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1 Nonlinear partial differential equations modeling diffusion

and elastic deformation

1.1 Nonlinear diffusion processes

Heat conduction and transport of electric charge are examples for diffusion processes. Let
Q) C R? be a body, which conducts heat or electric charge. u(t, ) is the temperature or

the charge density at the point x at time ¢. The amount of heat or charge contained in a

/R ult, z)dz.

Let q(t,z) € R? be the flux at the position x at time ¢ and let b(t, z) € R? be the amount of

subvolume R of 2 is given by

the quantity u generated by a source at time ¢ and position x in unit time. The temporal
variation of [, u(t,z)dx is given by
—/ q(t,z) - n(x)dx +/ b(t, z)dx,
R R
where n(x) € R? is the outer unit normal vector of R at the point z € OR. The first
term gives the amount of heat or charge entering R over the boundary 0R in unit time.

Therefore the equation

4
dt Jp

u(t, z)de = — /8R q(t,z) - n(x)dr + /Rb(t, x)dx

must hold. Application of Gauss’ theorem yields

0
0 = / — u(t, x)dx + / q(t,x)n(x)dx — / b(t, z)dx
r Ot OR R
= / (2 u(t, x) + div, q(t, x) — b(t x))dw
R at Y ) )
This equation must hold for every subset R of {2, which implies that
%u(t,x) +div, q(t,x) =b(t,z), xz€Q, t>0. (1.1)

This is one equation for four unknowns
U(t,SC), Q<t7x) = (q1(t7x>7 q2(t7x)7 Q3(t,x>)
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To obtain three more equations it must be known how the flux ¢ depends on u. Equations
describing this dependence are called constitutive equations. The form of these equations
depends on the material properties of the conductor 2. Because of the atomistic structure
of €2, these material properties are very complicated and therefore in general not very
well known. To formulate constitutive equations one thus makes reasonable assumptions
about these material properties and verifies the resulting equations by comparison with
experiments.

The simplest assumption is Fourier’s law of heat conduction:
q(t,z) = —cV,u(t, x), (1.2)

with a constant ¢ > 0. This law assumes that heat is flowing from regions of higher
temperatures to regions of lower temperature. The strength |q(t, z)| of the flow is propor-
tional to the absolute value of |V, u(t, )| of the temperature gradient. Insertion of (1.2)

into (1.1) yields the heat equation

%u(t,x) =cAyu(t,x) +b(t,z), z€Q, t>0. (1.3)

A more general assumption is that the flow ¢(t,z) is a linear or nonlinear function of
V. u(t, x):

q(t,x) = —F(V,ul(t,z)), (1.4)
with a given function F : R®* — R3. Such a relation often holds in electric semi-conductors,

where the conductivity is a function of the flow. Insertion of (1.4) into (1.1) gives

%u(t,m) = div, F(V,u(t,z)) +b(t,z), z€Q,t>0. (1.5)

Equations (1.3) and (1.5) both are partial differential equations for the unknown function
u, which must hold in the domain Z = [0,00) x Q. One wants to find solutions of these
equations which also satisfy boundary and initial conditions. In the Dirichlet initial-

boundary value problem the solution u of (1.3) or (1.5) must also satisfy the equations
u(t,x) = yp(t, x), t>0, x e 0, (1.6)
u(0, ) = up(x), r e (1.7)

with given functions yp : [0,00) x 92 — R, ugy : @ — R. In the Neumann initial-boundary

value problem a solution u of (1.3) or (1.5) is sought which satisfies

F(Vyu(t,z)) -n(z) =y (t z), t>0, x€0Q, (1.8)
u(0,x) = up(x), x € (), (1.9)

with given functions vy : [0,00) x 02 — R, ug : Q@ — R.
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1.2 Uniqueness of solutions for the initial-boundary value problem and mono-

tonicity

One cannot expect that initial-boundary value problems to the diffusion equation (1.5)
have a unique solution for every function F'. After all, F' describes material properties of
the conductor €2, and one expects that only those initial-boundary value problems with
properties in accordance with real materials have unique solutions.

In order to get an idea what conditions must be imposed on F', we consider two

solutions u, v of the initial-boundary value problem

w(t,x) = divF (Vu(t,z)) + b(t, x),
uw(0,2) = up(x), =€,

with the Dirichlet boundary condition
u(t,z) =~vyp(t,x), (t,z) € [0,00) x I
or the Neumann boundary condition
F(Vyu(z,t) -n(z) =yn(t,z), (t,z) € [0,00) x €.

In a diffusion problem one expects that the solutions tend to a unique equilibrium distri-
butions for large times. Therefore the distance of two solutions, measured in a suitable
norm, should tend to zero for t — co. We use the square of the L?-norm to measure the

distance of u and v at time ¢:
) = o)1, = [ (ult.) = o(t.2)*do
where for a function w : [0, 00) x 2 — R the function w(t) : Q — R is defined by
w(t)(z) =w(t,x), =€
Using (1.5), we obtain
G0 = ol = [ 2 u(e.0) — oft,0))"da
= 2/Q (u(t, x) — v(t,x)) (ut(t, x) — vt(t,x)) dx

= 2/Q (u(t,z) —v(t,2)) (div, F(Vyu(t,z)) — div, F(V,o(t,2)))da.



We now employ Gauss’ theorem and (1.7) or (1.8):

d 2
7 llu(®) = v(®)ll (1.10)

S /Q (Vault,) — Voolt,2) - (F(Vault,z)) — F(V,olt,z))) de
49 /6 (ults) = o(6,2)) (F(Vault, ) = F(Vaolt,2))) - n(o)ds,
S /Q (Vault,z) - Voot z)) - (F(Vault,2)) — F(V, o(t,2)))dr.
Now assume that the vector field F : R?* — R? satisfies

(F(&)—F(n))-(€—n) >0 forall {,neR (1.11)

A vector field satisfying this condition is called monotone. This condition implies that
the right hand side of (1.10) is nonpositive, whence we have < ||u(t) — v(t)||3 < 0. Inte-
gration yields for s <t

lu(t) —v@)E, = /E|IU(T)—v(T)H?szJr||U(S)—v(8)||?z

< lu(s) = v(s)g-
In particular, for s = 0 we obtain
lu(t) = v(t)llg < l[u(t) = v(0)[I§ = lluo — uoll§, = 0,

whence [[u(t) — v(t)||q for all £ > 0, and therefore u = v in [0, 00) x €.

We thus have proved the following result:

Theorem 1.1 Assume that F' satisfies (1.11). Then the Dirichlet and Neumann initial-
boundary value problems (1.5), (1.6), (1.7) and (1.5), (1.8), (1.9) have at most one solu-

tion.

Examples for monotone vector fields. 1. For ¢ € R? let F(£) = [£[P€ with p > 0.
Young’s inequality yields

(F(&) = F(n)) - (€ —mn) = (&€ = |nlPn) - (€ —n)
= [P — [EPPE - — |nlPm - €+ InfP
> [P — 1P | — [P E] + InlPt

1 S R | L1
> [ = )T = gl = P = e+
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where r, s > 1 with % + % = 1. We choose r = % and s = p+ 2. Then we obtain

pt+1
p+2

1
0l = g I P = 0.

(F(&) = Fn) - (& —mn) > [[F*?
_ptl
p+2

1
£+ — P |n[+?

Therefore F' is monotone. The differential equation to this example is
up = div(|V, ul? V,u) + b.

2. Clearly, the vector field F(§) = ¢€ with ¢ > 0 used in Fourier’s law satisfies (F(&) —
F(n)) - (& —n) = c|¢ = n|?, whence F is strongly monotone.

1.3 Elastic deformation of a nonlinear membrane

We want to find the static (equilibrium) states of an elastic membrane. To this end
assume that the membrane has a deformation state, in which it is flattened in the plane
R2. This state is not necessarily an equilibrium state. Let Q C R? be the set of material
points of the membrane in this deformation state. We call €2 the reference configuration.

For a given other deformation state let ¢(z) € R? be the position in space of the
material point, which in the reference configuration is at the point x € 2. This defines a
function ¢ : Q — R3 describing the actual configuration.

With every deformation state of the membrane there is associated an amount of po-
tential energy stored in the membrane. In a static deformation state this potential energy
is minimal compared to all other deformation states possible for the membrane under the
given kinematic restrictions. To find these deformation states with minimal stored energy
we must know an expression for the potential energy. We assume first that no exterior
forces are present. In this case the potential energy only depends on the material prop-
erties of the membrane and is a local function, i.e. it depends on the relative positions of
atoms, which are neighboring in the reference configuration, but it does not depend on the

relative positions of atoms, which in the reference configuration have a larger distance.

It thus only depends on the local deformation state in the neighborhood of every point.

Since by Taylor’s formula ¢ is given by

aOL
o) = 3 TR (et Ry ()
s



with the remainder R,,, which is small for x close to zy € €, it follows that the potential

energy V() of the membrane in the actual configuration must have the form

wwwaé¢wuwi@wuxm¢u»m

with a suitable function ¢ : R® x ... x R3" — [0, 00). This expression can be simplified.
First, under the assumption that no exterior forces are present, the potential energy does
not depend on the absolute position ¢(x) of the material point x. Moreover, derivatives
0%p(x) with a multi-index o € N2 satisfying |a| > 2 describe bending of the membrane.
For a thin shell the potential energy depends on such bending terms, but a membrane
can be bent without resistance. Therefore, the energy density 1 does not contain such

terms, and hence we obtain

ww=4¢wmmM,

with a function ¢ : R3*3 — [0, 00).

We consider next the case where exterior forces are present, but for simplicity we
assume that these forces do not depend on the deformation state of the membrane. In this
case the total potential energy of the membrane is obtained by adding to the energy given
above an amount, which is equal to the work done against the exterior force during the
movement of the membrane from the reference configuration to the actual configuration.
If b(z) € R is the exterior force per surface area, measured in the reference configuration,

which acts at the material point x, we thus obtain for the total potential energy
U(p) = /Q O(Voo(a))de + /Q (@) - (— b(x))da.

With this potential energy we can determine the equilibrium state ¢ : © — R3 of a
membrane. We assume that the membrane is fixed at the boundary, i.e. we assume that
the position of the material points belonging to the boundary is determined by a given

function vp : 9Q — R®. We thus have to find a deformation state ¢ : Q — R? satisfying

Plog = 1D

and
/Qiﬂ(Vgp(x)) —(x) - b(z)dx (1.12)
— min { /Qz/J(ng(a:)) — @) bla)dr | QR G| = ’yD}.
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Of course, ¢ and ¢ must satisfy differentiability properties, which we discuss later.

The minimization problem is associated to a Dirichlet problem for a partial differential
equation of second order. We determine this Dirichlet problem under the simplifying
assumption that the material points are displaced from the reference configuration only in
the direction orthogonal to the plane of the reference configuration. Though this Dirichlet
problem can be determined in the same way for the general case, the simplification will
be essential for the succeeding considerations.

If the position of the material point x € ) is

SO(.’L') = (331,1'2,@3(1'1,332)) S R3a

then
1 0
Ve(x)=1 0 1
(Ves())"
and

() - b(z) = 21b1(2) + 2202 () + 3(z)bs(z).
To simplify the notation we denote 3 by ¢ and by by b, whence b: 2 — R, o : Q — R.
In this case the energy density in (1.12) is a function ¢ : R* — [0, 00).
Now assume that ¢ is a two times differentiable solution of (1.12) and that h €
C°(LR), s € R. Since Lo + 3h)| , = U is necessary for ¢ being a minimum, we

S=

obtain

d
0 = £W(@+sh)|

_ /Q %(¢(V¢(w)+th(x))—((,p(a:)—l—sh(:zc))b(a:)>| da

- /Q (V) (Ve(2)) - Vh(z) — h(z)b(z)dx
- / (= diva [V (Vep ()] - b)) hlw)d,

s=0

where in the last step we used Gauss’ theorem, noting that h|(9Q = 0. This equation must
hold for every h € C5°(Q, R?), which implies

—div, [F(Vop(a))] = (), x€Q (1.13)
o(x) = vp(x), x € 09, (1.14)

with F': R® — R? given by F(£) = Vi (£). We obtain that ¢ must solve the Dirichlet
problem (1.13), (1.14). The partial differential equation (1.13) contains the same nonlinear
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differential operator as (1.5). However, in the present case F' is a gradient and thus is

more special than in (1.5).

1.4 Equation for minimal surfaces

Consider a soap film, which at the boundary is attached to a wire forming a closed loop.
The shape of the soap film is determined by the surface tension: the surface tension tends
to bring the soap film into a shape with minimal surface area. To compute this shape,
assume that the projection of the soap film to the xy, xo—axis is given by an open set

() C R?, and that the position of the wire loop is given by the graph of a function
v: 00 — R.

The position of the soap film is given by the graph of a function w :  — R. This function

must satisfy the Dirichlet boundary condition
u(z) =v(x), x €.

To determine a partial differential equation for the soap film we use that the potential

energy of the soap film is proportional to the surface of the soap film:

U(u) = /Q V14 |Vu(x)|?de.

If we assume that the shape of the soap film can be described by the graph of a continu-

ously differentiable function, then u must be determined such that
U(u) =min{¥(v) |ve L (QNC(Q)}.

A soap film is therefore a minimal surface. We are thus in the same situation as in
Section 1.3 with the special energy density 1(§) = /1 + [£|? and the volume force b = 0.

Consequently u must satisfy the Dirichlet problem (1.13), (1.14) with F(§) = V(&) =

3 For this function the boundary value problem becomes
VIHER

—div( Vu(z)

)=0, v € Q, (1.15)
1+ |Vu(z)]?

u(x) = y(z), x € 0N0. (1.16)

11



This is the partial differential equation for minimal surfaces. If we assume that u € Cy(€2),

we obtain from the chain rule

. Vu B 1
dw( 1+ |Vu(:zc)\2> 1T+ |[Vu(z)]?
1
- = Vu(z) - (Vu(z)) Vu(z)
1+ |Vu(x)]? ( )
(14 [Vu(z)]*)Au(z) — Vu(z) - (VZu(z)) Vu(z)

14 |Vu(x)[?

This differential operator yields the mean curvature of the graph of the function u at the
point (:c, u(x)) In the one-dimensional case the equation reduces to
u$$

Ji+u2’

Therefore the mean curvature of a minimal surface vanishes everywhere.

= 0.

1.5 Uniqueness of solutions of the boundary value problem and convexity

We showed that a two times differentiable solution ¢ of the minimization problem (1.12) is
a solution of the Dirichlet problem (1.13), (1.14). Here we discuss under what conditions
a solution of (1.13), (1.14) is also a solution of (1.12) and under what condition solutions
of (1.13), (1.14) are unique.

Definition 1.2 A function ¢ € C1(R",R) is convex, if for all n,& € R”

Yv(n) > Vb(n) - (n— &) + (&)

1 is strictly convex, if strict inequality holds for n # &.

Theorem 1.3 If i) is convex, then a two times differentiable function ¢ is a solution
of the Dirichlet problem (1.13), (1.14) if and only if v is a solution of the minimization
problem (1.12).

If 1 is strictly convez, then solutions of the Dirichlet problem (1.13), (1.14) and of the

minimization problem (1.12) are unique.

Proof. Let ¢ be convex and assume that ¢ is a two times differentiable solution of (1.13),

(1.14). Let ¢ : Q — R be an arbitrary differentiable function satisfying ¢|8Q = 7vp. Then

12



(¢ = ¢)|,,, = 0 and the convexity condition yield
¥p) = [ o(Tup@)ie = [ o) Ha)da
> [ Vo(Tap(0) - (Va(0) = V(o) + 9 (Tila)) o (1.17)
- [ (60) — ¢t@) - o) + @) - oo
= [ (Fae(Tap(0) @) (910) = pla)) o + () = W),

This inequality implies that ¢ is the global minimum of ¥ and therefore solves the mini-
mization problem (1.12).
If ) is strictly convex and if ¢ # ¢, then there are points = € Q with Vg(x) # V().

For these x we have

Vi (Vap(a)) - (Vo) — Vap(x)) +¢(Ve(z)) > 0.

This implies that in (1.17) the strict inequality sign holds. Consequently, ¢ is the only
minimum of ¥, and therefore the minimization problem and the Dirichlet problem have

at most one solution. [

In the next section we show that the function v is convex if and only if the vector field
F = V1 appearing in (1.13) is monotone. Therefore the uniqueness condition (1.11)
for the diffusion problems (1.5) — (1.9) and the strict convexity condition guaranteeing
uniqueness of the solution of the boundary value problem (1.13), (1.14) are closely related.
We shall show in Sections 3 and 4 that monotonicity conditions are also needed in the
existence theory to these problems. Because of this important role of monotonicity, we
investigate now the relations between various monotonicity and convexity conditions more

closely.

1.6 Convexity and monotonicity

Definition 1.4 Let G : R™ — R"” be a vector field.

(i) @G is called monotone, if for all ;7 € R"
(G(&) = Gm) - (€ =m) = 0.
(if) G is called strictly monotone, if for all &7 € R”, € # ,
(G(&) —G(n)) - (€ —mn) > 0.
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(iii) G is called strongly monotone, if there is ¢ > 0 such that for all £, n € R"
(G(&) = Gm) - (s —m) = clg¢ —nl”.

Definition 1.5 Let ¢ € C*(R? R).

(i)  V2(¢) is uniformly positive definite if there is ¢ > 0 such that

n- [V2(&)]n > dnf

for all £, € R%

(ii) 1 is uniformly convex if there is ¢ > 0 such that
c
V(&) = ¥(n) + [Vem](€ —n) + Sl —nf*
for all £,n € R%

Theorem 1.6 Let ¢ € C*(R* R). Then the following conditions are equivalent:

(i) V(&) is uniformly positive definite.
(i)  The vector field & — Vp(€) : R? — R? is strongly monotone.

(i) v is uniformly conver.

Proof. Let £,n7 € R?. Then

Ld
(Vo(©) - Vo) - (€~ = [ L I0(sE+ (1= 9n) - (€~ n)ds
0
1
= [ e=m- VG (-9~ mis
If V21 is uniformly positive definite, it follows from this formula that

(Ve(€) = V() - (€ — ) > /0 ¢ — nlds = clé — nP?.

whence V1 is a strongly monotone vector field.

We also have
5d
O =0 = [ e —n+n)ds

- /0 V(s(E —n) +1) - (€~ n)ds.

14



If V4 is a strongly monotone vector field we thus obtain

V(&) —¥(n) — V(n) - (€ —n)
:/0 (vw(s(g—n)+n) —V¢(n))-(§—n)d8
2/0 sc\(f—n)leszglf—n!?

and therefore 1 is uniformly convex. We next use Taylor’s formula

2

0 = (o) + (€= )]+ [ (1= 9) 5 0(sls —n) = )ds

=¥(n) + V(n) - (E—n)+ /01(1 —$)(&—n) - V2P(s(E—n) +n) (€ — n)ds.

If 7 is uniformly convex, we thus obtain from this equation that

1
c
Sle=nP < [[a=s)€-n [Tole - en)]E-mis.
0
Let ¢ € R? be an arbitrary vector different from zero and let t > 0. Then

lim(V*0) (st¢ +n) = (V) (n).

uniformly with respect to s € [0,1]. Thus,
1
¢ Vo] =2 [ (1= [Putm)]cds

1
=2 [ (1=l [Vt + ) cds

2
= lim —
t—0 12

1
/ (1—s)t¢ - [V2(st¢ +n)] t¢ds
0
1
> Tim — 2 _ 12
> lim 5 clid[? = el
where we used (1.18) with & = n + t¢. This shows that V%)(n) is uniformly positive
definite.
The foregoing proof is valid for ¢ = 0. This yields the following

Corollary 1.7 For ¢ € C?(R2 R) the following statements are equivalent
(i) V*(&) is positive semi-definite for all & € R2.
(i)  The vector field & — Vip(€) : R® — R3 is monotone.

(iii) v is conver.

15



Examples. 1. ¢(§) = —= [£[PT2 satisfies

p+2
Vi) = Jept S £ —lepe,
VE) = V(EPe) =€ (ol 1é|>+rs\pf

= plEFEE®E) + €T,
with the 3x3-identity matrix I. For n € R?® with n # 0 we thus obtain
0+ [V20(€)]n = plel"2(& - n)* + €17 [nf* > 0.

Consequently, V?¢(&) is positive definite for all £ # 0 and positive semi-definite for all
£ e R

2. For (&) = £|¢|* we obtain

V2p(€) = V(c€) =cl.
The partial differential equation to this example is
—div(cVy) = —cAp = b.

This is Poisson’s equation.
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2 Sobolev spaces

2.1 The Banach space LP(2). Fundamental lemma of the calculus of varia-

tions.

Let 1 < p < oo and let 2 C R"™ be a nonempty measurable set. LP(Q2) = LP(Q2,R) is the

set of all functions, whose p-th power is integrable:
LP(Q2) ={f:Q — R| f is measurable, |f(z)|P doz < oo}.
R
We show that LP(2) is a vector space:

Theorem 2.1 (Hdolder’s inequality) Let 1 < p, ¢ < oo with ]lo —1—5 =1 and let [ €
LP(QY), g € LURY). Then the product f - g is integrable and

‘/Qf(iv)g(a?)dx’ < </Q’f($)|pdm>l/p(/Q\g(xﬂqu)l/q_

Proof. For a,b > 0 Young’s inequality states

ab < @ + ﬁ
P q
With
@) R 0]
“= 1/p’ - 1/q
(Jo If (@)l dz) (Jqlg(x)| dx)
we obtain from this inequality that
|/ (z)g(x)| S )| O (Gl

(Jolf (@) dx)l/p( Jo lg(@)]e dx)l/q T oo lf@Pde g [, lg(x)|rdr
Since the right hand side is integrable, we conclude that fg is integrable and that

Jo|/@)g(z)| dr - olf@Pdr | fylo@)lrdr _
(JoIf (@) |pdx>”p fQ g(@)de) = p I f@Pde g fylg(@)]de

This shows that Holder’s inequality holds. |

Corollary 2.2 (Minkowski’s inequality) Let f,g € LP(2). Then f + g € LP(Q2) and

1/p
/|f + () dr) /|f )’ /|g dz)”"
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Proof. The function & — [P : R — [0, 00) is convex. This yields for a,b € R that

1 1 1 1
ja+ 0" =2"|Sa+ §b|p <2 (5lal + o) = 27 (fal” + [bI7).

We use this inequality and ¢ = -5 to conclude

(If (@) +9(x)|p_1)q = f(@) +g@)" < 2°(If @)]" + g()I").

This implies that f + g € LP(Q) and |f + g[P~ € L9(Q). Holder’s inequality thus yields

/Q (@) + g(x)P da = / £(@) + @)l f (@) + g(x)) da
< / F(@) + 9@ P (1 @) + g(a)]) de

/\f + g(2)|"0 ) dr /q( /|f dz)' /|g P d “’)
/!f +g(2)P do _< /!f ]pdx /\g ]pdx ”).

1
We divide by ([, |f(z) + g(z)| d:c)l P to obtain Minkowski’s inequality. o

For1 <p < oo, f € LP(Q2) and A € R we have that A\f € LP(Q2). Moreover, if f,g € LP(Q)
then f+g¢g € LP(€)). This is obvious for p = 1 and follows from Corollary 2.2 for 1 < p < oc.

Consequently, LP(€2) is a vector space. Also, for

1£1lp = 1 fllp0 = (/Q|f($)’pd$>1/p

the triangle inequality || f + gll, < || f]l, + ||gl/, holds. Again, this is obvious for p = 1 and

follows otherwise from Corollary 2.2.

Corollary 2.3 L?(92) is a normed vector space for 1 < p < oo with the norm || f|,.q-

Theorem 2.4 (Fischer-Riesz) L?((2) is a Banach space for 1 < p < oo, i.e. the vector

space LP(§2) is complete with the norm || f||,.q.

The proof can be found in the book “Lineare Funktionalanalysis” of H.W. Alt, Springer
Verlag Berlin, 1999, p. 49, 50, and also in my lecture notes “Variationsrechnung und

Sobolevraume”, which are online available.

Our next goal is to study the approximation of functions from LP(2) by continuous

functions and even by infinitely differentiable functions.
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Definition 2.5 Let Q@ C R" be open. For m € Ny U {oco} we define the vector spaces

Cn(Q)=ChL(Q,R) = {f:Q— C| D*f exists and is continuous
for all @ € Njj such that |a| < m},
Cn(Q) = {f €CL(Q)| D*f can be extended continuously
up to the boundary},
Cm(2) = {p € Cx(R") | suppp is a compact subset of Q}.

For m = 0 we also write C(Q) = Cy(Q) and C(Q) = Co(%).

Definition 2.6 A family of functions {¢.}.~0 € L'(R") satisfying ¢. > 0, [g, pe(x) dz =
1 and

lim e(x)dr =0, forall d >0,
=70 Jrm\Bs(0)

is called Dirac family.

Example. Choose ¢ € L'(R") with ¢ > 0 and [, ¢(z)dz = 1. Then {p.}.~¢ defined
by
.
@a(x) =€ SO(E) (2'1)

is a Dirac family. In particular, if we define

Y(z) = exp(— 1) lrl<1
0 lz] > 1
and set 1
#0)= oy V)

then (2.1) yields a Dirac family {p.}eso with . € CO’OO(]R”), supp p. = B-(0).

Roughly speaking, functions in a Dirac family approximate the Dirac distribution, in the

sense that under weak assumptions for f the function f. defined by
f@) = [ oo =) )y

converges to f for ¢ — 0. Since for . € (O}'OO(Q) the function f. is infinitely differentiable,
this opens the possibility to approximate f by infinitely differentiable functions. In the

following lemmas and theorems this idea is carried through rigorously.

19



Theorem 2.7 Let 1 < p < oo, p € L'(R") and f € LP(R™). Then for almost all x € R"
the integral

Pa)= [ ola=u) f)dy= [ o) fa =)y
exists and satisfies

[EN e < llpllor 1f ]|z - (2.2)

A proof of this theorem can be found for example in my lecture notes “Introduction to

the theory of linear partial differential equations”, which are online available.

One uses the notation

(oxDla) = [ ola—y) fw)dy
The operator * is called convolution.
Lemma 2.8 For f € LP(R") and ¢ € (%'OO(R") the function F' = @ *x [ 1is infinitely
differentiable and the partial derivatives are obtained by differentiation under the integral
sign.:

D*F(x) = | Dip(z—y) fy)dy, o€cNg.
R’I’L

The proof follows from standard theorems on differentiation of integrals with respect to

parameters and is left to the reader.

Lemma 2.9 Let 1 <p < oo and let {¢:}.~0 be a Dirac family. For f € CO'(]R”) we have
ltn .+ f = fllpge = 0.

Proof. For § > 0 set

e (), lz| < 0,

SDSS(x) =
0, |z > 4,
0, lz| <0,
%5(@ =
e (), |z| > 0.

Since [, g-(x)dz = 1 we have
(s D) = £@) = [ (=) = £(a) dy
= [ eat) (=) = @) dy+ [ ) e =)
—f(@) | we=sly)dy. (2.3)
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Note that
‘ /n Sﬁaa(y)(f(x —y) — f(x))dy‘

<sup |f(z—y)— f(@)| | ¢s(y)dy < sup [f(x —y) — f(z)], (2.4)

ly|<é Rm ly|<o

where the right hand side vanishes for = outside of the bounded set
s = {x € R" | dist(z,supp f) < 0}.

Thus, (2.2), (2.3) and (2.4) imply

e £ = 1l
1/p
< llsup | =) = £ o / )+ 2l (2.5)

Let n > 0 be given. Since f € é’(R”) is uniformly continuous, there is 6 > 0 such that
|f(x —y) — f(z)| < nforall x € R" and all |y| < . Since {p.}.~0 is a Dirac family, for

fixed § we can choose gy > 0 such that for all 0 < e < &g
ol = [ eulo)dz <,
|z|>0
Together we obtain form (2.5) that
||905*f_f||p§0777 O<5§507

with the constant C' = (frl dx) VP | f|lp, which is independent of 1. Since n > 0 was

chosen arbitrarily, the statement of the lemma follows from this inequality. |

Theorem 2.10 Let 1 < p < o0, let {¢:}e0 be a Dirac family and let f € LP(R™). Then

we have

tim [z % f — fllpze = 0.

Proof. It follows from Lebesgue integration theory that there is a sequence {fx}32, C

o

C(R™) such that || f — fil|,rn — 0 for & — co. We thus obtain

[z = Fllprn < e % f = e * frllpn + llpe * fi = fillprn + [[f5 = Fllpgen
= e x (f = fo)llprn + lloe  fo = Fillprn + 1 fk = Fllpmn
< (lleellire + 1) I1f = fillpre + lloe * fi = frllpre
= 2f = fullore + e fi = Fellpen-
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For ¥ > 0 choose k € N with
1
15 = illpze < 0.

To this k£ choose ¢ such that
1
e * fo — frllpre < 579'

It follows that
1 1
||<Ps*f_f||p,R" < 519—1-5?9:19.

Theorem 2.11 Let © C R™ be open and let 1 < p < oo. Then CO’OO(Q) 15 dense in
LP(R™).

Proof. Choose a Dirac family {¢:}.~0 C 500(]1%”) with supp . C B.(0). Let f € LP(Q)
and ¥ > 0. The assertion follows if we can show that thereis g € (%’OO(Q) with || f—gl[pa <
Y. To prove this let 6 > 0 and set

1
Qs = {zeQ| dist(z,00) >4, |z] < 5},

f(.’L‘), x € Qs
0, T e Rn\Qg

fs(z) =

The dominated convergence theorem implies
. o j2 — . o p —
fim 11 = ill = lim | 1) = ita)Pdo =0,

since lims_o (f(z) — f5(x)) = 0 for all z € Q and since |f(z) — f5(z)| < |f(z)|, hence | f] is
an integrable dominating function for the family {f — fs}s>0. We can thus choose 6 > 0
such that

¥
17~ fillo < 5
Define fs5. = ¢. * fs. Since fs € LP(R"), there is € > 0 such that
)
1fs — focllpo < 5

for all € < gy, by the preceding theorem. f5. belongs to Cs(R™) and for ¢ < min(eg, )
and z € R" with dist(z, Qs) > ¢

foua) = [ oo —o)fsto)dy = [ oo 1) fstady =0,

Qs
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since y € 5 implies |z — y| > dist(x, Qs) > €, which yields ¢.(z —y) = 0. It thus follows
that

suppfs. C {zeR" | dist(x, Qs) < e}

1
= {zr e ‘ dist(z,00Q) > 6 — ¢, |z §5+€}'

The last set is a compact subset of Q, so fs5. € CO’OO(Q) Together we conclude

1f = fscllpo < F = follpo + 1S5 = foellpo < 0.

Lemma 2.12 (Fundamental lemma of the calculus of variations) Let Q be an

open subset of R™ and assume that g € LY1°¢(Q) satisfies

[ st@)ota)ds =0
Q
for all o € C° (). Then g(x) = 0 for almost all x € €.

Proof. Let £ C Q) be bounded and measurable such that £ C Q, whence dist(F,00) =
d > 0. Let {p:}es0 be a Dirac family with ¢, € Coc (B:(0)), where B.(0) = {z € R" |
|z| < e}. Set

. (z) = /Esoa(fc —y)dy = - * XE-

By Theorem 2.10 we have lim. o ||®: — xgll1.o = 0. A well known result of Lebesgue
integration theory implies that there is a sequence {4}, such that
lim &, (z) — xg(z) =0 (2.6)

k—o00

for almost all x € R™. Also
2w =| [ eo—nar] < [ oo—pay=1,
B Rn
which yields for g € LY°¢(Q) and
. 3
x € Esjp = {z € R" | dist(z, F) < 5} cQ
that

|9(2) @, (2)] < [g(2)]. (2.7)
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Since g € L'(Es),), we see from (2.6), (2.7) that we can apply Lebesgue’s dominated

convergence theorem to conclude

lim g9(x)®,, (x)dzr = /E lim g(z) ®., (x) dz (2.8)

k—o00 Es ) 52 k—o00

-/ gleete) e = [ stwa

On the other hand, for |ex| < g we have ®., € (O}’OO(E(;/Q), whence by assumption

/155/2 g(2)®,, (z)dr = / o(2) .. (x) dz = 0.

Q

(2.8) thus yields
/ g(z)dz = 0.
B

1
Q, = {z € Q | dist(z,00) > n, |z < 5}

For n > 0 let

Choose
Ey ={z €, | £g(z) > 0}.

Then E. is bounded, measurable with £, C . Therefore we can replace E in the

preceding considerations by F,, and obtain

l9(x)|dz = /E RO | stariz=o

Qy

This implies g = 0 in €,. Since Q2 = Un>0 €2,, we conclude g = 0 on €. n

2.2 Weak derivatives and Sobolev spaces

Definition 2.13 Assume that 2 C R" is an open set, let u € LY°¢(Q) and o € Ny. If
there is a function v € L1°¢(Q) such that

(=D, D)o = (v, 9)a
for all p € é’oo(Q), then v is called a-th weak derivative of v.

The a-th weak derivative is uniquely determined. To see this, let v, v, € LY°¢(Q) be
weak derivatives of u € L11°¢(Q2). Then, for all ¢ € CO’OO(Q)

(Ula SO)Q = (_1)‘04 <u7 Dagp)Q = (U27 @)Q s
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hence
/Q (vi(z) — va())p(z) dz = 0.

By the fundamental lemma of the calculus of variations this implies v; = vs.

It is immediately seen by partial integration that for u € C,,(€2) and |a| < m the
a-th weak derivative coincides with the classical derivative D®u. Because of these results
one uses the notation D%u also for the weak derivative. Confusion is not possible, since
the weak derivative is equal to the classical derivative, if the latter exists. We note that
Lrlec(Q) C Lbee(Q)) for 1 < p < oo, since Holder’s inequality yields for u € LP1°¢(€)) and
every compact subset K of €2 that

/K\u(x)ydxg (/Kmx)l/q(/K|u(x)|pdx>”p<oo,

where }D + é = 1. Therefore Definition 2.13 applies to functions u € LP'°¢(Q) and u €
LP(Q).

Definition 2.14 Assume that 1 < p < oo, let 2 C R™ be an open set and let m € Nj.

The vector space of functions
HP () = {u € LP(Q2) | the weak derivative D%u € LP(2) exists for |a| < m}

is called Sobolev space. For u € HE (€2) set

1/p
by = ltllmpe = (Y- IDulq) ™

laf<m

Theorem 2.15 H? () is a Banach space with the norm ||ul|m, -

Proof. It is immediately seen that HP (§2) is a vector space. The triangle inequality
|+ V]|mp < ||tllmp + ||Vllm,p follows from the triangle inequality for |||, and from the
discrete Minkowski inequality (Zle(ai + bi)p)l/p < (Zle al) Ve ( - bY) "7 \hich
can be proved as the Minkowski inequality. We leave the details to the reader. It remains

to show that H? (€2) is complete. Thus, let {uy}x be a Cauchy sequence in H? (§2). Since
lue — wellB, = Y 1 D%ue — D will%, .
|| <m
it follows that {D%uy}x is a Cauchy sequence in LP(Q2) for |a] < m. Because LP(2) is
complete, {D%uy.}, has a limit function u(® € LP(Q). We write u = u(®) and show that

u(® = D% for 0 < |a| < m. To this end let ¢ € CO*OO(Q) Then

(=) (u, D*¢)q = lim (=1)*(uy, D*¢)q = ,}i_{lgo(Dauk, v)a = U, p)q.

k—o00
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This implies u(®) = D%. Consequently ||u — ug|/,, — 0 for k& — oo, whence HP, () is

complete. -

Lemma 2.16 (Leibniz rule for weak derivatives) For 1 < p < oo let f € HP ()
and let n € C(i‘oo(Q) Then nf € HE () and

D(nf) =Y (g) DDA f.

B

We write 5 < a if and only if B; < «; for all i and use the notation

<a> <Ozl> (an>
= 1 o . .
Proof. Let ¢ € Co’oo(Q) Then

/anaisodx = /Qfaii (nw)dw—/ﬂf(ai ) da
= [ G+ s ] eae

Therefore nf has the weak derivative

(5 )+ (i) f € 1),

For the second derivatives we obtain the statement by application of these arguments to

(% f )77 and to f (% 77). The general statement follows by induction. |
Definition 2.17 Let {2 C R" be an open set. The closure of the linear subspace CO*OO(Q)
in H” () is denoted by H”. ().

;[%(Q) is complete as a closed subspace of the complete space HP (€2). Therefore ;[%(Q)

is a Banach space.

Theorem 2.18 (Poincaré inequality) Let 1 < p < oo and let Q@ C R™ be an open,
bounded subset. Let

d =diamQ = sup |z — y|.
z,yed

Then for every u € [flﬁ’(Q) we have
lullpo < P~/ dlul,0,

where

1/p
e = (D I1D°ulg)

laf=1
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Proof. Let ¢ € CO’OO(Q), let © = (1,...,2,) € Q and let y; € R be the smallest number
with y = (y1, 22, ..., 2,) € 0N2. Then

x1 a
p(r) = / pr (&, T, ..., xy,)dE.

Y1

Holder’s inequality yields

ool < ([ g o6 a ] ae)

» [P0
le—y1|5/ |—90‘pd§
Y1

|x1—y1|qz/ DP(€, )P dE

=1

IN

IN

Integration with respect to xy yields

1+d
/: v ()\pda:l_l Z/ o(&, 20, ..., xp)P dx.

lal=1

We integrate with respect to the other variables and obtain with 1+ § =14+p(1-— 11—)) =p

that
/|g0 |pdx< dp /|D°‘ x)|P dz,
laf=1

_1
H‘PHP,Q <pv d|90|p7179’

whence

The inequality stated in the lemma therefore holds for ¢ € (OJ'OO(Q) Now let u € ;sz ().
Choose a sequence {¢;}72, C ﬁ]’f(Q) such that

lim [|u — 910 = 0.
k—o0
Then

lullpe < lim (Jlu = gillpo + leelne)
o
) _1
= lim [lpellpe <p77d lm [opfp10
_1 .
< pr dlgl_glo (|<p/<; - U|p,17Q + |U|p,179>

1
= p rdulpia.
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Definition 2.19 Let 2 C R"™ be open, 1 < p < oo and k € N. We define
HE(,RF) = (HP (2, R))".

and for u € HY(Q,R™), v € HY (2, R) set

dlvu_Z:a Vv =

Lemma 2.20 Let 2 C R™ be open and let 1 < p < 00, 1 < ¢ < o0 with%—l—%:l. For
ue HY(Q,R") and v € I?I({(Q,R) we have

(diVU,, U)Q - —(U, VU)Q

Proof. Let {p,}2, C 500(9) be a sequence with limy_, ||v—¢g||41.0 = 0. By definition

of weak derivatives we have

(diVUa SOk)Q = —(% V@k)ﬂ
whence

(divu, v)q = lim (divu, g )o = — lim (u, Vgg)o = — lim (u, Ve)a
k—o0 k—o0 k—o00

2.3 Density of C(2) in HE ()

By definition, CO’OO(Q) is dense in ﬁ[{’n(Q), but it is not dense in H? (£2), since I?Ifn(Q) is a
proper closed subspace of H? (). Instead, in this section we show that C.(2) N HP () is
dense in H? (). To this end we first show that convolution of u € HP (Q2) with infinitely
differentiable functions from a Dirac family can be used to approximate u by infinitely

differentiable functions in the interior of €2. Thus, let 1 < p < oo and assume that 2 C R"”

is an open set. Choose a Dirac family {¢.}.~0 C CO’OO(]R") with supp¢. C B.(0). For
u € HP () set

4a(2) = (s % 1) (z) = / ool — y)uly)dy.

We then have u. € Co(R") and lim._¢ ||u — u.||,0 = 0. Moreover, for o € N with

la] < m we have

0 = [ Drecte = uldy = (<1 [ [Dyputa = )]ut)dy.
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For 6 > 0 set
Qs = {z € Q | dist(z,00) > 4}

For x € Q5 and € < § we have supp(y — (T — y)) C B.(z) € Q, whence

(y = st(x - y)) € 5W(Q>

By definition of weak derivatives we can shift the derivative D from ¢, to v in the integral

on the right hand side, whence, for x € Q5 and € < §,

D%u.(x) = /ngs(x —y) D%u(y)dy,

SO

(Do‘ua)| = (D%u)

Qs 5’95 )

Since by Theorem 2.10 lim._,¢ ||[D%u — (D%u)c||p0 = 0, we conclude

lim o=}, 0, = lim ( > IDu— Dau5|’£,m,ﬂ5>
la|<m
= iy (3 10" (D0 ln,) =0
|a|<m

We thus proved:

Corollary 2.21 Let 2 C R™ be open and let 1 < p < co. Let u € HP (S2). Then there is
a family {u:}eso € C2(R™) such that for every open set D C Q with dist(D,09) > 0 we
have

}:ig(l) [ — te]|pm,p = 0.

Corollary 2.22 Let Q C R™ be open and bounded, let 1 < p < oo, and let u € HP ()
with u(z) = 0 for all x € Q with dist(x,0Q) < §. Then there is a family {u.}e~0 C CO*OO(Q)
such that

l_ii% [ — te][pm,0 = 0.

Proof. We define u. = ¢. * u as in the preceding proof. For ¢ < § we have suppu. C
D ={z € Q | dist(z,00) < 6 — £}, hence u. € é’oo(Q) Corollary 2.21 thus yields

iy o = 2 = B [0 = el = O,
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Definition 2.23 Let Q C R". A family {U;}3°, of subsets U; of R" is called a covering

of Q if N
aclJu.
i=1

{U;}$2, is an open covering, if every U; is open. {U;}52; is a locally finite covering, if to
every x € ) there is a neighborhood V of z such that U; N’V # ) for at most finitely
many ¢ € N.

Lemma 2.24 Let Q C R" be open. Then there is an open, locally finite covering {U;}°,
of Q such that U; is bounded and U; C Q for all i € N.

Proof. Let Qy = () and for ¢ € N set
1
Q={xeQ | |z| <i, dist(z,00) > ;}

(); is open, bounded, and

o0

Q; € Qi €Oy €O, UQ’L = Q.

i—1

Let U; = Q;11\Q;_1. Then U; is open, bounded, and

U; CQi €O
Moreover,
J Jj—2
U@\ Q) U Qs = (20:\2-1) U (J (i1 = Q) U Qe = Qi
i=2 1=2
implies

Q> U U; = U(le\m) ) U(Qz+1\Qz) Uy = Q.
=1 7 1=2

=1
Finally, {U;}3°, is locally finite, since for x € © and every open ball V' centered at x and
satisfying V' C Q there is a § > 0 with dist(V,92) > 26. Choose i € N such that 1 < §.
Then V C ), whence, for m > i + 1

- (Qm-l—l\Qm—l) N Qm—l = @

This implies U; NV # 0 for at most finitely many i € N. |
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Definition 2.25 Let 2 C R™ be open, let {U;}°; be a locally finite, open covering of €.
A sequence {n;}2, C CO’OO(R”) is called a partition of unity subordinate to {U;}?°,, if

n; € 500(Ui)’ n; > 0, an(x) =1 forall z € Q.
i=1

We note that for every x the sum » .~ n;(z) has at most finitely many nonvanishing

terms.

Lemma 2.26 Let Q C R" be open and let {U;}5°, be an open, locally finite covering of
Q. If every U; is bounded and satisfies U; C Q, then there is a partition of unity {n;}5°,

subordinate to this covering.

Proof. We first construct by induction a sequence of open sets {V;}32, such that V; C Uj
and (J;2, V; = Q. This implies that also {V;}°; is an open, locally finite covering of (2
consisting of bounded sets.
To construct this sequence, set V; = () and assume for m > 0 that V,...,V,, are
chosen such that
o=(Uv)u( U v)=(Uv)u( U w). (2.9)
i=0 i=m+1 i=1 i=m+1

The closed and bounded, therefore compact set OU,,,.; thus satisfies

OUps1 NUpyr = 0,
Wi Um0 = (Un)u( U w).
i=1 i=m+1
hence . -
U1 C (UW) U < U z) = M.
i=1 i=m+2

This implies
(mugwmamHOzdm@wvmauwg=5>a
Set Vipp1 = {x € Upyq | dist(x, 0U,41) > g} Then
mt1 0
o=(Ur)u( U v)

The sequence {V;}2, thus constructed satisfies
Q= Jv. (2.10)
i=1
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For, to z € () there are at most finitely many ¢; < ... <ipsuchthatz € U;,, ¢ =1,... k.
Therefore x & |5, ., U;, hence by (2.9)

J=ip+1
ik 0
T € U V; C U Vi,
Jj=1 Jj=1

which proves (2.10). Because of V; C U; we have dist(V;, 0U;) = 6; > 0. Consequently

the open intermediate set E; = (J, oy, Bs,/2() satisfies
ViCE CE; CU,
thus
dist (0F;, V; U (R™\U;)) = &; > 0. (2.11)
With a Dirac family {p.}es0 C CO*OO(R”) satisfying supp p., C B, (0) define
o) = (pex xe) (@) = [ oula =)y
E;
where xp, is the characteristic function of F;. Since f|z‘<a ¢, (2)dz = 1, we have 7; < 1.

Moreover, (2.11) yields 7; € Co’oo(Ui) and

XV, S i,

whence, because of (2.10),

D i) =) xwlr) =1, zeq
i=1 i=1

This series converges and defines an infinitely differentiable function on 2, since the
covering {V;}22, is locally finite, which implies that to every x € Q there is a neighborhood
where at most finitely many of th infinitely differentiable functions 7); are different from

zero. Now define ()
ni\x
Th(x> = o0 ~ 5
Zj:l 7 ()

Then n; € Co’oo(Ui) and Y2 mi(x) = 1 on Q. This proves the lemma. N

x € Q.

Theorem 2.27 Let 1 < p < oo and let 0 CR™ be open. Then

Co(Q) N HL(Q = H”.().
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Proof. Let f € HE () and choose € > 0. To prove the theorem it must be shown that
there is a function g € Co(2) N HP () such that

If = gllpmea <&

To construct g, let {U;}22, be a locally finite open covering of 2 such that U; is bounded
and U; C Q for every i € N. Let {;}2, be a partition of unity subordinate to this
covering. Since 7; € 8‘OO(U1-) it follows from the Leibniz rule that n;,f € HE (U;). Also,
n;f vanishes outside the set suppn;, which is a compact subset of U;. Thus, by Corollary
2.22, there is a function f; € é’oo(Ui) such that

£
Define g : @ — R by g(x) = >, fi(x). Note that for every = € { at most finitely many
fi are different from zero. We thus have g € C(2), and

1 = glhana = [ mf = 3 Ally e
=1 =1

= Hi(mf - fi)

<y

i=1

o0
< Z i f = fillpme
P&

| ™

- =£.

(]
<

This proves the theorem. |
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3 Nonlinear elliptic boundary value problems

3.1 Preliminary results from functional analysis

In this section we study existence and uniqueness of solutions of the boundary value
problem (1.13), (1.14). We first collect some results from functional analysis needed in

the existence proof.

Lemma 3.1 There is a countable, linearly independent set {vy}32, C CO'OO(Q) such that

the linear span
¢
span{vy} = {Z RV | (€N, ay,as,... € R}
k=1
is dense in Iif’f(Q)

Proof. The space ﬁ[ﬁ’(Q) is separable for 1 < p < oo, cf. H.W. Alt, Lineare Funk-
tionalanalysis, p. 101. Thus, there is a countable dense subset {wy}2; of Iiﬂf(Q) To
every wy, choose a sequence {pg}2, C 5’00(9) with limy ., ||wr — @kellpma = 0. Then
{¢re |k, 0 =1,2,...} is a countable, dense subset of ;111”(9) We write this set as a sequence

{vp}p2,. We select a linearly independent subset A = {v}}72, of {v}32, as follows:
vy € A& v & span{vy, ..., vk 1}
It follows by induction that {vy}32,; C span(A). Hence, span(A) is dense in [O{’f(Q) o
For the set {vy}32, constructed in this lemma define

Vi =span{vg | k=1,...,m}.

Then to every v € ]f_f’f(Q) there is u € V,,, such that
lv = ullp1,0 = dist(v, V,,).

To see this, let {us}32, C V,, be a sequence with

glggo lv — wel|p1.0 = dist(v, V;,).
{ue}2, is bounded, since

uellpr0 < v —wllpro+ [v]p1e-
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Thus, since the m-dimensional space V,, is isomorphic to R™, there is a converging sub-

sequence {uy, }32, with limit u. Because V}, is closed, we have u € V,,, and

lv —ullpro = lim [jv—ug[[p10 = dist(v, V).

Without proof we remark that u is unique. We can thus define a mapping P, : [o{ Q) —
V.. by setting

P,v = u.

Lemma 3.2 Let v € ]fj]f(ﬂ) and set v, = Pyv. Then

lim ||v— vy,

1.0 — 0
m—00 Pt

Proof. Since V,,, C V, for { > m, we have
[v=vellpro < llu—unllpre, €=m.

Let € > 0. Since span{vy}72, is dense in HY(2), there is m € N and u = ), | apv, with

|v — ul[p1.0 < e. Therefore

v —vellpre < v —vmllpre < lv—ulpi0 <e,

for ¢ > m. (]

In the infinite dimensional space ]f_ﬂf (©2) bounded closed sets are not necessarily compact.
This introduces difficulties in existence proofs to partial differential equations, since com-
pactness properties are essentially used in these proofs. To overcome this difficulty we
need the weak topology on Banach spaces, where a similar compactness result holds even

in the infinite dimensional case. We briefly discuss weak convergence.

Definition 3.3 Let X be a Banach space and let X’ be the dual space. A sequence
{zr}32; € X is said to be weakly convergent if there is x € X such that for all v/ € X’
we have

Jim (24, y') = (2, 9).
x is called the weak limit of {x;}32,. If {xx}32, converges weakly to x, one writes
x, — x. Weak limits are unique. If {z;}7°, converges in the norm of X to z, then

{zk}72, converges also weakly to .
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Lemma 3.4 If {x;}3°, converges weakly, then there is a constant C' such that
ekl < C
for all k, i.e. weakly converging sequences are bounded.

Proof. Every element z € X defines a bounded linear mapping z on X’ with ||2]|, = ||z]|.
by Z(y) = (z,y) for all y € X'. If , — x we have &x(y) = (@, y) — (z,y) = Z(y), hence
the family {#;}32; of bounded operators on X’ is pointwise bounded. By the Banach-
Steinhaus theorem it thus follows that C' > 0 exists such that

zkllx = [ Zr]lx < C,
for all k. n

Lemma 3.5 Let X and Y be Banach spaces and assume that T : X — Y is a bounded
linear mapping. Then T is also weakly sequentially continuous, i.e. if {xy}32, converges

weakly in X to x, then {Tx}32, converges weakly in'Y to Tx.

Proof. Let ¢y € Y'. Then 2/ = 3/ o T is a bounded linear mapping on X, whence 2’ € X’.
Consequently

lim (T, ') = lim (' 0 T)(w) = (f o T)(x) = (T, ),

k—00

whence Tx, — Tx. [

Corollary 3.6 Assume that the sequence {uy}32, converges weakly in HY(Q) or Iif]f(Q)
to u. Then the sequences {uy}72 ,, {8%1_ uk};ozl, i=1,...,n, converge weakly in LP($2) to
i)

u ora—%u.

Proof. For a € N with |o| < 11let T, : HY(Q2) — LP(Q) be defined by

T.,u = D%.

Since ||Toullpa = [[Dllpa < ||lullp1q, the operator T, is bounded. Therefore T, is

weakly continuous. Thus, if uy — w in HY(Q), we obtain
D%y, = T up, — Tou = D% ]

Theorem 3.7 Assume that X is a reflexive Banach space. Then, the closed unit ball
B={x e X | ||z|| £ 1} is weakly sequentially compact, i.e. every sequence {x;}3, C B

has a subsequence, which converges weakly in B.

36



For a proof of this theorem cf. the book H.W. Alt: Lineare Funktionalanalysis, Springer
1999, p. 218.

For 1 < p < oo the Banach spaces LF(2), HY (), and ﬁ[ﬁ’(Q) are reflexive with dual
spaces L1(Q), H{(Q) and H 1(€2), respectively. The compactness result from Theorem 3.7

thus holds for these spaces.
3.2 Existence of solutions for nonlinear boundary value problems, Minty-

Browder method

Let Q C R™ be an open bounded set and let F' : R® — R"™ be a vector field; let b €
LMc(Q,R) be a given function. Consider the homogeneous Dirichlet boundary value

problem

—divF (Vu(z)) = b(z), r e (3.1)
u(z) =0, x € 0N. (3.2)

Definition 3.8 A function u € }OI%(Q) is a weak solution of (3.1), (3.2), if F(Vu) €
LYo¢(Q) and if for all ¢ € C'oo ()

(F(Vu), Vo), = (b,¢)a.

In this subsection we prove that the boundary value problem (3.1), (3.2) has a unique
weak solution in [iﬂ{'(ﬂ) with 1 < p < oo, if F' belongs to C1(R",R™) and satisfies the

following conditions:
(i)  There is a constant ¢ > 0 such that
(F(&) = F(m) - (& —n) = ¢ —nl*. (3.3)

(F is strongly monotone.)

(ii) There are constants ¢; > 0, ¢o > 0 such that

F(&) &= ¢l —ca. (3.4)

(F is coercive.)

(iii) There is a constant c3 > 0 such that
[F(E)] < es(€]+ 1) (3:5)
(F is bounded.)
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We first prove two technical lemmas, which we need in the existence proof.

Lemma 3.9 Let Q C R" be open and bounded. If F' satisfies (3.4), then there is C' > 0
such that for all u € CO’OO(Q)

/ F(Vu(z)) - Vu(z)de > ¢;Clull | o — ]9, (3.6)
Q

where |Q] = [, dx.

Proof. F(Vu) is a continuous function with compact support, hence the integral
Jo F( - Vudz exists. (3.4) implies

/QF(Vu(a:)) -Vu(z)de > / c1|Vu(z) P de — e2|Q|

Q

cl/QC’Z‘a | dr — c2|Qf = 1 Clul) | o — 29
i=1

Lemma 3.10 Assume that F' satisfies (3.5) and let 1 < q¢ < oo satisfy % + % = 1. Then
there is a constant C' such that F(Vv) € LY(2,R™) and

Q[

I (Vo)llge < C(Jvfp10 +1) (3.7)
for all v € HY (2, R).

Proof. Since § = p(l — %) = p—1, it follows from (3.5) and from Minkowski’s inequality

/|F(Vv(m))|qu < /c§(|VU(x)]+1)(p_l)qu
Q Q

(|Vo(z)| + 1)pdx

/Q|Vv(a; |pda; (/(de);>p

/901 z": (ail v(x))pdx>; + |Q|;)p

I
@\

IA
%)
Wi

IN
7N A
e

= &(CF [vlpua+19]7)".
Taking g-th roots yields (3.7). u

In the first step of the existence proof we use the Galerkin procedure to construct a
sequence {u,, }>°_, of approximate solutions of (3.1), (3.2), which consist of linear combi-

nations of {v;}72;:
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Theorem 3.11 Let F € C(R",R") satisfy (3.3) and (3.4), and let b € L1(2). Then to
every m € N there is u,, € CO’OO(Q) given by

U () = Z ke Vi ()
k=1
with am, ..., Gmm € R, such that
(F(Vum),Vig), = (bve)a, £=1,....m. (3.8)

Proof. I) For a = (ai,...,a,) € R™ define E(a) = (Ei(a),. .., Ey(a)) € R™ by

Eila) = (F( i aiVI/l) : vw)Q ~ (bv) €R. (3.9)

This defines a differentiable mapping £ : R™ — R™ with derivative

%Eg(a) - (VF<§: aiVI/Z) Vi, vu,g)Q.

The Jacobi-matrix 5
VE(a) = <8_ak Eg(a))m:

is positive definite. To see this, we use that (3.3) and Theorem 1.6 imply that VF' is

uniformly positive definite, and hence for a = (ay,...,an), n = (N,...,0m) € R™

K [VE(a)}n = i (VF(iaiVVi>nkVVk,mVW>Q

ke f=1 i=1

_ /Q (VF(Em:az‘VVz) énkVVO : (;:?Ww)dx

i=1

m 2 m
> /C‘anVVk‘ dx:cHanVVk‘
Q@ Tp=1 k=1

> cCY = cClyl,

k=1

2
Q

with a constant C' > 0, independent of a and 7, since the set {Vuy,...Vi,,} is linearly

independent.

IT) By definition of FE it follows that

m
u = E AUV
k=1
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satisfies (3.8) if and only if a = (a4, ..., a,,) satisfies E(a) = 0.
Now consider the function
n— |E(m)]* : R™ — [0, c0).
a is a stationary point of this function if and only if
V|E(a)|* = 2E(a)" VE(a) = 0.

Since VE(a) is positive definite, the inverse (VE (a))_1 exists, whence a is a stationary
point if and only if E(a) = 0, and therefore if and only if u = ;" | axvy solves (3.8).
k

Thus, to prove the theorem it suffices to show that |E(n)|* assumes the minimum, since

the minimum is a stationary point.

IIT) To prove that a minimum exists we use (3.9) and Lemma 3.9, which yields for a € R™

and v =" apvy
Bl ol > B(a)-a = (F(V0),V0),— (b o) > aC|VelZq - clo)

“ p
= 010/‘ E akVVk‘ dr — || > Cylal? — 2|9,
0 k=1

with a constant C'; > 0, since all norms on R™ are equivalent. We divide by |a| to obtain

QO
|E(a)| > CilalP™ — % (3.10)
Choose r > 0 such that 0
Ot — @ > |E(0)] . (3.11)

The continuous function 1 +— |F(n)]* assumes the minimum on the compact set K, =
{z € R™ | |z| <}, and from (3.10), (3.11) we conclude

: 2 < 2 : 2
min [E(n)]" < [E(0)]" <min[E(n)%,

whence the minimum is assumed at an interior point of K, and therefore this minimum

is a stationary point. [

Our goal is to show that from the sequence {u,,}>°_, we can select a subsequence,
which converges weakly to a solution of the boundary value problem (3.1), (3.2). To this

end we show that the sequence {u,,}>°_; is bounded.

Lemma 3.12 For the sequence {u,}>_, C CO’OO(Q) satisfying (3.8) there is a constant
K = K(||bl|4.0) such that

[tmllp1.0 < K([Ib]lq.0)- (3.12)
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Proof. From (3.8) we obtain

NE

(F(Vun), Vin), = i (F(V), Vi)

k=1

WE

amk(ba Vk)Q = (b, Um)Q

i

1

Therefore Lemma 3.9 and Holder’s inequality imply

ACumlh 1o =l < (F(Vum), Vi),

= (b un)o < [Ibllge [[umllpe-
Using Poincaré’s inequality we obtain with d = diam({2) that
1
1Clumly 10 < P77 d||bllg.a [tmlp1.0 + c2|€.

For |u,|p1,0 > 1 we thus have

p—1 < 1 d b (&) 0
il < 57F =5 Pl + 5519,
whence d 1
_1 Co p—1
i < 1, ( d-=_Ib 2 19 ) } .
tnlpro < max{1, (577 d_"5 [bllas + -5 1)
(3.12) is obtained from this inequality using again Poincaré’s inequality. |

We complete now the existence proof. The main difficulty of the proof arises from the
fact that we can only work with weakly converging subsequences and that the nonlinear
function F' is not continuous with respect to weak convergence. Because of this, it is
not obvious that the limit function of a weakly converging subsequence of approximate
solutions is a solution of the partial differential equation (3.1). The idea used in the proof

to overcome this difficulty is called Minty-Browder method.

Theorem 3.13 Assume that F' € C1(R",R") satisfies the conditions (3.3) — (3.5). Let
Q C R"™ be a bounded open set. Then to every b € L4(QY) the boundary value problem

—divF (Vu(z)) = blz), z€,
u(z) = 0, x € 09,

has a weak solution u € [f]}l’(Q)
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Proof. Let {u,,}>°_; C 8‘00(9) be the sequence of approximate solutions satisfying (3.8).
I can select a subsequence {u,,, }32,, which converges weakly in ]iﬂlJ (©). To simplify the

notation, I denote the subsequence again by {u,,}2°_,. Thus
Uy — U € ﬁ[f(Q)
For v € ]O{ﬁ’(Q) let v,, = Pv € V,,,. Lemma 3.2 yields that
v — vmllp10 =0, m— oo, (3.13)

and Lemma 3.10 implies F'(Vv), F(Vu,,) € L1(§2; R™), hence the following integrals exist.
Using that F' is monotone, by (3.3), we conclude

0 < /Q(F(Vv) — F(Vup)) - (Vv = Vu,)dz (3.14)

_ /Q F(V0) - (Vo — Vi) — F(Vin) - (Vor, — Vi)
— F(Vuy,) - (Vv — Vu,)dx
= /QF(VU) (Vo —=Vuy) = b (0 — um) — F(Vuy,) - (Vo — Vo, )dz.

Here we used (3.8), which yields

(F(Vum), (Vu, — VUm))Q = <F (Vtm), (znj: b — Vk))ﬂ

(bk — amk) (F(Vum), VVk)Q

NE

e
Il
—

[
NE

(bk — amk)(b, Vk)Q = (b, Um — Um)Q

e
Il

1

(3.12), (3.7) and Holder’s inequality imply
[ F(Fun) (90 = Vumdda] < 1F(Fun)las 190 = Pl < Clo = vl
0

with a suitable constant C' independent of m. From (3.13) we thus conclude

lim (F(Vun), (Vo= Vuy,)), = 0.

m—r0o0
We use this relation, the relation v,, — v in LP(2), and note that Corollary 3.6 yields
U, — U, VU, — Vu weakly in LP(Q), to infer from (3.14) that

0 < lim [(F(V0), V(0= tn))g = (bt — )]

_ ngnoo (F(Vum), Vo — va)Q
= (F(V0), V(v —u))g — (bv — u)o.
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We insert v = u + Aw with A > 0 and arbitrary w € [O{f(Q) to obtain
A(F(V(u+Mw)), V), — (b,w)a] > 0.

Thus
/QF(Vu(x) + AVw(z)) - Vw(z) — b(z)w(z)dz > 0.

Using Lemma 3.14 we obtain for A — 0
/QF(Vu(x)) -Vw(z) — b(x)w(z)dx > 0.
Replacing w by —w in this computation yields
- /Q F(Vu(z)) - Vw(z) — b(z)w(z)dz > 0,
whence
(F(Vu), Vw), = (b,w)q
for all w € ;I]f(Q) Therefore u is a weak solution of (3.1), (3.2). N

Lemma 3.14 We have

,l\ig(l) F(Vu(z) + AVw(z)) - Vw(z)dr = / F(Vu(z)) - Vw(z)dz .
Q Q

Proof. The convexity of £ — [£|P~! and (3.5) yield for 0 < A < 1 and for C' = 2P~ 2¢3 that

|F(Vu(z) + A\WVw(z))| < es(|Vu(z) + AWVw(z)| + )P
< O|Vu(z) + \WVw(x)|P '+ C
= C|(1 = N)Vu(z) + A(Vu(z) + V()| +C
< C((1 = N|Vu(@) [~ + A Vu(e) + Vo)~ +1)
< C’(|Vu(x)‘p_1 + |Vu(z) + Vw(ac)|p_1 +1).

Thus, for 0 < A < 1,
|F(Vu(z) + A\WVw(z)) - Vw(z)| (3.15)
< C’(|Vu(a:)‘p_l + |Vu(z) + Vw(a:)|p_1 +1) [Vu| = g(z).

Therefore g defined in this equation is a dominating function for |F(Vu + AVw) - Vuw|.
The statement of the lemma follows from Lebesgue’s dominated convergence theorem if

we show that g € L'(Q), since the continuity of F implies

lim F(Vu(z) + AVuw(z)) - Vw(z) = F(Vu(z)) - Vw(z).

A—0
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To show that g € L'(Q) we use Holder’s inequality, which for ¢ = p%l yields

/vau(x)ypl Vwlde < (/Qwu(m)\(p”qdw)l/q(Lva(x),pdx)l/p

— IVulld g [Vl < oo,
and similarly

/ |Vu(x) + Vw(x)|p_l \Vw(z)|dx < ||Vu+ Vw||zp(ﬂ) |Vwl| ey < o00.
Q

Q=

These estimates and [, [Vw(z)|dz < ([, dz)® [|[Vw]|| s yield that g € L'(Q). o
Lemma 3.15 The solution of the boundary value problem (3.1), (3.2) is unique.

Proof. Let u,v € ]?[’1’(9) be two solutions. Then we have F'(Vu), F(Vv) € L(Q). The

monotonicity condition (3.3) then yields
/Q (F(VU(z)) - F(Vv(x))) - (Vu(z) — Vo(z))dz

> /Qc\Vu(m) — Vo(z)|? dx.

On the other hand, we have
/Q (F(Vu(x) ~ F(Vo())) - (Vu(z) — Vo(x))da
:/QF(VU(:E)) Y (u() — v(a))de
_/QF(W(Q;)) Y (u(z) — v(x))dz
_ /Qb(x) (u(z) — v(x))dr — / b(x) (u() — v(x))da = 0.

Q
Together it follows that

‘U - U‘2,1,Q =0,

whence ||u — v||21.0 = 0, by Poincaré’s inequality. This implies u = v. o
Example. Let p > 2, ¢ > 0 and let F': R® — R" be defined by

F&) =c(|gF*+1)§, ¢eR™

Then we have that F' € C}(R",R") and that the conditions (3.3) — (3.5) are satisfied. To
see this, note that for £, n € R"

(FE—=Fm)-(&—n) = c(lglP2e=mPn) - (E—=n)+cE—n)-(E—n)
> ¢ —nf,
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where we used that by the example in Section 1.2 we have

(1€[P72¢ = In"~n) - (€ =) = 0.

Therefore condition (3.3) holds. Moreover, we have

F(&) - &= c(lg"* + 1) I = clel”,
which is (3.4).
Finally we have

|FE)] < (|2 +1)[€] < - 2(/E] + 1)P2E] < 2¢(]€] + 1)P,

which shows that (3.5) holds. We thus have that the homogeneous boundary value prob-

lem

—cdiv((|Vu(x)|p_2 + 1)Vu> =b(z), x€Q,
u(x) =0, =z €0,

has a unique weak solution in ﬁ[’l’ (Q) for p > 2 and 2 C R" open and bounded.

For two times differentiable u we can use the chain rule and compute

div((|[VuP~? +1)Vu)

Vu Vu
= P2 DA -2 P2 —— (V) =
(IVulP~2 + 1)Au+ (p — 2)|Vul Yl (V=) V]
Vu Vu
= P=2(A —92) — - (V?u) — A
[VulP~*(Au+ (p — 2) 2 (VZu) ]Vu|) + Au,

with the Hessian matrix

82
Viu = (8@0% u)z’,jl n

3.3 Variable coefficients and inhomogeneous boundary conditions

The results from the preceding chapter can be generalized to boundary value problems of

the form

—divF (z, Vu(z)) = b(x), x € (3.16)
u(z) =0, x € 0N0. (3.17)
Assume that F': R” x R" — R” satisfies the following assumptions:

For every = € 2 the function  — F(z,£) belongs to C1(R",R™) and for every £ € R”

the function x — F(z,£) is measurable. Moreover, for 1 < p < oo we have:
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(i)  There is ¢ > 0 such that for all z € {2
(F(2.€) = F(a.m) - (€ —n) = cl¢ =l
(ii) There are ¢; > 0, ¢o > 0 such that for all z €
F(z,8)-§ 2 algl —c.
(iii) There is ¢3 > 0 such that for all z € 2

|F(z,8)] < cs(]€]+ 1P

(iv) To every k > 0 there is K such that for all z € 2 and all £ € R with [{] <k

Vel (,8)] < K.

If F' does not depend on x, then condition (iv) is a consequence of the assumption that
F' is continuously differentiable with respect to x.
The proofs in the preceding section can be repeated without modification under these

assumptions. We thus have the following result:

Theorem 3.16 Assume that F satisfies the assumptions above. Let 2 C R™ be a bounded
open set. Then to every b € L4(QY) the boundary value problem (3.16), (3.17) has a unique

weak solution in ;[’1'((2)

We can apply this result to solve the inhomogeneous boundary value problem

—divF (z, Vu(z)) = b(z), x €, (3.18)
u(z) = (), x € 0N. (3.19)

Let v € HY(Q) N C(Q). Then for every v € 10{1{(9) the function
u=vy4+v:Q—=>R
satisfies the boundary condition

u‘aQ - 7|aQ’

in a generalized sense. We extend this definition to u € H}(Q):

Definition 3.17 Let v € HY(€). A function u € H{ () satisfies the boundary condition

U‘BQ - 7’69

in the weak sense if u — v € HY(Q).
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Definition 3.18 Let v € HY(Q) and b € L4(Q2). A function u € HY(Q) is a weak solution
of (3.18), (3.19), if u — 7 € HY(Q) and if for all v € C'o(€)

(F(x,Vu(z)), Vu(z)), = (b,v)q.

Theorem 3.19 Assume that the function F : R™ x R™ — R" satisfies the assumptions
given above. Let Q@ C R™ be open and bounded. Then to every v € H®(Q) and to all
b e L) there is a unique weak solution of (3.18), (3.19).

Proof. Consider the problem

—divF (z, Vw(z) + Vy(z)) = b(z), x € Q,
w(z) =0, x € 0SL.

w e ;[If () is a weak solution of this problem if and only if u = v+ w is a weak solution of
(3.18), (3.19). To prove the theorem it therefore suffices to show that this homogeneous
boundary value problem has a unique solution, and by the preceding theorem this follows

if we show that the function
(2,8) = G(z,8) = F(z,£ + Vy(2)) : R* x R" - R"

satisfies the assumptions formulated above.

Note first that z + F(z,£ + Vv(z)) is measurable, since Vy(z) € L*(€2) is measur-
able, and since F' is measurable with respect to the first argument and continuous with
respect to the second. (F' is a Caratheodory function.) Also, & +— F(I,f + Vv(x)) is
continuously differentiable. Since F' is strongly monotone, we have for £,7 € R™ and

r €N
(G(x,6) = G(z,n)) - (€ —n)
(F(:r,é +Vy(x)) — F(z,n+ w(x))) : ((5 +VA(x)) — (n+ W(ﬂf)))
> ¢| (¢ + VA(x)) — (n+ V()" = cé —n)*

Therefore (i) is satisfied. Also,

G(r,8)-¢ = F(z,6+ V(@) - (£ + Vr(z) — V()

> a4+ V(@) — e — |F(z, £+ V()| [V7(2)

> ¢+ V()| - 02—03(|§+V7( )’+1)p_ ||V7||Q,a
> —|5+v~y 2)|" — e —

Z 5‘£|p_047
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where

— p-1_C1 p
Cs I??? csllVyllae(r +1) 5 rP.

Therefore (ii) holds. Next, (iii) holds since

G (2,€)]

|F (2,6 + V7(x))]
< (JE+ V()] + 1)7”_1
< (€l + 1 Vllaee + 1) < Cs(l€] + 1)

Also (iv) is satisfied, because for |{| < k we have | + Vy(z)| < k + ||[VY|lq,00, Whence
there is K such that for all x €

VeG(2,8)| = |[VeF (2,6 + V()| < K. m

3.4 Existence of solutions for the boundary value problem to minimal sur-

faces

To see whether Theorem 3.19 can be used to prove existence of solutions for the boundary
value problem (1.15), (1.16) of minimal surfaces, we must study whether the function

F :R? — R? given by :

F§) = ———=
V1€
satisfies the assumptions of this theorem. Note first that F' € C(R™, R™). We note that
F is strongly monotone in a convex set M C R? if and only if

n-[VE(©ln > cln®

for all £ € M. Now

19 1 1
VF() =V = I - ® ¢,
OV Ve e
thus
_ ; 2 (€- 77)2
1 I35
e e )

1
= ——— Il

V1€
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For R > 0 and ¢ = ﬁ we therefore have

n-F(&n > clnl?,

for all || < R. We thus see that F' is strongly monotone in every ball Bz(0) C R?, yet if

is not strongly monotone on all of R%. Also, for £ € R? we have

e lep
F(E) S—W

Therefore F' does not satisfy a coercivity condition on R? with p > 1. So, two of the three

<€l

conditions for F' are not satisfied, and the existence theory from the preceding sections
cannot be applied.

Still, at least partly, the difficulties can be circumvented as follows:

We can modify F for large values of || such that the modified function satisfies the
conditions needed in the existence theorem. For R > 0 choose a function hp € C} ([O, oo))
with

h(s) =, 0<s<R
const, R4+1<s,

and with
d 1

< hy(s) <0.

ds 1+ 82~

This implies hg(s) = const > 0 for s > R+ 1 and hg(s) > \/117 Set

Gr(§) = hr([¢])S.

Gr € C1(R?, R?) satisfies
1

|§|§®§,

VGr(§) = ha(lE)T + MR(IE])
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hence, for |¢]| < R+ 1

0GR = hrllel) [n + ale]) % (&)

(hr(€]) + RR(IED €]) Inf*
( 1 . |€’2 3> |77|2
- \WVITEP  Jieep

1 1
= n> > = >

V1+[EP? 1+ (R+1)

v

V

For |z| > R+ 1 we have
0+ VGr(€)n = const [n]*.

Together it follows that G is a strongly monotone function on R?. We also have

Gr(€)-& = hr(|€)[€f* = const[¢f?,
IGr(E)] = hr(ED) 1] < I€],

hence Gy satisfies the coercivity and boundedness condition with p = 2. We therefore
conclude that for every open and bounded set 2 C R? and for every v € H () the

boundary value problem

divGr(Vu(z)) =0, x e, (3.20)
u(x) = v(z), x € 09, (3.21)

has a unique weak solution.
The following theorem will be proved in Section 5:

Theorem 3.20 Let Q C R? be a bounded domain with two times continuously dif-
ferentiable boundary OS), such that the curvature of OS2 is everywhere positive. Let
s — y(s) : [0,£) — 0 be a two times continuously differentiable parametrization of
09).

Then there is a constant L, which only depends on %y, m = 0,1,2, such that for
every v € Cy(Q) the solution u € H*(Q) of (3.20), (3.21) satisfies

2 qm
IVulloe < L3 max [ (u(s))|
m=0

0<s<t'dsm

With this theorem we can construct minimal surfaces. We have the following theorem:

20



Theorem 3.21 Let Q) C R? be a bounded domain with two times continuously differen-
tiable boundary 092, such that the curvature of OS) is everywhere positive. Let v € Co().

Then there is a unique weak solution u € HE()) of

div<L> —0, req,
V14| Vul?
u(z) = y(z), x € 0SL.
The solution satisfies ||Vullson < C.
Proof. Let F(£) = —~— and let L be the constant from the previous theorem. Choose

N

= LZ&E%UW v&)

With this R construct G as above. With this function G the boundary value problem
(3.20), (3.21) has a unique solution v € HZ(£2), which satisfies

5))‘ < R.

0<s<l dsm (y

2 g
IVul|loon < LZ max |—

Since Gr(§) = F(§) for all £ < R, it follows that Gg(Vu(z)) = F(Vu(z)) for all z € €,
whence u solves

iv(—vu

Ve

u(zr) =vy(x), =€ .

) = divGr(Vu) =0,

To prove uniqueness, assume that u,v € HZ() are two solutions. Then, with F(£) =

1
VI1+ER &

(F(Vu),Vu—Vv)Q = 0,
(F(Vv),Vu—Vuv), = 0.

We have

(F(€) = F(n)) - (€~ n) > min ( wim?’ ﬂiw)m—m%m

for & # n. Thus, if Vu(z) # Vu(x) on a subset of Q of positive measure,
0 —

(F(Vu) (Vv), Vu— V),
= /Q (F(Vu(z)) — F(Vv(z)) - (Vu(z) — Vo(z)) dz > 0.
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This is a contradiction, and therefore we must have Vu(z) = Vo(z) almost everywhere,

whence by Poincaré’s inequality,
lu—v|21.0 < Clu—v|210=0.

Thus, u = v. |
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4 Nonlinear parabolic initial-boundary value problems

4.1 The orthonormal system of eigenfunctions. The space H_;({2)

In Section 4 I study nonlinear initial-boundary value problems for the diffusion equation
derived in Section 1.1 and prove that solutions exist. As in Section 3, the proof is based
on the construction of approximate solutions using the Galerkin method. To simplify the
computations we restrict ourselves in this section to p = 2 and choose for the countable
dense function system {v}2°; needed in this method a special orthonormal system in the
Hilbert space H 2(Q)). We introduce this system here and show that it can be conveniently
used to write the elements of ;I%(Q) and of the dual space H?,(€) in terms of this
orthonormal system.
For simplicity we use in Section 4 the notations
(@) = HYQ), ulle = lullzzay, ullie = lellyar = lullmm,
We always assume that 2 C R™ is a bounded open set. For T' > 0 we define @) = (0,7) x .

Theorem 4.1 Let 2 C R™ be a bounded open set. There is a countable complete or-
thonormal system {v}52, of L*(), which consists of functions v, € ;]1(9), and for
which numbers

O<051§062§Oé3§...—>00

exist such that
(Vu, Vup)o = ai(u, v (4.1)

for allu e }oh(Q)

(4.1) means that v is a weak solution of the Dirichlet problem

—Av(e) = adu (@), reQ

a
ve(r) =0, x € 0N,

hence vy is an eigenfunction to the Laplace operator to the eigenvalue A\, = a. The proof
of this theorem is based on the solution theory to this linear boundary value problem. It
can be found for example in my lecture notes ”Partial differential equations I*, which are

online available.

Theorem 4.2 (i)  The orthonormal system satisfies
(Vl/k, VVE)Q = O./]% 5kg.
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(i) Letw e L*) and let

o0

u = E AV

k=1

with ay, = (u,vy)q be the Fourier series. We have u € ﬁjl(Q) if and only if

o0
E o a; < 00,
k=1

If this holds we have
lim ||[Vu— Zak Vil =0, (4.2)

m—00
k=1

[Vul]* = Z ai ai .

Proof. (i) follows immediately from (4.1). To prove (ii) assume that Y~ aza; < oc.

and

This implies that to € > 0 we can find mq such that

HZakVVk ’ == (ZakVVk,ZakVVk>Q
k=¢ =/ k=t

m
E a,a;(Vi, Vi) = E Ozkai < &g,

¢ j=¢ k=¢

1 -

i

for m > ¢ > my. Consequently, > 7, a; Vi is a Cauchy sequence and thus converges in
L*(Q). This yields that Y -, axvy converges in ](—)[1((2), whence u belongs to ﬁ]l(Q) with

weak derivative Vu given by the function

(0.) m m

g ar Vv, = lim g ap Vv, = lim V( g akyk>.
m—0o0 m—r0o0

k=1 k= k=1

Obviously, this implies (4.2). To prove the converse we assume that u € ﬁ[ 1(2). Then
(4.1) yields

0 < <Vu — iak Vv, Vu — iakVVk>Q

k=1 k=1

= (Vu,Vu)g —2 Z ax(Vu, Vig)g + Z az(Vug, Vi)
k=1

k=1

m m m
= [Vul® =2 afai + ) ajai = [Vul® = ) afui,
k=1 k=1 k=1
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from which we see that Y, | aja; converges. As we showed above, this implies that (4.2)

holds. Therefore the last estimate yields

Zakak = ||Vu|? - Tim ||V — Zakvmﬁ = [|Vul%. =

k=1

The Poincaré inequality implies that to the bounded, open set {2 C R" there is a constant
C > 0 such that
IVullo < [lullio < C[[Vulla,  we Hi(€).

Therefore F 1(Q) is a Hilbert space with scalar product (Vu,Vv)q and norm ||[Vul|q,
which is equivalent to ||ul|;o. We always assume that H 1(€2) is equipped with this scalar
product and norm. Theorem 4.2 shows that L?*(2) and béi 1(2) can be written in terms of

the orthonormal system as follows:

Corollary 4.3 Let Ho(Q) = L*(Q). Then, fori=0,1,

O [oe) [oe)
= { AV ‘ Z akak }
k=1 k=1
Foru=">"7" apv, v="> 1o dpvy € ﬁI@(Q), the scalar products and norms are
oo o0
(Viu, V) = Y opards, [|[Vulg = (ohar)”.
k=1 i=1

This result suggests to define a space H_1(£2) as follows:

Definition 4.4 Let
= { Vi ’ Z Oék ak. }
k=1 k=1

and for u =372 dvg, v =372 dvp € H () define

(u,v)-1 =) o didy, -1 = (4.3)

k=1

It is not difficult to prove that H_;(Q2) is a Hilbert space with scalar product and norm
defined in (4.3).

Note that we do not require that Y .~ aj < co. Therefore the series in the space
H_1(92) do not necessarily converge in L*(2). We consider the elements of H_{(€) to be
formal series. Yet, the following Lemma gives another interpretation of the elements of
the space H_1(2).
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Lemma 4.5 To every bounded linear form v on }OII(Q) there is a unique series

Y orey dev € H_1(Q) such that for allu =", axvy € ]?[1(9)

u) =Y dray. (4.4)

On the other hand, every series y .- dyvy, € H_1(Q) defines a bounded linear form v on
H1(Q) by (4.4) with

ol = [ D2 | . (4.5)
k=1

!

hence H_1(2) is isometrically isomorphic to the dual space ;[1((2) .

Proof. Let v be a bounded linear form on ;[1((2) Since v, € ;[1(9), we can apply v to

v, and define

d, = (v,1), keN.

The continuity of v implies for u = > 7, apvy, € i 1(£2)

[ee] [ee] oo
= <v, E akyk> = E ag(v,vg) = E aydy.
k=1 k=1 k=1

To finish the first part of the proof we show that > 7 dyvy € H_1(2). To this end we
verify that Y .-, a,fdi < 00. Note that the boundedness of v implies for > )" | a;Qdkuk €
H1(Q) that

m
Za;zdi = Zak di (v, vg) :< Zadeka>
k=1
Il [3 o,
k=1

m B 1/2
= ol (Y ata?de?) " = el
k=1

IN

This inequality yields

> o2 < o (4.6)
k=1

for all m € N, whence Y77 | a; 2d2 < co. Consequently, > 72 | dyvy is the unique element

in H_; satisfying (4.4).

26



Conversely, for all > 77 dyvp € H-1(Q) and u = >, agvy € ﬁ]l(Q) we have

o0 (0.] [o.¢] [o.¢] (0.0)
> ldarl = 3 o dawan] < \[ 3" o, | S adat = | o dun]| luhe
k=1 k=1 k=1 k=1 k=1 B

Therefore Y- | dyvy, defines a bounded linear form v on 0 1(2) via (4.4) with

o
ol < [ X, =
k=1

Equation (4.5) follows from this estimate and from (4.6). n

4.2 The Bochner spaces L?(0,T; [ZII(Q)), L2(0,T; H_1(Q)) and V

To study the initial-boundary value problem we need Sobolev spaces of functions, which
depend on space and time, and which have weak derivatives with respect to the space
and time variables of different order. These spaces are called Bochner spaces. Here we
introduce and study several such spaces and in particular the space V', in which the
solutions of the initial-boundary value problem lie.

We use the following notation: For u : Q — Rand 0 < t < T let the function
u(t) :  — R be defined by

u(t)(z) = u(t,x), =€

Let X be a separable Banach space with dual space X'. A function u : [0,7] — X is
called weakly measurable, if ¢t — (f,u(t)) is measurable for every f € X'. Since X is
separable, it follows by Petti’s theorem (cf. K. Yoshida, Functional Analysis, p. 131) that
t — ||u(t)|| is measurable. This is used in the definition of the Bochner space L?(0,T; X):

T
L*(0,T;X) = {u [0, 7] = X | u is weakly measurable, / |u(t)]|* dt < oo}. (4.7)
0

Theorem 4.6 L*(0,7T;X) is a Banach space with the norm

T
lullago =/ [ Tu(olat.
0
For a proof cf. the book “Linear Operators I” by N. Dunford and J.T. Schwartz.

This definition applies to X = ]oil(Q) and X = H_1(Q), since the set {v4}7, is dense in
both spaces, which means that H 1(©2) and H_1(Q) are separable. We note that the norm
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in L2(0,T; Hy(Q)) is

T
ullZ o :/0 IVau(®)llg dt = | Vaullg,

and the norm in L*(0,7; H_1()) is
T o0 2 T o0
||uy|§2(H_1):/ HZakukH_ldtz/ S a2y (t)? dt
0 " k=1 0 k=1

To give other characterizations of the Bochner spaces L?(0,T; H 1(©2)) and
L*(0,T; H_1(Q)), we need the following lemma.

Lemma 4.7 (i) Assume that a), € L*((0,T)) for k € N. The series Y, ayvy
converges in L*(0,T; H1(Q)) or in L*(0,T; H_1()) respectively, if and only if
> e Allakl|fy.p < 00 or 3702, a,;zHakH%&ﬁ < o0, respectively.

(i) If u € L*(0,T; ]2[1(9)) then the function t — ap(t) = (u(t),vk), belongs to
L2((0,7)) and the series Y 4, axvy converges to u in L*(0,T; b (Q)).

(iii) If w € L*(0,T;H 1(2)), then the function t — ap(t) = (u(t),vy) belongs to
L2((0,7)) and the series Yy, axvi converges to w in L*(0,T; H_1(9)).

Proof. To prove (i) note that

m

(Sl = [ (Griom Sion)

=l
- / Zak of dt = Zakuaknn

;From this equation it follows that > ;- ayvy is a Cauchy sequence in the space
L0, T; ]fll(Q)) if and only if 3°7% | ofllak||{, 1) is a Cauchy sequence. For L*(0, T; H-1(Q2))
the statement is proved in the same way.

For the proof of statement (i) we use that if u € L*(0,T; 10{1(9)), then

t— ap(t) = (u(t), ) : [0, 7] = R

is weakly measurable, since w — (w, v)q : H 1(£2) = R is a bounded linear form, and we

have

T T
/ ap(t)?dt < C/ [Vu(t)||E dt = Cllullz2(m,) < oo,
0 0
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hence u belongs to L*((0,7)). Moreover, the series Y -, aj(t)v) converges for all ¢ in
H1(Q) to u(t) with [|Vu(t)||2 = S22, a2a,(t)?. Therefore

9] T o0
S a2 laxlp = / S a2an(t)?dt = |ul2a,, < .
k=1 0 r—

The first part of the proof thus implies that » .- axv, converges in the space
L*(0,T; H 1(€2)) to a function v. Since the series converges for all ¢ to u(t), it follows
that u = v.

Assertion (iii) follows by a slight modification of the arguments in (ii). [

Corollary 4.8 The Bochner spaces L*(0,T; [fll(Q)) and L*(0,T; H_1(2)) satisfy

o

L*(0,T; [Ofl(Q)) = {u = Zaka ’ t — ag(t) is measurable,
k=1
ar € L*((0,7)). Y alllaxl?or < oo} (4.8)
k=1

= {ue Q) | Vou € Q). u(t) € H1(Q) for ae. t},

L*(0,T; H.4(Q)) = {v = deyk ’ t +— di(t) is measurable,

d, € L2((0, 7)) Zak ldll2 7 < oo} (4.9)

oo [e.9]
el Zomy = 1Vaulla = D aillarllory,  1olZe,y =D aildlfor)-
k=1 =1

Lemma 4.9 To every bounded linear form v € L* (O, T; Iofl(Q)) there is a unique element

Sorey divr € L*(0,T; H-1 () such that for all w=Y;", ayvy, € L*(0,T; ;]1(9))

Z dk, ar)(o,r)- (4.10)
k=1

On the other hand, every series Y, dyvy, € L? (O,T; H,l(Q)) defines a bounded linear
form v on L*(0,T; [31(9)) by (4.10) with

o0 o0 2
ol =) e lldwllfor) = dy vy , (4.11)
L2(H
k=1 k=1

1)

hence the space LQ(O,T; H,l(Q)) 18 1sometrically isomorphic to the dual space
L2(0,T; H1(9)) .
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The proof is very similar to the proof of Lemma 4.5, but we give it for completeness.

Proof. Let v be a bounded linear form on L*(0, 7 ]S[l(Q)) If a € L*((0,T)) then
apvp € L? (O,T; ]E)h(Q)), and
ap — (v, apy) © L2((0,7)) - R

defines a bounded linear functional. Consequently, there is dj, € Lz((O, T)) such that

<?), (lkl/k> = (dk, ak)(07T) . (412)
The continuity of v implies for u =Y}, av € L*(0,T; ;[1(9)) that
() = (0w = (Wawr) =Y (di, ai)o.1)-
k=1 k=1 k=1
We show that .
> dyy € L2(0,T; H-1(9)). (4.13)
k=1

To this end note that (4.12) yields

Z a2 dill ) = Za,?(dk, di) 0.1
k=
Z (v, dgvy) = Zak di Vi)

k=1

_ _ 1/2
<ol [ et . = loll( 30 o?ldulin)
k=1 L2 () k=1

This inequality yields

Zafndknm <ol (4.14)

for all m € N, whence >°77 a; ||d||? (o) < 00, which proves (4.13). Consequently,
> re  dyv is the unique element in L? (O, T,H_ (Q)) satisfying (4.10).

Conversely, for all > 7 dyvy € L2 (O,T; H,l(Q)) and u = > 7 apy €
L*(0,T; }OII(Q)) we have

Z |(dr, ax) o,y < Z o il o,y 0l akll o)
P

o0 (o]
D allldel? gy o[ D adllarlr
=1 k=1

IN

_—
=

= Z@EQHdkH y el 2y -

/
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Therefore Y7, dyvy, defines a bounded linear form v on L*(0,T'; ﬁ]l(Q)) via (4.10) with

oo
ol < | D ai?lldullfor -
k=1

Equation (4.11) follows from this estimate and from (4.14). N

We also need several spaces of functions with time derivatives. The first such space can

be defined using the ordinary weak derivative u,;: Let
Hy (0,7 Hi(Q)) = {u € LXQ) | us, Vau, Vo, € L2(Q)}.
This is a Hilbert space with norm
lullir, ) = IVatll + Vol

It is immediately seen from Corollary 4.8 that v € H; (O,T; ;[ 1(9)) implies u,u; €
L*(0, T ﬁ[l(Q)) To define the space H; (0,7 H_1(f2)) we need

Lemma 4.10 The space é’oo(((), T) x Q) is dense in the space L? (O, T: [f[l(Q))
The proof is left to the reader.

Definition 4.11 v € L*(0,T; H 1(Q)) is called weak time derivative of u €
L*(0,T; H1(Q)), if for all w € CO’OO((O,T) x Q)

(v, w) = —(u, wy).

Weak time derivatives are uniquely defined, since for two weak time derivatives v, vy €
L*(0,T; H 1(Q)) of u we have

(v1,w) = —(u, wy) = (va, w) (4.15)

for all w € Co‘oo((O, T') x ). The dual space L*(0, T [}1(9)) of L?(0,T; H_1(9)) separates
points in L*(0,T; [f[l(Q)) Since CO*OO((O,T) x ) is dense in the space L*(0,T; [ih(Q)),
also CO’OO((O, T) x Q) separates points, which implies that (4.15) can only hold if vy = vs.

We denote the uniquely defined weak time derivative of u by wu;, and the space of all
u € L?(0,T; H_1(Q)) having a weak time derivative u; € L?(0,T; H_1(Q)) is denoted by
Hy(0,T; HA(Q)).

61



Lemma 4.12 We have
Hy(0,T; H1(Q)) = {Zakuk | ax € Hy((0,7)),
k=1

> a2 (laxlor + ok i) < oo}
k=1

Proof. (4.9) implies that u belongs to Hy(0,7; H_1(2)), if and only if v and u; have
the representations u = Y o aplk, U = oy devy with ag,di € L*((0,7)) and
Yooy a,;Q(HakH%O’T)—i-||dkH%01T)) < 00, such that for every w = 3 72 wgvy € Coo((0,T) x2)

> (diswi)omy = (w,w) = —(u,wy) = = (ar, wh) o)
k=1 k=1
Here we used (4.10). This equation holds for all >~ | wgyy, if and only if
(d, w) o) = —(ar, W) o)
for all k and all w € Co*oo(((), T)). This last equation is equivalent to dy = aj. [

Finally we introduce the space V' which we need in the proof of existence of solutions to

the initial-boundary value problem and which contains the solutions. Let
Vo= L%(0,T; Hi(Q) N Hy (0,T; H 1 ()

— {u= S an | a e (O, (@laln + i) < o).
k=1

k=1

This is a Hilbert space with scalar product

[Z%%ZM] = > (ailar, di) o) + o (a), di) o)

k=1
and norm
o0
ull = | > (a2llaxll, 7 + o5 llag )% 7).
k=1

For u,v € V we have v € L*(0, T} ;[1((2)) and u, € L*(0,T; H 1(Q)) = L*(0, T} [fll(Q))’
Therefore (u, v) is defined and Lemma 4.9 immediately yields

Corollary 4.13 Letu=> " apvp €V, v=> 7" dyvy € V. Then
utv Z ak,dk 0,7)-
k=1
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4.3 The trace theorem for the space V

We now show that for functions u € V' one can define boundary values (z — u(0,x)) €
L*(Q) and (z — u(T,z)) € L*Q). For preparation we prove the trace theorem for
functions in Hy((a,b)).

Lemma 4.14 Let (a,b) be a bounded or unbounded interval. uw € Cy((a,b)) N Hy((a,b))
satisfies
u(@) = u(y)] <l lo =yl
u(@) < 2 N+ i (4.16)
for all x,y € (a,b) and for all0 <r < b—a.

Proof. The fundamental theorem of calculus yields

/yz u'(2)dz| < (/: dz) 1/2(/; ' (2)? dz) v

V21 ) -

u(z) —uly)] =

< |z —y|

Using this estimate we have for all y € (a,b)
[u(@)] < Ju(@) = u(y)l + [u@)] < o=yl [/l @p + )]

Let (¢,d) with z € (¢,d) C (a,b) be an interval of finite length. We integrate with respect

to y from ¢ to d and obtain

d d
(@) d—¢) < [l / o — y|"2 da + / fu(y)|dy

IN

d
ooy (@ = o2+ (= 2 [ ulw) Py
Division by (d — ¢) yields
[u(@)] < (d =) [u/ll@) + (d = ) [ullas - =

Corollary 4.15 (Trace theorem for H;((a,b))) Let (a,b) be a bounded interval. Then
for every c € [a,b] there is a unique bounded linear operator P, : Hl((a,b)) — R, which
for u e Hy((a,b)) N Ci([a,b]) satisfies

One calls P.u the trace of u € Hy((a,b)) and writes Pu = u(c).
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Proof. By the first estimate of the preceding lemma, u € C((a,b)) N Hi((a,b)) is
uniformly continuous. Therefore u can be extended in a unique way to a continuous
function on [a, b], which we also denote by w. It is immediately seen that u satisfies both

estimates of the preceding lemma for all x,y € [a,b]. Choose ¢ € [a,b]. The mapping
P.: Ci(la,b]) N Hi((a,b)) — R defined by

is linear, and the second estimate yields
| Peul < Cllull1(ap)

hence P, is continuous with respect to the norm of Hy((a,b)). Since Cy([a, b)) N Hi((a, b))
is dense in Hl((a, b)), the mapping P. can be extended in a unique way to a continuous

linear mapping on H; ((a, b)) n
Corollary 4.16 For all u,v € H,((a,b)) one has
(W, 0ty + (10 oy = u(b)o(b) — u(@)o(a). (4.17)
Let w be a representative of the equivalence class w. Then
3(@) — ()] < sy o — 1" (4.18)
for almost all x,y. For u € ﬁl((a, b)) one has
u(a) = u(b) = 0. (4.19)
Proof. We choose sequences {u,}32,, {v,}2, € Ci((a,b)) N Hy((a,b)) such that
lu—wllio—=0, [v—uvlio—0
for / — oco. By the fundamental theorem of calculus we have
(g, Ve) () + (e; V) (ap) = we(D)ve(b) — ue(a)ve(a).

JFrom the continuity of the trace operator it follows that the right hand side converges
to u(b)v(b) — u(a)v(a) for £ — co. The left hand side converges to (v, v)(ap) + (¢, V) (ap),
since the scalar products are continuous on L?((a, b))2. This proves (4.17). To prove
(4.18), we choose a subsequence {uy, }52; of {u,}?°, such that

lim g, () = ()
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for all x from a subset M C (a,b) with meas([a,b]\M) = 0. This is possible by a well

known theorem from integration theory. Using (4.16) we obtain for z,y € M

6@) G| < T ([a() — g, ()] + g (2) — e, ()] + e, () — ()
< Jim fr =y g oy = b= o2 [

To prove (4.19) we choose a sequence {@,}72; C Co’oo((a, b)) such that [|u — @1 (s —
0. The continuity of the trace operator implies u(a) = limy,o @e(a) = 0, u(b) =

limy_, o o(b) = 0.
Remark. In the sense of traces, the estimate

u(@) = u()] < [[u'llws) lz =yl

holds for all uw € H; ((a, b)) and all z,y € (a,b). Thus x — P,u is a uniformly Holder con-
tinuous mapping. Every representative coincides almost everywhere with this mapping,
whence z — P,u is itself a representative of u. Therefore u € Hj((a,b)) has exactly one

Holder continuous representative.

Theorem 4.17 (Trace theorem for the space V') There are continuous linear map-
pings Py, Pr : V. — L*(Q) such that for all u,v € V we have
(ug,v) + (u,v;) = (Pru, Prv)g — (Pyu, Pyv)g,

1
(uu) = 5 [Prufla — 5 [ Poullg:

1
2
One writes Pru = u(T), Pyu = u(0) and calls u(T),u(0) the traces of u on the boundary
parts {T} x Q, {0} x Q of Q.

Proof. Let u = > 7, aglg, v = Y po by € V. Since ay, by € Hl((O,T)), the traces
ag(T),br(T), ar(0), b (0) exist and satisfy

(@, br) oy + (an, ) o) = ax(T)ox(T') — ax(0)by(0).
This implies

(%ﬂk)(o,T) = _(a;faak)(O,T)‘{’



Thus,
oo oo 1
(ug, u) = ; g, Q1) Z 5la — a(0)?). (4.20)

k=1
Let ¢ € Co(R) with 0 < ¢ <1 and

0, t<12
p(t) =
1, t>3

Then the function (pu)(t, z) = p(t)u(t, ) belongs to L*(Q) and

=Y (pay)vy
k=1
with
l(par) oy = l1¢'ar +eailltor
< 2HSOIH%DO((O,T)) HakH%O,T) + QH%H?O,T) 3
whence

1
aj llparllfor) + = Ilpar) o
k

2 2
< (ai +— ||90/||%<>c((0,T))) ||ak||%O,T) +— ||a;c||%0,T)
R g
1
< Clailaxllfor) + = lailfor),
k
with C' =2(1+ & ||gp’\|200((0,T))). This implies pu € V' and
lpully < VClullv - (4.21)

Therefore we can insert pu into (4.20) and obtain

((pu)r, pu) Z ax(T)?, (4.22)

which shows that the sum on the right hand side converges. Since {4 }7°, is an orthonor-

mal system, we obtain that

Pru = Z ap(T)v
k=1
belongs to L?(2) and
1Prullg, =) an(T)*.
k=1
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This defines a mapping Pr : V. — L*(Q). Since a;, — a(T) is linear, it is immediately
seen that Pr is linear. The continuity of Pr follows from (4.22), which together with
(4.21) implies

1Prulé,

IN

2<(§0u)t7(pu>
20lpullv [View)lle < 2lleully < 2Cully-

IN

By : V — L*(Q) is defined by Pyu =Y ;- a(0)vy. The linearity and continuity of P, is

seen in an analogous way. From (4.20) we infer that

<ut= u> -

N —

ar(T)” = =) ar(0)
k=1 k=1
2 1 2
= 5 IPrulle = 5 [ Poullg -

Moreover, for v = Zf’:l bpv, € V we obtain

e

NE

(u, v) + (u,vy) = ((ak bi) o,y + (ar, bi)0,1))

el
Il
—

I
NE

>
Il

1

I
NE

ag(T)bo(T) = > ax(0)bi(0)

= PTU, PTU)Q — (Pou, P()U)Q . |

>
I
—

4.4 Existence of solutions for nonlinear initial-boundary value problems

Assume that F: R® — R" is a vector field, and let b € L'(Q,R), ug € L°°(Q) be given.

We consider the initial-boundary value problem

w(zr) = div, F(Vmu(t, x)) +b(t,x), (t,z) € Q, (4.23)
u(t,z) = 0, (t,z) € (0,T) x 09 (4.24)
uw(0,z) = wup(z), x€ (4.25)

Definition 4.18 A function u € L?(0,7; ]S[l(Q)) is a weak solution of (4.23) — (4.25), if
F(Vau) € LY(Q) and if for all ¢ € (oo (=00, T) x Q)
—(u, p1)q + (F(Vau), Vap) o = (b,9)g + (u0,9(0)) g -

In this subsection we prove that the initial-boundary value problem (4.23) — (4.25) has a
unique weak solution v € V. For weak solutions in V', the condition in Definition 4.18

can be reformulated:
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Lemma 4.19 Assume that u € V, F(Vu) € L*(Q), b € L*(Q), up € L*(). Then u is a
weak solution of (4.23) — (4.25) if and only if the equations

u(0) = ug (4.26)
(ug,v) + (F(Vu), VU)Q —(b,v)g =0, forallvelV, (4.27)
hold.

Proof. Let ¢ € 5’00 ((—o0,T) xQ). The function ¢ belongs to V, since 500 ((—o00,T)xQ)

is a subspace of V. Therefore we obtain from Theorem 4.17 for u € V that

Using this equation and (u, ¢;) = (u, 1) we see that the two equations

—(u,01)q + (F(Vu), V), = (b,9)q + (u0, 0(0)), (4.28)

and
(ue, ) + (F(Vu), Vo) , = (b, ¢)q + (uo — u(0),0(0)), (4.29)

are equivalent.

Assume now that (4.26) and (4.27) hold. We conclude that (4.29) and also (4.28) are
satisfied. By Definition 4.18, this means that u is a weak solution of (4.23) — (4.25).

On the other hand, assume that u € V is a weak solution, which means that (4.28)
is satisfied for all ¢ € 5’00((—00,T) x ). Thus, also the equivalent equation (4.29)
holds. Let v € LQ(O,T; ]f_ll(Q)) Since Co’oo((O,T) X Q) is dense in LQ(O,T; ;]1(9)), by
Lemma 4.10, we can choose a sequence {@g}32; C Co’oo((O,T) x Q) which converges in
L*(0, T [31((2)) to v, whence

lv—willo + IV —wi)|lg =0 for k — oo.

Since v — (ug, v) is a continuous linear form on L?(0,7; H1(f2)), we thus obtain

l}i_{g)('uta%pk) = (Ut,'U)Q
Jim (F(Vu),Ver), = (F(Vu),Vv),

Jim (0, o) = (b,v)g-

o0

Observing that ¢5(0) = 0, we obtain from (4.29)
(ug, v) + (F(Vu), VU)Q — (b,v)q

= lim [(uw, 1) + (F(Vu), Vior) , — (b 1)a| = 0.

k—o00
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Since V C L?(0,T; [}1(9)), this shows that (4.27) holds for all v € V. Furthermore,
noting that CO'OO((—OO,T) x Q) C L*(0,T; ]?[1(9)), we infer from (4.27) and (4.29) that

(o — u(0),%(0)), =0,

for all p € CO}’OO((—OO,T) x Q). Since the set of traces {¢(0) | ¢ € é’oo((—oo,T) x Q)} is
dense in L*(Q), this implies u(0) = ug, which is (4.26). n

Corollary 4.20 Forb € L*(Q), ug € L*(2) there is at most one weak solution u of (4.23)
- (4.25), which belongs to the space V and satisfies F(Vu) € L*(Q).

Proof. Assume that u,v € V are two weak solutions. Lemma 4.19 then yields
((u=v)p,u—v) + (F(Vu) — F(Vv), Vu — V’U>Q = 0.
Using Theorem 4.17, which implies
1 p 1 2
((u=v)p,u—v) = S [(u—v)(T)la -5 [I(w—=2)0)a,
2 2

we conclude from (u —v)(0) = u(0) — v(0) = ug — up = 0 and from the monotonicity of
F' that

5w =)D < ~(F(Vu) ~ F(V), Vu— Vo)g <0,
whence u(T") = v(T'). Since T' > 0 can be chosen arbitrarily, we find that u = v. [

Next we prove that solutions exist. In the proof we need that F' € C;(R", R") satisfies

the following conditions:

() (F&)—F®) (E-m >0 forallgneRn
(i) F(0) = 0.

(iii) There are constants ¢; > 0 and ¢, > 0 such that
F(§)-£> C1|§’2 —cy, &€R™

(iv) There is ¢35 > 0 such that

[F(E)] < esle], & €R™

(V) HVFHLOO(R”) < 0Q.
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Theorem 4.21 Let Q@ C R"™ be open and bounded and assume that F € C;(R" R")
satisfies the conditions (i), (ii) and (iv), (v). Let ug € L*(Q) and b € L*(Q) N C(Q).
Then to every m € N there is

U (t,2) = (£ () (4.30)
with amy, € C1([0,T]) such that
%(um(t), v) o+ (F(Vum(®).Vee), = (b)), (4.31)

(un(0),ve) = (uo,ve)a, (4.32)

fort=1,....,m andt € [0,T]. Moreover, u,, satisfies

t
[um () llo < lluolle +/0 1b(s) [l ds (4.33)
forall0 <t <T and

um ()& + (F(Vun), Vi) o

1
< TIblG + lluolle (5 + T2 Blle) (4.34)

Proof. The following equations are equivalent to (4.31), (4.32):

%amz(t) + (F(iamk(t)Vyk),Vyg>Q = (b(t), 1), (4.35)

) amg(()) = (uo,w)g, (436)

for £ =1,...,m. These equations are obtained by insertion of (4.30) into (4.31), (4.32).
The equations (4.35), (4.36) form an initial value problem to a system of nonlinear or-
dinary differential equations for the vector function ¢ — a(t) = (ami(t), ..., amm(t)) :
0,7] — R™.

This initial value problem can be written in the form

d
alt) = —G(a(t)) + f(1),

a(0) = ((uo,1)qs-- -, (U0, Vm)a),

with the continuous function
t 18 = (60, 1) g - (0(1), 1)) € R™
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and with the mapping G : R™ — R™ defined by

) = ((F@akv%),vm)d - (F<§;akvyk),vym)g> .

G is Lipschitz continuous on R™. To prove this, note that G is continuously differentiable

with

aii Gela) = aaai/QF(iakVVk@)) -V (z)dz

k=1

— /vag(g;). <[VF<iak|Vuk(x)>}Vui) dx

< IVF| ) [Vl [Vl = Lie

Here we used that F satisfies condition (v). Consequently, the mean value theorem yields

ZL?Z In— ¢,

il=1

for all n,&¢ € R™, which means that G is Lipschiz continuous. By the theorem of Picard-
Lindel6f it thus follows that there is 7 > 0 such that the initial value problem (4.35),
(4.36) has a unique solution a € C1([0,7)), and that a can be extended to a solution
a € C1([0,T7]) provided there is g € C([0,T7]) such that

la(t)] < g(t) (4.37)

for all 0 < t < T. To construct such a function g, remember that w,, = Z;nzl Ak Vi
satisfies (4.31), (4.32). We multiply (4.31) and (4.32) by a,,¢(t) and sum with respect to

¢ from 1 to m. The result is

% % (um(t),um(t))Q + (F(Vum(t)), Vum(t)>Q = (b(t), um(t))Q7 (4.38)
[um(O)IE = (10, um(0)),: (4.39)

Since F(0) = 0, the monotonicity of F' yields

whence



¢ From (4.38) we thus obtain

un(®lla  lrtn(lle = 3 5 (03
1d
= §E(um(t), um(t))Q
< (00, wnl))y < IO (1)

We divide by [|u,,(t)]|q and obtain

d

7 lum@lle < [[6(t) |-

Integration yields t
[t (1)l < /0 16(5)[le ds + [|um (0)]|o-
To estimate ||u,,(0)]|q we use (4.39), which yields
lum (01§ = (0, um(0))g < [luolle [[wm(0) o
whence
[t (0) e < luo]le- (4.40)
Together we obtain

IIUm(t)IIQS/0 16(s)lla ds + [[uolla; (4.41)

for all 0 < ¢ <T. Since

> @) = lfum(®)lo.

we see from (4.41) that (4.37) holds with g defined by

t t
o(t) = / 16(s)lle ds + lluolle < TV / 15()[2 ds + l[uolles = T [bllg + lfuo e

To finish the proof note that (4.33) follows from (4.41). To verify (4.34) we use the
estimates (4.40), (4.41) and obtain by integration of (4.38) that

% |2 (£)]|3, + /Ot (F(Vum(s)) ) Vum(8)>ﬂds

A

1 ) t
=5 [|m (0) I +/0 16(5) || || (3)] 0 ds

< S hun @+ [ 1066 ([ 180l + ol s

(/Ot 16(s) || d3>2 + ||luol (/Ot 16(s)|la ds + %)

1
< TIolG + lluolla (5 + T [1blle)-

IN
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This is (4.34). n

Lemma 4.22 Assume that F' € Cy(R™,R") fulfills the conditions (i) — (v). Then there
are constants K1, Ky > 0 such that the sequence {un,}55_, € C([0,T], ]?[%(Q)) of approz-

imate solutions with w,(t,z) =Y 1| amk(t)vy(z) satisfies

Vunlle < K (4.42)
IF(Vun)le < e Vunllo (4.43)
~ 1 / 2
> ldltr < 1F(Vun)lo + Kalibllg (4.44)
k

k=1
for all m € N.

Proof. Condition (iii) and the estimate (4.34) imply

al|Vun|g — e|Q < (F(Vum),Vum)Q

< Tloly + llolla (5 + T2 ol).
This yields (4.42) with
Ky = (70l + ol (5 + T Bl0) + 2l
(4.43) is obtained from condition (iv), which yields
Il = [ 1F(Tunt o) dt2
< /ch\Vum(t,x)Fd(t,x) = c;;HVumHQQ.

To prove (4.44) we need that u,, satisfies (4.31). Let v = > 7" | dj(t)vg with di, € C([0,T7).
We multiply (4.31) by dy, sum with respect to ¢ from 1 to m and integrate with respect
to t. This yields 5

(57 tm 0) g+ (F(Vum), Vo), = (b,v)q- (4.45)

Since the Poincaré inequality implies
T
(b, v)ol* < [IBlg llollg = IIbIIZg/0 lo()||§ dt

T
< ||b||é/ K3|IVo)g, = K3 [blg Vol
0
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we obtain from (4.45) and from (4.42), (4.43) that

Z (@ di) o) = (Za’;nkyk?zdeyz>
k=1 k=1 (=1 @
0
= (atum,v) < ([IF(Vum)llo + Kalbllg) Vvllg

Using ||[Vol|g = 3705, o ldxllfy 7y, we thus get

m m
Z Uy, d (OT Zo‘k”dkn 0,T) *
k=1
Now choose dy = 25 al,,. Then
k
1 1
Z o2 |amk“%0,T) <M Z ¥||almk||%o,T)
k=1 "k k=1 K
We divide both sides by the square root and obtain (4.44). [

Corollary 4.23 There are constants K, K > 0 such that

[E(Vum)lle < K,
lumlly < K.

Proof. Combination of (4.42), (4.43) results in || F(Vuy)|lo < c3 ’K, = K. Insertion of
this inequality into (4.44) yields for w,(t,z) = > ;" | ami(t)v(x) that

S = [Vl + D i lallfor) < KT+ (K + Ka|lbllo)* = K*. -
k=1

Now we are in a position to complete the existence proof for the initial-boundary value
problem (4.23) — (4.25).

Theorem 4.24 Let Q@ C R" be open and bounded and assume that F' € C1(R™,R™) has
the properties (i) — (v). Then to every ug € L*(Q) and f € L*(Q) N C(Q) there is a weak
solution w € V' of the initial-boundary value problem (4.23) — (4.25).

Proof. By Corollary 4.23 the sequence {un,}oo_; is bounded in V. Since V' is a Hilbert

space, it follows that this sequence has a subsequence, which converges weakly in V. For
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simplicity we denote the subsequence again by {u,,}5°_;. We thus have that there is
u €V with

Uy, — u In V.
Since ||Vo|lg < ||v||v, the injection mapping J : V — L*(0, T} 10{1(9)) is continuous and
therefore weakly continuous. It follows that u,, — u in L? (0, T; ]?[ I(Q)) and that u,, — u,
Vi, — Vu in L*(Q). Since the trace-map Py : V — L?(Q) is continuous, it follows that

Py is weakly continuous, and so
U (0) = Potty, — Pou = u(0) in L*(9). (4.46)

On the other hand, (4.32) implies

0) = Z (um(0), 1), Z Uo, Ve)a Ve -
=1

=1
Since the orthonormal system {1,}7°, is complete, we have

o0

Up = Z(Um Ve)a Ve,

/=1

whence

o0
o = O = || 3 (v = 3 (ol =0

{=m+1 l=m+1
for m — oo, and therefore w,,(0) — up in L*(€2). This implies u,,(0) — ug, consequently

(4.46) yields u(0) = up. Summing up, we have
U (0) = up = u(0) in L*(Q). (4.47)

Now choose v € V' arbitrary. Then Theorem 4.17 yields

% 1000) = wn(0) 13 + (v = g, © = tn) + (F(V) = F(Vt), Vo = V),
= 2 (7)) + (F(V0) = F(Vut), Vo = Vi) > 0. (4.48)

Here we used that F' is monotone, by condition (i). Since V' C L*(0, T H 1(2)), Lemma 4.7
shows that v = Y ;7 dyvy, and the sum converges in the norm of L?(0, T’ ﬁ[l(Q)) We
define v,,, = ;" dyv. Corollary 4.13 yields

m
Um t; § mk;adk; (OT (um,tavm)Q
k=1

75



whence (4.48) implies

0 < S 10(0) — O + {vew — ) + (F(V0), Vo — V),
(s V= )@ = (F(Vt), V(0m = ) o = (F(Vtn), V(0 = v))
= 5 0(0) — un ()[4 +
—(b, U, — Um) — (F

V4,V — Um) + (F(Vv), Vo — Vum)Q

Vi), V(v —vn)) (4.49)

Q?
where we employed (4.31). Since u,,(0) — u(0) strongly in L*(Q2), we see that
[0(0) = um(0)[la = [[0(0) = w(0)[la,  m — o0

v, is a continuous linear form on L?(0,T; [fll(Q)) for v € V. From w, — wu in
L?(0,T; jii 1(€2)) we consequently obtain

(U, U — Up) = (Vg0 — 1) .
Similarly, Vu,, — Vu in L*(Q) yields
(F(Vv), Vv — Vum)Q — (F(Vv),V(v— u))Q :
Since vy, — v strongly in L*(0, T’ ]Sh(Q)), we obtain together with u,, — w in L*(Q) that
(b, Uy, — U ) — (b, v — u)g,
and together with Corollary 4.23 we find

[(F(Vum), Vv —vn)) | < IF(Vun)lg V(v —vm)llo

K[V (0~ v)llg 0.

al

A\

We employ these limit relations to conclude from (4.49) that
0< % [0(0) = w(O)I + (o0 = w) + (F(V0), V(o — w)y, — (bo —wg.  (4.50)
We now choose v = u + Aw with A > 0 and with arbitrary w € V. Then (4.50) becomes
0< % A w(0)[13, + Auy + Aoy, w) + M(F(Vu + AVw), Vw)Q — b, w)q .
Division by A yields
0< %)\ |w(0)1§ + (ue, w) + Mwg, w) + (F(Vu+ AVw), Vw)Q — (b,w)g . (4.51)
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For A — 0 we have F(Vu + A\Vw) — F(Vu), strongly in L*(Q). The proof is the same
as in Lemma 3.14. Letting A — 0 in (4.51) therefore results in

0 < (ug, w) + (F(Vu), Vw)g — (b,w)g .
Replacing w by —w shows that this inequality can only hold for all w € V' if
(ug, wy + (F(Vu), Vw)Q — (b,w)g = 0.

By Lemma 4.19 this equation and (4.47) imply that u is a weak solution of (4.23) —
(4.25). n

Examples. 1. Obviously, the function F(§) = ¢ satisfies the conditions (i) - (v). In this
case the initial boundary value problem is
uy = Au—+Db,
u(t,z) = 0, (t,x) € (0,T) x 09,
w(0,z) = wup(z), x€Q,
the Dirichlet initial-boundary value problem for the heat equation. We conclude that this
problem has a unique solution.

2. F(¢) = c(1 — e l¥)¢ with ¢ > 0 satisfies conditions (i) - (v). We only verify the
monotonicity of /. We have
1

VF() =c(1 — e NI + ce™ 7

£®¢E,

whence, for £,n € R"

n-VEE)n=c(l—e Fn*+ce @’_le > 0.

The initial-boundary value problem becomes

%u(t, x) = cdiv [(1 — e IVeultn)) g7 ay(t, .21:)] + b(t, x)
u(t,z) = 0, (t,z) € (0,T) x 02
u(0,2) = wy(z), x€.

Also this problem has a unique solution in V.
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4.5 Higher regularity in the case that the nonlinearity is a gradient

For the weak solution u € V' of the partial differential equation
u = div, F(Vu) + b

the time derivative u, belongs to the space L2 (O,T; H,l(Q)). This low regularity of u,
cannot be improved in general. In this section we show however, that if I is the gradient of
a convex function v, then the time derivative w; is contained in L? (0, T, LQ(Q)) = L*(Q),
hence the solution u belongs to the space V N H; (0,7 L*(2)) € H:(Q). To prove this,

we need some preparations.

Definition 4.25 Let X be a Banach space. A function f: X — R is lower semicontinu-

ous or weakly lower semicontinuous, respectively, if for every 1 € R the set
{ze X[ [f(z2) <}
is closed or weakly closed, respectively.

Lemma 4.26 Assume that f : X — R is weakly lower semicontinuous. If the sequence
{zn}o2 1 € X converges weakly to zy € X, then we have

f(z0) < liminf £(z,).

n— oo

Proof. We set ¢ = liminf f(z,). Choose a subsequence {z,, }?2; such that
n—oo

lim f(z,,) =c

k—o0

This implies that to every ¢ > 0 there is ko such that f(z,,) < ¢+ ¢ for all k& > ko,
whence z,, € A. ={z € X | f(2) < c+¢e}. Since A. is weakly closed and since {z,, }72,
converges weakly to 2, it follows that 2y € A., which implies f(zy) < ¢+ . Since € > 0

was arbitrary, the statement follows. |

Lemma 4.27 Let f : X — R be convex. Then f is lower semicontinuous if and only if

it 18 weakly lower semicontinuous.

Proof. Since f is convex, the set {z € X | f(z) < 0} is convex for every ¥ € R. The
statement follows immediately from the fact that a convex set is closed if and only if it is

weakly closed. m
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Lemma 4.28 Assume that T' C R"™ is an open, bounded set and that v € Ci(R",R)
satisfies |V (€)| < C|€|, where C is a constant independent of & € R™. Let ¢ € L>(I).
Then the integral [ (w(z))p(x)da exists for all w € L*(I',R") and

r

w— f(w) = /w(w(x))go(x) dr: L*(T,R") - R

1S a continuous function.

Proof. From the mean value theorem it follows that to £&,n7 € R™ there is a number
0 < < 1 such that

[9(&) —v(n)| = VY (9 + (1= D)) - (£ —n)

< CWE+ (1= € —nl < C(1€—nl+ Inl) 1€ —nl. (4.52)

For w € L*(T,R") and x € T it follows from this estimate by setting £ = w(z) and n =0
that

[ (w(@))] le(@)] < llellse ([(0)] + Clw(z)]?),
which shows that the integral [+ (w(z))¢(x)dz exists, since I' is bounded. To see that
r

f is continuous at wy € L*(T',R"), set & = w(x), n = wo(x) in (4.52) to obtain

) = )] < [ 10(w() - b(wo@)] o) ds

< C/ (lw(z) = wo(@)] + lwo(@)]) [w(@) — wo(@)] [|¢]loc dz

< Cllellso (Il — wollr + [Jwol|r) [lw —wollr,

where we applied the Cauchy-Schwarz inequality. This estimate yields

lim f(w) = f(wo),

w—rwo
hence f is continuous at wy. |

Now we can study the regularity of the solution of the initial boundary value problem
(4.23) — (4.25) if the function F' is a gradient and satisfies the condition (i) — (v). We
shall therefore assume that there is a function ¢ € Cy(R™, R) such that

F(&) = Vib(€), for all £ € R™. (4.53)
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By condition (i) the function F' = V4 is monotone and by Corollary 1.7 this condition is
equivalent to the convexity of 1. By condition (ii) and Definition 1.2 we have 1 (n) > ¢(0)
for all n € R™. For simplicity we shall assume that

“(n) =20, neR™ (4.54)

We first show that if (4.53) holds then the approximate solutions constructed in Theorem

4.21 satisfy an additional estimate. In the following we use the notation
Qt = (07 t) X
and write as usual @ = (0,7) x Q.

Theorem 4.29 Let Q0 C R™ be open and bounded and assume that ' = V) satisfies

the conditions (i), (ii) and (iv), (v). Let ug € L*(Q)) and b € L*(Q) N C(Q). Then the

functions w, = > appvi € Cy ([0, T}, ]?[1(9)) constructed in Theorem 4.21 satisfy for all
k=1

0<t<T the estimate

1 1
§H8tumHét + /¢(Vum(t,3:)) de < /w(Vum(O,x)) dz + EHbHét (4.55)
0 0

Proof. Multiply (4.31) by 0,a,,, and sum with respect to ¢ from 1 to m to obtain

(Ortinn (), By (1)), + (F (Vum(t)),ﬁtVum(t)>Q = (b(t), Dt (£)) . (4.56)

Since

(F(Vum(t)),atVum(t)>Q - / Vet (Vi (t,2)) - 0Vt (£, ) dav

_ % / (Vi (t, 7)) dz,

Q

it follows by integration of (4.56) and application of the Cauchy-Schwarz inequality that

H@tumﬂét—l—/w(Vum(t,x)) dx—/w(Vum(O,:c)) dx

1 1
= (0, 0m)q. < [blle: 10tmlle, < Sl1blG, + 5110kl
(4.55) follows from this estimate. o

Lemma 4.30 Assume that ug belongs to [ofl(Q) Then we have

m—00

Q

lim [ (Vg (0,2)) dz = /w(Vuo(x)) dz. (4.57)
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Proof. Since F = Vi satisfies condition (iv), it follows from Lemma 4.28 that w —
[ (w(z)) dz is a continuous function on L*(Q,R™). To verify (4.57) it therefore suffices
Q

to show that Vu,,(0) — Vug in L*(2). To verify this note that (4.32) implies

um (0) = Z (um(())» Ve)ﬂ Ve = Z(Uo, ve)o Vi,

=1 =1
whence Theorem 4.2(ii) yields
||V(u0 - um(O))H?z = ||V( Z (10, ve)0 Ve)||?2 = Z &?(Uo,yg)?z.
f=m+1 l=m+1

The term on the right hand side tends to zero for m — oo since g € H 1(€2), which by

Theorem 4.2(ii) is equivalent to > aZ(ug, v¢)5 < oo. m
=1

Theorem 4.31 Let Q@ C R"™ be open and bounded. Assume that F' = V1 satisfies the

conditions (i) — (v), that ug € ]f_ll(Q) and that b € L*(Q) N C(Q). Then there is a unique

weak solution uw € Hy(0,T5L*(Q)) N L*(0,T; }ojl(Q)) C Hi(Q) of the initial boundary

value problem (4.23) — (4.25). For almost all t € [0,T] this solution satisfies the estimate

%H@tuHQQt + /w(Vu(t,x)) dz < /@D(Vuo(x)) dor + %Hb“ét (4.58)
Q 0

Proof. By our assumption (4.54), both sides of the inequality (4.55) are nonnegative.
Moreover, from Lemma 4.30 it follows that the right hand side is bounded by a constant
C, which is independent of m € N and ¢t € [0,7]. From (4.55) it thus follows that

[0ruml|p < 2C. (4.59)

In the proof of Theorem 4.24 we constructed the solution u as weak limit of a subse-
quence of {u,,}°°_;, which is still denoted by {u,,}°°_; and which has the property that
Uy — win L*(0,T; ﬁ[l(Q)) and u,, — u, Vu,, — Vu in L*(Q). Since by (4.59) the
sequence {du,, }2°_; is bounded in L?*(Q), we can select another subsequence, again de-
noted by {u,,}°_;, such that we also have dyu,, — Ou in L*(Q). This implies that
u e L*(0,T; [f[l(Q)) N H,(0,7;L*(Q)) € Hi(Q). It remains to prove the inequality
(4.58).
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Since the left hand side of (4.55) is nonnegative and the right hand side of (4.55) is
bounded by C| it follows that the function h,, : [0,7] — R defined by

h(t) = %H@tumHét + /@D(Vum(t,:v)) dx
Q
1
- [ 6(Tun0.2)) do — 5012,
Q

satisfies —C' < hy,(t) < 0 for 0 < ¢ < T. For every function ¢ € L*([0,7],R) with
o(t) >0 for 0 <t < T we thus have that

0> [ hnp(0)a
:/%Hﬁtumﬂét ©(t) dt+/¢(vum(t,x))<p(t) d(t, z)
0 Q
_/w(wm(o,x>) dx/w(t) dt—/%||b||ét p(t) dt. (4.60)
Q 0 s

Since the mapping v — v| - L*(Q) — L*(Qy) is linear and bounded and since dyu,, —
Qt
Oyu in L*(Q), it follows that 8tum| — 8tu| in L?(Q;). This implies that
Qt Qt

10rullQ, < lim inf [[Gyum|lq.
m—r00

hence

T T

1 L. .
[ 310ai, s < [ 3 imint o, o0 a0
0 0

T
o 1
<timint [ 510, 0(0)d(e). (461
0

Since F' = V1 satisfies condition (iv) and since ¢ € L*>°((0,7)), it follows from Lemma
4.28 that

w— f(w) = /w(w(t,x)) (t)d(t,z) : L*(Q,R") = R
Q
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is continuous, hence it is lower semicontinuous. Since ) is convex, it follows for w,v €

L*(Q,R™) and 0 < ¥ < 1 that

f(ﬁw + (1 - 19)11) = /w(ﬁw(t, z)+ (1 —9)ov(t, x)) o(t)d(t, =)

< [ (9(wit.0) + @ =90 (u(t.2)) ) pl0)dit.)

Q
= 0f(w) + (1 =0)f(v),

hence f is convex. Here we used that ¢ > 0. ;From Lemma 4.27 we thus conclude that
f is weakly lower semicontinuous. Since Vu,, — Vu in L*(Q), we therefore obtain from

Lemma 4.26 that

m—00

/w(Vu(t,x)) e(t)d(t,z) = f(Vu) <liminf f(Vu,,)
= lim inf/@[z(Vum(t,x)) o(t)d(t, x). (4.62)

m—r0o0

We combine (4.57), (4.61) and (4.62) with (4.60) to obtain

Ot —

(30l + /w(Vu(t,x)) do— [ (Tuala)) do = F1b1E,) o(t)

m— 00

T
gliminf/%ﬂatumHQ o )dt+hm1nf/w Vi (t, 7)) (t) d(t, )
0

m—r0o0

T T
— lim [ ¢(Vun,(0,z)) dx/gp(t) dt—/%”b”ét o(t) dt
0 0

2

T

1
< linrrilnf/ <§||8tum||Qt /1/} (Vi (t,z)) da

m—0o0

T
/¢ Vit (0, ) — %||b||§2t) ot dt = liminf/hm(t)go(t) dt<0. (4.63)
0

Let
h(t) = %H@:u”ét + /¢(Vu(t,x)) dr — /¢(Vuo(x)) dr — %Hb”ét, (4.64)
Q

Q
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let £E={tel0,T]]|h(t) >0} and choose

1, teE
o(t) =
0, te[0,T]\E.

Then he is nonnegative, hence, together with (4.63),

T
Og/hgodtgo,
0

T
and so [hodt = [hdt = 0. Since h(t) > 0 for all ¢ € E, this can only hold if F is a

0 B
null set. Since h(t) <0 for all ¢ € [0,T] \ E, it follows that h(t) < 0 for almost all ¢. By
definition of A in (4.64), this means that (4.58) holds for almost all . n

Lemma 4.32 With the constants ¢; > 0, ¢o > 0 from condition (iii) the function
satisfies for all € € R"
c c
w(E) 2 el - 5 (4.65)

Proof. Let R =, /22. For [{| > R we then have

alfl? == (a - |€\2)|§|2 (1——)|§|2 1|€|2~

Since F(£) = Vi(€), we obtain from this inequality and from condition (iii) for £ € R™
with |{| > R that

so-e(nf) - [+ ()
mmw v () = Qa) P () o

€| \§|
1 C1 5 C1 2 Cl
> I —
> [ 35 ] o= [ o=
R R
hence ¢
(&1 2
V() = " — = + (4 ( )
GEET ¢
The estimate (4.65) follows from this inequality for [£| > R, since @D(Ré—l) >0, by (4.54).

For |£] < R the right hand side of (4.65) is negative, whence because of (4.54) the estimate
(4.65) holds also in this case. N
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Corollary 4.33 Under the assumptions of Theorem 4.31 the solution u belongs to the
space L>(0,T; H1(2)) N Hi(Q).

Proof. From (4.65) we obtain
T Vu(t,a)F = 5 < v (Vult,2)).
thus A
IVuol < - [ 6(Tult,n) do+ 220
1 1
Q

The statement of the corollary follows from this estimate and from (4.58). n

4.6 Discussion and examples

Following the definition of the Friedrich’s extension of linear differential operators (cf.
Section 9 in the script PDE 1), for v € H{(Q2) we say that the divergence of the function
F(Vu) exists in L*(Q) if there is a function g € L*(2) such that for all v € ;Il(Q)

(F(VU),VU)Q = —(g,v)q.
In this case we define divF(Vu) by
divF(Vu) =g
and say that u belongs to the domain of definition of the differential operator
u — divF (Vu).

If F' is a gradient and if the initial data uy belong to H 1(£2), then for the solution u of the
initial-boundary value problem (4.23) — (4.25) the function u(t) : @ — R belongs to the
domain of definition of the differential operator divF(Vu) for almost all ¢t € [0, T]. To see
this we use that by Theorem 4.31 the time derivative u; belongs to L*(Q), which means
that for the first term in (4.27) we have (u¢, v) = (ug, v)g. Thus, (4.27) can be written as

/ (F(Vu(t)), Vo(t)), — (b(t) — u(t), v(t)), dt = 0, (4.66)

for all v € V. In particular, we can choose v(t,z) = p(t)w(z) with ¢ € C5°((0,T),R)
and w € ﬁ[l(Q) Then (4.66) becomes

T

 ((Eu0), V), = (0l6) = wle).w),) e(e)dt =

0
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Thus, Lemma 2.12 implies
(F(Vu(t)), Vw)ﬂ — (b(t) — w(t), w),,, (4.67)

for almost all ¢ and all w € [;h(Q) Since b(t) — w(t) € L*(Q), this means that wu(t)
belongs to the domain of definition of divF(V-) and that

divE (Vu(t)) = u,(t) — b(t),

for almost all t.

There is a slight difficulty in this argument, since the set of all ¢ for which (4.67) holds
might depend on w € H 1(€2). However, it suffices to show that (4.67) holds for all w
from a dense subset of 1(€2). Since H 1(€2) is separable, we can choose a countable dense
subset. Since a countable union of null sets is a null set, we obtain that there is a null set
E such that for all ¢ € [0, 7] \. E the equation (4.67) holds for all w from this countable
dense set. We leave the details to the reader.

To obtain u € H;(Q) and divF(Vu) € L*(Q) we only need to assume in Theorem 4.31
that the right hand side b of the differential equation belongs to L*(Q). If F is a gradient
and if the initial data belong to ﬁ] 1(€2) the regularity of the solution u with respect to the
time variable is therefore one order higher than the regularity of the right hand side, and
the regularity with respect to the z-variable is increased by more than one order, since
Vu € L*(Q) and since divF(Vu), which is a certain second x-derivative of u, belongs to
12(Q).

In fact, since divF(V-) is an elliptic differential operator, one can conclude from Vu €
L*(Q) and divF(Vu) € L*(Q) that u € L*(0,T; H»(12)), provided the boundary 0 is
sufficiently regular. This follows from the regularity theory of such differential operators,
cf. [H.-D. Alber, Elliptische partielle Differentialgleichungen, Vorlesungsskript]. In this
case the z-regularity of u is two orders higher than the regularity of b.

It is not possible to replace the assumption uy € [ofl(Q) in Theorem 4.31 by uy €
H(Q). To get a solution with higher regularity it is necessary that the initial data satisfy
the same boundary conditions as the solution. This is called compatibility condition for
the initial data.

In Theorem 4.24, where we studied the case of general monotone F', we also assumed
that b € L*(Q), but we only obtained u € V and could not prove that the time derivative
u; belongs to L*(Q). Instead, the time derivative belongs to L? (0, T, H,l(Q)), hence the
t-regularity of the solution is not higher than the regularity of the right hand side b. The
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term divF(Vu) does not belong to L?(Q) but has the same regularity as u; because of
divE(Vu) = u, —b e L*(0,T; H_1()).

We have u € L*(0,T; ﬁ[l(Q)), but the weak regularity of divF(Vu) is not sufficient to
show that v € L? (O, T; HQ(Q)). Therefore the z-regularity of u is higher just by one order
than the regularity of b. For the initial data we only assumed ug € L*(2), but even if we

assumed that ug € it 1(Q2) it would not help to prove higher regularity of .

Examples. Note that the vector field F' € C;(R™,R") is a gradient if and only if
rot F'(§) = 0. For n # 3 this means that

0 0
8—&@(5) = 2,

3. The vector field F(§) = £ from Example 1 satisfies %Fj(f) = 8%_{5 = 0 for i # j,

hence it is a gradient field. A potential for F' is ¢(§) = 3|¢|*. The initial boundary value

E(6)7 i?j:]‘7"'7n'

problem to the heat equation

uy = Au+b,
u(z,t)=0, €I, t>0

u(z,0) = up(x), =z €,
has therefore a unique solution
we L0, T Hi(Q) N Hy(Q)
for all up € H1(Q), b € L2(Q).
4. The vector field F(£) = ¢(1 — e ¥)¢ with ¢ > 0 from Example 2 satisfies for i # j

O e 9 e — . e && _ O
gg,18) = g (e PG = —ee TR = B

hence F' is a gradient field. The solutions of the initial-boundary value problem with

Fi(6),

homogeneous Dirichlet boundary condition to the differential equation
up = cdiv((l - e’wz"‘)vzu) +0b

thus belong to L (0, T; 10{1(9)) N H(Q).

5. If FF € C;(R",R") is a linear mapping, then there is an n x n-matrix A = (a;;); j=1,. .
such that F(§) = AE, and the differential equation (4.23) becomes

uy = div(AVa) + b. (4.68)
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This F satisfies the conditions (i) — (v) if A is positive definite. In this case we obtain from
Theorem 4.31 that there is a unique solution u € V' of the initial-boundary value problem
to the differential equation (4.68). In fact, u even belongs to the space Hy(0,T; L*(€2)) N
L>(0,T; ;[1(9)) To see this note that the condition for F'(§) = A¢ to be a gradient is

0 0
8—@5(6) = —Fj(§) = az,

&’
which means that the matrix A must be symmetric. Now since 9;0;u = 0;0;u, we have
div(AVu) = div(ATVu) = div(A,Vu) with the symmetric part A, = (A + AT) of A.

Therefore (4.68) can be written in the form

CLZ‘]' =

up = div(AsVu) + b. (4.69)

Moreover, any ¢ € R™ satisfies £ - A& = (ATE) - € = £ (AT)E, hence € - AE = £+ AL
From this we see that if A is positive definite then also A,. Consequently, Theorem 4.31
and Corollary 4.33 guarantee that if A is positive definite, then the initial-boundary value
problem to (4.69) has a unique solution u € H; (0,7 L*(Q)) N L*=(0,T; [ofl(Q)) This
function u is also the unique solution of the initial-boundary value problem to (4.68).
The proof of Theorem 4.31 shows that if b = 0 then in the inequality (4.58) we can
drop the factor % in front of ||5tu||22t. The resulting inequality satisfied by the solution u

of the initial boundary value problem can thus be written in the form

/w(Vu(t)) dz < /zﬁ(Vu(O)) dz — [|0ul[3, - (4.70)

To give a physical interpretation of this inequality note that [ w(Vu(t)) dx can be con-
Q

sidered to be a measure for the variability of the quantity u, which for example can be
the temperature or the electric charge density. This measure is bounded by the right
hand side of (4.70), which decreases in time. This means that u becomes more equally

distributed in the course of time.
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5 Maximum principles and L*°-estimates for weak solutions of

elliptic equations

5.1 The absolute value and the positive part of Sobolev functions

To derive maximum principles for elliptic equations we need to consider functions of the

form |u| and max(u,0) with u € HY(Q). Here we study these functions.

Lemma 5.1 Let 0 € C1(R,R) with

M = sup |0'(§)| < 0.
¢eR
Let Q CR™ be a bounded open set and let u € HY(Q) with 1 < p < oco. Then the function
0 o u belongs to HY(Q) and the chain rule holds: For almost all x € Q

, ou
axle(u(x)) =40 (u(x)) . (x).

Proof. By Theorem 2.27 there is a sequence {u,, }5°_; C C(Q)NHY (), which converges

to win HY(€2). We can select a subsequence, again denoted by {u,,}>°_;, which converges

to u pointwise for almost all z € 2. From the mean value theorem we have

|0 (m(@)) — 0 (u(z))| < sup 0'(€)| |um(x) — u(z)],

£eR

= Mlup () = u(z)],

whence

10 0 up, — O oull, < M|u, —ul, =0, m—oco. (5.1)

Moreover,

“(0/ © um)axium - (9, © U)ainHp
< (O © wmn ) (O, ttm — O [lp + ([0 0w — 0" 0 w) Oy |- (5.2)

Both terms on the right hand side tend to zero for m — oo. This is obvious for the first

term, since [|0’ o Uy, || < sup |0(§)] = M implies
EeRn
18 © ) Orston — On0)lly < M Brytin — Dty — 0.

To see that also the second term tends to zero, note that

- / 16/ (wn (@) — & (@) Oru(@)P de.  (5.3)

Q

1(0" 0wy, — 6 0 u)d,,u
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The integrand on the right hand side tends to zero pointwise almost everywhere in 2
for m — oo, since @ is continuous. Moreover, the integrand is bounded uniformly with

respect to m by the integrable function
(2M)? [Or, u(x)[”,

hence the Lebesgue theorem on dominated convergence implies that the integral in (5.3)
tends to zero.

By (5.1) we see that {0 o u,,}>_, tends to 6 o w in LP(Q2) and (5.2) implies that
{0x,(0 0 up,) o0, tends to (0" o u)0d,,u in LP(2). Together this implies that § o u € LP(Q)
and that 6 o u has a weak derivative in L?(2) given by (6 o u)d,,u, hence 6 o u € HY ().

We use the notation

-1, £<0,
sgn(é) =¢ 0, £=0,
1, £€>0.

and write for the composition of the function sgn with a function u
sgn(u) = sgn o u.

Lemma 5.2 Let 0 C R™ be an open, bounded set, let 1 < p < oo and assume that
u € HY(Q). Then |u| € HY () with Oy,

u| = sgn(u)0,,u and

Op,u(x) = O,

ul(z) =0,
for almost all x € N = {z € Q|u(z) = 0}.
Proof: For v € [-1,1] and € > 0 define

-1, —oco<t< —e(l+47)
U’ys<t): ’}/—f—ﬁ —€<].+’Y) <t<€(1—’}/)
I, e(l—7)<t<o.

0. 1s a continuous function with 0..(0) = v and satisfies

-1, t<0
lig(l) 0ye(t) = sgn (t) = v, t=0 (5.4)
1, t>0.
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Set
¢

0.,(t) = / o.-(s) ds. (5.5)

0
Then 0, € C1(R) satisfies [0/ _(t)| = [0<(t)| < 1, hence Lemma 5.1 implies 0..ou € H{ (1)

and
Op,0+c (u(az)) = 9’% (u(az))@xu(:ﬁ) = 0. (u(m))@xu(x) (5.6)
From (5.4) and (5.5) it follows that

t

lim 6. (z) = /sgnv(s) ds = |t],

e—0
0

which yields

lim ., (u(x)) = [u(a)], 65.7)
whereas (5.4) and (5.6) show that
?—I}(l) O, 0re (u(x)) = sgn. (u(x)) Oy, u(x). (5.8)

From |o,(¢)| <1 and from (5.5) we obtain

|0ve 0 ul < |ul € LP(Q),
from which we conclude together with (5.7) by Lebesgue’s convergence theorem that

0y 0ou — |u| in LP(Q). (5.9)
Similarly, from (5.8) and from

|0r, (0ye 0 u)| = |0 0 ul [Op,ul < [0r,ul € LP(Q)
we infer by Lebesgue’s theorem that
O, (01 0 u) — (sgn., o u)0,,u in LP(Q).

This relation and (5.9) together imply that |u| € H{(Q) with

O,

u| = (sgn,, o u)0y,u.
In particular, for almost all x € N we obtain
ul(z) = 70z, u(x).

Since vy € [—1, 1] was chosen arbitrary, this equation can only hold if

O,

Ou;

ul(z) = Oyu(x) =0,

for almost all z € N. ]
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Theorem 5.3 Let Q C R™ be an open, bounded set and let 1 < p < oco. If u € HY(Q),

then max(u, 0) belongs to HY(Q) and the weak derivative satisfies

Onulw), ifulx) > 0,

(00, max(,0)) () = |
0, if u(z) <0,

for almost all x € §2.

Proof: By Lemma 5.2 we have
1
max(u,0) = §(u + |u]) € HY(Q)

and 9,, max(u,0)(z) = 1 (0y,u(x)+0yu(x)) = 0,,u(z) for u(z) > 0 and 9,, max(u, 0)(z) =
0 for almost all z from the set {z € Q| max(u,0)(xz) =0} = {x € Q|u(z) < 0}. N

Definition 5.4 Let {2 C R" be open and bounded. For a measurable function u : 2 — R
consider the set B; of all » € R such that for every neighborhood V' of 99 in 2 we have

esssup u(z) > r.
zeV

We define
—0Q, lf Bl = @

limsupu = ¢ sup By, if B; # 0, R,
V—=0Q

o0, if Bl =R.
Similarly, let By be the set of all » € R such that for every neighborhood V' of 9 in Q
we have

essinfu(x) <.
zeV

We define
—0Q, lf B2 - R
largg%fu =qinf By, if By #0,R
oo, if B2 - @

Note that if B; # () and B; # R, then sup B; < co because Bj is bounded above. For,
if ro ¢ By, then obviously [rg,00) N By = (). Similarly, if By # () and By # R, then By is
bounded below and therefore inf By > —oc.

These notions have the following properties:

Lemma 5.5 Letr € R.
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(i)  We have r = limsupu if and only if for every € > 0 there is a neighborhood Vi of
V—=0Q

0Q in Q such that for every neighborhood V- C Vg of 09

r—e <esssupu(x) <r+e.
zeV
(i) We have r = lam ggl)fu if and only if for every e > 0 there is a neighborhood Vi of
_ —
0 in 2 such that for every neighborhood V- C Vi of OS2

r—e <essinfu(zr) <r+e.
eV

(ii) For u € C(Q) we have

limsupu = sup u(z), liminfu = inf u(z).
V=0 €0 V—=0Q zedf

Proof: We have » = sup By if and only if for every ¢ > 0 the two relations r — e € B;
and 7 +¢ ¢ B hold. Now r — ¢ € By if and only if for every neighborhood V' of 9Q in

we have esssupu(z) > r —e. Also, r + ¢ ¢ By if and only if there is a neighborhood Vj
zeV

of 9 in Q such that esssupu(z) < r + . Statement (i) follows from these relations. (ii)
xeVy

is proved in the same way.

To prove (iii), let u € C(Q) and let ¢ > 0. For every y € 02 there is an open ball

B(y) such that sup wu(z) < u(y) + ¢, hence Vo = QN |J B(y) is a neighborhood of
z€B(y)NQ yeo2

0 in Q such that for every neighborhood V' C Vj of 9Q

sup u(y) — e < sup u(y) < supu(z) < sup u(x) < sup u(y) +e.
ye) yeof2 zeV zeVp yeof

From statement (i) of the lemma we thus obtain sup u(y) = limsup u. The assertion for
yeo V—0Q

liminf w i d 1 ly. ]
iminf v is proved analogously

Lemma 5.6 Let 2 C R™ be a bounded open set and let 1 < p < oo. Assume that
w € HY(Q) satisfies l%/m ia%fw > 0. Then for every u € [;T]f(Q) we have
%

o

max(u — w,0) € HY(Q).

Proof: Since u —w € HY(Q), it follows from Theorem 5.3 that max(u — w,0) € HY(Q).
To prove that this function belongs to ;ﬂf () it suffices to show that there is a sequence
{um}re_, C ﬁ]ﬁ’(ﬂ) with u,, — max(u — w,0) in H} ().
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To this end let {¢,,}5°_; C C5°(2) be a sequence with ¢, — u in HY(Q) and with
©m(r) = u(z) for almost all =z € Q2. We set

: 1
um:mm(gpm—w—a,()).

Again by Theorem 5.3 we have u,, € H{(€2). The assumption lgg géf w > 0 implies that
for every m € N there is a neighborhood V of 9 in Q such that w + % > 0on V.
Since 0f) is compact, there is § > 0 such that all z € Q with dist(x,09) < ¢ belong to
V. Moreover, there is d,, > 0 such that ¢,,(z) = 0 if dist(x,0Q) < J,,, hence we have
em(x) —w(z) — L < 0 for all z with dist(z,99) < min(é, 6,,), hence uy,(z) = 0 for all
such z. Corollary 2.22 thus implies that u,, € [if’l’ (€2). To finish the proof it therefore
suffices to show that u,, — max(u,0) in H{(£2), and to prove this relation it is sufficient
to show that

‘gpm—w—%‘ — ju—w|, in H(Q), (5.10)

because (5.10) and ¢, — u in H{ () imply

1 1 1 1
um:max(gom_w__70):_<()0m_w__+ SOm—w——>
m 2 m m

1
— 5(u—w—|—|u—w|) = max(u — w, 0),

in H7(92).
To verify (5.10) note first that the inverse triangle inequality yields
1 p
/ lu — w| — ‘cpm—w—— dz
m

Q
< [fior= (e

1P 1 P
=|Ju=ewt ||’ < (b=l + —-12077)" 0.

for m — oo, whence

1
‘gpm—w——‘ — |u—w| in LP(Q). (5.11)
m
Lemma 5.2 implies
1
‘8ziu—w|—8ri Om — W — —
millp
= Hsgn(u —wW)0y, (U —w) — Sgn<g0m —w— l)(995.(g0m —w)
K3 m 7 p
1
< H <sgn(u —w) — sgn(gpm —w— —))&Ei(u - w)
m D

* Hsgn(“‘)m YT %) (02,1t = Oz, om) (5.12)

p

94



The second term on the right hand side satisfies

1
Jsen(0n == ) @i = Buipon)|| < 1900 = npully = 0

for m — oo. For the first term we have

H <sgn(u —w) — Sg;ﬂ(gpm —w— %))8%(11 —w) Z
- / ’sgn((u —w)(z)) — sgn((cpm —w— %)(1‘)) ’ |8x(u — w)(x)|p dz, (5.13)

O~NN

where N = {z € Q| (u —w)(z) = 0}. To obtain this equation we used Lemma 5.2, which
implies that 0,,(u —w)(x) = 0 for almost all x € N. For (u — w)(z) # 0 the function sgn
is constant in a neighborhood of the number (u — w)(z) € R. By our choice of ¢,, we

have (pm — w)(z) — L — (u—w)(z) for almost all = € Q, whence

sgn((u — w)(x)) — sgn((gom —w— %) (x)) — 0, m — oo.

Therefore the integrand in (5.13) tends to zero pointwise for almost all z € Q ~ N.

Moreover, we have

}sgn(u —w) — sgn(@m —w— %) ‘p |0p, (u — w) [P

<2210, (u — w)|P € LY N).

From these properties we conclude by the Lebesgue convergence theorem that the integral
on the right hand side of (5.13) tends to zero for m — oo, whence both terms on the
right hand side of (5.12) tend to zero for m — oco. The relation (5.10) is a consequence
of (5.11) and (5.12). N

5.2 Maximum principles for weak solutions

In this section we derive maximum principles for weak solutions of linear and nonlinear
equations of the form
—divF (z, Vu(z)) =0

where F' is a monotone vector function. Such equations are called elliptic equations in

divergence form. As before, in this section we use the notation

o

Ho(Q) = HA(Q),  Hu(Q) = H2(Q).
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We start with a result for linear equations. In this case we have
F(z,§) = A(x)¢, (2,8 € @ xR,

with a matrix A(z) = (a;(z))
bounded and measurable. The vector field £ — F(x,&) = A(x)¢ is uniformly strongly

el We assume that the functions a;; : 2 — R are

monotone if A(x) is uniformly positive definite: There is a constant ¢ > 0 such that
E-A)E>clEf, (2,6) € QA x R™ (5.14)
In this case the linear differential operator
(Lu)(z) = —div(A(z)Vu(z)) (5.15)

is called uniformly strongly elliptic on €, cf. [H.-D. Alber: Partial Differential Equations
I, (lecture notes), section 8. Since by assumption A € L>®(Q,R™*"), for u € H;(Q) we
have that z — A(z)Vu(z) € L*(Q2). In this case the Definition 3.18 of weak solutions
u € Hq(Q2) of the Dirichlet problem

Lu=0, inQ (5.16)
, (5.17)

u|BQ - |BQ

with v € Hy(§2) is equivalent to u — v € [Ofl(Q) and
(A()Vu, Vu), =0, (5.18)
for all v € H,(Q).

Theorem 5.7 (Maximum principle for linear equations) Let Q2 C R™ be a bounded
open set. Assume that L defined in (5.15) is uniformly strongly elliptic on Q. For v €
H{(Q) let w € Hi(Q) be a weak solution of the boundary value problem (5.16), (5.17).
Then
]| so,0 < Timsup |/, (5.19)
V—0Q

with the norm ||wl|sr = esssup|w(z)].
zel
Proof: Set M = limsup || and

V=00

w = max(u — M,0).
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Since u — M = (u— ) — (M —~), where u — v € ﬁ]l(Q) and where w = M — v € H{(Q)
satisfies

liminfw > M — limsup |y| = 0,
V=00 V—=0Q

Lemma 5.6 implies w € H 1(€2). Moreover, Theorem 5.3 yields

Op,u(x), if w(z) >0,
0, if w(z) =0,

Op,w(z) =

for almost all x € €2, hence
Oz, u(2) 0y, () = Oy, w(2) 0y, w(7), (5.20)

for almost all = € Q. We insert w for v in (5.18) and use (5.20) and (5.14) to compute

0= (AVu, ng—/Zaw )0z, () Oy, w(x) da

7,7=1
/Za” )0, w(2) Oy w )dx>/c[Vw( )2 dz = ¢||[ Vw3
2,7=1 Q

The Poincaré inequality yields
[wllo < K[[Vwlle =0,
whence w(x) = 0 for almost all x € Q, which implies
u(z) < M = limsup |/, (5.21)
V00

for almost all z € . The function —u is a weak solution of the problem (5.16), (5.17) to
the boundary data —~. From the foregoing we thus obtain

—u(z) < limsup |—v| = hmsup 7],
V—=0Q

which together with (5.21) proves (5.19). n

Remarks. We cannot deduce Theorem 5.7 from the classical maximum principle for
solutions of elliptic equations, since the coefficient matrix A is only assumed to be bounded
and measurable. Therefore weak solutions of (5.16) need not have two classical derivatives.
Note also that we did not assume any regularity for the boundary 0f2.

In the next two theorems we deduce a general maximum principle for weak solutions

of nonlinear equations.
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Theorem 5.8 (Maximum principle for nonlinear equations) Let Q@ C R™ be a

bounded, open set. Assume that F' € C1(R™,R™) is strictly monotone and satisfies

[F(O)] < algl, (5.22)

for all £ € R™ with a constant ¢; > 0. Let v € H,(Q2) and suppose that the affine function

w(z) =wo+a- (x—xy) with wy € R and o, a € R™ satisfies

o >0 '
lggla%f(w v) >0 (5.23)

Then for every weak solution uw € H1(S2) of the boundary value problem
—divF (Vu(z)) =0, x € Q, (5.24)
u(z) = y(z), x € 0N (5.25)

the inequality
u(z) < w(z),

holds for almost all x € €.

Remarks If v € C(2), then by Lemma 5.5 condition (5.23) is equivalent to ia%f(w —) >
0, which holds if and only if

() < w(y),
for all y € 0N).

By Definition 1.4 F is strictly monotone if
(F() = Fm)-(€=m >0

for all £,n € R™ with £ # 7. From (5.22) it follows that F(Vu) € L*(Q) for u € H(Q).
In this case Definition 3.18 of weak solutions u € H;(Q2) of (5.24), (5.25) is equivalent to
u—r € IZH(Q) and

(F(Vu), Vw), =0, (5.26)

for all w € H,().

Proof of Theorem 5.8: Define
v(z) = min (u(z),w(z)), z€Q.

To prove the theorem it suffices to show that v(z) = u(z) for almost all z € 2. To verify

this observe that

v —u = min(u,w) — u = min(0,w — u)

= —max(u — w,0) = —max ((u—7) — (w—"7),0). (5.27)
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Since u —y € [Ofl(Q) and since w — v € H; () satisfies (5.23), it follows from Lemma 5.6
that v —u € H1(Q), hence v = u + (v —u) € Hy(2) and
Vu(z) = Vu(z) + V(v — u)(x), (5.28)
for almost all x € Q. With
Qp={zeQuzr) >w()}
we obtain by application of Theorem 5.3 to (5.27) that

0, for almost all z € 2\ Q.
V(v —u)(x) = (5.29)
Vw(z) — Vu(z), for almost all x € Q.

(5.28) and (5.29) yield that
Vo(x) = Vw(z), (5.30)
for almost all x € Q. Next, by definition of the affine function w we have Vw(z) = a €

R", hence F(Vw(z)) is constant, which yields divF(Vw(z)) = 0. Thus,

(F(Vw), V(v —u)), = —(divF(Vw),v — u), = 0. (5.31)

Since u is a weak solution, we obtain by insertion of v — u for w into (5.26) that

(F(Vv),V(v—u)), =0,

thence, by (5.29), (5.30) and (5.31),

/ (F(Vv) = F(Vu)) - (Vv — Vu) dz
Q

/F(Vv) V(v —u)dr = /F(Vv) V(v —u)de,

_ / F(Vw) - V(v — u)dz = 0, (5.32)

Since (F(Vv) — F(Vu)) - (Vv —Vu) > 0 by the strict monotonicity of F, equation (5.32)
can only hold if

(F(VU(ZB)) - F(Vu(:v))) - (Vo(z) — Vu(z)) =0,
for almost all z € €2, which again by the strict monotonicity implies
Vou(x) = Vu(zx),
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for almost all z € Q. Because of v — u € H 1(€2), Poincaré’s inequality yields
lo = ullo < K[[V(v = u)fla =0,
whence v(z) = u(z) for almost all z € €. N

Theorem 5.9 (Minimum principle for nonlinear equations) Let Q and F satisfy
the same assumptions as in Theorem 5.8. Let v € Hi(Q2) and suppose that the affine

function w(x) = wy + a - (x — xg) satisfies

0
R ) 20

Then for every weak solution uw € H1(Q2) of the boundary value problem (5.24), (5.25) the
mequality
w(z) < u(x) (5.33)

holds for almost all x € ).

Proof: Define
v(z) = max (u(z),w(z)), =€

Then
v — u = max(u,w) — u = max(w — u,0)
=max (—(u—"7) = (y — w),0),

with —(u — ) € I(—)_Il(Q), v —w € Hi(Q) and l%/m gsl)fw —w) > 0. Thus, Lemma 5.6 yields
—

v—u € ﬁ]l(Q), whence v = u + (v —u) € H(Q2). Proceeding as in the proof of Theorem
5.8 we obtain equation (5.32), which holds with Q. redefined as

Qp ={ze€Q|ulr) <w(x)}.

Continuing as in that proof, we obtain v(z) = u(z) almost everywhere, which implies
(5.33). o

Corollary 5.10 Let Q C R"™ be a bounded open set. Assume that F' € C;(R",R") is
strictly monotone and satisfies the estimate (5.22). Let v € Hy(QY) and let u € H{(£2) be
a weak solution of (5.24), (5.25). Then

[u][oo,0 < limsup [7/].
V=00
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Proof: Choose for w in Theorem 5.8 the constant function w(z) = limsup|y| and in
V09

Theorem 5.9 the function w(x) = —limsup |y|. Then these two theorems yield
V—0Q

—limsup |y] < u(x) < limsup |7/,
V=00 V—=0Q

for almost all z € Q. n

Remark Of course, Theorems 5.8, 5.9 and Corollary 5.10 hold for linear functions F'(§) =
A& with a positive definite n X n-matrix A. Yet, A must be a constant matrix whereas
A(x) in Theorem 5.7 can be a measurable and bounded function of x.

We conclude this section by deriving a maximum principle for the first derivatives of
weak solutions to nonlinear equations. Also in this result we pose no restrictions on 052,
but we assume that the weak solution, which we study, belongs to Hy(2). If 09 is of
class C, then it can in fact be proved that weak solutions belong to Ho(2). We state this

result from the regularity theory of nonlinear elliptic equations at the end of this section.

Theorem 5.11 Let Q0 C R"™ be a bounded, open set. Assume that there are constants c,
c1 > 0 such that F € C1(R",R") satisfies

(F(&) = Fm)-(E=n) =>cl¢—nl, &neR (5.34)
IVF@E)| <, £eR™ (5.35)

Let ~; € ]?[1(9),@' =1,...,n, and suppose that u € Hy(Q2) is a weak solution of

—divF (Vu(z)) =0, z€Q. (5.36)
Opu| = - (5.37)
o0 oQ
Then we have fori=1,...,n
102,t|| 0.0 < limsup |7 (5.38)
V—=0Q

Proof: The weak solution u of (5.36) satisfies
(F(Vu),Ve), =0 (5.39)
for all p € C5°(Q2). For z € Q we define
A(z) = (VeF) (Vu(z)) € R™", (5.40)
where R™™ denotes the set of n x n-matrices. From (5.35) we have |A(z)| < ¢, hence
A e L>(Q,R™™). (5.41)
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By (5.34) the vector field F is strongly monotone. Theorem 1.6 thus yields that the matrix
V F(n) is uniformly positive definite for all n € R™, hence we have for all (z,&) € Q x R”

£ A@)E =& ((VeF) (Tul@))€) = clef” (5.42)

Since u € H(£2) we have Vu € H;(R2). Noting (5.35), we can thus apply Lemma 5.1 to
conclude that F'o Vu € H,(Q2) and that by the chain rule

O F (Vau(z)) = VeF (Vou(2)) 0y, Vou(z) = A(z)Vuy, (2),

with the notation u,, = 8,,u. Using that (z — A(z)V,u,(z)) € L*(Q2), which results
from (5.41), we obtain from this equation for ¢ € C§°(£2) that

/ (A(2)Vaug, (7)) - Vop(z) dz = / (@F(qu(x))) - Vap(r) do

Q Q

— /F(Vzu(:v)) +V40p,p(x)dz = 0. (5.43)

Q

To obtain the last equality we used that 0., € C§°(€2) and applied (5.39). Equation
(5.43) together with (5.37) means that the function u,, € H;(2) is a weak solution of the

boundary value problem

—div(A(z)Vug, (z)) =0, z €,
Uz, () = 7i(), x € 0L0.

From (5.41) and (5.42) we see that the assumptions of Theorem 5.7 are satisfied for this
boundary value problem. This theorem yields (5.38). u

5.3 L*>-estimates for derivatives of solutions of nonlinear Dirichlet problems

In this section we derive L>-estimates for derivatives of weak solutions of Dirichlet bound-
ary value problems to nonlinear elliptic equations. For simplicity we restrict our consid-
erations to R?, but the results can be generalized to R” with arbitrary n.

We need some preparations. Let ¢ be a Cy-curve in R? with a two times continuously
differentiable parametrization s — y(s) : [a,b] — ¢, where [a,b] C R is a bounded interval.
_y(s)

()l

is a unit tangential vector to c at x = y(s). If |¢/(s)| = 1 for all s € [a, ], then s+ y(s)

7(x)

is called arc length parametrization. If f : ¢ — R™ is such that foy : [a,b] — R™ is
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measurable, we define as usual

[ #)dota) -

C

Fy(9) ly'(s)lds, (5.44)

S —

0.1(e) = ST W)l = =ls).

The space L*(c) consists of all f:c — R™ such that
) 1/2
Il = ([ WP ao@)” < o

For u,v:c— R™ with woy :€ Cy([a,b]) and voy € C}((a,b)) we have

b
/ Oru(z) - v(z) do(x) = / (00 (y(s)) - v(y(s)) Iy (s)] ds
b

= [ Sl olu(e) ds == [ u(u(s) S o(u(s)) ds

_ / u(z) - 0,0(x) do(x).

Based on this formula, g € L?(c) is called weak derivative of f € L?(c), if forall ¢ : ¢ — R™
with ¢ oy € C5°((a, b)) we have

[ o@)- pla)dote) = = [ f@)0.0(0) doa).
The Sobolev space H;(c) is defined in the usual way.

In the following we always assume that () is a bounded open set in R? with boundary
02 € Cy and that s — y(s) : [a,b] — 0N is an arc length parametrization of 0. For
r = y(s) € 0 let n(z) = n(s) be the unit normal vector to J€2 at = pointing into the
interior of €.

We assume that the orientation of 02 defined by the parametrization is chosen such
that /(s)t = n(s), where y/(s)* is the vector obtained by rotation of the unit tangent
vector ¢/'(s) in the mathematical positive sense by an angle of 7. Then there is § > 0 such
that

(5,8) = (s,€) = y(s) +&n(s) : [a,b) x [0,0] — R?
is an invertible, continuously differentiable mapping of [a, b) x [0,4) to an open neighbor-

hood V of 99 in Q. For every fixed number ¢ € [0,§) the mapping
s ye(s) = y(s) +&n(s) : [a,b] =V (5.45)
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is a Cj-parametrization of a curve in ) parallel to J2. We denote this curve by 0f).

With the curvature s(s) of 9 at y(s) we have n'(s) = —(s)y'(s), hence

%yas) = y/(5) +&n/(s) = (1 — &x(s))y/(s) (5.46)

is a tangential vector to 0€¢ at ye(s) with length
[e(s)| = (1=€52(s)) |y (5)] = 1—E32(s). (5.47)
To every function u : Q¢ — R™ we define a corresponding function u® : 99 — R™ by
W () = u(z +&n(z)), €09
We need the following result, a version of the Sobolev embedding theorem:

Theorem 5.12 Let Q C R? be open and bounded with 09 € C,.

(i)  Then the space C1(Q) is dense in H1(2). For every & € [0,0) there is a uniquely
determined linear, continuous mapping Pe : Hy(Q) — L*(98%) such that for all

u € 01(9)
Peu=wu| . (5.48)

BQ§

(ii) There is a constant C' > 0 such that for every &,& € [0,9) and u € H,(€2) we have

1(Pe) ) — (Peyu)*log < C &1 — &' |Ju]l1.0- (5.49)

(i) w e Hy(Q) belongs to ]f[l(Q) if and only if Pou =0

Because of (5.48), we use u|  to denote Peu for any u € H,(Q2) and call u|  the trace

09 0%
of u on 0€).
Consider a weak solution u of the Dirichlet boundary value problem
—divF (Vu(z)) =0, z€Q, (5.50)
u(z) =y(z), x €, (5.51)

with a strongly monotone vector field F' € C)(R? R?). We assume that both the data ~y

and the solution u belong to the space Ho(2) N C1(Q2). We want to estimate ||Vl

by the values of the function 7| and the derivatives of this function. To this end we
o0

first construct a function g = (g1,92) € Hi(Q,R?) N C(,R?), with 8%“\89 = gi|

o0
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i = 1,2. For this construction we extend the vector fields 7 and n from 0f2 to V. For
r=1x(s,&) =y(s) +&n(s) € V oset

7(2) = Or(s,6) _ Yel®) n(z) = n(s
D= ] 1-g ")

7(x) and n(z) are orthogonal unit vectors and we have 7,n € Cy (V). We can therefore

decompose any vector field w : V — R? as

In particular, for u € Ho(2) we have that
Vu = (1-Vu)T + (n- Vu)n. (5.52)

Since Vu € H;(Q2) and 7,n € C1(V), it follows that 7 - Vu, n- Vu € Hy (V).
We also need a function 1) € C (€, R) with

0, if zeQ\V,
(r) = _
1, if z €Q, dist(z,0V) <4/2.

Lemma 5.13 Assume that y,u € Hy(Q) NC () with u—ry € ;II(Q) Then the function
g :Q — R? defined by

9(@) = ((r(@) - V(@) 7(2) + (nlz) - Vu())n(z) ) ¥(2) (5.53)
belongs to the space H,(Q) N C(Q) and satisfies

9| =Vu| . (5.54)
o0

oQ

Proof: Since v,u € Hy(Q2) N C1(Q) we have that 7-Vy € H (V)N C(V) and n - Vu €
H, (V)N C(V). By definition the function v vanishes outside of V. Therefore ¥7 - V7

and ¢Yn - Vu belong to H,(2) NC(2), hence g defined by (5.53) belongs to Hy(2) NC(£2).
From the assumption u — v € [(—3[1(9) it follows by Theorem 5.12(iii) that (u — 7)‘ = 0.
o0

Since u — v belongs to C(€2), we thus conclude

T-V(u—fy)| i zaT(u—’y)| =0.

12} oQ

Since v is equal to 1 in a neighborhood of OS2, we obtain from this equation and from
(5.53) for x € 9N

Vu(x) —g(z) = (T(x) . VU(.’L’))T(I) + (n(x) . Vu(ac))n(x)
— (T(.CL') . V’Y(l‘))T(l’) - (n(:v) . Vu(x))n(:r;)
=7(x) - V(u—v)(z) =0.
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This is (5.54). n
Since g € C(£2), we obtain from Lemma 5.5(iii) for the i-th component g; of g and from
(5.53) that
limsup |g;| = sup |g;| = sup |(7 - V)73 + (n - Vu)n,|
V00 B G
<sup|7 - Vy|+sup|n - Vu| =sup|d;y| +sup|n - Vul. (5.55)
G ) B G)

Corollary 5.14 Let F € C1(R?,R?) satisfy the conditions (5.34) and (5.35). Assume
that the weak solution u of the boundary value problem (5.50), (5.51) and the data -y

belong to the space Ho(2) N Cy(S2). Then we have for i =1,2

10z, u

loo.0 < sup|0;y| +sup |n - Vul. (5.56)
20 o0

Proof: From (5.37) we obtain g;| = dy,u| , which by Theorem 5.12(iii) means that
o

o0

Op,u — g € ]f] 1(€2). Consequently v € Hy(2) is a weak solution of the boundary value
problem
—divF (Vu(z)) =0, z€Q
Or, U

=Yi| -
oQ o0

Theorem 5.11 yields ||0x,u| .o < limsup|g;|, which together with (5.55) implies (5.56).
V—=0Q
o

To obtain an estimate for ||0,,u
the right hand side of (5.56). We have the following result.

|00 We must estimate the normal derivative n - Vu on

Theorem 5.15 Let F € C,(R? R?) satisfy the conditions (5.34) and (5.35). Suppose
that v € Ho(2) N C1(Q) and that for every x € 9 there are affine functions wE such that

Assume that the weak solution u of the Dirichlet boundary value problem (5.50), (5.51)

belongs to the space Hy(2) N C1(2). Then we have

10z, u

oo < 5Up[9,9] + sup max{|Ve?], [Ve7 [}. (5.59)
[2)9] €N
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Proof: Let x € 09). Under the conditions stated in this theorem the assumptions of The-
orem 5.8 are satisfied with the affine function w = w;, and the assumptions of Theorem

5.9 are satisfied with the affine function w = w;. These two theorems yield for all y €
that

w, (y) < uly) < wi(y).

From these inequalities and from (5.58) we obtain for 0 < £ < § that

1<wx (z+¢&n(z)) — w;(m)) < 1(u(:‘r; +én(z)) — u(a:)) < %(wj (z+&n(z)) — w;f(x))

§ £
(5.60)
Since the affine functions w (y) = a - y + wi satisfy
wy (2 +&n(@)) — wy (@) = ag - n(2)€ < lazlé = [VwilE,
we infer from (5.60) that
aé leo
+ .
I GRRCO) “("’3)] < max{|Vw?], [Vwo]|}.
£N0 £
Combination of this inequality with (5.56) yields (5.59). o

In the next lemma we study for what domains {2 and boundary data ~ affine functions

wE with the stated properties can be found.

Lemma 5.16 Let Q C R? be a bounded open set with Q) € Cy. Assume that the curvature
x of 0N) is everywhere positive. Then to every v € Co(0N)) and every x € OS) there are
affine functions wE : R? — R, which satisfy (5.57) and (5.58). Moreover, there is a
constant K, which is independent of v, such that

2

sup max{|Vw?], [Veo; [} < K 311077 s (5.61)

€05 m—0

Proof: Fix z € 2 and choose the coordinate system such that x = (0,0) and such that
the 1-axis is tangential to 002 at = and points into the direction of the vector 7(x). By
our choice of the normal vector n(z) it follows that the xy-axis points into the direction
of n(x). We can assume that the arclength parametrization s : [a,b] — 0% is such that
a<0<bandy(0) =z

Let v € Cy(09) be given. We define a function h : 92 — R by

h(z) =v(z) = (v(z) + 0-y(x)z1), 2= (21,2) € O (5.62)
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Since the curvature of 9 is everywhere positive, the domain (Q is strictly convex and we
have for all z = (21, 25) € Q with 2z # x that 2, > 0. Therefore we obviously have for
z € 0f) with z # x that

h h h
2o inf hiy) < 2y (2) =h(z) < 2 supﬂ. (5.63)
yeIN 1Yy 29 yed Y2
yFx y#x
If we therefore define the affine functions w® : R? — R by
h
wi(2) = y(x) + 0,v(x)21 + 22 sup M, (5.64)
yedQ Y2
yF
h
w, (2) = y(x) + 0;v(x)2z1 + 2o inf M, (5.65)
ye&Q y2
Y7

we obtain from (5.62) and (5.63) for z € 0% that

Y(2) = y(x) + 0y(x) 21 + h(z) < wj(2),
Y(x) + 0-y(x) 2 + h(z) > wy (2).

We clearly have w) (z) = w, () = (). Therefore the relations (5.57) and (5.58) hold.
To complete the proof it remains to verify (5.61).
We have that

h(y) - o h(y)

O, wi(2) =0(x), O,wi(z)=su , O,w, (2) = inf —2

(2= 0(a), D (2) = sup 2 (2= jut M

y#e 7w
hence, because of |inf h(y)/y2| < sup |h(y)/ys|,
h(y) |\

Vot 2 = (9,7(x)) + (su . 5.66
Pz = (0.1()" + (sup |2 (566)

yFx

To estimate the last term on the right note that by our assumptions on the parametrization

s — y(s) of 00 and by the differential geometric properties of curves we have
y(0) =2 =1(0,0), y(0)=r(z)=(1,0), ¢"(0)=3en(z)=(0,2),
hence y1(0) =1, y2(0) = y5(0) = 0, y5(0) = 32(0) > 0. Moreover, from (5.62),

hoy(0) = h(z) =0, 0Os(hoy)(0)=0v(x) — Iry(x)y(0) = 0.
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Therefore Taylor’s formula yields with a suitable s* between 0 and s that

‘h(y(é‘))’: |%(hoy) '(5%)s?] g r[r;%]x|(hoy)//|
%( +O(1))52 - %(O)(]_—I— i((t)))

<2 hoy)"|/ mi .
< r[rﬁﬁ( oy)"|/ min »(z), (5.67)

for all s with |s| < e, where € > 0 is chosen small enough such that |o(1)/s(0)| < 1/2 for
all [s| <e.

For s € [a, b] with |s| > ¢ we have because of the convexity of (2 that

whence

‘ < —max|h o y|/ min »(z).

Y2 s) 2€99

From this inequality and from (5.66), (5.67) we find that

’h(y(S))

2 2

< K0S 0 o < Ko D 107 o0 (5.68)
yz(s) m=0 m=0
with constants K; and Kj, which only depend on the parametrization s — y(s); this
means that the constants only depend on 092. To get the last inequality sign in (5.68) we
used the definition (5.62) of h. We combine (5.68) with (5.66) and obtain the estimate
(5.61). 0

From Theorem 5.15 and Lemma 5.16 we obtain the following

Corollary 5.17 Suppose that F € C1(R? R?) satisfies the conditions (5.34) and (5.35).
Let Q C R? be a bounded open set with 00 € Cy. Assume that the curvature s of O is
everywhere positive. Then there exists a constant K' such that for all v € Hy(Q) N C1(Q)
with ., € Cy(09) and for every weak solution u of the boundary value problem (5.50),
(5.51), which belongs to Ho(2) N C1(Q), the estimate

2
||a$1u||0079 < K’ Z ||8T/YHOO,8Q

m=0

holds fori=1,2.
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