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Abstract
We introduce a framework for incremental–decremental maximization that captures the
gradual transformation or renewal of infrastructures. In our model, an initial solution is
transformed one element at a time and the utility of an intermediate solution is given by
the sum of the utilities of the transformed and untransformed parts. We propose a simple
randomized algorithm and a more sophisticated deterministic algorithm, both of which find
an order in which to transform the elements while maintaining a large utility during all
stages of transformation, relative to an optimal solution for the current stage. More specif-
ically, our algorithms yield competitive solutions for utility functions of bounded curvature
and/or generic submodularity ratio, and, in particular, for submodular functions and func-
tions satisfying the gross substitutes property. Our results show that incremental–decremental
maximization is substantially more difficult than incremental maximization.

1 Introduction

Incremental maximization provides a mathematical model to study situations where a new
infrastructure is constructed over time. The infrastructure consists of a set of elements E .
The benefit for having built a subset of elements is defined by a set function f : 2E → R≥0

that maps each partial solution S ⊆ E to its benefit f (S). Depending on the application,
the elements may model, e.g., pipes in a pipeline system, wires in an electric network, or
machines in aworkshop. The benefit f (S)models, e.g., average annual returns fromoperating
the partial infrastructure S. Given such a situation, it is a natural question in which order the
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elements should be constructed. This question is addressed by the theory of incremental
maximization.

Formally, an incremental solution is an order π = (e1, . . . , en) of the elements of E
where n = |E |. The quality of an incremental solution is measured by a competitive analysis.
To this end, for k ∈ {0, . . . , n}, let

OPTk := max
{
f (S) : S ⊆ E with |S| = k

}

be the value of an optimal solution with k elements. For an incremental solution π =
(e1, . . . , en) and k ∈ {1, . . . , n}, let Sk := {e1, . . . , ek} denote the prefix of the first k elements
of π . Then, the competitive ratio of an incremental solution π is defined as ρ := inf

{
r ∈

R≥0 : r f (Sk) ≥ OPTk for all k ∈ {1, . . . , n}}, and one is interested in finding incremental
solutions with a low competitive ratio. In this framework, upper and lower bounds on the best
possible competitive ratio have been derived for various classes of set functions f [1–4].

While the incremental maximization framework is a suitable model for situations where a
new infrastructure needs to be constructed from scratch, it fails to capture scenarios where an
existing infrastructure is upgraded to a new technological standard. As an example, suppose
that E is a set of sinks in a gas supply network, and let g(S) be the maximum flow value of
natural gas from a fixed source to a subset S ⊆ E of the sinks in the existing network. The
sinks are to be converted to operate with hydrogen instead; let h(S) be the maximum flow
value of hydrogen from a fixed source in the existing hydrogen network to a subset S ⊆ E
of converted sinks. In this context it is natural to ask in which order the sinks should be
converted to operate with hydrogen in order to ensure that the amount of energy supplied in
total across both networks is high at every point in time. To phrase and answer these types of
questions formally, we introduce a novel incremental–decremental optimization framework
that generalizes incremental maximization.

In analogy to the incremental maximization framework, we call an ordering π =
(e1, . . . , en) of the elements an incremental–decremental solution. Such an order increments
the set of elements using the new technology while decrementing the set of elements using
the old technology, hence the name. For two arbitrary set functions h, g : 2E → R≥0, let
f : 2E → R≥0 be defined as f (S) := h(S)+g(E\S). Note that in the application above f (S)

is equal to the total amount of energy supplied using both networks once the subset S ⊆ E
of sinks has been converted to operate with hydrogen. More generally, this additive model
captures situations in which the contributions of the old and the transformed elements to the
objective value are independent. As before, let OPTk := max

{
f (S) : S ⊆ E with |S| = k

}
.

The competitive ratio of the incremental–decremental solution π is then defined as

ρ := inf
{
r ∈ R≥0 : r f (Sk) ≥ OPTk for all k ∈ {1, . . . , n}}.

The competitive ratio of an algorithm is the supremum over the competitive ratios of its
solutions. Likewise the competitive ratio of a problem is the infimum over the competitive
ratios of an algorithm for the problem.We say that an algorithm or a solution is ρ-competitive
if its competitive ratio is at most ρ.

Since the notions of an incremental–decremental solution for h and g, and that of a purely
incremental solution for f defined by f (S) = h(S)+g(E\S) coincide, onemaywonder why
it is insightful to introduce incremental–decremental solutions in the first place. The reason
for this stems from the fact that the incremental–decremental framework allows to impose
natural requirements on the functions h and g that may not be phrased as conveniently for
the combined function f . Specifically, we focus on the case where g and h are monotone and
submodular. For instance, this is the case in the above example of the conversion from natural
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gas to hydrogen, if we suppose that both the gas and hydrogen networks are capacitated
flow networks and that h(S) and g(S) denote the maximum amount of flow that can be
routed from a fixed source to the set of sinks S (see [5]). While the combined objective
f (S) = h(S) + g(E\S) is also submodular in this case, it is generally non-monotone. As a
consequence, known results for incremental maximization do not apply, and, as we will see,
the best possible competitive ratio in the incremental–decremental setting is strictly worse
than that in the incremental setting.

On the other hand, while our framework allows for non-monotone objectives f (S) =
h(S) + g(E\S), requiring g and h to be monotone and submodular means that our results
only apply to a structured subclass of non-monotone submodular functions. In fact, incre-
mental maximization with non-monotone, submodular objective does not allow for bounded
(deterministic) competitive ratios, as we show in Proposition 18 in Section A.

1.1 Our results

We give polynomial-time algorithms computing an incremental–decremental solution whose
performance guarantees are parametrized by the generic submodularity ratio γ ∈ (0, 1] and
the curvature c ∈ (0, 1] of the functions g and h; these properties of set functions are formally
defined in Definitions 1 and 2.

As a warm-up, we examine a simple randomized algorithm that returns, uniformly at
random, either the greedy order of the elements in E with respect to h or the reverse greedy
order with respect to g. For this randomized algorithm, an upper bound of 2c ecγ

ecγ −1 on
the competitive ratio follows rather straightforwardly from known results for incremental
maximization.

As our main contribution, we then introduce a deterministic algorithm that can be viewed
as a way to derandomize the randomized approach. Instead of following the greedy order
either only for g or only for h, the algorithm builds both greedy orders partially at the same
time depending on which promises a larger incremental gain in the current step. For this
deterministic algorithm that we term double-greedy, we prove the following competitive
ratio which improves on the randomized competitive ratio for a large range of values of the
curvature c ∈ (0, 1] and the generic submodularity ratio γ ∈ (0, 1]. Specifically, it provides
a better competitive ratio as long as γ ≥ 0.54, which includes, in particular, all submodular
functions.

Theorem 1 For monotone functions g, h : 2E → R≥0 with curvature c ∈ (0, 1] and generic
submodularity ratio γ ∈ (0, 1], the double-greedy algorithm is 1

γ

(
1 + c ec

ec−1

)
-competitive.

Using that for a submodular function, we have γ = 1, c ∈ (0, 1], and that the function
c �→ c ec

ec−1 is non-decreasing in c, we obtain the following direct corollary of Theorem 1.

Corollary 2 For monotone submodular functions g, h : 2E → R≥0, the double-greedy
algorithm is

(
1 + e

e−1

)
-competitive.

We further consider gross substitutes functions, a subclass of submodular functions. For
this class of functions, we show the following result.

Theorem 3 For monotone and gross substitutes functions g, h : 2E → R≥0 the double-
greedy algorithm is 2-competitive.

We complement our results by the following lower bounds for deterministic algorithms.
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Table 1 Lower and upper bounds on the competitive ratio of incremental–decremental maximization for
different classes of functions h and gwith curvature c and generic submodularity ratio γ ; the result with shaded
background is for randomized algorithms. Known upper bounds on the competitive ratios for incremental
maximization (corresponding to the special case g ≡ 0) are for comparison

Incremental–decremental Incremental

Lower bound Upper bound Upper bound

General 1 + c
2−c (Thm 4) 2c ecγ

ecγ −1 (Cor 6) c ecγ
ecγ −1 [6]

[5pt] 2
3 + 1

3γ (Thm 4) 1
γ (1 + c ec

ec−1 ) (Thm 1)

Submodular 2 (Thm 4) 1+ e
e−1 ≈2.58 (Cor 2) e

e−1 [7]

Gross substitutes 5/4 (Thm 4) 2 (Thm 3) 1 [8]

Theorem 4 Let g, h : 2E → R≥0 be monotone functions. Then no deterministic algorithm
has a better competitive ratio than

• 1 + c
2−c if g and h are submodular with curvature c ∈ [0, 1];

• 2
3 + 1

3γ if g and h have generic submodularity ratio γ ∈ (0, 1];
• 5/4 if g and h are gross substitutes.

For an overview of known results as well as our contributions, we refer to Table 1.

1.2 Related work

Our work on incremental–decremental maximization directly relates to the literature on
incremental maximization which corresponds to the special case that g ≡ 0. The natural
greedy algorithm for cardinality-constrained maximization inherently produces an incre-
mental solution. Its analysis for monotone submodular functions by Nemhauser et al. [7]
translates to a competitive ratio of e

e−1 . This approximation guarantee is best possible among
all polynomial-time algorithms, unless P = NP, as shown by Feige [9]. It is interesting to
note that in a setting where both h and g are monotone submodular, our results imply that the
best possible competitive ratio is in the interval [2, 1+ e

e−1 ], thus separating the competitive
ratios achievable in the incremental and the incremental–decremental settings. For mono-
tone gross substitutes functions, a result of Paes Leme [8] implicitly yields an incremental
solution that is 1-competitive. In contrast, our results imply that in a setting where both g
and h have the gross substitutes property, the best possible competitive ratio for incremental–
decremental maximization is in the interval [5/4, 2], showing that incremental–decremental
maximization is strictly more difficult than incremental maximization also for this class of
functions. For submodular functions with curvature c, Conforti and Cornuéjols [10] pro-
vided a more fine-grained analysis that yields a competitive ratio of c ec

ec−1 for the greedy
algorithm. For functions with submodularity ratio γ̃ , Das and Kempe [11] showed that the
greedy algorithm yields a eγ̃

eγ̃ −1
-approximation. Bian et al. [6] combined the analysis of Con-

forti and Cornuéjols with the analysis of Das and Kempe and showed that for functions of
curvature c and submodularity ratio γ̃ , the greedy algorithm yields a c ecγ̃

ecγ̃ −1
-approximation.

Disser andWeckbecker [3] considered themore general setting of γ̃ -α-augmentable functions
and showed that the greedy algorithm is a α

γ̃
· eα

eα−1 -approximation. This class of functions
contains all functions with submodularity ratio γ̃ as well as all α-augmentable functions.
While the results above are stated in terms of the submodularity ratio γ̃ , they also hold for
the generic submodularity ratio γ since γ̃ ≥ γ .
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Incremental maximization beyond the greedy algorithm has been considered by Bernstein
et al. [1]. For accountable functions, they gave a (ϕ+1)-competitive solution where ϕ ≈ 1.62
is the golden ratio. Here, a function f : 2E → R≥0 is called accountable if for all S ⊆ E there
is s ∈ S such that f (S\{s}) ≥ f (S) − f (S)/|S|. They further showed that no deterministic
algorithm can provide a competitive ratio better than 2.18 in this setting. Disser et al. [2]
gave an improved lower bound of 2.24 and gave a randomized upper bound of 1.77.

Goemans andUnda [12] considered a different setting of incrementalmaximizationwhere,
instead of the worst-case ratio over all time steps, the ratio of the sum over all time steps
is to be maximized, and obtained bounds for special functions containing rank functions of
independence systems.

The double-greedy algorithm that we consider is reminiscent of double-greedy algorithms
for non-monotone submodular maximization. Buchbinder et al. [13] used this approach and
obtained a deterministic 3-approximation and a randomized 2-approximation for this prob-
lem. Feige et al. [14] showed earlier that no better approximation than 2 is possible with
polynomially many oracle calls, implying that the randomized 2-approximation of Buch-
binder et al. cannot be improved. Non-monotone submodular function maximization has
also been considered under knapsack, matroid, and other constraints [15–18].

2 A simple randomized algorithm

As a warm-up, we first give a simple randomized algorithm for the incremental–decremental
problem. For randomized algorithms, the returned incremental–decremental solution π and,
hence, all prefixes Sk are random variables; such an algorithm is called ρ-competitive
if ρ E[ f (Sk)] ≥ OPTk for all k.

Proposition 5 Let g, h : 2E → R≥0. If there is a ρ-competitive algorithm both for the
incremental problem for g and for the incremental problem for h, then there is a 2ρ-
competitive randomized algorithm for the incremental–decremental maximization problem
for f : 2E → R≥0, S �→ h(S) + g(E\S).

Proof The randomized algorithm takes with probability 1/2 the solution of the incremental
algorithm for h and with probability 1/2 the reverse order of the incremental solution for g.
Let πh and π g be ρ-competitive solutions to the incremental problem with respect to the
set functions h and g, respectively. Let k ∈ {1, . . . , n}. Denote with Shk ⊆ E the subset with
the first k elements of πh and with Sgk ⊆ E the subset containing the last k elements of π g .
Let OPTh

k , OPT
g
k and OPT

f
k be the maximum values of a subset with k elements for objective

functions h, g and f , respectively.
The expectedvalueof thefirst k elements of the order returnedby the randomized algorithm

for the incremental–decremental problem is then given by

1

2

(
f (Shk ) + f (Sgk )

) ≥ 1

2

(
h(Shk ) + g(E\Sgk )

) ≥ 1

2ρ

(
OPTh

k + OPTg
n−k

) ≥ 1

2ρ
OPT f

k ,

where in the second inequality we used ρ-competitiveness of πh and π g . 	

To obtain concrete bounds on the competitiveness of this algorithm, we use the upper

bounds on the competitive ratio of incremental maximization for functions with bounded
curvature c ∈ (0, 1] and bounded generic submodularity ratio γ ∈ (0, 1] listed in Table 1.
The generic submodularity ratio is a way to relax submodularity and allows to bound the
competitive ratio for functions that are in some sense close to submodular. In the following
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definitions, we set min ∅ := 1. For the marginal increase in f : 2E → R≥0 of an element e ∈
E or of a set T ⊆ E with respect to S ⊆ E , we introduce the notations f (e | S) :=
f ({e} ∪ S) − f (S) and f (T | S) := f (T ∪ S) − f (S).

Definition 1 (Gong et al. [19]) A monotone set function f : 2E → R≥0 has generic
submodularity ratio

γ := min

{
f (e | A)

f (e | A ∪ B)
: A, B ∈ 2E , e ∈ E with f (e | A ∪ B) > 0

}
.

Intuitively, the generic submodularity ratio interpolates between monotone functions with
γ = 0 and submodular functions with γ = 1. To see this, note that for a submodular function,
we have f (e | A) ≥ f (e | A ∪ B) for all A, B ∈ 2E and e ∈ E , so that the minimum is
attained for B = ∅ and the submodularity ratio is γ = 1. Das and Kempe [11] introduced
the stronger notion of the submodularity ratio

γ̃ := min

{∑
b∈B f (b | A)

f (B | A)
: A, B ∈ 2E with f (B | A) > 0

}

and showed that the greedy algorithm is eγ̃

eγ̃ −1
-competitive for g ≡ 0. Observe that the

generic submodularity ratio γ is always smaller or equal to γ̃ , since for all subsets B =
{b1, . . . , bk}, A ⊆ E with f (B | A) > 0,

∑
b∈B f (b | A)

f (B | A)
=

∑k
i=1 f (bi | A)

∑k
i=1 f (bi | A ∪ {b1, . . . , bi−1})

≥
∑k

i=1 f (bi | A)

γ −1
∑k

i=1 f (bi | A)
= γ.

Thus, their bound implies also eγ

eγ −1 -competitiveness in terms of the generic submodularity
ratio in the incremental setting.

The curvature c ∈ [0, 1] measures how close a function is to being supermodular. A
function is supermodular if it has curvature c = 0.

Definition 2 (Bian et al. [6]) A monotone set function f : 2E → R≥0 has curvature

c := 1 − min

{
f (e | A ∪ B)

f (e | A)
: A, B ∈ 2E , e ∈ E\B with f (e | A) > 0

}
.

Bian et al. [6] showed that the greedy algorithm is c ecγ̃

ecγ̃ −1
-competitive for g ≡ 0.

For submodular functions the notion of curvature was already introduced by Conforti and
Cornuéjols [10]. In this case, the curvature simplifies to

1 − min
e∈E

f (e | E\{e})
f ({e}) (1)

because of f (e | A∪B) ≥ f (e | E\{e}) and f (e | A) ≤ f ({e}).We observe that submodular
functions with curvature zero are modular since they are both submodular and supermodular.

The upper bound on the competitive ratio of the incremental problem together with Propo-
sition 5 translates to a first upper bound on the competitive ratio of incremental–decremental
maximization.

Corollary 6 Let g, h : 2E → R≥0 be monotone with generic submodularity ratio γ ∈ (0, 1]
and curvature c ∈ (0, 1]. The algorithm that returns uniformly at random the greedy order
of E with respect to h or the reverse greedy order with respect to g is 2c ecγ

ecγ −1 -competitive.
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π =(e1, . . . , ek, ? , el, . . . , en)

Hi−1 Gi−1

ei E \ (Hi−1 Gi−1)

h(ei | Hi−1) ≥ g(ei | Gi−1) h(ei | Hi−1) < g(ei | Gi−1)

Fig. 1 In step i of the double-greedy algorithm (with ≺=<), the element e∗i maximizing
max{g(e | Gi−1), h(e | Hi−1)} among the remaining elements e ∈ E\(Gi−1 ∪ Hi−1) is added to the
left or right depending on which marginal increase, g(e∗i | Gi−1) or h(e∗i | Hi−1), is higher

3 A deterministic algorithm

The double-greedy algorithm that we introduce in this section can be seen as a way to
derandomize the randomized solution. Instead of only considering the elements in the greedy
order defined by h or the reverse greedy order defined by g, it instead builds partial greedy
orders for both functions from both ends simultaneously. Initially, both the considered prefix
and the considered suffix of the solution are empty. In each step, an element is selected
that maximizes the maximum of the increment relative to the current prefix for h and the
increment relative to the current suffix for g. It is appended to the current prefix if the
maximum is attained for h, and prepended to the current suffix if the maximum is attained
for g. This procedure is visualized in Fig. 1.

In the following, we denote by Fk := Gk ∪ Hk the set of all elements that are added to
the solution by the double-greedy algorithm up to step k. Also, we denote the complement
of a set S in E by Sc := E\S and write Sck := (Sk)c for indexed sets. Further, we generally
let n := |E | and let f : 2E → R≥0 denote the objective function of the incremental–
decrementalmaximization problem, i.e., f (S) := h(S)+g(Sc). The double-greedy algorithm
is symmetric with respect to the roles of g and h with the slight complication that the handling
of ties between g and h is inherently asymmetric. In order to still exploit symmetry, we
parameterize the algorithm by a comparison operator ≺ ∈ {≤,<} that governs whether it
favors adding elements to Gi or Hi in case of a tie and consider both variants simultaneously.
The following proposition makes precise how we can exploit symmetry in our proofs. In
particular, it suffices to show competitiveness of the solution up to cardinality |Hn |.

Proposition 7 Let C ⊆ {h : 2E → R≥0 monotone}. Assume that for all functions g, h ∈ C,
for all≺ ∈ {≤,<}, for all k ≤ n and for all subsets S ⊆ E with |S| = |Hk | the double-greedy
algorithm ensures that

ρ f (Hk) ≥ f (S), (2)

for someρ ≥ 1. Then, the double-greedy algorithm isρ-competitive for all functions g, h ∈ C.

Proof Let π = (e1, . . . , en) denote the ordering computed by the double-greedy algorithm.
Then, the double-greedy algorithm is ρ-competitive if, for all � ≤ n and all sets S ⊆ E
with |S| = �, we have ρ f ({e1, . . . , e�}) ≥ f (S). Equivalently,

ρ f (Hk) ≥ f (S) (3)
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31 Page 8 of 24 Y. Disser et al.

Algorithm: double-greedy algorithm

input : g, h : 2E → R≥0 monotone, ≺ ∈ {≤,<}
output : ordering π = (e1, . . . , en) of the elements in E
G0 ← ∅; H0 ← ∅
for i ← 1, . . . , n :

e∗i ← argmaxe∈E\(Gi−1∪Hi−1)
{max{g(e | Gi−1), h(e | Hi−1)}}

if h(e∗i | Hi−1) ≺ g(e∗i | Gi−1) :
Gi ← Gi−1 ∪ {e∗i }
Hi ← Hi−1
en−|Gi |+1 ← e∗i

else
Hi ← Hi−1 ∪ {e∗i }
Gi ← Gi−1
e|Hi | ← e∗i

return π ← (e1, . . . , en)

for all sets S ⊆ E with |S| = |Hk | and
ρ f (Gc

k) ≥ f (S) (4)

for all sets S ⊆ E with |S| = |Gc
k |. By assumption, (3) holds and it remains to prove (4).

The double-greedy algorithm is symmetric in the following sense. If we swap the func-
tions g and h in the input and change the choice of ≺ ∈ {≤,<}, the double-greedy algorithm
produces exactly the reversedorderingof elements, provided that ties are handled consistently.

Denote the modified input to the double-greedy algorithm by g′ := h, h′ := g and
≺′ ∈ {≤,<} with ≺′�=≺. Furthermore, we write f ′(S) := h′(S) + g′(Sc). Let H ′

i and G ′
i

be the sets Hi and Gi computed by the double-greedy algorithm for the modified input g′,
h′ and ≺′. Similarly, let Hi and Gi be the sets computed by the algorithm on the input g, h
and ≺. We show by induction on i that H ′

i = Gi and G ′
i = Hi . This trivially holds for i = 0.

Consider iteration i+1. By induction, g′(e | G ′
i ) = h(e | Hi ) and h′(e | H ′

i ) = g(e | Gi ).
Thus, for both inputs the same choice for e∗

i+1 is possible in the double-greedy algorithm.
The if-condition in the double-greedy algorithm with input g′, h′ and ≺′ is h′(e∗

i+1 | H ′
i ) ≺′

g′(e∗
i+1 | G ′

i ), which is equivalent to g(e∗
i+1 | Gi ) ≺′ h(e∗

i+1 | Hi ). Hence, the condition is
true if and only if the if-condition in the double-greedy algorithm with input g, h and≺ given
by h(e∗

i+1 | Hi ) ≺ g(e∗
i+1 | Gi ) is false. Thus, e∗

i+1 is added to H ′
i if and only if it is added

to Gi . Similarly for G ′
i and Hi , which implies H ′

i+1 = Gi+1 and G ′
i+1 = Hi+1. Therefore,

the double-greedy algorithm on g′, h′ and ≺′ computes the reversed ordering.
We can now apply (2) for the double-greedy algorithm on g′, h′ and ≺′ to obtain

ρ f (Gc
k) = ρ(h(Gc

k) + g(Gk)) = ρ(g′((H ′
k)

c) + h′(H ′
k))

= ρ f ′(H ′
k)

(2)≥ f ′(Sc) = f (S),

which finishes the proof. 	

From now on, we assume that h and g are normalized, i.e., h(∅) = g(∅) = 0. This

assumption is without loss of generality, since it suffices to show ρ-competitiveness for the
shifted functions g′(S) := g(S) − g(∅) and h′(S) := h(S) − h(∅), because of

f (S) := h(S)+g(Sc) = h′(S)+h(∅)+g′(Sc)+g(∅) ≤ ρ
(
h′(Hk)+g′(H c

k )
)+h(∅)+g(∅)
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≤ ρ
(
h′(Hk) + h(∅) + g′(H c

k ) + g(∅)
) = ρ f (Hk), (5)

for all k ≤ n and |S| = |Hk |, which proves competitiveness by Proposition 7. Both
shifted functions g′ and h′ have the same submodularity ratio and curvature as g and h
and monotonicity is preserved, so we can apply our analysis to them instead.

We conclude this subsection with a lemma which we will use to prove our upper bounds.

Lemma 8 Let g, h : 2E → R≥0 bemonotone. After iteration k of the double-greedy algorithm
we have f (Hk) ≥ ∑k

i=1 max{h(e∗
i | Hi−1), g(e∗

i | Gi−1)}.
Proof By monotonicity of g, using Gk ⊆ H c

k , we have

f (Hk) = h(Hk) + g(H c
k ) ≥ h(Hk) + g(Gk)

=
∑

i :e∗
i ∈Hk

h(e∗
i | Hi−1) +

∑

i :e∗
i ∈Gk

g(e∗
i | Gi−1).

By the definition of the algorithm we obtain

f (Hk) ≥
∑

i :e∗
i ∈Hk

h(e∗
i | Hi−1) +

∑

i :e∗
i ∈Gk

g(e∗
i | Gi−1)

≥
k∑

i=1

max{h(e∗
i | Hi−1), g(e

∗
i | Gi−1)},

which finishes the proof. 	


3.1 Bounded generic submodularity ratio and curvature

In this section, we consider the case where g and h have bounded curvature c and bounded
generic submodularity ratio γ which we have defined in Sect. 2. Both parameters, the generic
submodularity ratio and the curvature characterize how much the marginal increase of an
element is allowed to change on different subsets. A function has generic submodularity ratio
γ if the marginal values of each element increase at most by a factor of γ , i.e., we have that

f (e | S) ≥ γ f (e | T ) for S ⊆ T ⊆ E, e ∈ E, (6)

where, in Definition 1, we took A = S and B = T \S.
Likewise, the curvature measures how much the marginal increase decreases at most, i.e.,

Definition 2 implies

(1 − c) f (e | S) ≤ f (e | T ) for S ⊆ T ⊆ E, e ∈ E\T . (7)

We proceed to analyze the double-greedy algorithm for functions with fixed generic sub-
modularity ratio and curvature. Recall, that Fm = Hm ∪ Gm is the set of elements that are
added to the solution up to step m. Let ϕi := max{g(e∗

i | Gi−1), h(e∗
i | Hi−1)} be the incre-

ment governing the choice of e∗
i in each step of the algorithm. We obtain a lower bound on

ϕi by considering the gap to the value of a larger solution S ⊆ E . In particular, we will use
this bound with S being an optimum solution for f of size |S|.
Lemma 9 Let g, h : 2E → R≥0 be monotone with generic submodularity ratio γ ∈ (0, 1]
and curvature c ∈ (0, 1]. For S ⊆ E and 0 ≤ m < |S| the double-greedy algorithm ensures
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that

ϕm+1 ≥ c

|S\Fm |

(

γ h(S) −
m∑

i=1

ϕi

)

+ 1 − c

|S\Fm |

⎛

⎝γ h(S) −
∑

i :e∗
i ∈Fm∩S

ϕi

⎞

⎠ .

Proof Let {s1, . . . , sk} := S\Fm . Then, we have using Hm ⊆ {s1, . . . , si−1} ∪ Fm that

h(S\Fm | Fm) =
k∑

i=1

h(si | {s1, . . . , si−1} ∪ Fm)
(6)≤

∑

s∈S\Fm
γ −1h(s | Hm). (8)

Now, we use ϕm+1 ≥ h(e | Hm) for e /∈ Fm by the greedy choice of e∗
m+1 to bound

∑

s∈S\Fm
γ −1h(s | Hm) ≤ |S\Fm | γ −1ϕm+1. (9)

Together, we can compute

h(S) = h(Fm ∪ S) − h(Fm | S)

= h(Fm) + h(S\Fm | Fm) − h(Fm | S)

(8)≤ h(Fm) +
∑

s∈S\Fm
γ −1h(s | Hm) − h(Fm | S)

(9)≤ h(Fm) + |S\Fm | · γ −1ϕm+1 − h(Fm | S)

=
m∑

i=1

h(e∗
i | Fi−1) + |S\Fm | · γ −1ϕm+1 −

m∑

i=1

h(e∗
i | S ∪ Fi−1)

(7)≤
m∑

i=1

h(e∗
i | Fi−1) + |S\Fm | · γ −1ϕm+1 −

∑

i :e∗
i ∈Fm\S

(1 − c)h(e∗
i | Fi−1)

= (1 − c)
∑

i :e∗
i ∈Fm∩S

h(e∗
i | Fi−1) + c

m∑

i=1

h(e∗
i | Fi−1) + |S\Fm | γ −1ϕm+1

(6)≤ (1 − c)
∑

i :e∗
i ∈Fm∩S

γ −1h(e∗
i | Hi−1) + c

m∑

i=1

γ −1h(e∗
i | Hi−1) + |S\Fm | γ −1ϕm+1

c∈[0,1]≤ (1 − c)
∑

i :e∗
i ∈Fm∩S

γ −1ϕi + c
m∑

i=1

γ −1ϕi + |S\Fm | γ −1ϕm+1. (10)

Isolation of ϕm+1 in (10) yields the desired bound. 	


We combine the bounds derived in Lemma 9 on the increments ϕm+1 in each step of the
algorithm to bound the value of every solution by the sum of those increments. An optimum
solution of each size is particularly bounded as follows.

Lemma 10 Let g, h : 2E → R≥0 be monotone with generic submodularity ratio γ ∈ (0, 1]
and curvature c ∈ (0, 1]. For S ⊆ E and k := |S|, the double-greedy algorithm ensures
that 1

c

(
1 − 1

ec
)
γ h(S) ≤ ∑k

i=1 ϕi .
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Proof First assume S = Fk . In this case, since we have 1
c

(
1 − e−c

)
γ ≤ 1 for c, γ ∈ (0, 1],

it suffices to compute

γ h(Fk) ≤ γ

k∑

i=1

h(e∗
i | Fi−1)

(6)≤
k∑

i=1

h(e∗
i | Hi−1) ≤

k∑

i=1

ϕi .

In the following, we assume S �= Fk . For 0 ≤ m ≤ k let km := |S\Fm | and let χi indicate
whether e∗

i is part of the solution S, i.e. χi = 1 if e∗
i ∈ S and χi = 0 otherwise. By definition,

we have

km+1 = km − χm+1. (11)

We denote the difference between the sum of the increments in each step of the algorithm
to the value γ h(S), which we seek to bound, by dm := γ h(S) − ∑m

i=1 ϕi . Likewise, for the
sum of only those increments belonging to elements contained in S, we denote the difference
by d∗

m := γ h(S)−∑m
i=1 χiϕi . If dm ≤ 0, the sum of the increments already exceeds the value

γ h(S) and the statement of the lemma follows directly since we have 1
c

(
1 − e−c

)
γ ≤ 1

for c, γ ∈ (0, 1]. Thus, we assume in the following that dm > 0, which implies d∗
m > 0 as in

the difference d∗
m only the increments of elements in S are subtracted from γ h(S).

We show by induction on 0 ≤ m ≤ k that
[ (

1 − c

k

)k − 1 + c

]
γ h(S)

≥
(
1 − c

k

)k−m
c dm −

(
1 −

(
1 − c

k

)k−m
)

(1 − c)k

km
d∗
m . (12)

Form = k the last termvanishes and the inequality bounds the difference dk in terms of γ h(S)

which can be rearranged to finish the proof, as we show in the end.
For m = 0, (12) holds with equality since by d0 = d∗

0 = γ h(S) and k0 = |S\F0| = k we
have

(
1 − c

k

)k
c d0 −

(
1 −

(
1 − c

k

)k) (1 − c)k

k0
d∗
0

=
[(

1 − c

k

)k
c −

(
1 −

(
1 − c

k

)k)
(1 − c)

]
γ h(S)

=
[(

1 − c

k

)k − 1 + c

]
γ h(S).

In the following, we assume the statement holds for m ≥ 0 to prove it for m + 1. We first
introduce the increment ϕm+1 into the right hand side of (12) for m + 1 to then leverage our
bound on the increment from Lemma 9. With this bound we can conclude the induction by
a long computation showing that the right hand side of (12) is decreasing in m.

Inserting dm+1 = dm −ϕm+1 and d∗
m+1 = d∗

m −χm+1ϕm+1 and isolating the factor before
ϕm+1 yields

(
1 − c

k

)k−m−1

c dm+1 −
(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
d∗
m+1

=
(
1 − c

k

)k−m−1
c dm −

(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
d∗
m

−
[(

1 − c

k

)k−m−1
c −

(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
χm+1

]
ϕm+1. (13)
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To apply Lemma 9, we show non-negativity of the factor before −ϕm+1. For this, we use
Bernoulli’s inequality which states that

(1 − x)n ≥ 1 − nx for x ≥ −1, n ∈ N. (14)

With c ∈ [0, 1] and c
k ≤ 1 we obtain non-negativity of the factor before −ϕm+1 given by

(
1 − c

k

)k−m−1
c −

(
1−

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
χm+1

χm+1≤1≥
(
1 − c

k

)k−m−1
(
c + (1 − c)k

km+1

)
− (1 − c)k

km+1

(14)≥
(
1 − (k − m − 1)c

k

) (
c + (1 − c)k

km+1

)
− (1 − c)k

km+1

= c − (k − m − 1)c2

k
− (k − m − 1)c(1 − c)

km+1

km+1≤k≥ c − k − m − 1

km+1
c

≥ 0, (15)

where we use km+1 ≥ k − m − 1 in the last step. Reformulating Lemma 9 in terms of the
definitions of km , dm and d∗

m , we have

ϕm+1 ≥ c

km
dm + 1 − c

km
d∗
m . (16)

Applying this to the right hand side of (12) for m + 1 yields
(
1 − c

k

)k−m−1
c dm+1 −

(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
d∗
m+1

(13)=
(
1 − c

k

)k−m−1
c dm −

(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
d∗
m

−
[(

1 − c

k

)k−m−1
c −

(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
χm+1

]
ϕm+1

(15),(16)≤
(
1 − c

k

)k−m−1
c dm −

(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
d∗
m

−
[(

1 − c

k

)k−m−1
c

](
c

km
dm + 1 − c

km
d∗
m

)

+
[(

1 −
(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
χm+1

] (
c

km
dm + 1 − c

km
d∗
m

)

=
(
1 − c

k

)k−m−1
(
1 − c

km

)
c dm

−
(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1

(
1 − χm+1

1 − c

km

)
d∗
m

−
(
1 − c

k

)k−m−1 c(1 − c)

km
d∗
m

+
(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
χm+1

c

km
dm
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k≥km≤
(
1 − c

k

)k−m
c dm

−
(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1

(
km − χm+1 + cχm+1

km

)
d∗
m

−
(
1 − c

k

)k−m−1 c(1 − c)

km
d∗
m

+
(
1 −

(
1 − c

k

)k−m−1
)

(1 − c)k

km+1
χm+1

c

km
dm

(11)=
(
1 − c

k

)k−m
c dm

−
(
1 −

(
1 − c

k

)k−m−1
)

k

km+1

(
km+1 + cχm+1

km

)
(1 − c)d∗

m

−
(
1 − c

k

)k−m−1 c

km
(1 − c)d∗

m

+
(
1 −

(
1 − c

k

)k−m−1
)

k

km+1

cχm+1

km
(1 − c)dm

=
(
1 − c

k

)k−m
c dm

−
[(

1 −
(
1 − c

k

)k−m−1
)

k

km
+

(
1 − c

k

)k−m−1 c

km

]
(1 − c)d∗

m

+
(
1 −

(
1 − c

k

)k−m−1
)

k

km+1

cχm+1

km
(1 − c)(dm − d∗

m)

dm≤d∗
m≤

(
1 − c

k

)k−m
c dm

−
[(

1 −
(
1 − c

k

)k−m−1
)

k

km
+

(
1 − c

k

)k−m−1 c

km

]
(1 − c)d∗

m

=
(
1 − c

k

)k−m
c dm −

[
1 −

(
1 − c

k

)k−m−1 (
1 − c

k

)]
(1 − c)k

km
d∗
m

=
(
1 − c

k

)k−m
c dm −

(
1 −

(
1 − c

k

)k−m
)

(1 − c)k

km
d∗
m

(12)≤
[(

1 − c

k

)k − 1 + c

]
γ h(S),

where we used the induction hypothesis for m in the last inequality.
For m = k, (12) yields

[(
1 − c

k

)k − 1 + c

]
γ h(S) ≥ c

(

γ h(S) −
k∑

i=1

ϕi

)

. (17)

Rearranging we derive, using
(
1 + (−c)

k

)k ≤ e−c for k ≥ 1, |c| ≤ k, that

c
k∑

i=1

ϕi
(17)≥

(
1 −

(
1 − c

k

)k)
γ h(S) ≥

(
1 − 1

ec

)
γ h(S). 	
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With this at hand, we are ready to prove our main result.

Theorem 1 For monotone functions g, h : 2E → R≥0 with curvature c ∈ (0, 1] and generic
submodularity ratio γ ∈ (0, 1], the double-greedy algorithm is 1

γ

(
1 + c ec

ec−1

)
-competitive.

Proof Let k ≤ n and S ⊆ E with � := |Hk | = |S|. By Proposition 7, it suffices to show that

γ −1
(
1 + c

ec

ec − 1

)
f (Hk) ≥ f (S). (18)

Since ϕi ≥ 0 by monotonicity of g and h, and since k ≥ �, we obtain

f (Hk)
Lem. 8≥

k∑

i=1

ϕi ≥
�∑

i=1

ϕi
Lem. 10≥ 1

c

(
1 − 1

ec

)
γ h(S). (19)

By monotonicity of g, we have

g(Sc) ≤ g(E) = g(Hk ∪ H c
k ) =

∑

i :e∗
i ∈Hk

g(e∗
i | Hi−1 ∪ H c

k ) + g(H c
k ). (20)

Further, using Gi−1 ⊆ Hi−1 ∪ H c
k and the definition of the algorithm, we derive

g(Sc)
(20)≤

∑

i :e∗
i ∈Hk

g(e∗
i | Hi−1 ∪ H c

k ) + g(H c
k )

(6)≤ γ −1
∑

i :e∗
i ∈Hk

g(e∗
i | Gi−1) + g(H c

k )

alg.≤ γ −1
∑

i :e∗
i ∈Hk

h(e∗
i | Hi−1) + g(H c

k )

= γ −1h(Hk) + g(H c
k )

γ≤1≤ γ −1 f (Hk). (21)

Together with (19), we obtain the desired approximation (18)

f (S) = h(S) + g(Sc)
(19),(21)≤ γ −1c

(
ec

ec − 1

)
f (Hk) + γ −1 f (Hk)

= γ −1
(
1 + c

ec

ec − 1

)
f (Hk).

	

We now show the lower bound on the competitive ratio for the case that g and h are

submodular with curvature c. This proves the first part of Theorem 4.

Proposition 11 For g, h : 2E → R≥0 monotone submodular functions with curvature c ∈
[0, 1] no deterministic algorithm has a better competitive ratio than 1 + c

2−c .

Proof To show the lower bound of 1 + c
2−c , consider the following instance. Let n := |E |,

c ∈ [0, 1] and fix an element e∗ ∈ E . We define

h(S) := g(S) :=
{
n − 1 + (1 − c)|S\{e∗}| if e∗ ∈ S,

|S| otherwise.
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Themarginal increase of the element e∗ is h(e∗ | S) = n−1−c|S| if e∗ /∈ S and h(e∗ | S) = 0
otherwise, implying h(e∗ | S) ≥ h(e∗ | T ) for S ⊆ T ⊆ E . The marginal increase of every
other element e �= e∗ is h(e | S) = 1 if e∗ /∈ S and h(e | S) = 1 − c otherwise, implying
h(e | S) ≥ h(e | T ) for all S ⊆ T ⊆ E . Together, we have that h and g are submodular.
Thus, their curvature is given by (1) as

1 − min
e∈E

h(e | E\{e})
h({e}) = 1 − min

{
(1 − c)(n − 1)

n − 1
,
1 − c

1

}
= c.

We now show that no solution π to this instance is better than 2(n−1)
(2−c)(n−1)+c -competitive. For

n → ∞ we then obtain the desired lower bound of 2
2−c = 1 + c

2−c . We observe that the
optimum value of f (S) = h(S) + g(Sc) with |S| = 1 is given by

f ({e∗}) = h({e∗}) + g(E\{e∗}) = n − 1 + n − 1 = 2(n − 1),

since, for e �= e∗, we have

f ({e}) = h({e}) + g(E\{e}) = 1 + n − 1 + (1 − c)(n − 2)

= 2n − cn − 2 + 2c = (2 − c)(n − 1) + c.

Similarly, for |S| = n − 1 the optimum value is

f (E\{e∗}) = h(E\{e∗}) + g({e∗}) = n − 1 + n − 1 = 2(n − 1),

since, for e �= e∗, we have

f (E\{e}) = h(E\{e}) + g({e}) = n − 1 + (1 − c)(n − 2) + 1 = (2 − c)(n − 1) + c.

Fixing π , we distinguish two cases. If the first element in π is e �= e∗, we consider the
resulting solution of size 1 which has value f ({e}) = (2 − c)(n − 1) + c. Therefore, in this
case π has competitive ratio at least 2(n−1)

(2−c)(n−1)+c . If the last element in π is e �= e∗, we
consider the solution of size n − 1 which has value f (E\{e}) = (2 − c)(n − 1) + c. Thus,
also in this case the competitive ratio is at least 2(n−1)

(2−c)(n−1)+c . 	

We also give a lower bound in terms of the generic submodularity ratio; this proves the

second part of Theorem 4.

Proposition 12 For monotone functions g, h : 2E → R≥0 with generic submodularity
ratio γ ∈ (0, 1] no deterministic algorithm has a better competitive ratio than 2

3 + 1
3γ .

Proof To show the lower bound of 2
3 + 1

3γ
−1, consider the following instance. Let E =

{a, b, c}, g, h : 2E → R≥0 and g := h with

h(∅) = 0, h({a}) = h({b}) = h({c}) = 1, h({a, b}) = h({b, c}) = 2,

h({a, c}) = 1 + γ −1 and h({a, b, c}) = 2 + γ −1.

By definition of h, we have h(b | S) = 1 for all S ⊆ {a, c}. For e, e′ ∈ {a, c}, e �= e′
and S ⊆ E\{e} we have h(e | S) = γ −1 if S = {e′} or S = {b, e′} and h(e | S) = 1 else.
Thus, for e ∈ {a, c} we have

min
A,B⊆E :h(e|A∪B)>0

h(e | A)

h(e | A ∪ B)
= min

{
1

1
,
γ −1

γ −1 ,
1

γ −1

}
= γ

and

min
A,B⊆E :h(b|A∪B)>0

h(b | A)

h(b | A ∪ B)
= min

{
1

1

}
= 1
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which yields that the generic submodularity ratio of g and h is γ .
We show that no solution π is better than 2

3 + 1
3γ

−1-competitive. The optimum value of
size 1 is f ({b}) = h({b}) + g({a, c}) = 1 + 1 + γ −1 = 2 + γ −1. The optimum value of
size 2 is f ({a, c}) = h({a, c}) + g({b}) = 1 + γ −1 + 1 = 2 + γ −1. If the first element
in π is e �= b, with e′ ∈ {a, c}, e′ �= e we compute the value of the solution of size 1,
which is f ({e}) = h({e}) + g({b, e′}) = 1 + 2 = 3. Likewise, if the last element in π

is e �= b, with e′ ∈ {a, c}, e′ �= e, we compute the value of the solution of size 2, which
is f ({b, e′}) = h({b, e′})+g({e}) = 2+1 = 3. This yields in both cases that the competitive

ratio is at least 2+γ −1

3 = 2
3 + 1

3γ
−1. 	


4 Gross substitutes functions

The gross substitutes property originates from the economics literature [20]. In this context,
given a value function f : 2E → R≥0 and a modular price function p : 2E → R, one is
interested in sets S maximizing the utility f (S) − p(S). A function f is gross substitutes if,
for every price function and for every subset S maximizing the utility before increasing some
of those prices, all elements of Swith non-increased price are still part of a utility-maximizing
set after the prices are increased.

Definition 3 (Kelso and Crawford [20])A function f : 2E → R is gross substitutes if for all
modular price functions p, p′ : 2E → R with p ≤ p′ and S ∈ argmaxS⊆E { f (S) − p(S)}
there is S′ ∈ argmaxS⊆E { f (S) − p′(S)} with S ∩ {e | p({e}) = p′({e})} ⊆ S′.

Paes Leme [8] surveys several equivalent ways to characterize gross substitutes functions.
We will work with the following characterization.

Lemma 13 (Paes Leme [8]) A monotone set function f : 2E → R≥0 is gross substitutes if
and only if it is submodular and for all A, B ⊆ E with A ∩ B = ∅, |B| ≥ 2 and all b ∈ B
there is b′ ∈ B\{b} with

f (b | A) + f (B\{b} | A) ≤ f (b′ | A) + f (B\{b′} | A).

The greedy algorithm is optimal for the incremental maximization problem with gross
substitutes objective function. Together with Proposition 5 we obtain the following result for
the randomized algorithm discussed in Sect. 2 that returns uniformly at random the greedy
order with respect to h or the reverse greedy order with respect to g.

Corollary 14 For g, h : 2E → R≥0monotone and gross substitutes the randomized algorithm
is 2-competitive.

However, we obtain the same bound for gross substitutes functions with the deterministic
double-greedy algorithm. To show this, we need the following observation, which even
holds for submodular functions. Recall that f (S) = h(S) + g(Sc). Again, we assume in the
following that g and h are normalized. This is without loss of generality by (5), since the
shifted functions g′ and h′ remain monotone and gross substitutes or submodular.

Lemma 15 For g, h : 2E → R≥0 submodular and ≺ ∈ {≤,<}, the double-greedy algorithm
ensures that

g(E) = f (H0) ≤ · · · ≤ f (Hn) = f (Gc
n) ≥ · · · ≥ f (Gc

0) = h(E).
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Proof By definition of f , we have f (H0) = f (∅) = h(∅) + g(E) = g(E) and, likewise,
we have f (Gc

0) = h(E).
To show f (Hi−1) ≤ f (Hi ) for 1 ≤ i ≤ n, it suffices to consider an iteration of

the algorithm in which we obtain Hi by adding e∗
i to Hi−1, since in every other iter-

ation Hi−1 = Hi holds, implying trivially f (Hi−1) = f (Hi ). Submodularity of g and
Gi−1 ⊆ H c

i imply g(e∗
i | H c

i ) ≤ g(e∗
i | Gi−1). Since e∗

i is added to Hi−1, we have
g(e∗

i | Gi−1) ≺′ h(e∗
i | Hi−1) for ≺′ ∈ {≤,<} with ≺′�=≺. Together, we obtain

f (e∗
i | Hi−1) = f (Hi ) − f (Hi−1)

= h(Hi ) − h(Hi−1) + g(H c
i ) − g(H c

i−1)

= h(e∗
i | Hi−1) − g(e∗

i | H c
i )

≥ g(e∗
i | Gi−1) − g(e∗

i | H c
i )

≥ 0.

The inequalities f (Gc
i−1) ≤ f (Gc

i ) for 1 ≤ i ≤ n follow by symmetry, as the algorithm
for g′ = h, h′ = g and ≺′ computes the reversed ordering. 	


With this, we are able to prove our second main result.

Theorem 3 For monotone and gross substitutes functions g, h : 2E → R≥0 the double-
greedy algorithm is 2-competitive.

Proof Fix k ≤ n and let S ⊆ E with |S| ≤ |Hk | elements. By Proposition 7 it suffices to show
that 2 f (Hk) ≥ f (S) = h(S) + g(Sc). By Lemma 15 and monotonicity of g we have that
f (Hk) ≥ g(E) ≥ g(Sc). Therefore, it is left to show that f (Hk) ≥ h(S). By monotonicity
of h, we have for all i ≤ n that

h(S) ≤ h(S ∪ Hi )

= h(S | Hi ) + h(Hi )

≤ h(S | Hi ) +
∑

j :e∗
j∈Hi

h(e∗
j | Hj−1) +

∑

j :e∗
j∈Gi

h(e∗
j | Hj−1)

= h(S | Hi ) +
i∑

j=1

h(e∗
j | Hj−1). (22)

Let i(S) ∈ N smallest such that Hi(S) � S or Gi(S) ∩ S �= ∅ and n + 1 if S = Hn , i.e.,
iteration i(S) is the first iteration in which the choice of the algorithm is no longer consistent
with first including the elements of S. In the following, we show that we can modify S
iteratively, either removing e∗

i(S) from S if e∗
i(S) ∈ Gi(S) or exchanging e∗

i(S) with an element
in S if e∗

i(S) ∈ Hi(S) without increasing the bound on h(S) derived in (22) for i = i(S) − 1,
until S = H� for some � ≤ k. 	

Claim 1 Either S = Hi(S)−1 or there is S′ with i(S) < i(S′), |S′| ≤ |Hk |, and

h(S | Hi(S)−1) +
i(S)−1∑

j=1

h(e∗
j | Hj−1) ≤ h(S′ | Hi(S′)−1) +

i(S′)−1∑

j=1

h(e∗
j | Hj−1). (23)

We can use this claim to prove the theorem as follows. Since we have i(S) < i(S′) ≤ n,
after applying the claim iteratively with the resulting S′ as next S finitely many times, we
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obtain S′ = H� for � := i(S′) − 1. Since |H�| = |S′| ≤ |Hk |, we have � ≤ k. Chaining the
inequalities (23) for S and S′ iteratively, we obtain that

h(S)
(22)≤ h(S | Hi(S)−1) +

i(S)−1∑

j=1

h(e∗
j | Hj−1)

(23)≤ h(H� | H�) +
�∑

j=1

h(e∗
j | Hj−1). (24)

Application of Lemma 8 concludes the proof of the theorem

h(S)
(24)≤

�∑

j=1

h(e∗
j | Hj−1) ≤

k∑

j=1

max{h(e∗
j | Hj−1), g(e

∗
j | G j−1)} Lem.8≤ f (Hk).

It remains to prove the claim. First, we observe that, for i ≤ i ′ and S ⊆ E , we have

h(S | Hi ) = h(S ∪ Hi ) − (h(Hi ′) − h(Hi ′ | Hi ))

≤ h(S ∪ Hi ′) − h(Hi ′) +
∑

i< j≤i ′:e∗
j∈Hi ′

h(e∗
j | Hj−1)

≤ h(S | Hi ′) +
i ′∑

j=i+1

h(e∗
j | Hj−1). (25)

Thus, we obtain for i ≤ i ′ and S ⊆ E that

h(S | Hi ) +
i∑

j=1

h(e∗
j | Hj−1)

(25)≤ h(S | Hi ′) +
i ′∑

j=1

h(e∗
j | Hj−1). (26)

Now, let i := i(S) and S �= Hi−1 which implies Hi−1 � S ⊆ Gc
i−1. We consider two

cases. First, assume that e∗
i ∈ Hi . Then, by Gi = Gi−1 and definition of i(S), e∗

i is the only
element in Hi\S. Together, Hi−1 � S and e∗

i /∈ Hi−1 imply that B := (S\Hi−1) ∪ {e∗
i }

contains at least 2 elements. Thus, we can apply Lemma 13 with b := e∗
i and A := Hi−1

yielding the existence of b′ ∈ S\Hi−1 with

h(e∗
i | Hi−1) + h(S\Hi−1 | Hi−1)

≤ h(b′ | Hi−1) + h(S\Hi−1 ∪ {e∗
i }\{b′} | Hi−1). (27)

Since S ⊆ Gc
i−1 and e∗

i /∈ Gi−1 ∪ Hi−1, we have B ⊆ E\(Hi−1 ∪ Gi−1). By the choice
of the algorithm in iteration i , e∗

i maximizes max{h(e∗
i | Hi−1), g(e∗

i | Gi−1)} in B ⊆
E\(Hi−1 ∪Gi−1). Further e∗

i is added to Hi−1, which implies h(e∗
i | Hi−1) ≥ g(e∗

i | Gi−1),
yielding

h(e∗
i | Hi−1) ≥ h(b′ | Hi−1). (28)

Together, we obtain

h(S | Hi−1) = h(S\Hi−1 | Hi−1)
(27),(28)≤ h(S ∪ {e∗

i }\{b′} | Hi−1). (29)

Setting S′ := S ∪ {e∗
i }\{b′}, we have Hi ⊆ S′ by Hi−1 ⊆ S and b′ /∈ Hi . Because of

S ⊆ Gc
i−1 and e∗

i /∈ Gi−1, we have S′ ⊆ Gc
i−1 = Gc

i . Together, Hi ⊆ S′ ⊆ Gc
i implies

i(S′) > i = i(S). In addition, we check |S′| = |S| ≤ |Hk |. The proof of the claim follows in
this case by inferring

h(S | Hi−1) +
i−1∑

j=1

h(e∗
j | Hj−1)

(29)≤ h(S′ | Hi−1) +
i−1∑

j=1

h(e∗
j | Hj−1)
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(26)≤ h(S′ | Hi(S′)−1) +
i(S′)−1∑

j=1

h(e∗
j | Hj−1).

Now consider the case e∗
i ∈ Gi . Then, Hi = Hi−1 ⊆ S and the definition of i(S) imply

e∗
i is the only element in Gi ∩ S. Consider S′ := S\{e∗

i } ⊆ Gc
i . Then, Hi = Hi−1 ⊆ S′ ⊆ Gc

i
implies i(S′) > i = i(S). In addition, we check |S′| < |S| ≤ |Hk |. We have by Hi−1 ⊆ S′
and submodularity of h that

h(e∗
i | S′) ≤ h(e∗

i | Hi−1). (30)

Using Hi−1 ⊆ S′ in the first step we can conclude the proof of the claim by inferring

h(S | Hi−1) +
i−1∑

j=1

h(e∗
j | Hj−1) = h(e∗

i | S′) + h(S′ | Hi−1) +
i−1∑

j=1

h(e∗
j | Hj−1)

(30)≤ h(S′ | Hi−1) +
i∑

j=1

h(e∗
j | Hj−1)

(26)≤ h(S′ | Hi(S′)−1) +
i(S′)−1∑

j=1

h(e∗
j | Hj−1).

	

Remark 1 The analysis of the double-greedy algorithm for gross substitutes functions is
tight. Even for modular functions, the algorithm is not better than 2-competitive. Consider
the instance E = {a, b}, g, h : 2E → R≥0 modular, given by g({a}) = h({a}) = h({b}) = 1
and g({b}) = 0, and ≺ = <. Then, the double-greedy algorithm can choose e∗

1 = a
computing π = (a, b). The solution of size 1 has value f ({a}) = h({a}) + g({b}) = 1.
But the optimum value for a solution of size 1 is f ({b}) = h({b}) + g({a}) = 2. Thus, the
algorithm is no better than 2-competitive.

We finally state that no deterministic algorithm can be better than 5/4-competitive which
proves the third part of Theorem 4.

Proposition 16 For g, h : 2E → R≥0 monotone and gross substitutes functions no
deterministic algorithm has a better competitive ratio than 5/4.

Proof Consider the following set functions h and g on E = {a, b, c}. Let
h(∅) = 0, h({a}) = 1, h({b}) = h({c}) = h({b, c}) = 2 and

h({a, b}) = h({a, c}) = h({a, b, c}) = 3.

Similarly, let

g(∅) = 0, g({b}) = 1, g({a}) = g({c}) = g({a, c}) = 2 and

g({a, b}) = g({b, c}) = g({a, b, c}) = 3.

We show that both functions are gross substitutes. Since h and g differ only by swapping a
and b, it suffices to consider h. To show submodularity of h, we check whether the marginal
values for each e ∈ E decrease, i.e., h(e | S) ≥ h(e | T ) for S ⊆ T ⊆ E . For e = a, this
follows by h(a | S) = 1 for S ⊆ {b, c}, and h(a | S) = 0 otherwise. For e = b, this follows
by h(b | S) = 2 if S = ∅, h(b | S) = 1 if S = {a}, and h(b | S) = 0 else for S ⊆ E . By h
being symmetric in b and c, we conclude submodularity of h.
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Using that h({a}) + h({b, c}) = 3 ≤ 5 = h({b}) + h({a, c}) = h({c}) + h({a, b}), we
derive that for B = {a, b, c}, A = ∅ and each e ∈ B there is f ∈ B\{e} with

h(e | A) + h(B\{e} | A) ≤ h( f | A) + h(B\{ f } | A).

In addition, observe that the condition in Lemma 13 for |B| = 2 is always fulfilled with
equality. We can therefore conclude that h is gross substitutes.

Observe that the optimumvalue for f (S) = h(S)+g(Sc)with |S| = 1 is f ({c}) = 2+3 =
5. With |S| = 2 the optimum value is f ({a, b}) = 3 + 2 = 5. We show that the competitive
ratio ρ of all orderings π is at least 1.25. If π starts with a or b, the solution of size 1 has
value f ({a}) = h({a})+g({b, c}) = 1+3 = 4 or f ({b}) = h({b})+g({a, c}) = 2+2 = 4,
implying ρ ≥ 5

4 in both cases. If π ends with a or b, the solution of size 2 has value
f ({b, c}) = h({b, c})+ g({a}) = 2+ 2 = 4 or f ({a, c}) = h({a, c})+ g({b}) = 3+ 1 = 4.
Also, in those caseswehaveρ ≥ 5

4 . Sinceπ cannot both start and endwith c, we obtainρ ≥ 5
4 .	


5 Discussion

In thiswork,we introduced the incremental–decrementalmaximization framework and estab-
lished several competitive ratios for randomized and deterministic algorithms. While our
results provide new insights, some open questions remain.

Concerning lower bounds for the double-greedy algorithm, for monotone and submodular
functions h and g, Theorem 1 establishes (1 + e

e−1 )-competitiveness. The algorithm cannot
perform better than that, as shown in Proposition 20 in the appendix.We do not knowwhether
the general upper bound of 1

γ
(1+ c ec

ec−1 ) for the setting where h and g have curvature c and
generic submodularity ratio γ is tight and leave this question as an open problem.

For the special case that g(E) = h(E) and both functions are monotone and submodular,
the double-greedy algorithm guarantees a 2-competitive solution, which is optimal.

Proposition 17 For monotone and submodular set functions g, h : 2E → R≥0 with g(E) =
h(E), the double-greedy algorithm is exactly 2-competitive.

Proof Due to the monotonicity and the assumption that g(E) = h(E), we have f (S) ≤
2h(E) for every subset S ⊆ E , implying that OPTk ≤ 2h(E) for every k. Because of Lemma
15, the value of the double-greedy solution Sk = {e1, . . . , ek} of size k is at least h(E) if
g(E) = h(E). All in all, we conclude that OPTk is at most twice as much as the value f (Sk)
of the double-greedy solution of size k. According to Proposition 11, there is no algorithm
which attains a better competitive ratio in this setting. 	

It would be interesting to see similar results which exploit dependencies between h and g.

Another open question is whether Theorem 1 can be strengthened in settings where g
and h have different curvatures cg �= ch and different generic submodularity ratios γg �= γh .
By defining c := max{cg, ch} and γ := min{γg, γh} one can adapt the proofs leading to
Theorem 1 obtaining 1

γ
(1 + c ec

ec−1 )-competitiveness of the double-greedy algorithm. Note
that the function space C in Proposition 7 is then given by all monotone set functions on the
ground set E with curvature at most c and generic submodularity ratio at least γ .

While the simple randomized algorithm stated in Corollary 6 provides in some cases a
better competitive analysis, it is outperformed by the double-greedy algorithm for submod-
ular functions. Buchbinder et al. [13] introduced a randomized version of the double-greedy
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algorithm improving the approximation factor for unconstrained submodular maximization
from 3 to 2. Their improved analysis, however, does not directly lead to a better competitive
ratio for a randomized version of the double-greedy for incremental–decremental maximiza-
tion as the worst case ratio is not necessarily attained at the position where k equals the
cardinality of a maximum set of f . We leave the design of randomized algorithms with better
competitive ratio as an interesting problem for future research.

Finally, another open problem is to narrow or even close the gaps identified in Table 1 for
deterministic algorithms, in particular, the gap between 2 and 1+ e

e−1 for submodular h and
g, as well as the gap between 1.25 and 2 in the gross substitutes setting.

Appendix A Unboundedness of the incremental maximization problem

We show that for submodular non-monotone functions, no deterministic incremental
algorithm can achieve a bounded competitive ratio.

Proposition 18 The competitive ratio of the deterministic incremental maximization problem
with non-monotone submodular objective function f : 2E → R≥0 is unbounded.

Proof Let n := |E |. Fix e∗ ∈ E and consider the set function f : 2E → R≥0 for 0 < ε < 1
given by

f (S) :=
{
1 if e∗ ∈ S,

|S| · ε else.

This function is submodular, since f (e∗ | S) = 1 − |S| · ε for e∗ /∈ S ⊆ E and for e ∈ E
with e �= e∗ the increase is f (e | S) = ε if e∗ /∈ S and f (e | S) = 0 if e∗ ∈ S. Thus, we
have decreasing marginal gains in both cases, i.e., f (e | A) ≥ f (e | A ∪ B) for A, B ⊆ E
and e ∈ E\B.

Consider an algorithm that adds element e∗ first. Thus, the solution of the algorithm is 1
for every k while the optimum value is kε for k ≥ 1

ε
. On the other hand, an algorithm that

does not add e∗ first has value ε for k = 1 but the optimum solution is 1. For ε := 1√
n

considering steps k = 1 and k = n− 1 one can see that all algorithms have competitive ratio
of 
(

√
n) which is unbounded for n → ∞. 	


Appendix B Tight bound for the double-greedy algorithm

A well-known example for monotone submodular functions are coverage functions. They
count how many elements are covered by a set of subsets of those elements.

Definition 4 Let E ⊆ 2U be a set of subsets of a finite ground set U . Then, f : 2E → N

given by f (S) := ∣∣⋃
C∈S C

∣∣ for S ⊆ E is a coverage function.

Submodularity of a coverage function f can be seen by observing that the marginal
increase f (C | S) of a set C on some set of subsets S ⊆ E is exactly the number of
elements in C that are not already covered by subsets in S. When more subsets are added
to S, the set of elements already covered only grows. Therefore, the marginal increase of C
on S decreases, when more subsets are added to S.

Proposition 19 The competitive ratio of the double-greedy algorithm is exactly (1 + e
e−1 )

for h monotone and submodular and for g modular and monotone.

123



31 Page 22 of 24 Y. Disser et al.

Proof By Theorem 1 the competitive ratio is at most
(
1 + e

e−1

)
. It is left to show that the

algorithm is not ρ-competitive for any ρ <
(
1 + e

e−1

)
.

To this end, consider the following instance. LetU := {1, . . . , k}k be the ground set of k-
tuples with entries 1, . . . , k. For i ∈ {1, . . . , k} we define sets Ai := {1, . . . , k}k−1 × {i} to
partition the ground set into k pairwise disjoint sets of equal size byfixing the last entry to i .We
define sets Bi := {1, . . . , k}i−1 ×{k}×{1, . . . , k}k−i of the same size by fixing the i-th entry
to k for i ∈ {1, . . . , k}. Note that the sets Ai and Bi all have kk−1 elements for i ∈ {1, . . . , k}.
Let h : 2E → N be a coverage function on U with E := {A1, . . . , Ak, B1, . . . , Bk}. Then,
for S ⊆ E the value h(S) := |⋃C∈S C | is the number of elements covered by the sets in S.
Since h is a coverage function, it ismonotone and submodular. Let g : 2E → N be themodular
function with g({Bi }) = h(Bi | {B1, . . . , Bi−1}) and g({Ai }) = 0 for i ∈ {1, . . . , k}. Note
that, g({B1, . . . Bk}) = h({B1, . . . , Bk}) by definition of g.

The optimum solution of size k for f is S∗
k := {A1, . . . , Ak} with complement (S∗

k )
c :=

{B1, . . . , Bk}. Since S∗
k covers the ground set completely and (S∗

k )
c covers all elements apart

from the (k − 1)k elements with no entry equal to k,

f (S∗
k ) = h(S∗

k ) + g((S∗
k )

c) = kk + h
(
(S∗

k )
c) = kk + kk − (k − 1)k = 2kk − (k − 1)k .

On the other hand B1, . . . , Bk is a possible solution of the double-greedy algorithm of
size k. By modifying the values of h and g by ε one can force the algorithm to resolve the
tie-breaking accordingly and reach the same lower bound for ε → 0. In the following, we
choose how the ties are resolved by the algorithm for simplicity. Consider iteration � ≤ k
of the algorithm under the assumption that H�−1 = {B1, . . . , B�−1} and G�−1 = ∅ are
already computed. Then, for i ∈ {1, . . . , k} and j ∈ {�, . . . , k} the sets Ai and Bj cover
exactly (k − 1)�−1kk−� elements which are not already covered by H�−1. These are the
elements (x1, . . . , xk) ∈ {1, . . . , k}k with xk = i for Ai and x j = k for Bj , respectively,
and xr �= k for r ∈ {1, . . . , � − 1}. Therefore, B� maximizes h(B� | H�−1) in H c

�−1. Since
g({Bi }) = h(Bi | {B1, . . . , Bi−1}) = (k − 1)i−1kk−i is decreasing in i ∈ {�, . . . , k}, B�

also maximizes g({B�}) in H c
�−1. Because of h(B� | H�−1) = g({B�}) the algorithm can

choose B� as the next element setting H� := H�−1 ∪ {B�} and G� := G�−1 = ∅. Thus,
B1, . . . , Bk is a possible solution of the double-greedy algorithm. In this case, since Hk

covers all elements apart from the (k − 1)k elements with no entry equal to k, we have with
g(H c

k ) = 0 that
f (Hk) = h(Hk) + g(H c

k ) = kk − (k − 1)k .

Thus, we conclude

lim
k→∞

f (S∗
k )

f (Hk)
= lim

k→∞
2 − ( k−1

k

)k

1 − ( k−1
k

)k = 2 − e−1

1 − e−1 = 2e − 1

e − 1
= 1 + e

e − 1
,

which shows the competitive ratio of the algorithm is at least 1 + e
e−1 and therefore by

Theorem 1 exactly 1 + e
e−1 . 	


Since modular functions are submodular, we obtain the following Corollary.

Corollary 20 The competitive ratio of the double-greedy algorithm is exactly (1+ e
e−1 ) for h

and g monotone and submodular.
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