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1 The wave equation as mathematical model for the vibrating

string and the vibrating membrane.

1.1 Potential energy of the linear elastic string

We want to formulate mathematical equations, which allow to compute the vibrations in
time of an elastic string, which is fixed at both ends. To this end we first compute the
potential energy stored in the string at time t. This requires to make an assumption for

the elastic material properties of the string. Let —oco < a < b < 0o be given numbers.

M

u(zx,t)

a z b

Actual configuration of the string

Imagine first that the string is linearly stretched along the z-axis with ends fixed at
(a,0) and (b,0) and is at rest. We call this the reference configuration of the string.
Now consider an actual configuration, where the string is displaced from this reference

configuration.

Hypothesis: Let P, P?) be material points of the string, whose positions are (z;,0),
(2,0) in the reference configuration and (z(V), y™M), (3 y?) in the actual configuration.
Assume that in the actual configuration the string is linearly and uniformly stretched
between P and P®). Then the force K acting on P® is

‘p(l) — p(2)’ PO _ p@©) p1) _ p@2)

K: f— -
e — e PO PO e ]

with a material constant x > 0. Here we identified P, P® with the positions in the

actual configuration. (Linearly elastic material behavior.)

(2)
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Note that by this law of force a variation of the actual positions of the points P, P(2)
in direction orthogonal to the x-axis does not alter the component of the force K parallel
of the z-axis, and a variation of the positions parallel to this axis does not alter the force
component orthogonal to this axis. Therefore the movements of the material points of
the string in directions parallel and orthogonal to the z-axis are not coupled. We thus
can and shall assume in the following that the material points of the string move only in
the direction orthogonal to the xz-axis. This implies that at time ¢ > 0 the string can be
represented by the graph of a function

x> u(z,t) : [a,b] = R.

To compute the potential energy we approximate the graph of this function by a piecewise

linear function:

(5, u(ws, 1))

With h = 22 let
ri=th+a, 1=0,1,...,n

be the z-coordinates of the node points of the polygonal arc. We first determine the
potential energy stored in the polygonial arc. To this end we successively deform the
string from the reference configuration to the polygon and compute the work done in
every step. In the first step we move all material points of the string vertically and in
parallel from the z-axis to the horizontal line passing through the point (xg, u(xg,t)). No
work is done in this step. We then fix the endpoint of the string at (zo, u(zo,t)) and move
all points on the line segment {(z, u(zo,t)) | x; < x < b} vertically and in parallel to the
line segment {(z,u(xy,t)) | 1 < 2 < b}. During this movement an amount of energy
V1 is stored in the straight line segment above the interval [xq, x|, which is equal to the
work done in moving the material point at the position (x1, u(zg,t)) along a vertical path
to the position (x1,u(x;,t)) against the vertical component K of the elastic force K in

this straight line segment. A parametrization of this path is

s+ P(s) = (z1,5) : [u(zo,t), u(ay,t)] — R



Since in the reference configuration the position of the point P(s) = (z1, s) is (z1,0) and
the position of (xg, u(z,t)) is (zo,0), our hypothesis implies that the elastic force K (s)
at the point P(s) is given by

(.T(), U(.T(), t)) _ (xlu S)

Y

K(s) = (Ki(s), Ka(s)) = &

1 — 2o
whence ( )
s —ul(xg,t
K = K5 —"
2(5) K 1 — Zo
We thus have
u(z1,t) K u(x1,t)
i = —/ Ks(s)ds = —— / (s —u(zo,t)) ds
u(zo,t) L1 = 20 Ju(wo,t)
- £ (s — u(wo, ))* etk (u(@t) - u(zo, 1))*
1 — X 2 0 s=u(zo,t) 2 1 — g
K (u(xy,t) — u(zo, 1)\’ k(0 2
- — = — | —u(z],t h
2 < T, — T ('rl Z'(]) 9 8xu(x17 ) )

where 27 is a point between z and x;. Here we used the mean value theorem. We proceed

in the same way and obtain for the elastic energy V; stored in the straight line segment

k(0 2

For the total energy V(" (t) of the polygonal arc we thus have

above [x;_1, ;] that

v () — Z Vi(t) = g 3 (a%u(x;, £))*h.

i=1
For h — 0 the polygon converges to the string. Therefore one defines the potential energy
V (t) of the string at time t by

V(t) = lim V"(¢).

h—0
On the other hand, Y7 (Zu(z},t))?h is a Riemann sum. If z — Zu(x, ) is continuous

we thus obtain by Riemann integration theory that

K

lim — z”: (gu(x* t))2h . /b (gu(:p t))2 dz.
n—0 2 ox i 2 a or ’

1=

Therefore we conclude that the stored energy of the string at time ¢ is

k[P 2
V(t) = 5/ (uy(z,t))” dx.



1.2 The Hamiltonian principle

The velocity of the material point (x,u(x,t)) of the string at time ¢ in the direction

d

orthogonal to the x-axis is J u(wz,t). Therefore the kinetic energy E(t) of the string at

time ¢ is

Bt = [ 5 ole) (s, 0)’de,

where p(x) is the mass of the string per unit length.
To formulate Hamilton’s principle I use the following notations: For a continuously
differentiable function v : [a,b] x [0,7] — R let

Vit) = / sl 1))
b T 9
E,(t) = /%(vt(x,t)) dx .

Hamilton’s principle: Let 7' > 0, let the movement of the string be given by the

continuously differentiable function
w:la,b] x [0, 7] — R,
and let w : [a,b] x [0,7] — R be a continuously differentiable function satisfying
w(z,0) =w(z,T) =w(a,t) =w(b,t) =0 (1.1)

foralla < x <bandall 0 <t <T. Let s denote real numbers. Hamilton’s principle

states that the movement is such that
d T

% ] Eu+sw<t) - Vu+sw(t>dt|5:0 == 0 . (12)

Remark. If |s| is a small number, then
v(z,t) = u(x,t) + sw(z,t)

is a small perturbation of the movement of the string, which because of (1.1) does not
change the boundary, initial and final values. Therefore Hamilton’s principle states that

the material points of the string move such that the integral

/ "B - Vit



is stationary when the movement of the string is perturbed such that the initial, final and

boundary values are not changed.

The equation (1.2) can be used to derive an equation for the movement of the string. For,
(1.2) yields

0 — /0/ (e, ) + swnle,0)° = 5 (sl ) + swa (@, ) dadt) _
— / / ) (ug(, t) + swi(z, 1) )wy(, 1)

— K (ua(z, 1) + swy(z, 1)) wy(z, t)d:vdt|sz
= / / z)ug(z, wi(z, 1) — Kug(z, )w, (2, 1)) dadt =: 1.

If u is two times continuously differentiable, then the last integral can be transformed
using partial integration. Since w vanishes at the boundary of the rectangle [a, b] x [0, 7]

we obtain

/ / )y (@, 1) — Kttge (2, ) )w(z, t)dadt .
This must hold for all continuously differentiable functions w vanishing at the boundary.
If p(x)uw(z,t) — Kug(x,t) is continuous, this can only hold if

p(x)up(z,t) — Kug,(x,t) =0 (1.3)

for all (z,t) € [a,b] x [0,T7.

1.3 Initial-boundary value problems for the one-dimensional wave equation

Since T is an arbitrary chosen positive number, we conclude that the vibrating string

must satisfy the equation (1.3) in the whole domain [a, b] x [0,00). We thus have
p(x)uy(z,t) = Kug,(x,t), (x,t) € [a,b] x [0,00).

This is a linear partial differential equation of second order for u, the wave equation in
one space dimension. Since the ends of the string at x = a or = b can be fixed or can be
subjected to arbitrarily given motions, and since at time ¢ = 0 the material points of the
string can be displaced arbitrarily and can be submitted to arbitrarily given velocities,

one wants to solve the following initial-boundary value problem to determine the motion



of the string:

p(x)ug (2, t) = Kuge(z, 1), (z,t) € [a,b] x [0, 00),
(BD) u(a,t) = u D), wubt)=u®(t), t €10,00),
(IC) u(z,0) = uO(x), uz,0)=ub(z), x € [a,bl,

with given functions u(®, u® : [0,00) — R, u® u) : [a,b] — R. This is the Dirich-
let initial-boundary value problem for the wave equation. The Neumann initial-
boundary value problem is obtained if instead of the values wu(a,t) and wu(b,t) the

values ug(a,t) and u,(b,t) for the z derivatives are prescribed:

p(x)upy(z,t) = Kug,(x,t), (x,t) € la,b] x [0, 00),
(BC) uy(a,t) = v\ (1), uy(b,t) = v® (1), t €[0,00),
(IC) u(z,0) = u®(z), wu(z,0)=uP(z), x € [a,b].
If a = —oc0 and b = oo and no boundary conditions are posed, then one speaks of the

initial value problem or Cauchy problem:

p(x)ug(x,t) = Kugy(z, 1), (x,t) € (—00,00) x [0,00),
(IC) u(z,0) = u®(z), wu(z,0)=uP(z), x € (—00,00).

1.4 Initial-boundary value problems for the wave equation in higher space

dimensions

Consider an elastic membrane, which at the boundary is fixed to a wire forming a closed
loop. The projection © of the membrane to the plane R? is a closed bounded set, the
interior of which is Q2. We assume that the boundary 952 is continuously differentiable, and
that the wire is given by the graph of a continuously differentiable function p : 992 — R.
Let u(x,t) € R be the height of the membrane above the point € Q at time ¢t > 0.

Thus, at time ¢ the membrane is represented by the graph of the function
x = u(x,t): Q— R

Since the membrane is attached at the boundary to the wire, we have the Dirichlet
boundary condition

u(z,t) = p(x), xe€dfd, t>0.

To determine a partial differential equation for the function u we again apply Hamilton’s

principle. We first need to make assumptions for the elastic properties of the membrane,

10
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The exterior unit normal vector n(z)

or equivalently for the form of the potential energy stored in the membrane. Generalizing
the one-dimensional potential energy we assume here that the potential energy V() of

the membrane at time ¢ is given by

= E/ \Vu(z,t)|*dz,
2 Ja

Vu(x,t) = Oa1

with the gradient
The kinetic energy of the membrane is

If 7> 0 and if
w:Qx[0,7] - R

is continuously differentiable with

w(z,t) =0, (z,t) €I x][0,T]
w(z,0) =w(z,T)=0, z€Q,
then Hamilton’s principle yields
d T

0= % 0 Eu+sw(t) - Vu+sw (t)dt|S:0

T
d [ [p - 2
— E//_2 u(x,t) + swy(x, t)) - Elvxu(x,t) + sVw(x,t)| drdt|
0

/ / z)u(z, )wi(z,t) — kVu(z, t) - Vow(z, t))dz di.

11



If u is two times continuously differentiable then the first Green’s formula yields
/ / z)uy(z,t) — kApu(z, t))w(z, t)d dt
+ [ playute, Tyt T) = ployude. (e, 0)ds

/ /ag A U@ ) w(e, t)do, dt
// 2)uge (1, 1) — kAu(z, t))w(z, t)de dt, (1.4)

with the Laplace operator
2 o2
i—1 9%i

and the normal derivative

827@ u(z,t) = n(x) - Vyu(z,t),
where n(z) € R? is the unit normal vector to the boundary 9 at x € 9 pointing into
the exterior R2\Q of Q.

(1.4) must be satisfied for all w with the stated properties. This is only possible if the
bracketed expression in the integrand on the right hand side vanishes identically, whence

u must satisfy the equation
p()ug(x,t) = kAgu(z,t), (x,t) € Qx[0,T]. (1.5)

Since T is arbitrary, it follows that u must satisfy this equation for all (z,t) € Q x [0, c0).

(1.5) is is the wave equation in two space dimensions. In the derivation of this equation
and in the derivation of the wave equation in one space dimension we assumed that no
forcing term is acting on the membrane or on the string. Such forces are often present,
for example the gravitational force. If such a force is present and if f(x,t) denotes the

force per unit area of the membrane, then instead of (1.5) the equation
p(@)un(r,t) = KAu(z,1) + (.1 (1.6)

is obtained. (1.6) is the inhomogeneous wave equation.
We already noted that u must satisfy the Dirichlet boundary condition. Therefore u
must be a solution of the Dirichlet initial-boundary value problem, which we immediately

formulate for the n-dimensional inhomogeneous wave equation. Thus, for n € N let
Z—uxt = (x1,...,2,) €R"

12



be the n-dimensional Laplace operator. With this operator the inhomogeneous Dirichlet

initial-boundary value problem in a domain 2 C R" is

p(x)uy(z,t) = cAzu(x,t) + f(z,t), (z,t) € QA x [0,00), (1.7
(BC) u(z,t) = p(x,t), (x,t) € 02 x [0,00),  (1.8)
(IC) u(z,0) = u@(x), uz,0)=uM(z), re, (1.9)

with given functions f: Q x [0,00) = R, p:0Q x [0,00) = R, u@ v®:Q - R.

The Neumann initial-boundary value problem for the wave equation in €2 C R" is

p(x)uy(x,t) = kAgu(z, t) + f(x,t), (z,t) € QA x[0,00), (1.10)
(BC) %u(x’t) =v(x,t), (x,t) € 0 x [0,00),  (1.11)
(IC) u(z,0) = u@(x), uz,0)=ub(z), reQ, (1.12)

and the Cauchy problem is

p(x)uy(z,t) = kAyu(z, t) + f(x,t), (x,t) € R" x [0,00),  (1.13)
(IC) u(z,0) = uO(x), uz,0)=uM(z), reR"  (1.14)

In the investigation of the wave equation it is often convenient to merge the coefficients

c(x) = \/%>0.

With this coefficient and with g(x,t) = -1 f(z) the equations (1.5) and (1.6) become

p(x) and k into one coefficient

p(x)
uy(z,1) = c(x)*Agul(z,t), (1.15)
uy(r,t) = c(x)?Agu(z,t) + g(x,t). (1.16)

In a strict sense, (1.15) is called wave equation only if ¢(x) = const. We shall use this

name for (1.15) also if the coefficient ¢(z) is variable.

13



2 The Helmholtz equation obtained by reduction of the wave

equation

2.1 Complex valued solution

Up to now we considered solutions of the equations (1.15) and (1.16) with values in the real
numbers. We shall often consider complex valued solution. To define such solutions, set

for a complex valued function u : Q2x [0, 00) — C with v = uj+ius, uq, us : 2x[0,00) = R,

0 0 .0 0 0 .0
a_xju(mv t) = a_l’JU1(x’t) + Za_%u2($7t)a au(l‘at) = aul(xvt) + ZaUg(l’, t)a
hence
2 2
Ayu(z,t) = Ayuy (2, t) + iAzus(x, t), uy(x,t) = ﬁul(x,t) + iﬁuQ(x,t). (2.1)

u: Qx[0,00) = Cis a complex valued solution of the wave equation (1.15) or of the
inhomogeneous wave equation (1.16) with a complex valued right hand side f : Q X
[0,00) — C, if u satisfies (1.15) or (1.16) with A,u and wuy; defined by (2.1).
Clearly, since c(x)? is real, a complex valued function u is a solution of (1.15) or (1.16),
if both the real part u; and the imaginary part uy solve the respective equation.
Though complex valued solutions seem to be more complicated than real valued solu-
tions, it turns out that allowing complex valued solutions elucidates the situation consid-

erably.

2.2 Separation of variables and boundary value problems for the Helmholtz

equation

To find a solution u :  x [0,00) — oo of the wave equation (1.15) we try the product
ansatz

u(z,t) = w(t) v(x).

Insertion into the wave equation yields
wy () v(x) = c(x)*w(t)Av(z),

hence
wy(t)  c(x)*Av(z)

wt) o)
This equation must hold for all z € 2 and all ¢t € [0,00). Since the left hand side only

depends on t and the right hand side on z, this is only possible if the fractions on both

14



sides have a constant value —A € R. Thus,

wy (t) + Aw(t)
c(x)?Av(x) + \v()

0, te]|0,00) (2.2)
0

, xe. (2.3)

The first equation is a linear, homogeneous ordinary differential equation of second order.
The second equation is called Helmholtz equation or reduced wave equation, a linear
second order partial differential equation. In a strict sense, these names are reserved for
the equation (2.3) with ¢(z) = 1, but we use them also when the coefficient c¢(z) > 0 is

variable. For A\ = 0 one obtains the potential equation
Av(z) =0, z€q.
For A # 0 the general solution of (2.2) is

w(t) = CreY ™ 4 Che VA
= Cyeftev2e (cos(Im vV —At) + isin(Im vV =\ t))
+ Che Rev=At (cos(Im vV —At) — isin(Im vV —A\t)),

whereas for A = 0 the general solution of (2.2) is

By choosing the constant A suitably we can thus construct solutions of the wave equation
with special behavior in time. For example, if A > 0 and if v is a solution of the Helmholtz

equation to this A, then
u(z,t) = (C1 cos(VAt) + Cysin(vVAt))v(x)

is a solution representing an undamped oscillation. If we choose the coefficients such that
C? 4+ C2 =1, then |v(x)| is the amplitude of this oscillation. If A < 0 then

u(z,t) = eV Mu(z)
is a solution, which increases exponentially in time, and
u(z,t) = eV u(x)

is an exponentially decreasing solution.

15



The method to solve the wave equation (1.15) with the product ansatz u(z,t) = w(t)v(x)
is called separation of variables. Of course, with this ansatz the Dirichlet boundary
condition

w(t)v(z) =u(z,t) = p(x,t), (x,t) € 02 x|[0,00)

can only be solved if also the given boundary data p are of the form

pl,t) = w(t) ()

with a function v : 9Q — R. In this case u(x,t) = w(t)v(z) solves the wave equation and
the Dirichlet boundary condition if w solves (2.2) and v solves the Dirichlet boundary

value problem

c(x)*Av(z) + M(x) = 0, z €,
v(x) =v(x), x € 08},

for the Helmholtz equation. Also, u(x,t) = w(t)v(x) solves the wave equation and the
Neumann boundary condition

1) = vl 1) = w(D)30), (2,1) € 92 x 0,00),

if v satisfies the Neumann boundary value problem

c(x)*Av(z) + M(x) = 0, x € Q,

0 .
%U(J?) = (), xr € 012,

for the Helmholtz equation.

2.3 Linear partial differential equations of order m, well posed problem

More general solutions of the wave equation (1.15) can be obtained by adding two solutions
uy(z,t) = wi(t)vi(x) and ug(x,t) = wy(t)ve(x) of the wave equation constructed with the
method of separation of variables, for example by choosing different constants A\; and ..

More precisely, any linear combination
m
Zajuj(x,t), a; € C,
j=1

of solutions u;(x,t) of the wave equation is itself a solution of the wave equation. Even
infinite series of solutions of the wave equation can yield new solutions. This is shown by

the following

16



Theorem 2.1 Let {u,,}>°_, be a sequence of two times continuously differentiable solu-

tions of the wave equation (1.15) in the domain Q x [0,00). If the function series

> aJ1+ Aintk
Za v U (1, T t), K+ ji4 . 4 e < 2,
=1

converge uniformly in every compact subset of Q x [0, 00), then

)= up(z,t)

is a two times differentiable solution of (1.15) in Q x [0, 00).

The proof follows from the well known result of calculus, that under the assumptions of
the theorem the function w is two times continuously differentiable. We leave the proof

to the reader.

Every linear combination of solutions of the wave equation is a solution since the unknown
function u and its derivatives appear only linearly in the wave equation. Partial differential
equations with this property are called linear. To define precisely the notion of a linear

partial differential equation I introduce the following notations:

For a multi-index o = (o, ..., a,) € Nj and for x = (21,...,2,) € R" let
o] = a1+ ...+, (length of the multi-index),
Do olal
o) = 0Nz ... 0%, v(@s, - Tn),
al = olag!. .. a,!.
Definition 2.2 Let m € N be a given number and let x = (z1,...,x,) denote points in

R™. The expression

> aula) Du(a) = @)
e

is called linear partial differential equation for the function v with given (real or complex
valued) coefficient functions a, and given right hand side f. This equation is called of
order m at the point x if at least one of the coefficient functions a, with |a| = m does not

vanish at x. The partial differential equation is called homogeneous if f = 0.

Partial differential equations are grouped into various classes comprising equations with

similar properties. Most important are the classes of elliptic, parabolic and hyperbolic

17



equations. The Helmholtz equation is the prototype of a linear elliptic equation, the wave

equation is the prototype of a linear hyperbolic equation, the heat equation
uy(z,t) = c(x)Au(z,t), (2,t) €2 x[0,00), c(z)>0,

is the prototype of a linear parabolic equation. The precise definitions of elliptic and

hyperbolic equations are given in Sections 8.1 and 10.1.

Definition 2.3 (Well posed problem) A boundary value problem, initial value prob-
lem or initial-boundary value problem is called well posed, if it has the following three

properties:
1. a solution of the problem exists,
2. the solution is unique,

3. the solution depends continuously on the right hand side, on the boundary data and

on the initial data.

The meaning of continuos dependence has to be made precise in the context of the par-
ticular problem studied. These lecture notes are mostly devoted to the study of questions
of well posedness of linear elliptic partial differential equations. Only in Section 10 we
return to the wave equation, where we show how the solution theory for the Helmholtz
equation, and more generally, for elliptic equations developed in Sections 8 and 9 can be
used to solve initial-boundary value problems for the wave equation and for more general

hyperbolic equations.
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3 Tools from functional analysis. @ Weak solutions of one-
dimensional boundary value problems to the Helmholtz equa-
tion

3.1 The Hilbert space L*(Q,C)

Let 2 C R™ be a nonempty, open or closed set. L*(Q) = L?(Q2,C) is the space of all

quadratically integrable functions:
LX) ={f: Q= C ]/ ()2 dz < oo},
0
We show that L?() is a vector space:

Theorem 3.1 (Cauchy-Schwarz inequality) Let f,g € L*(2). Then the product f-g

18 integrable and satisfies

[ sl < ([ 1 ) " (f |g<x>|2dx>1/2.

Proof: Let a,b > 0. From 0 < (a — b)? = a® — 2ab + b* we infer that ab < 1(a® + b%).
Setting

@ @l
(Jo lf ()2 d)"? (Jo lg(@)P dz)"”
we conclude that
|f(z)g(z)] . @ N lg(x) [

o lf @12 de) " ([ 1g(@)2 de)? = 2Jo [f@)Pdr " 2 ] lg(w) P da’

Since the right hand side is integrable we see from this inequality that f-g is integrable
and that

Jo lf(2)g(2)| dx lef )|? dx Jo lg(x)|? dx _
(Jo 1f (@)]? d) 72( fﬂ lg(@)[? da)t/? — 2fg [f(@)Pdz 2 [, |g(x)|? da
This shows that the Cauchy-Schwarz inequality holds. |

Corollary 3.2 (Minkowski inequality) Let f,g € L*(Q2). Then f + g € L*(Q2) and

(frersaer) " ()"« ([
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Proof: The Cauchy-Schwarz inequality implies
V@) + g de = [ (@) + o) (o) + 5o
= [ @R + o)) + F)ale) + o) do

= /yf |2dx+2Re/f dx+/yg \de
< [ 1r@Pds+2( / f@)dz)’ / g()Paz) "+ / l9(x)Pda
= ( /|f |dm /|g )|*dx /2)2.

This implies Minkowski’s inequality. [ ]

For f,g € L*(Q) let

171 =151e = ([ @Pds)”
(F9)=(fon = [ /@5

Corollary 3.3 L%*(Q) is a vector space, || f|| is a norm and (f,g) is a scalar product on

this vector space with

LA = (. )2
Therefore L*(2) is a pre-Hilbert space.

Theorem 3.4 (of Fischer-Riesz.) L*(Q) is a Hilbert space, i.e. the pre-Hilbert space
L*(2) is complete with respect to the norm | f]|.

The proof can be found in the book ”Lineare Funktionalanalysis“ of H.W. Alt, Springer
Verlag Berlin, 1999, pp. 49, 50.
3.2 The Riesz representation theorem and the projection theorem

Let X be an abstract Hilbert space over C with the scalar product (u,v) and the norm
|u|| = (u,u)"?, let F: X — C be a linear functional (linear mapping), and define the

mapping Jr : X — R by

1
Jr(u) = §||u||2—ReF(u), for all u € X.
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Theorem 3.5 Let Y be a closed subspace of X. Then u € Y satisfies
Jr(u) = min Jp(v)

veY

if and only if for allv ey
(v,u) = F(v).

Proof: Let Jr(u) = minyey Jr(v). Then for all v € Y the function
A Jp(u+ ) iR = R

has the minimum at A = 0, hence

d 1
0 = gyl M), = o3 (5w At A = Re Plut o))
d /1 ,1
— a(5(u,u)—1—)\Re(v,u)+/\ é(v,v)—ReF(u)—)\ReF(v)>

:(M@WHAMW—MF@M
= Re(v,u) — Re F(v).

=0

Therefore we have

Re (v,u) = Re F(v)
for all v € Y. Thus, we also have for v € Y
Im (v,u) = —Rei(v,u) = —Re (iv,u) = —Re F(iv) = —Rei F(v) = Im F(v).
Together it follows for all v € Y
(v,u) = Re (v,u) +ilm (v,u) = Re F(v) +iIm F(v) = F(v).

Assume next that

(v,u) = F(v)

forallveyY. We have for all v € Y

Jp(u+v) = %(u,u) + Re (v,u) + %(v,v) — Re F(u) — Re F(v)

_ %(u,w — Re F(u) + %(v,v) > Jr(u),

whence

Jr(u) = E}Iél}I/l Jp(u+v) = fUnEl}I/I Jr(w) .
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The linear functional F' : X — C is called bounded if a constant C' exists such that
|F(u)] < Clull

holds for all v € X. It is a well known result from functional analysis that the linear
functional F' is bounded if and only if it is continuous. A proof of this statement is given

in Section 7.2.

Theorem 3.6 Let the the linear functional F' : X — C be bounded, and let'Y be a closed

subspace of X. Then the mapping Jr assumes the minimum on Y at a unique u € Y.
Proof: We use the parallelogram equality

lu+ vl + [lu = vfl* = 2flu)* + 2||v]%,
which holds for all u,v € X. Note also that for all a,b > 0 and all € > 0

0< (ﬁa—%b

2 1
) =ca® — 2ab+ ~ V7,
€

whence

5 1
b< Za%4+ —b2
ab = am+ o

Therefore we have with ¢ = %

1 1
Tr(u) = Sllull® =Re F(w) > Slfull® — |F(u)]

1

1 1 €
=z 5 llull lull 2 5 llull® = 5 5 1l

1
= L lulP-C*=-C%.
4
Consequently the infimum of Jp exists on Y and satisfies
d = inf Jp(v) > —C?.
veY
Choose a sequence {uy}, C Y such that
nll_{ilo Jr(u,) =d.
The parallelogram equality yields
1
et = unl* = 2l|n ] + 2[unl* = 415 (tn + )|
1 1
= 4(§HumH2 — Re F(up,) + §Hun|\2 — Re F(uy))

—8(% ||%(um + u,)||* — Re F(%(um + un))>
() + AT () — SJF(%(un )

IN
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for m,n — oo. Consequently, {u,}, is a Cauchy sequence and has a limit u. Since Y is
closed, u belongs to Y. From the Cauchy-Schwarz inequality |(v, w)| < |jv|||w]|| it follows
that the mapping w — [Jw||?* : X — R is continuous, hence Jp is continuous. We thus
obtain

inf Jp(v) = lim Jp(u,) = Jr(u).

veY n— 00

Therefore v is the minimum of Jr on Y. To see that the minimum is unique, let v and v

be two minima on Y. The calculation above yields
1
|u — v||* = 4Jp(u) + 4Jp(v) — 8JF(§(u +v)) <4d+4d — 8d = 0,
whence u = v. [ ]

Corollary 3.7 (i) (Riesz representation theorem) To every bounded linear mapping

F: X — C there is a unique u € X such that
(v,u) = F(v)

forallv e X.
(ii) (Projection theorem) Let Y be a closed subspace of X. To every v € X there is a
unique uw € Y such that

||lv — || = min ||v — w||.
weyY
u s the unique element in'Y which satisfies
(v —wu,w) =0, (3.1)
forallweY.

Proof: (i) For the subspace in Theorems 3.5 and 3.6 choose Y = X, let u be the minimum
of Jg on X, which exists by Theorem 3.6, and apply Theorem 3.5.
(ii) Define the bounded linear functional F': X — C by

F(w) = (w,v).

By Theorem 3.6 the mapping Jr has a unique minimum » on Y. Since

1
Tr(w) = lwl[* = Re F(w)
1

1 1 1 1
= (Fhul? = Re(w,o)+ Zo1?) = 3101 = 3l - wl? = 310l

u is also the unique minimum of w + [[v — w|| on Y. By Theorem 3.5, u € Y is the

unique element satisfying (w,u) = F(w) = (w,v) for all w € Y. This implies (3.1). n

23



Remark 3.8 The space X’ of bounded linear functionals on X is called dual space of the
Hilbert space X. The Riesz representation theorem shows that for every F' € X’ there
is a unique element TF € X such that (v, FT) = F(v) for all v € X, which means that
the mapping (-,T'F) is a representation of F'. The relation F' +— TF defines a mapping
T : X' — X. We see immediately that T is linear and injective. T is also surjective: To
see this, consider the linear functional G : X — C defined by G(v) = (v, u). The Cauchy-
Schwarz inequality implies |G (v)| < ||lu||||v||. Hence G is a bounded linear functional with

u = TG. This shows that X’ is isomorphic to X.

3.3 Complete orthonormal systems

Definition 3.9 Let {v,,}>°_; be a sequence in a Hilbert space X.
(1) If (U, ve) = 0 for m # £ and ||v,|| =1 for all m, then {vy,}m is called a (countable)
orthonormal system in X.

(11) The orthonormal system {vy, }n, is called complete if the linear subspace

k
span {v, }m = {Zamvm ! keN, a,...a; € (C}
m=1
18 dense in X.

Theorem 3.10 Let {v,,}nm be an orthonormal system. Equivalent are

(i) {vm}m is complete.
(ii) For all f € X the series Y~ (f,vm)vn, converges to f in X:

= Z(fa Um)vma

m=1

1.e.

k
Jim [|f — mZ:l(f, Um)Vm|| = 0.
(i11) (Parseval identity) For all f € X we have
IFIP =D 10 om)
m=1

(Marc-Antoine Parseval, 1755 - 1836)

For a proof cf. pp. 274, 275 of the book of Alt. Y >°_ (f,vy)v, is called Fourier series

of f and (f,v,,) is the m'" Fourier coefficient.
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Theorem 3.11 An orthonormal system {vy,}m is complete if and only if for all f € X,
f #0, there is vy € {vy, }m such that

(f7 Uk) 7é 0.

Proof. Let V = span{v,,},. It is obvious that there is w € V with (f,w) # 0 if and
only if there is vy € {vp } With (f,vy) # 0. Therefore it suffices to show that V = X if
and only if to all f € X with f # 0 there is w € V such that (f,w) # 0.

Now, if V = X then for all f € X, f # 0, choose w = f. This yields (f,w) = (f, f) >
0. On the other hand, if V # X choose g € X\V. Since V is a closed subspace it follows
by Corollary 3.7 (projection theorem) that there is go € V such that f = g — gy # 0

satisfies (f,w) = 0 for all w € V. Hence, the statement of the theorem follows. n

Example 3.12 Form € Z let v,, : (0,27) — C be defined by

{vm}oo___ is a complete orthonormal system in L*(0,2m).

Proof. {v,,}., is an orthonormal system, since

1 2w

2
(vg, V) = / ve(x) v () de = — M da = Sgp,
0 21 Jo

with the Kronecker symbol

1, £=m,

6€m —
0, otherwise.

To show that the orthonormal system is complete, we need

Theorem 3.13 (Fejér) Let g : R — C be continuous and 2w-periodic. For k,m,n € Z,
m >0, n>1 define

L™ gy e de = (g,
ap = — xr)e r=——(qg,v
k o o g o g,Vk),

Sm(x) = Z ay e
k=—m

Then the sequence {0,}>2 converges to g uniformly on [0, 27].
(Leopold Fejér, 1880 — 1959)
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With this theorem we can prove that {v,,},, is complete: Let f € L?(0,27) and € > 0
be given arbitrarily. By a well known result from Lebesgue integration theory, the set of
continuous functions on [0, 27] vanishing at * = 0 and x = 27 is dense in L?(0,27). We

can therefore choose such a function g with

If =gl <e.

Since g vanishes at the boundary points of the interval [0,27], it follows that the 27-
periodic extension of g to R is continuous. By the Theorem of Fejér it thus follows that

there is n € N with

sup |g(z) —on(x)] < e.
0<zx<2m

Thus

If =oull < If =gl +llg = onll

= et </02w l9(x) = ou(x)[? dff)m <e(l+V2m).

Since o0, is a linear combination of functions from {v,,} we conclude from this

[e.e]
m=—oQ’

estimate that span {v,,}°°____is dense in L*(0, 27). Consequently the orthonormal system

is complete. [ ]

Remark 3.14 From this result and from Theorem 3.10 we see that for every function
f € L*(0,2m) the Fourier series

flx) = Z (f, vm)p,2mVm(T) = Z (f;vm)[o,zn]ﬁezmx = Z ame™,
with
in = vz = = [ Sy = o= [ e
m \/ﬁ » Um ) [0,27] \/% o Yy)om\Yy)ay o o Yy Y.
satisfies .
klggo Hf —Vam Z_k AmUm )[O,27T] =0,

where (g, h)jo,2x) and ||g||jo.2r denote the scalar product and norm of L?(0, 27). Moreover,

Parseval’s identity implies that

o0

||f||[20,27r] = Z |(favm)|[20,2w} =27 Z |aml.

m=—0oQ m=—0Q
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The series converges to f with respect to the L?>norm. If f is continuous on the interval
[0, 27], then the convergence is pointwise, but not necessarily uniform. Yet, by the theorem
of Fejér, the sequence of mean values of partial sums of the Fourier series converges

uniformly.

Remark 3.15 Since "™ is 2r-periodic, the family { ="} is obviously a com-
plete orthonormal system on every interval (a,2m + a) obtained by translation of the
interval (0,27) by @ € R. This remark holds also for the orthonormal system of the next

example, which is often considered on the interval (—m, 7).

Example 3.16 A complete orthonormal system in L*(0,27) of real functions is given by

{%cos(mx), %Sin(mm) = 0,1,2,...}.

Proof: A well known computation shows that this system is orthonormal. To prove

completeness it suffices to remark that for the functions v, from Example 3.12

() = = cos(ma) + i = sin(ma)
U () = cos(mz) + 1 sin(mux).
V2T V2T
Hence, the linear span of this system is equal to the dense subspace span{v,, }.,. [ ]

3.4 Eigenfunctions of the Dirichlet boundary value problem in R!.

The Helmholtz equation in R! is an ordinary differential equation. Therefore the solution
of the boundary value problems to the Helmholtz equation is considerably simpler in one
space dimension than in higher dimensions. Nevertheless, the solution properties of the
one dimensional and higher dimensional problems are similar. Since it is helpful to know
these properties when studying higher dimensional problems, we investigate in this section
the one-dimensional problem. Thus, let Q = (a,b), let v,,7 € C and A € C. We search

a two times continuously differentiable solution w : [a, b] — C of

u'(x) + Au(z) =0, x € [a,bl,

u(a) =7a, u(d) ="n.
For A = 0 the general solution of the ordinary differential equation is

U(ZE) =Cix+ 02, Cl, Cy eC.
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The boundary conditions yield the linear system

Cia+Cy = 7,
Cib+Cy = .

It follows that for A = 0 the boundary value problem has a unique solution given by

Ya = 1
u(z) = o bbx + = b<a% —b7,).

For A # 0 the general solution of the ordinary differential equation is
u(z) = CreV 7 4 CheVAe
with C, Cy € C. The boundary conditions imply

C’leﬁa + 0267\/5)@
C’le‘/j‘b%—Cge_mb = -

This is a linear system of equations for C; and C5 with the coefficient matrix

eV Aa vV Aa
A= VA VA |

Therefore the boundary value problem is uniquely solvable for all v,,, if and only if
det A # 0. Now

det A = eV 7A@ VAL _ VAL o=VERe _ VoA (asb) (] 2VEA(a)y
Thus, det A = 0 if and only if
2V =\ (b—a) =2mim, m€Z,

which is equivalent to

™M 2
)

/\:(b—a

Together we obtain

Theorem 3.17 Let the sequence { Ay, tmen be given by

™m )2

)\m:(b—a
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(i) For A € C\ {\,, | m € N} the boundary value problem

u"(x) + du(z) =0, z € [a,b], (3.2)
u(a) = or u(b) = (33)

1s uniquely solvable for all v,,v, € C. In particular, uw = 0 is the only solution to the
homogeneous boundary value problem (v, = v, = 0).

(i) If there is m € N such that X = \,,, then there are pairs (7V,,7v) of complex numbers,
for which the boundary value problem is not solvable. If a solution exists, then the solution

is not unique. In particular, for every C # 0 the function

w™m

w(x) = Csin (\/m(x—a)) = Csin(b

(x — a))

1s a nonzero solution of the homogeneous boundary value problem.

Proof. it only remains to show that w solves the homogeneous boundary value problem.
Yet, obviously we have w(a) = C'sin(0) = 0 and w = C'sin(mm) = 0. n
Definition 3.18 The numbers \,, = (%)2, m € N, are called eigenvalues of the bound-
ary value problem (3.2), (3.3). Every nonvanishing solution of this boundary value problem

with A = A\, and v, = v, = 0 is called eigenfunction to the eigenvalue Ay, .

U (2) = 4/ 2 E - sin (bﬂ_ma (x — a)). (3.4)

{Um men 15 a complete orthonormal system in L*([a,b]) of eigenfunctions to the Dirichlet

Theorem 3.19 Let

boundary value problem.

Proof. By Theorem 3.17 the function u,, is an eigenfunction for the Dirichlet boundary

value problem, and a simple computation yields that {u,, }men is orthonormal. To prove

completeness, we scale and translate u,, to define the odd function w,, : [—7, 7] — C by
b— 2
um< @ a> = sin(mz), 0<z<m,
T b—a
Wy () =

2

—wp,(—1) = 7 sin(mz), —m<x<0.
—a

By Remark 3.15 and Example 3.16, span{w, },, is dense in the space

{fe’(=mm) | f(z) = —f(~2)},
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since for odd functions the Fourier coefficients of the cosine functions vanish. From this

we conclude immediately that span{u,, },, is dense in L?([a, b]). n

This result suggests to construct solutions of the Dirichlet boundary value problem

u"(x) + du(z) = f(z), z € [a,b), (3.5)
u(a) = u(b) =0, (3.6)

with a given right hand side f € L?([a,b]) as follows:
Let {An}m be the sequence of eigenvalues to the Dirichlet boundary value problem
and assume that A # A, for all m. With the complete orthonormal system {u,,}, of

eigenfunctions consider the series

8

L

m=1

This series converges in L?([a, b]). To see this, note that

2 ¢ . — , )
3 G = 3 ot T,y 5| Ui

The Cauchy convergence criterion implies therefore that the series converges, if and only

if > ‘ f“’") < o00. From )\, = (%)2 and from A, # A for all m we conclude that

there is a constant C' > 0 such that

C
<
A=A
for all m € N. Since the Fourier series Y~ (f, twy)uy, converges to f in L*([a,b]), we

thus obtain from this inequality and from Parseval’s identity (Theorem 3.10) that

IO gy \2<022|f,um

m=1 m=1

>/

Consequently, the series > >~ (f, Um)um converges. Denote the limit function by

m1>\>\

— 1
umZ:M—Am (F )t

We want to show that u is a solution of the boundary value problem (3.5), (3.6). To this

u:

end note that if u is two-times differentiable and if the derivatives can be interchanged
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with the summation sign it follows that

22 A=A — Ay A=A
o~ tm) = (f, tm) e
=> N (U T Am) = > T (A= An)um = ST ()t = .
m=1 m m=1 m —’

Therefore (3.5) is fulfilled. Moreover, if in addition the series > °_, (f, tp )t (x) converges
for all z € [a,b] to u(x), then

e “;”) =0, u®)=Y (f’_“;) U (b) = 0,

m=1 m=1

>/
>~

3
3

because of u,,(a) = um,(b) = 0. Consequently the boundary condition (3.6) holds. Thus,

m= 1/\ Am

under the assumed properties of the series > 7 Uy, the limit function u is a solution

of the boundary value problem (3.5), (3.6).

However, in general these assumptions are not satisfied for f € L?([a,b]). Namely, a
precise investigation shows that the boundary value problem is solvable in the classical
sense only if f satisfies certain regularity properties, for example if f is continuous. Yet,
if the boundary value problem has a classical solution, then it coincides with the function
u given by the series. From there the idea originates to generalize the notion of a solution
of the boundary value problem and to define weak solutions. The weak solution has the
property to coincide with the classical solution if it exists. I introduce weak solutions in

the following.

3.5 Weak derivatives

First I define weak derivatives. I need the following standard notations:

Definition 3.20 Let Q C R"™ be an open set and m € NoU {oo}. We set
(i) Cn(Q)=Cr(Q,C)={f:Q— C| D*f exists and is continuous
for all a € Ny such that || < m},
(it) Cr(Q) ={f € Cn(Q) | D*f € L*(Q) for all |a] < m},
(1) Cn(Q) = {f € Con() | D*f can be extended continuously
up to the boundary},

(iv) For f € Co(R"™) let supp f = {x € R* | f(x) # 0} be the support of f,

(v) CO’OO(Q) = {p € Cx(R") | supp ¢ is a compact subset of Q}.
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Of course C,,,(2), C,(Q), C,n () and CO’OO(Q) are vector spaces. One also uses the notation

Theorem 3.21 The space CO’OO(Q) is a dense subset of L*(Q), i.e. CO‘OO(Q) = L*().

A proof can be found in the book of H-W. Alt, pp. 74, 75.

Definition 3.22 Let v € L*(Q) and a € NJ. If there is a function w € L*(Q) such that
(=1)(v, D) = (w, p)

for all p € CO’OO(Q), then w is called the a-th weak derivative of v.

Theorem 3.23 (i) The a-th weak derivative is uniquely determined.
(i) For v € Cr () and |a] < m the a-th weak derivative coincides with the classical

derivative D*v.

Proof. (i) Let w; and w, be weak a-th derivatives of v € L*(2). Then, for all ¢ € (O}'OO(Q)

(wlvgp) = (_1)|a|<U’Da90) = (w2>@)7

hence (w; —ws, ¢) = 0. Since (OJ’OO(Q) = L?(Q), there is a sequence {©y, }m C CO’OO(Q) such
that lim,, . |[(w1 — wa) — @l = 0. Thus

(wl — Wa, W1 — w2) = Agréo[(wl — Wa, (w1 - w2) - SOm) + (wl — Wa, SOm)]

< lim [jwy; — wsl| |[(w1 — ws) — o] =0,
m—00

whence w; = wy. Here I used Cauchy-Schwarz’ inequality. Therefore v has at most one

weak derivative.

(ii) To ¢ € CO'OO(Q) there is a neighborhood of the boundary 02 where ¢ vanishes. Thus,
for v € C (Q) it follows by partial integration

(~1)(0,0%) = (1)) [ v(a) D" GoTdo = [ Dru(a) P de = (D%, 0)
0 0
Consequently, D € L?(Q) is the weak derivative of v. u

Because of this theorem one uses the notation D*v also for weak derivatives of v. Con-
fusion is not possible, since the weak derivative is equal to the classical derivative, if the

latter exists.
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Examples (a) Let Q = (—1,1) and let v € L*((—1,1)) be defined by v(z) = |z|. This
function has the weak derivative
-1, -1<x<0

1, 0<z <1

For, if p € Co’oo((—l, 1)) then

—(v,¢)) = — /_l v(2)@ (z)dr = /O @ (z)dr — /01 r @ (v)dx

1 -1

= [t [Fwar= [ v@p@e=w.0)

1 1

(b) v does not have a second weak derivative. For, if v” € L*(Q) is the second weak

derivative then for all ¢ € CO‘OO(Q)

0

3 7 (x)dx — /0 ?'(x)dx
= »(0)—3(-1) — (1) + 5(0) = 2(0).

(W9) = (W) =—() = /

Now choose ¢ € 8‘00((—1, 1)) with ¢(0) # 0 and define ¢, by ¢(z) = ¢({z), for £ € N.
Then ¢, € Co’m((—l, 1)), and by the preceding equation

2p(0)] = 2[@e(0)] = 2 lim [ (0)] = lim (0", p0)]
. " " : ! 2 1/2
< Jim o) el = 127) Jim ([ Jo(en)Pa)
l—00 L—o0 _1
00 1 1/2
_ " : 2 = —
= 1 Jim ([l gan) <o

This contradicts ¢(0) # 0, hence v cannot have the second weak derivative v”.
3.6 Sobolev spaces
Definition 3.24 For an open set Q C R™ and m € Ny let

H,,(Q) = {v e L*(Q) | the weak derivative D*v exists for all |a| < m}.
H,,(Q2) is called Sobolev space. For u,v € Hp,(2) we define

(U, V) = (U, V)0 = Z (D%, D*v)q, |ullm = |Jt|lmao = (%U)rlfﬂ

laj<m
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H,,(92) is a vector space. We even have:

Theorem 3.25 H,,(R2) is a Hilbert space with the scalar product (u,v),, and the norm

Proof. It is immediately seen that (u,v),, has the properties of a scalar product. There-
fore it remains to show that H,,(2) is complete. Thus, let {u,}7°2; be a Cauchy sequence
in H,,(€2). Since

[[ue — ukHiL = (ue — uk, ug — Up)m = Z | D%y — DaUkHZ,

laj<m

it follows that {D“u,}, is a Cauchy sequence in L*(2) for |a| < m. Because L*(Q) is
complete, {D%uy}, has a limit function v € L*(Q). I write u = u(® and show that

ul® = Dy for all 0 < |a| < m. To this end let € é’oo(Q) Then
(=) (u, D*p) = lim (=) (uy, D*¢) = lim (D%uy, @) = (u'®, p).
f—00 {—00

This implies u® = D%. Consequently, u € H,,(Q) and |Ju — u/,, — 0 for £ — oo,

whence H,,(2) is complete. n

Theorem 3.26 (i) C () is dense in H,,(S2):

(i3) If 0 has Lipschitz boundary, then C,,(Q) is dense in H,,(S2):

Hn(Q) = Crn(Q).

A proof of this theorem can be found for example in the book of Alt, pp. 108-109, and
also in my lecture notes: H.-D. Alber, Variationsrechnung und Sobolevraume, p. 33 and

Chapter 3.

Definition 3.27 Let 2 C R" be an open set. The closure of the linear subspace 500(9)
in H,,(Q2) is denoted by ;Im(Q)

Thttp://www3.mathematik.tu-darmstadt.de/ags/analysis /ag-partielle-differentialgleichungen-und-

anwendungen /lehrmaterial.html
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o m(§2) is a closed linear subspace of H,,(2), hence o = (§2) is complete as a closed subspace
of the complete space H,,(2). Therefore H m(§2) is a Hilbert space with the scalar product
(u,v)n, and the norm ||ul|,,. In general [ifm(Q) is a proper subspace of H,,(€2). This
subspace consists of all functions of H,,(€2), which in a generalized sense vanish on the
boundary 0f).

Another important property of Sobolev functions is that if m > %, then u € H,,(Q) is
continuous and all weak derivatives D%u with || < m — § are classical, hence H,,(Q2) C
Cmegfﬂ (Q), where [r] denotes the smallest integer greater or equal to r. This property
is called Sobolev imbedding theorem.

The investigation of these properties of Sobolev functions is an extended topic. Fortu-
nately, in this introductory course we almost exclusively need those properties of Sobolev
functions which immediately follow from the definitions of the Sobolev spaces given above.

Yet, to familiarize the reader with Sobolev spaces we prove now two of these properties
in the case Q C R%:

Theorem 3.28 Let Q = (a,b) C R be an open interval and u,v € Hy((a,b)). Then

u(y) —u@)] < o l@p ly — 2", (3.7)
(@) < 2 e+ el o) (3.8)
(Ul, U)(a,b) + (u> U/)(a,b) = u(b)v(b) - u(a)v(a), (39)

for almost all x,y € (a,b) and for all0 <r < b—a.

Remark 3.29 This means that there is a set M C (a, b) with meas((a,b)\M) = 0, which
consequently is dense in [a, b], such that (3.7) and (3.8) hold for all z,y € M. By (3.7), u
is Holder continuous on M with exponent % Hence, u is uniformly continuous on M and
can be modified on dM, such that the modified function @ is Holder continuous on all of
M = MUOM = [a,b]. There can be no other continuous function in the equivalence class
of u. Therefore we can single out this continuous function and identify the equivalence
class with @. With this identification every u € H;((a, b)) belongs to the space C12([a, b])
of Holder continuous functions with exponent %, and Hq ((a, b)) is embedded in this space.
In (3.9) we use this identification, so u(a), u(b),v(a),v(b) are the values of the continuous

representatives. (3.9) shows that partial integration is allowed for weak derivatives.

Proof of Theorem 3.28. Choose a sequence {u,}, C C([a, b]) such that ||u—u||1,(0p) —

0 for £ — oo. Then {u,}, converges in LQ((a, b)) to u. Thus, by a well known theorem
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from Lebesgue integration theory we can select a subsequence {uy, }, such that
lim ug, () = u(x)

k—o00

for almost all x € [a,b]. Let x < y be two points with this property and let € > 0. Then
there is kg such that

(@) —ug (2)] <&, |uly) —ue(y)| <e

for k > ky. The fundamental theorem of calculus yields for k > kg

uly) —u(x)| < fuly) — e, ()| + lug (y) — we, (2)] + [u(@) — ug, (z)]

y y 1/2 y 1/2
< 25—1—‘/ u@k(z)dz‘ < 2+ (/ dz) (/ |u'€k(z)|2dz>
< 2e+ |y — 2V flup, Nl
< 26ty — 2P ([l p) + lup, = llap) -

Because of ||up, — u'[[(ap) < [Jue, — ull1,@p) < € for & > ki with k; sufficiently large, we

deduce from this inequality by choosing k > max(kg.k;) that
u(y) —u(@)] < e(2+ (b —a)?) + ([l @ ly — x>

Since € > 0 was arbitrary, (3.7) follows.
To prove (3.8), let (¢,d) with = € (¢,d) C (a,b) be an interval of finite length. We
integrate (3.7) with respect to y from ¢ to d and obtain

d d
u@ld=0) < Il [ fo-ydot [ Juty)ldy
C C d
< o (@ = 2+ @ = 2( [ futo)Pay).
Division by (d — ¢) yields
()| < (d = ) oy + (= )2l

This implies (3.8) with r =d — c.

To prove (3.9) we can assume that u and v are continuous. Choose sequences {uy}y,
{ve}e € Ci([a, b]) such that ||u — wgl[1, @) — 0, [[v = ve||1,@ap) — O for £ — oco. From (3.8)
we obtain

lim |u(z) — ue(x)| < lim (7“1/2 |lu' — || + 7‘_1/2||u — u5||) =0
{—00 {—00
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for almost all © € [a,b]. This relation shows that {u;}, and {v;}, converge uniformly
on M to u and v, respectively, with the set M defined in Remark 3.29. Since u, v, us, vy
are continuous, we infer that the function sequences converge pointwise everywhere to u
and v. In particular, we have limy_,o we(a) = u(a), limy ue(b) = u(b), and similarly
limg_,oo v¢(a) = v(a), limy_,o v¢(b) = vp. Using the continuity of the scalar product we

obtain by partial integration

(v, v) + (u,0") = Zli)rglo ((u’f,vg) + (w,v@))

= gl'gglo (we(b) ve(b) — ue(a) ve(a)) = u(b)v(b) — u(a)v(a),
which proves (3.9). n

Lemma 3.30 The orthogonal space

¢}

Hi((a,b)) = {u € Hi((a,0)) | (u,0)1 =0 for all v € Hy((a,b))}

15 given by

ffff((a,b)) ={C1e” + Coe™™ | C1,Cy € C}.
Hence, the orthogonal space is of dimension 2.
Proof. u belongs to IO{f((a, b)) if and only if for all v € ]}1((&, b))
(v, v") = —(u,v).

Since (OJOO((a,b)) - ]fll((a,b)), this equation holds if and only if u has a second weak
derivative which satisfies
u" = u.

All solutions of this ordinary differential equation are of the form u(x) = Cye” + Coe™™

with arbitrary constants C4,Cy € C. [ ]
Theorem 3.31 u € ﬁl((a,b)) if and only if u € Hy((a,b)) and u(a) = u(b) = 0.

Proof. Let u € ﬁ[l((a,b)). By definition of ﬁ[l((a, b)) there is a sequence {us}, C
500((a, b)) with [lu — uel|; — 0 for £ — co. We apply (3.8) to the difference u — u, and
note that uy(a) = 0 to obtain

[u(a)] < r2u’ = @) + 72l = well @y — 0,
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for £ — oo, whence u(a) = 0. In the same way we conclude that u(b) = 0. To prove the
converse let u € Hi((a,b)) satisfy u(a) = u(b) = 0. By Lemma 3.30 there is a unique
v E ﬁl((a,b)) and C7, Cy € C such that
u(x) = v(x) + Cre” + Coe™™.
Since v(a) = v(b) = 0, we obtain from this equation by setting z = a and = = b that
C’le“ + C’ge_“ =0
C’leb + Cge_b =0.

This is a system of two linear equations for C'; and Cy with determinant of the coefficient

b b

matrix ee™? — ele™® = e27b(1 — €2=9) £ 0, since b — a > 0. Consequently we have

C,=0Cy =0. Thus,u:veﬁll((a,b)). m

3.7 Weak solutions of the Dirichlet boundary value problem

We begin with the definition of weak solutions of the Helmholtz equation and of weak
solutions to the homogeneous Dirichlet boundary value problem to this equation in n—

dimensional space:

Definition 3.32 (i) Let Q C R™ be a nonempty open set, let A € C and assume that

feLl*9Q,0).

(1) A function u € H\ (2, C) is called weak solution of the partial differential equation
Au(z) + Mu(z) = f(z) (3.10)

in Q, if for all ¢ € é’oo(Q, C) the equation

—(Vu, Vo) + Au, ) = (f,¢) (3.11)
holds, where

(Vu, V) = /QVu(a:) Vo(z)de = Z/ﬂ 8izu(x) &ii o(z) dz.

(1i) A weak solution of the Dirichlet boundary value problem with homogeneous boundary
data

Au(z) + du(z) = f(x), z€Q,

u|8Q = 0,

is by definition a weak solution u of the partial differential equation (3.10) belonging to
H1(9,C).
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Formally the equation (3.11) is obtained by multiplication of both sides of the equation
Au+u = f by ¢, integration and application of the first Green’s formula. The advantage
is that weak solutions need to have only first derivatives and not second.

Every classical solution of the Helmholtz equation is also a weak solution, but not vice
versa. However, if a weak solution belongs to C5(2), then it is also a classical solution.

We return to the case n = 1 and consider the Dirichlet boundary value problem
(3.5), (3.6) with homogeneous boundary data in the bounded open interval Q = (a,b).
By Definition 3.32, a function u is a weak solution of this boundary value problem if it

belongs to the space H ((a,b)) and satisfies

_<u/7 90/> + )\('LL, @) = (f7 @)
for all ¢ € é’oo((a, b)).
Theorem 3.33 Let {\,, }men be the eigenvalues of the Dirichlet boundary value problem
in the bounded interval (a,b) C R (Definition 3.18), and let {um,}tmen be the sequence

of eigenfunctions defined in (3.4). Assume that X # X\, for all m. Then the Dirichlet

boundary value problem

u"(x) + du(z) = f(z), x € [a,b),
u(a) = u(b) =0,

has a unique weak solution to every f € LQ((&, b)), which s given by

o0

U ) Uy, - (3.12)
Proof. Let u be given by (3.12). First it must be shown that u belongs to the space
H ((a,b)). Since the eigenfunction u,, satisfies um,(a) = u,(b) = 0, we infer from Theo-
rem 3.31 that w,, € [iﬁ((a, b)). To prove that u € [}1((@, b)) it therefore suffices to show
that 0" | 5 1/\ (f, m )ty converges in the norm of H,((a,b)). To this end it suffices to
show that S°°°_ (m) uy,, converges in L?((a,b)), because we already proved at the end

m=1 \—\p,

of Section 3.4 that >~ *_, (/\f “/\’”) Uy, converges in L? ((a, b)) Using that the scalar product

is a sesquilinear form, we compute

|30t = (3 )y 3o Lt 57 () (B0

m=/{ m=/{ m j=t jm=~L
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By Theorem 3.19 the family {um,}men is a complete orthonormal system in L?((a,b)),
whence

Am, M =17
0, m#j,

(Upy W5) = — (U, ) = (AU, ) =
With this relation we conclude from (3.13) that

Hiif’_u;” W - Z\f’“”!Amsciw,um)P,
m=~

m={ m
where the constant C' = sup,,cy B ’\A 7 < 00 is independent of £ and ¢. This inequal-

ity and Parseval’s identity Y > |(f,um)|? = || f||* < oo together imply that the series

Yoy (/\f“Am) satisfies the Cauchy convergence criterion, hence it converges in the com-

plete space LQ((a, b)) This proves that u € H1 ((a, b)) and that

>

[y

m=

In the next step of the proof we use this equation. Namely, for ¢ € 8‘00((@, b)) we have

-y ) gy =3 )

S Z ifa_ugii (A, @) = Z % ((f, U ) U, 90)
= —A(u, ) + (Z(f, Uy ) Uy w) = —Au, @)+ (f,¢).

In the last step we used that f = > (f, un)tm, which follows from the completeness
of the system {u,, }men. Consequently, u is a weak solution.
It remains to show that w is the only weak solution. Assume that v € ]Zfl«a, b)) is a

second weak solution. Then for every ¢ € 500 ((a, b))

_<UI_U/’90/>+)\(U_0790):(f_fagp)zo

Since every eigenfunction u,, belongs to H 1((a,b)), we can choose a sequence {¢y}y C
Co*m((a, b)) such that |lu,, — ¢kl — 0 for k — oo, by definition of ﬁ[l((a, b)), and obtain

from this equation and from the continuity of the scalar product that

—(u =)+ Mu—v,uy,) = Jim [ =", k) + Alu — v, 1)) = 0.

k—o00
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Since u(a) = v(a) = u(b) = v(b) = 0, we obtain from the partial integration formula (3.9)

that
AMu—v,upy) =W =0 u)=—(u—v,u) = (u—0v,\pty) = An(u— v, uy,) .

Since by assumption A # A, it follows from this equation that (u — v,u,,) = 0 for all
m. Because the orthonormal system {u,, },, is complete, we infer from Theorem 3.11 that

u — v = 0, whence u = v. [ ]

For boundary value problems to the Helmholtz equation Au+Au = f in higher dimensions
a result holds, which is completely analogous to the result for the boundary value problem
to the ordinary differential equation v” + Au = f discussed here. This will be shown in

Sections 8 and 9.
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4 Boundary value problems on circular domains

4.1 The Laplace operator in polar coordinates and Fourier expansions
In this section we assume that (2 is a circular ring domain
Q={zeR* | R <|z] <R}, 0<R;<Ry<o0,

or a ball

Q= {zeR*||z] <R}

To find solutions of Au(x)+Au(x) = 0 in such circular domains 2 we use polar coordinates
(r, ) in R? and apply separation of variables. To this end we first determine the form of

the Laplace operator in polar coordinates. Thus, let z = (z1,x2) and

r=r(r) =\/zi + 23 = |z],

¢ = p(x) = arctan 22

I
T
| T2
AN .
‘ T
Since for i =1, 2,
or dp 1 Ty Ty dp 1 I m
or; x| 0z, 1+ (52)? of ||’ Oxy 1+ (22 o |of*
we have
0 ar 0  Op 0 0 0 0 0 0
D oo %0 md md 0 _md om I
Ory  Oxy Or  Oxy Op x| Or  |x|? Op Oxy x| Or  |z|? Op
and

@_2_1@2_&2)

Or? Oz \|z| Or |z|> Op

(L_ﬁ>ﬁ ﬂ(ﬂa_Q_ vz O° )+ nizy 9 (Z 0 1 fﬁ)

w2l or Vel \e[ o T P arag) T el 6 af \lal Bgdr  [of 02
AP B0 gm0 nn P a0
N |z|2 or? ~ |z|30r |z|* Dy |z]3 dpor x|t Op?’

as well as
6—2 = :E_% 8_2 + x_%ﬁ D S i r1xy 02 22 02
8x% |'T|2 Or? |I|3 or |{L“4 8(10 |$‘3 3@87’ ‘I|4 agpz .
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Auule) = Y s (o), ola)
I%+‘r%_a_2a7,x T Mﬁﬁ?"l‘ T Ma—QaTQ? €T
Wa’lﬂ (r(z), p(x)) + Z]? or (r(z), p()) + Z|* 02 (r(z), ()

0? _ 1 1 0%

0
= @U(T(I)y p()) + @) EU(T(@? p(r)) + r@)? 0 u(r(z), o(z)).

Consequently, the representation of the Laplace operator in polar coordinates is

A 2 N 10 N 1 0
o) = g2 T or 2 0p?

We next expand a two-times continuously differentiable solution v of Au + Au = 0 in a

Fourier series with respect to ¢ on every circle |z| = r with Ry < r < Ry. As usual, we

drop the tilde and write u(z) = u(r, ¢). By Remark 3.14 we have

o0

u(r, ) = Z Uy (1) (4.2)

m=—o00o
with

1 27 ]

If we can interchange partial derivatives up to order 2 with the summation sign, we obtain

Uy (7)

1 0?

1 0
2 + - + ﬁﬁ_c,ﬂ)u(r’ ©) + Au(r, )

=5 (e et (- )]

m=—00

0= (A+ Nu(z) = (

Fix r. Sinc the Fourier expansion is unique, the Fourier series vanishes identically for all

0 < ¢ < 27 only if all coefficients vanish. It follows that u,, must satisfy the equation

j_; (1) + = L ) + (r- ’Zf—j)um(r) — 0, (4.3)

r dr

for all Ry < r < Ry and all m € Z. This is a linear ordinary differential equation of
second order, which we use in the next sections to determine the coefficient functions wu,,

in the expansion (4.2) of solutions of the potential equation or the Helmholtz equation.
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4.2 Solution of the potential equation in circular domains

We first consider the case A = 0. In this case the differential equation (4.3) becomes

d? 1 d m?
W Um(T) + ; % Um<7’) — T_2um(r) - 07

whose general solution is

ug(r) = Cop + Coolnr
Un(r) = Cpar™ + Cpar™™, m #0.

The general solution of the potential equation Au(z) = 0 in a circular domain Q = {z €
R? | Ry < x < Ry} is therefore

u(x) = u(r, o) = Cor + Cog In7 + Z (Coar™ + Crpor ™)™,

m#0

with arbitrary constants C,,1,C,,2 € C. These coefficients must be determined from

boundary conditions and possibly from conditions at infinity (radiation conditions).

Example 4.1 Let Q = {z € R?* | |z| < R} be a ball with center at 0. Consider the

Dirichlet boundary value problem
Au(z) =0, x € €,
u(z) = u(x), x € 0N0.
We want to find a solution v € C?(Q2). This requires that

1

Omle + Cmg”f’_m = um(r) = %

27
/ u(r, p)e”™? dy
0
and

" or

must be bounded at x = 0, hence C,,» = 0 for m > 0 and C,,; = 0 for m < 0. Thus

1 27
Cor + Coa Inr = uy(r) / u(r, p)dp
0

u(r, o) = Cop + Z " (Cr1€™% + O pge” ™).
m=1

The Fourier series expansion of the boundary data is



From the boundary condition we obtain
oo
uw(R, ) = Co1 + Z R™(Cp1€™ 4+ C_poe™ ™) = u(p) = Z e,
m=1 m=—o00

The uniqueness of the Fourier expansion implies that the coefficients in both series must
coincide. We thus infer that

RmC'ml, m Z 0,

RImICmQ, m < 0.
We solve these equations for C,,; and C,,,. If the series thus constructed converges and

can be differentiated twice under the summation sign, then the sum w is a solution of the

boundary value problem. This holds in fact true. We formulate the result as a theorem.

Theorem 4.2 Let Q2 = Bg(0), let u € L?(99,C) and set

1 27 ( ) _z‘m@d
Ay = — u(p)e )
2m Jo 14 1
Then
> ryml
u@) =u(rp) = > am <E> eime (4.4)

is the unique solution u € C () of

Au(z) =0, x € (),

2 _ N —
L }gr}l%u(r,) u,

where the limit is understood in the L*-sense:
tim [fu(r,-) — u()llo2r = 0. (4.5)

The proof of this theorem is postponed to the end of Section 4, where we prove it together
with a corresponding result for boundary value problems to the Helmholtz equation with
A # 0, which we derive later.

Example 4.3 Let Q = {z € R? | |z|] > R} be an exterior domain. We want to find a
solution of the Dirichlet boundary value problem
Au(z) =0, x € (),
u(z) = u(x), x € 0N0.



In this case we cannot conclude that half of the coefficients in the expansion

U((L’) = C’Ol + C()Q Inr + Z (lerm + szr—m)eiwup

m=—00
m#0
must vanish, and the boundary condition is not enough to determine all coefficients
uniquely. Therefore the solution of the problem is not unique. To get a unique solution

one must pose suitable conditions for the asymptotic behavior of u at infinity. Normally

one requires that the solution is bounded:
lu(z)| < C, =z e

As above we then obtain C,,,5 = 0 for all m <0 and C,,,; = 0 for m > 0. Thus
U(T, @) = C’01 + Z Tﬁm(Cerimw + Cfmleiim@»
m=1

By the boundary condition we must have

[e.9]

U(R, QO) = COl + Z R_m(Cmgeim‘P -+ C_mle_im‘p) — U(QO) — Z ameim‘P,
m=1

m=—00

for all ¢ € [0, 27]. Because of the uniqueness of the Fourier expansion, both series in this
equation must coincide. This yields

o0

u(z) = u(r,p) = Z A <%>_|ml e,

4.3 Solution of the Helmholtz equation in circular domains

We study now the solution of the differential equation (4.3) for A # 0. By a short
computation it follows that the function w,,(r) satisfies the equation (4.3) for A # 0 if
and only if the function v(r) = um(%) solves the differential equation

d? 1d m?

s v(r) + . v(r) + (1 - F>U(T) =0. (4.6)

Comparison with equation (A.1) in the appendix shows that this is the Bessel differential
equation with integer order v = m. Since the general solution of (A.1) is given by (A.4),
we conclude that for A € C with A # 0 and for m € Z the solution w,, of (4.3) can be

expressed as the linear combination
U (1) = Cy T (VAF) + Co N (VAF),
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where J,,, is the Bessel function and N, is the Neumann function of integer order. These
functions are discussed in Appendix A.
From (4.2) we thus conclude that a solution of the Helmholtz equation Au + Au =0

in circular domains must be of the form

u(z) = u(r,p) = Z <Cm1Jm(\/Xr) + szNm(\/Xr)>eim“". (4.7)

m=—0oQ

The constants C),1, C,,2 must be determined from the boundary and radiation conditions.

Example 4.4 Let Q = Bg(0) be a ball, let A € C, A # 0 and assume that u € L?(99).

We want to solve

Au(z) + Au(z) = 0, x €
u(z) = u(x), x € 0N0.

Since u must be two times continuously differentiable at x = 0, it follows that in the
expansion (4.7) of u we must have C,,5 = 0 for all m € Z, since J,, is regular and N,, is

singular at » = 0. Thus,

u(r,p) = Z Comt T (VAT) ™.

m=—0Q

Let

o0

u(p) = Y ame™ (4.8)

m=—o0
be the Fourier series of u. The boundary condition requires

o0

u(R,p) = Z Cont I (VAR)E™ = u(p) = Z U™ .

The uniqueness of the Fourier expansion therefore implies that the equation a,, =
lejm(\/XR) must hold. This equation can only be solved for arbitrary a,, € C, if
Jm(VAR) # 0. In this case we have

a
Cop = ————=——.
" IL(VAR)
We thus see that for A € C\ {0}
A ={meZ| J.(VAR) = 0} (4.9)

is an exceptional set of indices.
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Theorem 4.5 Let Q = Br(0) C R?, suppose that A € C\ {0}, and let {a,,}mez be the
coefficients of the Fourier series (4.8) of u € L?([0,2x]).

(i) If Ay = 0, then the Dirichlet boundary value problem

Au(z) + Au(z) =0, x € Bg(0) (4.10)
L? —}Ln}zu(r,-) =u, (4.11)

has a unique solution u € Cy(Br(0)) for all u € L*(0Bg(0)). This solution is given by

w(z) = u(r,p) = Z ﬁJm(ﬁﬂeim@. (4.12)

In particular, the only solution to homogeneous boundary data u =0 is u = 0.

m=—0oQ

(ii) If Ax # 0, then the boundary value problem (4.10), (4.11) is only solvable if in the
Fourier expansion (4.8) of the boundary data we have a,, = 0 for all m € Ay. On the
other hand, if u is a solution of the homogeneous boundary value problem (u = 0), then
the Fourier expansion is of the form

u(r, p) = Z Con o (VAF) ™. (4.13)

meAy

Moreover, any nonzero function with such a Fourier expansion, which converges, is a
solution of the homogeneous boundary value problem. This holds in particular, if only

finitely many C,, differ from zero. Hence X is an eigenvalue of the boundary value problem
(4.10), (4.11) if and only if Ay # .

Statement (ii) in this theorem follows immediately from the construction of the series
expansion of the solution given above. The proof of statement (i) is postponed to the
end of Section 4, where we prove it together with Theorem 4.2. Before we give this proof,
we discuss next the set of eigenvalues of the Dirichlet boundary value problem (4.10),
(4.11).

If uy and us are eigenfunctions to the eigenvalue A of the Dirichlet problem then also the
linear combination Ciu; + Cyus is an eigenfunction, if this function is not zero. Therefore
the set of eigenfunctions together with the zero function forms a vector space V), the

eigenspace of \.

Definition 4.6 The set ¥ of eigenvalues is called the spectrum of the boundary value
problem (4.10), (4.11).
For A € ¥ the vector space of eigenfunctions is called the eigenspace to the eigenvalue \.

The dimension of the eigenspace Vy s called the geometric multiplicity dy of .
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Let R > 0 denote the radius of the ball Bg(0), on which the boundary value problem
(4.10), (4.11) is defined. For m € Z we set

i = {(3)

We have N_,,,(R) = N,,,(R) for all m € Z, since by equation (A.3) from the appendix the

y is a non-vanishing zero of Jm}.

Bessel function J_,, is equal to J,,, hence the sets of zeros coincide.
If M is a set, we denote by #M the cardinality of M. If M is finite, this is the number

of elements of M.

Theorem 4.7 Let 3 be the spectrum of the boundary value problem (4.10), (4.11) on the
domain ) = Bg(0).

(i)  The spectrum satisfies

2= Nu(R).

MEZ

(ii) X is contained in the positive real azis and does not have an accumulation point.

Hence it is a countable set.

(iii) The geometric multiplicity dy of every eigenvalue A\ € ¥ is finite and satisfies

2<dy=#MA=#{meZ| e N,(R)} <2RVA+1. (4.14)

Proof: From the definition of N,,(R) it follows that A € N,,(R), if and only if VAR is a
non-vanishing zero of J,,. This holds irrespective of the choice of the branch of the square
root /), since by Lemma A.1 with y also —y is a zero of J,,,. By definition of the set A,
in (4.9) we thus have

AM={meZ|Xe N,(R)}. (4.15)

Consequently, the relation A € {J,,c; Nim(R) holds, if and only if A\ # (), and by statement
(ii) of Theorem 4.5, this last relation holds if and only if A € ¥\ {0}. By Theorem 4.2,
the unique solution of the homogeneous Dirichlet problem to the potential equation is
u = 0, hence A = 0 is not an eigenvalue. Therefore A belongs to the set |J,,., Nm(R), if
and only if A € . This proves (i).

By Lemma A.1 in the appendix, every zero y of .J,, is real and satisfies y? > m?, which
thus have ¥ N [0,0] C |J" (N (R) N [0,0]), where my, is the largest integer such that

m=—my

implies that N,,(R) is contained in the interval (%5, 00). For every positive number b we

2
%’ < b. By Lemma A.1, the set of zeros of J,,, does not have an accumulation point, hence

N (R) does not have an accumulation point. Thus, the set N,,(R) N [0,b] is finite and
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therefore also the finite union (J;"_, (Nm(R) N [0,b]). Consequently, £ [0, b] contains
only finitely many points for every b > 0, and therefore > does not have accumulation
points. This proves (ii).

Since A € R does not belong to N,,(R) if m* > R?), it follows from this inequality

and from(4.15) that
#Ay=#{m e Z|\e Ny(R)} < 2RV + 1. (4.16)

Therefore A, is a finite set, which by statement (ii) of Theorem 4.5 implies that all
eigenfunctions to the eigenvalue A have the form of (4.13). This means that the eigenspace
V) is spanned by the functions from the set {Jm(\/Xr)eim‘p ‘ m € A,\} . This set is linearly
independent, hence it is a basis of V), whence by (4.16) the geometric multiplicity of A
satisfies dy = #A, < 2RV + 1. Furthermore, from N,,(R) = N_,,(R), it follows that if
A, is not empty, then it contains at least two elements, hence d) > 2. This proves (iii).

Remark. It is well known that every Bessel function .J,, has infinitely many positive
zeros, which by Theorem 4.7 means that the spectrum ¥ is a non-empty, countably infinite
set. However, we do not study the spectrum here more precisely, because it will be shown
later in Sections 8 and 9 for boundary value problems to general linear elliptic differential
operators in general bounded domains €2 C R"™ that there exist countably infinitely many
eigenvalues and that one can choose a complete orthonormal system in L?(§2, C) consisting
of eigenfunctions. This general result also applies to boundary value problems for the
Helmholtz equation in circular domains. The situation is therefore completely analogous
to the situation in one space dimension.

Note however, that in one space dimension all eigenvalues of the Dirichlet problem
for the vibrating string, which are the physical eigenfrequencies of the string, are integer
multiples of the lowest eigenvalue, whereas the zeros of the Bessel functions, which deter-
mine the eigenvalues of the boundary value problems for the circular vibrating membrane,
are not ordered in this harmonic way. This has important consequences for musical in-
struments. Because of these properties a drum can not be used in the same way as a
violine.

Moreover, in one space dimension all eigenvalues of the Dirichlet problem are of mul-
tiplicity one, whereas in two space dimensions by (4.14) every eigenvalue has at least
multiplicity two. This property results from the radial symmetry of the circular disc,

which implies that eigenfunctions can be rotated by any angle and still are eigenfunc-
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tions. Therefore the shape of the domain reflects itself in the properties of the spectrum.
Because of this relation between the multplicity and the symmetry properties of the disk,
one can surmise that every eigenvalue has exactly multiplicity two. By (4.14) and by
definition of Ay in (4.9) the multiplicity of the eigenvalue A would be greater than two, if
there exist Bessel functions J, and .J,, with |n| # |m/|, for both of which v/AR is a zero. It
was hypothezised in the 19th-century by the French Mathematician Bourget that if n,m
are integers with |n| # |m| then the Bessel functions J, and J,, do not have common
zeros other than 0. This hypothesis was proved in 1929 by the German mathematician
Carl Ludwig Siegel. This result implies that indeed d) = 2 for every eigenvalue \ € X.
The estimate (4.14) is therefore not sharp.

For boundary value problems in general domains one can ask, whether from the knowl-
edge of the spectrum the shape of the domain can be determined. This question is of
great interest in mathematics and in applications of physics and engineering. It has be

investigated in various situations.

Proof of Theorem 4.2 and Theorem 4.5 (i) We prove these theorems together,
since both proofs are based on the same arguments. However, the proof of statement (i)
in Theorem 4.5 is only given for real values of A, since estimates for the Bessel functions
are needed, which are derived in the appendix, however only for A € R. The derivation
of these estimates for complex A involves technicalities, which we avoid.

We write the series representations (4.4) and (4.12) in the unified form

oo

u(r,p) = Y anUn(X r)e™?, (4.17)
where
()™, for =0,
Un(A, 1) = (4.18)
Jm(\f)\r)
m, for A\ € R\ (Z U {0})

To prove that the series (4.17) defines a solution of the partial differential equation (4.10)
for all values A € R, we need to show that it converges and can be differentiated twice
under the summation sign. To verify this, we need a lemma, which we state and prove
first.

Lemma 4.8 Let R > 0 and A € R\ X. Assume that o = (a1, a3) € N3 is a multi-index
with |o] = oy +ag < 2. Set
1, if A<0, max{aq, 1}, if A <0,

= and my =

%, if A >0, max{2a1,,/§)\R}, if A > 0.
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Then for all p > 1 there is a constant C = C(«, p) such that for allm € Z with |m| > m,
all0 <r < Rand all 0 < o <27

’m‘|0‘| exlm| p|0‘|‘m‘ 7\ exlm|
a1 gee 1 ime| < — < - . .
92032 U (A, r)e™] < K2 (R) S (R) (4.19)

with K = max(K7y, Ky, 2), where K1 and Ky are the constants given in Lemma A.3.

Proof of Lemma 4.8: Consider first the case A = 0. For |m| > m,, which implies
|m| — a; > 0, we obtain from the definition of U in (4.18) that

4 |m|! 1 /r\Im-a
aal aa2 Um ()7 my — a2 o
07205 Un (0, )™ = Imi (\m|—a1)!Ra1<R)

< ) ) o

Now consider the case A € R\ {0}. If |m| > m,, then we obtain from the definition of m,
for positive or negative A that ey|m| — a; > 0, and for A > 0 we obtain in addition that
lm| > \/§R. Therefore the assumptions of Lemma A.3 in the appendix are satisfied if
we set j = a; and choose |m| > my, hence the estimates (A.11) — (A.14) together yield
for U defined in (4.18) that

2 U ) < Jmper () (D) g 2 B ()2 g

The estimates (4.20) and (4.21) show that the first inequality sign in (4.19) is valid.
The second inequality sign follows from a standard estimate, which we derive here for
completness: Since In is a concave function, which for z > 0 satisfies In' z = %, it follows
for all y > 0 that Iny < (y — z) 4+ Inz, hence y < ezy—ltnz — ge%y. For p > 1 and
Im| € Nset £ =Inp and y = |m|. This yields |m| < - p‘m‘ We estimate |m|1* in the
middle term of (4.19) with this inequality, from which the second inequality sign in (4.19)
results with C' = (eln p)~lel. n

End of the proof of Theorems 4.2 and 4.5. For the coefficients {a,, }mez of the
Fourier series (4.8) of u € L?([0,27]) we have by Remark 3.14 that 27 -
|lu ||[0 ox)» Whence |a,| < |ullj0,.2x)/ V27, for all m € Z.

Let 71 be any number satisfying 0 < r; < R. With ¢, defined in Lemma 4.8 and with

|am‘2 =

m=—0oQ

la| < 2 choose p > 1 such that ¢ = pl*/(2)™ < 1. Let |[m| > m,. By definition of m, we
have e|m| — a; > 0, which yields for all 0 < r < r; that romi—a < r?|m|_a1. Therefore

92



(4.19) yields

|oe] | ex|m|
4 9103 U (A, 7)e™| < Jan| KO ()

o \R
KO 71\ &2 Im| HUH[OQW] KC
<|a|<_> > < 2r] B ml
R T2 T?l ’

for all m € Z with |m| > m, and for all 0 < r < 7 and 0 < ¢ < 27. This estimate

implies that the series of derivatives Y3 021022 apUpn (X, 7)™ converges uniformly
in every closed ball B, (0) with r; < R. By a standard result from calculus we thus
know that u : Bg(0) — C defined in (4.17) is a two times continuously differentiable
function, and that the derivatives of this function can be computed by differentiation
under the summation sign. Since U,,(\,7)e"™? is a solution of the Helmholtz equation,
it thus follows that (A + MNu(r,¢) = >0 (A + N) anUn(\,7)e™? = 0. Therefore

the partial differential equation (4.10) is satisfied, and it remains to verify the boundary
condition (4.11).

To this end let ¢ > 0 and choose the number my € N large enough such that
2 ml>mo lam|* < e, and, if A > 0, such that mg > y/3AR. The definition of U, in
(4.18) and the inequalities (A.11) and (A.13) in Lemma A.3 then imply for all A € R\ X,

l7'7'!»
all m € Z with |m| > mg, and all 0 < r < R that 0 < U, (A, 7) < (%)2‘ ‘, whence
0<(1-Un(\r) <1

Since lim, g Uy, (A, 7) = 1, for all m € Z, it thus follows that

[e.e]

S an(UnlA 1) = e

m=—0oQ

2
do

2m
lg ) = ulfy g = Ty [

= lim 2 — PP <2l —1)?
lim 27 S fon(Un(0r) ~ 1) Wrgn|%: [l (Un (A7) = 1)
m=—o0 m|<mg

2r i ? < 2me.
+7TT1_I>III%Z‘CLm|<7T€

|m|>mo

This proves (4.11), since € > 0 was chosen arbitrarily. ]

4.4 The Sobolev space H%

Introduction to Sections 4.4 — 4.6. The solutions of the Dirichlet problem to the po-
tential and Helmholtz equations, which we constructed in Theorem 4.2 and Theorem 4.5,
are infinitely differentiable, so these partial differential equations are satisfied in the clas-

sical sense. However, we do not know much about the behavior of the solutions at the
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boundary 0Bg(0), since we did not show that the solutions converge pointwise to the
boundary data when the boundary is approached from the interior of Bg(0), that is, we
did not show that the boundary condition is satisfied in the classical sense; we only showed
that the Dirichlet boundary conditions are satisfied in the L?-sense made precise in (4.5).

Yet, in Theorem 4.2 and Theorem 4.5 we allowed that the boundary data u belong
to L2(0Br(0)). This is a big class of functions, and one can surmise that the boundary
condition is satisfied in the classical sense when one chooses the boundary data from a
smaller class. In fact, in Section 5, where we study boundary value problems in very
general domains, we show that the boundary condition is satisfied in the classical sense
when the boundary data u are continuous and when additionally the boundary satisfies
some conditions.

On the other hand, in Definition 3.32 we defined weak solutions of boundary value
problems to the Helmholtz equation, however only to homogeneous boundary data. The
idea suggests itself to define weak solutions of boundary value problems to non-zero L2
boundary data by requiring that the boundary condition is satisfied in the L?-sense of
(4.5). Whereas this is in principle possible, technical difficulties arise with this approach
when one studies boundary value problems in general domains €2, since one has to con-
struct smooth parallel curves to the boundary curve 92, which converge to the boundary
curve, and one must compute the L2 difference of the values of the solution on these
parallel curves and the values of the boundary data on the boundary curve. In the case
of the circular domain Bg(0), this difficulty does not exist, since on can simply choose
circles with radius smaller than R for the parallel curves.

Another way to formulate a weak boundary condition is opened up by the trace the-
orem for Sobolev functions. In the case of an open set 0 C R?, this theorem says that if
w C Qis a smooth curve, than though for general L?functions the restriction to the set
w of measure zero is not defined, for functions w in H;(€2) this restriction can be uniquely
defined in a natural way. This restriction, which is called the trace of u on w, belongs to a
certain Sobolev space Hy/p(w). In the case of Br(0) we take for w the boundary 0Bg(0).
Since we require in Definition 3.32 that weak solutions of the Helmholtz equation belong
to Hy(Bg), such weak solutions have a trace on 0Bg(0). The weak boundary condition
then simply requires that the trace is equal to the given boundary data.

The question arises, whether the solutions constructed in Theorem 4.2 and Theo-
rem 4.5 are weak solutions in this trace sense.

This problem will be studied in the following three sections. In the present section we
introduce the Sobolev spaces H;(0Bg(0)) and Hi/2(0Br(0)), in Section 4.5 we prove two
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trace theorems, and in Section 4.6 we show that the solution constructed in Theorems 4.2
and 4.5 are weak solutions in the trace sense if and only if the boundary data belong to
the space Hy/2(0Br(0)). The proofs are mainly based on Fourier analysis of functions
defined in Br(0) and on the boundary 0Bg(0)).

Sobolev spaces of boundary functions. At the outset we must define the Sobolev
space Hy(0Bg(0)). We cannot immediately carry over the Definition 3.24 of H;(f2), since
in that definition € is an open set in R", whereas dBg(0) is a curve in R?. Therefore
we use the idea suggested by Theorem 3.26 to define H,(0Bg(0)) as complete hull of the
space of continuously differentiable functions.

To simplify the notation we denote the open ball in R? with radius R and center 0 by
Bg. If u is a function defined on 0By we denote by @(¢) = u(R cos ¢, Rsin ¢) the function
transformed to the angle variable ¢. The domain of definition of @ is [0, 27). Conversely,
if @ :[0,27) — C is a given function, we denote by u the inversely transformed function
defined on 0Bg.

Since ¢ — (Rcos g, Rsiny) is a parametrization of the curve 0Bg, the definition of

curve integrals on OBp implies that u € L?(0Bg) if and only if @ € L*([0, 27]) and
27
s = [ @) = [ i@ PRdp = Rl (422
R 0

It thus follows that up to the factor v/R the mapping u — @ is an isometric isomorphism
between the spaces L?(0Bgr) and L*([0, 27]). The derivative of functions u : dBg +— C at
x = (Rcosy, Rsin ¢) is defined by

u'(x) = 5 (), (4.23)

and C(0Bg) is the space of mappings u : 0Br — C, for which the derivative v’ : 9B — C
is continuous. It follows from this definition that if u € C1(0Bg), then the transformed

function @ is periodic with period 27, hence it belongs to the space
CP([0,2m)) = {U|[0727r) | U e Cy(R), U(p+2r)=Ul(p), forall p € R}.
Conversely, if @ € CT([0,27)), then u belongs to C1(0BRg).
Definition 4.9 The Sobolev norm || - ||u,(o8,) on C1(0BR) is defined by
lull s @5) = VRl 1 0.0 (4.24)

and the Sobolev space Hi(OBg) is by definiton the complete hull of the space C1(0BR)

with respect to the norm || - || i, (985) -
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With this norm and up to the factor v/R, the mapping u ~— @ is an isometric isomorphism

between the normed spaces (C1(9Bg), || - |, 08x)) and (CY([0,27)), || - ||, (0,277 ) - This

isomorphism can be extended by continuity to an isomorphism between H;(0Bpg) and

the space obtained by completion of the space CY*'([0,27)) with respect to the norm

|- | o.2a))-  Since CT*([0,27)) is a subspace of the complete space Hi([0,2n]), this
per

completion is equal to the closure of C7*([0,27)) in H,([0,27]). For this closed subspace
of Hy([0,27]) we use the notation H{“ ([0, 27]), hence

HY™ ([0, 2x]) = €77([0, 2m)).

It follows that u — @ : Hy(0Bgr) — H{®(]0,27]) is an isomorphism such that (4.24)
holds for all u € H,(0Bg). Since HY*([0,27]) is a subspace of L?([0,27]), it follows that
the inverse image H;(0Bgr) of HY®(]0,2x]) under the mapping u — @ is a subspace of
L*(0Bg).

Every function @ € HY* ([0, 27]) belongs to H; ([0, 27]), hence @ has the weak derivative
a' € L*([0,27]) defined in the usual way.

Definition 4.10 For u € H(0Bg) the weak derivative v’ € L*(0Bg) is defined to be
times the inverse image of the weak deriwative @' € L*([0,27]) under the mapping u — .

More precisely,

This definition extends (4.23) from classical derivatives to weak derivatives. With this
definition it follows from (4.22) and (4.24) that

lull?, 08, = Bl (02m) = B (1l 20 + 1@ 1[20) = lullbs, + B 155, (4.25)

We denote the L?-scalar product on the interval [0, 27| by

(F. ) 020 = /0 " ()3l de.

As noted earlier, the scalar product (f,§) ~ (f,3)2n : L*([0,27]) x L2([0,27]) — C
is a continuous mapping. This follows from Cauchy-Schwarz’ inequality. Because of the
periodicity of functions from HY ([0, 27]), we can integrate by parts in the scalar product

without boundary terms:

Lemma 4.11 For f,§ € H*([0,2x]) we have

(f/7 g)[0,27r] = _(f~7 gl)[O,Qﬂ]- (426)
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Proof: To f,§ € HP([0,2n]) choose sequences { fy bnen, {Gk e € CP([0,2)), which
converge to f and §, respectively, in the norm || - | HP ((0.2))- Lhis implies that fu— f
=1 g =3 g, — ¢’ in L*([0,27]). Using the continuity of the scalar product, we

compute

(f/ 9)[0 2] = lim lim (fn>gk)[0 2] = — lim lim (fn>gk;)027r = (f )[0,27r]-

n—oo k— n—oo k—

To get the second equality sign we used that the boundary terms cancel when we integrate
by parts in CY* ([0, 27)). n

The following theorem gives an interesting characterization of functions in H{ ([0, 27])

by Fourier series:

Theorem 4.12 Let f € L*([0,2x]) have the Fourier series

o0

flo)= ) ame™.

m=—00

(i) If f belongs to H** ([0, 2x]), then we have

> imane™?  and || flin oo =27 > (14 m?)|an]’. (4.27)

m=—o0 m=—0o0

W) If °°°_ m2|am|? < oo, then f belongs to HP*'([0,2x]).
m 00 1

Proof: Let f € HP([0,2n]). Then the weak derivative f' € L%([0,2x]) has a Fourier
expansion f = 3°°° bme™?. Since the function ¢ + €% belongs to CY* ([0, 27)), we

m=—00

conclude from (4.26) that

2 d 2

27
b = [ Flpdeedp =~ | flg)e e dp = im | f(p)e " edp = 2mima,
0 0 de 0

[e.9]

o imaye™?. Parseval’s identity (Re-

whence b,, = ima,,, which means that f’ = >

mark 3.14) thus implies

111, qo2ey = 11 o2 + 117 fo 2 = 27 Z (1+m*)am|*.

m=—0o0

This proves (i). To prove (i), define for n € N the function f, € C**([0,27)) by

n

fn(‘p) = Z ameimw‘

m=—-n
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We use the Cauchy convergence criterion to prove that the sequence { fn}neN converges in
H?Y*(]0,27]). To this end note that from the assumption > > m?|a,,|* < oo it follows

that to every € > 0 there is ng € N such that for all ny > ny > ng we have by Parseval’s
identity that

1z = Jo laper o2y = e = Jous [fo2m + 1y = o o2

. 2 . 2
— H E e’ + H E ma,,e’™?
[0,27]

[0,27] n

n1<|m|<na n1<|m|<ng
=27 Z (14+m?)|a,* < 27 Z (14+m?)|an|* <e.
ni1<|m|<ng no<|m|

Therefore { f, }nen converges to a function § € HY ([0, 27]). Since ||i]|jp.2x < [10]| zrrer (o,2m)
holds for all & € HP([0,27]), the sequence {f,}nen converges to § also in the space
L?([0,2x]). On the other hand, {f,}en converges to f in L2([0,2x]), hence f = § €

HY' ([0, 27]). [
Corollary 4.13 A function f € L*(OBg) belongs to Hi(OBg) if and only if the Fourier
coefficients {am ymez of the transformed function f satisfy S mPlan|* < oo, and the

norm satisfies

111 o = 27R Y (1 +m®)|an

m=—0oQ

Proof: Since f belongs to Hy(9Bg) if and only if f belongs to H** ([0, 27]), this corol-
lary follows immediately from the definition of the norm || - ||, @5y,) in (4.24) and from
Theorem 4.12. |

Motivated by this result, one defines

Definition 4.14 (i) Let 0 < o < 1. The Sobolev space HP*([0,2x]) consists of all
functions f € L2([0,2x)), for which the coefficients in the expansion

flo)= D ame™
satisfy Yo [m[**|am|* < 0o. The norm || - || geer(o.24)) 0N this space is defined by

||f||§fg“([o,27r]) =27 Z (14 [m]**) |am]*.

m=—0oQ

(ii) The Sobolev space H,(OBR) consists of all functions f € L*(OBgr), for which the
transformed function f belongs to H***([0,2x]). The norm is defined by

If 1. 080) = VRIIF Iz 0,2

28



Of course, we have Hy(0Bg) = L*(0Bg) and H{(]0,2n]) = L*([0,2n]). The interest
in the spaces H, with broken index « is motivated by the trace theorem proved in the
next section, where the space H;/, appears. These spaces are Hilbert spaces. To give

the scalar product on these spaces, let f,g € H,(dBg) and let f = >

?noz—oo ameimw’
g = bne™? be the Fourier expansions of the transformed functions. Then the

scalar products (f, g)a.0m, and (f, G)a,j0,27] are given by

(f7 g)a,BBR =R <f~7 g)a,[o,%ﬂ =21R Z (1 + |m|2a)ama-

m=—00

The infinite sum on the right hand side exists, since by the Cauchy-Schwarz inequality

we have

oo [e.9] oo

(3 Qo pmPlanbal) < 3 (P anl 3 (0 )l

m=—0Q m=—0Q m=—0oQ

Obviously we have (f, f)a08, = ||f||§{a(6BR) and (f, f)a,[O,Zﬂ = ||f||ilger([072ﬂ]).

4.5 The trace theorems

In this section we prove two trace theorems. As preparation we need to study first the
Fourier analysis of functions in H;(Bg) more precisely. We start with some notations.

If u(xy, x5) is a function defined on Br and written in cartesian coordinates, then we
denote by a(r,¢) = u(r cos p, rsin ) the function transformed to polar coordinates and
defined on [0, R) x [0, 27). The function @ is constant on the boundary line {0} x [0, 27).
Therefore not every function defined on the rectangle {[0, R)} x [0,27) is obtained by
transformation of a function u defined on By to polar coordinates.

If u is a function in Cy(Bgr), then @ is 2r—periodic with respect to the variable ¢,

hence u belongs to the space

CP ([0, R) x [0,27)) N U € CL([0,R) x R), U(r, ) =U(r,o + 2m)}.

- {U|[O,R)><[O,27r

For u € Cy(Bg) we denote by d,u and 0,u the functions obtained by back transformation
of 0,1 and 0,u to cartesian coordinates. More precisely, these derivatives are defined by
the equations

O,u = Oy, Oru = O,

We define the weighted L*-space
» 2m R
L*(r; [0, R) x [0,27)) = {f [0, R) x [0,27) — C ’ / / \f(r, o) Prdr < oo}.
o Jo

39



For v € L*(Bpg) the transformation theorem implies @ € L?(r; [0, R) x [0, 27)) and

lull B = 1@l L2 (rs10,R) x[0,27)) - (4.28)

For f € Cy(Bg) and m € Z we define the function f,, € C,([0, R]) by

fulr) = 5 / F(r.g)e medip = % ()5 0m) 2

where we used the notation v,,(¢) = \/szﬂeim“". By Remark 3.14 we have for all r € [0, R]
that

k 00
fin £ = Vor 3 gt =0 s 1o =27 3 16O

(4.29)
We call vV2r Y °_ _ f(r)vm(e) = > (r)e™# the partial Fourier expansion of

m=—oo J M

the function f. B681des (4.29) we moreover have

i 7= V3R 3 ]

k—o0

=9, =2 (1) Prd
m=—k L2(r;[0,R] x[0,27]) ”fHBR WmZOO/ | fn ()| dr.
(4.30)

For the proof consider the following computation, where we use that {v,,}mez is an

orthonormal system. We have

s

Fr0) = Va3 (i) rdiodr

- / [ e mz (012 ) dir
B / (fr) - mZ (), V) g om » F7) = mz (F ) tm) g ), 7
| (i >|\[02ﬂ—m§k;k\(f<r, ) oo
= [ UM =27 3 15t

From (4.29) we see that for all » € [0, R] the integrand of the integral on the right hand
side of this equation decreases monotonically to zero for k — co. The theorem of Beppo
Levi thus implies that the integral tends to zero for £k — oo. Since the left hand side of
this equation is equal to Hf — \/%an:_k fm Um“%Q(r;[O,R]X[O,%r}) and since by (4.28) the
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right hand side equals || f||%, — 27 S fo | frn (7)|?r dr, both equations of (4.30) follow

from this relation.

Let 2 C R™ be a measurable set and let u € H;(€2). In the following we write

3, = | Vould = / Oyl + |0syuld.

lu| is a seminorm on H;(£2), but not a norm, since for constant functions u one has

Theorem 4.15 (i) Let f € C1(Bg). Then we have

2 _ [ (o 724 Don i) rdedr — 0,712 + 2ol
|f|BR_ o Jo <| Tf|+r_2|wf|>70907"—|| rf||BR+H; of B

(ii) Let f be a function in C1(Bg) with partial Fourier series

Z fin(r)e™?.

m=—0oQ

Then the partial Fourier series of the derivatives are given by

o0

Z ()™, Dpf(r, ) = Z i fon ()™

m=—0o0 m=—00

The L?-norms satisfy

10,1113, = 2r Z/ trar | Lo.s

m=—0Q

Proof: (i). From f(r,¢) = f(rcos ¢, rsinp) we obtain by the chain rule

ﬁ@f(r, @) = —rsing d,, f(rcosp,rsing) + rcos@ Oy, f(rcos p, rsin p)

= —rsingp (0;:][)(7“, @) +rcosp (@)(T’

and similarly
0, f(r,0) = o5 0 (D, £)(r, ) + 500 (T ) (1, 0).

These equations yield

| o i m? /OR|fm(r)

(4.31)

(4.32)

1
\2 —dr.
,

(4.33)

©),

10, f]? + !%f!Q (cos )2 |9, fI? + 2 cos psin g Re (0, f O, f) + (si0.0)? |9y /1

+ (Siw) 102y |2 — 25 0 cos 9 Re (D, f Duy f) + (c08 )2 |ay f12 = [0y [ 12 + |0y 12
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Consequently, we have

R 21 B 1 B R 2 o o
[ [ (e 10,2 )raar = [ [ (1000 + 052 dgar
o Jo r o Jo
:/ |8x1f’2+‘a’62f|2dm: |f‘2BR7
Br

which is (4.31).

(ii) For f € Cy(Bg) the function f belongs to C**([0, R) x [0, 27)), hence the derivatives
9, f and 0, f belong to CF*'([0, R) x [0,27)) and thus have partial Fourier expansions. Let

o0

0pf(r,0) = > gm(r)e™ (4.34)
be the expansion of the first of these derivatives. The coefficient g,,(r) is given for every
r € [0, R] by the integral stated in Remark 3.14. By integration by parts we obtain from
this integral

2w

1

2w B By 1 By
gm(T) = %/0 a¢f(r’ 90)6 medp = _% 0 f(?”, QO)QDQ me

2 ~ .
= 1m% /0 f(r,p)e”™do =imfn(r), (4.35)

where we used that in the integration by parts the boundary terms cancel because of the
periodicity of the functions ¢ — f(r, ) and ¢ — e~ The second equation in (4.32)
follows from (4.34) and (4.35). To prove the first equation in (4.32) let

. > . S I , ,
_ imp i —imp imep
afre)= 30 e = 30 o [ af e g (1.36)
be the partial Fourier expansion of 8,f. Since the function (r,p) — f(r,@)e "% is
continuously differentiable on the compact set [0, R] x [0, 27| with respect to r, it follows
from a standard theorem of Lebesgue integration theory that we can differentiate under

the integral sign to obtain

1 27 2w

)y =0,— [ flrip)e™dp=— [ 0.f(r,0)e ™?dp = hy(r).

" 27T 0 27T 0

This equation together with (4.36) yields the first equation in (4.32).
Finally, (4.33) is an immediate consequence of (4.32) and the second equation in (4.30).
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Theorem 4.16 (Trace theorem I) There is a uniquely defined linear mapping T :
Hy(Bgr) — H,/2(0Bg), which satisfies Tu = Ul Jorallu e C1(Bg) and
R

| Tu||r, p085) < Crll6|| H (BR); for all w € Hy(Bg), (4.37)
/

where Cp = /1 4+ R+2max (R, ). The function Tu is called the trace of u on the
R

boundary OBgr. The trace Tu is denoted by Ul for all w € Hy(Bg).
R

Proof: Since by Theorem 3.26 the space C;(Bg) is dense in Hy(Bg), it suffices to show
that (4.37) holds for all u € Cy(Bg), because this inequality implies that the linear
mapping T : Cy(Br) — C1(0Bg) defined by Tu = U, is continuous and can be
extended in a unique way to a continuous mapping 7' : Hy(Br) — Hy/2(0Bg). The
extended mapping satisfies (4.37).

Thus, let u € C;(Bg) and let @(r,0) = >0 u,(r)e™ be the partial Fourier

m=—0oQ

expansion, hence u| _ =u(R,p) =37 um(R)e™¥. With the function
|aBR v Y

m=—0o0

k(r)=2m (%)2, 0<r<R.

we thus obtain from Definition 4.14 that

||u‘8BR||§{1/2(8BR) 21 R Z 1+|m|)|um =R Z 1+|m| )|um( )|2
_R Z (1+ |m|) / D (1) [t ()2 + k(1) g () 2. (4.38)

We estimate the right hand side term by term. Note first that
| Or i (1) | = | O (tin (1) (1)) | = [2Re (wn (1), (1)) | < 2[utn ()] 7, (7)].

From this estimate, from the estimate k(r) < 2w, from Cauchy-Schwarz’ inequality, ap-
plied first to an integral and then to infinite sums, and from (4.33), (4.31) we obtain
that

Z / m| k(1) O, [t (r 2dr<47rz / |m| |t (r)] !, (r)| dr

m=—00 m=—00

< 4n Z (/ m’ |um(7’)|2;dr>;</ |u;n(7~)|2rdr>é
<47r Z / m? |, (r |2 dr Z / u! ( |2rdr

= 2|20, ol < (|00
, U BRH Lull gy < ” U B

T ||aruHBR) — [uf, < Nl - (439)
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In the second last step we used the inequality 2ab < a?+b?. Similarly, we obtain from the
estimate k(r) < 27 (%), from Cauchy-Schwarz’ inequality, and from (4.30), (4.33), (4.31)
that

Z/ 1) O |t (1 |dr<—Z/ |t (7)] [0, ()| dir

: b2
ﬁ(m:zw [ |um<r>|2rdr)2(m;m [ prar)t = 2 fullsouls,
! o) <1 2 2 y = Ly, 4.4
< R(HUHBR + || U“BR) < E(HUHBR + |U|BR) = EHUHHl(BR)' (4.40)

Finally, the estimate &'(r) = 477 = 4121 < 471 vields

R2 R2 p —
00 R
S (1 fml) [ k() )P
m=—oo 0
- 4 [F 9 9 R 51
<y <?/o |um(r)|rdr+47rm/0 ()P )

m=—00

2 1
= Sllul, +2 50,0

2 202 2 1 2
[, < sl + 2l < 2max (1, 25) [ulfy . (44D
(4.37) is a consequence of (4.38) — (4.41). u

It is clear that u € Hy(Bgr) has a trace on every circle 0Bg, with 0 < Ry < R, since the

restriction of u to Bg, belongs to Hy(Bg,). How much do the traces u| and u| of
R R
u € H,(Bg) differ on nearby surfaces 0Bg, and 0Bg,? This difference cannot be estimated

immediately, since Ul and u| have different domains of definition. However, since
R
U p and ﬂv are both defined on the interval [0, 27), the difference of these functions
Rq Ro

is defined. Moreover, since by Definition 4.14 we have Hj 5(0Bg,;) C L*(0Bg,) fori = 1,2,
it follows that u|, € L*(0Bg,) and u’ € L*([0,27]), so the difference ul,

£y _u|aBR2
belongs to L*(]0, 27r]) and can be estlmated in the norm of this space. Such an estimate

is given in the next theorem.

Theorem 4.17 (Trace theorem II) Let 0 < Ry < Ry < R. Then we have for u €

Hl(BR) that
o o < P
|aBR2 [0,27] — R}ﬂ

Hu|aBR1 | &7,(BR)- (4.42)

Proof: Let Ty, : Hi(Br) — Hi/2(0Bg,) be the trace maps and let TRi : Hi(Br) —
H,5([0,27]) be defined by Tru = m With these mappings (4.42) can be written in
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the form
|R1 _ R2|1/2

Ry*
It suffices to prove that this estimate holds for u € Cy(Bg). To see this, note that from
Definition 4.14 and from (4.37) it follows that

I(Try = Trullp2m) < [l () (4.43)

1 1
| Trullj.2m < ||TRZU||H{’;; ([0.27]) = NG | Tr,ullm, p085) < ECR ||| &,(BR)

hence Ty, : Hy(Bg) — L*([0,2x]) is a continuous linear mapping for i = 1,2, whence
also the difference Tx, — Tg, is continuous. Because of the continuity it follows that if
(4.43) holds for all u from the dense subset Cy(Bg) of H;(Bg), then it holds also for all
u € Hy(Bg).

Thus, assume that v € C1(Bg) and that 0 < R, < R;. We employ Cauchy-Schwarz’
inequality and (4.28), (4.31) to compute

2w 2w
2 - -
Hu|aBR1 _u|aBR2H[0,2w :/0 @(Ry, ) — u(Ry, @) [dp = /
2
S/ (Ry — Rl)/ |0,(r, p)|*drdp < (Ry — Ry) / / |0, a(r, @) R—drdgp
1

2m
Ry — Ry
/ / 0,a(r, ) |*r drdp = Hé? HBR < THUH%A(BR)'

The estimate (4.42) results by taking the square root on both sides. |

R>

2
Opt(r, ) dr| do

4.6 'Weak solutions of inhomogeneous boundary value problems

In Definition 3.32 we introduced the notion of weak solutions to homogeneous boundary
value problems for the Helmholtz and potential equations. With the trace theorem we
can extend this definition to inhomogeneous boundary data. Of course, since we proved
the trace theorem only for balls Bz C R?, we must restrict ourselves to boundary value

problems in balls.

Definition 4.18 Assume that A € C, that u € Hy,5(0Bg), and f € L*(Bg). A function
u € Hy(BRgr) is called weak solution of the Dirichlet boundary value probelm

Au(z) + u(z) = f(x), x € Bg, (4.44)

Uy = U
if u is a weak solution of the partial differential equation (4.44) and if Ulys in (4.45) is
R

understood to be the trace of u on 0Bp.
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Since weak solutions u are required to belong to Hy(Bg), it is clear that one is restricted
to choose the boundary data u from the space Hj/5(0Bpg), since the trace of u belongs
to this space. In Theorem 4.2 and Theorem 4.5 we constructed soutions of the problem
(4.44), (4.45) with f = 0, but with u from the space L*(0Bg), which is larger than
Hy/2(0Bg). Therefore the solutions u constructed in these theorems will in general not
be weak solutions in the sense of Definition 4.18. In particular, if u € L*(0Bg)\ H1/2(0Br),
then u will not belong to Hy(Bg). We thus see that the weak solutions defined above are
not the most general solutions of boundary value problems which we can define and prove

to exist. However, we have:

Theorem 4.19 If u € H,)3(0Bg), then the solutions of the boundary value problem
(4.44), (4.45) with f = 0, which are constructed in Theorem 4.2 and Theorem 4.5, are

weak solutions.

Proof: We give the proof only for A € R, since we use the estimates from Lemma 4.8 in
the appendix, which we only formulated and proved for real \. Moreover, we assume for
simplicity that X is not an eigenvalue.

Let

o0

a(p) = Z ™

m=—0oQ

be the Fourier series of the boundary data u € Hy/5(0Bg). It must be shown that the
solution u of (4.44), (4.45) to these boundary data belongs to Hy(Bg). The solution is
given by the series representation (4.17). From this representation and form (4.30), (4.31)
and (4.33) we obtain

ullZr, () = ull, + lul,

o0 R

1
= o7 Z / |G Une N, )27+ |am UL (N, 1) 2r + mPanm U (N, R)|?= dr - (4.46)

m=—oo0 ¥ 0 r
It must be shown that the infinite sum on the right hand side of this equation is finite.
To this end note that the definition of U, in (4.18) and the asymptotics of the Bessel
functions given in (A.8) imply that U,,(A,7) = O(r™) and U],(\,r) = O(1) for r — 0,
hence all the integrals in this sum exist. To show that the sum converges it therefore

suffices to estimate the terms with |m| > m,, where m, is the number introduced in
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Lemma 4.8. Yet, (4.19) yields

R
1
o Z /0 |amUm(A,r)|2r+|amU;n(A,r)\2r+m2|amUm(A,R)y2;dr

[m[=mx
< o K? lm%;“ a2 /OR (}%)mlml (7» + QmQ%) dr
2 2 e\ lm r=R
= 2K m%ﬂ @] (<2€>\|;L| +2 i 2::’|1m|> (}%>2 ' )7":0
<ok (e 1) Y (b el < K (4 ) o

|m|>mx

In the last step we used Definition 4.14. From this estimate and from (4.46) we see that
u € Hi(Bg). It remains to show that the boundary condition (4.45) holds in the sense of
traces. For this aim note that by Theorem 4.2 and Theorem 4.5 the solution u belongs
to the space C(Bg); hence for r < R the trace of u on 0B, coincides with the restriction
of u to 0B,. By these theorems the restriction satisfies lim,_, g ||u/|8\/Br — Ufljp,2,) = 0. On
the other hand, by Theorem 4.17 the traces satisfy lim,_, g ||u/‘;; — % 0,2,y = 0. This

implies zﬁa\; = u, whence U, = U ]
R R
Corollary 4.20 The trace map T : Hi(Br) — H1/2(0Bg) is surjective.

Proof: For every u € Hy/2(0Bpg) the solution u € H;(Bpg) of the Dirichlet boundary
value problem (4.44), (4.45) has trace equal to u, hence every function of Hy/»(0Bg) is

the trace of a function in H;(Bg). u

Remark. The space H;/,(0Bg) is therefore just the space of traces of functions in
Hy(Bgr). One could use this as the definition of H;/(Bg). However, from this abstract
definition one does not see what properties the functions in Hy/2(0Bg) have.

Of course, the trace map is not injective.
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5 Maximum principle, subsolutions, Perron’s method

In this section we only consider real valued solutions of partial differential equations.

5.1 Maximum principle

Theorem 5.1 Let Q C R"™ be a bounded open set, let g : 2 — R, f : Q — R and assume
that for the function u € C(Q,R) the partial derivatives %, % exist in Q fori=1,...n

and that u satisfies

Au(z) — g(x)u(z) = f(x), x €l

(i) If g > 0 in Q, then for all x € Q

u(z) < max (0’;2%52(”@))’ if f>0inQ,
> : PN
u(x) > min (O,;Ielggll u(y)), if f <0 inQ.

(weak mazimum principle)

(ii) If g > 0 in Q, then for all x €

u(z) <0 or wu(r)<maxu(y), if f >0 n ,
yeN

w(x) >0 or wu(x)> minu(y), if f<0in Q.
yeo

(strong mazimum principle)

Proof: (i) We first consider the case f > 0. Assume that the statement is false. Then
there is zp € Q such that u(xy) > 0 and

maxul(xr) = u(xrg) > maxu .
naxu(a) = u(ao) > mau(y)

Define v: Q — R by
v(r) = u(z) +elz|?, z€Q,

where € > 0 is chosen small enough such that

— 2 2y
v(@o) = u(z) + elzol” > max(u(y) + ely[") = maxov(y),

max ely[* < u(zo).
yeN
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v is continuous on the compact set £ and therefore assumes its maximum in a point z € Q.
By the choice of € we have z ¢ 02 and
u(z) = v(z) — elz|? > v(xg) — u(x) = €lzo* > 0.

Thus, the maximum 2z belongs to the open set §2, which implies that

v 0%
= — < , =1....
a:L_Z(Z) 07 61'2(2) = 07 ¢ 17 ) 10,

whence

On the other hand
Av(z) = Aulz) + Alela]?)] = )+ 62 o} + f(z

= g(2)u(z) + 2ne + f(z) >0
because of g(z) > 0,u(z) >0, f(z) > 0 and £ > 0. This is a contradiction, hence

I?eaﬁXU(x) = u(z) < max(0, ;Ié%éu(y»

If f <0 define w = —u. Then Aw(z) — g(z)w(x) = —f(x) > 0 for all x € 2, hence
— mi - < 0
min u(x) rileaﬁxw( z) < max ( iré%gw(y))

= max (0, — ;Ielgslz u(y)) = —min (0, ;Ielgfll u(y)),

which implies the statement for the minimum.

(ii) Let ¢ > 0 and f > 0, and assume that the statement for the maximum is false. Then
there is z¢ € €2 such that u(z) > 0 and
= >
u(zo) Iilgguw) = maxu(y)

Consequently, g is a local maximum of » in the open set €2, hence

0 0?
8;2 (I'O) = 07 .

w([[’o)éo, izl,...,n,

whence
0 > Au(zg) = g(xo)u(zo) + f(z0) > 0,

which is a contradiction, and the statement for the maximum must be true. The statement

for the minimum is proved by considering —u. [ ]
We note some consequences of the maximum principle:
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Corollary 5.2 Let Q C R" be a bounded open set, let g : Q — RS, f: Q — R be given.

ow  QPw
ox;’ 89312

Assume that u,v € C(Q,R) and that for w = u and w = v the partial derivatives

exist in €2 fori=1,...n and the equation

holds. Then the following statements are true:

(1) Ifu(y) > v(y) for all y € OQ then u(zx) > v(x) for all v € Q.

(ii) For all x € Q,

[u(r) —v(x)] < mex [u(y) — v(y)l-

(iii) Let g > 0 and f = 0 in Q. If u assumes the mazimum in §, then u < 0. If u

assumes the minimum in ), then u > 0.
Proof: (i) w = u— v satisfies Aw — gw = 0 in €. Hence, by the weak maximum principle
min ( , min w(y)) <w(z) =u(z) —v(z), z €

(ii) Again we apply the weak maximum principle to w = u — v and obtain

min (—|w(y)]) < min (0, min w(y)) < w(z)

yeo) yeo
< < .
< max (0, maxw(y)) < max|w(y)|
Thus,
< — < — min(— —
w(z) < maxfuw(y)]  and w(z) < — min(—fw(y)]) = max|w(y)]

whence |w(z)| < maxyegn |w(y)|-

(iii) Let 29 € © and assume that u(xg) = max, g u(z). By the strong maximum principle
this can only be if u(xy) < 0. The statement for the minimum is proved in the same way.

Corollary 5.3 (Uniqueness) Let Q@ C R™ be a bounded open set, let g : Q — Ry,
f:Q — R and let the functions u,v € C(Q,R) have the differentiability properties stated
i Corollary 5.2. Assume that U = Ve and that u and v both satisfy the differential

equation

Then v = v.
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Proof: The preceding corollary yields

u(z) —v(2)] < maxfu(y) —v(y)] =0, z€.

5.2 Continuity of solutions to the Helmholtz equation up to the boundary

In Section 4 we constructed a solution of the Dirichlet problem

Au(x) + Au(z) = 0, x € B, (5.1)
u(z) = g(x), x € 0B, (5.2)

for the Helmholtz equation in a ball B C R?, which is infinitely differentiable in the
interior of B. For g € L*(0B) we proved in Sections 4.2 and 4.3 that u satisfies the
boundary condition (5.2) in the L*>-sense, which is defined in (4.5), and for g € Hy5(0B)
we showed in Sections 4.4 — 4.6 that u satisfies the boundary condition in the trace sense.
In this section we use the maximum principle to prove that for g € C'(9B) the solution
u satisfies the boundary condition in the classical sense, that is we prove that v € C(B).
This result holds for all values of A\, but since we use the maximum principle for the proof,
we must assume that A < 0.

As preparation we show first that the solutions constructed in Section 4 depend con-
tinuously on the boundary data in L?. As we did previously, we denote by B, the ball in

R? with center 0 and radius r > 0.

Theorem 5.4 Let A < 0 and assume that {w,, }men C L?(OBR) is a sequence, which
converges in L*(OBg) to 0. Let w,, be the solutions of the boundary value problem (5.1),
(5.2) to the boundary data g = W,,. Then for every 0 < r1 < R the sequence {wy,}men

converges uniformly to 0 in the ball B,,.

Proof. By (4.17), the solution is given by the series

wn(rp) = 3 a0 r)e,

n=—0oo

where {a%m)}nez are the coefficients in the Fourier series of w,,. By Remark 3.14 we have

21 > [al™ | = W[}y 0m = 0, for m — oo. (5.3)

n=—oo
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Lemma 4.8 yields for A < 0,n# 0, a =0 and 0 < r < R that
U 1) < ()™
- R

We set C' = max{C}, maxo<,<r |Up(\, )|} and conclude from this estimate and from (5.3)

by application of Cauchy-Schwarz’ inequality that for all 0 <r <r; and 0 < ¢ < 27

[wn(r,0)l < D |alUn(A, 1)

< (nioo\aﬁmw)%(n;i:oown()\’rﬂz)% - % (nioocz <%>2|n|>;

< (W || 0,2 2C"? C 1\ 2

- Vor (1—(%)2>2§ﬁ<1_<3) )_EHWmH[o,zﬁ].

The term on the right hand side of this inequality is independent of  and ¢ and converges

to zero. Therefore the sequence {wy, }men converges to zero, uniformly in the closed ball

B,,. |

Corollary 5.5 Let A < 0 and assume that {u,}men C L*(OBgr) is a sequence, which
converges in L*(0Bg) to u € L*(0Bg). Let u,, and u be the solutions of the boundary
value problem (5.1), (5.2) to the boundary data g = uy, and g = u, respectively. Then the

sequence {Uy, bmen converges to the solution u, uniformly in every ball B,, with 0 < r; <
R.

Proof. Set w,, = u,, — u and w,,, = u,, — u. The function w,, solves the boundary value
problem (5.1), (5.2) to the boundary data w,,. Since the sequence {w,,}men converges
to zero in L?(0Bg), Theorem 5.4 implies that w,, converges to zero uniformly in B,, for

every 0 < ry < R. [ ]

Theorem 5.6 Let B C R? be a bounded open ball and let X < 0. Then for every u €
C (0B, R) there is a unique solution u € C(B,R)NCy(B, R) of the Dirichlet problem (5.1),
(5.2) with boundary data g = u. The solution coincides with the solution constructed in

Section /4 satisfying the boundary condition in the L?-sense.

Proof: Without restriction of generality we can assume that B = Bg(0) with R > 0.
The uniqueness follows from Corollary 5.3. To prove that the solution constructed in

Section 4 is continuous up to the boundary, let

W)= 3 ane

m=—00
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be the Fourier series of the boundary data and define for m > 0, n > 1, ¢ € [0,27), and
r>0

5m<gp) = Z akeik@7
k=—m
1
on(e) = —(so(p) + . +sna(p)),
Um(T,SO) = Z akUk()Hr)eikW?
k=—m
1

Un(r, ) = ﬁ(vo(r, @)+ ..t vaa(r, 0)).

where U, is defined in (4.18). All of these functions are real valued. To see this, note that
by Remark 3.14 we have

1 2

—ikp _

ape™® + a_e u(é) (eik(@fﬁ) + e*ik(‘P*@)dé

27 Jo
2
= l/0 u(é) cos (k(p —€))d§ € R, forall k € Z and ¢ € [0, 27).

™

From this relation it follows immediately that s,, and o, are real valued. To see that v,,
is real valued, note that by definition in (4.18) we have U_;, = Uy and that by Lemma A.2
in the appendix we have Uy(\, r) € R for real A. Therefore we conclude that

arUr(\, 7)e™® 4+ a_U_ (N, 1)e”* = Up(), r)(ake“w + &,ke”'k@) € R,

which implies that v,, and v,, are real valued functions.

The function Uy (A, r)e?*¢ is an infinitely differentiable solution of the Helmholtz equa-
tion in all of R?, hence the finite linear combinations v,, and v, are infinitely differentiable
solutions of the Helmholtz equation in R?. Since by (4.18) we have Ui (), R) = 1, we obtain
Um(R, @) = sm(p), and therefore also v, (R, p) = o,(p), for all ¢ € [0, 27).

It follows that v, is a solution of the boundary value problem (5.1), (5.2) to the bound-
ary data o,. Since v, is a finite linear combination of the infinitely differentiable functions
Up(\, 7)e*¢ | which are defined on all of R?, the function v, is infinitely differentiable up to
the boundary and therefore, in particular, continuous up to the boundary. v, is equal to
the solution of this boundary value problem constructed in Section 4, because v, and the
solutions from Section 4 are represented as a series of functions of the form b, Uy (), r)e*?
with uniquely determined coefficients by.

Since by assumption u € C(9Bg), it follows from Theorem 3.13 (Theorem of Fejér),

that the sequence {0, },en converges to the function u uniformly on 0Bg, whence it also
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converges to u in L?(0Bg). By Corollary 5.5 this means that the sequence of solutions
{Vn}nen converges to the solution u constructed in Section 4 of the Helmholtz equation
to the boundary data u. The convergence is uniform in every ball B,, with r < R, hence
{Vn}nen converges to u pointwise in all of Bpg.

On the other hand, since A < 0, we can apply the maximum principle. Statement (ii)
of Corollary 5.2 yields

sup ’Vn<x) - V@(l’)’ < max ’UTL(y) - U@(y)‘7
.Z‘EER y€OBR

which means that the sequence {v, }nen converges uniformly on By to u, hence, as the

uniform limit of continuous functions, the solution u belongs to C'(Bg, R). u

5.3 Mean value property and improved maximum principle

In this section we derive the mean value property of solutions of the Helmholtz equation

and use it to improve the maximum principle for the Helmholtz equation.

Theorem 5.7 Let Br(0) C R?, let A < 0 and let u € C(Bg(0),R) N Cy(Bgr(0),R) solve
Au(z) + Mu(z) =0, x € Bg(0).

Then

1
u(0) = —/ u(x)ds.
21 RJo(VAR) Jizi=r
Since Jo(0) = 1, this formula becomes for A = 0
1

u(0) = 5 F e u(z) ds.

Proof: Let A < 0. From the preceding investigations we know that if

u(R, p) = Z A €™

m=—0o0

then

o0

u(r, ) = Z T\m/me(\/XT)eimw, 0<r<R.

From the power series expansion (A.2) we see that Jy(0) = 1 and J,,,(0) = 0 for m > 1,

m=—0oQ

hence

Qo _ 1 Zﬂu = ; u(x)as
u(0) = To(VAR) - 27 Jo(VAR) /0 (B, p)dp = 27 RJo(VAR) /4U|R )de-

To prove the statement for A = 0 we proceed in the same way, using the Fourier expansion

of wu. =
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Corollary 5.8 Let Q C R? be a open, connected set, let A < 0 and let u € Coo(Q,R) be
a solution of

Au(z) + du(z) =0, z €

Assume that xo € Q exists such that u(xg) = 0. Then, if u >0 oru < 0 in Q it follows
that uw =0 in €.

Proof: Let
M ={zeQ|u(z)=0}

By assumption, M is not empty since zo € 2. We prove that M is closed and open in €2,
which implies M = ), since €2 is connected.

Since u is continuous, M is obviously closed. To verify that M is open, let y € M.
Since € is open there exists a ball Br(y) with center y contained in 2. By the mean value

property we have for all 0 <7 < R

1 w(z) ds, = Jo(VAr)u(y) = 0.

270 Jyayl=r

If u>0orwu<0in Q this can only be if u(z) = 0 for all x with |z — y| = r. This holds
for all 0 < r < R, hence u(x) =0 for all € Bg(y). Thus, Br(y) C M, hence M is open.

The proof is complete. ]

Corollary 5.9 Let ) be a bounded, open, connected set and let u € C(Q,R) be a solution

of
Au(z) + du(z) =0, z € Q.

(1) If A <0, then uw =0 or, for all x € (2,

min(0, mnin u(y)) < u(zr) < max(0, iggéu(y))

(11) If A =0, then u = const or, for all x € (2,

min u(y) < u(z) < maxu(y).

Proof: (i) Combine the strong maximum principle with the preceding result.

(ii) Assume that there is zg € ) such that u(ro) = max,gu(y). Then the function v €
C(Q)NC () defined by v(x) = u(x) —u(xy) satisfies Av = 0, v < 0 and v(x() = 0. Since
xo is an interior point of 2, Corollary 5.8 implies that v = 0, hence u = const = u(x).
In the same way it follows that if there is x; € 2 such that u(z,) = min gu(y), then

u = const = u(wry). Statement (ii) follows from these results. u
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5.4 Subsolutions, supersolutions, comparison

Up to now we only know how to solve boundary value problems in circular domains. Our
goal is to develop a method to solve boundary value problems in very general domains
() C R2. To this end we need subsolutions and supersolutions, which we define and discuss
in this section.

Thus, let 2 C R? be a bounded open domain and let A < 0.

Definition 5.10 A functionv € C(Q,R) is called subsolution (supersolution) of the equa-
tion Au+ u = 0 in §Q, if to every open ball B with B C Q the uniquely determined solution
u € C(B) of

Au(z) + A u(z) = 0, x € B

UpB = YoB;

satisfies

for all x € B.

Remark 5.11 In the case A\ = 0 a subsolution is also called a subharmonic function,

since a solution u of Au(x) = 0 is called a harmonic function.

Theorem 5.12 Let vy,...,v,, be subsolutions of Au+ Au=0. Then
v = max(vy,...,Un)

15 a subsolution.

Proof: Let v® = max(vy,v), let B C Q be a closed ball and let u;, up, u® € C(B) be
solutions of

Aw+ A w =0
in B satisfying

(2)

2
ul )|aB = V" |9B-

U11pB = V1|16B,  U218B = V2|0B;

For y € OB we have

uP(y) =P (y) > vily) = wly), i=12

76



e

B, NB

Ball By in arbitrary position

Using the maximum principle and noting that vy, vy are subsolutions we thus obtain for
r€B
u ()

us ()

v ()

v ()

IA A
IA A
S
o

which yields
v @ (2) = max(vy (), va()) < u@(x).

This shows that v(?) is a subsolution. Since
v® = max(vy, ..., v) = max(vg, max(vy, . .., vp_1)) = max(vy, v ),
the statement follows by induction. [ ]

Theorem 5.13 Let v be a subsolution of Au+ Au = 0 in €, let B be an open ball with
B CQ and let u € C(B) N Cy(B) be the solution of

Au(z)+Mu(z) = 0, z€B

Upp = V9B -
Then the function v : Q0 — R,
v(z), ¢ B
o(z) =
u(z), v€B

15 a subsolution.

Proof: We have v > v since v is a subsolution. Now let B; be an open ball with B CQ

and let @ € C(B;) be the solution of
At(z)+ Ma(z) = 0, ze€ B
WoB, = U9B,-
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We are finished if we can show that @ > v in B;. By definition of v this holds if

w(z) > wv(r), z€ B \B (5.4)
w(z) > wu(x), x€ B NB. (5.5)

To prove these relations, let & € C(B;) be the solution of

Au(z)+ Ma(z) = 0, ze€ B
UoB, = Y|9B,-

Since v is a subsolution, it follows that ¢ > v in B;. Also, @ and @ solve the Helmholtz

equation in By and satisfy

WoB, = VjpB, = V|aB, = W|oB;;

hence the maximum principle yields @ > @ > v in By, which proves (5.4).
To verify (5.5), note that (B, N B) = (B; N dB) U (BN JB;) and that

u‘EﬁaBl = ,U|§ﬂaBl = u\?m?Bl
UBnoB = YBiroB = YBnoB

where we used (5.4) to get the last relation. Since both @ and wu satisfy the Helmholtz
equation in By N B, it follows from these relations and from the maximum principle that
@ > win By N B. This is (5.5). The proof is complete. u

Theorem 5.14 (Comparison) Let A < 0 and let v € C(Q,R) be a subsolution, w €

C(,R) be a supersolution with V] S W), Then v < w in Q.

Proof: Assume that there is 2y € Q such that v(zg) > w(xy). Then since h = v — w is
less or equal to zero on 02, it follows that h assumes the positive maximum at a point
z € Q. We can assume that z is a boundary point of the closed set M = {z € Q |
h(r) = max, g h(y)} C Q. It follows that every neighborhood of z contain points, where
h assumes values smaller than h(z). Therefore we can choose a ball B with center z and
with B C Q such that 9B contains such a point. We thus have

h(z) >0, h(z) > maxh(z), h(z)> min h(zx). (5.6)

z€0B z€0B

Now let 0, w be the solutions of

Ad(x) + A o(z) = 0 in B, 0o V],
Aw(z) + Mw(z) = 0 in B,

w’aB w|aB'

78



Then v > v and w > w in B. Therefore the function
u=70—w
satisfies u =0 —w > v — w = h in B, hence
u(z) > h(z) >0, (5.7)

and
u| :f)’ —u), =, — W :h| .
OB OB OB OB OB OB
This equation and (5.6), (5.7) imply

u(z) > max(O,lr/rel%])éu(y)), u(z) > ;ggé u(y). (5.8)

Since Au(z)+ Au(z) = 0in B, it follows in the case A < 0 from the first of the inequalities
(5.8) and from Corollary 5.9(i) that u = 0, which contradicts (5.7). In the case A = 0 it
follows from the first of the inequalities (5.8) and from Corollary 5.9(ii) that u = const,
which contradicts the second of the inequalities (5.8). Consequently, in both cases we

must have v < w in . ]

Theorem 5.15 Let A < 0 and let w € C(Q) N Cx(Q) be a solution of the potential
equation Aw = 0. If w is non-negative, then w is a supersolution, if w is non-positive,

then w is a subsolution of the equation Au + \u = 0.

Proof: For a ball B with B C € let u be the solution of
Au(z) + Mu(z) =0, z€B
u|aB - w|aB'

Since Aw = 0, the function h = w — u satisfies

<0, ifw>0,
Ah(x) + Ah(z) = Aw(x)
>0, ifw<O0.

Since also h|aB = 0, we conclude from the maximum principle in the first case that h > 0,
hence v < w, which shows that w is a supersolution. In the second case the maximum

principle yields A < 0, hence v > w, which implies that w is a subsolution. [ ]
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Corollary 5.16 (Maximum principle for sub- and supersolutions) Let A < 0.
(1) Any non-negative constant function is a supersolution and any non-positive constant
function is a subsolution of Au+ Au = 0.

(11) If v is a subsolution and w is a supersolution, then

<
v(z) < max (0, maxo(y)),

w(z) > min (o,gena%w(y)).

Proof: (i) A non-negative constant function is a supersolution and a non-positive constant
function is a subsolution, since they satisfy the potential equation.

(ii) For a subsolution v define v : Q@ — R by

o(z) = t = Q.
#(z) = const = max (0, gggév(y)), x €

Then v > 0 is a supersolution satisfying Y50 < ﬁ’aﬂ’ whence v < 0, by Theorem 5.14.
Similarly, for a supersolution w define w : 2 — R by
W(z) = const = min (0, min w(y)), =z € Q.

yeoN

Then w < 0 is a subsolution satisfying 11)|69 < w’aﬂ, whence w < w. ]
5.5 Perron’s method
For a bounded open set  C R?, for A < 0 and for a function f € C'(99Q,R) define
Sy ={v € C(Q) | v is a subsolution of Au + \u = 0 with V)0 < I+
Note that by the preceding corollary every v € S; satisfies
v(x) < max (0, max f(y)).

Theorem 5.17 (Perron) If Sy # () then

uf(x) =supv(z), z€Q,
UESf

satisfies uy € Coo(2) and
Aug(x) + Aug(z) =0, =z € Q.
(Oskar Perron, 1880 — 1975)
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Proof: The proof is in two steps. In the first step we construct in a neighborhood of an
arbitrary y € Q a solution u of the Helmholtz equation with u(y) = us(y). In the second
step we show that u = wus in this neighborhood, hence u¢ is a solution of the Helmholtz

equation in this neighborhood. This proves the theorem, since y was arbitrary.

I.) Let y € 2 and choose a sequence {v,,}5°_; C Sy with lim,, o0 Ui (y) = us(y). We can
assume that
U1§U2§03<.... (59)

Otherwise we consider the sequence {T,,}5°_; defined by
U = max(vy, ..., Up).

This is a monotonically increasing sequence of subsolutions with v,, € &y and v,, > vy,
hence limy, oo Uy (y) = us(y). Thus, let (5.9) be satisfied.
We choose an open bounded ball B with y € B and B C €. Consider the subsolution

(@) = v(x), x € Q\B,
e um(z), =€ B,

where u,, € C(B) N Cy(B) is the solution of
Aup () + Aup(x) =0, x€B

u’”’aB - U’”|aB'

Then w,, € Sy satisfies v,, < w,,. Moreover, since Ul = Vml, it follows that {um|aB}m
is monotonically increasing, hence the maximum principle implies that {u,, },, and there-
fore also {w,, }., is monotonically increasing. Because the last sequence is bounded above
by the function wy, it follows that {w,,},, converges pointwise everywhere on  to a limit
function. Let u be the restriction of this limit function to B. The function u is the

pointwise limit of {u,,},, and satisfies

w<up, uly) = uly) (510
Au(z) + Mu(z) = 0, z€B. (5.11)

(5.10) follows from

up(y) = lim vy (y) < lim wy(y) = m un(y) < up(y).

m—00 m—00 m—00
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To see (5.11) note that (u(z) — um(a:))2 decreases pointwise monotonically to zero. The
monotone convergence theorem of Beppo Levi therefore yields

. . 2 7. . 2 _
Jim o=l = lim [ (ua) = () e =0,

Since u,, satisfies the Helmholtz equation in B, it thus follows from Theorem 5.4 that
{tm }m converges uniformly in every compact subset of B to the solution of the Helmholtz
equation with Dirichlet boundary data given by ul, This solution equals u, since the

pointwise and uniform limit functions coincide, whence (5.11) holds.

I1.) To verify that ul = uf| let y; € B and choose as above a monotonically increasing

sequence {v], },, C Sy satisfying lim,, o v}, (y1) = us(y1). We can assume that

Uy 2 Win s (5.12)
since we otherwise replace v/, by max(w,,, v, ). With the sequence {v/,},, we construct
in the same way as above a solution u' € C'(B) of the Helmholtz equation in the Ball B
satisfying u'(y1) = u¢(y1). Because u is the pointwise limit of {w,,} and because v’ > v/,

for every m, it follows from (5.12) that
u > u,

which implies that us(y) = u(y) < u/(y) < us(y), whence v'(y) = u(y). Therefore v’ —u
is a solution of the Helmholtz equation in B satisfying (v’ — u) > 0 and (v’ — u)(y) = 0.
Since y is an interior point of B, we conclude from Corollary 5.8 that v’ —u = 0 in B,
thence

up(yr) = u'(y1) = uy).
Since y; € B was arbitrary, we obtain u g =Yg hence uy is a solution of the Helmholtz
equation in the neighborhood B of y. Since y € 2 was arbitrary, we conclude that uy is

a solution of the Helmholtz equation in €2, as asserted by the theorem. [ ]

5.6 Boundary value problems, regular points

Corollary 5.18 Let the assumptions of Theorem 5.17 be satisfied. If w € C(Q,R) is a

supersolution with f < e then the solution u constructed in this theorem satisfies

u(z) <w(z), x€.
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Proof: Any subsolution v € S; satisfies U0y = f< W, hence v < w on €2, by

comparison. Consequently
u(zr) = supv(z) <w(x), =€l
UESf

Corollary 5.19 Let Q C R? be a bounded open set, let X < 0 and let f € C(OQ,R). If

there is a subsolution v € C(§2) and a supersolution w € C(§2) satisfying

U|8Q =f= w|39’

then there is a unique solution u € C(2) N Cso(Q) of

Au(z) + du(z) =0, z€
f.

ulBQ -

The solution satisfies v < u < w on Q.

Proof: By assumption the set Sy of all subsolutions ¢ satisfying 17|aQ < f contains
the function v, hence is nonempty. Consequently, by Theorem 5.17 there is a solution
u € Cyo(N2) of

Au(z) + du(z) =0, =z €,

which by Corollary 5.18 satisfies v < u < w on Q. Extend u from  to a function on Q
by defining
u(z) = f(x), x € oS

To see that the extended function satisfies u € C(Q), let z € 9. Since v,w € C(Q)

satisfy Vs = W = f, we obtain

f(z) = limv(y) < limu(y) < limw(y) = f(2),

Y—T — y—x — y—x
yeQ yeQ yeQ
whence
lim u(y) = £(a)
yeQ
Consequently, u € C(Q). Uniqueness of the solution follows from Corollary 5.3. (]

Example 5.20 Let A < 0, let a,b > 0, let
Q={z=(21,22) € R* | |11| < a, |z2] < b}
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and let f € C(09) be defined by
flx)=c

with a constant ¢ > 0. Then there is a unique solution u € C(Q) N CyW () of
Au(z) + du(z) = 0, z€Q,
= f.

“an

For, w(z) = c is a supersolution with Wi, = f, cf. Corollary 5.16. To construct a

subsolution v with U)o = f, note that

c —Ax —V —Ax
vy (21, ) = g o <eﬂ TPV 1>

is a solution, hence a subsolution with

=c, |xril=a, |xa| <D
711(33'1,552)

<e¢, |z <ar, |zl =0.

Also

¢ -z —V =z
vy (1, 72) = VS T (eﬁQ—i-e ﬁQ)

is a solution, hence a subsolution with

<c¢ fm|l=a, fr|<0b

vy (21, T2)
=c, |v|<ar, |ra] =0
Consequently

v(x) = max(vy(x), va(x))

is a subsolution with U]y = f. Corollary 5.19 thus implies that the boundary value

problem has a unique solution.

For an arbitrary domain and for arbitrarily given boundary data it is difficult to find sub-
and supersolutions with boundary values equal to the given data. In the following we
show that it suffices to find sub- and supersolutions, which satisfy the boundary condition

locally.

Definition 5.21 Let Q C R? be a bounded open set. We call xg € OQ a reqular boundary

point, if to every & € R, § > 0 and r > [£| there is a supersolution w € C () and a
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subsolution v € C(Q) satisfying w(xg) = v(wg) = € and

f, iUEﬁmBg(l’o),
w(z) > _
r, x € Q\ Bs(xg),

f, $€ﬁﬂB§([L’0),
() < _
—r, x € Q\ Bs(zo).

Theorem 5.22 Let 2 C R? be a bounded open domain, let X < 0 and let f € C(08,R).
If xy € 022 is a regular point, then the solution u of

Au(z) + du(z) =0, z€Q
constructed by Perron’s method is continuous at xo and satisfies
u(zo) = f(wo).
Proof: Let ¢ > 0. Then there is 0 > 0 such that
[f(x) = flxo)| <€

for all x € 0Q with |z — zy| < d. By assumption there is a supersolution w and a

subsolution v satisfying w(xy) = f(xo) + €, v(z0) = f(zo) — € and

w(z) > w(zg) = f(zg) +¢,  for |z — x| <0,

w(z) > sup |f(y)l, for |z — xo| > 0,
yeoN
v(z) < v(xg) = f(xg) — &, for |z — xo| < 9,
v(x) < —sup |[f(y)l, for |x — x| > 0.
yeoN

w(x) > flxg)+e > f(x), x€ QN Bs(xo),

5=}
=2
v

sup [f(y)l = f(x), =€ dQ\ Bs(xo),
yeoN

v(ix) < f(zo)—e < f(z), x=€ 02N Bs(xg),

v(z) < —sup |f(y)| < f(x), xe€dQ\ Bs(xo),

yeIN



hence Y50 < f< W, Therefore we have v € Sy, hence Sy # (. This implies that the
solution u exists and satisfies

v(z) <u(zr) <w(x),

for all z € Q. Thus,

limsupu(z) < limsupw(x) = lim w(z) = f(xg) +¢
T—T0 T—T0 T—=2Zo
z€Q z€Q zeQ

liggig{)lfu(x) > liagliirolfv(x) = xli_)rélov(x) = f(xg) —e.
z€Q EISY) e

Since € > 0 was arbitrary, we infer that

limsup u(z) = liminfu(z) = f(xo),
T—x0 T—To
zeQ el

which implies

lim u(x) = f(xo).

$_)£0
z€Q

Therefore u is continuous at zg. [ |

Corollary 5.23 Let A < 0, let  C R? be a bounded open set and let f € C(0Q,R). If
every point of O is regular, then there is a unique solution u € C(Q,R) of

Au(z) + du(z) = 0, x€Q
Uoq

This result follows immediately from the preceding theorem. It remains to find a criterion

for regular boundary points.

Theorem 5.24 Let Q C R? be a bounded open set and let xy € OS). Assume that X < 0.
If there is an open ball B C ]RQ\Q such that

F N ﬁ = {.%'0},
then xo 1s a reqular boundary point.

Proof: Let £ € R, r > [¢| and § > 0 be given. We must construct suitable super- and
subsolutions. We first assume that £ < 0. Let B = Bg(a) be the ball with

BR(CL) N ﬁ = {:1:0}
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Ty
Bs (o)

B5/2(a)

r Br(a)

Ball with center a intersecting 9€) at xq

Without restriction of generality we can assume that R < g. Otherwise we shrink B until

this estimate holds. This estimate for R and the equation Bg(a) N Q = {z,} imply
Br(a) € Bsja(a) € Bs(x).

For simplicity we write

I = By2(a)\ Bal@).
I.) To construct a supersolution we let u € C(T') N Cw(T) be the solution of
Au(z) + Au(z) = 0, rxel,
uw(x) = 1, x € 0Bsp(a),
ulx) = & x € 0dBg(a).

This solution is given by

CrJo(V |z — al) + CoNo(V N |z — al), for A <0,
Cy+ Colnl|z —al, for A =0,

U\xr) =

with suitable constants C; and Cs, which can be determined from the boundary conditions.
We can use this formula to extend u to the region R?\ Bg(a), which contains  as a subset.
The extended function satisfies the Helmholtz equation in the whole domain of definition.
Therefore, for y € R? with |y — a| > 6/2 the radial symmetry of v and the maximum

principle applied to the region I'y = Bj,_q(a)\Bgr(a) yield for all € I, that

min (0,&,u(y)) = min(0, minu) < u(z) < max(0,maxu) = max (0,&,u(y)).  (5.13)

r, oTy,
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We can insert € 0B;/2(a) C I'y into this inequality. Since u has the value 7 on 0Bj/»(a),
the second inequality in (5.13) can only hold if

u(y) >r, for all y € R*\0Bsa(a). (5.14)
This implies min (0, u(y)) = & < 0, whence, the first inequality in (5.13) yields
u(z) > ¢, for all x € R*\ Bg(a). (5.15)

Now define w = Ul - Then w is a solution of the Helmholtz equation, hence it is a

supersolution. Moreover, xy € dBg(a) implies
w(xg) = u(xg) = &.
If we note that Q C R?\Bg(a) and Q\Bs(zy) C R*\B;/2(a), we obtain from (5.14) and

(5.15) that
w>¢&onQ, and w > on Q\Bs(xg).

Therefore w satisfies all conditions required from the supersolution in Definition 5.21.

I1.) To construct a subsolution v let u € C(T') N Cw(T) be the solution of

Au(z) =0, rel,
u(z) = —r, x € 0Bs)2(a),
u(z) =¢, x € 0Bg(a).

This solution has the form

u(x) = C1 + Cyln|z — af

with constants C7,Csy uniquely determined by the boundary conditions. We use this
formula to extend u to the region R?\ Bg(a). The extended function satisfies the potential
equation in the whole domain of definition. Choose y € R? with |y — a| > 6/2. Since
u is radially symmetric with respect to a, it has the constant value u(y) on the circle
0Bjy—q)(a), whence Corollary 5.9(ii) implies for all z € T'y that

min(&, u(y)) = rginu <u(r) < maxu = max(&, u(y)). (5.16)
This inequality must hold for € 0Bs/2(a) C I'y. For such & we have u(x) = —r. The first
inequality in (5.16) can therefore only hold if u(y) < —r. This implies max(&, u(y)) = &,
so the second inequality in (5.16) yields that u(z) < £ for all x € I'y. Since y was an

arbitrary point outside of the ball Bj2(a), we obtain
u < &€ on R*\ Bg(a), u < —r, on R*\ Bss(a).
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A domain satisfying the conditions of Example 5.26

Since £ < 0 by assumption, it follows that © < 0. Consequently v = U is a non-positive
solution of the potential equation, hence v is a subsolution, by Theorem 5.15. Since
xo € OBg(a), we have v(xg) = £. From the inequalities above it is immediately seen that

v satisfies all conditions required in Definition 5.21 from the subsolution.

II1.) It remains to construct a supersolution and a subsolution in the case & > 0. To
this end let w and v be the super- and subsolution to the value —¢ constructed in the
preceding part of the proof. Since the negative of a supersolution is a subsolution and the

negative of a subsolution is a supersolution, it follows that

are a supersolution and a subsolution, respectively, satisfying the estimates required for

a regular point. Consequently x( is a regular point. [ ]

Example 5.25 Let 2 C R? be a bounded, open and convex set. Then to every point
x € 0N there is a ball B such that QN B = {z}, hence every boundary point is regular.
Therefore the Dirichlet boundary value problem

Au(z) + Mu(z) = 0, z€
=/
with A < 0 has a unique solution u € C(Q2) N Cx(Q) to every f € C(95).

0o

Example 5.26 Let I' C 092 be a finite subset such that 02 is two times continuously
differentiable at every point of OQ\I'. Assume that through every point y of I' a straight
line ¢ is passing such that €2 is locally on one side of ¢ at y. Then to every point x € 9f)
there is a ball B with BN Q = {z}, hence every point of 9 is regular, and the Dirichlet
problem can be uniquely solved. In particular, the Dirichlet problem can be uniquely
solved if 0N2 € (5.
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6 Fundamental solution and Green’s function

6.1 Convolution integrals

Theorem 6.1 Let 1 < p < oo, p € LY(R",C) and f € LP(R",C). Then for almost all
x € R™ the integral

Fo) = [ ele-n)iwidy= [ cwra-yiy
exists. The function F defined by this integral belongs to LP(R™, C) and satisfies
[F|[o@ny < [lollrny [1f]|2e@n).-
Here
1/p
fullreey = [ utoPas)

denotes the norm in the Banach space LP(R",C).

Proof: We have
/ o(y)] |f (x—yPPda dy = / o)l | 1f(@—y)Pdzdy
n JRn R” R”

= [ty [ 1£@Pdz = Il 1 e 6.1

Thus, Tonelli’s theorem yields ((z,y) — |¢(y)||f(z—y)[?) € L'(R®xR"), whence Fubini’s
theorem implies that (y — |¢(y)||f(z—y)[P?) € L*(R") for almost all z € R", which means
that

(y — |g0(y)|1/p|f(x—y)|) € LP(R"), for almost all . (6.2)

For p = 1 we therefore get from (6.1)

A |F(90)|d93§/ 3 leW)] | f(x—y)|dydz < [|@l| L@l f] L1 @n)-

This completes the proof for p =1. For 1 < p < oo let 1 < g < oo satisfy %—l—% = 1. Since
¢ € LY(R) implies |¢|*/? € LI(R™), we conclude from (6.2) and from Hélder’s inequality
that

(v = le)fa=y)l =l e ()'?|f(z—y)]) € L'(R"),

for almost all z € R", and
F@l < (| lete-y)fwldy) = ([ e fa—y)ldy)
R™ R"

= ( . \s@(y)ll/q!so(y)ll/plf(:v—y)ldy>p < ll2’ /R o) | f(z—y)Pdy.
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This inequality and (6.1) together imply

Remark: One uses the notation

F(a)Pde < |lol5tpm Il | F g = (lollzi@n [Lfllo@n)-

F@) = [ ele=0) i@y = (o D)
The operator x* is called convolution. With this notation the inequality just proved is

I fllr@ny < llpllzr@ny 1 Fll oo en).

Consequently f +— ¢ * f : LP(R") — LP(R") is a linear and continuous mapping with

norm not greater than ||¢|| L1 &n).

6.2 Fundamental solutions

Fundamental solutions can be used to construct solutions of linear partial differential
equations in any space dimension. Here we only discuss the fundamental solutions for the

Helmholtz equation in R? and R3.

Definition 6.2 Let A\ € C and n = 2,3. The fundamental solution F : R™ \ {0} — R
of the Helmholtz equation Au + \u = 0 is defined by F(x) = F(|z|), where the function

F:(0,00) = R is given by

1
——Inr, ifn=2 A=0,
2

)= { SHO V), ifn=2, £ 0

ivAr

, ifn=3, \eC.

\ 47r

Here Hél) is the Hankel function of first kind and order 0, which is defined in (A.9) in
the appendiz. For the square root we take the branch satisfying 0 < arg VA < .

As the name says, the fundamental solutions are solutions of the Helmholtz equation,

which is shown by the next lemma.

Lemma 6.3 The fundamental solution is infinitely differentiable on the set R™\ {0} and
satisfies AF(z) + AF(x) =0 for x € R™\ {0}.
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Proof: From the definition it is obvious that F' is infinitely differentiable on R™ \ {0}.
To show that the Helmholtz equation is satisfied note that the chain rule yields for r =
r(z) = |x| > 0 that

(A+ N F(z) = (A+ ) F(r(z)) = [Z ((agg)>zaa_;+ 826;5;) ;r) + | F(r)

1=

R 2
S () e+ (- i)ar) +

where the last equality sign follows from the definition of F. [ ]

? n—-10 ~
F() (ﬁ‘i‘ ” E—F)\)F(T):O,

Fundamental solutions are singular at * = 0. Yet, the singularities of the fundamental
solution and of the first derivative of the fundamental solution are integrable. We next
study these integrability properties in the case n = 3, but analogous considerations are
valid for n = 2.

To this end note that from the definition of the fundamental solution in R? we obtain

the estimates

zxfIz\ 1 I VX
— —Im VAlz|
2l =17 47ryx\ 47r\xy€ ’ (6.3)
1\F|:c|
_ / —Im~/\|z]|
|8x, 7)| = ‘ |x| 47 || 47T|x| (Vi + ) ' (6.4)

Since by our choice of the square root we have Im v/ > 0 for all A € C, hence e~ ™ VNl <

1, it follows from these estimates that

1
4rr|z|’ |8:UZ-

1+ Ry/|A
(:v)} < ZTPH’ for all R > 0 and « € Bg(0), (6.5)
T

[F()] <
where Br(0) denotes the ball in R? with center 0 and radius R. These estimates imply
that F' and (%F are integrable over any ball Bg(0), but the estimates do not imply that
these functions are integrable over all of R3. Yet, for A € C\ [0,00) the choice of the
square root implies that Im v/A > 0, hence for these values of A the term e~ ™ Vla] decays
exponentially for |x| — oo, whence by (6.3) and (6.4) also the functions F' and %F decay
exponentially at infinity, which implies that both functions are integrable over R3. We

thus obtain

Corollary 6.4 For every A € C the fundamental solution F of the Helmholtz equation in
R3 and the derivatives %F, i=1,...,3, belong to the space L'(Br(0),R) for all R > 0.
For A € C\ [0,00) the functions F and %F decay exponentially at infinity and belong to
LY (R3 R).
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Theorem 6.5 Assume that A € C\[0,00). For f € L*(R? C) set
ww) = = [ Fla-p )y =~(F + f)(o), « R
Then u € Hi(R?,C) is a weak solution of the equation
Au+ I = f. (6.6)

Proof: In the first step of the proof we show that u = —F * f belongs to H;(R?). To
this end we invoke Theorem 6.1, which together with F' € L!'(R?), %F € LY(R?), and
f € L*(R?) implies

u=—FxfcL*R®, wv= —(ai.

F)xfeL*R?%, fori=1,23.

v; 18 the weak derivative

- (R®). For r > 0 and
x € 0B,(0) we denote by n(z) = (ni(x),n2(x),n3(x)) the interior unit normal vector to

0B, (y). With these notations and with Gauf’ theorem we compute

U, ;) /Rg/w (r—y)f dyaa o(x) dz
/Rd/Rs xyaiz ) dz f(y) dy

(x
—43}%43\3 ai,z_) f(y)dy

- [im( / Py @de = [ w(o)Fa—g)ole) ds.) o) dy

R3 R3\ B, (y 0By (y)

/Rd R3 a'tz Flz=y)p (I) dx f(y) dy

. La

e L @=v)fY) dy p(z) dv = —(v;, ¢), (6.7)

where we used that

lim ‘ / n(z)F(x—y) o(x)
r—0 aBr(y)

7,\/77‘

o(x)dS,

=01 Jop,( 4777"

< —_— — e 1 = U.
hr% (sup |p(z )|)47T /aBr(y) . ds, s}gyk@(mﬂ 1151(1)7" 0

z€R3
(6.7) implies that v; = 8%,-“ for i = 1,2,3, hence u € H;(R3).
In the second step of the proof we must show that u solves the Helmholtz equation
(6.6) in all of R? weakly. By Definition 3.32, the function u is a weak solution of (6.6) if

—(VU, VQO) + )‘<u> 90) = (f> 90) (68)
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holds for all ¢ € (j“oo(R?’, C). To verify (6.8), we compute with the first Green’s formula
— [ [ (9uF ) V2~ APy de s (v) dy
R3 JR
— [t [ (VaP(og) - V) - AF(y)a(@)) def (o) dy
R R3\ B (y)

3 r—0

o
- / iy / (=Az = N F(z—y)p() do + / Fla—y)(x) dS. ) f(y) dy
Rr3 ™0 R3\ B, (y) 371,;
/ hm/ 0 N S 1S, F ) dy. (6.9)
R3 r—0 OB, (y 87’ A7r Y- ’
Now
: d e
_}5% lo—y] or Arr (x) %
ivAr
. € 1
= —lim —— (2 _;>/|z ; e(y) + (p(x) — @(y)) dSs
ivar
_ € , 1 ——
——lim S (WA= 1) (45 + | R ds) =50, (010
since the continuity of ¢ implies
. eiﬁ’r \/— 1 -
i | (VA= 0) [ A eas,

1 1
<lim sup ](p(x)—go(y)\E(\\/ﬂ—i—;)lJﬂer:O. (6.11)

T—}OxeaB ( )

We combine (6.10) with (6.9) and obtain (6.8). Consequently, u is a weak solution.  m

Remark 6.6 If f is more regular then

ue) == [ Plo=y) f) dy

is not only a weak solution, but also a classical solution of Au + Au = 0. For, a weak

solution u is a classical solution if u € Cy(R?). This regularity of v is obtained for example
if f e C1(R?) and
0 o

F@I @l
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for all z € R®, with a suitable constant C. To see this, suppose that f satisfies these
conditions and that Re iv/A < 0. Then

Gou) = = [ P dy
0 0
= [ g ey = [ Fa=n)3- sy
and 0
é?:v](?xl R3 8:16] ylﬂy) 4y,

and some technical considerations show that these derivatives exist in the classical sense.

6.3 Green’s function

Convolution of the right hand side of the Helmholtz equation with the fundamental so-
lution yields a solution in the whole space R?, but solutions of boundary value problems
cannot be obtained in this way, since there is no possibility to account for the boundary
condition. To construct solutions of boundary value problems the convolution integral
must be replaced by an integral representation of the solution, which does not only in-
volve the right hand side of the Helmholtz equation, but also the boundary data. To find

such an integral representation suppose that A € C and that the boundary value problem

Au(z) + du(z) = f(z), z€Q,
u(r) =g(x), x €I,

has a solution u in the domain  C R3. Assuming that the solution is regular enough

such that Green’s formula can be applied we obtain with the fundamental solution F

| =iy = [ Fla =)+ Mt dy

Q

= lim F(z —y)(Ay + Nu(y) dy
=Y JO\B,(z)

= lim / Ay
T*O( Q\BT(:L‘)( NE

(z —
+/8QF(93 - )8i (y) = 5—F(z = y)uly) dS,

ony
0 0
+/ F(zx—y )8_
8B, (z)

o) = o Pl = 1)) 45, )
0 0
-/ Fle =) gouly) = 5, Fla = y)u(s) 45, — u(x) (6.12)

y)uly) dy
9 p
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since (A, + A)F(z —y) = 0 in the domain Q \ B,(z), and since

: 0
iy [ Pt 5, =0 (6.13)
lim iF(x —y)u(y) dSy = u(x), (6.14)

=0 JoB, (&) Ony
which limit relations are proved as in (6.10), (6.11). From (6.12) we thus obtain

0 0

F(xr — y)a—nyuw) - a—nyF(:v —y)u(y) dS,.

uw) = [ Fa=prwdy+ [

onN

This is a representation formula for the solution in terms of the right hand side f, the
boundary values Ul and the derivative aaTuy of the solution in direction of the exterior
unit normal vector n, to df2.

Since U, is equal to the given data g, we can insert g(y) for u(y) in the boundary
integral on the right hand side of the representation formula. However, the normal deriva-
tive aaTuy appearing also in the boundary integral is unknown and can only be determined
by solving the boundary value problem. To avoid this problem and to obtain a represen-
tation formula which only involves given data, one must replace the fundamental solution

F by the Green’s function for the Dirichlet boundary value problem
G(z,y) = F(z —y) + w(z,y),
where w : Q x Q — C is defined as follows: For z € Q let v, : Q — C be the solution of

Avg(y) + Mg (y) = 0, y €Q,
ve(y) = —F(z —y), y € 09,

and set
w(z,y) = va(y).
The function G satisfies for every ¢ € C'(Q2) and = € Q
(1> (Ay + )‘)G(l‘7y) - Oa Yy € Q? x 7é Y,

(ii) G(z,y) =0, ye I,

(i) lim e(y)G(z,y)dS,
r—0 9B, (z)
= lim o(y)F(x — y)dS, + lim o(y)w(z,y)dS, =0,
r—0 8B, (z) r—0 8B, (z)
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(iv) ~lim p(y) 5 —Glz,y)dS
lim oY) F(x = y)dS, + lim (1) w(x, y)dS, = ¢(x)
=11 R — 1 R , — ,
where a%y is the derivative in direction of the interior unit normal vector n, to 0B, (z) at

y € 0B,(z). The limit relations in (iii) and (iv) follow from (6.13), (6.14) with u replaced
by .

If we repeat the computation (6.12) with F'(z — y) replaced by G(x,y) and use the
Dirichlet boundary condition u| = g, then we obtain from the properties (i) — (iv) for
the solution u of the Dirichlet boundary value problem for the Helmholtz equation that

u(r) = — /Q G(z,y)f(y)dy — / 9 Gla.y)g(y)ds, (6.15)

a0 Ony
in which formula the boundary integral term containing %u does not appear because of
G(z,y) = 0 for y € 09.

(6.15) is a representation formula for the solution of the Dirichlet boundary value
problem in terms of the given data. Note however, that the determination of G requires
to solve the Dirichlet boundary value problem in €2. Therefore G can only be constructed
if it is known in advance that the Dirichlet boundary value problem has a solution. The
Green’s function cannot be used to answer the questions of existence and uniqueness of
boundary value problems. But if G can be determined explicitly it offers a means to
represent, to compute and to study properties of the solution.

The Green’s function for the Neumann boundary value problem
Au(z) + u(z) = f(x), x€Q,
—u(z) =g(x), z €I,
where A € C is a given constant, is defined analogously. Set
G(z,y) = F(z —y) + w(z,y),

where w : Q x Q — C is defined as follows: For z € Q let v, : Q — C be the solution of

and define



The function G satisfies

0
a_nyG(xay> - 07 RS aQa

from which we obtain the representation formula

sz—LGmwﬂwwﬁ/G@MMW@

o0

for the solution of the Neumann boundary value problem.
6.4 The Green’s function for the potential equation in a ball. Poisson’s
representation formula.

It is possible to determine the Green’s function explicitly in some cases. Here we derive
the Green’s function for a ball Bg(0) in R” with n = 2 and n = 3. To this end let R > 0
and consider the Kelvin transformation K : R"\{0} — R"\{0} defined by

RA\2
K(z) = (-) z.
]
(Reflection at the sphere with radius R.)
Lemma 6.7 For z,y € R" with 0 < |z| < R, |y| = R we have

ly — K(z)| = |‘Iy— z|.

Proof: We have

ly = K(@)* = [K(@)]* + [y — 2y - K(=)

(\ |> W+R2_2<y \) T y_<| y>2RQ+(|fy> ’$‘2_2(| |>
= (1) o + 1P =209 = () =P

Theorem 6.8 The Green’s function to the Dirichlet problem for the potential equation
in the ball Br(0) C R? is

1
Glz,y) = ———
with B .
Il - , 0<|z| <R
w(z,y) = 7;:5 Iy = () sl
TR v=0
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2
Proof: For 0 < |z| < R we have ‘(£> z| = R& > R. Thus, for all z € Bg(0)

|z ||

y + w(z,y) € Co(BR(0)),

and

Ayw(xv y) = O .

Also, for 0 < |z| < R and y € 0Br(0) we have

1 1
w(x,y) = — = — =—Flx—vy).

(:9) 47T%|y—K(a:)| Ar|z — y| ( )

Clearly, for x = 0 and y € 0Bg(0)
1 1

Consequently, w satisfies

Ayw(xvy) = 07 (xay) € BR(O) X BR(O)

w(x,y) = —F(l' _y)a (l’,y) € BR(O) X 833(0),

hence
is the Green’s function. n

Corollary 6.9 Let Br(0) C R® and let u € Cy(Bg(0)) N Cy(Br(0)) be a solution of the
Dirichlet problem

Au(z) =0, x € Bg(0),
u(z) = g(x), =z € IBg(0).

Then this solution is given by the Poisson representation formula

Proof: If u € Cy(Bg(0)) N C2(Bgr(0)), then the derivation of the representation formula
(6.15) is valid, hence

we) == [ Gy gl)is, (6.16)



Now for 0 < |z| < R and |y| =

B y 1 - :
_G , = — ‘V o
an, (z,y) 1v] y<47ryx—y! Amlz] |y — (£)2$|>

||

1 (y—-z) y R

dnle—gP Ja—y Ty 4ﬂﬂ|y—@%fﬂ2W—

1 (
-1 Y 2 Yy
= ——(y—x) =+ ( x) =
Tre—yp ¥ 7Y W|sz2m m mw 9]

1 ( y o (lelye
e (0= g = ')
gy
Anlz —y N R W)= "R |z —y|?
Insertion into (6.16) yields the formula claimed in the lemma. |

For Q C R? the Green’s function to the Dirichlet problem for the potential equation is
defined by
1
G =——lIn|z—
(0,9) = 5= Inle — y| + w(zy),

where for every = € (2
Ayw(z,y) =0, y €,
1
,y) = —lInl|z —y|, € 01.
w(z,y) = o-Inje—yl,
By the same method as in the three-dimensional case one obtains:

Theorem 6.10 (i) The Green’s function for the Dirichlet problem to the potential equa-

tion in the circle Br(0) C R? is
1 Rlz —y
G(x,y):—Q— In | R’2 :
el - (B)

(ii) Let u € C1(Bg(0)) N Cy(Br(0)) be a solution of

Au(x) =0, x € Bg(0), (6.17)
u(z) = g(x), =z € IBg(0). (6.18)

Then u s given by the Poisson representation formula

1 R _| |2 1 27 (R2—p2)
-_— d 9) dv
u(w) = 2R L| _r |z —yl? 9Ly) dsy = or J,  R2—2Rpcos(p — V) + p? 9(d)dv,

where x = (p, ), in polar coordinates.
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Remark 6.11 Under the assumptions of Theorem 6.10 the boundary data g are con-
tinuously differentiable. However, by Theorem 5.6 we know that the Dirichlet problem
(6.17), (6.18) in R? has a unique solution for every continuous function g. In fact, using
Theorem 5.4 it is not difficult to prove by approximation of a given continuous function
g by continuously differentiable functions that the Poisson representation formula also
holds if g is only continuous.

Up to now we have not shown that the Dirichlet problem for the potential equation

in a ball Br(0) C R? has a solution. Since the integral

exists for € Bg(0) and for every function g € C'(9Bg(0)), one surmises that the solution
of the Dirichlet problem in a three-dimensional ball to given continuous boundary data
g exists and is given by this integral formula. This is true and can be proved directly by
showing that the function u given by the formula is twice continuously differentiable in
Br(0) and satisfies

Au(z) =0, x € Bgr(0),
lim wu(x) = g(xg), forall zy € IBR(0).

Tr—TQ
ZGBR(O)

The proof of the first assertion is obvious, but the second assertion is difficult to verify,
since the denominator of the integrand in the Poisson representation formula tends to
zero if x converges to a boundary point. We do not analyse this boundary behavior here,
but investigate a similar integral in Section 7, where we prove a general existence result

for the Dirichlet problem in bounded domains in R3.

6.5 Green’s function for the Helmholtz equation in the half space

As last example we determine the Green’s function for the Dirichlet problem to the
Helmholtz equation in the upper half space H = {z = (21, z2,23) € R | 23 > 0}.
We have

OH = {(x1,22,0) | (z1,75) € R*} 2 R%

To g € Co’(ﬁH) and A € C we want to find a solution u € Cy(H) N C(H) of the Dirichlet

problem

Au(z) + du(z) =0, x € H, (6.19)
u(z) = g(x), xr € OH. (6.20)
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Lemma 6.12 The Green’s function for the Dirichlet problem (6.19), (6.20) in the upper

half space H is given by
]_ ei\/xlx_y‘ ]_ ei\/xl'%_y‘
G - - 6.21

where © = (11,29, 23) € H, & = (x1, 79, —23) € —H, and y € H with © # .

Proof: For x € H the function y — w(z,y) = _ﬁei\‘gfyf‘y‘ belongs to the space C(H) N
Cx(H) and obviously satisfies

A, + A A,y Le H

( y+ )w(']:?y) ( y+ )47T |§7_y| ) ?JE

Moreover, for z € H and y = (y1,92,0) € 0H we obtain

& =yl = V(@1 —y1)? + (w2 — y2)? + (—23)* = [& — ¢,

hence " SRy Sy
1 et Alz—y| 1 et Alz—y 1 ¢ Alz—y
Clay)= L8 gy = L LT,
() A7t |x —y Fwle,y) A |z —y| 4w |z —y
Therefore GG has the properties required from the Green’s function. [ ]

Corollary 6.13 Let A € C\ [0,00) and let u € C,(H) N Co(H) N L®(H) with V,u €
L>®(H) be a solution of the Dirichlet problem (6.19), (6.20). Then we have for x € H that

1[0 VAR 1 [ o VAR

9(y)dy = — r— 9(y)dy. (6.22)

u(a:):—% 8H6_ny |17—?J| 27 Jou

Remark 6.14 The assumptions v € L>*(H) and V,u € L>*(H) mean that there exists

a constant C such that
lu(x)], |Vu(z)| < C, for all x € H. (6.23)

This shows that the assumptions impose conditions for the behavior of u(z) and V, u(x)

if x| — oc.

Proof: In the following computation we need estimates for the absolute values |G(z,y)|
and |V,G(x,y)| if the pair (z,y) € H x H satisfies |y| > max(1,2|z|). To derive these
estimates, we infer from the inverse triangle inequality that

1

) 1
12—y > |z -yl > |[ly| - |=|| > s> 35
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Noting that the assumption A € C\ [0,00) and our choice of the branch of the square
root together imply Reiv/A = —Im+/X > 0, we obtain from (6.21) and from the above

estimate by a short computation that

e~ Im ﬁ|:):fy\ e~ Im VA|z—y|

1
G < <- e~ ImVA/2lyl 6.24

A+2
iy

and that with C; =

—Im v A|z—y| 1 e~ ImVAlE—y|

iV -

‘VyG(x,y)| < |Z\/X |

il =l
< Cre ™Al (6.25)

|z y\ 4|z — y|

Now let x € H. We want to determine a representation formula for u(x). To this end
choose R > |z|, define Hp = {z € H | |z2| < R}, and observe that the equation (6.12)
remains valid if we insert the Green’s function G in place of the fundamental solution F
and if we integrate over Hp instead of 2. Noting that in the present case the right hand

side f of the Helmholtz equation vanishes identically, we obtain the representation

1)uly) = Glr.) 5o u)dS,

8Hp 8ny
——Aﬁwwe<><w%¢1@R§1Guwmw—maw£%mw%.m%)

This formula holds for all R > |z|. Therefore we can let R tend to infinity. To compute
the limit of the right hand side of (6.26), note that if R > max(1,2|z|) then for the pair
(x,y) with |y| = R and y3 > 0 the estimates (6.24) and (6.25) hold. Together with (6.23)

we thus conclude

. 0 0
ggjﬁgﬁﬁﬁwymw—euygamw
Y3

< lim (C e VAR Oy 7Imf/2RC)dS =0

R—oo [ly|=R

y3>0

This relation and (6.26) yield
() = lim w(z) = — 1 Gl ul)ds, = - [ T Gay()as
u(z) = lim u(z) = — lim x = — — .
Jim Ly Jy)uly) dS, o B G W9 45,
(6.27)
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It remains to compute the term =2-G (z, %) for y = (y1,2,0) € OH. To this end note that

ony

i\:ﬁ—y\ Z—i!fﬁ—y!:— b T
on, Oys |z — y |y3:0

o O =Dy
- = —|lr—yl=—7—Iv—1y|.
|z —y|  Oys on,

From this equation and from (6.21) we obtain for y € 0H that

a ei\/}‘ﬂ}—y‘ a ei\/x‘i_yl

0
G — _
on,, () ony4drn|z —y|  On, 4wl —y|

o eiVAz—yl| o eiVAlz—yl 1 0 VAl

- ony 4r|z — y| * ony 4r|x — y| - 2w on, |z —y|

Insertion of this equation into the representation formula (6.27) yields the statement of

the corollary. n

Remark 6.15 We did not show that a solution to (6.19), (6.20) satisfying the assump-

tions of Corollary 6.13 exists. Yet, the integral in the representation formula (6.22) is well

defined for all g € CO’((?H), and for A € C\ [0, 00) the term 9 eVAlz-y|

ony  |z—y|
for y € supp(g) and |x| — oo. This suggests the conjecture that the formula (6.22) yields
a solution u of (6.19), (6.20) for every A € C\ [0,00) and for all g € 5(81—!), which de-

cays exponentially for |z| — oo, and therefore satisfies the boundedness condition (6.23).

decays exponentially

The conjecture is in fact true. For the proof one must investigate the limit behavior of

the integral 5= [, ., 8;; eh@fyf‘ g(y)dy when = € H tends to the boundary OH. For this

investigation we refer to the next section.

104



7 Integral equation method

7.1 Introduction

Let Q C R? be a bounded open set. We want to prove that the Dirichlet and Neumann
boundary value problems for the Helmholtz equation in € and in the complement R?\
can be solved uniquely, if the boundary 0f2 is sufficiently smooth. The Green’s function
method cannot be used for this, since for such general domains the Green’s functions
cannot be determined explicitly. Instead, one uses the method of boundary integral
equations. In this section we explain the idea of this method.

Consider the Dirichlet problem

Au(z) + Au(z) =0, x€Q (7.1)
u(z) = g(x), x € . (7.2)

If the boundary 92 is smooth, then in sufficiently small neighborhoods of every point
o € 0f) the boundary will be almost planar. This suggets to represent the solution of
(7.1), (7.2) by using the representation formula (6.22) for the Dirichlet problem in the
half space, for which the boundary is a plane. We thus try to find the solution u in the

form
1 O etV =yl

u(x) () dS, (7.3)

~or G19) a_”y |z =yl °
with a suitable function v € C(9€, C). In this equation u is called double layer potential, v
is called the boundary layer. As will be shown, for every boundary layer v the double layer
potential u satisfies the Helmholtz equation in R? \ 92. Therefore u is a solution of the
Dirichlet boundary value problem, if v can be chosen such that the boundary condition
(7.2) is satisfied. To see how such a function v can be determined, note that if € is equal
to the upper half space H, then by Corollary 6.13 the double layer potential u with the
boundary layer v = —g satisfies the boundary condition Uy = 9 This means that in
the case of the half space problem the double layer potential satisfies the limit relation

lim  u(x) = —v(xg) (7.4)

r—xoEOH
xeH

for all zy € 0. One cannot expect that u given by (7.3) satisfies this simple limit relation
also for curved boundaries 0f). Instead, we shall show that for general boundaries 0f) a

correction term appears on the right hand side of (7.4). This correction term is given by
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the jump relation

! L[ o e s o9 7.5
ximﬁo u(z) = —v(xg) + o /89 T%mv(y) b, To € 0N (7.5)

From this jump relation we see that u is a solution of the Dirichlet boundary value problem
(7.1), (7.2), if the boundary layer v satisfies

1 9 eiVAle—yl
—u(z) +

o o a—nymv(y) dS, = g(z), (7.6)

for all x € 0. This is an integral equation for the unknown function v € C(9%2,C)
with the given right hand side g € C'(952, C). If a solution v of this integral equation can
be determined to a given function g, then the double layer potential u defined in (7.3)
with v as the boundary layer is a solution of the Dirichlet boundary value problem to the
boundary data g. Thus, if this integral equation is solvable for every g € C(0€,C), the
Dirichlet boundary value problem is solvable for all continuous boundary data. Therefore
we must study under what conditions the boundary integral equation has a solution.

For z € 0f) we write

1 [ eV

(Kv)(x) (y)dS,. (7.7)

= —_— _— y
21 Joq Ony |z — vyl

With this notation the integral equation (7.6) can be written in the short form
(—-I+K)v=y, (7.8)

where I denotes the identity operator. The solution of the Dirichlet boundary value
problem for the Helmholtz equation is thus reduced to the determination of the inverse
of the linear operator —I + K.

To solve the Neumann boundary value problem

Au(z) + Mu(z) =0, z€Q, (7.9)
%u(:p) =g(z), x €09, (7.10)
we represent the solution by a single layer potential
(2) = - / Y s 0 (7.11)
u(r) = — ——(y , x €. .
21 Joo |z =y !

The single layer potential satisfies the Helmholtz equation in R? \ 9Q and is continuous
across the boundary 0f2, the normal derivative satisfies a jump relation. To state this

relation, we define for x € 0f2

0 0 0 0
I; —u(z—) = lim —u(x + . 12
nu(x+) @135 Su(x + sng), nu(as ) ‘f’i% Su(m SNy) (7.12)
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The jump relation is

0 L[ o i s 0 7
—u(rt) = — — , € 09, 13
an“(‘” ) =Folz) + 27 /aQ ong |xr —y| o) sy, (7.13)
where % denotes the derivative with respect to the variable x in the direction of the
exterior normal vector n, at x € 9. Note that Zu(z—) is the limit of the normal
derivative from the interior of Q. Therefore the Neumann boundary condition (7.10) is

satisfied if the boundary layer v satisfies the integral equation
v+ K'v=yg,

with the operator K’ defined by

1 [ 9 Ve

(K'v)(x) (y) dS,. (7.14)

2 Jon O eyl

Thus, the Neumann problem is solvable for all continuous boundary data if the operator
(I + K'): C(092,C) — C(08,C) is invertible.

To prove that that the Dirichlet and Neumann boundary value problems are solvable
it therefore suffices to show that the inverses (—7 + K)~! and (I + K’)~! exist. To prove
that these inverses exist, we must study the linear operators K and K’. Though these
operators are defined in (7.7) and (7.14) by complicated looking integral expressions, it

turns out that these operators have good properties and define compact operators
K:X—>X, K :X— X,

where X = C(01,C) denotes the Banach space of continuous functions on 92 equipped
with the supremum norm. An important result from functional analysis gives a criterion
for the invertibility of operators of the form +7 + K when K is a compact operator on a
Banach space. In Section 7.2 we give the definition of compact operators and we sketch
the derivation of the criterion. The integral equation method now proceeds to show that
this criterion is satisfied, which finishes the existence proofs for the Dirichlet and Neumann
problems.

The boundary integral equation method is clear-cut, but it is connected with difficulties
stemming from the necessary investigation of the integral expressions in the jump relations
and in the equations defining the operators K and K’. For neither of these integrals it
is obvious that they exist, since the denominators of the integrands in these integrals

vanishes at y = z; the integrands might thus have non-integrable singularities. The
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proof, that this is not the case and that the integrands are in fact quite well behaved is
technical.

Before we enter these technical investigations, we first prove in Section 7.2 the spectral
theorem for compact operators on a Banach space, from which the invertibility criterion
mentioned above derives. In Section 7.3 we derive basic estimates needed in Section 7.4,
where we study the double layer potential. The investigation of the single layer potential
in Section 7.5 is less technical than the study of the double layer potential, since we can
use results derived for the double layer potential. In Sections 7.6 and 7.7 we prove that the
Neumann and Dirichlet boundary value problems are uniquely solvable by verifiying that
the operators K’ and K are compact and that the invertibility criterion from Section 7.2

is satisfied.

7.2 The spectral theorem of compact operators on a Banach space

In this section X denotes an abstract Banach space with norm || - ||.

Definition 7.1 A linear operator T : X — X is called bounded if there is a constant C
such that
[T < Cll]

forallx € X.
Theorem 7.2 A linear operator T : X — X is bounded if and only if it is continuous.
Proof: If T is continuous at 0 it follows that there is 6 > 0 such that

[Tz]| <1

for all x € X with ||z|| <. Since for every y € X, y # 0 we have

A
oYy =slel s
o =2
it follows that
Wl v ey 1
imyl = ey Yy 2 1y Yy < Ly
G5 oqupl = 75 ITCeqpl =3

This proves that 7T is bounded.
On the other hand, assume that T satisfies

[ Tz| < Cllz|
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forall z € X. Let y € X, e >0, and set § = & . Then for all z € X with ||z —y|| < it
follows
IT(=) =TI =TC—-yll <Cllz -yl <e,

hence T' is continuous at y. Since y was arbitrary, 7' is continuous on X. [ ]

Definition 7.3 A linear operator T : X — X is called compact if to every bounded
sequence {x,}, C X the sequence of images {Tx,}, has a subsequence, which converges
m X.

Lemma 7.4 A compact operator is bounded.

Proof: If the compact operator T" would not be bounded then there would exist a sequence
{zp}n € X with ||x,|| = 1 and ||Tx,|| > n, for all n € N. The sequence {Tx,}, would

not have a convergent subsequence, hence 7' is not compact. [ ]

Remember that for a linear operator 7" : X — X a number A\ € C with the property that
there is x € X, x # 0 satisfying Tx — Az = 0 is called eigenvalue of T'. The element z is

called eigenvector. The set
E={zeX|Tx— =0}

is a linear subspace of X called eigenspace of the eigenvalue A. The dimension of E is

called the multiplicity of .

Definition 7.5 Let T : X — X be a bounded operator. The resolvent set p(T) of T
consists of all points X € C, which are not eigenvalues and for which the operator (T —\I) :
X — X is surjective. Here I is the identity. The complement X(T) = C\p(T) is called

spectrum of T

Clearly, A € p(T) if and only if T'— Al is injective and surjective. Hence A belongs to the

resolvent set if and only if (T — AI)~! exists.

Theorem 7.6 Let T : X — X be compact. X(T') is a countable set with no accumulation
point different from zero. Fach nonzero X € X(T) is an eigenvalue of T with finite
multiplicity. If X has infinite dimension, then 0 belongs to X(T)).

I only give part of the proof. The complete proof can be found for example in the book
of Alt, pp. 363.
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Proof: 1.) First I show that the eigenvalues of T" do not accumulate at a point A\ # 0.
Otherwise there would exist a sequence {\,, },, of distinct eigenvalues of 7" with eigenvectors
x, such that 0 # A\, — X # 0. Let M, be the subspace spanned by the n vectors xy, ..., x,.

The space M, is invariant under T for if x € M,, then x = cyz1 + ... + ¢,x,, hence
Tex =T(c1x1 4+ ...+ cpxy) = Miarxy + ... + Apcpzn, € M,

thus T'(M,) C M,,.

Since eigenvectors to distinct eigenvalues are linearly independent, the vectors
X1,To,... are linearly independent. Therefore M, ; is a proper subspace of M, and
there is y,, € M, such that ||y,|| = 1 and dist(y,, M,,—1) = 1. This holds since M,, is iso-
morphic to R". With the sequence {y,}, thus defined I show that {\, T, }, contains no
Cauchy sequence, contradicting the assumption that 7' is compact. (Note that {\ 'y,},

is a bounded sequence.) We have for m <n
A Ty = A Ty = Yo = (A Ty = AT (T = Aa)yn)

where the second term on the right belongs to M,,_; because y,, € M, _1, M, is in-
variant under T and (T — \,)y, € M,,_1. Since dist(y,, M,_1) = 1, it follows that each
element of the sequence {\ 'Ty,}, has distance > 1 from any other one, showing that

no subsequence of this sequence can be convergent.

I1.) If there would be an eigenvalue A # 0 of infinite multiplicity we could derive a
contradiction by exactly the same arguments, defining A\, by A, = A for all n and choosing
for {z,}, a sequence of linearly independent eigenvectors to A.

It remains to show that if A # 0 is not an eigenvalue it belongs to p(7'), hence the
range R(T — AI) is equal to X. To this end it is shown that R(7 — A\I) is closed and that

there is no nontrivial complementary space. For the details I refer to the book of Alt. m

Corollary 7.7 If T : X — X is a compact operator and if —\ # 0 is not an eigenvalue
of T, then the inverse (A + T)™! emists.

Proof: If —\ € C with A # 0 is not an eigenvalue of T, then A is not an eigenvalue of
—T, hence by Theorem 7.6 we have A € p(—=T). Thus, (A +T)~' = (A — (=T))7 ! exists.
u

7.3 Basic differential geometry and estimates for the double layer kernel

Because the double layer potential (7.3) is an integral over the surface 02 and because

the normal vector to this surface appears in the integrand, the properties of the double
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layer potential strongly depend on the differential geometric properties of 0€2. Therefore
we introduce in this section some basic differential geometric notions and results and
use these tools to prove estimates, which follow from the geometry of 9€). Using the
geometric estimates, we proceed to prove kernel and integral estimates, which are applied
in the following section to study the operator K and to prove the jump relations.

The proofs of the integral estimates are technical. Therefore we advice the reader after
having read the definitions of the standard coordinate neighborhood and the theorems
on the tubular neighborhood to jump to Section 7.4 and to return to the present section
when the integral estimates are needed. Though the proofs of the integral estimates are
technical, one must know them to understand why the operator K is well defined and
why the jump relations hold.

Let zg € 0 and let Bgr(zo) be the open ball with radius R and center z,. The set
Vr(zo) = Br(zo) N 0N is called a coordinate neighborhood of z in 0%, if there is an
open set Ur C R? and a continuously differentiable function ¢ : Ugr — Vr(xo) C R?® with
continuous inverse ¢! : Vz(xg) — Uy, such that for every & = (£1,&) € Ug the rank of
the Jacobi matrix ¢/(£) = V¢p(£) € R¥*? is two. The mapping ¢ is called parametrization
of Vr(xp), and ¢~ is called coordinate map on Vz(xg). The boundary <) is of class Cs, if
every xg € 0f) has a coordinate neighborhood with two times continuously differentiable

parametrization.

Definition 7.8 (Standard coordinate neighborhood) We say that ¢ is a standard
parametrization of Vg(xg) with bound M,,, if 0 € Ur and if there are orthogonal unit
tangent vectors 1,7 € R? to O at g, such that for all £ € Uy

P(&) = &1 + &2+ 9(§)v + o, (7.15)
where v = —ny, is the interior unit normal vector to OQ at xo, and where p € Cy(Ug, R?)
satisfies
©(0) =0, Vep(0) =0, (7.16)
and
sup [Vl < M, (7.17)

Vr(zo) is called standard coordinate neighborhood of xo, if Vr(zo) has a standard
parametrization. We call R the size of Vg(zo).

We say that the standard coordinate neighborhood Vg (xo) is star shaped, if Ug is star
shaped with respect to 0, and if for all unit vectors e € R?

sup |p(te) —xol = R (7.18)

0<t<te

111



Figure 1: The standard coordinate neighborhood Vg(zg) = 92 N Br(xg) of g

holds, where t, = sup{t > 0 | te € Ug}.

V2p(€) in (7.17) denotes the Hesse matrix of the second partial derivatives of ¢ at &,
and the norm is the operator norm, which for a 2 x 2-matrix A is defined by ||A|| =
SUP, gz (=1 || A7]|. Condition (7.18) means that for any ray in R? starting at 0 the values
of ¢ approach the boundary 0Bg(xo) along this ray.

The standard parametrizatiopn ¢ of a standard coordinate neighborhood is not unique,
but depends on the pair (77, 72) of orthogonal unit tangent vectors chosen. However,
two different parametrizations obtained by different choices of the pairs of unit tangent
vectors are related by an orthogonal coordinate transformation, from which it follows that
the corresponding Hesse matrices are related by an orthogonal tansformation. Since the
operator norm is invariant under an orthogonal matrix transformation, every upper bound
for the norm of the Hesse matrix of the first parametrization is also an upper bound for
the Hesse matrix of the second transformation. Therefore the bound does not depend on
the choice of the standard parametrization.

If Vr(xo) = Bgr(zo) N is a standard coordinate neighborhood with bound M, and
if 0 < p < R, then V,(z¢) = B,(x0) N2 is also a standard coordinate neighborhood with
bound M,,. However, if Vg(z,) is star shaped, then V,(x¢) is not necessarily star shaped.

If the point xg is understood, we sometimes write in the following Vi instead of V(o).

We assume in the following that there are 0 < R <1 and M > 0 such that every point
xog € 02 has a star shaped standard coordinate neighborhood of size R with bound M. It
can be shown that if €2 is bounded with boundary 02 of class C5, then this assumption
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is satisfied automatically, but we omit the technical proof.

Definition 7.9 (Projection to the tangent plane) Let xy € 0 with standard coor-
dinate neighborhood Vi, of size R, and let

= 0() =6m+&n+e@v+ao: Uy = Vp

be a standard parametrization. The tangent plane to 02 at xq is denoted by T,,02. We
define a parametrization ¢ : R2 — T.,,09 of the tangent plane by

~

(&) = &1 + Eomo + 0.

We call(ﬁ the parametrization associated to ¢. Fory = ¢(§) € Vi we define the point
y e T,,00 by

§ = (6,
and call y the projection of y to the tangent plane.

The mapping y — ¢ has a coordinate independent representation. To see this, remember

that v = —n,,, hence

—(y — 20) Ny = (&171 + &2 F@(E)V) - v = 9(§).

This yields

g = qg(f') + 50(5)” - ((y - $0) ) nﬂvo)nfﬁo =Y—- ((y - xU) ’ nwo)nl’ov (719)

which shows that ¢ is indeed obtained by orthogonal projection of y to the tangent plane
T,,08.
A standard neighborhood and the projection to the tangent plane is depicted in Fig-

ure 1.

Theorem 7.10 (Tubular neighborhood) Let Q C R? be bounded with boundary 02 of
class Cy. Then there is a number sy > 0 such that the mapping ¥y, : (—So, So) X 0 — R3
defined by

Youb (8, ) = T — Sny,

18 continuously differentiable and invertible with continuously differentiable inverse wt_ut :
05,2 = (=50, S0) X O, where

05,0 = ¥ ((—s0, 50) X 69).
The set 05,2 is called tubular neighborhood of 0$) of width sg.
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A proof of this theorem can be found in Manfredo P. do Carmo, Differentiable geometry
of curves and surfaces, Prentice Hall 1976, p. 110-111.

Geometrically, Theorem 7.10 means that for all x,y € 0Q2 with x # y the line through
x in direction of the normal vector n, and the line through y in the direction of the
normal vector n, do not intersect within d,€2. Or, viewed differently, this theorem means
that to every z € 0,,§) the image (s, 2) = ¢,.1.(2) is the unique pair with z, € 9Q and

s € (—sg, o) such that z can be represented in the form
2= 2y — SNy,.
The next theorem contains more detailed information on tubular neighborhoods.
Theorem 7.11 Let 0,,82 be a tubular neighborhood of 02. Then we have
05, = {z € R? | dist(z,09) < s0}.

For z € 05, let (s,20) = ¥;1,(2). Then 2y is the unique point from 9), which satisfies

|z — 20| = min |z — z|.
Moreover, we have |s| = |z — z|.

The proof of this theorem will be included in a later version of these lecture notes.

In the following we assume that there is a tubular neighborhood 052, whose width is equal
to the size R of the standard star shaped coordinate neighborhoods. For bounded €2 with
boundary of class (5 this assumption is always satisfied, but again we omit the technical
proof.

To simplify the notation, we often denote for z € 9Q and |s| < R the image ¢y (s, )
by x,, hence

Ty =T — SNy .

This implies zq = x. If 2y € 0N is given, we therefore also write 23 = ¥ (s, o) instead
of zys. No confusion will arise.

We are now in a position to state and prove some geometric estimates, which are
employed in the investigation of the integral kernels of the double layer potential. In the
proof we need that the exterior unit normal vector at y = ¢(§) € Vj(xo) is given in a

standard parametrization by

_ Ou (&) + Oe (&) — v
G |

(7.20)
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with

0(§) = (o7 () = \/1+ Ve (9 (7.21)

The fraction (e can be expressed independently of the parametrization. Namely, (7.20)

yields

Mgy = My = —V * Ny = = y € V(o). (7.22)

Lemma 7.12 (Geometric estimates) For xy € 0 let Va(zo) be the star shaped stan-
dard coordinate neighborhood of xo with a standard parametrization ¢ : Up — Vp(zo)
bounded by M. For0 < p < R <1 let U, = ¢V, (x0)).

(i) For xs = xg — sng, € 050 with (s,30) = iy (zs), for y € 00\ Va(xo) and for the
projection y of y to the tangent plane T, 082 we have

9 — ol <[ —2|, |9 =m0 <|y—x0l, [J— 20| <|y— 24, (7.23)
|9 — x| = [¢]. (7.24)

(it) The parametrizaton satisfies for all & € Up

M, V(o) < M| < A, (7.25)

N | —

0l€)] < 5TIE? <

(ii1) For r > 0 let U, be the open ball in R? with center 0 and radius r. For 0 < p < R
set o) = ——L—. Then we have
143 (Mp)?

U,cU,CU,. 7.26
p p p

(iv) x5 = 2o — SNy € 0,20 and y € O\ V(o) satisfy

ly — x| > p/2. (7.27)
( . - zo‘ n,| < 2. (7.28)

(v) For xs = o — sng, € 038, fory € Va(zo) with y # xo, and for the projection § of y
to the tangent plane T,,02 we have

1 ‘< M(3+ M)

1
_ 7.29
‘|y_xs|3 |@_Is|3 ( )

N 2|@ - x5|2 7

3 -

Yy —To
y T

’ — |
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The geometric relations between the distances |y — xs|, | — xs|, |§ — xo| is depicted in

Figure 2.

Proof: (i) The line segment connecting zy to ¢ belongs to the tangent plane T,,09. By
definition of y and z(, this line segment is equal to the orthogonal projections of the line
segments connecting x to 4, zo to y, and x4 to y. The estimates (7.23) follow immediately
from these geometric relations. (7.24) is an immediate consequence of the definition of g
in Definition 7.9, which yields | — zo| = |&171 + &am| = [€].

(ii) Since V,(z9) C B,(x), it follows from (7.24) and from the second estimate of
(7.23) for all £ € U, that

€l =19 — @0l < |y — 20| < p. (7.31)
By assumption, Up is star shaped with respect to 0. Taylor’s formula and the barrier
theorem (see Corollary 4.15 in: H.-D. Alber, Lecture Notes Analysis II) therefore yield
together with (7.16) and with the constant M,, in (7.17) replaced by M, that for all
e UR

1

1 1 1~ ~
P(©)] = 5 € V2ele )] < SIVER(E)IIER < SATIER < 57,

V()] < [|[V(Ve(E) | [E] = || V2@l 1€] < M| < M.

The last inequality in both estimates is obtained from (7.31) by setting p = R and noting
that by assumption R < 1. This proves (7.25).

(iii) The inequality (7.31) immediately yields U, C U,. To verify (7.26) it thus remains
to prove the relation Up/ C U,. To this end assume that § € Up/. From the first relation
in (7.25) it follows for all « € [0, 1] that

|p(af) — mo]? = |a&imi + aloma + 0(@€)V|* = |al]* + p(af)?

<o+ (o) = (1 St

2 p A 2 2
IQW(HZ(W))_(Q/)) < R% (1.32)

Since the coordinate neighborhood Vi (zy) is star shaped, condition (7.18) holds with R

replaced by R and with e = % It thus follows from this condition and from (7.32) that

we can find ¢t > 0 with té—| € Up, such that

&

6(08) = 2ol < o175

)| <
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R3\ Q

Figure 2: The distances r, r, and rs.

This inequlity holds for all 0 < a < 1, which can only be true if é > 1. Therefore
%. Since by assumption Uy is
star shaped with respect to zero, this line segment belongs to Uy, which implies § € Up,
and this in turn implies ¢(§) € Vi(2o) € 09Q. Invoking (7.32) with o = 1, we therefore

conclude that

¢ belongs to the line segment in R? connecting 0 with ¢

P(§) € 92N B,(x0) = V,(20),

which means that £ € U,. Since { was an arbitrary point in ﬁp, we obtain (7,, C U,. This
conludes the proof of (7.26).
(iv) From V, = B,(x¢) N 02 we obtain

ON\V, =00\ (B,(r0) NON) = I\ B,(z9) C R*\ B,(0),

Therefore y € 02\ V, belongs to the complement of the ball B,(x). Moreover, if z, =
Ty — SNy, belongs to 0,52, then we have |s| < p/2, hence z belongs to the ball B,/ (xz0).
Consequently, we have |y — xs| > p/2. This proves (7.27).

For z; € 0,/2Q2 we have |s| < p/2. The triangle inequality together with (7.27) thus
yields

ly — 20| = |y — s +8n$0| <ly—x + |Snxo| = |y — x| + [s] <20y — x4l

(7.28) is an immediate consequence of this inequality.
(v) To verify (7.29) we set

T:’@—iUOL 7"1:\3?—%’, 7"2:|3/—$s’7

to simplify the notation. By successive application of the inverse triangle inequality, the

117



Definition 7.9 of g, the first estimate of (7.25), and equation (7.24) we obtain

ry =11l = |y — 2ol = |5 — 2l | < |y —20) = (5 — 2)| = [y — 3

1. 1. 1.
= lp(&)v| = |p(§)| < §M|€|2 = 5Mlj - zo|” = §M7“2' (7.33)

By (7.23), we have r <1y and r < ry. Using these two estimates and (7.33), we compute

_ L2 .
8! 27”2\_2 QT SEM,
5 ry 2
_ L2 .
no retinorl g B ME L T
Ty T - r 2
rp_mitlreonl G M? e
r T - r 2
Thus,
‘__i :’(rl—rg)(rf—irrlrg—ir'r%) _|r1—r2|<ﬂ . 2)1
rs o} r3rs r3 Ty r/ r}
1 -1 M3+ M)
< -MQB3+Mr)— < ——=
~ 2 8+ r)r% 2r? ’

where in the last step we used the second inequality of (7.23), which implies r = |§— x| <
|y — 20| < R < 1. This proves (7.29).

To verify (7.30) let y = &1 + & + (§)v + 29 € Via(xg). With the parametric
representation (7.20) of n, and with the estimates (7.25), the equation (7.24), and the

last estimate in (7.23), we compute

[(y = z0) - 1y = [(&171 + &am2 + 9 (E)v) - (Fe ()71 + Ve p(§) T2 — ) [0 ()

)
. 1 - 3 - 3
= [Vep(€) - € = p(&)lo(€) ™" < MIEP + §M|€!2 = oMly - wo|* < o Mly — .

We also noted that (7.21) implies (£)™' < 1. The estimate (7.30) is a consequence of

this inequality. m

Next we study the integral kernel of the double layer potential (7.3).

Lemma 7.13 (Kernel estimates) Let A € C and 0 < p < R<1. Fort>0 define
h(t) = eV (1 — iv/\t),

heo=  max |h(t)],  he=  max )|h/(t)t—3h(t)|.

Ogtgdiam(ﬁﬁﬁ) Ogtgdiam(aRQ
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(i) For x5 = xg — sng, € 058 and y € 0Q with y # x, we have

o eV lzs—yl s (g - Ny)
a T =—h Ts —Y = z +9(2s,Y), 7.34
FEr— (I ) p—— (zs,9) (7.34)
where g : 052 x 0Q — R is defined by

h(|w, — y]) w0 —
(|‘r y2|) xo y ‘ ny7 fOT -’L.s % y7
g(zs,y) ={ 1w =yl o —yl (7.35)

07 fo,r ‘/‘E.S:y?

and satisfies

BMho?a seaAQ7 eV; s s )
g y)| < § 2o P € Or v € Valao),m Ay (7.36)
8’;—200, Ts € ap/QQ, y € o0 \ V;)(.CE())

(it) For z € 002 and y € 02 with z # y we have

d eVl Boo + P
ony lz—yl 1T Jz—yP

(7.37)

Proof: Equation (7.34) with ¢ defined in (7.35) follows by a direct computation. The
estimate (7.36) for the case x, € 032, y € Viz(xo) is an immediate consequence of (7.30)
and of the last inequality in (7.23). The estimate (7.36) for the case x, € 0,82, y €
00\ V,(z0) follows from (7.27) and (7.28). Finally, a direct computation yields with the

abbreviation w = z — y that

o 0 eV (] = 3h(ul) wen, w  h(ju)

“ony |lz—yl jw]? jw| Jw| - Jwf?

Y
from which (7.37) results by taking absolute values. u

Since h(0) = 1, equation (7.34) and the estimate (7.36) show that h(|zs — yl)% is
the most singular term in the integrand of the double layer potential. The validity of the
jump relations for the double layer potential follows from the presence of this term. This
is seen form the estimate (7.43) in the next lemma, which shows that the integral of this
term jumps at 0 when s varies. The investigation of the double layer potential in the next

section rests mainly on (7.43) and on the other estimates stated now.

Lemma 7.14 (Integral estimates) Let 0 < p < R <1 and set

[ 1. M3+ M M2C3 . N
C, = 1+1M2’ sz%, C3 = 81, Cy=My/1+ M2 (7.38)
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(i) Let z = 2z — $.1z) € 0,3 and w = wy — SN, € 0,382 Suppose that |z —w| < p/3.
Then we have with |0Q| = [, dy

/

IO\ (Vp(20)NVp (wo))

o VA==l 9 eV Aw—yl P + Py
¢ ¢ d5y§27|89|%|z—w|. (7.39)

ony |z =yl Iny |w—y]
(ii) For xs = xg — sny, € 08 we have

| gt 0)lds, < 37 Cuc p < 57 it (7.40)
:

0(5'30)

(i) For xy = xg — sng, € 0582 set

1 SNy, - N
I(z,,p) = — 2o M g, 7.41
R (7.41)

Then we have for sgn(s) = @ and s # 0 that

(s, p)] <1+2C5 + Cs, (7.42)

|1(z5, p) — sgn(s)| < C’1| s + Co(|s] + p) + Cs]s|p. (7.43)

Proof: (i) We apply the mean value theorem and the estimate (7.37) to obtain with a
suitable point x* on the line segment connecting z and w that

a ei\/x‘z_yl 8 ei\/xlw_yl

(V 0 eiﬁx—yl) ( )
— = T~ (- w
ony |z =yl Iny |lw—y| on Jr —y| /oo
Poo + hoo

In this computation it is justified to apply (7.37), since z* belongs to the set 05. To
see this, note that since |z — w| < p/3 and since z* lies on the line segment connecting z
and w, we have |z — 2*|, lw — 2*| < p/3. Because z belongs to 0,52, we conclude from
the first of these estimates that indeed x* € 0,,/32 C 0z2. Moreover, we conclude from

these estimates that
|20 — 2| <20 — 2| + |z — 2| <2p/3, |wo—2z"| < |wy—w|+ |w—z"| <2p/3,
which means that B,/3(z*) € B,(20) N B,(wp). From this relation and from the equation

20\ (V,(20) NV, (wp)) am( 20N B, ( (8QﬂBp(w0))> = 00\ (B,(20) N B,(wy)).
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we infer that y € 00\ (V,(20) N V,(wy)) satisfies |y — z*| > p/3. We estimate the right
hand side of (7.44) by this inequality. Integration of the resulting estimate yields (7.39).

(ii) We estimate g by (7.36) and obtain with the parametrization ¢ : U, — V,, with
the mapping ¢ introduced in Definition 7.9, and with ¢ given in (7.21) by definition of
the surface integral

3Mh 3Mh
© g9 = [ 2 eyg
/Up2|$o—¢(f)|0(§) ¢

N M
S\/1+M2/ 32‘30%15, (7.45)
U,

where in the last step we used (7.25) to estimate o. The relation (7.26) yields

1 1 1
—d¢ < —d¢ =27 —rdr = 27p.
U, I3 U, I3 o T

We estimate the right hand side of (7.45) with this inequality to obtain (7.40).
(iti) Note that by (7.26) the ball U, C R? with radius p/ = ——£—— is a subset of

V1+L(1p)2

the definition of surface integrals therefore

l9(zs,y)|dS, < /

V, 1A 2|mg — 9|

U,. Since by (7.22) we have ng, - n, = U(§)>

yields

1 s (ng
[(xs’p):%/ |2 OyF’ dSy—%/ |ze — B(E)P

27r 0, md“w% p) + Ra(s, p), (7.46)

where
S 1 1
Ri(zs,p) = %/Up, <|xs IR - g — 923(5”3) dg, (7.47)
1 5
Ra(zs, p) = 7 /Up\f]p/ PG dg. (7.48)

The first term on the right hand side of (7.46) can be computed explicitly: For £ € Up
we have by Definition 7.9

|75 — 9(&)| = |(z0 + 5v) — (6471 + &oTz + 20)| = V/[E]? + 52, (7.49)
whence
1 S d 1

S
2 Jo, [as — (O ‘T Up,\/m / m

Srdr

/

s r=p ( )(1 || >
= —— =sgn(s)(1l - —),
‘/7”2+S2 r=0 g /p/2+32
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from which we conclude that

1 s
oyl M vpee el I 7.50
o e 5' - )
! s s s MVf—rT
o ——d§ — PR b E— 121 121 22 ‘

2 /Up/ 25 — D63 § —sgn(s) /—p’Q e < P , 1+ M2 (7.51)

where the last inequality sign in (7.51) follows from i, < Y L+ (R v HPZMQ. To
estimate R, note that for € € U, C U, C U the equation (7.49) ylelds |:cs d(6)| < |s|+p,

< <

whence 1 < lm'i'%. Now use (7.29) and this inequality to estimate the integrand in
(7.47). The resulting integral is estimated by (7.50). We obtain
Isl M(3+M)(\S\+P) M(3+ M)
Ri(zs, p)| < d¢ < ———(|s| + p). 7.52
Rl < g [ S R 2

To estimate Ry note that (7.26) yields for the measure |U, \ Up/| that

2 T A2 A4
A N A p ZMP T o~o 4
U\ Up| < U\ Uy| = 7(p* = p?) = m(p* - - = —— < —M°p
p p p p ( l-l—}l(Mp)z) 1+%(Mp)2 4

Since by (7.23) and (7.24) for € € U, \ U, the estimate

. p
s — @(&)| = |ws —y| > w0 — gl = §| = 0 >
\/1+ (M R)? \/1+1M2

holds, we conclude from (7.48) and from the last two inequalities that

~ o\ 3/2 ~ Ao\ 3/2
RISy 4 (1+ 7M7) _ MP(1+ (MP)

2 4 pg |S’ - 8 |S|p

Ra(zs, p)| < (7.53)

To prove the estimate (7.43) note that by (7.46), the term |I(zs, p)| — sgn(s)| can be
estimated by the sum of the terms on the left hand sides of the inequalities (7.51), (7.52),
and (7.53), whence it can be estimated by the sum of the terms on the right hand sides
of these inequalities. To obtain the inequality (7.42), we estimate the terms on the right
hand side of (7.46) by (7.50), (7.52), and (7.53) and note that |s|,p < R < 1. u

7.4 The double layer potential

We use now the estimates from the preceding section to study the double layer potential.
Here and in the remainder of Section 7 the Banach space C'(052,C) equipped with the

norm

[v]loc = sup |v(z)].
€02
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is denoted by X.

We start by studying the operator K. Observe first that the integral in the definition
(7.7) of K exists. This is seen from the equation (7.34), since the left hand side of this
equation is equal to the integral kernel in (7.7) if we set x5 = z € 952, hence s = 0. Yet,
for s = 0 the right hand side of (7.34) is equal to g(z¢,y), and by (7.36) the function y
g(xo,y) is integrable over J2. Thus, for every v € X the function z — (Kv)(z) : 092 — C
is well defined and belongs to the vector space F'(9€2, C) of functions on 02 with values in
C. Obviously, (Kv) depends linearly on v, hence K : X — F(0€2,C) is a linear operator.

Theorem 7.15 (Boundedness of K and Hélder continuity of Kv)

(1) K defined in (7.7) is a bounded linear operator on the Banach space X.

(ii) Let hoo and he be the constants defined in Lemma 7.13 and let Cy = M~/1+ M2,
Forv e X and z,w € 052 the estimate

|(Kv)(2) — (Kv)(w)| < Cxlz — w]T [|v]| (7.54)

holds, where

27109 (h 4109 2
CK:maX< 719 ’(hOO+hOO)+3C4hOO, <§C’4+ 12 |> fioo >

2m 2 mR? / min(R, 373

Remark. Since the constant C'x does not depend on = € 952, the inequality (7.54) means
that the function (Kv) : 92 — C is uniformly Holder continuous with exponent 1/4.

Proof: For v € C(02,C) and x € 092 we conclude from (7.36) and (7.40) that

V|loo
() ()] < 12 ( [ wtewias,+ | |g<x,y>|dsy)
VR(IO) BQ\VR(xO)
41|09
=)

< (SCihn+ [0l = Ciclltllo, (7.55)
where Cx = 304 heo + Zlh;‘;flgm. This inequality implies that K : X — B(99,C) is a
bounded linear operator, where B(0S2,C) denotes the Banach space of complex valued
functions on 09, equipped with the supremum norm. Statement (i) follows from this
result if we prove the estimate (7.54), since (7.54) implies Kv € C(02,C).

To prove (7.54), let z,w € 0N satisfy |z — w| < min(R*,373) and define p = |z — w]i.

Then we have

A

=R

=

4
3

—w| = lr—wlip< (3 F)ip=p/3,  p=lr—wli < (B
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Because of these relations, in the following computation the assumptions of the estimates
(7.39) and (7.40) are satisfied, and we obtain for v € X with (0Q2); = 9Q\ (V,(2) NV, (w))
and (0€2)2 = V,(2) N V,(w) that

8 6’L'\/X‘ny| 8 ei\/xm}*y'

IUQOQ)—(KvaNS-lMMbiéQ dS,

27
il (1
27T (89)1

- ol
- 27

ony |z —yl  Ony |lw—y|

a eiﬁ|2—y| a ei\/x‘w_y‘

— dS+/ 9(z,y)| + |g(w,y)| dS
any |Z—y| any |w_y| Yy (8Q)2| ( )| | ( )| Yy

Poo + hoo
(27|8Q|+|z—w| —|—67r(]4hoop) < Cx |v]loc |2 — w|3. (7.56)

3

For |z — w| > min(R*, 373) we obtain from (7.55)

~

|z — w| i 2CK 1
Kv)(z) — (Kv)(w)| <2|Kv||leo| —————F ) < ———||v]|eo |2 — w]|%.
(£0)(2) = (o)) < 2K vl (o s ) € e ol 2 —
This inequality and (7.56) together yield (7.54). n

Theorem 7.16 (Jump relations) Let Q C R? be a bounded domain with 0 € Cs, and
let n, € R3 be the exterior unit normal vector to 9 at y € 9. Assume that A € C and
v € C(00,C). For z € R3\0N set

1 o eVNa—yl
w(z

27T 50 8ny ‘l’—y‘ U(y) SZ/ (7 57)

(i) Then w belongs to € Coo(R*\ 9Q) and satisfies
Aw(z) + Mw(r) =0, x € R*\O.
(1) For xo € 02 we have the jump relations

Am w(z) = —v(xo) + (Kv)(xp), (7.58)
e

lim w(x) = v(z) + (Kv)(xo). (7.59)

I—)Qoﬁ
z€R3\Q

Proof: (i) Since for all o € N3

8‘04 a ei\/xl'r_y‘

((x,y) o ) e C((R}\0Q) x 09, C),

Jdz® On, |z —yl
it follows as usual that w € Cy (R*\0Q, C) with

olal ! o ool eivAlz—yl
gz T on a0 Ony 0z |x — y| !

(y)dSy
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for x € R3\0Q. In particular, this implies

A+ L0, @ s
= — — T B — et 07
(8 + Aulz) 21 Joq 8”y( +) |z =y o),
since - eiﬁfyf‘yl is the fundamental solution of the Helmholtz equation. This proves (i).

a
(ii) We first show that the limit relations

}gi{r(l) w(To F Sng,) = Fo(zo) + (Kv)(x0) (7.60)

hold, which means that the limit relations (7.58) and (7.59) are valid if x tends to xg
along the directions of the normal n,,.

In the following considerations we assume that 0 < p < R. To prepare the proof of
(7.60), observe that (7.34) yields for z, = xo — sn,, € 0502 with s # 0 and for y € V()

1 ( 0 ei\f)\lﬂfs—y\ 0 ei\ﬁ\lwo—yl

2 \ony, |zs—y|  Ony |xo— vyl ) (v)
1 sng, - ny 1

= —%m(v(l’(]) + H(xs,y)) + %(Q(xs;y) - g(ac07y))v(y), (761)

where we use the abbreviation
H(xs,y) = h(|zs — y))v(y) — v(wo).

With the constant hy = 2 |/\|e\/mdiam(af%ﬂ) and with the constant h. defined in

Lemma 7.13 the function H satisfies

sup |H (zs,y)| < hollvfls(Is] + p) + hos sup  |v(y) — v(o)]- (7.62)
yEVp(z0) yEVp(z0)

To see this, note that for 0 < ¢ < diam(94%?)
h(t) — 1] = |1 —ivAt) — 1] < [V — 1]+ [VAlE < V/IN[teV I+ V/IN]E < hot,
whence, with ¢ = |zs — y|,
[H (x5, y)| < [h(t) = 1 [o(zo)| + [A(t)] [o(y) — v(x0)| < hot[[v]lc + hoolv(y) — v(x0)].

(7.62) follows from this inequality if we note that t = |z,—y| < |z, —xo|+|x0—y| < |s]+p.
We proceed now to prove the relation (7.60). This relation is a consequence of a chain

of an equality and two inequalities. We state this chain first and explain afterwards how
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to obtain it:

| — sgn(s)v(zo) + (Kv)(z0) — w(w,) |

a 61f|$s yl i ei\/X\xo—y|
' ( Vo (z0) OOV, (z0) > 27 8ny |ZES - y| 8ny |[L’0 — y| Y
< v(zo)| (s, p) —sgn(s)| + (s, p)| sup [H(zs,y)]
y€Vp(zo0)
Poo + 0o

+\J(Is,p)|+27|39\ [s[ V]l

S ~ S
< ot (G + Calll + ) + Callp) + 3Chcolcp + 27108+ )l

27 p3
+ (1420, + Co) (hollollo(ls] + p) + how sup [u(y) = v(z0)]). (7.63)

yEVp(z0)

The equality sign follows from the definitions of w in (7.57) and v in (7.7). The first
inequality sign is obtained by inserting (7.61) for the integrand of the integral over the
set V,(x0), and by estimating the integral over the set 9\ V,(zo) by (7.39). In (7.39) we
insert x; for z and ¢ for w. Since |zs — xo| = ||, the assumptions for (7.39) are satisfied,
if we choose |s| < p/3. The function I(x, p) is defined in (7.41). We use the notation
J(xs,p) = 5= fvp(xo)(g(:cs, y) — g(zo,y))v(y) dS,. Finally, the second inequality sign is a
direct consequence of the estimates (7.42), (7.43), (7.40), and (7.62).

Let ¢ > 0 be given. We choose the size p of the standard coordinate neighbor-

/4 This is possible if

hood V,(z¢) as a function of |s|. Namely, we set p = |s]
|s| < min(374/3, k%), since this implies |s| < |s|'/*/3 = p/3 and p < R, hence (7.63)
is valid. With this choice of p all the terms on the right hand side of the inequality (7.63)
tend to zero for s — 0 with the power |s|'/* or with higher powers of |s|, with the excep-
tion of the very last term on the right hand side. This last term depends on the properties
of v. To deal with this term we observe that since v is continuous and 92 is compact,
the function v is uniformly continuous. Therefore we can choose 9; > 0 sufficiently small

such that for all zy € 00 and all |s| < §; the estimate

1
(1+2C2+C3) hee sup  [u(y) —v(wo)| < e,

yEV‘ ‘1/4(350) 2

holds. Now choose d > 0 such that for all |s| < dy the sum of the other terms on the
right hand side of (7.63) is less than le, and set § = min(dy, &, 373, R*). It follows that
for all s € R with |s| < ¢ the inequality (7.63) is valid and the left hand side is less than

e. Since € > 0 was chosen arbitrarily, this means that the limit relations (7.60) hold.
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It remains to show that the limit relations (7.58) and (7.59) are valid not only if «
tends to xy along the normal direction, but in an arbitrary way. To verify this, note first
that the limits (7.60) are uniform with respect to zo € 0f), because the choice of § is
independent of zy. For, the choice of d; only depends on Cy, C3 and h.,, and the choice
of d5 depends on C4,...,CY4, hs, ﬁw, and hg. The definitions of A, ﬁw, Ci,...,C4
in Lemma 7.13 and Lemma 7.14, and the definition of hy given above show that these
constants only depend on A and M, hence all the constants are independent of zg, so ¢ is
chosen independently of x.

After this preparation, we proceed to prove (7.58). To this end fix zo € 9 and let
e > 0 be given. Since v is continuous and since by Theorem 7.15 the mapping Kwv is Holder
continuous, it follows that the function (—v + Kv) : 0Q — C is continuous. Therefore
there is a neighborhood V C 09 of Zp, which is not necessarily a standard coordinate
neighborhood, such that

(—v + Kv)(y) — (—v + Kv)(z0)| < g for all y € V. (7.64)

Let ¢y @ 0500 — (—R, ]%) x 0f) be the inverse mapping to the tubular neighborhood
mapping introduced in Theorem 7.10. For z € 959 we write (s, z) = 9,1 (2). With this
notation we define the mapping 7,& 1 0p8) — 00 by 1&(2) = 2p. Since z = 2y — s,Nn,, and

since the limits (7.60) are uniform, we can choose d > 0 with § < R such that
|w(z) = (—v+ Kv)(20)| < g for all z € {059 | |2 — 20| < 5} NQ = QN Q. (7.65)

Since by Theorem 7.10 the mapping wt’u{) is continuous, also the mapping 2[1 is continuous
and satisfies ’QZAJ(JZ()) = x9. Thus, there is a neighborhood W C 059 of xy such that
(W) = V. By Theorem 7.11 we have 0;Q = {z € R? | dist(z,99) < 6}, which means
that W is a neighborhood of zy in R3. For z from the one-sided neighborhood W N of
o in Q we have zy = 1h(z) € V, whence (7.64) and (7.65) yield

|w(z) — (—U+Kv)(x0)‘ < }w(z) — (—U+KU)(ZO)‘ +|(—v+ Kv)(20) — (—v+ Kv)(z0)| < €.
Since € > 0 was chosen arbitrarily, this proves (7.58). The relation (7.59) is obtained in
the same way if we replace —v 4+ Kv by v + Kv and consider the one sided neighborhood
W N (R?\ Q) instead of W N Q. u

7.5 The single layer potential

We next study the single layer potential (7.11). Just as in the previous section it can

be shown that to v € C(9€2,C) there are constants C, ¢’ such that for all z,y € 9 the
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estimate
a ei\/xkt*y' C’BC/|I*y|

On, | —y| 17 [r—yl
holds. It follows that for every v € C'(052,C) and all = € 92 the integral in (7.14) exists.
(7.14) thus defines a function (K'v) : 92 — C.

Theorem 7.17 (Hoélder continuity and boundedness of K)
(i) There is a constant Cy: such that for all v € C(0S2,C) and 2V, 2 € 99

1
(K) @) = (K)(@®)]| < Crofe® = 2@} o]
(11) The linear operator K’ : X — X is bounded.
The proof is similar to the proof of Theorem 7.15. Therefore we omit it.

Theorem 7.18 (Jump relations) Assume that v € C(9Q,C). For x € R3\ 09 set

1 e’i\/th—y‘ dS
o0 =57 fy T "0

Then
(i) w belongs to C(R3,C) N Cx(R3\ 02, C) and satisfies

(A+Nw(x) =0, xcR*\ 0.
(ii) At x € O the one sided derivatives 3¢ (x+) defined in (7.12) exist and satisfy

Ow 1 0 eVl

v(y)dS, .
To prove this theorem we need a lemma.

Lemma 7.19 Forz € 02 and s € R let x4 = x + sn,. Then
) iV zs—y| o ivVA|zs—yl
lim <— ¢ + ¢ )v(y)dSy
520 Joq \Os |z —yl ~ Ony |zs —yl
/ ( a ei\/X|$_y| a ei\/xh:_y‘
= +
oo \Ong |z —y| = Ony [z —y|

)v(y)dSy. (7.66)

Proof: Since
) eiﬁbﬁs*y\ o 6i\a|gcfy|
lim — = ,
s=00s |zs —y[  Ong |z —y

for all y € 90\ {x}, it suffices to show that on the left hand side of (7.66) the limit can be

interchanged with the integral. To verify this we constuct a majorant for the integrand
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on the left hand side of (7.66), which is independent of s. By the Lebesgue convergence
theorem, the existence of such a majorant implies that the limit can be interchanged with
the integral.

. iV AT
Note first that to every ry there is a constant c¢; such that |%g| < 4 for all
0 < r < ry. Together with this estimate it thus follows for all s € R and all y € 9) with

y # x that

r

9 6iﬁ\x+snz—y| 9 ei\f/\|x5—y|

= +
0s |x +sn, —y|  Ony |zs —y
|0 eV (zs —y) - (ne —ny)
Ator o Ar=les—yl |5 — y

C1

N |$S - y‘2

[Ny — ny). (7.67)
Since 01 is bounded and of class Cs, there is a constant ¢y such that for all y € 02
|y —ny| < colx —y). (7.68)

We choose sy > 0 small enough such that the line segment {x + sn, | |s| < s} interescts
%) only in the point z. It then follows by standard considerations that there is a constant

c3 > 0 such that for all |s| < sy we have
|z — y| < eslzs —yl.

From this estimate and from (7.67), (7.68) we conclude that

o eiﬁ|x+snzfy\ 0 eiﬁ\xs*m < 0102|l‘_y| B C

N + < — — ,
s |x+sn, —y|  Ony |z, —y 031|£E—y|2 |z — y|

with the constant C' = ¢jcyoc3 independent of s. The function ‘w%

m is integrable over the
two-dimensional manifold 92, hence it is a majorant for the integrand on the left hand

side of (7.66). u

Proof of Theorem 7.18: The proof of (i) is standard and we omit it. In the proof of
(i) we restrict ourselves to the verification of the formula for 4¢(z—). The other formula

is proved in the same way.
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From Lemma 7.19 and from the jump relation (7.58) we conclude that

Ow 1 9 eVAlzs—yl

—(z—) = lim— ——
Gn( ) 52027 Jaq s |zs — vy

1 / <aeiﬁlrsyl o eV eyl
o0

(y)dSy

= lim —
s—0 27
s<0

1 i\/X‘xs_yl
lim / 0 Y )dS,
o0

— v
20 2m ony |z, —yl

0s lzs — v + ony, |zs —y| )v(y)dSy

1 / ( 9 eiVAlz—yl o eiVAlz—yl
o0

27

d
ong |x —y| +8ny |z — 9 )v(y) Sy

1 o eV Ala—yl

+ () (y)dS,

S — e —
21 Jaq Ony |z — y

1 o eV a—yl

= ou(z)+ (y)dS,.

— — 0
27 Joq Ong |z —y| /

7.6 Solution of the Neumann problem

Here we show that the integral equations (I + K')v = f and (—I + K')v = f can be
solved, which implies that the interior and exterior Neumann boundary value problems
have solutions. The proof of the invertibility is based on Corollary 7.7. To this end I show

first that K’ is a compact operator on the Banach space X.

Definition 7.20 Let T' C R™. A sequence {vy,}tmen of functions v, : T — C is called

uniformly equicontinuous, if to every € > 0 there is 6 > 0 such that
‘Um(w) - 'Um<y>’ <é
for allm € N and all z,y € T with |x — y| < 6.

Theorem 7.21 (Arzela-Ascoli) Let {v,,}men be a bounded, uniformly equicontinuous
sequence of functions on a compact set I' C R™. Then there is a uniformly convergent
subsequence {Vp, }ren.

(Cesare Arzela (1847-1912), Giulio Ascoli (1843-1896))

Corollary 7.22 The operator K' : X — X is compact.

130



Proof: Let {v,,}men be a bounded sequence in X. By Theorem 7.17(ii) the operator
K': X — X is bounded, which implies that also the sequence {K'v,,}men is bounded
in X. Let ¢ > 0, set C = sup,,cn ||Um|lc + 1 and let Cxs > 0 be the constant from
Theorem 7.17(i). This theorem implies for all (), 3 € 9Q with

== ()

and for all m € N that

' MY _ (K @V < Ol DY _ ,(2[1/4 <CuCf—_) =
[(K'vm) (") — (K'vp ) (2] < Cre[zt) — 2| IIUmIIm_CK(J(CCK/) €.

Thus, { KV, }men is a bounded, uniformly equicontinuous sequence of functions on the
compact set J2. From Theorem 7.21 we thus conclude that this sequenc has a subsequence

converging with respect to the norm || || of C'(052, C), which means that the subsequence

converges in X. Hence, by Definition 7.3, the operator K’ is compact. [ ]
Lemma 7.23 Let A € C\ [0,00). Then 1 and —1 are not eigenvalues of K'.

Proof: We prove first that —1 is not an eigenvalue. To this end it suffices to show if
v € C(09,C) satisfies
(I+ K" =0, (7.69)

then v = 0, since this implies that the kernel of K’ — (—1)I is equal to {0}. To verify that

v vanishes, we define for € R? the single layer potential

L[ s 7.7
u(m)—%/aﬂ Pe— v(y)dS, . (7.70)

Equation (7.69) and the jump relations from Theorem 7.18(ii) imply that u solves the

boundary value problem

Au(z) + du(z) = 0, z €,
—u(xr) = 0, z€d.

The first Green’s formula yields

0 = /m 8% w(x) u(x)dS = /QAu(x)m + Vu(z) - Vu(x) dS
- / (=Au(@)? + [Vu(z) P)dz

— _Z'Im)\/|u(x)|2dx+/|Vu(x)|2—Re)\|u(x)|2dx.
Q Q
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Since Im A # 0 or Re\ < 0 it follows from this equation that v = 0 in 2. Since the
single layer potential u is continuous on R? it thus follows that u is also a solution of the

boundary value problem

Au(z) + du(r) = 0, ze€R\Q
u(z) = 0, xz€d(R\Q).

To apply the Green’s formula in R3\ Q note that for A € C\[0, c0) we have by our choice
of the square root that Reiv/A < 0, whence

1 / eReiﬁ\xfm eReiﬁdist(x,QQ) 1
oN

i dS. < —
27 |z — y| v(y)ldS, < dist(z,00) 271 Jaq

|u(@)| [v(y)|dS, .

Therefore |u(x)| decreases exponentially for |x| — oo. Because

1 ei\/ﬂm_m
Vaa) = 3= [ V. o()as,.

T oo eyl

it follows in the same way that also |Vu(z)| decreases exponentially for |z| — co. There-

fore the first Green’s formula yields

[ AP+ [T

= }%gr;o lﬂﬁi% (=Au(z)]? + |Vu(z)[*)dz
. 0 — 9, —
= ]%glgo (/m o w(z) u(x)dS + /x|=R —nu(x) u(x) dS) =0.

As above it follows from this equation that u = 0 in R3\Q, whence u = 0 in R3. Again

using the jump relations from Theorem 7.18, we now conclude for all x € 02 that

ou ou
0 = anm(:zr—l—)—anw(:zz—)

1 o eiVAz—yl

(y)dSy

21 aﬂa_nz |z —y| ‘
1 9 eV Nz—yl
—v(x

—— | = u(y)dS, = -2
27_(_ 50 87’% ]x—y] U(?J) Sy U(l‘),

hence v = 0. Therefore —1 is not an eigenvalue.

To prove that 1 is not an eigenvalue we assume that v € C'(052, C) satisfies

(=1 + K')v =0.
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We insert v into (7.70). The jump relations for single layer potentials then imply that u

solves the boundary value problem

Au(z) +du(r) = 0, xRN\,

0 -
a—nu(x) = 0, zedR\Q).

Proceeding as above we conclude from this that u = 0 in R*\Q and in Q, from which we

infer by the jump relations that v = 0. Therefore 1 is not an eigenvalue. |

Corollary 7.24 Let Q C R? be a bounded open set with OQ € Cy. Suppose that \ €

C\[0,00). Then the interior Neumann boundary value problem

Au(z) + Mu(z) = 0, x€Q,

a%u(x—) = f(x), =€

and the exterior Neumann boundary value problem

Au(z) + du(r) = 0, z€R)\Q,
Tuet) = f@), eo®\D)
[u(@)], [Vu(x)] = (M), ] = oo (7.71)
have unique solutions for all f € C(99Q,C) = C(A(R*\Q),C). The solutions are given by

the single layer potentials

L[ s Q0 7.72
u<x>_§/@ﬂ |x—y|v(y) Y MRS y ( )

where v satisfies the integral equation (I + K')v = f for the interior problem and (—1I +
K")v = f for the exterior problem.

Proof: Since by Corollary 7.22 the operator K’ is compact and since by Lemma 7.23
the number —1 is not an eigenvalue of this operator, it follows from Corollary 7.7 that
the mapping I + K’ = —(—1) + K’ : X — X is invertible. Consequently, the boundary
integral equation (I + K')v = f has a unique solution v € C(9€,C) . With this v
as boundary layer the single layer potential u from (7.72) is a solution of the interior
Neumann boundary value problem. To prove that the solution is unique let 4 be another

solution of the same problem. Then w = u — u satisfies

Aw(z) + w(z) = 0, z€Q
—w(z) = 0, xe€0dQ,



hence the first Green’s formula yields

0 = /m r)w(r)dS = /Aw w(z) + |[Vw(z)|? do
- /ﬂ(—/\|w(x)|2—|—|Vw(x)| ) d
_ —z'Im)\/Q]w(x)|2da:+/Q|Vw(x)\2—Re)\|w(3:)]2da:.

This implies w = 0, hence v = @. Therefore the solution is unique.

A solution u of the exterior Neumann boundary value problem is obtained if we insert
the unique solution v of the boundary integral equation (—I+ K')v = f into (7.72). Asin
the proof of Lemma 7.23 we see that u defined in this way satisfies the radiation condition
(7.71). To prove uniqueness of the solution suppose that @ is a second solution. We apply
the first Green’s formula to w = u — 4 in the exterior domain R3\Q as in the proof of
Lemma 7.23, noting that w(x) decreases exponentially for |z| — oo, because both u and

@ satisfy the radiation condition. As above, we conclude that w = 0. [ ]

7.7 Solution of the Dirichlet problem

To solve the interior and exterior Dirichlet problems we must show that the boundary

integral equations (—I + K)v = f and (I + K)v = f are solvable.
Theorem 7.25 The operator K : X — X is compact.

This theorem is proved in the same way as Corollary 7.22 using Theorem 7.15 instead of
Theorem 7.17.

Lemma 7.26 Let A € C\ [0,00). Then 1 and —1 are not eigenvalues of K.
Proof: For u,v € C(052,C) we write
(u,v)o0 = / u(z)v(z)dS,.
o9

By interchanging the order of integration we obtain

(K’ 0 e S, v(z)dS
" U o /89 2 /69 on, ’95 —Z/’ (y) yv(:ﬁ) ’

! 0 AT s, ds K 773
—/mu(y)% ma—nxmv(@ + dSy = (u, Kv)oa . (7.73)
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Now let 1 =1 or p = —1 and assume that v € C(952, C) satisfies
(—pl + K)v =0.
From (7.73) we conclude for all u € C'(0f2, C) that
(=l + K")u,v)o0 = (u, (—pl + K)v)oa = 0.

Since by Lemma 7.23 neither 1 nor —1 is an eigenvalue of the compact operator K’,
it follows from Corollary 7.7 that the mapping (—ul + K') : C(992,C) — C(092,C) is
surjective. Therefore there is u € C(0,C) such that (—pl + K')u = v, where v €
C(09,C) denotes the complex conjugate function of v. Thus,

o) 2dS, = (7, v)o0 = ((—uI + K'u,v)on = 0.
o0

Consequently v must be equal to zero and cannot be an eigenfunction. This implies that

t is not an eigenvalue of K. [ ]

Corollary 7.27 Let Q C R? be a bounded open set with 0Q € Cy. Suppose that A €
C\[0,00). Then the interior Dirichlet boundary value problem

Au(z) + A u(z) = 0, xz€Q
u(z) = f(x), =€,

and the exterior Dirichlet boundary value problem

Au(z) + du(z) = 0, z€R)\Q
u() = fz), =e€dR\Q),
u(z)], [Vu(z)] = O(*™Vel), |z] — oo

have unique solutions for all f € C(0Q,C). The solutions are given by the double layer

potentials
1 [ 9 VR

u(z)

where v satisfies the integral equation (—I + K)v = f for the interior problem and (I +

= — — v(y) dS,,
27T a0 8ny ‘x—y‘ ( ) Y

K)v = f for the exterior problem.

This corollary is proved as the corresponding result for the Neumann problem.
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8 Hilbert space methods

8.1 Elliptic differential operators, weak solutions

Let Q C R™ be an open set and let

Lu(z) = Y D*(ap(z) DPu(z)), x€Q
la|<1
|BI<1

be a linear differential operator of second order with coefficient functions
Ao : 2 —=C, «,feNG, |af,|f] <1

The sum

Z Ao (2) D Pu(x)

jat1=2

is called principle part of this operator.

Definition 8.1 (i) The operator L is called elliptic if for all £ € R", £ # 0 and all z € Q
> ()™ £0.
la+p8]=2
(i) L is called strongly elliptic if to every x € €2 there is 7 > 0 such that for all £ € R
Re( 3 aap(@)e™) > nlef”
la+8|=2

n is the ellipticity constant.
(iii) L is uniformly strongly elliptic if L is strongly elliptic with an ellipticity constant

which can be chosen independent of x € €.

Example: Choose
1, ifa=4,|la=1

aap(z) =
0, otherwise.
Then
Z D*(aqp(z)Du(z)) = pys) u(z) = Au(x).
la|<1 i=1
|BI<1

For this operator we have

7 aep(a)et? =3 =g
=1

laf=[8]=1
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consequently A is uniformly strongly elliptic with ellipticity constant n = 1.

In the following I assume that a,s : 2 = R is measurable and bounded for all multi-indices
a, p € Ny with |al,|5| < 1. The operator

Lu= Y D*(assD"u)

la|<1
1B1<1

is in divergence form. For such operators the Definition 3.32 of weak solutions for the

Helmholtz equation can be generalized immediately:

Definition 8.2 Let f € L*(Q,C) and A € C.
(i) The function u € H, (2, C) is called weak solution of the partial differential equation

Z D*(ans(z)DPu(x)) + Au(z) = f(z)
lal<1
1B1<1

in Q, if for all p € C'ae(, C) the equation

Z(_l)la/

lal<1 @
BI<1

holds.

t05(2) D%u(z) D* (@) da + A / u(e) @) de = / f(2) p(@)de

Q

(i) Let g € H1(2,C). Then u € H(£2, C) is called weak solution of the Dirichlet boundary

value problem

> D(agp(x) DPu(x)) + Mu(z) = f(z), z€Q
la|<1
181<1

u|8Q - g|aQ’

if u is a weak solution of the partial differential equation and if u — g € [f[ 1(2,C).

In the following I write for u,v € H;(Q2,C)

Blu,v) = /Q S (=1)lans(2) DPu(x) D0 () d. (8.1)

With this definition it follows that v € H, (€2, C) is a weak solution of

Z D*(aasDPu) 4+ Mu = f
laf<1
181<1
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if and only if

for all ¢ € Coo(€).
For the Laplace operator L = A we have

B(u,v) = —(Vu, Vv)q.
Insertion of this expression into (8.2) shows that for the Helmholtz equation Definition 3.32
of weak solutions coincides with Definition 8.2.
8.2 Coercivity of sesquilinear forms to elliptic operators

Definition 8.3 Let X be a vector space over C with norm |ju||, and let (u,v) — [u,v] :

X x X — C be a mapping. This mapping is called

1. a sesquilinear form, if

[Au + po, w] = Nu, w] + plv, w), [u, \v + pw] = Nu, v] + fifu, w)],

2. symmetric, if [u,v] = [v, u],
3. bounded, if |[u, v]| < K ||u|| ||v]],
4. strictly coercive, if there is ¢ > 0 such that [u,u] > c|ju||? for all u € X.

The simplest example of a symmetric, bounded, strictly coercive sesquilinear form is the
scalar product (u,v) on a Hilbert space. The mapping (u,v) — B(u,v) : H(Q,C) x
H,(Q2,C) — C defined in (8.1) is linear in the first argument and antilinear in the second
argument, hence B and of course also — B are sesquilinear forms. In this section we study
the coercivity of —B, which is a slightly weaker property than strict coercivity. In the

formulation of the respective result we write for u € H;(2,C)
lul10 = (VU,VU)}{Q.

With this notation one has

lullio = Ilullé, + ulio-
Theorem 8.4 Let anp : 2 — C be bounded measurable with

aos() = (=1)**age(z),  if la|+ |68 <1,
top(7) = apa(w) €R, if |l = 6] =1,
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and assume that
Lu = Z D*(ans D u)

e, B]<1
is uniformly strongly elliptic with ellipticity constant n > 0. Then B(u,v) = —B(u,v) is

a symmetric and bounded sesquilinear form on Hy(S2, C), which satisfies
B(u,u) > aiul} g — collulld,  for all u € Hy(2,C), (8.3)

where K2
o = g =+ K, K=Y |auslc-
la+8]<1
Definition 8.5 A sesquilinear form B satisfying (8.3) with suitable constants ¢; > 0 and
co > 0 is called coercive on Hy(2,C).

Remark 8.6 Since a,s € R for |a] = |5] = 1 the condition of strong ellipticity is

D st =g

laf=|8]=1

Proof of the theorem: For u,v € H,(Q2,C) we have

B(u,v) = Z (=D (an3DPu, D*v)
laf,|8<1
— Z (_1)\a|+|a\+|ﬁl<%D6u7Dav)
laf,|8<1
= Z (—=1)P/(DPu, age D*v) = B(v,u).

la],|B]<1

Thus, B is symmetric. Also we have
B, )| < Y Nlaagllo [(D%u, D*0)| < Cllullia [|v]l,a-
o], B1<1

Thus B is bounded.

To see that —B is coercive define
B'(u,v) = — Z (aagDu, D).
lal=|8]=1

The above calculation shows that B’ is symmetric. Since ans(z) € R for |a| = |] = 1 we

thus obtain for real valued functions u, v that

B'(u,v) = B'(v,u) = B'(v,u).
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Thus, if w € H,(2,C) and u; = Rewu, us = Imuw, it follows

—B'(u,u) = —B'(uy +iug,us +iug) = —B'(uy,uy) — B (ug, us)
—iB'(ug, uy) + 1B (u1,ug) = —B'(uy,u1) — B'(ug, u)

= / Z aap(2) (DPuy(2) D%uy (z) + DPus(x) D us(z)) dz
2 laj=1

181=1

B /Q ( Z aap () (Vul(ﬁ))aw + Z aap(x) (Vuz(x))aw) dr

laf=1 laf=1

1BI=1 18I=1

> [Vu@P + il Vus@)Pde = slufi.
Q
This together with ab < %aQ + % b? yields

—B(u,u) = —B'(u,u) — Z (=D (ansD? u, D*u) — (agou, )

lo+B8|=1
> luffe = DY laaslclulellullog = llaoollcllul o
|a+B]=1
€
> nulie = slulia = 5K lullie = Kllulie.
Choosing € = 71 shows that B = — B is coercive with the constant ¢, given in the theorem.

The proof is complete.

8.3 Existence of weak solutions to elliptic equations

The coercivity of the sesquilinear form — B allows to prove that boundary value problems

to elliptic operators have weak solutions. To show this we reformulate Definition 8.2 of

weak solutions slightly.

Assume that the operator L = > |4<1 D%(aq3D”) satisfies the assumption of Theo-

18I<1

rem 8.4, let A € R and let f € L*(Q,C). By Definition 8.2 b.) the function u € Ifh(ﬂ) is

a weak solution of the homogeneous Dirichlet boundary value problem

Lu+Xu = f inQ,

u| = 0,
o0

if for all v € C'uo(€2, C)
B(U, U) + )\(U, U)Q = (.fa U)Q
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holds. The sesquilinear form B is bounded on H 1(€2,C), hence it is continuous in both
arguments. Therefore, since CO‘OO(Q, C) is dense in H 1(€2,C), equation (8.6) holds for all
v € CO*OO(Q,C) if and only if it holds for all v € ]?Il(Q,(C). Using that A is real, we
conclude that u € [if 1(2,C) is a weak solution of the homogeneous Dirichlet boundary
value problem (8.4), (8.5) if and only if

B(v,u) + A(v,u)q = (v, f)a (8.7)

holds for all v € H 1(€2,C). We have thus reduced the problem of the existence of weak
solutions to an abstract problem for symmetric sesquilinear forms B on the Hilbert space
;[ 1(2). Accordingly, the existence proof is based on the coercivity of B and on the

following easy result:

Lemma 8.7 Let [u,v] be a symmetric, bounded, strictly coercive sequilinear form on a
Banach space X over C. Then [u,v] is a scalar product on X. The associated norm

1/2

|ul = [w,u]"? is equivalent to the norm ||ul|. The space X is complete with respect to the

norm |u|, whence X is a Hilbert space with the scalar product [u,v].

Proof: Obviously every symmetric, strictly coercive sesquilinear form is a scaler product.

From the boundedness and the strict coercivity we obtain

cllull® < [u,u] = Jul* < K]ull?, (8.8)
which means that || - || and | - | are equivalent norms. If {u,}>%, is a Cauchy sequence
with respect to the norm |-|, then (8.8) implies that {u,}52, is also a Cauchy sequence
with respect to the norm || - ||. Since X is complete with respect to this norm, there is a

limit element u € X of this Cauchy sequence. From (8.8) we obtain

lim |u— u,| < lim K%Hu — || =0,
n—oo n—oo
hence w is also the limit of {u,}>°; with respect to the norm |-]. Therefore X is complete

with respect to this norm.

Corollary 8.8 Let Q2 CR"™ be an open set, let

L = Z Da(aaﬁDﬁ))
lal,18]<1
satisfy the assumptions of Theorem 8.4, and let A\ < —co with

K2
=S50 +K, K= )" Jaaslle,
jo-+BI<1
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where n > 0 s the ellipticity constant of L. Then the homogeneous Dirichlet boundary
value problem (8.4), (8.5) has a unique weak solution u € ﬁ[l(Q,(C) for all f € L*(Q,C).

This solution satisfies

)i flla-

|| || < (— !
U max
L = 77’ —A— 0

Proof: Define the sesquilinear form [u, v] on [fh(Q,C) X ﬁ]l(Q,(C) by
[u,v] = —B(u,v) — Mu,v)q. (8.9)

Theorem 8.4 implies that this sesquilinear form is symmetric, bounded and satisfies for
ue H(2,C)

[u,u] = =B(u,u) = Au, u)o > 5 [uli g — (2 + Nlullg > cllullf o, (8.10)

N

with ¢ = min(2, —A—cp) > 0. Thus, [u,v

this sesquilinear form is a scalar product on H;(£2,C) with norm

is strictly coercive. Consequently, by Lemma 8.7

Iul2 = [U,U] = —B(u,u) - /\(U7U>Q :
Moreover, the linear form h : i 1(2) — C defined by

h(U) = —(U, f)Q
is bounded because (8.10) yields

_1
()] < Ifllallvlle < [[flle lvllLe < [[fllec™2 1ol

The Riesz representation theorem (Corollary 3.7) thus implies that there is a unique
function u € ﬁ] 1(€2, C) satistying

[v, u] = h(v)
for all v € Iofl(Q,C). By definition of [u,v] this equation is equivalent to (8.7). Con-
sequently, u is the unique weak solution of the boundary value problem. This solution
satisfies

cllullf o < [u,u] = h(w) < [[flla llulle.

hence ||ul|1,o < [|f|lq. This proves the corollary.

Let f € L?(Q) and g € H{(Q). By definition, u € H;(Q) is a weak solution of the

inhomogeneous Dirichlet boundary value problem

Lu+ X = f, (8.11)
(8.12)

u|8Q g|aQ’
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ifw:u—gelfll(Q) and
B(v,u) + AMv,u)q = (v, fa
for all v € F 1(€2). This implies that w satisfies
B(v,w) + AMv,w)q = (v, f — Ag)a — B(v, 9)

for all v € ﬁjl(Q) On the other hand, if w € ](}1(9) satisfies this equation for all
v E [31(9), then u = w + ¢ is a weak solution of the problem (8.11), (8.12).

Corollary 8.9 Let the assumptions of Corollary 8.8 be satisfied. Then for all A\ < —c3, all
f e L) and g € H((Q) there is a unique weak solution v € Hy () of the inhomogeneous
Dirichlet boundary value problem (8.11), (8.12).

Proof: Let the linear form h : Iih(Q) — C be defined by

h(v) = (v, g — f) + B(v,9).

The function © = g+ w is a weak solution of the Dirichlet boundary value problem if and
only if w € ;[1(9) satisfies
[v, w] = h(v)

for all v € H (©2), where [v,w] is the sesquilinear form defined in (8.9). From the bound-

edness of B we have

o)

IA

1A = Flia l[lvlla + Kllgllha o]0
(Ixg = fllo + Kllglle) lvlhe < (IAg = flla + Kllgllhio) ¢ 2 lul,

IN

where in the last step we used (8.10). Therefore h is a bounded linear form on the Hilbert
space ﬁ[ 1(Q2) equipped with the scalar product [u,v]. Consequently, by Corollary 3.7
applied to this Hilbert space there is a unique solution w € [if 1(£2).

Example 8.10 The operator L = A does not have lower order terms, hence ¢, = 0.

Therefore there is a unique weak solution of

Au+u = f,

U0oq 90

for all A < 0, f € L*(Q2), g € H1().
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9 Eigenvalue problems, spectral theory

9.1 The Friedrichs’ extension of the operator L

Let L =3, 151<1 D%a,5DP with ans : © — C bounded measurable, and let f € L?(9).
By definition u € H;(2,C) is a weak solution of Lu = f if and only if

B(u7 @) = (f7 @)Q

for all p € (%OO(Q) In this point of view L = Y D%a,zD” is merely a symbolic expression.
Yet, we can attach a precise meaning to L and define it as an operator on the Hilbert
space L?(£2,C) as follows: The domain of definition D(L) of L is given by

D)={uem(@| 3 ¥ :Blug)=(fva}.
feL?(Q) veCoo ()

It is immediately seen that D(L) is a linear subspace of H;(2). Note that if u € D(L)
then the function f € L*(Q) satisfying B(u, p) = (f,¢)q for all ¢ € 500(9)7 which exists

by definition, is unique. For, if g € L*(Q) is a second such function then

(fa@)ﬂ = B(“?@) = <9790)97

whence (f — g,p)q =0 for all ¢ € 5’00(9) Since 5’00(9) is dense in L?(€2), this equation
implies f = g. Therefore for u € D(L) we can define

Lu = f.

This defines a linear operator L : D(L) C L*(Q2) — L*(€2). For this operator the equation
Lu = f holds if and only if u is a weak solution of this equation in the above sense.

We obtain an operator Lp “adapted” to the homogeneous Dirichlet problem if we
restrict this operator to the set ﬁ]l(Q) ND(L) :

Lp=1L .
b ’ﬁ[l(Q)mD(L)

This operator has the following property: For f € L*(Q) the equation

LDlL:f

holds if and only if u is a solution of

Y D*aegDu) = f,
o<1
B<1 "
|8Q
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in the weak sense.
If in particular a,g € C1(2) for all |a|,|8] < 1, then for u € CO‘OO ) the expression
B
D%(a,3DPu) can be computed in the classical sense. By partial integration it
lal,|81<1 B P yp g

thus follows for u, ¢ € CO’OO(Q) that

Since f = XD%(a,sD%u) € L*(Q) and since COJ’OO(Q) - ;[1(9) C Hy(9), it follows by
definition of L and Lp that

Lu = Lpu = Z D*(aapsD?)u

laf,|B]<1

for u € 500(9) Consequently, on é’oo(Q) the operators L and Lp coincide with the

classical differential operator Zlahlﬁlﬁl D%(a,3D?), both are extensions of this operator.
Lp is called the Friedrichs’ extension of } 7, 15 D%(ansD?) on éoo(Q)
Corollary 8.8 implies that for A\ < —cy and f € L*(Q) there is a unique solution u of

—Lpu—Au=f,

and this solution satisfies

1
—)\_CQ

Sl

2
lullo < Jlull.o < max (=,

This means that the inverse operator
(=Lp — A1 L*(Q) — D(L) C L*(Q)

exists, and that this operator satisfies for all f € L*(Q)

_ 2 1
Jullo = (=0 = )7 fllo < max (-

)i fle-

—/\—CQ

Therefore this operator is bounded. Consequently
(=00, —¢2) € p(—Lp).

Thus, the spectrum X(—Lp) belongs to the complement of (—oo, —cz) in C. In the

following the spectrum will be determined precisely.
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9.2 Existence of eigenvalues in bounded domains

The results of this section are based on the following fundamental result:

Theorem 9.1 (Rellich selection theorem.) Let Q@ C R"™ be a bounded open subset.
Fvery bounded sequence in [;h(Q) has a subsequence, which converges in the morm of

L3(Q).
We omit the proof. It can be found for example in the books of Alt and Leis.
In this section we always assume that a,s : 2 = C are bounded measurable with

aas(z) = (=1)ltFlag,(x), iflal+]8] <1,
aos(r) = aga €R, if |a| = |B] =1,

and that

Lu()= > D*(anp(z)Du(x)),

laf,|8]<1
is a uniformly elliptic operator with ellipticity constant 7.
Let A € C be an eigenvalue and v € D(Lp) be an eigenfunction of —Lp, hence
(—Lp — Nu=0.
By definition this holds if and only if v € H 1(€2) satisfies
B(u, ) + Mu,p)o =0
for all p € CO’OO(Q) This is equivalent to
B(u,v) + AMu,v)q =0
for all v € H,(Q).

Lemma 9.2 Fvery eigenvalue of —Lp is real. Eigenfunctions uy; and us to distinct eigen-
values are orthogonal:

(Ul, UQ)Q = B(Ul,UQ) =0.
Proof: Let u € 1(€2) be an eigenfunction to the eigenvalue A. Then

B(u,u) + Mu,u)g = 0.
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The symmetry of B implies B(u,u) € R, hence

B(u,u)

A=—
lullg

e R.

If u; and wuy are eigenfunctions to the distinct eigenvalues Aj, A9, then

AM(ur, uz)o = —B(ur, ug) = —B(ug, u1) = Aa(uz, ur)o = Ao(ur, u2)a,
hence (A1 — Ag)(ug, uz)q = 0. Since A\; — Ao # 0, this yields (u1, uz)q = 0, whence
B(uy,ug) = —A1(ug,u2)q = 0.
The proof is complete.

Let M be a finite dimensional linear subspace of H 1(2) spanned by eigenfunctions of
—Lp. We denote by M+ the linear space of all functions in H 1(€2), which are orthogonal
to M with respect to the scalar product (u,v). Since |(u,v)| < ||ullq [|v]la < ||lulli]|v]l,
the scalar product (u,v) is continuous with respect to the norm |Jul|;, whence M* is
closed. We allow M = 0, in which case M+ = H,(9).

Theorem 9.3 If u € M+ with ||ul|q = 1 ezists such that

_B(u> u) = min (_B<U7 U))a
iy
v||o=

then A = —B(u,u) is an eigenvalue of —Lp and u is an eigenfunction to this eigenvalue.

Proof: Note that ||i—|lo = 1 for all v # 0, hence

B
min (—B(v,v)) = min (— (L,L ) = min (— (U’:))
pent veMt [vfle” lv]le veM [[v][&
vl|lo=
It follows that —28% = —B(y, u) < =22 for all v, hence Ay —B00wf) Ry R

l[ulld [[ll%, lutAvlg

has the minimum at A = 0 for all v € M+. Thus

d Blu+Av,u+ v)

D Jutah o

d B(u,u) + A2Re B(u,v) + N>B(v,v)

dx " Julld F A2Re (w,0) + A2off =0

2 B 2 _B 2

_ 2Re (u, vl (1, )2 Re (u, v) = 2Re (B(u,v) + A(u,v)).

lullé
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Since M* is a linear space it follows that iv € M+ if v € M*. Thus

Im (B(u,v) + A(u,v)) = Re(—iB(u,v) —i\u,v))
= Re (B(u,iv) + A\(u,iv)) =0,
hence
B(u,v) + ANu,v) =0 (9.1)

for all v € M*. Let w be one of the finitely many eigenfunctions which span M, and let

1 be the eigenvalue to w. Then
B(w,v) + p(w, v)o =0

for all v € ﬁh(Q) Since u € M+ we have (w,u)q = 0, thus B(w,u) = 0, whence
B(u,v) = (u,v)q = 0 for all v € M. Together with (9.1) this implies B(u,v)+ A(u,v) =0

for all v € H1(€2), whence A is an eigenvalue and wu is an eigenfunction.

Theorem 9.4 Let Q@ C R"™ be a bounded open set. The function —B(v,v) assumes a
minimum on the set {v € M* | ||lv|jq = 1}, which is not smaller than —cy, where c; > 0
is the constant from the coercivity estimate proved in Theorem 8.4. (The minimum is not

unique.)

Proof: It has been shown in Theorem 8.4 that —B is coercive. This implies for all
u € Hq(Q) with ||ullq = 1 that

—B(u,u) >

N3

[uliq — c2llullg > —c2,
consequently the infimum

A= vér]ti (—B(v,v)) > —cy
lv]lo=1

exists, and we can select a sequence {ux}r C {v € M* | |Jv|lq = 1} satisfying
lim —B(ug, ux) = A
k—r00

The coercivity implies

g |uk|fQ < —B(ug,ug) +ca = A+ co,

which yields

1/2
luelli = (Jluelld + lunli o)~ < c
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with a suitable constant C. Hence {ug}y is bounded in H1(£2). In general, the sequence
{uy}r does not converge. However, we can select a convergent subsequence: Let |u]|? =

—B(u,u). Since B(u,v) is a sesquilinear form, the parallelogram equality holds:

v+ v]? + |u—v]? =2|u]® + 2|v]>

Thus
lwe — wil® = 2 we]® + 2| ue]® = Jue + wi]? (9.2)
2 2 2 Ug + Uk o
= |uel” + 2 up |l — luy + u -

< 20ue)? 4 2| ug]® — N|Jue + ug]ld -

Here we used that —“t“— € {v € M* | |lv]jq = 1}, whence | —2t4%—] > ).

llwe+urlle lueturllo

Since {ug}y is bounded in i 1(2) and since 2 is bounded, there is a subsequence
{ug,}s converging in L*(2), by the Rellich selection theorem. Let u € L*(9) be the
limit function. Denoting the subsequence by {u} }x, for simplicity, we obtain from the
continuity of the norm that ||ullq = 1 and ||u}, + u)|lq — ||2u]lq = 2, for k,¢ — co. The
inequality (9.2) together with the coercivity of B thus yields for k,¢ — oo that
2y =i < Lty = wi ) + ol — ui [ — 2X* 42X —4) = 0.
Consequently {u} } converges in H 1(Q) with limit function u, since the limits in L?(Q)
and [ 1(2) coincide. From the continuity of B on i 1(2) x i 1(©2) we thus conclude

—B(u,u) = lim —B(u},u;) = A= inf —B(v,v).

k—o00 veMLt
[vlle=1

From the closedness of M+ we conclude that u € {v € Mt | |[v||q = 1}, hence u is a

minimum of —B(v, v) on this set.

Corollary 9.5 Let 2 CR" be a bounded open set and let M C ]Oil(Q) be a finite dimen-
stonal linear space spanned by eigenfunctions of —Lp, or let M = (). Then there is an

eigenvalue X of —Lp and an eigenfunction u € M* to \, which satisfy ||u|lq =1 and

A= —B(u,u) = min —B(v,v) > —cs.
i
v|la=

Proof: Combination of the preceding two theorems.
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9.3 Spectral theorem and resolvent set

Also in this section we assume that 2 C R™ is a bounded open set and that

Lu(z) = Z D*(aqs(z) DPu(z))
e, B1<1
is a uniformly elliptic operator with bounded, measurable coefficient functions a,g : 2 —
C satisfying
aop(r) = (=1)*"lage(z), fa+p <1

aaﬁ(l‘) = aﬁa(x) €R, |O[| = |6| =1.

Theorem 9.6 (Spectral theorem for —Lp) There is a countably infinite sequence

{Am}m C R of eigenvalues of —Lp satisfying
<M< <. ... <A\, <...>00, m—o00,

where the eigenvalues are repeated according to multiplicity. Moreover, there is a sequence
{tum}m C [;1(9) of corresponding eigenfunctions, which form a complete orthonormal
system in L*(9).

Proof: We construct the sequences {\,,},, and {u,,},, by induction: If A\y,..., A\, and
Ui, ..., U, are already constructed, let M,, be the space spanned by uy,...,u,,. Define
Ama1 and Uy, € M to be the eigenvalue and eigenfunction of — L p satisfying ||, 1]lo =
1 and

which exist according to Corollary 9.5. The corollary also yields A, > —c,. Since M, C
M it follows that

Ami1 = min —B(v,v) < min —B(v,v) = Ao

vEML veML

vlle=1 lvlle=1

Moreover, A, — oo for m — oo. Otherwise there would exist C' > 0 with \,, < C for all

m. The coercivity of B yields

g |Um’ig < _B(um7um) + C2”umH?2 = )‘M<umvum)ﬂ + C2

= Apt+c <O+ oy,
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whence {uy, }, is bounded in H;(€2). By the Rellich selection theorem we could select
a subsequence converging in L?*(€2). However, such a subsequence does not exist, since
(ug, Uy,) = 0 implies

lue = um g = lluellg + lumlle = 2,

whenever ¢ # m. Therefore \,, — oc.
By construction, {t,, },, is an orthonormal system in L*(€2). If it is not complete there
is f € L*(Q) different from zero such that

(umvf)ﬂ =0

for all m.
In Theorem 8.4 we proved that the sesquilinear from —B(u, v)+ (c2+1)(u, v) is strictly
coercive, which implies that there is w € H 1(2), w # 0, such that

_B(U7 w) + (CQ + 1)(?],’11]) = (U, f)
for all v € [?[ 1(€2). For the eigenfunctions u,, we thus obtain
(A + o + 1) (tm, w) = =B(tp,, w) + (o + 1) (tp, w) = (tpm, f) =0.

Because A\, + ca + 1 > 1, it follows that (um,,w) = 0 for all m, thus w € M for all k.

Setting w' = ||ulf|)|97 we obtain for all k&
Aip1 = min —B(v,v) < —B(w',w")
vGMkL
lv]le=1

This contradicts Ay, — oo for k — oo. Consequently the orthonormal system {u,,}, is
complete in L%(Q).

Corollary 9.7 Let {\,.}m be the eigenvalues constructed in the preceding theorem and

let {um}m be the complete orthonormal system of eigenfunctions.

(i) u € L*(Q) belongs to [;Tl(Q) if and only if >0 M| (u, ) |* < 00. If u belongs to

H1(Q), it holds that
Y/

Jim fJu— le,um)umnl,a = 0. (9.3)

(ii) Foru € Ifh(Q) we have

—B(u,u) = Al (u, ). (9.4)
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(iii) w € L*(Q) belongs to D(Lp) if and only if > oo A2 |(w, um)|* < 0o. If u belongs to
D(Lp), it holds that
—Lpu = Z A (W U ) Uy (9.5)

m=1

Proof: (i) Let u € L*(2) be given. For k < ¢ define

14

Upe = Z(u,um)um
m=k
The function ug, belongs to ﬁ[ 1(2), and since the orthonormal system is complete in
L*(Q), it follows that the sequence {uj,}en converges to w in the norm of L?(€).
We first show that if > ° | A |(u, um)* < oo holds, then u belongs to ;Il(Q) and
{u1¢}een converges to u in the norm of ﬁ] 1(©2). To this end let ¢y be the constant from
(8.3) and choose A > ¢o. Then (8.3) implies for u € ﬁ[l(Q) that

—B(u,u) + Mu, u) > arfufi g + (A = e2)[[ull® = cllulli o

with ¢ = min(eq, A — ¢3) > 0, whence

¢ [JupellT.q < —Bluge, tre) + Mg, wre)
¢

= D" () () (= Bl ) + A, 1))

= Z (U ) (w0, us) (A + A) (U, us) = Z()\m + ) [ (, ) [

This inequality implies that if > A |(u, up)|* < oo, then {uis}ren is a Cauchy se-
quence in the norm of H 1(€2), hence converges in H 1(€2). Since the limit in H 1(€2) coin-

cides with the limit u in L?*(2), we obtain u € }Oh(Q) and

hm ”'LL — uMHLQ = O,
£—00

which is (9.3).
Assume on the other hand that u € ]fll(Q) To show that > Ay |(u, um) > < oo,

we compute similarly as above
0 < —B(u — uyg,u — ue) + AMu — urg, u — upp)

k
= —B(u,u) + Mu,u) = > (A + M) (1, 1)[%,

m=1
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hence

Z/\ |(u, um)|? < —B(u, u) +)\<uu Z|uum ) —B(u,u).
= m=1
Since Ay, < Apy1 < ... — 00, this proves that the series > °_ A\ |(u, uy,)|* converges.

(ii) Since the bilinear form B : H1(2) x H1(Q2) — C is continuous, we compute with
(9.3) that

- Z <u’ um) (u7 uS) umaus Z)\ | U, Um

This proves (9.4).
(iii) By definition, u € D(Lp) if and only if u € ;[1(9) and there is f € L?(2) such
that
—B(v,u) = (v, f), (9.6)

for all v € [fll(Q) If (9.6) holds, we have —Lpu = f. For v € [fll(Q) it follows from
statement (i) that >~ (v, Uy )y, converges to v in the norm of [31(9) Since B :

[Zﬁ(Q) X ]ih(Q) — C is continuous, we obtain
o o0
Z (0, Up) B, u Z (0, U) A (U, 1)
m=1 m=1

Since the orthonormal system is complete in L?(£2), we moreover have

(e 9]

(0, ) = D (0, ) (i, f)-

m=1

Thus (9.6) holds if and only if

Z m (U, 1) = (U, f)) (v,um) =0

m=1
for all v € ﬁ[l(Q) Setting v = uy shows that (9.6) holds if and only if

M (up, u) = (ug, f), for all k € N. (9.7)
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Thus, u € D(Lp) if and only if u € ](—)_Il(Q) and there is f € L*(Q) satisfying (9.7).
If w e D(Lp) we conclude from (9.7) that

ZA () = D ()P < o0

and . -
—Lpu=f= Z(f, Uy ) Uy, = Z A (W, U )0
m=1 m=1

This proves (9.5). On the other hand, if > ° | A2 |(u, u)|* < oo it follows that also
> Am (U, u)|? < 0o. By statement (i) this means that u € Hl(Q). Define a function
f € L*Q) by f =" \u(u, Up)ty,. Since this function satisfies (9.7), we infer that
u € D(Lp). u

Corollary 9.8 To every A € C\{\,,};n and every f € L?(Q, C) there is a unique solution

u of
—Lpu—Au=f

given by

- .f? m
e

Consequently p(—Lp) = C\{\n.}m, Z(—=Lp) = { A\ }m-

Remark 9.9 This result means, of course, that the Dirichlet problem

Z D*(aas D" u) + Au = f
laf,|8]<1

u| =0
a0

has a unique weak solution for all A\ # ), and all f € L?(Q).

Proof: From u=>""_, (A’:n%m/\) U, 1t follows

(U, um) =

hence

S o [ ) Z\A ] fum\2<02|fum < %.

m=1
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Corollary 9.7 thus shows that u € D(Lp) and

—Lpu—Au= Z()\m — M) (U, Upp ) Uy, = i(f, U Uy, = f
m=1 m=1

The solution is unique since —Lp — A is injective. For,

[e.e]

0=—Lpv—Av= Z()\m — A) (U, U ) Uiy

m=1

yields together with \,, — A # 0 that (v, u,,) = 0 for all m, hence v = 0.
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10 Linear hyperbolic equations of second order

10.1 Hyperbolic differential operators

The wave equation g—; u(z,t) = cAyu(z,t) is a hyperbolic equation. We now show that
the spectral theorem from Section 9 can be used to prove existence of solutions for the
wave equation and other hyperbolic equations.

Let Lu(z) = Y jaj<1 D*(aas(z)DPu(zx)) be a linear differential operator of second
I81<1

order. In the remainder I always assume that the coefficients of the principal part

L'u(z) = E Ao (1) D Pu()
|a|=1
18l=1

are real valued functions:
anp(z) €ER, for |a|=|f]=1.
One uses the set of zeros of the “principal symbol”

p(x,§) = Y aap(x)e*, (R,
|or|=|B]=1

of the differential operator L to classify the operator. An operator, whose set of zeros
only consists of 0 € R” is elliptic.

A subset M of R™ is called conic with vertex at 0 if £ € M implies u& € M for all
p > 0. Since p(z, &) is homogeneous of order 2 with respect to &, it follows that if € is a
zero of p(x, &), then & is a zero for all p € R, hence the set of zeros of p(x,&) is a conic
subset of R™ symmetric with respect to the vertex 0.

The operator L is called hyperbolic if the set of zeros of the principal symbol p is a

double cone. This is made precise in the following

Definition 10.1 The operator L is hyperbolic at x € R"”, if there is a vector 8 # 0
such that every line in R™ parallel to #, not passing through the origin, intersects the set

{& | p(x,&) = 0} in precisely two distinct points.

Example 10.2 Let >, 15 Dg (aap(z)DB), x = (z1,...,2,) € R", be an elliptic oper-
ator satisfying

Z aaﬁ(x)€a+5 > Oa 5 € Rna 6 7é 0.

laf=]8]=1
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Then o
Lu(x,t) = pre u(z,t) — Z D2 (ans(z)Du(z, 1))

<1
18I<1

is a hyperbolic operator. To see this note that with z,£& € R", ¢, € R the principal

symbol is

p([L’, t7§7 C) = <2 - Z aaﬁ<x>§a+ﬁ-
|a|=1

|8]=1

Set 0 = (0,...,0,1) € R*"!. Every line in R™™! parallel to § and not passing through the
origin is of the form ¢ — (£, () with £ € R™, £ # 0. For such £ the equation

p(l’,t,f, C) = CQ - Z CLQB(Q})£Q+5 =0

laf=|8]=1

has the two distinct solutions ¢ = i\/z|a|=lﬁl=1 aap(x)28 . In particular, the operator

0? "L 92
(:)f—ch:ﬁ—c @
=1

i= %
is hyperbolic for every constant ¢ > 0. Therefore the wave equation

82
o] u(z,t) = cAzu(x,t)

is a hyperbolic equation. (92 — cA, is sometimes called d’Alembert operator, after Jean-
Baptiste le Rond d’Alembert, 1717 — 1783.)

10.2 Energy estimate for the wave equation, uniqueness of solutions
Let © C R™ be an open set, let f : Q x [0,00) — C be a bounded continuous function.

Theorem 10.3 Let u : Cy(2 x [0,00),C) N C(Q x [0,00),C) be a solution of the initial-

boundary value problem

—u(z,t) = cAyu(z,t)+ f(x,t), (x,t) € 2 x (0,00)

)
u(z,t) = 0, (x,t) € 90 x [0, 00)
u(z,0) = u®(2), u(z,0) =uM(z), z€.

with a constant ¢ > 0. Then u satisfies the energy estimate
t
B0 < B0 + [ | f(®)]ad:,
0
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where the energy E(u,t) is defined by
1
E(u,t) = / ~ug(a, t)[* + ¢ Vo u(z, t))*dx.
02 2

Proof: Since u is two times continuously differentiable we have

d d 1 c
7 E(u,t) = o g §|ut(x, )| + 2 |Vou(z, t)|dx
= / Re (utt(x, t)u(x,t) + cVu(z,t) -V, ut(x,t))da:
Q
= / Re ((utt(x, t) — cAgu(z, b)) w(z, t))dx
Q
= Re / fla,t) uglz, 1) de < || f(O)lla [lue®) o < 20 fE)loB(u, )"/,
Q
Now y p p
“ _ ¢ 1/2\2 _ 12 ¢ 1/2
th(u, t) p7 (E(u,t)"?)" = 2E(u,t) y7 E(u,t)"?.
Combination of these relations yields

& B0 < £0)l-

Integration yields the stated estimate.

Corollary 10.4 The initial-boundary value problem

62
@u(x,t) = cAyu(z,t) + f(z,1)

u(z,t) = 0, (x,t) € 9N x[0,00)
u(z,0) = u ), w(z,0)=uV(z), €0

S
~

Y

has at most one solution u € Cy(2 x [0,00),C) N C(Q x [0, 00),C).
Proof: Let u and v be two solutions. Then the difference w = u — v satisfies
g—;w(x, t) = cAyw(x,t)
w(x,t) = 0, (x,t) € 92 x [0, 00)
w(x,0) = wy(r,0)=0, x€Q.
Form the energy estimate it thus follows

1
/ L@ )2 + $|Vaw(a, 6)2de < E(w,0) = 0.
02 2
Consequently wy(x,t) = 0 for all (z,t) € 2 x [0,00) and w(z,0) = 0 for all x € €2, whence
t
w(z,t) = / wy(x, 7)dT =0,

0

for all (z,t) € Q x [0,00). Thus, u = v.
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10.3 Existence of weak solutions of initial-boundary value problems to hy-

perbolic equations

In the following I consider hyperbolic differential operators of the form 2 5z — L, where

L= D(aas(z)Dy)

o<1
18]<1

t2

is a uniformly strongly elliptic differential operator with bounded measurable coefficient

functions a,p : 2 — C satisfying

tap(r) = (1) Plaga(z), o+ 8] <1
aa5($) = aﬁa(m) €R, ’a| = ‘ﬂ' =1

2 C R" is a bounded open set, for T' > 0
ZT =0 x (O,T)

denotes a cylindric subset of R, and for u : Zr — C and 0 < ¢t < T the function
u(t) : Q — C is defined by

(u(?))(z) = u(z,t).

The goal of this section is to show that the initial-boundary value problem

—u(x,t) = Lu(x,t)+ f(x,t), (x,t) € Zp
u(z,t) = 0, (x,t) € 002 x (0, 00)
u(z,0) = uO(x), u(z,0) =u(x), x€q,

has a weak solution. In order to give the definition of weak solutions inhomogeneous

Sobolev spaces must be introduced:

Definition 10.5 For 7' > 0, m € N let
H(Zr,C) = {u € L*(Zr,C \ —u € [*(Zr,C),k < m}.

H,(,?(ZT) is a Hilbert space with the scalar product

and the norm ||uH(t) = ((Uau)%))l/z'
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Theorem 10.6 (Sobolev embedding theorem.) Let ' > 0 and 0 < 7 < T. Then
there is a unique continuous linear mapping B : Hft)(ZT, C) — L*(Q,C) satisfying

(Bru)(z) = u(z,7),
for allw € C(Q x [0,7)) N H"(Zr,C).
A proof can be found in the book of Alt, p.249.

Definition 10.7 The function B;u is called the trace of the mapping u € Hft)(ZT) on

Q x {7} and is denoted by Uy

As in Section 9 let Lp : D(Lp) C L*(2) — L?*(Q2) denote the Friedrichs’ extension of the
operator ., 15 D(ansDP) in Q.

Definition 10.8 Let 7 > 0, f € L2(Zy,C), u® € D(Lp), uV € H,(2,C). A function

u : Z7 — C is a weak solution of the Dirichlet initial-boundary value problem
Pu(x,t) = Lu(x,t)+ f(x,t), (x,t) € Zr,
u(z,t) = 0, (x,t) € 0 x (0,T), (10.1)
u(z,0) = u®(2), u(z,0) =uM(z), x€q.
if
1. uwe HY(Zy),
2. u(t) € D(Lp), for almost all t € (0,7),
3. &?u(t) = Lpu(t) + f(t), for almost all t € (0,7,

0) (1)

- u) = ut; =u
Qx{0} Qx{0}

Theorem 10.9 Let Q C R™ be an open bounded set. To every f € Hy(Zp,C), v €
D(Lp) and u™) € [;h(Q, C) there is a weak solution of the Dirichlet initial-boundary value
problem (10.1). This solution is given by

u(@,t) =Y am(t)un(x),
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where {u,, }5o_, is the complete orthonormal system of eigenfunctions of the operator —Lp,

and where oy, : [0,00) — C is the solution of the initial value problem

82
55 Ot + A (t) = (F()um)
am(0) = (u” un),
0 1
Eam(O) = (u()7“m)g'

Here A\, is the eigenvalue to u,,.

Clearly, this implies for A, > 0

1
Q(t :COS\/_t \/msm\/_t
+/0 \/i\_msin(\/_ S () ) i

For A,,, = 0 we obtain

(1) = (1@, up)ao + (uM, up)o + /0 (t = 71)(f(7), tm) ,d,

and for \,, <0

1
am(t) = cosh(y/—=Ant)( ) U, Jo + msinh( —/\mt)(u(l)7um)g

+/Ot _lAmsinh(\/—t—T))(f ) o7

Since —co < A\ < ... < A\, < ... = oo form — oo there are only finitely many

eigenvalues A\, < 0.

Proof: From the explicit expression for a,, given above we obtain for s =0, 1, 2

Ban®)] < CO(VI+P]) (10, w)al
ST Y ey ) dr
P el e 1), )
+532 |(f(t)7 um)Q| ) (10'2)

where

0, s#2
1, s=2,
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and
CeV=2t if \; <0
Ct)=¢C(1+1), ifA =0
C, if \; >0,
with a suitable constant C. Using the Cauchy-Schwarz inequality, which yields

la+b4c+d? <4(a® +0* + A+ d¥)

([ 15 miar) <t [ maiier

we obtain from (10.2)

and

OFam ()] < 4C(t)2(1+Mm|)s<l(uw),um)n\2

1 t !
(1) 2 24
ol + e 1)) )

+ 4652 | (f (1), um) o> (10.3)

+

The assumptions ) € D(Lp) and uM) € ;[1(0) imply
(14 [Anl?) |(uQ, up)o> < oo,

m

Z (]‘ + |/\m|) |(u(1)7um)9|2 < oo,

m=1

cf. Corollary 9.7. Moreover, from f € Hy(Z7) it follows by the theorem of Fubini that
f(t) € Hi(Q) for almost all ¢ > 0. Thus, Corollary 9.7 (a) yields

g L

o

S al) [ 1070 wn)ofr

m=1
< [ (BT + 150l ir
< K, / ()2 adr < K|[fI2 5, < oo,
0

with suitable constants K7, Ks > 0. From these estimates and from (10.3) we obtain

[e.9]

S Pl lam®) < GO (1+1), (10.4)
S G am@) < CLOW*(L+1) + 460 > (), um)

= CiCt)*(L+1t) + 40| F(O)I3, -
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Thus, for s =0,1,2

T o T
| S ioanpae < [ P o+ asal o) e
(— 0
< GO+ DT + 402 f117, (10.5)
where we used that C(¢) is an increasing function. Since u, = an:1 Uy, satisfies for

k<t
¢

167 (ue — wi)llZ, = (85 (ue — un), 0 (e — )z = D (O} Contim, 05 t115) 2,

m,j=k

— / 0; 04y, 05 05 dt (Up,, 1 Q—Z/ 0 v (1) |2dt

m,j=k

we obtain from (10.5) that {du,}, is a Cauchy sequence in L*(Z7) with
hm ug = Z O} Uy,

for s = 0,1,2. This means that {us}, converges in the space HQ(t)(ZT,(C) and that the
limit function u € Hét)(ZT, C) satisfies

Oju = Z 0} Uy, - (10.6)
m=1

Also, since u(t) = 0| ot (t)tn, implies (u(t), tm), = i (t), we infer from (10.4) that

o0

Z |)‘m|2|<u(t)vum)g|2 < 00,

m=1

whence u(t) € D(Lp) for all ¢ > 0 and
—Lpu(t) Z Am T (10.7)

by Corollary 9.7. Summing up, we conclude from (10.6) and (10.7) that

Otu(t) = 07 Z am(t Z O (t)

_ i( At (f(t),um)9>um

m=1

= —Z/\ um um—l—z

= LDU()+f()-
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Thus, the first three conditions of Definition 10.8 are satisfied. To verify the last condition
note that o, (0) = (4, um),, and 2 o, (0) = (u®, u,y,)q yield

= = (0) _ (0

ule{O} o Z_lamm)um - E_l(u Ui )Q U, = U,
= = E (1) _ (D

8tu|Q><{O} - Zl ata(o)um - 71(“ 7Um)Q Um = U .

This completes the proof.
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A Appendix: Bessel, Neumann and Hankel functions

Bessel and Neumann functions are by definition solutions of Bessel’s differential equation

2 2

%v(m) + é % o) + (1= o) =0 (A1)
Here v € C is a constant and x € C. This equation cannot be solved by elementary
functions. Instead, Bessel- and Neumann functions belong to a class of functions called
special functions of mathematical physics. The Bessel function or cylinder function of

order v e C, v # —1,-2,-3,...,is

Tolw) = (9; klr((_ﬁc +1) <%>2k ’

where I' is the Gamma function. The power series converges for all z € C. If v is not

a nonnegative integer, then the term (%)V and therefore also the function J, are only

defined on the set C \ (—o0,0]. To be precise, (%)V and J, are defined on a Riemannian

manifold. If v is equal to a nonnegative integer m, then the formula for the Bessel function
becomes
T > 2k+m

)

= (-
Im(2) = kzzo Kl(m + k)] <§

where we used the equation

(A.2)

T((+1) =0,

which holds for integers ¢ > 0. The properties of Bessel function of negative integer order

can be read off from the equation
J_m(z) = (=1)" (), (A.3)

which holds for all m € Z. We see that for every m € Z the Bessel function J,, is

represented by a power series converging on all of C. Hence, J,, is an entire function.
Since Bessel’s equation is a linear differential equation of second order there must exist

other solutions of Bessel’s equation which are linearly independent of J,. In fact, if v is

not an integer, then one sees immediately that also J_, is a solution of Bessel’s equation,

which is linearly independent of J,. Hence, also the Neumann function

Jy(x) cos(vm) — J_,(x)

sin(vm)

N,(x) =

is a solution of Bessel’s equation linearly independent of J,. If v = m is an integer this

formula cannot be used to define N,,, since the denominator vanishes. Instead, in this
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case the Neumann function is

Ny (z) = lim N, (z).

v—m

The general solution of Bessel’s differential equation is thus given by
U(l’) = C’lJ,,(x) + CQNy(x), (A4)

with arbitrary constants C7,Cy € C.
If m is a nonnegative integer, then a series representation for the Neumann function

of order m is

Np(z) = _%mz_l W(g)?k—m

k=0
+ %m <g>Jm(x)
%i kd) - 112‘(+m¢irr;)+k+ : <2>2k+m’ (A.5)

where J,, is the Bessel function and where the v)—function is defined by
m—1
v(m) = —y+ Zk_l, m > 2.
k=1

Here
11 1
v = lim <1+—+—+...+——ln(m)> = 0.5772156649 . ..
m

denotes the Euler constant. In particular, for m = 0 we obtain
2 T
No(@) = =(In(3)+7) (@)
2 1x21+%x41+%+§x6
— —) - = —=—=(=) —...]. A6
e ((1!)2(2) 212 (3) 312 (3) (4.6)

The properties of the Neumann functions of negative integer order follow from the prop-

erties of the Neumann functions of positive integer order using the equation
N () = (=1)" Nim(2), (A7)

which holds for all m € Z.
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The Bessel functions J,,(x) of integer order m are analytic at « = 0, hence they are
infinitely differentiable at this point. The asymptotic behavior of these functions at 0 can

be read off from the series representation (A.2) and from (A.3). One obtains

Jo(0) = Jy(z) = O(x), x — 0,

. (A.8)
Jn(z) = 0™, J (x) = O(zI™=1), m| > 1, x — 0,

The Neumann functions N,,(x) of integer order have singularities at = 0. The asymp-
totic behavior of these functions at = 0 can be read off from (A.5), (A.6), and (A.7). If
we note (A.8), we obtain for z — 0 that

No@) = > In(a) +0(1),
Narl@) = F— +0(hn())

(m=1)! r2\™ —m+2
=)+ 0O(x , m > 2
Np(z) = = () ( )

(—1)mH (2T O m < -2,

™ x

Besides the functions J, and N, often the linear combinations

HWY(z) = J, +iN,(x), (A.9)
H®(z) = J, —iN,(z),

are used. These functions are called Hankel functions of first and second kind.

In the following three lemmas we derive properties of Bessel functions and some estimates

for these functions, which are used in Sections 4 and 5.

Lemma A.1 Let m € Z.
(i) The zeros of J,, do not have an accumulation point in C. Hence, the set of zeros is
countable. If y € C is a zero of J,,, then also —y is a zero.

(ii) Assume that y € C\ {0} is a zero of J,,. Then y is real and satisfies

y2 > m?.

Proof: (i) For m € Z the Bessel function J,, is entire. Therefore, if the zeros would accu-
mulate in C we would have J,,, = 0. Consequently the zeros do not have an accumulation
point. By (A.2) and (A.3) we have J,,(—x) = (—=1)™J,,(z), which shows that with y also

—y is a zero.
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(ii) Assume that y € C\ {0} is a zero of J,,. Set

u(r) = Jn(yr).

This function satisfies u(1) = 0, and by a short computation we obtain from the Bessel
differential equation (A.1) that
1 m
" / 2
- - — =0.
u (r)+ru(7")—l— ( = )u(r)
Multiply this equation by r and observe that ru”(r) + «'(r) = (ru(r)")’ to obtain

m2

(ru'(r)) + <y2 — ?>7‘u(7’) =0.

We multiply this equation by u(r) and integrate over the real interval [0, 1]. Thus,

2

/01 (re () u(r) + <y2 _ %)T’U(T)Pdr _o

Partial integration yields

2

— /Olru’(r) (u(r)) dr + /01 <y2 - %)r u(r)Pdr = (ru/(r) u(r))

Since u'(r) (m)/ =/ (r)u'(r) = o/ (r))?, it follows

/01 (—|u’<r)|2 + (v - T—;) |u(7~)|2> rdr =0. (A10)

Since the imaginary part of this integral is

r=1
=0.
r=0

(Imy?) / () 2r dr =0,

and since fol |u(r)|?r dr > 0, it follows that Im y* = 0, hence y? € R. Moreover, we must

have y* > m?, because otherwise it holds

/01 <—|u'(7")|2 + <y2 _ %2) |um(r)\2> o
: /01 <_|ul(r)|2 + (- %2) Iu(r)\z) rdr <0,

which contradicts (A.10). The proof is complete. [ |

Lemma A.2 Let m € Z, A% 0 and R > 0. If X is real and if VAR is not a zero of Jy,,

then we have

T (VAT

——F— €R, for allr > 0.

Jm(VAR)

168



J_ VAr JIm \fr
Proof: By (A.3) we have (( fR)) = (( VAR We can therefore assume that m € Ny.

Define the analytic functlon w:C— C by

Zk'm—?\lj <>2k+m’ vel.

Since the coefficients of this power series are real, this function satisfies w(r) € R for
all # > 0, and by (A.2) we have J,,(vVAz) = VA w(z) for all € C. This yields

T (V) w(r)
TR = wR) € R, for all » > 0. ]

Lemma A.3 Let m € Z\ {0}, let R > 0, and X € R.
(1) If A <0, then we have for 0 < r < R that

\/_7“ m
and for 0 <r < R and j = 1,2 that
T (V) ml=j 7|m|\J
Jn(VAR) |~ <_> | (%) K (A-12)

where Ky = \/1+2|M\R? and Ky = K1 + 1+ |\ R
(it) If X > 0, then we have for 0 <r < R and for m € Z with |m| > \/3A R that

0 < ((\/\/__2) ( )’ ol (A.13)
and for 0 <r < R, j =1,2 and m € Z with |m| > \/51% that
e = (s =

where Kl =1 and KQ = 2.

Proof: From (A.3) we see that all the statements of the lemma are valid for negative m
if they are valid for positive m. We therefore assume in the following that m € N. Set

u(r) = —Jm(ﬁr) :

Jmn(VAR)

By Lemma A.2 this function satisfies u(r) € R for all » > 0. Moreover, we have u(R) = 1

and since (A.2) shows that J,,(0) = 0, we also have u(0) = 0. Using that .J,,, is a solution

(A.15)

of (A.1) with v = m, a short computation yields that

u"(r) + =u'(r) + (A — = )u(r) = 0. (A.16)



We multiply this equation by r. Since ru”(r) + /() = (ru/(r))’, this yields

m2

N o
(ru’) +(>\—ﬁ)m—0>
where we dropped the argument of u to simplify the notation. After multiplication of this
equation with ru’, the resulting equation can be written as

2 1 2

1 N2 ! i m 2 ' — _ m_ 2
(500)2) + (=T (F0w?) = (A= T,
hence g 2 ) )
L2 2 002) = T2 N =
= <2(7"u) + (A = )2(ru) ) = (ru)” + (A = yru® = Aru’.
Since u(0) = 0 and (ru/(r = 0, integration of this equation over the interval [0, r
=0
yields
2 m2 2 " 2
(r (1) = (2~ A)(ru(r))® + 2 / su(s)? ds. (A7)
r 0

We consider now the cases A < 0 and A > 0 separately.

(i) Assume first that A < 0. In this case the function r — u(r)? is monotonically increas-
ing. To see this, suppose that this is not true. Since u(0) = 0, this implies that there is
a > 0 such that u? assumes the maximum on the interval [0,a] at a point 0 < 9 < a,
whence u?(rg) > 0 and 0 = (u?(ro))" = 2u(ro)u'(ro), thence u'(r) = 0. With

2\ /Oro su(s)? ds > 2\u(rg)? /OTO sds = )x(?"ou(ro))2 (A.18)

we thus infer from (A.17) that

m2

0=(——N) (rou(ro))Q + 2\ /OTO su(s)*ds > ?(rou(ro))2 > 0.

2
7o 0

Therefore r +— u(r)?

2\ [ su(s)?ds > )\(ru(r))z, hence (A.17) implies

is increasing. As in (A.18), we thus obtain for all » > 0 that

(ru’(r))2 = (% - ) (ru(r))2 + 2\ /07“ su(s)*ds > %(ru(r})Q,
whence
W) m
u(lr) | = r’

Since u(0) = 0 and u(R) = 1 we see that «/(r) and u(r) must be positive, hence we can

drop the absolute value signs on the left hand side of this inequality, which implies that

(lnu(r))/ > %
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We integrate this inequality over the interval [r, R| and note that u(R) = 1 to obtain
1 m
In— =—Inu(r) >m(lnR —Inr)=1In <§> :
u(r) T

hence,
T m
0< < <—> , A.19
u(r) < (% (A19)
which together with the definition of u in (A.15) proves (A.11).
To prove (A.12) for j = 1, devide (A.17) by 72 and use inequality (A.19) to estimate

u(r) and wu(s) in the resulting equation. This yields the estimate

v < (o (5) " () = (a5 2 (5
- (A () < (e A A 2y

m? T\ 2m-2
gﬁ(1+2|A|R2> ()7 (A20)

which together with (A.15) proves (A.12) for j = 1. To prove (A.12) for j = 2, use (A.19)
and (A.20) to estimate the terms u(r) and «'(r) in (A.16). This yields

2

o= L () (2 3) ()"

r2 R
= (fV TP s ) (5) = R (A e D) ()

2 m—2
< %(\/1 F2NR2 + 1+ [\ R2) (}%)
This estimate together with (A.15) proves (A.12) for j = 2.
(ii) Now assume that A > 0 and 0 < VAR < m. Then (A.17) yields

m2

(7‘1/(7“))2 — (= —)) (ru(r))2 =2\ /0’“ su(s)?ds > 0. (A.21)

r2

In Lemma A.1 we showed that J,,, does not have a zero on the interval (0, m). By definition
of u in (A.15), this means that u is different from zero on the intervall (0, A\~'/?m).

Consequently, (A.21) implies for 0 < r < R that

Since the right hand side of this inequality is positive for r from the interval (0, \="/2m),

the derivative u/(r) does not vanish on this interval. Since u(0) = 0 and u(R) = 1, this
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derivative must be positive, hence u(r) must be positive on this interval. Therefore we
can drop the absolute value signs on the left hand side of the last inequality, which yields

that
2
(lnu(r))/ > U

r2

We integrate this inequality over the interval [r, R] and use u(R) = 1 to obtain

Im, / / 2
—Inu(r / ——/\ds>/ 1—)\—2ds—m 1—x\£2ln—
m m

0<u(r) < (%)m =)

hence

1
T\ 2™

< <E> . (A.22)

The last inequality sign holds for m > %/\ R, since in this case we have 1/1 — A (%)2 > %
The inequality (A.22) together with (A.15) yields (A.13).
To prove (A.14) for j = 1, devide (A.17) by 7? and use inequality (A.22) to estimate

u(r) and u(s) in the resulting equation. We obtain

o= (0 (5) B [ () e (e 2 ()
§ T

s%wz%(g)“ i
(

This inequality and (A.15) together yield (A.14) for j = 1. To prove (A.14) for j = 2, we
use (A.22) and (A.23) to estimate the terms u(r) and «'(r) in (A.16) and obtain

Im/r\sm=1  m? PNz mA+m?r\sm2 _ m?r\sm2
" <20 m- r < r <M (T ‘
oI5 rGNE)T TR <)
(A.14) with j = 2 follows from this estimate and from (A.15). n
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