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Abstract: We proved in an earlier work that any existence variety of regular algebras is generated by its simple unital Artinian
members, while any existence variety of Arguesian sectionally complemented lattices is generated by its simple
members of finite length. A characterization of the class of simple unital Artinian members [members of finite
length, respectively] of such varieties is given in the present paper.

MSC: 06C20, 16E50, 51D25

Keywords: Complemented modular lattice • Regular ring • Existence variety • Matrix ring
© Versita Sp. z o.o.

1. Introduction

In [9], existence varieties of (von Neumann) regular rings [sectionally complemented modular lattices] were studied. In thecontext of [9], a class of regular rings [sectionally complemented modular lattices] is an existence variety (an ∃-variety)if it is closed under homomorphic images, Cartesian products, and substructures which are regular rings [sectionallycomplemented modular lattices, respectively] themselves. The existence varieties of regular semigroups have been studiedin T. E. Hall [6] and in J. Kadourek and M.B. Szendrei [12].[9, Theorem 16] states that any existence variety of regular rings is generated by its simple unital Artinian members,while [9, Corollary 35] states that any existence variety of Arguesian sectionally complemented lattices is generated by
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Generators of existence varieties of regular rings and complemented Arguesian lattices

its simple members of finite length. More precisely, matrix rings over finite prime fields generate existence varieties ofregular rings [with unit], while their lattices of principal right ideals do the same for existence varieties of [sectionally]complemented Arguesian lattices. This implies, in particular, that free algebras in existence varieties of regular ringsand [sectionally] complemented modular lattices are residually finite, whence, the equational theory of those varieties(in an extended signature) is decidable.In the present paper, we give a characterization of the class of generators of existence varieties of regular rings andcomplemented modular lattices in terms of underlying division rings [see Theorems 4.4 and 5.4].For all the definitions and general results on lattices which we do not state explicitly here, we refer to G. Birkhoff [1],P. Crawley and R. P. Dilworth [3]. For those on modular lattices and for the coordinatization results, we refer to J. vonNeumann [15], B. Jónsson [11], L. A. Skornyakov [16], and P. Jipsen and H. Rose [10], see also C. Herrmann [7].For all the necessary definitions and results on (regular) rings, we refer to P. M. Cohn [2] and K. R. Goodearl [4]. All theuniversal algebra results we use here without a reference can be found in A. I. Mal’cev [14]. All the classes we considerhere are abstract, that is, they are closed under isomorphism.
2. Basic concepts

All the lattices which we consider here have a least element, and we consider them in the signature σ = {0, ·,+},where · denotes the meet operation while + denotes the join operation. In particular, by a sublattice, we always meana 0-sublattice. A lattice L is sectionally complemented, if it satisfies the following first-order sentence φl:
for all x and y there exists z such that xyz = 0 and xy+ z = x.

A lattice L with a greatest element 1 is complemented, if for any x ∈ L, there is y ∈ L such that xy = 0 and x + y = 1.
Remark 2.1.A modular lattice with a greatest element is complemented if and only if it is sectionally complemented, cf. [3, 4.2].
Let n > 0 be an integer; we say that a lattice L has length at most n, and write lth L 6 n, if all chains of L have at most
n + 1 elements. If L is modular of length n, then all maximal chains in L have n + 1 elements. A lattice L is a finite
length lattice, if lth L = n for some integer n > 0.A lattice L is atomic, if any non-zero element of L contains an atom, that is, such an element p > 0 that 0 < x < p holdsfor no x ∈ L. A lattice L is atomistic, if any element of L is a join of atoms.
Remark 2.2.A sectionally complemented lattice is atomistic if and only if it is atomic [3, proof of 4.3].
For a cardinal κ, we denote by Mκ the length-two (Arguesian) lattice with κ many atoms. For a lattice L, Con L denotesits congruence lattice. L is a simple lattice, if Con L is a two-element lattice; L is subdirectly irreducible, if Con Lcontains a least nontrivial congruence. In particular, any simple lattice is subdirectly irreducible.Let Λ be a commutative ring with unit. We consider Λ-algebras in the signature σ = {0,Λ, −,+, ·} and we considerrings in the signature σ = {0, −,+, ·}, cf. [9]. We emphasize that rings do not necessarily have a unit.An algebra (a ring, respectively) is (von Neumann) regular, if it satisfies the following first-order sentence φr :

for all x there exists y such that xyx = x.
In a regular ring R , all finitely generated (right) ideals in R are principal and are generated by an idempotent.
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Remark 2.3.One can view regular rings as regular Z-algebras with right ideals being subalgebras.
For a (right) module M, let SubM denote the lattice of all submodules of M and let EndM denote the endomorphismring of M. If VD is a vector space over a division ring, then SubVD is a subdirectly irreducible Arguesian lattice. If VDis finite dimensional, then SubVD is simple.For a regular ring R , we denote the lattice of principal (right) ideals by L(R). Then L(R) is a sectionally complemented(Arguesian) sublattice of SubRR , cf. K. R. Goodearl [4, Theorem 1.1], L. A. Skornyakov [16, Theorem 4]. Moreover, in thiscase, R is an Artinian ring with unit if and only if L(R) is a finite length lattice.For a division ring D and a positive integer n, we denote by Dn

D the nth Cartesian power of D viewed as a right vectorspace over D, and by Dn×n we denote the ring of n×n matrices over D (sometimes viewed as an Λ-algebra for a suitablecommutative ring Λ); in particular, the ring Dn×n is simple regular Artinian and it is isomorphic to the endomorphism ringEndDn
D of Dn

D . Moreover, for any division ring D and any positive integer n, SubDn
D
∼= L(Dn×n) and lth SubDn

D = n.Let L be a modular lattice and let n > 2 be a positive integer. A system Φ = {ai | i < n} ∪ {cij | i, j < n, i 6= j} ⊆ L isan n-frame in L if the following conditions are satisfied:
(i) cij = cji for all i 6= j;
(ii) ai∑k 6=i ak = aicij = ajcij = 0L <∑k<n ak for all distinct i, j < n;
(iii) ai + aj = ai + cij for all distinct i, j < n;
(iv) cij = (cik + ckj )(ai + aj ) for all distinct i, j, k < n.

An n-frame Φ is spanning, if ∑k<n ak = 1L.Let L be a modular lattice and let Φ = {ai | i < n} ∪ {cij | i, j < n, i 6= j} be an n-frame in L for a positive integer
n > 2. An auxiliary ring 〈RΦ; 0Φ, 	,⊕,�〉 is defined as follows:

RΦ = {x ∈ L | xa2 = 0L, x + a2 = a1 + a2};
π(x) = (x + c13)(a2 + a3),
π′(x) = (x + c23)(a1 + a3);0Φ = a1,
x 	 y = (a1 + a2)[a3 + (c23 + x)(a2 + π′(y))],
x ⊕ y = (a1 + a2)[(x + a3)(c13 + a2) + π(y))],
x � y = (a1 + a2)[π(x) + π′(y))].

The next statement follows e.g. from [11, Theorem 1.7] and [13, XI Anmerkung 3.3]. It captures the classical view oncoordinatization of projective spaces due to D. Hilbert, O. Veblen and J. W. Young [17], G. Birkhoff and J. von Neumann.
Theorem 2.4.
Let L be a simple Arguesian complemented lattice of length n, 3 6 n < ω. Then L contains a spanning n-frame Φ such
that RΦ is a division ring and L ∼= L(Rn×nΦ ). Moreover, if L ∼= L(Dn×n) for a division ring D, then D ∼= RΦ.

The following coordinatization theorem is due to J. von Neumann [15], see also C. Herrmann [7].
Theorem 2.5.
If L is a complemented modular [Arguesian] lattice with a spanning n-frame Φ = {ai | i < n} ∪ {cij | i, j < n, i 6= j},
where 4 6 n < ω [3 6 n < ω, respectively], then RΦ is a regular ring and L ∼= L(Rn×nΦ ). Moreover, if L is a sublattice ofSubMS for some S-module MS , then RΦ is isomorphic to a subring of End(a0)S .
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All the classes of structures we consider here are abstract; that is, they are closed under isomorphic copies. As usual, S,H, P, and Pu denote the operators of taking substructures, homomorphic images, Cartesian products, and ultraproducts,respectively. Let Σ consist of axioms for modular lattices plus the sentence φl in case of lattices and let Σ consist ofaxioms for algebras (rings) plus the sentence φr in case of algebras (rings, respectively). For any K ⊆ Mod Σ, theoperator S∃ is defined by: S∃(K) = S(K) ∩Mod Σ.
A class K ⊆ Mod Σ is an existence variety or an ∃-variety, if it is closed under H, P, and S∃. In particular, any existencevariety is closed under ultraproducts and elementary substructures, whence, it forms an axiomatizable class.The following statement gives a description of existence varieties.
Proposition 2.6 ([9, Proposition 10]).
Let K be either a class of sectionally complemented modular lattices or a class of regular rings. Then the following
holds:

(i) the class V∃(K) = HS∃P(K) is the smallest existence variety containing K;

(ii) any subdirectly irreducible algebra from V∃(K) belongs to HS∃Pu(K);
(iii) any existence variety is generated by its finitely generated subdirectly irreducible algebras.

A class K ⊆ Mod Σ is ∃-universal, if it is closed under Pu, and S∃. Again, any ∃-universal class is closed underultraproducts and elementary substructures, whence it is an axiomatizable class.
Lemma 2.7.
Let K be either a class of sectionally complemented modular lattices or a class of regular rings. Then K is an ∃-universal
class if and only if K = S∃Pu(K).
Proof. Obviously, the class S∃Pu(K) is closed under S∃. Furthermore, if Ai ∈ S∃(Bi) and Bi ∈ Pu(K) for all i ∈ I, Uan ultrafilter over I, and A = ∏i∈I Ai/U , then A ∈ S(∏i∈I Bi/U

) and ∏i∈I Bi/U ∈ Pu(K). Moreover, since {Ai | i ∈ I} ⊆Mod Σ, we conclude that A |= Σ, whence A ∈ S∃Pu(K), and the latter class is closed under ultraproducts.
The following lemma is of extensive use here.
Lemma 2.8 ([9, Lemma 30]).
Let R, S, Ri, i ∈ I, be regular algebras. Then the following holds:

(i) ∏i∈I L(Ri) ∼= L
(∏

i∈I Ri
)
;

(ii) if S ∈ S(R), then L(S) ∈ S(L(R));
(iii) if S ∈ H(R), then L(S) ∈ H(L(R)).

Let P = {p > 1 | p is prime} ∪ {0}. If p ∈ P\{0}, then Fp denotes a field with p elements. We also put F0 = Q. If
p ∈ P, then we say that a modular lattice L has characteristic p, and we write char L = p, if any proper 3-frame in Lgenerates a sublattice isomorphic to L(F3×3

p ). This notion is due to C. Herrmann and A. Huhn [8], and the authors of [8]have shown that the property of a modular lattice to have characteristic p can be expressed by one identity in the case
p 6= 0, while it can be expressed by infinitely many identities in the case p = 0. The following proposition is also dueto C. Herrmann and A. Huhn [8], see also [9, Corollary 22, Corollary 25].
Proposition 2.9.
Any subdirectly irreducible Arguesian sectionally complemented lattice L with lth L > 3 has a uniquely determined
characteristic char L. If L ∈ S(SubVD) for a vector space VD over a division ring D, then char L = charD.
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For a fixed p ∈ P, let Vp denote the variety of Arguesian lattices generated by subdirectly irreducible Arguesiansectionally complemented lattices of characteristic p. According to what was mentioned in the paragraph right beforeProposition 2.9, Vp is finitely based in the case p 6= 0 while V0 is infinitely based.
3. Auxiliary results

In this section, we collect all the statements we need for further proofs.
Lemma 3.1.
Let L be a complemented modular lattice of finite length and let A ∈ HS∃(L) be subdirectly irreducible. Then A ∈ S∃(L).
Proof. As A ∈ HS∃(L), there is B ∈ S∃(L) such that A ∈ H(B); in particular, B is a complemented lattice of finitelength and there is θ ∈ ConB such that A ∼= B/θ. By [3, 11.10], B ∼= ∏i<n Bi, where Bi is a simple finite length latticefor all i < n. It follows that θ = ∏

i<n θi for some θi ∈ ConBi. Since all lattices Bi, i < n, are simple, there exists
I ⊆ {0, . . . , n − 1} such that A ∼= B/θ ∼= ∏i∈I Bi ∈ S∃(B) ⊆ S∃(L).
The following two statements are technical and straightforward to prove.
Lemma 3.2.
Let Di, i ∈ I, be division rings, let U be an ultrafilter over I, and let D = ∏

i∈I Di/U. Then D is a division ring and
Dn×n ∼= ∏i∈I Dn×n

i /U for any positive integer n.

Proof. If Ai = (aijk)jk ∈ Dn×n
i for all i ∈ I, then the map

φ : ∏
i∈I

Dn×n
i /U → Dn×n, φ : (Ai | i ∈ I)/U 7→ ((

aijk | i ∈ I
)
/U
)
jk

defines an isomorphism.
Lemma 3.3.
Let I be a set and let U be an ultrafilter over I. If Li is a simple complemented Arguesian lattice of finite length for any
i ∈ I, then

∏
i∈I Li/U is a subdirectly irreducible complemented Arguesian lattice.

Proof. By our assumption, for any i ∈ I, Li is an atomic lattice, and any two distinct atoms are perspective in Li.Since these two lattice properties can be expressed by a first-order sentence, we conclude that ∏i∈I Li/U is also anatomic (whence, atomistic) lattice, where any two distinct atoms are perspective. This implies that for any atom a of∏
i∈I Li/U , the principal congruence Θ(0, a) generated by the pair (0, a) is the least nontrivial congruence on ∏i∈I Li/U ,whence, the latter is subdirectly irreducible.

Lemma 3.4.
Let n be a positive integer, let F be a division ring, and let L ∈ S∃(L(Fn×n)) be a simple lattice of length m > 3. Then
there are a division ring D and a positive integer k such that km 6 n, D ∈ S(F k×k ), and L ∼= L(Dm×m).
Proof. Since L is a simple Arguesian complemented lattice of finite length m > 3, according to Theorem 2.4, there isa spanning frame Φ = {ai, cij | i, j < m, i 6= j}

such that ai is an atom of L for all i < m, 〈RΦ; 0Φ, 	,⊕,�〉 is a division ring, and L ∼= Sub(RΦ)mRΦ . We put D = RΦ.Moreover, there is l 6 n such that L ∼= SubDm
D is a (0, 1)-sublattice of L(F l×l) ∼= SubF l

F . Let ψ : SubDm
D → SubF l

F be
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the corresponding (0, 1)-lattice embedding. If k denotes the common value of the dimension of all F-submodules ψ(ai)of F l
F , for i < m, then km = l.By the definition of the auxiliary ring, the ring

RΦ = {x ∈ L | xa1 = 0, x + a1 = a0 + a1}
is a subring of

Rψ(Φ) = {X ∈ SubF l
F | X ∩ ψ(a1) = 0, X + ψ(a1) = ψ(a0) + ψ(a1)},

the latter being isomorphic, by Theorem 2.5, to a subring of Endψ(a0)F ∼= F k×k . Therefore, D is isomorphic to a subringof F k×k .
Remark 3.5.One can infer that, in the proof of Lemma 3.4, the ring Rψ(Φ) is isomorphic to F k×k . However for Rψ(Φ), being isomorphicto a subring of F k×k is enough to complete that proof.
Lemma 3.6.
Let m, n be positive integers and let F, D be division rings. If Fm×m ∈ HS∃(Dn×n), then there is a positive integer k
such that km 6 n and F ∈ S∃(Dk×k ).
Proof. The argument is similar to the one of Lemma 3.1. Let B ∈ S∃(Dn×n) be a regular ring such that Fm×m ∈ H(B).According to Lemma 2.8(ii), the lattice L(B) embeds into L(Dn×n) ∼= SubDn

D , thus L(B) has finite length. Since
B is regular, it is an Artinian ring with unit. Thus, it is semisimple and there is a positive integer k such that
B ∼= ⊕

i<k Bi, where Bi is a matrix ring over some division ring for any i < k . Any ideal of B is therefore a directsum of ideals of Bi, i < k . Since all Bi, i < n, and Fm×m are simple rings, there is i ∈ {0, . . . , k − 1} such that
Fm×m ∼= Bi ∈ S∃(B) ⊆ S∃(Dn×n).Obviously, F 3m×3m ∈ S∃(D3n×3n), whence, L(F 3m×3m) ∈ S∃(L(D3n×3n)) by Lemma 2.8(ii). Applying Lemma 3.4 and usingTheorem 2.4, there is a positive integer k such that km 6 n and F ∈ S∃(Dk×k ).
Lemma 3.7.
Let D be a finite field and let k, n be positive integers. Then Mn ∈ S∃(SubD2k

D
)

if and only if n 6 |D|k + 1.

Proof. Let F be a field with |D|k elements. Since F can be viewed as a k-dimensional vector space over D,
M|D|k+1 ∼= SubF 2

F ∈ S∃(SubD2k
D
), whence, sufficiency follows.Conversely, let Mn ∈ S∃(SubD2k
D
) and let Ai, i < n, be k-dimensional subspaces of D2k

D , corresponding to the atoms of
Mn. We have |Ai| = |D|k for all i < n. Thus, the subset A = ⋃i<n Ai of D2k

D has n(|D|k − 1) + 1 elements. On the otherhand, we obviously have
n(|D|k − 1) + 1 = |A| 6 |D|2k ;

n(|D|k − 1) 6 |D|2k − 1;
n 6 |D|k + 1,

whence necessity follows.
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4. Sectionally complemented Arguesian lattices

Hereinafter, let Al denote the class of simple Arguesian (sectionally) complemented lattices of finite length. For a class
C ⊆ Al and for a positive integer n, we define a class Dn(C) of division rings as follows:

D ∈ Dn(C) if and only if SubDn
D ∈ C.

Equivalently, D ∈ Dn(C) if and only if L(Dn×n) ∈ C.
Definition 4.1.A class C ⊆ Al is closed, if the following conditions are satisfied:

(i) the class Dn(C) is closed under ultraproducts for all positive n < ω;
(ii) Dn(C) ⊆ Dm(C) for all positive m 6 n < ω;
(iii) for any positive n < ω, if n = mk and F ∈ Dn(C) and D ∈ S(F k×k ) are division rings, then D ∈ Dm(C);
(iv) let p ∈ P; if for all positive n < ω, there exists D ∈ Dn(C) such that charD = p, then F ∈ ⋂0<n<ω Dn(C) for anydivision ring F of characteristic p;
(v) if Mκ ∈ C, then Mλ ∈ C for all cardinals κ and λ such that 2 < λ 6 κ;
(vi) D1(C) is the class of all division rings.

Remark 4.2.Note that if there exists an n > 1 such that Dn(C) contains an infinite division ring, then it follows from Definition 4.1(i),(ii), and (v) that D2(C) contains all division rings. Moreover, it also follows from Definition 4.1(ii), (v) that if D ∈ Dn(C)for some n > 1 and |F| 6 |D| for a division ring F , then F ∈ D2(C).According to Definition 4.1(iii), the class Dn(C) is closed under (division) subrings for all n > 0. Therefore, accordingto Definition 4.1(i) and Lemma 2.7, for any n > 0, Dn(C) is relatively universal, that is, it can be defined by universalsentences within the class of regular rings.
Lemma 4.3.
Modulo all the other conditions of Definition 4.1, (iv) is equivalent to the following statement: let p ∈ P; if for all
positive n < ω there exists D ∈ Dn(C) such that charD = p, then Vp ∩ Al ⊆ C.

Proof. Suppose that (iv) of Definition 4.1 holds and suppose that p ∈ P and for any positive n < ω, there exists
D ∈ Dn(C) such that charD = p. Let L ∈ Vp ∩ Al. Without loss of generality, we may assume that 2 6 lth L < ω. Iflth L = 2, then L ∼= Mκ for a cardinal κ > 3. Let F be a field of characteristic p such that κ 6 |F|. By Definition 4.1(i),(ii), and (iv), F ∈ D2(C), whence Mκ ∈ C by (v). Suppose now that lth L = n > 3. Due to Theorem 2.4, there is a (unique)division ring D such that L ∼= SubDn

D . By Proposition 2.9, charD = p. Therefore, L ∈ C by (iv).Conversely, suppose that the given condition holds. Let p ∈ P be such that for any positive integer n there exists
D ∈ Dn(C) such that charD = p. Let F be a division ring of characteristic p. Then for any integer n > 3, the latticeSubFn

F is a simple Arguesian complemented lattice of length n and of characteristic p, whence SubFn
F ∈ Vp ∩ Al ⊆ C.Thus, F ∈ Dn(C) ⊆ D1(C) ∩D2(C) according to Definition 4.1(ii). Therefore, F ∈ ⋂0<n<ω Dn(C).

Theorem 4.4.
A class C ⊆ Al is closed if and only if there is a nontrivial existence variety V of Arguesian sectionally complemented
lattices such that C = V ∩ Al.
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Proof. Suppose first that V is an existence variety of Arguesian sectionally complemented lattices and that C consistsof simple finite length members of V. We prove that C is closed; in other words, we prove that C satisfies conditions(i)–(vi) of Definition 4.1. We note first that condition (vi) trivially holds on C.To prove (i), we assume that n > 1. Let Di ∈ Dn(C) for all i ∈ I, let U be an ultrafilter over I, and let D = ∏
i∈I Di/U .Then Dn×n ∼= ∏i∈I Dn×n

i /U by Lemma 3.2. Therefore,
L(Dn×n) ∼= L

(∏
i∈I

Dn×n
i /U

)
∈ HP(L(Dn×n

i ) | i ∈ I) ⊆ HP(C) ⊆ V
by Lemma 2.8. As L(Dn×n) is a simple finite length Arguesian complemented lattice, we conclude that L(Dn×n) ∈ C,whence D ∈ Dn(C) and the latter is, indeed, closed under ultraproducts.To establish (ii), we assume that m 6 n < ω and that D ∈ Dn(C), that is, L(Dn×n) ∈ C. As Dm×m is trivially isomorphicto a regular subalgebra of Dn×n, we conclude by Lemma 2.8(ii) that L(Dm×m) ∈ S∃(L(Dn×n)) ⊆ V. Since L(Dm×m) ∈ Al,we get that D ∈ Dm(C).To prove (iii), we assume that n is a positive integer such that n = mk , D ∈ S(F k×k ) is a division ring, and that
F ∈ Dn(C), that is, L(Fn×n) ∈ C. Then Dm×m embeds into (F k×k)m×m = Fn×n. By Lemma 2.8(ii) and Proposition 2.6(i),
L(Dm×m) ∈ S∃(L(Fn×n)) ⊆ V. Since L(Dm×m) ∈ Al, we get that D ∈ Dm(C).To prove (iv), we fix p ∈ P and assume that for all positive n < ω, there is a division ring Dn ∈ Dn(C) such thatcharDn = p. Since Dn contains the prime field Fp of characteristic p, we conclude by (iii) that Fp ∈ Dn(C) for allpositive integers n. Let F be a division ring of characteristic p. To establish (iv), it suffices to show in view of (ii)that SubFn

F ∈ C for any integer n > 3. Let VF be an infinite dimensional vector space over F . By [9, Theorem 32],SubVF ∈ V∃(L(Fn×np ) | 3 6 n < ω
)
⊆ V. For all integers n > 3, Fn

F is isomorphic to a subspace of VF , whenceSubFn
F ∈ S∃(SubVF) ⊆ V. Since SubFn

F ∈ Al, we obtain that SubFn
F ∈ C.Finally, we prove that (v) holds on C. Let D ∈ D2(C), that is, SubD2

D ∈ C, and let |F| 6 |D| for some division ring F . Itis folklore that SubD2
D
∼= M|D|+1 and SubF 2

F
∼= M|F|+1. It follows that Mκ ∈ V for all 2 < κ 6 |D| + 1. As SubF 2

F isa simple complemented Arguesian finite length lattice, SubF 2
F ∈ C and F ∈ D2(C). With this observation, (v) becomesobvious.

Conversely, suppose that a class C ⊆ Al is closed. Let V denote the existence variety generated by C. By Proposi-tion 2.6(i), V = HS∃P(C). Obviously, C ⊆ V ∩ Al. To prove the reverse inclusion, let L ∈ V be a simple Arguesian finitelength complemented lattice and let lth L = n. If n = 1, then L ∈ C by (vi) of Definition 4.1. Thus, we may assume that
n > 1. According to Proposition 2.6(ii), L ∈ HS∃Pu(C). Therefore, there are a set I and an ultrafilter U over I, togetherwith lattices Li ∈ C, i ∈ I, such that L ∈ HS∃(∏i∈I Li/U

). Two cases have to be considered.
Case 1: n > 3. According to Theorem 2.4, there is a unique division ring D such that L ∼= L(Dn×n). Let charD = p; byProposition 2.9, char L = p. Since n = lth L > 3, we conclude that lth∏i∈I Li/U > 3, whence J = {i ∈ I | lth Li > 3} ∈ U .Considering J as the index set and taking U|J = {X ∩ J | X ∈ U} instead of U , we may assume without loss of generalitythat lth Li > 3 for all i ∈ I. Again, due to Theorem 2.4, for any i ∈ I, there is a unique division ring Di such that
Li ∼= L(Dni×ni

i
), where ni = lth Li > 3. By Lemma 3.3, ∏i∈I Li/U is a subdirectly irreducible Arguesian lattice, whencechar∏i∈I Li/U is defined according to Proposition 2.9. Since the property of a lattice to have certain characteristic canbe expressed by identities and L ∈ HS∃(∏i∈I Li/U

), we conclude that char L = char∏i∈I Li/U = p. There are twosubcases to consider.
Case 1.1: p 6= 0. For any q ∈ P, we consider two sets:

I0(q) = {i ∈ I | char Li = q}, I1(q) = {i ∈ I | char Li 6= q}.

According to Proposition 2.9,
I0(q) = {i ∈ I | charDi = q}, I1(q) = {i ∈ I | charDi 6= q}.
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For any q ∈ P, either I0(q) ∈ U or I1(q) ∈ U . Since the property of a lattice to have characteristic p 6= 0 can beexpressed by an identity, we conclude that I0(p) ∈ U . Taking, if necessary, I0(p) instead of I and U|I0(p) instead of U ,we may assume without loss of generality that charDi = p for all i ∈ I.Suppose now that sup {ni | i ∈ I} is infinite. This means that for any k < ω, there is i ∈ I such that ni > k; that is,using Definition 4.1(ii), for any positive integer k < ω, there is i ∈ I such that Di ∈ Dk (C). As charDi = p for all i ∈ I,we conclude by Definition 4.1(iv) that D ∈ Dn(C), whence L ∼= SubDn
D ∈ C.If sup {ni | i ∈ I} = n′ < ω, then lth∏i∈I Li/U = m for some n 6 m 6 n′. As above, we may assume without loss ofgenerality that lth Li = m for all i ∈ I, whence Di ∈ Dm(C) for all i ∈ I. By Lemma 3.2, L ∈ HS∃(L(Fm×m)), where

F = ∏
i∈I Di/U . We have F ∈ Dm(C) by Definition 4.1(i). According to Lemma 3.1, L ∈ S∃(L(Fm×m)), while accordingto Lemma 3.4, L ∼= L(K l×l) for a division ring K and a positive integer l such that K ∈ S(F k×k ) and kl 6 m. We have

F ∈ Dkl(C) by Definition 4.1(ii), while K ∈ Dl(C) by Definition 4.1(iii). Therefore, L ∈ C.
Case 1.2: p = 0. We put for any q ∈ P\{0}:

n(q) = sup {m | 1 6 m < ω, there is D ∈ Dm(C) with charD = q
}
.

There are again two possibilities.
Case 1.2.1: for any integer k > 3, for any prime r ∈ P\{0}, there is q ∈ P\{0} such that q > r and n(q) > k. Let
m > 3 be an arbitrary integer. Then there are an infinite set of primes {pt ∈ P\{0} | t < ω} and a set of division rings
{Ft | t < ω} with the following properties:

- charFt = pt for all t < ω;
- for all t < ω, Ft ∈ Dkt (C) for some kt > m.

By Definition 4.1(ii), Ft ∈ Dm(C) for all t < ω. By Definition 4.1(i), this means that F = ∏
t<ω Ft/U ∈ Dm(C) for anynon-principal ultrafilter U over ω. It is obvious that charF = 0. Summarizing, we have proved that for any m > 3 thereis a division ring F ∈ Dm(C) such that charF = 0. According to Definition 4.1(iv), SubDn

D ∈ C.
Case 1.2.2: there are an integer k > 3 and a prime r ∈ P\{0} such that for all q ∈ P\{0}, q > r, one has n(q) 6 k.One of the three sets I0 = {i ∈ I | char Li = 0}, I1 = {i ∈ I | 0 6= char Li < r}, and I2 = {i ∈ I | char Li > r} must belongto U .Suppose first that I0 ∈ U . Taking, if necessary, I0 instead of I and restricting U to U|I0 , we may assume that char Li = 0for all i ∈ I. If there is a positive integer n′ such that sup {lth Li | i ∈ I} = n′, then repeating the argument of the lastparagraph of Case 1.1, we can conclude that L ∈ C. If sup {lth Li | i ∈ I} is infinite, then D ∈ Dn(C) by Definition 4.1(iv),whence L ∈ C again.Since the property of a lattice to have a nonzero prime characteristic < r can be expressed by a first-order sentenceand since char L = 0, the case I1 ∈ U cannot occur. Suppose that I2 ∈ U . Then taking, if necessary, I2 instead of I andrestricting U to U|I2 , we may assume that char Li > r for all i ∈ I. It follows by the definition of k that lth Li 6 k for all
i ∈ I, whence n 6 lth∏i∈I Li/U 6 k . We repeat the argument of the last paragraph of Case 1.1 to conclude that L ∈ C.
Case 2: n = 2. Therefore, L ∼= Mκ for a cardinal κ > 3. Two cases are possible.
Case 2.1: κ < ω. We prove that Mκ ∈ S(Li) for some i ∈ I. Two subcases are possible.
Case 2.1.1: sup {lth Li | i ∈ I} is finite. Then ∏i∈I Li/U is a finite length lattice. Since Mκ is projective within theclass of finite length modular lattices, we conclude that Mκ ∈ S∃(∏i∈I Li/U

). Furthermore, let φκ denote the followingexistential sentence:
∃x0, x1, . . . , xκ−1 ∧

i<κ
¬[xi = 0] ∧∧

i6=j [xi + xj = x0 + x1] ∧∧
i6=j [xixj = 0].

Since Mκ |= φκ , we conclude that ∏i∈I Li/U |= φκ . In particular, there is i ∈ I such that Li |= φκ ; that is, Mκ ∈ S∃(Li).
835

Author c
opy



Generators of existence varieties of regular rings and complemented Arguesian lattices

Case 2.1.2: sup {lth Li | i ∈ I} is infinite. This means that there is i ∈ I such that lth Li > 2[log2 κ] + 2. By Lemma 3.7we conclude that Mκ ∈ S(Li).
So, we have proved that in any case Mκ ∈ S(Li) for some i ∈ I. Suppose first that Li is coordinatizable. Then there area division ring D and an integer n > 2 such that Li ∼= SubDn

D . Then D ∈ Dn(C), whence D ∈ D2(C) by Definition 4.1(ii).If D is infinite, then Mκ ∈ C according to Remark 4.2. Let D be finite; then D is a field. As the image of the unit of Mκin SubDn
D is a subspace of Dn

D of even dimension, we may assume that n = 2k and that Mκ (0, 1)-embeds into SubDn
D .By Lemma 3.7, κ 6 |D|k + 1. Let F be a finite field with |D|k elements. Viewing F as a k-dimensional vector spaceover D, we get that F ∼= EndFF embeds as a subring into EndDk

D
∼= Dk×k . Therefore, F ∈ D2(C) by Definition 4.1(iii),whence M|F|+1 ∼= SubF 2

F ∈ C. Recalling that 2 < κ 6 |D|k + 1 = |F|+ 1, we get that Mκ ∈ C by Definition 4.1(v).If Li is not coordinatizable, then lth Li = 2 and Li ∼= Mn for some n < ω. As Mκ ∈ S∃(Mn) in this case and κ 6 n, weconclude that Mκ ∈ C by Definition 4.1(v).
Case 2.2: κ > ω. In this case, for any p ∈ P\{0}, Mp+1 ∈ S∃HS∃Pu(C) ⊆ V∃(C) ⊆ V. Due to Case 2.1, L(F2×2

p ) ∼=
Mp+1 ∈ C, whence Fp ∈ D2(C) for all p ∈ P\{0}. By Definition 4.1(i), (iii), there is F ∈ D2(C) such that |F| = κ. Thus,
Mκ
∼= L(F 2×2) ∈ C.The proof of the theorem is complete.

5. Regular rings

Let Ar denote the class of simple Artinian regular rings with unit. For a class C ⊆ Ar and for a positive integer n, wedefine a class Dn(C) of division rings as follows:
D ∈ Dn(C) if and only if Dn×n ∈ C.

The following definition is a ring analogue of Definition 4.1.
Definition 5.1.A class C ⊆ Ar is closed, if the following conditions are satisfied:

(i) the class Dn(C) is closed under ultraproducts for all positive n < ω;
(ii) Dn(C) ⊆ Dm(C) for all positive m 6 n < ω;
(iii) for any positive n < ω, if n = mk and F ∈ Dn(C) and D ∈ S(F k×k ) are division rings, then D ∈ Dm(C);
(iv) let p ∈ P; if for all positive n < ω there exists D ∈ Dn(C) such that charD = p, then F ∈ ⋂0<n<ω Dn(C) for anydivision ring F of characteristic p;
(v) D1(C) is the class of all division rings.

Remark 5.2.According to Definition 5.1(iii), the class Dn(C) is closed under (division) subrings for all n > 0.
Before proving Theorem 5.4, the main result of this section, we prove the following statement.
Lemma 5.3.
Let C ⊆ Ar be a closed class, let D be a division ring, let n be a positive integer, and let Dn×n ∈ HS∃Pu(C). Then
Dn×n ∈ C.
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Proof. Let I be a set and let U be an ultrafilter over I such that
Dn×n ∈ HS∃(∏

i∈I

Ri/U
)
,

where Ri ∈ C for all i ∈ I. By the Wedderburn–Artin theorem (see, for example, [2, Theorem 2.21]), there are positiveintegers ni, i ∈ I, and division rings Di ∈ Dni (C), i ∈ I, such that Ri ∼= Dni×ni
i for all i ∈ I. Let char∏i∈I Ri/U = p.Since the property of a ring to have characteristic p 6= 0 can be expressed by an identity and since the property of aring to have characteristic 0 can be expressed by either an infinite set of quasi-identities or by an infinite set of positivesentences, and Dn×n ∈ HS∃(∏i∈I Ri/U

), we conclude that charDn×n = p, whence charD = p. There are two cases toconsider.
Case 1: p 6= 0. For q ∈ P, define two sets:

I0(q) = {i ∈ I | charDi = q}, I1(q) = {i ∈ I | charDi 6= q}.

Then for any q ∈ P, either I0(q) ∈ U or I1(q) ∈ U . Since the property of a ring to have characteristic p 6= 0 can beexpressed by an identity, we conclude that I0(p) ∈ U . Taking, if necessary, I0(p) instead of I and U|I0(p) instead of U ,we may assume without loss of generality that charDi = p for all i ∈ I.Suppose now that sup {ni | i ∈ I} is infinite. This means that for any k < ω there is i ∈ I such that ni > k; that is,using Definition 5.1(ii), for any positive k < ω there is i ∈ I such that Di ∈ Dk (C). As charDi = p for all i ∈ I, weconclude by Definition 5.1(iv) that D ∈ Dn(C), whence Dn×n ∈ C.If sup {ni | i ∈ I} = n′ < ω, then we may assume without loss of generality that there is a positive integer m such that
n 6 m 6 n′ and ni = m for all i ∈ I, whence Di ∈ Dm(C) for all i ∈ I. By Lemma 3.2, Dn×n ∈ HS∃(Fm×m), where
F = ∏

i∈I Di/U; in particular, F ∈ Dm(C) by Definition 5.1(i). By Lemma 3.6, there is a positive integer k such that
kn 6 m and D ∈ S∃(F k×k ). Moreover, F ∈ Dm(C) implies that F ∈ Dkn(C) by Definition 5.1(ii), whence D ∈ Dn(C) byDefinition 5.1(iii) and Dn×n ∈ C.
Case 2: p = 0. We put for any q ∈ P\{0}:

n(q) = sup {m | 1 6 m < ω, there is D ∈ Dm(C) with charD = q
}
.

There are two possibilities.
Case 2.1: for any positive integer k, for any prime r ∈ P\{0} there is q ∈ P\{0} such that q > r and n(q) > k. Let
m be an arbitrary positive integer. Then there are an infinite set of primes {pt ∈ P\{0} | t < ω} and a set of divisionrings {Ft | t < ω} with the following properties:

- charFt = pt for all t < ω;
- for all t < ω, Ft ∈ Dkt (C) for some kt > m.

By Definition 5.1(ii), Ft ∈ Dm(C) for all t < ω. By Definition 5.1(i), this means that F = ∏
t<ω Ft/U ∈ Dm(C) for anynon-principal ultrafilter U over ω. It is obvious that charF = 0. Summarizing, we have proved that for any positiveinteger m there is a division ring F ∈ Dm(C) such that charF = 0. According to Definition 5.1(iv), D ∈ Dn(C), whence

Dn×n ∈ C.
Case 2.2 : there are a positive integer k and a prime r ∈ P\{0} such that for all q ∈ P\{0}, q > r, one has n(q) 6 k.One of the three sets I0 = {i ∈ I | charDi = 0}, I1 = {i ∈ I | 0 6= charDi < r} and I2 = {i ∈ I | charDi > r} must belongto U .Suppose first that I0 ∈ U . Taking, if necessary, I0 instead of I and restricting U to U|I0 , we may assume that charDi = 0for all i ∈ I. If there is a positive integer n′ such that sup {ni | i ∈ I} 6 n′, then repeating the argument of the last
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paragraph of Case 1, we can conclude that Dn×n ∈ C. If sup {ni | i ∈ I} is infinite, then D ∈ Dn(C) by Definition 5.1(iv),whence Dn×n ∈ C.Since the property of a ring to have a nonzero prime characteristic < r can be expressed by a first-order sentence andcharD = 0, the case I1 ∈ U is impossible. Suppose that I2 ∈ U . Then taking, if necessary, I2 instead of I and restricting
U to U|I2 , we may assume that charDi > r for all i ∈ I. It follows by the definition of k that ni 6 k for all i ∈ I. Werepeat the argument of the last paragraph of Case 1 to conclude that Dn×n ∈ C.
Theorem 5.4.
A class C ⊆ Ar is closed if and only if there is a nontrivial existence variety V of regular rings such that C = V ∩ Ar .

Proof. Suppose first that V is an existence variety of regular rings and that C consists of simple unital Artinianmembers of V. We prove that C is closed; in other words, we prove that C satisfies conditions (i)–(v) of Definition 5.1.Note that (v) is obvious.To prove (i), we assume that n > 1. Let Di ∈ Dn(C) for all i ∈ I, let U be an ultrafilter over I, and let D = ∏
i∈I Di/U .Then Dn×n ∼= ∏i∈I Dn×n

i /U ∈ V by Lemma 3.2. As Dn×n is a simple Artinian ring with unit, Dn×n ∈ C, whence D ∈ Dn(C)and the latter is, indeed, closed under ultraproducts.Condition (ii) is straightforward to prove, as Dm×m is trivially isomorphic to a regular subalgebra of Dn×n.To prove (iii), we assume that n is a positive integer such that n = mk , D ∈ S(F k×k ) is a division ring, and that
F ∈ Dn(C), that is, Fn×n ∈ C. Then Dm×m embeds into (F k×k)m×m ∼= Fn×n. By Proposition 2.6(i), Dm×m ∈ V. Since
Dm×m ∈ Ar , we get that D ∈ Dm(C).To prove (iv), we fix p ∈ P and assume that for all positive n < ω there is a division ring Dn ∈ Dn(C) such thatcharDn = p. Since Dn contains a prime subfield isomorphic to Fp, we conclude by (iii) that Fp ∈ Dn(C) for all positiveintegers n. Let F be a division ring with charF = p. Let B(F ) denote the regular algebra of ω × ω matrices over Fwhich are both row-finite and column-finite (viewed as an Fp-algebra). By K. R. Goodearl, P. Menal, and J. Moncasi[5, Corollary 2.7] (cf. also [9, Corollary 13]), B(F ) ∈ V∃(Fn×np | 3 6 n < ω

)
⊆ V. Since for all integers n > 3, Fn×n isisomorphic to a regular subalgebra of B(F ), we conclude that Fn×n ∈ S∃(B(F )) ⊆ V. The ring Fn×n is simple unitalArtinian, that is, Fn×n ∈ C, whence F ∈ Dn(C) for all positive n < ω.

Conversely, suppose that a class C ⊆ Ar is closed. Let V denote the existence variety generated by C. By Proposi-tion 2.6(i), V = HS∃P(C). Obviously, C ⊆ V ∩Ar . To prove the reverse inclusion, let R ∈ V be a simple Artinian regularring with unit. According to Proposition 2.6(ii), R ∈ HS∃Pu(C). By the Wedderburn–Artin theorem, there are a divisionring F and a positive integer n such that R ∼= Fn×n. Applying Lemma 5.3, we obtain that R ∼= Fn×n ∈ C.
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