisotropic orthogonality
1 and a s-compact subspace topology O having a s-basis B such that U+ € O and
U+Ut=PforallU € B.

If the collinearity relation on P is empty, then U +V =U UV and U+ = P\ U
which means that in this case MOL-spaces are just Boolean spaces.

Proposition 3.13 A MOL-space P has a unique s-basis, namely the s-compact open
subspaces. These form a subalgebra L of (S(P),“) which is an MOL. If 1 is a
polarity, the Hausdorff property implies its strong variant.

Proof. Let X be a subspace of a MOL-space P such that X and X+ are open and
X + X+t = P. Then X is s-compact and X = X+t Namely, let X = |JU; and
X+ =V, directed unions of basic sets, each including . Then P = (J(U; +V;) is
also a directed union of basic sets. S-compactness of P yields that P = U; + V; for
some i,j. By X+ N X+ = 0 and modularity, one derives U; = X = X

It follows that the basic sets are s-compact open - the converse being trivial. Also,
if U is basic, then U = U+, Thus, applying the above to X = U+ and X+ = U we
get that X+ is s-compact whence basic. In particular, L = B is an MOL.

Now, assume L a polarity. For u € My;, and ¢ € P with p L u there is a € L
such that u < a and ¢ < a’. We show this by induction on the height of u. For u =0
this is trivial. So let u > 0 and v a lower cover of u. Then p = uvt € P and p L v.
Hence, by inductive hypothesis we have a € L such that ¢ > v and a* > p. Since
p L g we have b € O such that b > p and b+ > ¢. Since L is a basis, we may choose
be L. Thena+be€ L witha+b>p+ov=uand (a+b)*=apb->q.

Consider 0 < u € My;, and ¢ € P with ug = 0. Then v = ug™ is a lower cover of
u whence p = uvt € P and v L ¢ as well as v L p. As just shown, we have a,b € L
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such that a,b > v, a* > ¢ and b* > p and we may assume a < b and b+ < at. By
the Hausdorff property we have c¢,d € L such that p < ¢, ¢ < d and c¢d = 0. We
may assume ¢ < b+ and d < a*. It follows v = p 4+ v < a + ¢ and, by modularity,
(a+c)d < (a+bY)at = bt whence (a + ¢)d = (a + c)btd = (ab* + c¢)d = cd = 0. O

An MOL-space is Frinkian if it is strongly Hausdorff and if P = U; for some i €
whenever P = (|J,.; U;)™ for a directed system of open subspaces.

Theorem 3.14 Frink spaces of MOLs with canonical orthogonality and basic open
subspaces
Ula)={pe€ P|p<ea}, a€lL.

are Frinkian MOL-spaces. Moreover, a — U(a) provides an (object)duality between
MOLs and Frinkian MOL-spaces.

Proof. Consider a Frinkian MOL-space, By the Proposition, L = B is a MOL. We
claim that L is a regular sublattice of M = S(P). If we have a; € L such that
[Lic;ai = 0 then (3, a8)" = 0and P = (3, ;a7 ). Hence P = Y, ai for
some finite J C I and 0 =[], a,.

Conversely, let M be the Frink-extension of the MOL L. Then the U(a), a € L
form a s-basis of s-compact open subspaces. Namely, observe that U(a)t = U(a’)
and suppose that a directed set {a; € L|i € I} is given such that U(a) = U,;c; U(a;).
Then in M we have a = Y. ,.;a;. Also [],.;ad; = a(};c;a:)t = 0. Thus, by
regularity there is j € I with aa’; = 0. It follows @’ + a; = 1 whence a = a; by
modularity and a < a;.

Similarly, if we have P = ({J,c; U(a;))*™* with directed a; € L then 0 = [[,., a
whence, by regularity of the embedding, 0 = a for some i and so P = U(a;).

Regularity implies the strong Hausdorff property, immediately. Also if p L ¢ then
p € U(a) and g € U(d’) for some a.

This shows that we have a Frinkian MOL-space, indeed, and that a — U(a) is an
isomorphism of L onto the algebra of s-compact open subspaces.

On the other hand, starting with a Frinkian MOL-space P, as we have seen above,
the embedding of L into S(P) is regular and Thm. 2.6 of Jénsson [26] applies to
show that

Y(p)={acLlpca}, ¥) = {¢p|p<a}

is a lattice isomorphism of S(P) onto the subspace lattice of the Frink-space such
that 1|L is the Frink-embedding. Moreover, in P we have, by hypothesis, p L ¢ iff
p < a and ¢ < a* for some basic a. Thus, 1 is also an isomorphism with respect to
orthogonality. Since it matches bases and it is a homeomorphism, indeed. O

Let us take the opportunity to point out an error in A.Day and C.Herrmann, Gluings of
modular lattices, Order 5 (1988), 85-101. It is claimed there that the direct limits of the
lattices (ZF)™(L) resp. (FZ)"(L) (taken over the canonical embeddings) are isomorphic -
here Z(L) denotes the ideal lattice. Yet, the map « offered, fails to be an isomorphism -
and we suspect that there is none. Nethertheless their Lemma 2.1 can be proved directly.
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4 Equational theory

4.1 Orthoimplications and varieties

Let M be a lattice with 0 and an orthogonality (actually, for the generalities we
only need that a 1 b, ¢ < a, and d < b imply ¢ L d). Considering M as structure
(M;+,-,0, L), the orthoimplication given by a lattice term f (in two sorts of variables,
x; and y;) is the first order formula,

T L U1 A A Tn J_ Yn — f(x17y17 ---al‘nvyn) = 0

Lemma 4.1 Orthoimplications are preserved under formation of direct unions, prod-
ucts, sublattices, homomorphic images, and filter lattices - with the induced orthogo-
nalities. Also, they are preserved under weakening of the orthogonality.

Proof. Formation of direct unions, products, and substructures (weak with respect
to the relation symbols) preserves any universal sentences of the above type. Now,
let ¢ : L — M a surjective homomorphism. Assume a; | b; in M. Then there are
¢; L d; in L with a; = ¢c¢; and b; = ¢d;. By hypothesis f(c1,dy, ..., cn,d,) = 0
whence f(a,by,...,a,,b,) = 0. If F; Lz G; then a; L b; for some a; € F;,b; € G;
whence

Ozf(a'lab17"'7a’n7bn)ef(F17G17"'7Fn7Gn) O

Lemma 4.2 Let M be an algebraic lattice and I its set of compact elements or M
a complemented modular lattice and I a neutral ideal. For each lattice polynomial
f(z1, ey 2m) with constants in M and ¢y, ..., ¢, in M, and for each p € I one has:
flery oy em) = piff f(ur,...yum) = p, for some some w; € I withu; < ¢;, 1 =1,...,m.

Proof. We proceed by induction on the complexity of f. The claim is trivially true
if f is a single variable or constant.

Suppose f = fifs. Then p < f(cq,...,¢p) implies p < fr(cq, ..., cm), for k = 1,2.
By the inductive hypothesis, there exist ugy, ..., Ugm, € I with ug; < ¢, 0 =1, ...,m,
and p < fr(ug1, ..., Ugm), for k= 1,2. Set u; = uy; + ugy;, fori =1,...,m.

Now suppose f = f1 + fo, and, for convenience, define dy, = fi(cy, ..., ), for
k = 1,2. In the first case, we have d; = > @Q; with directed Q; C I whence by
compactness p < > P with finite P C Q1 UQs and p; = >, PNQ; € I. In the second
case let p; = d;(p+d;) and ¢; a complement of d;p in [0, p;| and ¢ = p(q1 + ¢2). Then
qq; < dipgi = 0, p+q; = p+di(p+d;) > q; whence ¢+¢q; = (q1 + ¢2)(p+ @) = @1 + qo.
It follows that ¢/0 is projective to ¢;/0 whence ¢; € I. Then also p; = ¢; + d;ip € 1.
Thus, in both cases by the inductive hypothesis, there exist ugi, ..., U, € I with
Ui < ¢y 0= 1,...,m, and pr < fr(Uk1, - Upm) for & = 1,2. Set w; = uy; + ug;, for
i =1,...,m. and notice that p < p; + ps < f(uq, ..., um). The converse follows from
monotonicity of lattice polynomials. O
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Corollary 4.3 Let M be a complemented modular lattice with orthogonality L and
I a neutral ideal such that for each a > 0 there isp € I, a > p > 0. Then an
orthoimplication holds in M if and only if it holds in all [0,u], u € I.

Proof. Consider an orthoimplication given by f which is not valid in M. There
exist 1 L y1,...,x, L y, so that f(xy,91,...., %0, yn) = @ > 0 whence 0 < p < a
with p € I. By 4.2, there exist u;,v; € [ with u; < x;, v; < y;, for e = 1,...,n and
fug,v1, .y tp,v,) > p > 0. But u; < x; and v; < y; give u; L v, fori =1,....,n. Let
w=>" u+ > . v. Then the orthoimplication does not hold in [0, u]. O

Corollary 4.4 Let M be a algebraic lattice with orthogonality. Then an orthoimpli-
cation holds in M if and only if it holds for all substitutions with compact elements.

Lemma 4.5 Within the variety of orthomodular lattices, each ortholattice identity
s equivalent to an orthoimplication in terms of the canonical orthogonality.

Proof. Considering an identity g = h in the language of ortholattices we may replace
the constants 0,1 by uu’ resp. u + u’, u a new variable. Also, we may assume that
g < h is valid in all ortholattices. Due to DeMorgan’s Laws and z” = x, there is a
lattice term f(z1,y1, ..., Tn, Yn) such that hg'(z1, ..., x,) = f(x1,2), ..., z,, 2)) holds in
all ortholattices. If g = h holds in the orthomodular lattice L, and z; L y;,i =1, ...,n,
then 0 = f(x1,2%, ..., 20, 2)) > f(z1,Y1, ..., Tn, Yn) and the orthoimplication

rr Lyt AN oAz, Ly, — f(x, 91, e Toy Yn) = 0
holds in L. Conversely, if this orthoimplication holds, then f(z1,2,...,x,,2)) = 0

holds in L and, consequently, g = h holds in L. O With 4.3, 4.5, and 2.1 one gets
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Corollary 4.6 For a subdirectly irreducible MOL L with minimal congruence p the
variety V(L) is generated by the simple interval subalgebras [0,u] of L, u/0 € p. In
particular, every variety of MOLs is generated by its simple members.

Corollary 4.7 The variety V(L) of an atomic MOL L is generated by the interval
subalgebras [0, u], u € Lyy,.

MOLs in the variety generated by atomic MOLs (i.e. by finite dimensional MOLs)
will be called proatomic.

Corollary 4.8 If L C M is a geometric representation of an MOL then the orthoim-
plications of M are valid in L and L belongs to the variety generated by L resp. the
set of interval subalgebras [0,u] of M, u € My,

Proof. Use Lemma 4.1 and the fact that L is a weak substructure of M. Also, use
4.3, 3.9, and 4.5. O

4.2 Atomic extension

For the proof of Thm 1.1 we need the following Lemma. The concept of neutral filter
is the dual of “neutral ideal”. We write p < F if p < x for all z € F.

Lemma 4.9 Let L, M be MOLs, L a subalgebra of M, and F a neutral filter of L.
Consider a,b € L and p € Py such that ab = 0, p < a+ b, and p < F. Then
a(p+0b),b(p+a) <F.

Proof. In view of restriction to interval subalgebras, we may assume a + b = 1. Let
g =a(p+b) and r = b(p + a) and € the congruence associated with F. Consider
re F,ie z601and p <zx. Let

y=(a+ab)(b+z)>q, z=(b+za)at+z)>7r

By modularity, z,y,z coincide or are the atoms of a sublattice of height 2. In
particular, all its quotients are in 6 whence 1/y € § and y € F. From p < F' it
follows p < y and thus r < p+ g < y. Hence r < yz < z and ¢ < x, symmetrically.
O

Proof of Thm. 1.1. (2) and (3) are equivalent by Cor.3.10 and Prop.3.12, and imply
(1) by Cor.4.7. The class of MOLs admitting an atomic extension contains all finite
dimensional ones and is closed under subalgebras and direct products. Thus, to prove
that (1) implies (2) we have to show that this class is closed under homomorphic
images, too. Consider a subalgebra L of an atomic MOL M and congruence 6 on L
with associated neutral filter F'. Define

Q={pePulp<F}, n:L/0— LQ), na/d)={peQ|p<a}
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Then @ is a subgeometry of P, with polarity L, obviously, n is meet preserving
and n(a/0) L n(d'/0). If a/b € 6 then b = ac for some ¢ € F whence a > p € @
implies p < b; thus, n is well defined. The proof that n preserves joins follows
Frink: Given a,b € L choose b such that a+b=a + b and ab = 0. Consider
p € n((a+0)/0), p & n(a/f) and p & n(b/f). Then by Lemma 3.1 p,a(p + b),
and Z;(p + a) are collinear elements of Pp;. By Lemma 4.9 they are in (), whence
p € n(a/0) +n(b/0) S n(a/0) + n(b/0).

Finally, consider a/0 ¢ 6 which means ac > 0 for all ¢ € F. Thus, since F is
closed under finite meets, for any finite C' C F' we have x € M such that x < ¢ for
all ¢ € C. In other words, the set

O,(x)={0<zx<ac|ce F}

of formulas with parameters in L is finitely satisfiable in M. By the Compactness
Theorem of First Order Logic, M has an elementary extension M’ such that each
®,(x) is satisfiable in M’, i.e. there is z € M’ with 0 < z < ac for all ¢ € F.
Replacing M, we may assume M = M’. Since M is atomic, we get p € Py with
p < x and then p € @ by definition. Thus n(a/0) > 0 which proves that 7 is a
geometric representation. 0 With Cor.3.8 we obtain

Corollary 4.10 FEvery proatomic MOL has a geometric representation in an orthog-
onal union of spaces P;, each of is given by a vector space V; over a x-division-ring
D; with anisotropic x-hermitian form ®; - or possibly of height 3 if L is not Argue-
sian. Every subdirectly irreducible proatomic MOL has a representation with a single
P, =P.

Von Neumann [38] constructs a continuous, simple, atomless MOL as the metric
completion of a direct union of finite dimensional MOLs. Since the metric completion
amounts to a homomorphic image of a subalgebra of a direct power, this MOL is
proatomic. The finite dimensional MOLs are the £(R%') and the union is formed
with respect to the canonical embedding maps

On LRE) — LRET), dim ¢y = K - dim

4.3 Interpretation of xring identities

Frames have played a crucial role in the equational theory of modular lattices - due
to the fact that the modular lattice freely generated by an n-frame is projective with
respect to onto-homomorphisms. The analogous result holds according to Mayet
and Roddy [36] for orthogonal n-frames within the variety of relative MOLs. The
following is the basis for connecting the equational theories of MOLs and *-regular
rings.

Lemma 4.11 There exist ortholattice-polynomials t(x) and x® with constants from
a such that for any MOL with spanning orthogonal n-frame (n > 4 or Arguesian)

(r")ie = (7‘12)®, Vo. t(z) € Ria,  t(ri) = 712
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Proof. Indeed, e; — ear L e1r*as + e3 whence (eyr*as + e3)R < riy(a; + as) € Roy
and equality follows by modularity. Thus

(—r*ag)a = 7”/12(611 +asz), (—ag)a = a/m((h + as)

t(z) is provided by the lattice term

Wz, 21,0 20) = (@ + (2 + Z zi))(z + 2 Z zi) (21 + 22)
A2 A2
Observe that & = (2/+x(222)")(x+ (x+22)") is a complement of = in [z(x2s), x+ (x+
27)'] whereas x(x29)" is a complement of zz5 in [0, 2] and x + (x + 22)" a complement
of £ + 2z in [z,1]. Therefore, & is a complement of 2z, and Z(z; + 23) a comple-
ment of z; in [0, 21 + 25]. Now, for any given spanning orthogonal frame a one has
l(z,aq,...,a,) = Z(a;+as) and it follows I(z, 2', a1, . . ., a,) € Ry2. O Combining this
with the Mayet-Roddy terms providing the orthogonal frame and the polynomials
yielding the structure of the coordinate ring, one obtains the following.

Theorem 4.12 For every x-ring identity « there is an MOL-identity & such that
for every x-ring R associated with a x-reqular matrix ring Rz, the identity o holds in

R if and only if & holds in L(R3).

4.4 Generating frames

The subdirectly irreducible frame generated objects have been determined for n > 4
(resp. Arguesian) modular lattices ([16]). The analogous task appears intractable
for MOLs. The starting point was the construction of a 3-frame generated height 6
MOL by B.Miiller.

Let E® denote the canonical 3-frame of L = L((R»)%,). The canonical isomor-
phism between L£(R%) and L(Ragr,) gives rise to an isomorphism of £(R%) onto L

mapping the canonical 6-frame E° onto E SRy, (€8 — é?)RQ where

- 1 0 - 0 0 ,
6 _ .3 6 _ 3 .
ei_ei(o O)’e”?’_ei(l O) fori=1,2,3

Let Q be the field of rational numbers.

Lemma 4.13 Let R be a finite dimensional Q-algebra and a,b invertible elements
of R such that all a + (1 — 2%)6 are tnvertible. Let S be generated by a,b under ring
operations and inversion (as far as inverses exist) and M be sublattice of L generated
by E® and Ao, Bis where

_(a+b b (b D
a= () =00 )
Then A,B, and all A+ (1 — 2%)3 are invertible in Rs, E° C M and C;; € M for
every matriz C' € S;.
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(i ( U st) (4 -

Calculating in M resp. R(M, E®) we get

a 0 . . 6 3 3 a 0 6 a 0 3
(0 O)_A Bu E2_E2ﬂ<E1+<O 0 12)7 E4_ 0 0 12ﬂE1

whence E® = E; N (ES + Fy;) and Eiﬁj = F; N (ES + E~f) for 7,5 < 3 and, similarly,
for 4,5 > 4. In particular

1 0 ~ ~
(6 o) = (Bh+ BB+ B € ROL B
12

Thus we have in R(M, E?)
b 0 1 0 1 0 c 0
(0 O)_<O O)B(O 0), and <O 0) forall ce S

! O) c 0 ~6 = ~
= ( + ES + ESYn (E? + EY)
< 0 0 12 0 0 21 ! ° ' ?

Now, we get in R(M, E?)
0 b\ _ a+b 0
(b 26)_8_( 0 0)

(a)=Goa) (o 0) (@ o)-(h 0)( a)

whence all of S;. Moreover, we have E’G C M from

since

. 0 0 . . .
E165:(<1 o) +E)N(EY+E)eM. O
12

Define R(1) = Q, A; = By = (1) and, inductively,

. (A + B, DBy ([ By By

Lemma 4.14 The lattice E(R(k)?j%(k)) is generated by its canonical 3-frame together
with (Ak)lg and (Bk)lg.
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Proof. The case k = 1 is well known, cf [6]. Now, in the inductive step k ~ k + 1
we use 4.13 with R = R(k), a = Ay, b = Bj. We have L(R%) embedded via ¢ into L

with the canonical 3-frame mapped onto Ef , Efj, 1,7 < 3, all contained in M. Also,

. - 0 - ~ ~ b 0 =
dary = (ES+ ES)n ([ & +ES), ¢bis = (ES+ ES) N ( + ES)
0 0 12 0 0 13

belong to M. By the inductive hypothesis, £(R%) is generated by ajs, b3 together
with the canonical 3-frame. Thus, all of the image belongs to M and so does

<8 8) = (¢c1o + ES) N (E} + E3), where c€ R
12

As above, we get R(M, E*) = Ry = R(k + 1) and it follows M = L. O

Proposition 4.15 For all n = 2F there is a positive definite symmetric form on
the vector space QF* such that the image of the canonical frame of E((Qx)gx) s a

generating orthogonal 3-frame in the MOL E(@g“).

Proof. Start with a,b > 0 in Q and consider the above defined A;, B;, as 2% x 2*-
matrices over Q. Induction and the congruence transformations

(7)) a) (506 7) -G

show that both are positive definite symmetric matrices. Endow Q** with the form
given by the positive definite block matrix

I, O O
O Al O
O O B!

and L£(Q"*) with the induced orthocomplementation. Under the isomorphism ¥ :
L((Qu)E,) — L£(QF) the image E’ of the canonical 3-frame E® consists of

X

E~23 = Z et+(i71)n(@7 EJ):[#] = Z(er(:F“‘)D< B zJr(:lfké)x)(@'
t=1

~=K
The E?, i = 1,2,3 are pairwise orthogonal. Moreover, in R(£(Q¥*), E%) we have
(Ar)iz = O1((BR) N (EY + E3)), ¢(Biis = Ows((Ef) 0 (B + E)).
By 4.14 L((Qu)%, ) is generated as a lattice by E* and (A)12, (By)13. Hence, the

MOL L(@g“) is generated by E OLetLa non-principal ultraproduct of the Ly,
k > 1, and let a correspond to the a,. Then in the sublattice generated by a, for
any k one has z; > ... > x; with the x;/x;,1 pairwise projective. Hence

Corollary 4.16 There is a subdirectly irreducible MOL of infinite height generated
by an orthogonal 3-frame.
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4.5 Word problems

Finally, we consider quasi-identities /\;s; = ¢, = s = ¢ resp. their model classes,
called quasi-varieties. Recall that there is a MOL [9] not in the quasi-variety gener-
ated by finite dimensional MOLs. The word problem for a quasi-variety requires an
algorithm dealing with all finite presentations, i.e. a decision procedure for quasi-
identities.

Proposition 4.17 Let Q be any quasi-variety of modular (ortho)lattices containing
all L(Qg), n > 4 (with orthogonality given by the identity matriz). Then Q has
unsolvable word problem.

Proof. Let A denote the set of all quasi-identities in the language of semigroups.
According to Gurevich and Lewis [15] there is no recursive I' C A such that T
contains all ¢ valid in all semigroups but none falsified in some finite semigroup.
Associate with each ¢ in A a lattice quasi-identity qg expressing that the semigroup
variables correspond to elements of the coordinate ring of a 4-frame and translating
semigroup relations into lattice relations (cf [18] for a similar translation). Here,
4-frames with a family of elements of the coordinate ring have to be considered
as systems of lattice generators and relations (as defined by von Neumann [37]).
By the Coordinatization Theorem, the coordinate ring is indeed a ring under the
intended operations. Therefore, if ' is the set of all ¢ with qB valid in Q then T’
contains all ¢ valid in all semigroups. On the other hand, if ¢ is falsified in the
finite semigroup S, we represent S as a subsemigroup of some matrix ring Q,, i.e. a

P

subsemigroup of the coordinate ring of L((Qu)q, ) with canonical 4-frame. The lattice

may be turned into an MOL transferring the canonical orthogonality of L(@%K) via

an isomorphism. Thus, (]3 is falsified in L which means ¢ ¢ I". Now, assuming that
Q has decidable quasi-identities would yield that I' is recursive, a contradiction. O
In the case of modular lattices, Q can be replaced by any prime field. The task of
finding a particular finite presentation with unsolvable word problem is substantially
more demanding. It has been completed for modular lattices with 5 generators by
Hutchinson [23] under the same assumption, for MOLs with 3 generators in [40] for
each quasi-variety containing all subdirectly irreducible MOLs of height 14.

5 Discussion

The Frink space of an MOL, L, is endowed with a canonical anisotropic orthogo-
nality L satisfying all orthoimplications of L according to Lemma 4.1. So, if L is
a polarity, Prop.3.12 provides a canonical atomic extension within the variety of L.
Unfortunately, the direct union of MOLs in the von Neumann example constitutes a
counterexample, already.

Problem 5.1 Characterize the MOLs for which the Frink embedding provides a ge-
ometric representation.
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Problem 5.2 Does every MOL admit an atomic extension?
Problem 5.3 Does every proatomic MOL admit an extension within its variety?

For the last problem, the following concept might be helpful. Call a geometric rep-
resentation 1 : L — M = S(P) orthogonally separating if for all w L v in the same
component of Myp;, there is some a € L such that u < n(a) and v < n(a’). Observe
that then L and S(L) satisfy the same orthoimplications and Prop.3.12 provides an
atomic extension in V(L). Also, the class of MOLs admitting such a representation
is closed under subdirect products. Thus, a positive answer to the following problem
would also imply that for 5.3.

Problem 5.4 Is the class of MOLs admitting an orthogonally separating represen-
tation closed under homomorphic images?

Actually, the original motivation for this research was the following question partly
answered in Roddy [39].

Problem 5.5 Which MOL wvarieties, not generated by an MO, do contain a pro-
jective plane?

G.Bruns [8] conjectured that it is true for all varieties. But the answer for proatomic
varieties is open as well. Results of [40] suggest that the equational theory of MOLs
with suitable bound on the height of irreducible factors should be undecidable.

Problem 5.6 Is the equational theory of (proatomic) Arguesian MOLs decidable?

Conjecture 5.7 The von Neumann example of a continuous geometry admits a ge-
ometric representation over an elementary extension of the reals.

As we have seen, the von Neumann example is proatomic. How far does this extend
to abstract continuous geometries - a positive answer could be seen as a kind of
construction for these. Recall, that by Kaplansky [29] and Amemiya and Halperin
[2] every countably complete MOL is continuous and every continuous MOL is ‘finite’.

Problem 5.8 Is every ‘finite’ (continuous, countably complete, complete) MOL pro-
atomic? Do such even belong to the quasivariety generated by finite dimensional
MOLs?

Recall, that the quasivariety generated by a class consists of the subalgebras of prod-
ucts of ultraproducts. In a quasivariety generated by modular lattices of finite height,
no quotient may be projective to a proper subquotient - a property shared with mod-
ular lattices admitting a dimension function. Wehrung [43] calls a lattice normal if
projective a,b with ab = 0 are perspective. Bruns and Roddy [9] provide an atomic
MOL which is not normal.
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Problem 5.9 [Is normality inherited by sub-MOLs?

Also, the representing space is of interest. According to Gross [14] p.65 every hermi-
tian vector space of countable dimension admits an orthogonal basis.

Problem 5.10 Can every Arguesian proatomic MOL be represented by means of
spaces having orthogonal bases?

Concerning coordinatization, one has to ask how far Jénsson’s results [27] for com-
plemented modular lattices extend to MOLs. Jénsson constructed an example of a
simple coordinatizable lattice with no spanning n-frame (n > 3) which lead him to
consider ‘large partial n-frames’, n > 3. He showed that every complemented mod-
ular lattice L with such frame (n > 4 or L Arguesian) is coordinatizable and that
every simple L of height > 4 contains such a frame. We suggest the following defini-
tion of an orthogonal large partial n-frame: For given m > n > 3 it is constituted by
orthogonal elements a; (1 < i < m) such that

m
Eaizl, a; ~ay fori<n, a;~y; <aforn<i<m
i=1

Conjecture 5.11 The analogues of Jonsson’s results hold for MOLs with orthogonal
large partial n-frames.

This would imply that every MOL-variety is generated by members of height < 3 and
members of the form L(R) with simple R. Yet, even so one might fail to characterize
coordinatizability.

Conjecture 5.12 There are subdirectly irreducible coordinatizable MOLs of height
> 3 not containing an orthogonal large partial n-frame.

Problem 5.13 Can every Arguesian MOL be embedded into the interval [0,a1] of
an MOL with orthogonal large partial 3-frame?

Problem 5.14 Does every x-reqular ring belong to the x-ring variety generated by
x-rings R associated with x-reqular matriz rings Rs?

For x-regular rings, the following concept appears to reflect geometric representation
of MOLs. A representation of x-regular ring R is given by a vector space Vp, a ring
embedding ¢ : R — End(Vp), and a #-hermitian form ® on Vp such that ¢(r*) is the
adjoint of ¢(r) for all » € R The following is due to Kaplansky (cf [21])

Theorem 5.15 Primitive x-reqular rings with minimal left ideal are representable.

Characterizing representability in terms of proatomic MOLs could provide a con-
struction of representable rings from artinian x-regular rings and shed light on the
type I,, and I1; factors of von Neumann algebras.
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Conjecture 5.16 FEvery subdirectly irreducible representable x-regqular ring can be
embedded into a homomorphic image of a reqular x-subring of an ultraproduct of
artinian *-regular rings.

Problem 5.17 Is every x-reqular ring representable?

The following two concepts are quite important in the theory of regular rings: A ring
is unit reqular if for every a there is a unit u such that aua = a. A ring is directly
finite if xy = 1 always implies yx = 1. Observe that every artinian regular ring is
unit regular and every unit regular ring is directly finite. Moreover, a regular ring R
with n-frame (n > 2) in L(R) is unit regular if and only if perspectivity is transitive
in this lattice. The following is due to Handelman (see [13])

Problem 5.18 Is every x reqular ring directly finite or even unit reqular?

Conjecture 5.19 If R is -regular and L(R) proatomic with orthogonal large partial
n-frame then R is unit reqular. Every representable ring is directly finite - and unit
reqular, if simple.

Some positive evidence is given by the following results of Ara and Menal [3] and of
Kaplansky [29] and Amemiya and Halperin [2].

Theorem 5.20 If R is *-regular, then xa* = 1 implies x*x = 1. If, in addition,
L(R) is Ro-complete then R is unit reqular.
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