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Abstract

The Nelson model describes a quantum particle coupled to a scalar Bose field. We
study properties of its ground state through functional integration techniques in case
the particle is confined by an external potential. We obtain bounds on the average
and the variance of the Bose field both in position and momentum space, on the
distribution of the number of bosons, and on the position space distribution of the
particle.

1 Introduction

Ground states in quantum mechanics can be analysed through two in essence distinct
techniques. The obvious choice is the eigenvalue equation, Hvy = FEt, which after all
serves as a definition of the ground state. The second route is more indirect and uses
positivity properties of the semigroup e *#,¢t > 0, which happen to be valid for many
models. Through a Trotter type formula one can then represent ground state expectation
values as averages with respect to a certain probability measure on function space. This
measure has the structure of a Gibbs measure and methods from statistical mechanics
become available.

The standard folklore is that for systems with a few degrees of freedom the eigen-
value equation is the more powerful approach, whereas for quantum fields with an infinite
number of degrees of freedom one should employ functional integration. In fact in the
latter case, the Hamiltonian H is in general not available as a self-adjoint operator on
some Hilbert space, and one uses functional integration techniques to define H in the first
place.
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In this paper we investigate the Nelson model of a quantum particle confined by an
external potential and coupled to a scalar Bose field. This is a borderline case: the model
has a well-defined Hamiltonian H, cf. Section 2 below, as well as a natural functional
measure. There has been growing interest in this model recently in connection with a
rigorous control of resonances and radiation damping [2]. Here we take up the technique
of functional integration with the goal of establishing bounds on ground state expectations
of physical interest.

A basic qualitative question is how the coupling to the field modifies the localization
of the particle. We will prove a pointwise exponential bound, even a superexponential
bound if the potential is sufficiently confining, for the ground state density of the particle.
They support the physical picture that coupling enhances localization. For the Bose field
we study the fluctuations, which turn out to increase through the presence of the particle,
and the average density in position and momentum space. For the latter we prove upper
and lower bounds which are sharp enough to pin down the infrared divergenct behaviour.
Finally we establish superexponential bounds on the distribution of the boson number.

The core of our paper is a “dictionary” which translates ground state expectations
in Fock space into averages over the Gibbs measure. When this dictionary is applied to
quantities of physical interest, the aforementioned bounds turn out to be a consequence of
elementary inequalities. The only extra tool that we need is a diamagnetic type inequality
for estimating the position density of the particle. Some of our bounds, possibly in weaker
form, have been proved before by other means; we refer to Section 6 for a discussion.

The Nelson model has the special feature that, as first observed by Feynman [4], one can
integrate over the field degrees of freedom resulting in an effective action for the particle.
Nelson [15] used this method in a study of the ultraviolet limit, which turned out to be
the gateway to his famous work on Markov random fields. Since then the understanding
of the probabilistic structure of the functional measure corresponding to Nelson’s model
has improved considerably; we use the occasion to provide a concise and self-contained
framework in Sections 3 and 4.

The Nelson model with massless bosons is both infrared and ultraviolet divergent.
As proved by Nelson [16] through operator techniques, the latter is of a rather mild
nature, since only the energy has to be renormalized. In this work we simply assume the
appropriate cutoffs at small and large k£ to hold so that the Hamiltonian H of (1) is a
self-adjoint operator in Fock space with a unique ground state. The functional integral
for the Nelson model with massless bosons in dimension d > 3 is studied in [14]. This
model is infrared divergent in d = 3 and convergent for d > 3. Infrared divergence means
in the language of functional integration that the time ¢ = 0 path measure is singular with
respect to the free ¢ = 0 measure, implying a representation of the CCR not equivalent
to the Fock representation. The construction of the appropriate functional measure relies
on a cluster expansion for the effective Gibbs measure on particle trajectories [13]. By
a different technique, Arai [1] constructs the inequivalent CCR representation on the
operator theoretic level. We also refer to the monumental work of J. Frohlich [5, 6] where
ground state properties of the Nelson model with zero external potential are studied,
including the removal of ultraviolet and infrared cutoffs.



2 Representation in Fock space
The Hamiltonian of the model in Fock space is the operator
H:=H,®1+1® Hy + H; (1)

in L2(RY) @ F. We use L?(R?) to denote the square integrable functions with respect
to Lebesgue measure, while we will write L?(u) for the square integrable functions with
respect to any other measure pu. F denotes the symmetric Fock space, and

1
Hp — —§A + V,
Hy = /w(k)a};ak dk,

o(k)e*a, + @(—k)e—ikqa;> dk.

|

We require the potential V : R — R of the Schrédinger operator H,, to be of the form
VT — V= with VT, V= > 0, V™ in the Kato class Ky (see [20]) and VT locally in K.
In particular, V' can be the sum of a continuous function that is bounded below and a
function having Coulomb singularities. In addition, we assume that V' is chosen such that
H, has a unique ground state, i.e. infspec(H}) is an eigenvalue of multiplicity one. As
for Hy and Hj, we require

w(k) = w(k) = w(=k), o(k) = o(k) (2)

0 < w(k) except on a set of Lebesgue measure zero, (3)
0 2mdy Q0 _ 12/md

— e L*(R — € L7(RY). 4

L erm), Lermy) (1

Here and henceforth f denotes Fourier transform and f denotes complex conjugation of
f, and fY will be used for the inverse Fourier transform of f.

For the convenience of the reader, we briefly recall the notions concerning symmetric
Fock space involved in the above formulas. Denote by L?(R?)®™ the space of L?(R™)-
functions f that are symmetric in the sense that for each k1, ..., k, € R? and each permu-
tation m of {1,...,n}, we have f(ki,...,kn) = f(kz(1);---sKr(n))- The symmetric Fock
space F is the set of all F' = (fo, f1,...) € @, L? (Rd)®" for which the direct sum norm,

oo
||F||_7-‘ = Z ||anL2(]Rd)®n )
n=0

converges. Putting F(") = LQ(Rd)®”, it follows from the polarisation formula for multi-
linear maps (see [18]) that F(™ is spanned by linear combinations of functions of the form
e = 9" with f € L?(R?) (where we use the convention f®° € C). Thus for defining



linear operators on JF it is sufficient to specify their action on these elements. Given such
an f® € F(™ and g € L*(R%), we define

()5 = ( [aramar) ;o = VaF1eg e F0
a(g)f®n = </ arg(k) dk) f®" — \/ﬁ<§7 f>L2(Rd) f®(n71) c =1 for > 0,

and (a(g))(F©) = 0. Here, f*"®g is the symmetric tensor product given by

1 n+1 [n+1

(fEm&g) (ks kng1) = . ST ) | gk

i=1 \ j#i

a* is called the creation operator and a the annihilation operator. Both of them are defined
on the common domain {(fo, fi,...) € F : > > yn ||anL2(Rd)®” < oo}. Furthermore,
(Fya(g)G) r = (a*(9)F,G)  with F, G in the above domain.

The operator [ w(k)ajay dk is the differential second quantisation of the multiplication
operator f — wf in L?(R%). In general, given an operator B in L?*(R?), the second
quantisation I'(B) of B is the operator in F with

D(B)f*" = (Bf)*".

If (Bt)t>0 is a contraction semigroup on L? (Rd) with generator A, then it is easy to see
that (I'(B¢))t>0 is a contraction semigroup on F. The generator of this semigroup is then
called the differential second quantisation of A. Explicitly,

n

dT(A)fm =) (Af)& o) (5)

i=1

for all f € D(A). It follows that

n

dl(w) fo" = (/w(k)aZak dk:) o = Z(wf)®f®("_1). (6)

i=1

For a self-adjoint operator A, both I'(A) and dI'(A) are self-adjoint. Also, for every e > 0
there exists b > 0 such that

~

[Higl| <e

szl + o £ ol )
L L

N
Vw
for all g € D(H;). Thus by the Kato-Rellich theorem, conditions (4) ensure that H is
self-adjoint.



3 Representation in function space

In this section, we develop the Schrédinger representation of H, i. e. we find an operator
H which is unitarily equivalent to H and acts in an L2-space. Moreover, H will be the
generator of a Markov process.

We begin our construction by applying the so-called ground state transformation to
H,,. Let us write 9o for the strictly positive, unique ground state of Hy,. The operator of
multlphcatlon with ¢ will be denoted by 1y as well. 1 is a unitary map from L2(¢ dq) to
L?(R%), and thus the ground state transform Hp =1y alwo of Hy acts in L?(¢¢ dq) and
is unitary equivalent to Hy,. H is the generator of a stationary ]Rd valued P(¢);-process,
i.e. the stationary solution of the SDE

dgr = (V(log ¥0))(qt) dt + dB.

We will denote the path measure of the P(¢);-process by A, and its stationary measure
by NY. Note that dN°(q) = ¥2(q) dq

In order to construct an L2-space for the bosonic field, consider the space S’ = S’(R%)
of tempered distributions and the space S = S(RY) of (real-valued) Schwartz functions.
Write G for the Gaussian measure on paths £ = {& : t € R} (§ € §') with mean 0 and
covariance

G(&:(Nl0) = [ FTR eI~ ak 0

for all f € S with [ |F12(k)/w(k) dk < co. G is the measure of an S'-valued Ornstein-
Uhlenbeck process , i.e. a stationary Gaussian Markov process with state space contained
in §&’. The stationary measure of G will be denoted by G. It is the Gaussian measure on
S’ with mean 0 and covariance obtained by setting ¢t = s in (8).

To get some information about support properties and path continuity of G, we define a
Hilbert seminorm on S by

I£15, = /f(k) max{w(k), 1} D (k, k') max{w ('), 1} f (k') dk d’,

where D(k, k') is the integral kernel of (—A+|k|?)~(¢*1). The completion of S with respect
to [|./g, will be denoted by Bp. One can then show (see [13]) that for G-almost all &,
the map t — & takes its values from Bp and is continuous with respect to the topology
generated by Bp.

When working with the measure G it is convenient to introduce the Hilbert space K
obtained by completing S with respect to the (complex) scalar product

o = [ F0iR s dk - (Faes), 0

Extending the action of £ to complex-valued functions by putting &(f +ig) = £(f) +i&(g),
we find that

/f (&) =(f.9) forall f,ge K.



In particular, the map & — £(f) is a well-defined element of L?(G) for each f € K; we will
denote it by &(f).

The connection between the Fock space F and L?(G) is given by the Wiener-Ito-Segal
isomorphism. In order to describe this isomorphism, we need Wick polynomials. The
Wick polynomial of order n with respect to G is defined recursively by

(N = 1,
£(f): = &(f), (10)
Vi E(f1) () =€) (1) E(fn) —
n—1
! V= SRR Hé*f]
=1 VE=

The Wiener-Ito-Segal isomorphism now is the map
0:F — L*G), hH®...0f — Hs (V2w (=iV) f;): = H (V2wfi)¥): (1)
=1

A carefully done proof of the fact that # is indeed an isomorphism can be found in [10],
although there a different norm convention is used for the Fock space.

3.1 Remark: The fact that the Fourier transform is part of our version of the Wiener-
1t6-Segal isomorphism is somewhat inconvenient and leads to aesthetically slightly unsat-
isfactory formulas. We could have avoided this by defining the Gaussian process G on
distributions that produce real numbers when applied to Fourier transforms of real-valued
functions, and omitting the hats in (8). However, since this also does not seem to be the
most natural thing to do, we decided to stick to the established convention (cf. [14] [13]).

Let us now describe the images of Hy and Hy under 6. From (11) and (6) it is easy to
see that

(0H:071) £(f1) .. E(fn): (12)

= > (W) [Tew): -
i=1

JF

Hy £(f1) - €(fn):

Note that Hy is the generator of the process G [17].
On the other hand, the unitary map ¥y ® 1 commutes with Hj. Thus writing © =
Yot ® 6, we easily see from (10) and (11) that for g € L2(N°) and f € K,

Hi(9® £(f)™) = (0H©0 ") (9® £(f)™) (13)
= (9@ £()")Ee(- — q) = (9@ £(f)") - (€ * 0)(9)-

Of course, {(o(. — ¢)) in the above means the map (£, q) — £(o(. — ¢)). Extending (13) by
linearity, we find that Hy is the operator of multiplication with (q,&) — (€ * 0)(q).



In sum, we find . 3 ) .
H=0HO0'=H,®1+1® H; + H. (14)

The operator 1 ® Hy + H, ® 1 acting in L>(N° ® G) = L?(N°) @ L?(G) is the generator of
a stationary Markov process. We will denote the measure N’ ® G corresponding to this
Markov process by P, and its stationary measure N ® G by PY.

From (14) we see that H is the sum of the generator of a Markov process and a
multiplication operator. Modulo technical assumptions (see below), this implies

(Fe6) o ony = / Flgo. &o)e™ &0 hGg, &)dP’,  (F.GeH). (1)

(15) is called Feynman-Kac-Nelson-formula. Nelson [15] proved it by explicit approxima-
tion of Hy. However, since we have path continuity of P° and Hj is infinitesimally bounded
with respect to H, ® 1 +1 ® Hy (see (7)) , the standard proof using the Trotter formula
(see e.g. [19]) also works.

4 Gibbs measures

The factor exp(f(f £s%0(qs) ds) dP° appearing in (15) defines a finite measure on C'(R, R? x
Bp). Normalizing it results in a probability measure with a Gibbsian structure for finite
intervals (or in “finite volume”). We are going to investigate the existence of the infinite
volume limit (i.e. t — o0o) of this measure. The method we use here to prove such exis-
tence relies on the following

Main assumption: H has a normalized, positive ground state ¥ € L2(P).

We will require this assumption to be fulfilled throughout the rest of the paper.
Sufficient conditions for the existence and uniqueness of an L?-ground state of H are

(i): o/Vw € L?,0/w € L?,
(ii): o/w®? e L?,

|62k?
X —F ————dk
(i) P> /w(2w +k2)

where ¥ is the infimum of the essential spectrum of H}, and E;, = inf specHy, cf. [21]. In
[8], more general particle-field couplings are allowed. When specialized to our setting, the
assumptions in [8] correspond to ¥ = oc.
Let us briefly comment on these conditions:

(i) appears in Section 2 as Assumption (4) and was needed there to ensure existence and
self-adjointness of H. In the context of Gibbs measures (i) is required for the existence of
the free energy limp_, o % log(Zr).

(i) is called the infrared condition. Under additional assumptions on V' and on the coupling
strength [ |6|%/w dk, (ii) is also necessary for the existence of an L? ground state [14]. Thus



although we will explicitly assume (ii) to hold only in Sections 5 and 6, implicitly it plays
a role also in this section.
(iii) is needed for currently available proofs. For the Pauli-Fierz model with external
potential, Griesemer et. al. [9] prove the existence of a ground state whithout such an extra
assumption. Thus one would expect (i) and (ii) to suffice. Note that if lim|g_., V(q) = oo,
then ¥ = oo and (iii) follows from (i).

Let us write X = {X; : t € R} = {(q,&) : t € R} for elements of C(R,R? x Bp), and

T
dPr(X) = ZlT exp <— /T(fS * 0)(gs) ds) dP’(X), (16)

for the finite volume Gibbs measure. Here Zp = [ exp(— f_TT(§S % 0)(gs) ds) dPY(X) is the
partition function.

In order to state our theorem about existence of the T' — oo limit of Pr, we still
need some preparations. First let us recall the notion of local weak convergence: For
a topological space Y and an interval S C R, denote by Fg the o-field over C(R,Y)
generated by the point evaluations with points in S. A sequence of probability measures
(tn) on Y is said to converge locally weakly to a measure p if for each compact interval
S C R and each bounded, Fg-measurable function F', limy, oo pn(F) = pu(F).

Secondly, let ¥ be the ground state of H, and put H = H—Ey, where Ey = inf spec(H)
is the ground state energy of H. Denote by P the unique probability measure on C'(R, R? x
Bp) characterized by the conditions

/FdP: (w, fre et fy et ) (17)

L2(PV)

for all F(X) = f1(X¢,) -+ fu(Xy,) with f1,..., fn € L°[R? x Bp), t1 < ... < t,. Note
that (17) in fact defines a probability measure because of e " *H ¥ = ¥, 9] 2(poy = 1 and
Kolmogorov’s consistency theorem.

Theorem 4.1 Pr — P in the topology of local weak convergence. Moreover, P fulfills the
DLR-equations with respect to the family {Pr : T > 0}, i.e. for F' € Fi_p ) and P-almost
all X € C(R,R? x Bp),

PR 1)) = - [FOew (- [ @rowas) ard? 0. (9

7,XT
where P%i“ %r (X) is P° conditional on {X+r = Xi7}. Hence, P is a Gibbs measure
with respect to PO for the interaction given by f_TT(gs * 0)(gs) ds.
Proof: Let S > 0 and F' € F|_g 5 be bounded. Since

Zp = <1’672TI:11> ~TH{ ‘

L2(PY) L2(P0)’



by using the Feynman-Kac-formula and the Markov property of PV we find that, for 7' > S,

/FdPT— H o ‘ // ~(T- SH1 (X )(e—<T—S>ff1) (Xs)x (19)

<(feo(-/ Z(gs @) ds ) FOX) PR, () dPP(CX_)dPP(X),

L2(PO)

By spectral theory, for any 7 € R we have e~ (T—"H1 — (U, 1) ¥ as T — oo in L2(P?). ¥
is strictly positive, therefore (¥ ;1) > 0 and
1

M+67(T77)H1 =9 in L*(PY), for every fixed 7 € R. (20)
e 1HL2(P0)

From this it follows that
1
[eri]

L2 pO)

e~ (T-—DH T2 o—rhoy L*(P%), for every fixed 7 € R, (21)

and thus

lim [ FdPr= / U(X_g)W(Xg)e 25F0x

T—o00
< <_ / exp < /_ Ss(gs ) Q)(qs)ds) F(X)dPY° . (X)) dPO(X_) dPY(Xs).

This shows local weak convergence, and (17) as well as (18) now follow from the last
equation by using the Feynman-Kac formula and the Markov property of PY. O
From (17) it is immediate that P is the measure of a stationary Markov process and
dP
=50 = W2, (22)
where P is the stationary measure of P.

The measure P has some nice additional structure, which we now want to describe.
Fix § € C(R,R%) and denote by 73% the measure Pr conditional on {¢ = g}. Note that
the condition ¢ appears as an upper index here, as opposed to the lower indexes used in
Theorem 4.1. The convention we use throughout is that conditioning on a path is denoted
by upper indices, while conditioning on points is denoted by lower indices.

P is a Gaussian measure on C(R, Bp) with mean

[atnarice / o/ g LA 2w ol



(f € K, f real-valued, t € R) and covariance equal to that of G. Since

/ /dk

1k
e ) lt—s|

. 1/2
T ’f|2 e—2w(t—s|
< LA 7] R —
< /Tds(/%dk) (/,g, R
>\ "2
< flg (/ dkM) < o0, (23)

M, q(f) = limp_.o0 MtT g(f) exists for all g, and f. By the convergence theory for Gaussian
measures it follows that P? = limp_, 77% exists and is a Gaussian measure with mean
M, 7 and the same covariance as G. Knowing the structure of P? for each g, in order to
understand P we need only study the distribution N of § under P. This will then give
us a convenient representation of P as a mixture of Gaussian measures that we will use
in the next section. To obtain A, let f € L*(N?). Then, since £ — ffT(fs * 0)(gs) ds is
linear and G is a Gaussian measure,

/f‘ T(fa*g) Q.s)ds d’])o /f q) exp < / / W —qt, S — t) ds dt> dNO

with )
_ 1 []o(k) —w(k)lt]
) = 2/ 20(k) cos(kq) e dk.

1 T T
dNT = — exp <—/ / Wi(gs — qt,s —t)ds dt> AN,
Zr —rJ-r

and by taking F' = f ® 1 in Theorem 4.1 we have the following

We introduce

Corollary 4.2 Under the assumptions of Theorem 4.1, there exists a probability measure
N on C(R,R?%) such that Ny — N in the topology of local weak convergence. N is the
measure of a stationary R%-valued process. The stationary measure of N will be denoted

by N. We have
/fd/\/z/f@ldp,

[ raoaro = [ ( [ Fasiie) w) (24)

for each f € L*(N), and

for each F € L*(P).

10



Both Pr and Nt are finite volume Gibbs measures relative to the reference measures
PO and NP, respectively. Checking that A admits a DLR representation (i.e. is a Gibbs
measure) is, however, slightly more involved than it was for P because N is no longer the
measure of a Markov process. This is due to the long range pair potential that we picked
up by integration over the field. The next theorem states that N does however fulfill the
DLR-equations with respect to the family of measures

_ 1 _
o) = gy e (= [ [ Wa s = oasdr) o), (29
T T

where N:?,’q is the P(¢);-measure conditioned on {q(s) = q(s) V|s| > T}, and
Ar=([-T,T] x R)U (R x [-T,T)).
Theorem 4.3 N is a Gibbs measure for the family {qu: : T > 0}.

The proof of this theorem would interrupt the main line of the paper and is therefore
moved to the Appendix. To conclude this section, let us note that if the infrared condition
(condition (ii) above) is fulfilled, then the interaction energy between the left and right
half-line is uniformly bounded. Thus [13] we expect N to be unique on the set of paths
with at most logarithmic increase in this case.

5 Ground state expectations as Gibbs averages

We now establish an explicit formula for writing expressions of the form (¥, B¥),, (P0) S

Gibbs averages with respect to A/. Remember that ¥ is the ground state of H. From now
on we assume that

2
Co,=2 sup / ds/ dt |Wi(q —qt,s—t)|—/|g|< (26)

geC(R,R4)

Note that (26) is actually the infrared condition mentioned in the previous section. As
discussed there, in general we will not have ¥ € L?(P?) if the infrared condition is violated,
and thus it is clear that (26) will be essential for our results below to hold.

For stating these results we need Wick exponentials, which for g € K are given by

/ . R - 1 . n,
> & v exp(£(g)): = ZO 7 £(g)™ . (27)

The following formulas hold for all f,¢g € K and all bounded, self-adjoint operators A in
L?(R%):

el = ow(so)-glolk). @)

(exp(§(f)):, exp(€(9)):)r2q) = exp((f,9)k) (29)

[(A) exp(€(9): = exp(§((49)")):, (30)

(expl&(): dl(A) (€9 ), o = ((49)" ) een(frg) . B

11



Here we put I'(A) = 0I'(A)6~! and dT'(A) = 0dI'(A)§~". Moreover, for each T € [0, ], q €
C(R,RY) we define

T
Fa®) = = [ atoyetee <0t s,
’ 0
0
Fra®) = = [ awetareme®llas
' -T

and write ff(k) for f& 4(k). Note that
a

Sl )= —2/ ds/ dtW (g — s, t — s), (32)

and

~ k‘ 2
11315 < [ s dk =20 )
Theorem 5.1 Let B be a bounded operator on L?(G). Then
(000 D)) ey = [ Cempleliy 0B o€ ) o) *
X exp <2 ' ds OodtW(qt — qs,t — s)> dN(q). (34)

Proof: Put

Then by (15), in L%-sense we have

wr@.6= 0 [on (- [ €5 0as) P (3)

where Pg =N ® G denotes the measure P = N U ® G conditional on {qo = q,& = &}.
Qg is a Gaussmn measure with mean

Ve = [6D e =€ N ek e) (36)

and covariance

/ft )Es(g dgg(é) Mgt(f)Mf,s(g) _ % <€7w|t75| _ efw(|t\+|8|)) dk, (s,t €R).
(37)

12



The proof of these formulas can be found in the Appendix. Now the integral with respect
to Gg in (35) can be carried out with the result

0.0~ 2= [t

con(b [N [ /

By (28) we have,

exp(E(f7.,) = exp(E(f,) :exp< / / ar [ a2t

and hence

Ur(q, \/7/ :exp(€ qu)): exp( / ds/ dt W(q —qt,s—t)> dNY. (39)

By the time reversibility of VY, also

U (3, exp(§(f1.,)): exp ( — Ods OdtW(qs—qt,s—t) AN (40)
F -T -7

holds. Now we write (40) for the left entry and (39) for the right entry of the scalar
product (¥r, (1® B)¥r) and use the fact that for Fjg -measurable f,g € LY(N),

/(/fd/\/o/gd/\/(’) dN°(q /f ) dN°(q)

(with ¢ = ¢s and q; = ¢_s for s > 0), to write (¥, (1 ® B)¥r) as an integral with
respect to A0, Then we add and subtract the term 2 f_OT ds fOT dtW (qs — q¢, s — t) in the
exponent and incorporate the term with the minus sign into the measure Np. The result
reads

(Ur,(1® B)‘I’T>L2(N0®G) = / < 39Xp(f(fiq)): B :eXp(g(fjJ{q)): > x (41)

L2(G)

0 T
X exp <2/ ds/ dt W (qr — qs,t — s)> dN7(q).
-7 Jo

This is the finite 7" version of (34). It remains to justify the passing to the limit 7" — oo.
On the left hand side of (41), this is immediate since ¥ — ¥ in L?(N° ® G) and B is
continuous. On the right hand side, we already know that AV — AN in the topology of
local weak convergence, and thus it only remains to show that the integrand converges
uniformly in ¢ € C(R,R%). For the second factor of the integrand this is a consequence of
(26). As for the first factor, we find for k # 0 that

|qu5 JB) < |Q((l;;))| uniformly in 7" and ¢, and
’ w

) (38)

os(k(gs — ) (e—w(k)\t—s| o—w(k)(t+s) )) d/\/’o

cos k‘( s — qt))e—w(k)(t-l-s)) ’

f%q(k?) = f;c(k:) uniformly in gq.
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Thus :exp(§(f;)): is well defined, and :exp(€(f7,)): — exp(&(f)): in L*(G) and
uniformly in ¢ by dominated convergence. Since the same argument applies to fT_ q and B
is continuous, the claim follows. Il

Most operators of physical interest are not bounded. Therefore we need to extend
formula (34) to unbounded operators.

Proposition 5.2 Let B be a self-adjoint operator in L?(G) with

J 118 explet)) I ey (@) < ox. (42)
Then ¥ € D(1® B), and (34) holds.

Proof: Let E be the projection valued measure corresponding to B, and let By =
fiVN AdE(X) for N € N. Then By is a bounded operator, hence (34) holds for By. Using
(26) and the Cauchy-Schwarz inequality, we have

(1@ BN) ¥ 2 noga)

[ bl 0 By b€ ) ) gy €2 o I a0 v

IN

e2Ce / HBN :exp(f(fq_))i HLQ(G) HBN :exp(,f(fl;r)): HLQ(G) dN(q)

IN

GQCQ/HB exp(E(fy): [ o) 1B exp(€(F): [l o) N (@),

which is finite according to (42). This shows that ¥ € D(1® B) and (1@ By)¥ — (19 B)¥
as N — oo. On the other hand, it follows from (42) that

exp(£(f5)): € D(B) for N-almost all g.
From this we conclude
(exp(€(f;)) By D€ ) o) — (oxplEU; ) B espleU) ) o
for A almost all ¢ as N — oco. Since by (29) we have
(exp(€(f) By expEF)) oo
< | exp(§(fy)): HLz(G) | By exp(§(fy)): HL2(G)
< % ||B exp(&(f))): HLQ(G)

for all ¢, and the right hand side of the above is N-integrable, the dominated convergence
theorem implies

[ bl ) B b€l ) )y e Lo AV anr )

o [ U B exp @ ) gy € I - )

as N — oo. This finishes the proof. O
We now present one minor extension and two important special cases of (34).
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Corollary 5.3 Let g € LOO(Rd), and suppose B satisfies the assumptions of Proposition
5.2. Then

(U, (98 B0 aony = [ Cexpl€lf; ) B expl€U)) ) ey

% 9(q0) exp <2/(; ds/ooo W (ge — g, t )) AN (q).

Here g was again used to denote the operator of multiplication with g.

Note that if B is chosen to be the identity operator, then we arrive at <\Il,g\If>L2(PO) =
[ 9(qo) AN, a formula that also follows from Corollary 4.2.

Corollary 5.4 For 3 >0 and g € K, put

M(B) = <\I;,eﬂﬁ(g)\p>

L2(P0)

M is the moment generating function for the random variable & — &o(g) under P, and

M(B) = / 509 4p(g, €) (43)

— /exp <ﬂ2/ |g|2 5/ /dk k) fk):e o _“’(k)5|> dN'.

By (23), M () is finite for all 3, and hence

dn
<\Il7£(g)nqj>L2(p0) = %M(ﬁ)‘gzo for all n € N. (44)

Note that, although (43) can in principle be deduced from Proposition 5.2, it can be
obtained more easily by using (24), i.e. by fixing ¢ € C(R, R%) and integrating the function
€ — %009 with respect to the corresponding Gaussian measure.

The next statement deals with second quantisation and differential second quantisation
of operators.

Corollary 5.5 Let A be a bounded, self-adjoint operator on LQ(IiRd), and write T(A) =
OT(A)0~! and dT'(A) = 0dT'(A)0~L. Then ¥ € D(T'(A)), ¥ € D(dT'(A)) and

<\I/,f(A)\Il> _ /eXp <<fq_,(14f;)v>K> G20 ds 3 dt W (gs—gu,5—1) AN (),

L2(P0)

(varaw) , - - /<fq,(qu+)V>K AN (g). (45)

Proof: First note that by (33) and the boundedness of A, H(A qui)V is uniformly

bounded in g. On the other hand,
y

[y sxntei x| o, = o (ain”
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follows directly from (29) and (30). Furthermore,
A ~ 2 +12
+\V £\V et f
(Jeazer |+ cadersey, ) bt

can be obtained from the definitions of differential second quantisation (5), Wick expo-
nentials (27) and of dI'(A) above. Thus (42) is fulfilled, and Proposition 5.2 now gives
U € D(I'(A)) and ¥ € D(d['(A)). Now that this is established, formulas (45) follow
directly from (34) and (29) to (31). O

Jaf ) sexpietn |, o =

6 Bounds on ground state expectations

We are now ready to apply the results of the previous section in order to investigate some
qualitative properties of the ground state of H.

Example 6.1 Boson number distribution

Let P, be the projection onto the n-th Fock space component (or n-boson sector). Then
P, = 0P,0~! is the projection onto the closure of the subspace spanned by {:£(f)™, f €

K} € L?(G). By (27), we have

(expl€( ) P expl€(F ) ), = o U

2(G)  n!

and with (32) and Theorem 5.1 we find

_ 1 0 00 n
Dn = <\Il,Pn\II>L2(PO) :/n! <—2/OO ds/o dtW(qS—qt,s—t)> X
0 e}
X exp <2/ ds/ dt W (qs —qt,s—t)> dN.
—00 0

pn is the probability of finding n photons in the ground state of H. Obviously,

n
CQ C

pn < —Ze
mn.

Such a superexponential bound implies that <\IJ, N \IJ> L2(poy < for each o > 0 and is
useful in the context of scattering theory, cf. [12]. Here, N = dI'(1) denotes the boson
number operator.

Let us now assume in addition that W (q,t) < 0 for all ¢ and all ¢. This is true e.g. for
the massive Nelson model with mass parameter x > 0 and ultraviolet cutoff parameter
K> 1, ie w(k) = vVk?+ k2 0(k) = 1{x<k}- Then there exists D < C, with

D" o
e e <p, <2, (46)

n! n!
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The right hand side of (46) is again obvious, and the left hand side follows from

P > nl— /( / ds/ dt Wi(q —qt,s—t)> AN
> (// ds/ dt W (q qt,s—t)d./\/>

D is then the expectation of the double integral above.

In the next two examples we will look at the mean value and variance of the random
variable £ — £p(g) under P for g € K, using the results of Corollary 5.4.

Example 6.2 Average field strength
For n =1, (44) yields

ey = [ [ B e [

qu
= /dk/d V2(9)N2(q ( )((]S) : (47)

where \?(q f U2(€,q) dG(€) is the stationary density of NV with respect to N°, and wg
is the densrcy of NV with respect to Lebesgue measure.

Writing xy = 1/)3)\2 for the position density of the particle, and taking g to be a delta
function in momentum space and in position space, respectively, we find

<\I’,f(k)\1/>L2(p0) = m (/{7 S Rd),
and
(U, E(QW) fapoy = (x* Vo 0)(@) (g €RY), (48)

respectively. Here V, denotes the Fourier transform of 1/w? and is the Coulomb potential
for massless bosons, i.e. w(k) = |k|. (48) is the classical field generated by a particle with
position distribution x(¢q)dg. Note that equality (47) follows also from the equations of
motion and the stationarity of ¥g.

Example 6.3 Field fluctuations
For n = 2, (44) becomes

<‘I’>f(g)2q’>L2(P0) :/ /</ ds/dk et “’(k)5>2 dnN.

By using the previous result and the Cauchy-Schwarz inequality, we find that

~12
(06020 a0, — (00 Wy > [ 850 = [ (92 ac

The latter term represents the fluctuations of the free field. We thus see that fluctuations
increase by coupling the field to the particle.

17



We now consider special cases of Corollary 5.5.

Example 6.4 Average number of bosons at given momentum
For real-valued g € L consider

[ diang(i) di = aro).

By Corollary 5.5, we have ¥ € D(dI'(g)). With g chosen to be the indicator function of
some set B C R, <\Il, df(g)\I/>L2(PO) is the expected number of photons with momentum

within B. By (45),

<\I/ df(g)\ll> = /dkwg(k) /0 ds /OO dt e~ k) (t=9) /cos(k(qt —qs))dN
’ L2(P0) 2w (k) o Jo ’
(49)
On the one hand, from cos(kz) <1 we get

|o(k)|?
2P0y — | 2w(k)?

<x1/, df(g)\I!> g(k) dk. (50)

(50) is proven in [2] using the pullthrough formula. On the other hand, from 1—(k%z?)/2 <
cos(kx) we get

/cos(k(qt —q5))dN > 1-— k; </(qt2 +q - QthS)dN)
> 1-k / ¥ @)\ (q) da.
The last inequality above follows from
/QSQt AN = (g, e wg)

Writing C' = [ ¢*1¥3(g)A\?(q) dgq, we have for g > 0 that

|o(k)|?
2Py — ) 2w(k)3

>0

- He—(|t—5|/2)Hq\p‘

L2(P) L2(PO)

(1 — Ck*g(k) dk.

(w,dl(g)¥)
The above results can be compactly (and somewhat formally) written as

|o(k)|? 2 ] |o(k)|?
2w(k)3(1  OF) < (W ajail) 2vgg) < 2w(k)3

(51)

Here, a}ay, denotes the formal expression dI'(§(.—k)). The quantity in the middle of (51) is
the expected number of bosons with momentum k. In particular, for the massless Nelson
model, one can see from the lower bound how the infrared divergence occurs. In this
model, w(k) = |k|,d = 3, and o(k) = 1.<|x|<k} With infrared cutoff parameter 0 < r < 1
and ultraviolet cutoff parameter K > 1. Letting kK — 0, the expected number of bosons
in the ground state with momenta in a neighbourhood of 0 diverges.
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Example 6.5 Average number of bosons at given position
We now consider the operator A, in Fock space given by

Ay = /aéaqg(q) dg = dI'(g(—iV))
for real-valued g € L>°(R?). Again A, = 4,0~'. We have

(iAo, = [ dr @« i) 5

ok
= d/Q/ ds/ dt/dk//-c’

Thus for g € L', we find

it 1 ,|o(k HQ(k,)’ N / 1
(v A9) 0 < G [k [ iR = )| < s CiCa ol

with Cy, = [ |o(k)|/(w(k)™) dk for n = 1,2. Taking g to be the indicator of some bounded

set B C R% <\1!,/~lg\I'>L2(PO) measures the expected number of bosons with position
within B. From the above estimate we see that this number is bounded by a multiple
of the volume of B. Moreover, it is interesting to note that this bound is insensitive to
formally removing the infrared cutoff. On the other hand, the total number of bosons in
the ground state is obtained by taking g = 1 in this or the previous example, and we see

from (51) that this quantity diverges when the infrared cutoff is formally removed.

)
A /
9( ) githas—K'a) (g _ gyemo®lsl-wl

Example 6.6 Localization of the particle
We conclude this section by showing exponential decay of the Lebesgue-density of the
stationary measure of \.

We will need the following property of H:
Proposition 6.7 (Diamagnetic inequality) For f,g € L*>(P°) we have

—tH < tVest _tHP
<f,e g>L2(P0) = <||f”L2(G € HgHL2 >L2(N°)7

1 [ o(k))?
= - dk
Vett 2/ w2(k‘) < 00,

where

and Hy, = (1/0)Hptbo.
A proof can be found in [11].

The second ingredient we need is a result due to Carmona [3]. For this result to hold,
some mild additional restrictions on the single site potential V' are needed. We say that
V :RY = R is in the Carmona class if there exists a breakup V = V; — V4, such that

V1 e LY for some € > 0, and V7 is bounded below,

loc

Vo € LP for some p > max{1,d/2}, and Vo > 0.
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Then from the proofs of Lemma 3.1 and Propositions 3.1 and 3.2 of [3] one can extract
the following

Lemma 6.8 Let V = Vi — V5 be from the Carmona class, and use Wy to denote the
measure of Brownian motion on R? starting in q.

a) Suppose there exist v > 0,m > 0 such that

Vi(q) > ~]q*™

outside a compact set. Put t(q) = max{|q|'™™,1}. Then for each E > 0 there exists
D > 0,0 > 0 such that

ve Rl GO [ B0 ag) < Desp(-ola™ )

b) Put a = liminf,_ V(q), t(q) := Blq| with 3 > 0. Then for each E € R with
FE < «, there exist D > 0,6 > 0 and 8 > 0 such that

Vg e R%: et(fY)E/efot(q) V(gs)ds dW;(q) < Dexp(—d|q|).

Recall that N denotes the stationary measure of N, {9\ equals the square root of the
Lebesgue density of N and FEjy is the ground state energy of H. Our result now reads:

Theorem 6.9 For any V fulfilling the general conditions given in Section 2, we have
PoX € L¥(R?). If, in addition, V = Vi — Vs is of the Carmona class, then there exists a
version of oA (denoted by q — 1bo(q)A(q)) for which the following statements hold:

a) If V satisfies the assumptions of Proposition 6.8 a), then there exist D,§ > 0 with

Vg e R 4ho(q)A(q) < Dexp(—5 g™ ™). (52)

b) Put a := liminfjy o Vi(q). If @ — (Eo + Veg) > 0, then there exist D > 0,6 > 0
such that
¥g € RY: wo(g)A(g) < Dexp(~d]ql). (53)

Proof: We first show that 1o\ € L®(R%). Since H¥ = EyW, for h € L>°(R%), h > 0,
the diamagnetic inequality implies

< t(Ver+Eo) <h)\7 67th)‘>L2(N0

L2(P0)

) (54)

Vet Fo) / h(@)vo(@)M(q) (e~ Mibo) () dg.
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Since we required V' to be in the Kato class, et takes L?(dq) into L>(dq) (see [20]).
Thus we can find C' € R with

/ (@)3(@)2(q) dg < C / )\(g) da. (55)

which implies ¥\ € L. Using this result in (54) and the Feynman-Kac formula to
express the kernel of e tr_ we get

/ MQR(@N (@) dg < HVertEo) / dg h(@)do(@)M@) / e IS V@ sy 0\ () dWy(g)
Ve 0) [ N2 / dg h(9) / SBV@ g, (56)

IA

The version of ¥gA mentioned above can now be explicitly defined by

$o(a)*A(q)? = lim sup / o(2)0R(2)\2(z) da,

n—oo

where hg ,, is any fixed sequence of L'-functions converging in L' to a delta peak at ¢. We
now use this sequence in (56). Since [ exp fo (gs) ds) dWy is continuous in ¢ and finite
for all g, the right hand side of (56) converges and we have

t
BR(@)N2(q) < e VertEo) [ A||2 / e~ Jo V(@) ds gy, (q).

This inequality is valid for each ¢ > 0, and therefore in case V is in the Carmona class, we
can use Proposition 6.8 with F replaced by Vg + Fy to conclude the proof. O

A version of the preceding result already appears in [2]. There it is shown that
Yo(q)A\(q) exp(aq) € L(dg) for some a > 0, while the present results (when applica-
ble) imply 10(q)A(q) exp(agq) € L*(dq) in case of a decaying external potential V' and
superexponential localization in case of growing potentials.

7 Appendix

7.1 Gaussian conditional measures

In the first part of this Appendix we prove formulas (36) and (37). In fact, we give a simple
and powerful method for explicitly calculating certain conditional Gaussian measures. This
method must be known in some form, but we could not find it in the literature.

Complete the space S(R4T) with respect to a Hilbert seminorm |.|i and denote its
closure by K. Consider on &'(R%*1) the Gaussian measure y with mean 0 and covariance

/ WD) dvin) = (o) (f9 € K). (57)

The o-field for « is generated by {n — n(f) : f € K}. Consider now a closed subspace
Ko C K and denote by Fy the o-field generated by {n — n(f) : f € Ko}. Moreover, write

21



Py for the projection onto Kg. By writing f € K as f = Pyf + f+, we find
E, (ein(f)|f0) (7) = E, (ein(Pof)ein(fL)|F0) (7)) = eMPDE, (ein(fL)"yr()) ()
(P (D)) = (P f) — ’ LHQ
e E, (e ) exp <z77(Pof) 5 f <) (58)

Equalities in the above equation are in L?(v), and the third equality is due to the fact
that independence with respect to v is equivalent with orthogonality in L?(v). For 7 €
S'(R*+1), we denote by v the Gaussian measure with mean 0 and covariance

(fag) = <fL7gL>K = <fvg>K_ <P0f7P0.g>K

It follows from (58) that the map

SE).LE) <R @F) - [P
is a version of the regular conditional probability E. (.|F).

To specialize to our context, we take for K the closure of S’(R%*1) with respect to the
norm associated with the scalar product

(f.9)x = /f(k:, k) (k, K)W dkdx (k€ R% K € R)
and derive from this the Gaussian measure 7 according to (57). By performing the corre-
sponding Fourier integration, it can be checked that a distribution of the form f® d; (with
fe K, cf (9), and &; denoting the delta-peak at ¢ € R) is an element of K, and that the
S'(R9)-valued stochastic process {&(f) = n(f ® &), f € K,t € R} coincides in law with
the process G. Moreover, by taking Ky to be the closure of the set {f ® dp : f € K}, we
find that . -
Pyg®d) =e ™™gy forgec K.

This can be used in the above general result to obtain (36) and (37).

7.2 Proof of Theorem 4.3

Before we prove the theorem, by showing compatibility [7] we first make sure that the
family of measures {NZ : T > 0} (cf. (25)) has a chance to fulfill DLR equations.
Remember that

Ap = ([-T,T) x R)U (R x [-T,T)).

Lemma 7.1 The family {N%: T > 0} is compatible.
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Proof: We have to check that for "> S, measurable A C C(R,R?) and ¢ € C(R,R%):
NN = [ N2 (o) = AFA).
Here and henceforth we write J\/’g( f) instead of E N;i( f) in order to avoid too many
subscript levels. By a monotone class argument, we may assume A to be of the form
A=A NAyN Az with A Ef[ S,S]> As 6.7:[ T,T\[-5,5] and Aj G.F[ T,T)e- Writing Ir
for Fg\(—7,7], it is clear from the definition of No’q that for S < T and f € Ll(./\/’O ),
NYI(f1Ts) = NOU(f)  for N9-almost all g € C(R,RY) (59)

Plugging

F(@) = N(Ay) exp (—/ /ATW(qS s — 1) ds dt) 14,(q)

into this equality, and writing
—// Wi(qs — qt,s —t)dsdt
A

for A C R?, we find

NENZ(ADLY) = NPT(F) = NPTVP® (£1T5))
= NPT (N3(AD) L, rrao NG® (0s))
= _/\/‘%‘7 < e (1A16WAS) mu?em,\ﬂ,\s)]\/—g,. (eWAs)>
= NI (/\[0- (14,725 | T5) 1a,e AT\AS))
= NI <€WAS€W(AT\AS)1A11A2)
= Ni(lana,)-
Since furthermore N2(A3) = 14,(g), the lemma is proven. O

Proof: (of Theorem 4.3) Let S < T, put Ag 7 := ([T, T|x[=S, S))U([-S, S| x[-T,T)),
and define

Whsy = —/ A Wi(qs — qt,s — t)dsdt,
S, T
_ 1 _
ng,T(Q) = Zq exp (_WAS,T(Q)) ng,q.
ST

We claim that )
Nr(|Ts)(q) = Ngp  for Np-almost all g.
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To see this, note that N9(.|75)(q) = Ng’q(.) and proceed exactly as in the proof of Lemma
7.1.
As a consequence, if A € Fg for some R > 0, we have

Nr(A) = Nr(N1(A[T5)) = Nr (N5 7 (A))- (60)

As a last ingredient, we have for every ¢ € C(R,R%) and T > S

Wasr (@) = Was(a)] < / ds/ dt/

< —w(k)(T-S) ‘-5 dk: T;o)o
= 85 / 2w2(k) !

by dominated convergence and (4). Thus,

NEH(4) - Ni(4)] =20,

)

sup
geC(R,R%)

and by taking T — oo on both sides of (60), we arrive at N(A) = N(NE&(A)), which is
what we wanted to show. O
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