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Abstract

Online optimization, in contrast to classical optimization, deals with optimization problems
whose input data is not immediately available, but instead is revealed piece by piece. An
online algorithm has to make irrevocable optimization decisions based on the arriving
pieces of data to compute a solution of the online problem. The quality of an online
algorithm is measured by the competitive ratio, which is the quotient of the solution
computed by the online algorithm and the optimum offline solution, i.e., the solution
computed by an optimum algorithm that has knowledge about all data from the start.

In this thesis we examine the online optimization problem online DiarL-A-RiDE. This
problem consists of a server starting at a distinct point of a metric space, called origin,
and serving transportation requests that appear over time. The goal is to minimize the
makespan, i.e., to complete serving all requests as fast as possible. We distinguish between
a closed version, where the server is required to return to the origin, and an open version,
where the server is allowed to stay at the destination of the last served request.

In this thesis, we provide new lower bounds for the competitive ratio of online DIAL-
A-RIDE on the real line for both the open and the closed version by expanding upon the
approach of [13]. In the case of the open version, the improved lower bound separates
online Di1aL-A-RIDE from its special case online TSP, where starting position and destination
of requests coincide.

To produce improved upper bounds for the competitive ratio of online DiAL-A-RIDE,
we generalize the design of the IGNORE algorithm and the SMARTSTART algorithm [5]
into the class of schedule-based algorithms. We show lower bounds for the competitive
ratios of algorithms of this class and then provide a thorough analysis of IGNORE and
SMARTSTART. Identifying and correcting a critical weakness of SMARTSTART gives us the
improved SMARTERSTART algorithm. This schedule-based algorithm attains the best known
upper bound for open online DiaL-A-RIDE on the real line as well as on arbitrary metric
spaces.

Finally, we provide an analysis of the REpLAN algorithm [5] improving several known
bounds for the algorithm’s competitive ratio.







Zusammenfassung

Im Kontrast zur klassischen Optimierung, handelt Online Optimierung von Optimierungs-
problemen, deren Parameter nicht unmittelbar bekannt sind, sondern stattdessen nach
und nach verfiigbar werden. Ein online Algorithmus muss unwiderrufliche Optimierungs-
entscheidungen basierend auf den gerade vorhandenen Daten treffen, um eine Losung
des online Optimierungsproblems zu berechnen. Die Giite eines online Algorithmus wird
als kompetitiver Faktor angegeben. Dieser ist der Quotient einer Losung, welche von einem
online Algorithmus berechnet wurde, und der optimalen offline Losung, d. h., der Lésung,
die von einem optimalen Algorithmus berechnet wurde, der alle Daten bereits zu Beginn
zur Verfiigung hat.

In dieser Dissertation wird das online Problem online DiAL-A-RIDE behandelt. In diesem
online Problem muss ein Zusteller, welcher in einem ausgezeichneten Punkt, Ursprung
genannt, eines metrischen Raumes startet, Transportanfragen, welche zu verschiedenen
Zeitpunkten erscheinen, bedienen. Ziel ist es, die Gesamtzeit fiir das Bedienen aller
Anfragen zu minimieren. Wir unterscheiden zwischen einer geschlossenen Version des
Problems, in der der Zusteller wieder zum Ursprung zuriickkehren muss und einer offenen
Version des Problems.

In dieser Dissertation beweisen wir verbesserte untere Schranken fiir den kompetitiven
Faktor von online DiaL-A-RIDE auf der reellen Achse, sowohl fiir die offene, als auch fiir
die geschlossene Variante des Problems. Die Schranke fiir die offene Version baut auf einer
Konstruktion aus [13] auf und separiert online D1AL-A-RIDE von seinem Spezialfall online
TSP, in welchem jede Anfrage jeweils den gleichen Start- und Endpunkt hat.

Im Weiteren verallgemeinern wir das Design des IGNORE Algorithmus und des SMART-
START Algorithmus [5] und fiihren die Klasse der schedulebasierten Algorithmen ein. Wir
zeigen untere Schranken an den kompetitiven Faktor von Algorithmen dieser Klasse
und fithren eine umfassende Analyse von IGNORE und SMARTSTART durch. Durch das
Identifizieren und Beheben einer kritischen Schwéche von SMARTSTART, erhalten wir den
Algorithmus SMARTERSTART. Dieser schedulebasierte Algorithmus ist der beste bekannte
Algorithmus fiir online D1AL-A-RIDE sowohl auf der reellen Achse als auch in beliebigen
metrischen Raumen.

AbschlieRend analysieren wir den Algorithmus REPLAN [5] und verbessern mehrere
bekannte Schranken an seinen kompetitiven Faktor.
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1 Introduction

In classical optimization we deal with problems that consist of given input data, and we
need to make optimization decisions based on this data to optimize a certain objective.
While this kind of framework allows to model a large variety of problems, it is too restrictive
for problems where a part of the input data is revealed over time and optimization decisions
need to be made before all input data is available.

Consider for example an elevator and the problem of bringing every arriving person
to their desired destination as fast as possible. Since people arrive over time, we do not
know when and on which floor they will arrive and the elevator needs to move before the
last person has arrived, i.e., before all input data becomes available, if it wants to achieve
a good completion time. Another example would be a robot with the goal of exploring an
unknown cave network as efficiently as possible. Since the layout of the cave becomes
only available by exploring it, an optimum traversal cannot be computed without making
irrevocable decisions about the path to follow.

In comparison to an algorithm for a classical optimization problem that computes an
optimum solution based on the given input data, an online algorithm gets its input data
item by item and has to make an irrevocable optimization decision based on the piece
of data that arrives. Examples for input items would be the arrival of a new person
at some floor that wants to use the elevator or the knowledge gained by the robot by
making a step in a certain direction. The online algorithm needs to find a balance between
acting efficiently regarding the known data and protecting itself against future input data.
Imagine for example an elevator located at the first floor and a person arriving at the
second floor that wants to go the third floor. Of course, it is optimal to serve the request of
this person right away — at least as long as no other requests appear. But if the algorithm
acts accordingly and is unlucky, a person in the basement might appear that also wants to
go to the third floor. Now the elevator has to go all the way down from the third floor
to the basement and up to the third floor again, while it would have been much more
efficient to serve both requests in one go.

The example above shows that no algorithm controlling an elevator can act optimally: If
the elevator acts prematurely as described above, it might end up covering more distance
than necessary. However, if it decides to wait and no further requests appear, it incurs
unnecessary waiting time. This unavailability of the full amount of information puts online
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algorithms in a disadvantage compared to a hypothetical optimum offline algorithm that
has access to all information from the start.

To measure the quality of an online algorithm, i.e., how much its result differs from the
offline optimum, we use competitive analysis based on the algorithm’s worst case behavior:
The algorithm is challenged by an adversary that answers every choice of the algorithm
by creating worst-case future input items. In the example of the elevator above, a simple
adversary strategy would be to introduce the request at the basement, if the algorithm
acts prematurely and to do nothing in the case that the algorithm decides to wait. Once
all input items have been revealed, we compare the algorithm’s result with the optimum
offline solution, i.e., the solution provided by an optimum offline algorithm. The quotient
of the algorithm’s result and the optimum offline solution is called the competitive ratio of
the algorithm.

The competitive ratio is a quite harsh measurement for the quality of an online algorithm
and for many online optimization problems it is known that no online algorithm with
constant competitive ratio exists. However, in this thesis we will only discuss online
problems with existing but not tight constant bounds for the competitive ratio.

Outline

After introducing the necessary tools and formal definitions in this introductory chapter,
we introduce the problem online DiaL-A-RIDE and its special case online TSP in Chapter 2.
In the second chapter, we also state the currently known results for the problem, give a
brief summary of the results that are presented in this thesis and discuss related work.

In the third chapter, we present two new lower bounds for the competitive ratio of
online DiAL-A-RIDE by expanding upon the approach of [13]. One of the improved lower
bound separates online DiAL-A-RIDE from its special case online TSP.

Starting from Chapter 4, we focus more on upper bounds for the competitive ratio of
online DiaL-A-RIDE. We introduce the class of schedule-based algorithms, analyze several
properties of algorithms belonging to this class and give a thorough analysis of the IGNORE
algorithm [5].

In Chapter 5, we give a detailed analysis of the SMARTSTART algorithm, providing its
exact competitive ratio for the case that the underlying metric space is the real line and
improving upper bounds for its competitive ratio for arbitrary metric spaces.

Identifying and correcting a critical weakness of SMARTSTART gives us the improved
SMARTERSTART algorithm, which is examined in Chapter 6. This schedule-based algorithm
attains the best known upper bound for the competitive ratio of open online DiAL-A-RIDE
on the real line as well as on arbitrary metric spaces.
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Finally, in Chapter 7, we provide an analysis of the REpLAN algorithm [5] improving
several known bounds for the algorithm’s competitive ratio.

1.1 Offline Optimization and Offline Algorithms

In the following, we formalize the notions introduced above and start with the definition
of classical offline optimization problems. The notations and definitions are inspired by

[9].

Definition 1.1. An offline optimization problem ‘8 is a tuple (Z, S, f, c) where:
* 7 is the set of input instances,
* S is the set of solutions,
e f:7 — 25 maps an instance I € 7 to a set of feasible solutions F; C S,
* ¢:7Z xS — R maps a solution of an instance to a cost.

The set of optimum solutions of an instance I € T is argmin, ¢ p, c(/, z).

An example for a combinatorial offline optimization problem would be finding the chro-
matic number of a graph with k£ € N vertices: A coloring of an undirected graph G = (V, E)
with vertex set V' and edge set E is a function g: V' — N with g(v) # g(u) for every
{v,u} € E. The chromatic number is x(G) := min, |im(g)| with ¢g being a coloring of G.
In this case, every graph G = (V, E) with |V| = k is an input instance and every function
mapping from the set {1,...,k} to N is a solution. Furthermore, the set of coloring
functions of G, i.e., {g: V — N | g coloring of G} = Fg, is the set of feasible solutions of
the instance G and ¢(G, g) := |im(g)| is the cost function.

Another classical example for an offline optimization problem is an (m x n)-dimensional
linear program of the form

minec' z subject to Az < b.

In this case (A,b) € R™*™ x R™ = 7 is an input instance, the vector z € R" = Sis a
solution, f(A,b) = {x € R" | Ax < b} = F(4,) is the set of feasible solutions and the
vector ¢ € R” is the cost function.

Definition 1.2. An offline algorithm ALG computes a feasible solution ALG[I| € F; (if
existent) of cost ALG(I) = ¢(I,ALg[I]) for every I € T.
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Note that offline algorithms do not need to produce optimum results. Therefore, the
algorithm that just returns a function that maps every vertex v € V' to an unique natural
number is an offline algorithm for the coloring problem. In the case of a linear program,
every algorithm that produces a feasible solution, i.e., for example every Phase I for the
simplex algorithm is an offline algorithm.

Definition 1.3. By OpT we denote an optimum offline algorithm that computes an optimum
solution OpT[I] € F (if existent) of cost OPT(/) = minpep, ¢(I, F') for every instance
Iel

Examples for optimum offline algorithms for linear programs would be the simplex
algorithm or the ellipsoid method. Note that the word “optimum” in Definition 1.3 does
not refer to the complexity of the algorithm, but just to the optimality of the result
produced by the algorithm. Therefore, the algorithm that checks the value |im(f)| for
every coloring function f : V' — {1,...,|V|} and returns a function with the lowest value
is an optimum offline algorithm for the coloring problem — albeit being very inefficient.

1.2 Online Algorithms and Competitiveness

In contrast to a classical offline optimization problem, we define an online optimization
problem as a request-response-game: Instead of having all input available at the start, the
input arrives item by item, i.e., request by request, and needs to be responded to item by
item, always incurring an irrevocable cost.

Definition 1.4. An online optimization problem is a tuple © = (R, A, X, F, C') where:
* R is the set of input items,
* A is the set of responses,

* ¥ C J;en R is the set of all input sequences,

F = (f;)ien is a sequence of functions f; : R x A*~! — A mapping the first i input
items (si,...,s;) and the first i — 1 responses (a1, ...,a;—1) to the set of feasible
responses f;(s1,...,Si,a1,...,a;—1) in step i,

* C = (¢;)ien is a sequence of cost functions ¢; : R x A* — Rxq with ¢g := 0.

For an input sequence o = (s1,...,5,) € (XN R™) and i < n, we define the subsequence
o<i = (s1,...,8i).
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Throughout this thesis, ¢ will denote an arbitrary input sequence of length n € N.
Whenever we talk about a specific input sequence, it will be given a specific identifier.

An example for an online optimization problem that is strongly connected to integer
programming is the online knapsack problem. In the classical knapsack problem, we have
a set of items that have weights w; > 0 and values v; > 0. The goal is to choose a subset
of items such that the total weight of the chosen items is bounded by a constant W and
the total value is maximized.

We can turn this problem into an online problem by changing the set of items into a
sequence of items, introducing them one by one and demanding an irrevocable decision
whether the item is taken or not, every time an item arrives. Then, the set of input items
is R, i.e., the set of all possible tuples of weights and values. The set of responses is
{0, 1}, where 1 means that the current item is chosen and 0 that it is not chosen. The set
of input sequences is | J, .y R**", i.e., the set of all sequences of tuples of weights and
values. The set of feasible responses in step i is

i1
filo<isa, ..., ai1) = {{0’ i Zj:?a]w] =W
{0}, otherwise.
Last but not least, the cost functions are c;((wj, vy, a;)jeq1,..5y) = Zj.:l(l — aj)v;. Note
that we take the difference of the total value Z;:l v; and the sum Z;-:l a;v; as cost
function since we require the cost function to be positive and only regard minimization
problems.

Definition 1.5. An online algorithm ALG computes a sequence of response functions
(gi : R" = filo<isg1(s1),--.,9i—1(S1,-..,5i—1)))ien. The solution of ALG for an input
sequence o = (S1,...,8,) € X is

ALG[o] := (a1,...,an)
with a; := gi(0<;). ALG’s total cost is ALG(0) := ¢y, (0, ALG[0]).

Note that an online algorithm only uses o<; for the computation of the answer a;, i.e.,
answer a; has to be given irrevocably before input item s;; becomes available. In conse-
quence, an online algorithm usually does not compute an optimum solution. In fact, for
the online problems discussed in this thesis there are no online algorithms that compute
optimum solutions for all input sequences.

If we fix the number n of input items, every online problem can be interpreted as an
offline problem: We set Z = R™ and S = A". The set of feasible solutions F, of an
instance o consists of all response sequences (ay, ..., a,) with a; € fi(o<i,a1,...,a;—1)
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forall i € {1,...,n}. Last but not least, we set c(o, (ai)ic{1,... n}) = cn(0, (@i)icqu, .. n})- I
interpreted like that, the set of optimum offline solutions for an input sequence o is defined
as OpT[o] € argmin,cp_cy(0,a). This is identical to an optimum solution as defined in
Definition 1.1.

From now on let OpT always be a fixed optimum offline algorithm that computes an
optimum solution OpT[c] of cost OPT(0) = ¢, (0, OPT[0]). Observe that an online algorithm
ALG has to obey some consistency between its steps, i.e., for an input o = (sy,..., )
and for every i < j < n, the solution ALG[0<;] is a prefix of the solution ALG[o<;]. OPT in
contrast does not need to obey this consistency, i.e., OPT[o<;| can completely differ from
OpPT[0<;|. We compare the performances of ALG and OPT.

Definition 1.6. An online algorithm ALG is (strictly) p-competitive if, for all instances
o € X, we have
A1G(o) < pOPT(0).

Note that we have put no restriction on p, i.e., p can be constant, but also a function
of o or a function of every other problem parameter. Since Definition 1.6 demands that
ALG(o) < pOprT(0) holds for every input instance o, the competitiveness of an online
algorithm measures how well it competes against the optimum offline solution in a worst-
case scenario. Note that the solution ALG[o] cannot be better than the offline solution
OrT[0], i.e., we always have p > 1. The lack of information puts the online algorithm Arc
at severe disadvantage in comparison to the optimum offline algorithm OpT. For example,
in the case of the online knapsack problem, there is no p-competitive online algorithm for
a constant p > 1 [38].

Definition 1.7. The competitive ratio of an online algorithm ALG is the infimum over all
p > 1, such that ALG is p-competitive.

Note that an online algorithm with competitive ratio p is also p-competitive, while the
converse is not necessarily true. While the competitive ratio describes ALG’s worst-case
quality precisely, p-competitiveness only gives an upper bound for the quality of the
worst-case behavior of ALG. The competitive ratio allows us to compare the worst-case
performances of online algorithms. The competitive ratio of an online optimization
problem is defined as the competitive ratio of the best-possible online algorithm for it.

Definition 1.8. The competitive ratio of an online optimization problem is the infimum
over all p > 1 for which a p-competitive algorithm exists.

The goal of this thesis is to analyze several online problems and give new improved upper
and lower bounds for their competitive ratios. An upper bound for the competitive ratio
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of an online problem can be proven by developing and analyzing an online algorithm for
it. A lower bound for the competitive ratio can be proven by competitive analysis: We let
a hypothetical online algorithm compete against an adversary, i.e., we construct a worst-
possible input sequence for every possible sequence of actions of the online algorithm. In
the next chapter we introduce the main online problems that are discussed in this thesis:
online D1AL-A-RIDE and its special case online TSP.

History of Online Optimization

The first publication that studied online optimization and online algorithms was [44]. In
this paper Sleator and Tarjan studied the problem online LisT UPDATE, in which elements
of a linked list are requested over time. Accessing an element located closer to the back
of the list is more costly than accessing an element located closer to the front, however,
accessed elements are allowed to be moved further to the front for free. The authors
realized that for this problem it is more interesting to measure the worst-case performance
of an algorithm than the expected performance. This led them to prove that the online
algorithm MovEToFRONT for online LisT UPDATE is 2-competitive — even though they did
not use the term “competitiveness” in their publication.

Formally, the terms “competitiveness” and “online algorithm” were first intruduced
in [31]. In this paper, Karlin et al. studied the problem online PAGING. In this problem,
the content of a cache with limited memory is accessed over time. Loading content to the
cache incurs a cost and an element must be loaded to the cache if it is requested, while
not being in the cache.

Ben-David et al. were the first to give a more rigorous description of online optimization
problems [9]. They formally defined online optimization problems as request-response-
games the way it is presented in Definition 1.4 and introduced the notion of the “adversary”.

Over the years, a large variety of online optimization problems have been studied. Albers
et al. studied the problem online LisT UPDATE from a randomized perspective [1, 3]: In
comparison to a deterministic online algorithm, a randomized algorithm adds random
choices into its computation. Consequently, instead of the costs ALg(o), the expected
value of all possible costs is compared with the optimum offline result to compute the
randomized competitiveness of the randomized online algorithm. Albers et al. introduced
two 2-competitive, deterministic online algorithms for online LisT UPDATE, TIMESTAMP [3]
and BiT, which they combined into the 1.6-competitive, randomized algorithm Coms [1].

The already mentioned online KNAPSACK problem is an example for an online problem
that has no bounded competitive ratio [38]. However, a randomized version of it admits
a bounded randomized competitive ratio: Albers et al. provided a (1/6.65)-competitive
randomized algorithm for the randomized problem in which the adversary is allowed to
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choose the item set — but not its order [2].

In the beginning of this chapter we used the example of a robot with the goal of
exploring an unknown cave network as efficiently as possible to introduce online opti-
mization problems. This problem is called online GRaPH ExPLORATION and has been
studied extensively [4, 7, 15, 21, 22, 23, 24, 26, 30, 39, 42]. Miyazaki et al. [40] gave
a (1 + v/3)/2-competitive algorithm for cycles and showed that this is best-possible. For
graphs with bounded genus ¢ Megow et al. provided the 16(1 + 2¢g)-competitive BLOCK-
ING algorithm, which is a modification of the depth-first search algorithm. For general
graphs Rosenkrantz et al. published a ©(log n)-competitive algorithm [42], i.e., no online
algorithm with constant competitive ratios is known until now. The best known lower
bound for general graphs is 10/3 [11]

Another widely studied problem is online k-SERVER, where k servers are located in a
metric space. Every time a request is served a new request appears. An incoming request
needs to be served by one of the servers incuring a cost dependent on the distance between
the server and the request. Manasse et al. showed that there is no online algorithm for
k-SERVER with a competitive ratio lower than k£ on any metric space with at least k& + 1
points [37]. Even though Chrobak et al. provided several k-competitive algorithms for
k-SERVER on a large variety on metric spaces [19, 20, 18], it remains open, if there is a
k-competitive online algorithm for every metric space.

The online optimization problem online DiaL-A-RIDE, that is studied in this thesis, was
first examined by Ascheuer et al. in [5]. In comparison to online £-SERVER the problem
online DI1AL-A-RIDE consists of a single server and requests appear over time independently
of the server’s actions. The goal is to minimize the total completion time. A detailed
discussion of results follows in the next chapter.
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In the opening chapter of this thesis we briefly discussed an elevator as an example for
an online optimization problem. In this chapter we will provide a more detailed look
at this problem, including a precise mathematical representation of the problem and an
expansion to a more general version of it.

For a start let us take a more abstract look at the elevator: People arrive over time at a
certain floor and want to be carried to another floor. Therefore, the request of an arriving
person is defined by the floor, on which the person arrives, the floor, the person wants to
be carried to and the time of the person’s arrival. The elevator starts at the ground floor
and moves with unit speed. For simplicity we assume that our elevator has no braking
or accelaration time, i.e., at every point of time the elevator is either moving with unit
speed or not moving at all. Furthermore, our elevator has a capacity limit, i.e., only a
fixed number of people can be inside elevator at the same time. Our goal is to minimize
the total completion time of carrying all people to their desired floors.

To put this problem in a more general and more mathematical framework: Our elevator
is a server moving with unit speed in a metric space (X, d) and starting at some unique
position 0 € X called origin. Over time, requests s = (a, b; r) are revealed, where a € X is
the starting position of the request, b € X is the destination of the request and r € Rx is
the release time of the request. These requests need to be loaded by the server at their
starting positions, after their release time and need to be transported to their destinations.
The server has a capacity ¢ € NU {0}, i.e., only ¢ requests can be loaded at the same
time. The goal is to minimize the makespan, i.e., to minimize the total completion time.
This problem is called online DiaL-A-RIDE.

In the case of the elevator, the metric space (X, d) is the real line R equipped with the
euclidean distance function d(p, ¢) := |p — ¢|. Then, the basement floors are represented
by negative numbers and floors above the ground are represented by the positive numbers.
It is clear that in general the metric space X needs to be equipped with a positive and
symmetric distance function d: X2 — R that obeys the triangle inequality. However,
we also have to ensure that the server can move continuously with unit speed. Therefore,
we only allow metric spaces satisfying a smoothness property: For all pairs of positions
(p,q) € X2, there needs to be a rectifiable path v : [0,1] — X, with v(0) = pand y(1) = ¢
of length d(p, q) (see e.g. [8] or [32]). This property ensures that, if the server starts
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moving from p to ¢ at time ¢, for all ¢’ € [t,t + d(p, q)] there is a z € X such that the
server is at position z at time t'. We call the class of metric spaces satisfying this property
continuous metric spaces. Examples for continuous metric spaces are the real line and
euclidean vector spaces R* with k € N. Furthermore, every edge-weighted undirected
graph induces a continuous metric space.

Of course different metric spaces allow to model different real-world problems. Indeed,
online D1aL-A-RIDE is by far not limited to model the problem of conducting an elevator
efficiently. If we, for example, take a street network as underlying metric space, DiAL-A-
RipE models the problem of a taxi driver efficiently serving customer requests.

We distinguish between an open and a closed variant of the problem: In the closed
version of online D1AL-A-RIDE, the server is required to return to the origin after serving
the last request of the request sequence, while in the open version, the server is allowed
to stay at the destination of the last served request. Note that the information that all
requests are released is only given implicitely by not releasing new requests anymore, i.e.,
in the closed version, the server might need to return to the origin prematurely to cover
the case that the request sequence is fully released and to stay competitive.

An offline solution for an instance of D1aL-A-RIDE is defined by the behavior of the server
including its trajectory inside the metric space and at which times requests are loaded and
unloaded. At every point of time, the server either waits or moves with unit speed towards
a certain position. Therefore, we can model the trajectory of the server as sequence of M
tuples (¢;, z;), where ¢; € X is a position and z; € R>( is a waiting time at that position.
We always have ¢; = 0 since the server starts at the origin and x,; = 0 since there is
no waiting time after reaching the final position. In the closed variant of the problem,
we additionally have ¢;; = 0. The server needs to serve all requests. To ensure this, we
introduce the loading matrix (L;j, Uj)jeq1,...n} consisting of the loading and unloading
times of the requests. This matrix has to obey some consistency rules: For all j € {1,...,n}
the inequality L; < U; needs to hold, i.e., requests can only be unloaded if loaded prior.
Furthermore, for all j € {1,...,n} weneed [{k € {1,....,n}\ {j} : L; € [Ly, Up)}| < ¢ ie,
no request can be loaded, while ¢ requests are already loaded. Finally, the matrix (L;, U;)
needs to be compatible with the trajectory (¢;, z;), i.e., the server needs to be at position
a; at time L; and at position b; at time U; for all j € {1,...,n}. An offline solution for
DiaL-A-RIDE is a trajectory with compatible loading matrix and we call offline solutions of
D1AL-A-RIDE from now on walks. The completion time of a walk (g;, %);eq1,... ) is defined

as
M-1

C((Qi,fm)ie{l,...,M}) = Z z; + d(i, Gi+1)-
i=1

Whenever it is clear from the context which request is served at which time, we omit
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the loading matrix (L;, U;) in our analysis. Furthermore, we denote by ¢ — ... = ¢y,
a walk that does not contain waiting times, i.e., that visits the points ¢, ..., ¢, € X in
the order defined by their indices, always taking the shortest way from ¢, to ¢ for
ke{l,...,m—1}. We write

D(gi = ... = qm) = d(q1,q2) + - + d(Gm—1,9m)-

for the length of the walk ¢; — ... — ¢.
We start the examination of online D1AL-A-RIDE by showing that it can be modeled as
an online optimization problem as defined in Definition 1.4:

* The set of input items R is the set of all requests s = (a, b; ).
* The set of responses A is the set of all walks starting at the origin.
* The set of input sequences X is the set of all sequences of requests.

* The set of feasible responses fi(o<;,a1,...,a;—1) in step i is the set of all walks W
that serve all requests of the subsequence o<; while respecting the capacity limit ¢
and the release times and being compatible with the actions of the server until step
i, i.e., until time r;. Compatible means that the walk the server has performed until
time r; is identical to the walk I and requests have been loaded and unloaded by
the server exactly at the same times as in W.

* The cost function ¢; of step i is mapping the currently chosen response, i.e., the
currently chosen walk to its completion time.

In this thesis we will examine several versions of the online D1AL-A-RIDE problem. We
will distinguish between online TSP and online DiaL-A-RiDE: Online TSP is a special case
of online Di1aL-A-RIDE that only allows requests where the starting position is identical to
the destination, i.e., requests are served by just visiting their positions instead of having
to transport them. Consequently, requests are tuples (a;r) consisting only of a position
a € X and a release time € R>( and there is no need to define a capacity. Note that,
since online TSP is a special case of online D1AL-A-RIDE, every lower bound established for
the competitive ratio of online TSP also holds for the more general online DiAL-A-RIDE.
Similarly, every upper bound established for the competitive ratio of online DIAL-A-RIDE
also holds for its special case online TSP.

Furthermore, we will make a distinction based on the underlying metric space: We
will distinguish between the real line R and the general setting, i.e., arbitrary continuous
metric spaces. Note that, since the real line is a continuous metric space, every lower

1
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bound established on the real line also holds for the general setting. Similarly, every upper
bound established in the general setting in particualar holds on the real line. We orient
the real line R from left to right and denote by

min ,__
2™ = min{0,ay,...,an,b1,...,by}

the leftmost and by
max

™ = max{0,a1,...,an,b1,...,bp}
the rightmost position that needs to be visited by the server to serve the request sequence
o. Obviously, there is an optimum walk that only visits positions in [x™", x™#], and we let
Opt be such a walk. Throughout this thesis, we assume the server to be non-preemptive,
i.e., the server is allowed to unload requests only at their destinations.

2.1 State of the Art

The currently known best upper and lower bounds for the competitive ratios of the
problems are given in Table 2.1. For online TSP, Bjelde et al. present conclusive results on
the real line: For the closed version they provide a 1.6404-competitive online algorithm
(see [13, Thm 3]) that matches the lower bound shown by Ausiello et al. in [8, Thm 3.3].
Furthermore, Bjelde et al. present a 2.0346-competitive algorithm for the open version of
online TSP on the line (see [13, Thm 10]) that they complement with a matching lower
bound (see [13, Thm 4]). Therefore, online TSP on the line is fully understood in terms
of competitiveness. Moreover, the lower bound of 2.0346 for open online TSP on the line
provided by Bjelde et al. is the best known lower bound for online DiAL-A-RIDE and online
TSP in the general setting. In the same paper, Bjelde et al. also present a lower bound of
1.75 for the competitive ratio of closed online DiAL-A-RIDE on the line with ¢ < oo (see
[13, Thm 13]) and a 2.4142-competitive algorithm for open online D1AL-A-RIDE on general
continuous metric spaces with infinite capacity (see [13, Thm 12]). Interestingly, the
lower bound of 1.75 separates online D1AL-A-RIDE on the line with ¢ < oo from online TSP
on the line in terms of competitiveness.

The 2.4142-competitive algorithm returns to the origin and restarts a new optimum
walk serving all unserved requests upon the release of a new request. It is presented in
the paper as online algorithm for the preemptive version of open online DiAL-A-RIDE on
the line (i.e., for the version of online D1AL-A-RIDE that allows to unload requests at any
position and reload them at a later time). A close inspection of the proof however shows
that their algorithm achieves the same result on general continuous metric spaces and
for open online D1AL-A-RIDE with capacity ¢ = co. The closed version of the problem on
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2.1 State of the Art

General Bounds open closed
upper bound lower bound upper bound lower bound
1.75
DIAL-A-RIDE (¢ < 00) 3.4142 2.0346 2 [13. Thm 13]
£ D1AL-A-RIDE (c = 00) 2.4142 2.0346 2 1.6404
2.0346 2.0346 1.6404 1.6404
TSP [13, Thm 10] [13, Thm 4] [13, Thm 3] [8, Thm 3.3]
3.4142 2
D1AL-A-RIDE (¢ < o0) [32, Thm 2.30] 2.0346 (5, Thm 6] 2
E 2.4142 2
()] L) <
8 DIAL-A-RIDE (¢ = o0) [13, Thm 12] 2.0346 [25, Thm 2.3] 2
b0
2 2
TSP 2.4142 2.0346 [8, Thm 4.2] (8, Thm 3.2]

Table 2.1: Overview of the best known bounds for the competitive ratios of online DiAL-A-RIDE on the line
(top), and online D1AL-A-RIDE on general continuous metric spaces (bottom) excluding results
of this thesis. Results are split into DiaL-A-RIDE with capacities ¢ < oo and ¢ = oo and TSP.
Underlined results are original, all other results follow immediately.

continuous metric spaces is also fully understood in terms of competitiveness: Ausiello
et al. provided a lower bound of 2 for the competitive ratio of online TSP on continuous
metric spaces using cyclic structure as underlying metric space (see [8, Thm 3.2]). They
complemented their lower bound with a 2-competitive algorithm for online TSP (see [8,
Thm 4.2]). Feuerstein and Stougie provided a 2-competitive algorithm for closed online
DiAL-A-RIDE with unlimited capacity in [25, Thm 2.3].

Algorithm SMARTSTART

The best known upper bounds for the competitive ratio of closed and open online DiAL-A-
RipE with arbitrary capacity are provided by the algorithm SmMARTSTART that was published
by Ascheuer et al. in [5]. The algorithm is 2-competitive for closed online DiAL-A-RIDE
in the general setting with arbitrary capacity (see [5, Thm 6]). Since this upper bound
matches the general lower bound for online TSP in the general setting, SMARTSTART is
the best possible online algorithm for closed online DiAL-A-RIDE and closed online TSP in
the general setting. Additionally, in contrast to the real line, closed online TSP and DiArL-
A-RIDE in the general setting cannot be separated in terms of competitiveness. Krumke
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SMARTSTART open closed
upper bound lower bound upper bound lower bound
1.75
Di1AL-A-RIDE (¢ < o0) 3.4142 2.0346 2 [13. Thm 13]
£ DiaL-A-RIDE (¢ = ) 3.4142 2.0346 2 1.6404
2.0346 1.6404
TSP 3.4142 [13, Thm 4] 2 [8, Thm 3.3]
— 3.4142 2
g DiaL-A-RIDE (¢ € NU {c0}) (32, Thm 2.30] 2.0346 (5, Thm 6] 2
=
o 2
S TSP 3.4142 2.0346 2 (8. Thn 3.2]

Table 2.2: Overview of the best known bounds for the competitive ratios of SMARTSTART for online D1AL-A-
RIDE on the line (top), and online DiAL-A-RIDE on general continuous metric spaces (bottom)
excluding the results of this thesis. Results are split into DiaL-A-RIDE with capacities ¢ < co and
¢ = oo and TSP. Underlined results are original, all other results follow immediately.

showed in [32, Thm 2.30] that the open version of the SMARTSTART algorithm is roughly
3.4142-competitive, which is the best known upper bound for the competitive ratio of
open online DIAL-A-RIDE on the line as well as in the general setting. The currently best
known bounds for the competitive ratios of algorithm SMARTSTART are summarized in
Table 2.2. Note that the best known lower bounds for the competitive ratio of SMART-
START are identical to the best known general lower bounds, i.e., no thorough analysis of
SMARTSTART’s lower bounds has been conducted yet. The best known upper bounds for
the competitive ratio of SMARTSTART are the same for the real line as well as the general
setting and the same for online DiAL-A-RIDE as well as for online TSP. However, since
none of the best known upper bounds (except the closed version in the general setting)
match their corresponding lower bounds, it is currently unclear if restricting the setting
to the real line or disallowing transportation requests has an impact on SMARTSTART’S
competitive ratio. Furthermore, it is not clear if choosing a specific capacity has an impact
on SMARTSTART’S competitive ratio.

Algorithm IGNORE

The algorithm IGNORE is similar to SMARTSTART, but much more simple in design. This
algorithm was first published in [5]. In [5, Thm 4], Ascheuer et al. showed that IGNORE
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2.1 State of the Art

[GNORE open closed
upper bound lower bound upper bound lower bound
1.75
D1AL-A-RIDE (¢ < 00) 4 2.0346 2.5 [13. Thm 13]
lE) DIAL-A-RIDE (¢ = o0) 4 2.0346 2.5 1.6404
2.0346 1.6404
TSP 4 [13, Thm 4] 2.5 [8, Thm 3.3]
— 4 2.5
g DiaL-A-RIDE (¢ € NU {o0}) (32, Thm 2.29] 2.0346 (5, Thm 4] 2
g 4 4 2
S TSP 2.0346 2.5 (5. Thn 3.2]

Table 2.3: Overview of the best known bounds for the competitive ratios of IGNORE for online DiAL-A-RIDE
on the line (top), and online DiaL-A-RIDE on general continuous metric spaces (bottom) excluding
the results of this thesis. Results are split into DiaL-A-RIDE with capacities ¢ < oo and ¢ = oo and
TSP. Underlined results are original, all other results follow immediately.

is 2.5-competitive for closed online DiaL-A-RIDE in the general setting. Later, Krumke,
one of the authors of [5], analyzed IGNORE for the open version of online DiaL-A-RIDE in
the general setting in his PhD thesis: He showed that the algorithm is 4-competitive [32,
Thm 2.29]. Similar to SMARTSTART, no lower bound analysis for IGNORE’s competitive
ratio has been conducted yet. Consequently, the lower bounds for IGNORE’s competitive
ratio are identical to the best known general lower bounds. Furthermore, again similar
to SMARTSTART, the upper bounds for the competitive ratio of IGNORE are the same for
the real line as well as the general setting and the same for online D1AL-A-RIDE as well as
for online TSP. Additionally, the best known upper bounds for IGNORE’s competitive ratio
are independent of the capacity of the server. However, since none of the upper bounds
match their corresponding lower bounds, it is currently unclear if restricting the setting to
the real line, disallowing transportation requests or choosing a specific capacity has an
impact on IGNORE’s competitive ratio. The currently best known upper and lower bounds
for the competitive ratios of algorithm IGNORE are summarized in Table 2.3.

Algorithm REPLAN

The last algorithm, we examine in this thesis, is the algorithm RepLAN. This algorithm
was first presented in [5]. Ascheuer et al. showed that the algorithm is 2.5-competitive for
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open closed
REPLAN
upper bound lower bound upper bound lower bound
1.75
DiaL-A-RIDE (¢ = 1) 3 2.5 2.5 [13, Thm 13]
A 5 1.75
y DiaL-A-RIDE (1 < ¢ < 0) D .5 3.5 [13, Thm 13]
" DraL-A-RIDE (¢ = o) 45 2.5 3.5 1.6404
2.5 1.6404
TSP 2.5 [8, Thm 4.1] 2.5 [8, Thm 3.3]
3 2.5
B DIAL-A-RIDE (¢ = 1) [32, Thm 2.27] 2.5 [5, Thm 3] 2
©
= 4.5 3.5
Q = 2.9
g D1AL-A-RIDE (¢ > 1) [32, Thm 2.28] 2.5 [32, Thm 2.14] 2
50
2.5 2
TSP [8, Thm 4.1] 2.5 2.5 [8, Thm 3.2]

Table 2.4: Overview of the best known bounds for the competitive ratios of REpLAN for online DiAL-A-RIDE
on the line (top), and online DiaL-A-RIDE on general continuous metric spaces (bottom) excluding
results of this thesis. Results are split into DiaL-A-RIDE with capacities ¢ = 1, 1 < ¢ < oo and
¢ = oo and TSP. Underlined results are original, all other results follow immediately.

closed online DiAL-A-RIDE with capacity ¢ = 1 (see [5, Thm 3]). Krumke, one of the authors
of [5], examined the algorithms more thoroughly in his PhD Thesis [32]. He showed that
the algorithm is 3.5-competitive for closed online DiAL-A-RIDE with capacity ¢ > 1 (see
[32, Thm 2.14]) and 3-competitive for open online DiaL-A-RIDE with capacity ¢ = 1 (see
[32, Thm 2.27]) as well as 4.5-competitive for open online DiaL-A-RIDE with capacity
¢ > 1 (see [32, Thm 2.28]). For open online TSP, Ausiello et al. showed that the algorithm
has a tight competitive ratio of 2.5 (see [8, Thm 4.1]). REPLAN was the best known
online algorithm for open online TSP in the general setting until Bjelde et al. published a
2.4142-competitive algorithm in [13]. No lower bound analysis for REPLAN’s competitive
ratio in the closed version has been conducted yet. Consequently, the lower bounds for
REPLAN’s competitive ratio in the closed version are identical to the general lower bounds.
Even though we have different upper bounds for different capacities, it is currently unclear
if choosing a specific capacity has an impact on REPLAN’s competitive ratio. Similarly, it
is currently unclear if restricting to the real line or disallowing transportation requests
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open closed
Schedule-based P
upper bound lower bound upper bound lower bound
2.6662 2.5
o  DiaL-a-RIDE (c€NU{oo})  thmes5[12]1  Thma4.1 2 2
=)
= 2.6288 2.3333 2
TSP Thm 6.23 Thm 4.2 2 Thm 4.3
. 2.6956 2
g DiAL-A-RIDE (¢ € NU {o0}) Thm 6.36 2.5 [5, Thm 6] 2
=
5 2.6625 2
50 TSP Thm 6.37 2.3333 2 [8, Thm 3.2]

Table 2.5: Overview of the best known bounds for the competitive ratios of schedule-based algorithms for
online D1AL-A-RIDE on the line (top), and online D1AL-A-RIDE on general continuous metric spaces
(bottom). Results are split into DiaL-a-RiDE and TSP. Bold results are our contribution. Underlined
results are original and imply the other results.

has an impact on REPLAN’s competitive ratio. The currently best known bounds for the
competitive ratios of algorithm REPLAN are summarized in Table 2.4.

2.2 Our Contribution

In this thesis, we provide a thorough analysis of the algorithms mentioned above. In
particular, we take a more abstract point of view on the algorithms IGNORE and SMART-
START and identify similarities between them. Using this insight, we define the class
of schedule-based algorithms and identify both algorithms as elements of this class. We
provide a lower bound of 2.5 for the competitive ratio of schedule-based algorithms for
open online DiaL-A-RIDE on the line (see Thm 4.1) and a lower bound of roughly 2.3333
for open online TSP on the line (see Thm 4.2). For the closed online TSP on the line we
provide a lower bound of 2 (see Thm 4.3). A detailed examination of the properties of
schedule-based algorithms is given in the first two sections of Chapter 4. A summary of
results for schedule-based algorithms is given in Table 2.5.

Algorithm IGNORE

For the algorithm IGNORE, we complement the upper bound of 4 for its competitive ratio
for open online DiaL-A-RIDE (see [32, Thm 2.29]) with a matching lower bound (see
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[GNORE open closed
upper bound lower bound upper bound lower bound
g 4 4 2.5
&%  DIAL-ARDE (c€ NU{oo}) 35 1pm220]  Thm4.12[101  [5, Thm 4] 2.5
4]
o S 3.5 3 25 2.5
5 TSP Thm 4.13 Thm 4.14 : Thm 4.11

Table 2.6: Overview of the best known bounds for the competitive ratios of IGNORE for online DiAL-A-RIDE
and online TSP. Bold results are our contribution. Underlined results are original and imply the
other results.

Thm 4.12). We published this lower bound also in [10, Prop A.1]. For closed online TSP,
we provide a lower bound of 2.5 (see Thm 4.11), matching the already known upper bound
for closed online D1AL-A-RIDE (see [5, Thm 4]). Note that this proves that restricting the
underlying metric space to the real line or choosing a specific capacity of the server has
no impact on the competitive ratio of IGNORE for online DiaL-A-RiDE. Furthermore, the
closed version of IGNORE attains the same competitive ratio for online D1AL-A-RIDE as for
online TSP. However, for the open version of online TSP we provide an improved upper
bound of 3.5 (see Thm 4.13) for the competitive ratio of IGNORE, which is strictly lower
than the lower bound for the open version of online DiAL-A-RiDE. We complement this
upper bound with a lower bound of 3 for the competitive ratio of IGNORE for open online
TSP (see Thm 4.14). The exact competitive ratio of IGNORE for open online TSP remains
unknown. Consequently, it also remains unclear whether restricting the setting to the real
line or choosing a specific capacity for the server has an impact on the competitive ratio
of IGNORE for open online TSP. A detailed examination of IGNORE is given in Section 4.3
and summary of all results for algorithm IGNORE is given in Table 2.6.

Algorithm SMARTSTART

As IGNORE before, SMARTSTART is also a schedule-based algorithm. Therefore, the already
mentioned lower bounds for schedule-based algorithms are also lower bounds for SMART-
START’S competitive ratio. In particular, the lower bound of 2 for the competitive ratio of
schedule-based algorithms for closed online TSP on the line (see Thm 4.3) matches the
known upper bound for the competitive ratio of SMARTSTART for closed online D1AL-A-RIDE
(see [5, Thm 6]). Consequently, SMARTSTART is a best-possible schedule-based algorithm
for the closed version of online TSP and online D1AL-A-RIDE even on the real line. For open
online D1AL-A-RIDE on the line we provide an improved upper bound for the competitive
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open closed
SMARTSTART
upper bound lower bound upper bound lower bound
2.9377 2.9377
o D1aL-A-RIDE (c € NU{oo})  piis510]  Thm 5.25 [10] 2 2
=
= 2.7604 2.7604 2
TSP Thm 5.29 Thm 5.40 2 Thm 4.3
—_ 3 2
g D1AL-A-RIDE (¢ € NU {c0}) Thm 5.43 2.9377 [5, Thm 6] 2
=
5] 2.8229 2
o0 TSP Thm 5.44 2.7604 2 [8, Thm 3.2]

Table 2.7: Overview of the best known bounds for the competitive ratios of SMARTSTART for online D1AL-A-
RIDE on the line (top), and online DiAL-A-RIDE on general continuous metric spaces (bottom).
Results are split into Di1aL-A-R1DE and TSP. Bold results are our contribution. Underlined results
are original and imply the other results.

ratio of SMARTSTART of roughly 2.9377 (see Thm 5.5), which we complement with a
matching lower bound (see Thm 5.25). We published these results also in [10, Thm 3.8,
Thm 4.9]. Interestingly, for open online TSP on the line, we provide a slightly stronger
upper bound for the competitive ratio of SMARTSTART of roughly 2.7604 (see Thm 5.29),
which we also complement with a matching lower bound (see Thm 5.40). This proves that
choosing a specific capacity for the server has no impact on SMARTSTART’S competitive
ratio in the open setting on the line, while disallowing transportation request has. For
arbitrary continuous metric spaces, we obtain slightly weaker upper bounds: We show that
SMARTSTART is 3-competitive for the open version of online DiAL-A-RIDE (see Thm 5.43)
and 2.8229-competitive for the open version of online TSP (see Thm 5.44). The lower
bounds obtained on the real line remain for the general setting, i.e., it remains unclear if
restricting the underlying metric space to the real line has an impact on SMARTSTART’S
competitive ratio. A detailed examination of SMARTSTART is presented in Chapter 5 and a
summary of results is given in Table 2.7.

Algorithm SMARTERSTART

During the analysis of SMARTSTART, we obtain conclusive insights on its strengths and
weaknesses. By avoiding a critical weakness of SMARTSTART, we are able to develop an
improved schedule-based algorithm called SMARTERSTART. We show that SMARTERSTART
is 2-competitive for closed online DiAL-A-RIDE (see Thm 6.40), matching the lower bound
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open closed
SMARTERSTART
upper bound lower bound upper bound lower bound
2.6662 2.6662
o  DiaL-A-RmE (c€ NU{oo})  Thmes5[121 Thm6.19 [12] 2 2
=
= 2.6288 2.6288 2
TSP Thm 6.23 Thm 6.33 2 Thm 4.3
—_ 2. 2
g D1AL-A-RIDE (¢ € NU {o0}) % 2.6662 Thm 6.40 2
=
3 2.6625 2
eo TSP Thm 6.37 2.6288 2 [8, Thm 3.2]

Table 2.8: Overview of the best known bounds for the competitive ratios of SMARTERSTART for online DIAL-A-
RIDE on the line (top), and online DiAL-A-RIDE on general continuous metric spaces (bottom).
Results are split into Di1aL-A-R1DE and TSP. Bold results are our contribution. Underlined results
are original and imply the other results.

for schedule-based algorithms for closed online TSP on the line (see Thm 4.3). Thus, as
SMARTSTART, algorithm SMARTERSTART is a best-possible schedule-based algorithm for
closed online DiaL-A-RIDE and closed online TSP. For open online DiAL-A-RIDE on the line
we provide an upper bound for the competitive ratio of SMARTERSTART of roughly 2.6662
(see Thm 6.5), which we complement with a matching lower bound (see Thm 6.19).
This is a significant improvement in comparison to the 2.9377-competitive SMARTSTART
algorithm. We published these results also in [12, Thm 3.7, Thm 1.2]. For open online
TSP on the line we provide a slightly stronger upper bound for the competitive ratio of
SMARTERSTART of roughly 2.6288 (see Thm 6.23), which we complement with a matching
lower bound (see Thm 6.33). This proves that choosing a specific capacity for the server
has no impact on SMARTSTART’S competitive ratio in the open setting on the line, while
disallowing transportation request has. For arbitrary continuous metric spaces, we obtain
slightly weaker upper bounds: We show that SMARTERSTART is 2.6956-competitive for the
open version of online DiaL-A-RIDE (see Thm 6.36) and 2.6625-competitive for the open
version of online TSP (see Thm 6.37). The lower bounds obtained on the real line remain
for the general setting, i.e., it remains unclear if restricting the underlying metric space to
the real line has an impact on SMARTERSTART’S competitive ratio. A detailed examination
of SMARTERSTART is presented in Chapter 6 and a summary of results including the results
of this thesis is given in Table 2.8.
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open closed
REPLAN
upper bound lower bound upper bound lower bound
DiAL-A-RIDE (¢ = 1) 3 2.5 2.5 2
3
o DIAL-A-RIDE (1 < ¢ < 00) 4 2.5 Thm 7.6 2
=)
- D1AL-A-RIDE (¢ = 00) 3 2.5 2.5 2
2.5 2 2
TSP 2.5 [8, Thm 4.1] Thm 7.5 Thm 7.4
3 2.5
DiAL-A-RIDE (¢ = 1) (32, Thm 2.27] 2.5 [32, Thm 2.15] 2
_ 4 3.5
< DIAL-A-RIDE (1 < ¢ < 00) Thm 7.8 2.5 [32, Thm 2.14] 2
(]
g 3 2.5
&  DIAL-A-RIDE (c = o0) Thm 7.9 2.5 Thm 7.7 2
2.5 2
TSP [8, Thm 4.1] 2.5 2.5 [8, Thm 3.2]

Table 2.9: Overview of the best known bounds for the competitive ratios of REpLAN for online D1AL-A-RIDE
on the line (top), and online D1aL-A-RIDE on general continuous metric spaces (bottom). Results
are split into D1AL-A-RIDE with capacities ¢ = 1, 1 < ¢ < oo and ¢ = oo and TSP. Bold results are
our contribution. Underlined results are original and imply the other results.

Algorithm REPLAN

Algorithm REPLAN is the only online algorithm examined in this thesis that is not schedule-
based. We present a lower bound of 2 for the competitive ratio of REPLAN for closed online
TSP on the line (see Thm 7.4), which we complement with a matching upper bound for
the closed version on the line (see Thm 7.5). The upper bound for the closed TSP version
of REPLAN in the general setting remains 2.5. For closed online DiAL-A-RIDE, we provide
an upper bound of 3 for capacity ¢ > 1 on the line (see Thm 7.6) and an upper bound
of 2.5 for capacity ¢ = oo in the general setting (see Thm 7.7). For the open version of
online DiAL-A-RIDE, we improve Krumke’s upper bound of 4.5 for capacity ¢ > 1 to a
bound of 4 for capacity 1 < ¢ < oo (see Thm 7.8) and to a bound of 3 for capacity ¢ = co
(Thm 7.9). However, even though we improve several upper and lower bounds for the
competitive ratios of different versions of REPLAN, we only show a tight competitive ratio
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General Bounds open closed
upper bound lower bound upper bound lower bound
2.6662 2.0585 1.7636
D1aL-A-RIDE (¢ < o0) Thm 6.5 [12]  Thm 3.2 [12] 2 Thm 3.1
)
5 DiAL-A-RIDE (¢ = o0) 2.4142 2.0346 2 1.6404
2.0346 2.0346 1.6404 1.6404
TSP [13, Thm 10] [13, Thm 4] [13, Thm 3] [8, Thm 3.3]
DiAL-A-RIDE (¢ < 00) 31129653(2 2.0585 5 T%m 6] 2
E 2.4142 2
% DIAL-A-RIDE (¢ = o0) [13, Thm 12] 2.0346 (25, Thm 2.3] 2
£0
2 2
TSP 2.4142 2.0346 [8, Thm 4.2] [8, Thm 3.2]

Table 2.10: Overview of the best known bounds for the competitive ratios of online DiAL-A-RIDE on the line
(top), and online D1AL-A-RIDE on general continuous metric spaces (bottom). Results are split
into D1aL-A-RIDE with capacities ¢ < oo and ¢ = co and TSP. Bold results are our contribution.
Underlined results are original and imply the other results.

for closed online TSP on the line. For all other versions of the problem, gaps between
upper and lower bounds remain. Consequently, it remains unclear if REPLAN has different
competitive ratios for online DiAL-A-RIDE and online TSP and if restricting the underlying
metric space to the real line has an impact on its competitive ratio. Furthermore, it remains
unclear if choosing a specific capacity has an impact on the competitive ratio. A thorough
examination of REPLAN in conducted in Chapter 7 and an overview of our results is given
in Table 2.9.

General Bounds

The analysis of the SMARTERSTART algorithm leads to several now improved general upper
bounds for the competitive ratio of the problem online DiAL-A-RIDE. In particular, for
open online DiaL-A-RIDE we improve Krumke’s upper bound of roughly 3.4142 provided
by SMARTSTART (see [32, Thm 2.30]) to an upper bound of roughly 2.6662 on the line
(see Thm 6.5, also published in [12]) and to roughly 2.6956 in the general setting (see
Thm 6.36). Besides providing analyses of online algorithms, we also present improved
general lower bounds for online DiaL-A-RIDE on the line. For closed online DiAL-A-RIDE

22



2.3 Related Work

on the line with capacity ¢ < co, we provide an improved lower bound of roughly 1.7636
(see Thm 3.1) and for open online DiaL-A-RIDE on the line with capacity ¢ < oo we
provide a lower bound of roughly 2.0585 (see Thm 3.2, also published in [12]). The latter
separates open online Di1AL-A-RIDE on the line from open online TSP on the line in terms
of competitiveness. The lower bounds for online DiaL-A-RIDE with infinite capacity remain.
See Chapter 3 for a detailed discussion of the lower bound constructions.

2.3 Related Work

Many different versions and modification of online DiaL-A-RiDE have been studied in the
past. As already mentioned, in this thesis, we focus on the non-preemptive variant of
online DiaL-A-RIDE, where requests cannot be unloaded on the way in reaction to the
arrival of new requests. For the closed version in the case where preemption is allowed,
we have a tight competitive ratio of 2 in the general setting and bounds of [1.64, 2] on the
line. The lower bounds are implications of the lower bounds for closed online TSP on the
line [8, Thm 3.3] and in the general setting [8, Thm 3.2] and the best algorithm for closed
preemptive online DiAL-A-RIDE is the SMARTSTART algorithm for closed non-preemptive
online DiAL-A-RIDE [5, Thm 6]. Thus, the preemptive version is neither separated from
online TSP nor is it separated from non-preemptive online DiAL-A-RIDE on the line. The
same is true for open preemptive DIAL-A-RIDE on the line as well as in the general setting:
The best bounds for the open, preemptive variant are [2.04, 2.41] (see [13, Thm 4] and [13,
Thm 12]), where the lower bound is again an implication of the lower bound for open
online TSP on the line. The problem can be further modified by weakening the adversary.
A adversary is called fair, if it only releases requests such that the optimum server cannot
leave the convex hull of the origin and the positions of the currently released requests. Blom
et al. introduced this adversary model and provided a lower bound of HT\/EW ~ 1.57 [14]
for the competitive ratio of closed online TSP that was complemented by a matching
online algorithm published by Lipmann [35].

A randomized version of closed online TSP was examined by Chen et al. [17]. They
show a tight competitive ratio of 1.5. In case of a fair adversary they present a lower bound
of HT*/ﬁ ~ 1.28, which they complement with an upper bound of 94“17@ ~ 1.39.

Besides these minor modifications of the problem, many variants with more involved
modifications have been studied. A variant of the online DiaL-A-RIDE problem where the
objective is to minimize the maximal flow time, instead of the makespan, has been studied
by Krumke et al. [33, 34]. They established that in many metric spaces no online algorithm
can be competitive with respect to this objective. Hauptmeier et al. [29] showed that a
competitive algorithm is possible if we restrict ourselves to instances with “reasonable”
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2 Online DIAL-A-RIDE and Online TSP

load. They defined an instance as reasonable if requests that appear over a sufficiently
large time period 7" can always be served in time at most 7'. Lipmann et al. [36] studied a
natural variant of closed, online DiaL-A-RIDE where the destinations of requests are only
revealed upon collection by the server. For general metric spaces and server capacity c,
they showed a tight competitive ratio of 3 in the preemptive setting, and lower/upper
bounds of max{3.12, ¢} and 2c¢ + 2, respectively, in the non-preemptive setting. Yi and
Tian [45] considered the online DiaL-A-RIDE problem with deadlines, with the objective
of serving the maximum number of requests. They provided bounds for the competitive
ratio depending on the diameter of the metric space. In [46] they further studied this
setting where the destinations of requests are only revealed upon collection by the server.

The offline version of DiaL-A-RIDE on the line has been studied in various settings. An
overview has been provided in [41]. For the closed, non-preemptive case without release
times, Gilmore and Gomory [27] and Atallah and Kosaraju [6] gave a polynomial time
algorithm for a server with unit capacity ¢ = 1, and Guan [28] showed that the problem
is hard for ¢ = 2. Bjelde et al. [13] extended this result to any finite ¢ > 2 and both
the open and closed case. They further showed that, with release times the, problem is
already hard for finite ¢ > 1. On the other hand, the complexity of the case ¢ = oo has
not yet been established. The closed, preemptive case without release times was shown
to be polynomial time solvable for ¢ = 1 by Atallah and Kosaraju [6], and for ¢ > 2
by Guan [28]. For the closed, non-preemptive case with finite capacity, Krumke [32]
provided a 3-approximation algorithm. Finally, Charikar and Raghavachari [16] gave
approximation algorithms for the closed case without release times, both preemptive and
non-preemptive, on general metric spaces.
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In this chapter, we present two new lower bounds for online DiaL-A-RIDE. On one hand
we will present a lower bound of 1.7636 for the closed version of online DIAL-A-RIDE on
the line and on the other hand we provide a lower bound of 2.0585 for the open version
of online DI1AL-A-RIDE on the line. To be more precise we prove the following results.

Theorem 3.1. Let pq ~ 1.7636 be the largest root of the polynomial —14p? + 40p — 27.
There is no (pq — €)-competitive algorithm for closed online D1AL-A-RIDE on the line with
capacity ¢ < oo for any € > 0.

Theorem 3.2. Let pop ~ 2.0585 be the second largest root of the polynomial 4p® — 26p? +
39p — 5. There is no (pop — €)-competitive algorithm for open online DIAL-A-RIDE on the line
with capacity ¢ < oo for any € > 0.

The latter result separates the open versions of online DIAL-A-RIDE and online TSP on the
line in terms of competitiveness since open online TSP on the line has a tight competitive
ratio of 2.0346 [13, Thm 10]. For closed online DiaL-A-RIDE and online TSP on the line this
separation was already established in [13]. Bjelde et al. showed a tight competitive ratio
of roughly 1.6404 for closed online TSP on the line and improved the lower bound of online
Di1AL-A-RIDE to 1.75. Interestingly, this kind of separation is not possible in the general
setting: Ausiello et al. were able to show in [8] that online TSP on an arbitrary continuous
metric space has a tight competitive ratio of 2. This directly implies a lower bound of 2 for
online D1AL-A-RIDE on general metric spaces, which Ascheuer et al. complemented with
the 2-competitive SMARTSTART algorithm in [5]. See Table 2.1 in Chapter 2 for a full list
of currently known bounds excluding the results of this thesis. We published Theorem 3.2
and its proof also in [12].

Preparations

The proof of Theorem 3.1 and the proof of Theorem 3.2 rely on constructing a request
sequence that consists of two stages. The intuitive idea of these two stages is the following:
The first stage forces the algorithm ALG to be in some critical situation and the second
stage then exploits this situation and forces ALG to be at best p-competitive for a certain
p>1.
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To simplify the exposition a bit, consider the situation in which the server is fully loaded
with requests that have the same destination: Let ALG’ be a online algorithm for online
DiaL-A-RIDE. We call ALG’ eager if, in the case that ALG’ is fully loaded with requests that
have the same destination, it immediately delivers all loaded requests without detour. It
is clear that we can transform every algorithm ALG"” into an eager algorithm ALGg,ge, by
letting it act exactly as ALG”, except if it is fully loaded. In the case it is fully loaded, we
let ALGg,ge, deliver the requests right away, wait until ALG” would have delivered them,
and then let it continue like ALG". Since ALG" cannot collect or serve other requests while

being fully loaded, we have ALGg,ge,(0) < ALG"(0) for every request sequence o.

Observation 3.3. Every algorithm for online DIAL-A-RIDE can be turned into an eager
algorithm with the same competitive ratio.

Thus, we may assume in the following that the algorithm ALG is eager. Furthermore, in
the following, we use the notation “move(a)” to describe the trajectory of a server for the
tour that moves the server from its current position with unit speed to the position a € R.
By pos(t) we denote ALG’s position at time ¢.

3.1 Lower Bound for Closed Online DIAL-A-RIDE on the Line

In this section, we prove Theorem 3.1. Let ¢ < oo and ALG be an algorithm for closed
online D1AL-A-RIDE. Let p. ~ 1.7636 be the largest root of the polynomial —14p? +40p—27.
We describe a request sequence o, such that

ALG (Upcl) Z pClOPT (O-pcl) :

We first give a more intuitive description of our construction omitting most technical
details. As already mentioned, our construction consists of two stages, with the first stage
ending when a critical situation for ALG is established. We start by describing this critical
situation and how to exploit it, i.e., we first explain the second stage. ,
Suppose we have ¢ times the request s}, = (rp,0;7) and ¢ times the request s} =

(=r;,0;7,) with j € {1,..., c}. We assume that ALG loads all ¢ requests sﬁé at once before

any of the ¢ requests s at some time %, > (2pq — 2)r; + (2pq — 3)rz. Then we could just
release the request s}, = (1, rp; 2r, + rp) and we would have

ALG(op,) =th +2r; + 3rp
> (2pa = 2)rp + (2pa — 3)rg + 21, + 3R
= 2pary + 2parg
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3.1 Lower Bound for Closed Online DIAL-A-RIDE on the Line

= paOPT(0,,),

since OPT can serve the 2c + 1 requests in time 2r; + 2r; by serving the requests SJL
first. In fact, we can force ALG into this situation, if the requests §p = (rp,TRiTR) and
s} = (—rp,—rp;r;) satisfy the following properties.

Definition 3.4. Let p > 1. We call the last 2¢ requests 3‘}% = (rg,rpiTR) and SJL =
(=rp,—rp;rp) with j € {1,..., ¢} of a request sequence o with 0 < r; < rp c-p-critical
for ALg if the following conditions hold:

(i) Both tours
move(—r; ) @ move(ry) @ move(0)

and
move(ry) @ move(—r; ) @ move(0)

serve all requests presented until time r .

(i) If AL loads at least one request sfq before it loads any of the requests SJL’ it does it
no earlier than ¢}, := (2p — 2)r; + (2p — 3)7p.

(iii) If ALG loads at least one request S]L before it loads any of the requests s{é, it does it
no earlier than ¢} := (2p — 2)rp + (2p — 3)r.

: Th < 2p°—6p+d
(iv) It holds that r S Doap1

Analysis of the Second Stage

Definition 3.4 describes the critical situation ALG is forced into at the end of the first
stage. There are two things we have to prove: We can present a request sequence that
satisfies Definition 3.4 (first stage), and, once ALG is in the critical situation described
by Definition 3.4, we can release additional requests, such that ALG is not better than
p-competitive (second stage). We first show the latter.

Lemma 3.5. Let p € (5(2+ v2),3(5 + V5)] ~ (1.7071,1.8090]. If there is a request
sequence with 2c c-p-critical requests for ALG, we can release additional requests such that
ALG is not (p — €)-competitive on the resulting instance for any ¢ > 0.

Proof. Let o, be a request sequence with c-p-critical requests sji and 35«2 according to
Definition 3.4. First, we note that Definition 3.4 implies 0 < r; < rp, i.e., Definition 3.4
(iv) can only hold if
2 _
1< R < 20 —6p+4 ’
rp T —2p2+4p—1
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pos B AL pos E AirG
H OpT E OrT
ap - ap -
time \ time
~
a; - s OpT(0,) ALG(0,) ay - Opt(0,) t* ALG(0,)

Figure 3.1: Left: ALG does not serve all requests s, (yellow o) at once and moves the distance from the origin
to ao three times. Right: AL waits too long before serving the requests s}, i.e. t* gets too large.
We only show ALc’s walk after time ¢; and ¢*. OpT is blue, the requests s} are red @ and p = pq.

ie., if p € (3(2+ Vv2),%(5+ V5)] holds. Let ag € {—r,,r,} be the starting position of
the requests of the subsequence (sf)) j € {(sé) s (sg'%) ;} that are collected first by AL and
let a; € {—r,,r} be the starting position of the requests (s]); € {(Si)j, (S'}é)j} that are
on the opposite side of the origin. By properties (ii) and (iii) of Definition 3.4, ALG cannot
collect any request sé before time ¢ := (2p — 2)|a1| + (2p — 3)|ap|. Note that p > 1.7071
implies ¢§ > 0. Assume ALG only serves ¢ < c of the requests 36 before loading the
remaining ¢ — ¢’. See the left part of Figure 3.1 for an illustration of this case. We have

ALG(a,) = £+ 2lay| + 3lao] = 2p|ar| + 2plag| = pOPT(a,),
since all requests can be served with the tour move(a;) & move(ag) ® move(0) according
to (i). .

Thus, we may assume that ALG loads all ¢ requests s}, at once at some time ¢*. If no
additional requests are released, we have

ALG(0,) > t* + |ao| + 2|a1]

and
OprT(0,) = 2|a1| + 2|ao|

again by (i). Thus, the claim is true if
t* + |ag| + 2|a1| > 2plai] + 2p|ao], ie., t* > (2p —2)|a1| + (2p — 1)|ao]

holds. See the right part of Figure 3.1 for an illustration of this case. If we have t* <
(2p — 2)|a1| + (2p — 1)|ap| we release the request

53' := (sgn(ag) max{|agl|, t* — 2|a1|}, sgn(ag) max{|ag|,t* — 2|ai|}; t*)
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pos H Aic
E OpT

time

A1G(o,)

a1 -

Figure 3.2: ALG (green) collects all s}, (yellow o) at time ¢* = (2p — 2)|a1| + (2p — 2)|ao|. This implies that
the request s; (violet @) is released at position t* — 2|a1| and after OpT reaches ao. We only show
Arc’s walk after time ¢*. OpT is blue, the requests s} are red @ and p = pq.

and define a:; to be the request sequence o, plus the request sg . Since ALG has loaded

the requests 36 and is fully loaded, it has to deliver the loaded requests before being able
to serve si . Thus, we have

ALG(0)) > t* + |ag| + 2 max{|aq, t* — 2|a1|} + 2|as].

Opr serves the requests s{ first and thus reaches position sgn(ag) max{|ag|, t* — 2|a1|} at
time ¢* or before. Therefore, OpT does not need to wait for the release of si and we have

Opt(0,) = 2|a1| + 2max{lag|, t* — 2|as[}.
If we have max{|ag|, t* — 2|a1|} = |ao|, the claim is true if
£+ 3lag| + 2ar| = 2plar] + 2placl,  ie, > (2p— 2)lar] + (2p — 3)lao]

holds, which is always the case because of (ii) and (iii). Otherwise, if max{|ag|,t*—2|a1|} =
t* — 2|ay|, the claim is true if

. 2
3t + |ao| — 2|a1| > 2pt™ — 2plaq], ie., < 2P

1
T lag|  (3.1)

-2 x| + 1
—3" 9,3
holds. An illustration of this last case is given in Figure 3.2. The inequality (3.1) holds for
all t* < (2p — 2)|a1| + (2p — 1)|ao| if

2p —2 1

> (2p—2 2p — 1)|aol.
2p_3\a1!+2p_3\a0!_(P )ai] + (2p — 1)]ao|
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This is equivalent to
lao| - 2p? — 6p + 4
lal] = =2p2+4p -1’
which holds because of (iv). O

Analysis of the First Stage

Thus, what remains is to construct a request sequence o,  that satisfies all properties of
Definition 3.4.

We let ALG wait until time 1. Without loss of generality, we assume that ALG’s position
at time 1 is pos(1) < 0 (the other case is symmetric). Now, let the request s% = (1,1;1)
appear. ALG cannot serve s}, before time 2. If ALG serves sY, after time 2p, — 1 it is not
pel-competitive, since

ALG((s%)) > 2pa — 1+ 1 = 2pa = paOPT((s%)).

Letr; € [2,2pq — 1) be the time ALG serves s% and let ¢ requests SJL = (—r;,0;7;) with
j€{1,...,c} appear. We define the line

gcl(t) = (5 - 2/)(:1) 1= (2pcl - 2) “TrL-

We have r; € [2,2pq — 1) and £y(r;) = (7 — 4p)r; . Since pq > 1.75, we have £(r;) <
0 < pos(r;), i.e., ALG’s position at time r; is above the line ¢ in the position-time diagram.
Thus, ALG crosses the line ¢ before loading any of the ¢ requests s} . Let r be the time
ALG crosses the line ¢ for the first time after time r, and let ¢ requests s}, = (rg,0;75)
with j € {1,...,c} appear. We define o/, := (s, s7,...,55, 5%, ...,5%).

Lemma 3.6. Let j € {1,...,c}. ALG can neither collect a request sji before time t} nor can
it collect request s}, before time t},

Proof. See Figure 3.3 for an illustration of ALG collecting the requests 51 after time ¢}
(left) and an illustration of ALG collecting the requests sﬁ at time t7, (right). Assume ALG
serves the requests s7, before s’ . Then it does not collect any request s, before time

TR+ Wa(rg) — gl = 2rg — La(rr) = (2pa — 2)rp + (2pa — 3)rg = tR

where the first equality follows since ALG is to the left of position r at time 7. If we
have

la(rg) > (2pa — 3)rg — (4 — 2pa)7p, (3.2)
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pos , BALG pos , BALG
Tk - ! /l TR -
1 e n.’ 1 4
0 A\ time 0 time
—e T AL T
1 ,'H TR >t
o
/' I
T A 'l & —Tr A

Figure 3.3: Left: ALG (green) collects SJL (yellow o) before s{% (violet ®). The requests sJL are collected later
than ¢7. Right: ALG collects s}, before s/ . The requests s, are not collected before ¢};. Request
s% is red @ and £ is the dashed black line.

ALG cannot collect any request si before time

rr+ Wa(rg) — (=rp)| = rr+Lalrg) +7p
(3.2)

Y

TR+ (200 — 3)rr — (4 = 2pa)ry + 7L,
= (2pa — 2)rg + (2pa — 3)rp =11,

where the first equality follows since ALG is to the right of position —r 5 at time r 5. Thus, it
is enough to show inequality (3.2). Inequality (3.2) holds for r, > 4”°12_p? r;. ALG crosses

(q earliest if it moves towards position —r; directly after serving the request s%. Thus,
the earliest possible time ALG crosses /. is the solution of

la(rr) = (5= 2pa)rg — (2pa — 2)rp =rp +1—1p,

which is 7}, := gl:dQ_Pi rp + 5_12 o Because of the inequality
<2Pcl_3_2pcl_1>r _ 6p — 11 -
4—2pqg 5-2pa) " 4p2 — 18pq +20 ©
4pa — 7

IN

2pq — 1

6p% — 17pq + 11
4,02l — 18pq + 20
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pa < 1.85 1

5—2pq’
we have 73, > Z’f{pj r;, i.e., inequality (3.2) holds. O
Finally, we show that the requests sfq and SJL with j € {1, ..., c} are critical.
Lemma 3.7. Let j € {1,...,c}. The requests sg% and sji of the request sequence o,  satisfy

Definition 3.4.

Proof. The release time of every request is equal to its starting position, thus every request
can be served/loaded immediately once its starting position is visited and (i) of Defini-
tion 3.4 is satisfied. Lemma 3.6 shows that (ii) and (iii) of Definition 3.4 are satisfied.
It remains to show that property (iv) of Definition 3.4 is satisfied. For this, we need to
examine the release time r, of the requests s7,. The time r, is largest if ALG tries to avoid
crossing the line /., as long as possible, i.e., it continues to move right after serving the
request s%. Then, we have pos(t) = 1 —r; + ¢ for t > r; and rp, is the solution of

L—r,+rg=(5—=2pa)rr — (2pa — 2)7p.

. 2pd—3 1 1
Thus, in general, we have r, < 50" T =550 1€

Tj<2pcl_3 1 TL<Z2 4pcl_5.
rp T 4—=2pa  (4—2pa)ry T 8—4pa

. 202 —6pq+4 .. . .
For property (iv), we need & < ZPd2PdT% Thig is satisfied if
property (iv), TL T —2p3+4pa—1

4pa =5 _ 20 —6pa+4
8—dpg — _szl +4pa —1

holds, which is equivalent to
—14p2 + 40pq — 27 > 0.
This is true by definition of p. O

Together with Lemma 3.5, this completes the proof of Theorem 3.1.
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3.2 Lower Bound for Open Online DIAL-A-RIDE on the Line

In this section, we prove Theorem 3.2. Let ¢ < oo and ALG be an eager online algorithm for
open online D1AL-A-RIDE. Let pop ~ 2.0585, be the second largest root of the polynomial
4p% — 26p% + 39p — 5. We describe a request sequence e SUch that

ALG(0p,,) > PopOPT(0)p,,)-

The proof follows the same design principle as the proof of Theorem 3.1: We construct a
request sequence in a first stage that forces ALG into some critical situation that is then
exploited in the second stage.

The request sequence that will be constructed in this section is based on the request
sequence presented by Bjelde et al. in [13] to prove the lower bound of 2.0346 for online
TSP on the line: The first stage starts with an initial request (1, 1;1) (assuming w.l.0.g.
ALG’s position at time 1 is at most 0). This stage consists of a loop, which ends as soon
as two so-called critical requests are established. The second stage exploits the situation
generated by the critical requests by releasing suitable additional requests to show the
desired competitive ratio. A single iteration of the loop only yields a lower bound of
roughly 2.0298, but as the number of iterations approaches infinity one can show the tight
bound of roughly 2.0346 in the limit.

In Theorem 3.2, we show a lower bound of roughly 2.0585 using the same general
structure but only a single iteration in the first stage. Our additional leeway stems from
replacing the initial request (1, 1; 1) with ¢ initial requests of the form (1, §; 1) where § > 1:
At the time when an initial request is loaded, we show that w.l.o.g. all ¢ requests are
loaded and then proceed as we did when (1, 1; 1) was served.

Before we explain the first stage in detail, we consider the second stage. We start by
describing the critical situation we want to force ALG into and then explain how to exploit
it. Suppose we have two requests s, = (rp,7z;7g) and s; = (—rp, —rp,r;) withr, <rp
to the right and to the left of the origin, respectively. We assume that ALG serves s, first at
some time t* > (2pop — 2)7; + (pop — 2)7 . Now suppose we could force ALG to serve s
directly after s, even if additional requests are released. Then we could just release the
request sy, = (rp, 7, 2r; + rz) and we would have

ALG(0p,,) = t* 4 21 + 2rp > 2popTy, + popTr = PopOPT(0,,,),
since OPT can serve the three requests in time 2r; + r, by serving s, first. In fact, we

will show that we can force ALG into this situation (or a worse situation) if the requests
sp=(rp,rpirp) and s; = (—r;, —r,r; ) satisfy the following properties.
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Definition 3.8. Let p > 0. We call the last two requests s, = (rp,rp;7p) and s; =
(—=ry,—rp,r;) of a request sequence with 0 < r; < rp o-p-critical for ALG if the following
conditions hold:

(i) Both tours move(—r; ) @ move(ry) and move(r) @ move(—r; ) serve all requests
presented until time r .

(if) Arc servesboth s, and s, after time 7, and ALG’s position at time r, lies between 7,
and —r;.

(iii) If ALG serves s before s, it does so no earlier than ¢}, := (2p — 2)r; + (p — 2)7p.
(iv) If ALG serves s; before s, it does so no earlier than ¢} := (2p — 2)rp + (p — 2)7;.

TR < _Ap°—30p+50_
(v) It holds that o < = 71 50p—66"

Definition 3.8 differs from [13, Definition 5] for online TSP on the line only in property (v),
which is :—IL“ < 2 in the original paper.

Analysis of the Second Stage

Definition 3.8 describes the critical situation ALG is forced into at the end of the first stage.
As before in the closed case, there are two things we have to prove: We can present a
request sequence that satisfies Definition 3.8 (first stage), and, once ALG is in the critical
situation described by Definition 3.8, we can release additional requests, such that ALG is
not better than p-competitive. In this subsection, we show the latter.

Lemma 3.9. Let p € (2,3(10 — v/13)) ~ (2,2.1315). If there is a request sequence with
two o-p-critical requests for A1LG, we can release additional requests such that ALG is not
(p — €)-competitive on the resulting instance for any € > 0.

Lemma 3.9 has been proved in [13, Lemma 6] for request sequences that satisfy the
properties of [13, Definition 5], however, a careful inspection of the proof of [13, Lemma 6]
shows that the statement of Lemma 3.9 also holds for request sequences that only satisfy
(v) instead of R < 2. For the sake of completeness, we present the full proof for our
slightly dlfferent version of Definition 3.8 and Lemma 3.9.

Let 0, be a request sequence with o-p-critical requests s; and s according to Defini-
tion 3.8. First, we note that Definition 3.8 implies 0 < r; < 75, i.e., Definition 3.8 (v) can
only hold if

4p% — 30p + 50
—8p2 + 50p — 66

-
1< R<
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Le.,if p € (§(25—97), 1(10 — V13)] ~ (1.8939,2.1315] holds. Let ag € {—r,r} be the
position of the request sy € {s;, s} that is served first by AL and let a; € {—r, 7z} be
the position of the request s; € {s;, s} that is not served first. By properties (iii) and (iv)
of Definition 3.8, ALG cannot serve sy before time ¢j; := (2p — 2)|a1| + (p — 2)|ao|. Thus,
we have

ALG(0p) =ty + |ao — a1] = (2p — D]ar| + (p — D]ao| =: 7, 3.3)

i.e., ALG cannot serve s; before time ¢;. We have equality in inequality (3.3) if ALG
serves sq the earliest possible time ¢j; and then moves directly to position a; serving s; at
time ¢]. However, in general ALG does not need to do this and instead might wait. If AL
still has to serve sq at time ¢ > max{|ao|, |a1|}, we have

ALG(0,) >t + |pos(t) — ag| + |ag — a1]
and if sq is served and only s; is left to be served, we have
ALG(0,) >t + |pos(t) — a1].

We want to measure the delay of ALG at a time ¢ > max{|ao|, |a1|}, i.e., the difference
between the minimum time ALG needs to serve both requests sy and s; and the time ¢7,
which is the earliest possible time, both requests are served. For ¢t > max{]|aq|, |a1|} we
define the function

t + |pos(t) — ao| + |ao — a1| — t7 if s¢ is not served at ¢,
delay(t) := ¢ t + |pos(t) — a1| — t] if s is served at ¢, but s; not,
undefined otherwise.

We make the following observations about delay:

Observation 3.10. Let ¢t > max{|aog|,|a1|} be a time at which s; is not served yet, i.e.
delay(t) is defined. Then we have delay(t) > 0.

Proof. First, we note that request s; is not served before time ¢;. At every point of time ¢ >
max{|ag|, |a1|} at which s is not served yet, ALG needs at least time |pos(t) —ag|+|ag — a1 |
to serve so and then s;. This implies

t 4 |pos(t) — ao| + |ap — a1| > 7,

i.e., delay(t) > 0. Similarly, at every point of time ¢ > max{|ao|, |a1|} at which s is served,
but s; not, ALG needs at least time |pos(¢) — a1]| to serve s;. This implies

t + |pos(t) — ag| > t],

i.e., again delay(¢) > 0. O
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Observation 3.11. Let ¢t > max{]|ao|, |a1|} be a time at which s; is not served yet. The
earliest time ALG can serve s; is t7 + delay(t).

Proof. At every point of time ¢ > max{|ag|, |a1|} at which s is not served yet, ALG needs
at least time
|pos(t) — ag| + |ag — a1| = t] + delay(t)

to serve sg and then s;. Similarly, at every point of time ¢ > max{|aog|, |a1|} at which sg is
served, but s; not, ALG needs at least time

|pos(t) — a1| = t] + delay(t)
to serve si. O

Lemma 3.12. Let p > 2 and ALG be (p — ¢)-competitive for some ¢ > 0. Thereisa W > 0
with -
delay<2|a1\ + |ao| + > =W
p—1
Proof. Because of property (ii) of Definition 3.8, at time max{|ao|, |a1|} neither sy nor s;
has been served by ALG yet. Since ALG serves s; after sy, the request s; is not served
before time
max{|aol, [a1|} + |ao| + [a1| = 2|a1| + |ao|,

i.e, delay(2|a1| + |ag|) is defined and because of Observation 3.10, we have delay(2]a1| +
lap|) > 0. If delay(2|ai| + |ag|) = 0, we have W = 0 and are done. Otherwise, by
Observation 3.10, we have

delay(2|a1| + |ag|) > 0. 3.4

ALG needs to serve s; at some point to be (p — ¢)-competitive. Let W* be chosen such that
ALG serves s at time 2|a;| + |ag|+ %5 Therefore,

W*
delay <2|a1| + |ao| + o1 5')

is defined for some sulfficiently small ¢’ < |a;|. Define the function

w
f(W):= delay<2|a1\ + |ao| + p—1> - W

Note that f is continuous, and we have f(0) > 0 by inequality (3.4). If

w* w* >2
dctay (2l + ool + 7 — ') < LW (-
p— p—
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we have f(W*—(p—1)e’) < 0, and we find W in the interval (0, W* — (p—1)e’]. Otherwise,
we have

w w
delay <2la1| + |ao| + - 8') > - (3.5)
p—1 p—1

Then, by Observation 3.11, the earliest possible time ALG serves s; is

w* (3:5) w*
’{+de1ay<2|a1\+]a0|+ —5’> > t’f—kp —é,

p—1 -1
i.e., s1 is not served at time ¢} + pwfz — ¢’. However, we have
WH* WH*
ty —¢ = 20 — 1Dla — 1]a —¢
1+p_1 (20— Da1| + (p )|0|er_1
p>2,¢ <la w*
> 2|a1| + |ao| + :
p—1
which is a contradiction to the fact, that W* was chosen such that ALG serves s; at time
2|a1|—|—\a0|+pvzl. O

Lemma 3.13. Let 2 < p < % and ALG be (p — ¢)-competitive for some € > 0. Furthermore,
let W > 0 with

w
delay(2|a1\ + ’CLO| + p_1> =W.

Then ALG serves sy no later than time 2|a;| + |ao| + pTWl.

Proof. Assume we have

w
2|a1\+]a0|+ﬁ > to+ W. (3.6)

By definition of W and Observation 3.11, ALG can serve s; at time
* W *
Because of inequality (3.6), this can only be the case if ALG serves sy no later than time

* * (3.6) W
tl—l—W—]al—ao\ :to-i-W < 2‘@1‘+’a0|+ﬁ.
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Thus, it remains to show inequality (3.6). Because of property (i) of Definition 3.8 all
requests can be served by the tour move(a;)®move(ay), i.e., we have OpT(c,) < 2|a;|+|ag].
By inequality (3.7), we have ALG(o,) > t] + W. Thus, if we have

ALG(a,) = 8+ W > (p— &) 2lar] + lao]) = (p — £)OPT(a),
ALG is not (p — ¢)-competitive. Therefore, we may assume
11+ W < (p—¢)(2lar] + |aol),
and thus

W < (p—¢)(2lar| + [ao]) — ]
= (p —&)(2la1| + |aol) — (2p — V)]a1| = (p — 1)lao|
= (1 —2¢)]a1| + (1 — ¢)|aol
< la1| + |ao. (3.8)

o~ o~

If we solve inequality (3.6) for W, it is equivalent to

2ar| +faol =15 2Jaa]+fao| — ((2p = 2)[aa| + (p — 2)[acl)
1— L o 1— L
p—1 p—1
_ (=D —=2p)|ar| + (3 = p)lac])
p—2
—1)4-2 -3 -
_ (p=1)( p)|a1|+(p )( p)w
p—2 p—2
Def 3.8 (v) (—p? +3p — 1)(—8p* + 50p — 66)
> agl + (2 —2p)|a1| + a
5p3 — 36p2 + 86p — 67
>
= ool + 2p3 — 19p2 + 55p — 5O’a1|
2<p<25
> Jag| + |a1]
(3.8)
> W O

Now we have all ingredients to prove Lemma 3.9.

Proof of Lemma 3.9. Let W > 0 with

w
delay<2|a1\ + ]a0| + p_1> =W.
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pos B AL
H OpT
ag
ap -
O tlme
Ort(c ALG
a1 ] = ra'

Figure 3.4: Case 1: ALG (green) serves s; (red @) before 53' (violet @). In this figure we have delay(t) = W = 2
for t > t5 + W. OpT is blue, the request s is yellow o.
We present the request

so = (ag.ag;7g)

1 ap + sgn(ag)p

W olan] + Jag] +
_17 1 0 ,0—1

w
= (a0 -+sgnla)

and define o to be the request sequence o, plus the request s¢. We distinguish two
cases.

Case 1: Attime ", ALG is at least as close to a; as to ag or it serves s; before s .
See Figure 3.4 for an illustration of this case. In this case, we do not present additional
requests. By Lemma 3.13, ALG has served s at time 7 or before and by Observation 3.11
it does not serve s; earlier than time ¢ + W. Thus, we have

W
ALG(o, )>t*+W+|a1\+ya0|+—

1
W
=p(2|a1|+|ao|+>
p—1

= pOPT(07)).

Case 2: Attime 7, ALG is closer to ag than to a; and it serves s first.
We assume that the offline server first serves sj, then s and then s . If the offline server
continues to move away from the origin after serving s at time ag, its position at time
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pos B AL
m OpT

Dbo 4
time

1 1
ot Opt(o)) = \\LG(U;)
piH4 .

Figure 3.5: Case 2.1: The midpoint of OpT’s position and a; (dashed line) reaches ag' (violet @) the same
time as ALG (green). No new requests are released. In this figure we have delay(¢t) = W = 2 for
t > t5 + W. Opt is blue, the request s is yellow o and the request s; is red e.

t > |a1]| is sgn(ap)t + 2a;. We denote by

_sgn(ag)t + 3a1

M(t) : 5

the midpoint between the current position of the offline server and the position a;. Note
that the time M ~!(p), when the midpoint is at position p is given by

M~Y(p) := |2p — 3a4].

We again distinguish between two cases depending on the time, ALG serves the request s .
We first take a look at the case that ALG serves s too late.

Case 2.1: ALc does not serve s until time M~ (a).

See Figure 3.5 for an illustration of this case. In this case, the midpoint of the offline
server’s position and position a; reaches aj before ALG. We do not present additional
requests. Since we are in Case 2, neither s; nor s; is served at time M ~!(ag). Thus, we
have

Ac(o)) > M7'(ag)+lag |+ |ail

p
= [2a§ = 3a1| + lag | + |aa

w
= |2a¢ + 2sgn(ap) — 3ay| + |ao| + b—1 + |a]

p—1

w
= 3lag| +4|ar| +3——
p—1
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W
= plaol + (3 = p)lao| + 4lar| + 33—

p—1
Def 3.8 (v) (3 — p)(—8p* + 50p — 66) w
3 4 3——
= plaof + 4p2 — 30p + 50 o]+ lar + p—1
4p3 —29p% +48p + 1 1474
= 3—
2<p<25 w
> plaol + 2plar| +3——
p—1
p<3 w
> p|laol 4 2|ar] + —
p—1
= pOPT(a;).

Case 2.2: ALG serves s_ before time M~ (ag).

See 3.6 for an illustration of this case. By definition of W, the function delay is defined
for time aa“ , hence AL has not served s; before time aar . Since ALG is to the right of the
midpoint M (af) at time ag, there is a first time t,;q at which M (t;q) = pos(tmia)- We
present the request

sgt =(adT,adTird ™) == (sgn(ao)tmia + 2a1, 580(a0)tmia + 2a1; tmia)-

and define o/ * to be the request sequence o/ plus the request s¢ . Note that ALG is

at the midpoint between aj * and a; and thus, both tours move(ag ") & move(a;) and

move(a;) @ move(al t) incur identical costs for ALG. We have

\sgn(ag)t id + 2a1 — (Il’ tmid — 3|a1|
ALG(0)) > tmig + 3( m 5 — —m 5 :

We have OpT(0,) = tpiq, i.€., we want to show

> 5tmid — 3|a1‘

ALG(o)) > 5

> ptmid = pOPT(0)). (3.9)

Inequality (3.9) is equivalent to
(5 —2p)tmia > 3la1]. (3.10)

Since p < 2.5, the coefficient (5 — 2p) of ty,;q is positive. Thus, we may assume ¢4 is
minimal to show the inequality (3.10). By assumption, s is already served at time ¢y;4.
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 pos B ALG

a; -

Qg

Figure 3.6: Case 2.2: ALG (green) serves sar (violet @) before the midpoint of OpT’s position and a; (dashed
line) reaches aar . Thus, s{f (brown @) is released. In this figure we have delay(t) = W = 0 for
t > t* + W. Opt is shown in blue, the request s¢ is shown in yellow o, the request s; is shown in
red e.

Hence, tpiq is minimum if, starting at time r; at position pos(r{ ), ALG serves s; and
then moves towards the origin. Then, ¢.,;q is the solution of the equation

sgn(ag)ry + |pos(rg) — ag | + ag — sgn(ao)tmia =

sgn(ao)tmia + 3a1

5 (3.11)

Because of Lemma 3.13, the request s is already served at time r; . Furthermore, since the
position of s; has not been visited yet at time r, we have sgn(ag)pos(rg) > sgn(ao)as,
ie.,

Ipos(rq) — a1| = sgn(ag)(pos(ry) —a1) >0
and thus, because of —sgn(ag)a; = |a1|, we get

delay(rd) = ry +|pos(rg) — a1| — ¢}

= ry -+ sgn(ag)pos(ry ) — sgn(ag)ay — ¢}
= rg + sgn(ag)pos(ry ) + [a1| — ¢7. (3.12)
Solving equation (3.12) for sgn(ag)pos(ry) gives
w w
sgn(ag)pos(ry) = delay (2|a1] + |ao| + py 1) o

+(p = 2)[aol + (2p — 4)]ai]

w
= W—ﬁ+(ﬂ—2)|a0\+(20—4)’a1|
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p—2

= P22W (o2l + (20— Dl (3.13)
p<3 w
< E+(P—2)|a0!+(2p—4)|a1|
Def 3.8 (v) 11,74 4p% — 30p + 50
< —_— -2 2p—4
T (B RNCEE s o Y I
1.9<p<43 1%
< — + ao|
p—1
= lag |
a+ = Qa
saa) Zsnion)
Thus, we have
Ipos(rd) — ad | = sgn(ag)(ag — pos(rg)) > 0. (3.14)

Using inequality (3.14) and plugging inequality (3.13) into inequality (3.11) gives us

1
sgn(ap)tmia = §(2sgn(0¢0)rar + 2|pos(rg) — 2ai | + 2af — 3a1)

1

= 3(2sgn(ao)rg + 2sgn(ao)ag — 2sgn(ao)pos(ry ) + 2ag — 3a1)
1 6 w

= 3 (_ml + 6ag + (sg;l(_aol)) — 2sgn(a0)pos(ra“)>

1 10—-2

o 2 (-(15 ~ dp)as + (10 — 2p)ap + 2 Z)igln(%)W) (3.15)

Note that we also used sgn(ag) = sgn(ag) = —sgn(a;). Multiplying equality (3.15) with

sgn(ap) gives us

1
fmid = ((15 — 4p)ar] + (10 — 2p)ag| + (3.16)

! (10 — 2,0)W)‘

-1

By substituting equation (3.16) into inequality (3.10) and noting that it is hardest to
satisfy, when W = 0, we get

Jai| _ 49> —30p + 50
lao| = —8p% + 50p — 66’

which is true due to Definition 3.8 (v). O
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Analysis of the First Stage

In the previous subsection we have proved that there is no (p — ¢)-competitive algorithm,
if we are able to construct a request sequence with two o-p-critical requests. Thus, our
goal is to construct a request sequence U;Jc,p that satisfies all properties of Definition 3.8.

We let ALG wait until time 1. Without loss of generality, we assume that ALG position at
time 1 is pos(1) < 0 (the other case is symmetric). We define

B 3pep — 11
. _3ng + 15p0p — 4

and let ¢ initial requests sg = (1,6;1) with j € {1,...,c} appear. These are the only
requests appearing in the entire construction with a starting position differing from the
destination. We make a basic observation on how ALG has to serve these requests.

Lemma 3.14. ALG cannot collect any of the requests sé before time 2. If ALG collects the
requests after time popd — (6 — 1) or serves ¢/ < c requests before loading the remaining ¢ — ¢,
it is not (pop — €)-competitive.

Proof. ALG cannot collect any 36 before time 2 since its position at time 1 is pos(1) < 0.
Moreover, ALG is not (pop — €)-competitive if it collects one of the requests after time
popd — (6 — 1), since it cannot finish before time p,pd, and we have

ALG((sh)jef1,.}) = Popd = PopOPT((5) je(i,...c})-

Assume ALG serves ¢’ < c requests before loading the remaining ¢ — ¢. Then, because of

3pt, — 11 op>2.056 2
= o RS | (3.17)
_Bpop + 15pop —4 3 — Pop
we have
i (3.17) i
ALG((8p)jef1,ne}) = 0+2(0 —1) > popd = popOPT((sp) jef1,....c})- O

We hence may assume that ALG loads all ¢ requests s}, at the same time. Let 7, €

[2, popd — (6 — 1)) be the time ALG loads the ¢ requests s. We present a variant of a single
iteration of the construction in [13]: We let the request s; = (—r;, —r;;r;) appear and
define the function

lop(t) = (4 — pop) "t — (2pop — 2) - 7,
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pos E ALG pos W AL
TR 4 TR -
0 0
1 1 1 1
0 time 0
—. T
t7,
'I
4
-7y - ;0 -7 -

Figure 3.7: Left: ALG serves s, (yellow o) before the request s (violet ®) at time ¢7,. Right: ALG serves sp
before the request s, at time t%. The requests s} are red @ and the line ¢, is the dashed black
line.

which can be viewed as a line in the position-time diagram. Because of pop > 2, we
have lop(7;) = (6 — 3pop)r;, < 0 < pos(r; ), i.e., ALG’s position at time r; is to the right
of the line /,,. Thus, ALG crosses the line /., before it serves s;. Let r, be the time

ALG crosses /o for the first time and let the request s, = (1, 7; ) appear. We define

I 1 c
Tpop 1= (80s---155:51,5R)

Lemma 3.15. ALG can neither serve s; before time t} nor can it serve s before time t7,.

Proof. For an illustration of this lemma’s construction see Figure 3.7. Assume ALG crosses
the line /., and serves s, before s, . Then it does not serve s, before time

TR+ Mop(TR) —rgl= (zpop —2)rp + (Pop —2)rp = tg.
Now assume ALG crosses {,p at time

oFop 2 (3.18)

and serves s; before s5. Then it does not serve serve s; before time

rr+ lop(rr) — (=)l = (5= pop)rr — (2pop — 3)7p,

(3.18) 3pop — 5
2p0p — 2 7T—-3 —
(2pop )rr+( Pop) 7 = 3pop

= (2pop - 2)7"R + (Pop - 2)TL = t’i~

Tp — (2P0p =3)rp,
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Thus, it is enough to show inequality (3.18). Since ALG is eager, it delivers the ¢ requests 56
without waiting or detour, i.e., we have pos(r; + (6 — 1)) = ¢. Furthermore, we have

bop(rp, +(6—=1)) = (4= pop)(ry + (6 — 1)) = (2pop — 2)rp,
= (6 —3pop)ry, + (4 — pop)(d — 1)
< (6 — 3Pop)(pop5 —(0—-1)+(4- pop)@ —1)
3pap — 1803, + 3pap + 50pop — 14
308 — 15pop +4

Pop < 2.06

= pOS<TL + (6 - 1))7

i.e., ALG’s position at time r; + (§ — 1) is to the right of /,,. The earliest possible time
ALG crosses {qp, is the solution of

lop(TR) = (4 = pop)TR — (2p0p — 2)rp, = POS(r, + (6 — 1)) + 7, + (6§ — 1) —7p,

: : _ 2pop—1 20—1 : : :
which is rp = 3= on LT B pa” Finally, the inequality

7—3pp H5—pop ) - 302, — 22pop +35 ©
Lem 3.14 3p2 +3 — 18

< o TR T (s — (5 1)

3p5p — 22pop + 35
3pap + 6p5p — 15p0p — 18

3pap — 15p3, — 15p%, + T9pop — 20
20 — 1
5 - pop

implies inequality (3.18). O
In fact, also the other properties of o-pp-critical requests are satisfied.

Lemma 3.16. The requests s and s; of the request sequence agop satisfy Definition 3.8.

Proof. We have to show that the requests s and s; of the request sequence o, satisfy
the properties (i) to (v) of Definition 3.8. The release time of every request is equal to its
starting position, thus every request can be served/loaded immediately once its starting
position is visited and (i) of Definition 3.8 is satisfied. At time r; ALG has not served s,
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because for that it would have needed to go right from time 0 on; it has not served s,
either, because during the period of time [t;,,tr] ALG and s; were on different sides of /qp.
This establishes the first part of (ii) of Definition 3.8. Furthermore, at time 7, ALG is at
position pos(r) = (4 — pop)rr — (2pop — 2)r;, With

—rr, < (4~ pop)Tr — (2p0p — 2)7, < TR

Therefore, the second part of (ii) of Definition 3.8 is satisfied as well.

Lemma 3.15 shows that (iii) and (iv) of Definition 3.8 are satisfied. It remains to show
that property (v) is satisfied. For this we need to examine the release time 7 of s. The
time 7, is largest if ALG tries to avoid crossing the line ¢, for as long as possible, i.e., it
continues to move right after serving the requests sé. Then, we have pos(t) =1 —r; +1t
fort € [r;,rp] and rp is the solution of

. 2pop—3 1 .
Thus, in general, we have r, < F=2"r; 4 Ty 1€

— 3—pop
7"7R S 2p0p - 3 + ]. TLSZ2 4pop - 5'
Ty 3 — Pop (3— Pop)TL 6 — 2pop

4p2,—30 50 .. P
For property (v), we need £ < —f%—"F @ This is satisfied if
L

— —8p2+50pop—66°

4pop =5 _ 4pap — 30pop + 50

which is equivalent to
4pgp — 26p5, + 39pop — 5 > 0,

which is true by definition of pop. O

Together with Lemma 3.9, this completes the proof of Theorem 3.2.
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4 Schedule-Based Algorithms

Imagine the release time r, of the last request s,, would be known. Then we could
simply wait at the origin until at time r,, all requests have been released and start an
optimum offline walk serving all requests. Since the optimum also has to serve the
last request appearing at time r,,, we have OpT(c) > r,. Furthermore, the optimum
walk that our server starts at time r, is also bounded by OpT(c). Thus, this approach
would be 2-competitive, which would be an improvement to the currently known upper
bounds — at least for the open version of online TSP and DiaL-A-RiDE (see Table 2.1).
Unfortunately though, we neither know the number of requests nor the release time of
the last request. However, we can still let the server wait at the origin for some time and
then start an optimum walk serving all currently known requests. This motivates the class
of schedule-based algorithms (see Algorithm 1) for online TSP and online DIAL-A-RIDE.

Algorithm 1 schedule-based algorithm
pP1 — 0
forj=1,2,... do

while wait(¢) = true do
L wait
tj — 1
S; < optimal offline schedule serving R; starting from p;
execute S
| pj41 < current position

Schedule-based algorithms all follow a simple design rule: Wait a certain amount of time
(dependent on the available data at the current time ¢), then serve all currently known
unserved requests in an optimum offline walk while ignoring all new incoming requests
and repeat. To be more precise, let R; be the subsequence of requests that have not been
served yet at time ¢ and let

wait : Rj — {true, false},
t — wait(t)
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4 Schedule-Based Algorithms

be a function mapping a time ¢ to either true or false. A schedule-based algorithm for
online TSP and online D1AL-A-RIDE waits until a time ¢* with wait(¢*) = false and executes
an optimum walk serving R;.

We call the executed optimum offline walks schedules S; and index them in chronological
order, i.e., we have Sp,..., Sy with N € N being the number of schedules the algorithm
executes. In the open setting of online TSP and online DiaL-A-RIDE a schedule finishes
at the position of the last served request, while in the closed setting every schedule ends
in the origin. The starting time of S; is denoted by by ¢; and its ending time by v;41.
Note that we always have v; < t¢;. The starting position of S; is denoted by p; and its
ending position by p; 1. The subsequence of requests served in S; is denoted by ¢;. For
convenience, we set ty = po = 0. We define L(¢, p, R) to be the length of a shortest walk
that starts at position p at time ¢ and serves all requests in the subsequence R C o after
they appeared. Consequently, for every schedule-based algorithm ArG, we have

ALG(O’) :tN+L(tN,pN,UN). (4.1)

Note that, by definition, a walk must respect release times, i.e., it might contain waiting
times caused by late release times of requests. However, no schedule executed by a
schedule-based algorithm contains waiting times since only already released requests are
served. Forall0 <t <, p,p’ € X, and R C o, we have

L(t,p,R) > L(t',p, R), (4.2)
L(t,p,R) < d(p,p") + L(t,p", R), (4.3)
L(t,0,R) < L(t,0,0) < L(0,0,0) = OPT(0r). (4.4)

Inequality (4.2) holds since an earlier starting time might cause additional waiting times
because of late releases of some requests. Inequality (4.3) is a consequence of the triangle
inequality, and inequality (4.4) holds since R C o, t > 0 and since the optimum trajectory
starts in the origin at time 0. Note that the schedules used by schedule-based algorithms
are NP-hard to compute for 1 < ¢ < oo [13].

Throughout this chapter, we let the capacity ¢ € NU {co} of the server be arbitrary but
fixed. We start our examination of schedule-based algorithms with the computation of
several lower bounds for their competitive ratios.

4.1 Lower Bounds for Schedule-Based Algorithms

In this subsection, we compute lower bounds for the competitive ratio of schedule-based
algorithms. For the open version of the problem, we compute separate lower bounds for
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4.1 Lower Bounds for Schedule-Based Algorithms

online D1AL-A-RIDE and online TSP. For the closed version, we only provide a lower bound
for the TSP version, however, since online TSP is a special case of online D1aL-A-RIDE, the
computed lower bound is also valid for online DiaL-A-RIDE. We start with open online
DiaL-A-RIDE. All presented request sequences are on the real line R.

Theorem 4.1. Let ALG be a p-competitive schedule-based algorithm for open online DIAL-A-
RIDE on the line. Then we have p > %

Proof. Let s; = (1,1;0). If ALG starts its first schedule S; at time ¢; > %, we release no
additional requests. In this case, we have OpT((s1)) = 1 and ALG((s1)) > 3. If ALG starts
its first schedule S; at time t; = 0, we release the request sy = (i, 1; %). In this case, we
have OPT((s1, s2)) = 1 and ALG((s1, s2)) > 1+2-3 = 2. Thus, we may assume 0 < ¢; < 3
in the following. Let ¢ > 0 with ¢ < min{3 — #1,¢;} < 2. We release the requests

(1) 1 1 1
Sy = | —t1+ 15 —ti + 15 t1+ 1°)

(2) 1—-t 1 1
= —g,1;t - |.
So ( 9 + 457 3 1+ 45

ALG finishes schedule S; at time v = t; + 1 at position po = 1. The shortest schedule

serving sgl) before 552) has length

1 1
D<1—>—t1+4€—>1> :2+2t1—§€.

On the other hand, the shortest schedule that serves sél) after 352) has length

1—1t 1 1 3
Dl1 — 1 —t — =2+ 2t — —=.
< — 2 +46—> — 1+46> + 2t 48

Therefore, for all t > vy, we have

3
L(t,pa, (s5),57) = 24201 — e 4.5)
and schedule S, ends at position p; = —t; + +e. We make a case distinction depending

on the starting time ¢, of schedule Ss.
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pos B AL
E OrT
19
0 /time
1-t , T3 T
2 11 ALG(c})
—t1+ 5 -

Figure 4.1: ALG’s and OpT’s walk serving o} with e = 0.2, t; = 1.45 and t» = 3.25. Request s, is red e,

request sél) is yellow o, request sf) is violet @ and request s3 is brown e.

Casel:t; +1 <ty <2t; +1

We release s3 = (1,1;2t; + 1) and define o} := (s, sgl), 552), s3). See Figure 4.1 for ALG’s
walk (green) and OpT’s walk (blue). OpT waits at the origin until time %e and then
performs the walk

1
0—>—t1+1€—>1.

Therefore, we have
L1 1
Ort(0,) = € +D|0— —t1 + €7 1) =2t +1. (4.6)

For ALG, we obtain

(1) (2)

v = ta+ L(ta,p2, (557,55 "))
’ 2§ o t1 + 1+ L(t2, po, (sél), 352)))
@D 5 43— %s. (4.7)
For all ¢ > v3, we have
L(t, ps, (s3)) = D(t1 + % N 1> - is 4.8)

since vg > r3. Finally, we obtain

4.1
ALg(a}) @D ts + L(ts, ps3, (s3))
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pos B AL
E OrT
t2—2t1+%—1lzﬁ-

time

\/ ALGI(U(% )

Figure 4.2: ALG’s and OpT’s walk serving o2 with ¢ = 0.2, t; = 1.45 and t» = 4.25. Request s; is red e,

request sgl) is yellow o, request sf) is violet @ and request s3 is brown e.

1—t £
2 + 4

—tl“ri-

> w3+ L(t3,ps3,(s3))
(4.7),(4.8)

441 +4 —¢
e< % -t 5
> 5t1 + B
5
(4.6 §OPT(O'£).
Case2:2t; + 1<t <2t +2—i¢
In this case, we have
1 1
t —to — 1+ —¢. .
1> 5t + 3° (4.9)

We release the request

P Y S A VR S AP S
s3 = — = — —¢&,ty — = — =5 - — =€
3 2T AT g g T AT g T 952 T g T g

and define 02 := (s, sél), sf), s3). See Figure 4.2 for ALG’s walk (green) and OpT’s walk
(blue). Note that we have 2 — 5 > 0, since e < 2, i.e., s3 is released after S, is started.
OpT waits at the origin until time %5 and then performs the walk

0— —t1 + ! — 1o — 21 + 2T
R D
Therefore, we have
1 1 2 7
2
=—e+D —t+ - —o - —
Ort(0y) 2€+ <O—> t1+45—>t2 th1 + 5 126>
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2 7
= - — —¢. 1
t2+3 12€ (4.10)
For ALG, we obtain
4. 3
v3 = to + L(t, po, (sgl), 322))) (45) to + 2+ 2t — —¢. 4.11)

4

For all ¢ > v3, we have

1 2 7
L(t,p3, (s3)) = D(—tl e =2+ g - 125)

) 2
:t2_t1_65+§ (4'12)

since v3 > r3. Finally, we obtain

4.1
Ac(o?) )ty 4 L(ts,ps, (s3))
> vz + L(t3,p3, (s3))
(4.11),(4.12) 8 19
2 ot o —
TN
@ 5, 5 %
2273 24
= O (4 +2
- 2\"7T3 Tt
5
Y Joer(o})

Case3:ty > 2t; + 2 — 2e

We release no new requests and define o3 := (s, sgl), s§2)). See Figure 4.3 for ALG’s walk
(green) and OpT1’s walk (blue). OpT waits at the origin until time %5 and then performs
the walk

1
O—)—t1+15—>1.

Therefore, we have

1 1
OPT(O’?) = 58 + D<0 — —t1 + ZE — 1> =2t; + 1. (413)
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pos B AL
® OpT

time

ALG(c3)

Figure 4.3: ALG’s and OpT’s walk serving o> with ¢ = 0.2, t; = 1.45 and ¢t = 5. Request s; is red e,

request sgl) is yellow o and request sgz) is violet e.

For ALG, we obtain

41
A(e®) D 4 Lty pa (5, 52))
ty > 2t +2— 1e 1
> 2t1 +2 — ZE+L(752,1)2,(3§1)73§2)))
42 At +4—¢
ISP
'
)
(4.13) 5OPT(ag’). 0

For open online TSP we obtain a slightly weaker bound since we are not allowed to use
transportation requests.

Theorem 4.2. Let ALG be a p-competitive schedule-based algorithm for open online TSP on
the line. Then we have p > 1.

Proof. Let s; = (1;0). If ALG starts its first schedule S; at time ¢; > %, we release no
additional requests. In this case, we have OpT((s1)) = 1 and ALG((s;)) = %. Thus, we

may assume in the following t; < %. Lete > 0 with e < % — t1. We release the requests

1 1
Sgl) = (—tl - Sht 45>,

1 1
352) = <2 +t — 55 i1+ 46).
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pos B AL
m OpT
2+t — 5 - 1)
10
0 time
1 1
V Opt(cd) \/ ALG(od)
—t — £ 4

Figure 4.4: ALc’s and OpT’s walk serving o2 with ¢ = 0.2, t; = 1 and ¢, = 2.25. Request s; is red e,

request sgl) is yellow o, request 522) is violet @ and request s3 is brown e.

ALG finishes schedule S; at time v, = t; + 1 at position po = 1. The shortest schedule

serving sgl) before ng) has length

1 1
D<1—>—t1—4€—>2+t1—2€> =3+ 3.

On the other hand, the shortest schedule that serves 8&1) after 552) has length

1 1 3
DI1—=24t —=e— —t1 —-¢| = t] — —€.
( + 1t 26 1 4€> 3+ 3t 46

Therefore, for all t > vy, we have
3
L(t,p2, (s, 5%))) = 3+ 3t; — 1€ (4.14)

since vy > ry. Thus, schedule S5 ends at position pg = —t1 — is. We make a case distinction
depending on the starting time ¢, of schedule S5.

Caselit; +1 <ty <3t; +2
We release s3 = (2 + t1 — 4¢; 31 + 2) and define o := (s1, sél), sgz), s3). See Figure 4.4
for ALG’s walk (green) and OpT’s walk (blue). Assume OpT performs the walk

1 1
0—>—t1—16—>2+t1—55.
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4.1 Lower Bounds for Schedule-Based Algorithms

Then, OpT reaches position ag = 2 + ¢t — %5 at time 3t; + 2 = r3, i.e., OPT can serve s3

upon arrival. Therefore, we have
4 1 1
OPT(O’O):D 0—>—t1—18—>2+t1—§€ =3t1 + 2.

For ALG, we obtain

(1) 42

V3 = to + L(ta,p2, (S5 7,85 ))
to >t +1 (1) (2)
> ti+ 14 L(ta,p2, (sy 7,85 )
3
@Yy — 7€

For all ¢ > v3, we have

1 1 1
L(t,ps3, (s3)) = D(—tl - ZS — 24t — 25) =242t — ZE

since v3 > r3. Finally, we obtain

4.1)
ALg(c?) = ts + L(ts, ps3, (s3))

= U3+L(t37p37(83))
(4.16),(4.17)

Vv

> 6t1 +6 —¢
e<3—h 14
S o+ —
3
7
“15) §OPT(J§).
Case2:3t; +2 <t <3t; +3 — 1c
in this case, we have
1 1
t —tog— 14+ —¢.
1> 3 2 + 128

We release the request

83 = §t -2t —i—§—2 5t +§—§£
3=\ 3" 1+ g8 3

(4.15)

(4.16)

(4.17)

(4.18)
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pos B AL
® OpT

Sty — 2ty + 2 — 2e 1

24t — 5 -

time

v ALGI( od)

Figure 4.5: ALG’s and OpT’s walk serving o5 withe = 0.2, ¢t; = 1 and t» = 5.5. Request s, is red @, request sgl)

is yellow o, request sg)

—t; — £ 4

is violet @ and request s3 is brown e.

and define 03 := (s, sél), ség), s3). See Figure 4.5 for ALG’s walk (green) and OpT’s walk
(blue). Note that we have

r —§t —|—§—§€>t
3Ty gt

because of t5 > 3t; +2and e < % —t1, i.e., s3 is released after S, is started. OpT peforms

the walk

0— —t fle%it — 2t +§fge
17y 42 Ty 8E

Therefore, we have

1
OPT(0y) = D(O — =l — - — §t2 -2 + 3 95)

4 4 4 8
5 3 5
= — - — —&. '1
4t2 + 1 86 (4.19)
For ALG, we obtain
} 3
vs = ta + L(ta, pa, (59, 89)) "2 1y 4 3 4 3¢, — . (4.20)

4

For all ¢ > v3, we have

1 5 3 9
L(t,ps, (s3)) = D(—h ——g— —tyg—2t1 + - — 5>

4 4 4 8
5 3 7
_ 2 °_ L 21
4t2 t1 + 1 88 (4.21)
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pos H Al
H OpT
2+t — 5 - e

1@ /
AL (o8
0 : I( o)
V OpT(0f) \Ume
—t; — £
1 1 7

Figure 4.6: ALG’s and OpT’s walk serving o0 with e = 0.2, t; = 1 and t2 = 6. Request s, is red @, request s§M

2
is yellow o and request s<22) is violet e.

since v3 > r3. Finally, we obtain

4.1
Atc(o®) 4 Lts, ps, (s3))
Z U3 + L(t3ap37 (83))
4.20),4.21) 9 15 13
= 2 o2
4t2+ t1 + 1 8€
o B T8
12274 2
(5,435,
— 3\4?*"4 s
7
“429) gOPT(O'g).

Case3:ty > 3t; + 3 — %e

We release no new requests and define o8 := (s, sél), s§2)). See Figure 4.6 for ALc’s walk
(green) and OpT’s walk (blue). OpT performs the walk

1 1
0—)—t1—15—>2+t1—§€.
Therefore, we have

1 1
OPT(US) = D(O — —t1 — Ze’;‘ — 2+t — 26) =3t1 + 2. (4.22)
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pos B AL
m OrT

1

time

T T
Opt(c}) ALG(a})

Figure 4.7: ALG’s and OpT’s walk serving o with t; = 0.5. Request s; is red @ and request ss is yellow o.

For ALG, we obtain

@D

ALG(09) ty + L(tz2,p2, (Sgl)a 39))

ty >3t +3— 1e 1
> 3t +3 = e+ L(ta, pa, (55", s5))

@1 6 16—
e<3-—t 14
$ Tt +
3
7
(4.22) gOPT(ag).

O]

Finally, we present an lower bound for the competitive ratio of closed online TSP on the
line. Since online Di1AL-A-RIDE is a special case of online TSP, this lower bound is also
valid for online DiarL-A-RIDE. Note that the following lower bound utilizes only requests
with positions on the positive side of the origin. Therefore, this lower bound is also valid

for online TSP on the half-line.

Theorem 4.3. Let ALG be a p-competitive schedule-based algorithm for closed online TSP on

the line. Then we have p > 2.

Proof. Let s; = (1;0). For all t > 0, we have

L(t,0,(s1)) = D0 — 1 — 0) = 2 (4.23)

and thus, ALG finishes schedule S; at time

vy =11 + 2. (4.249)

We make a case distinction based on the starting time ¢; of schedule S;.
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pos H AL
H OpT

19

2—t1—8-

time

T T
Oprt(02) ALG(c?)

Figure 4.8: ALG’s and OpT’s walk serving o2 with ¢ = 0.1 and ¢; = 1.5. Request s; is red @ and request s5 is
yellow o.

Casel:t; <1
We release the request s = (1;1) and define o := (s1, s2). See Figure 4.7 for ALG’s walk
(green) and OpT’s walk (blue). OpT performs the walk 0 — 1 — 0. Therefore, we have

ort(ol) = 2. (4.25)
For the second and last schedule S5 of ALG, we have
L(t2,0,(s2)) =D(0—1—0)=2. (4.26)

Thus, we obtain

Ac(ol) Pty 4+ L(ts,0,(s2))
vo + L(t2,0, (s2))

4

\%

(4.24),(4.26)

(4.25) 2OPT(J§).

Case2:1<t; <2

Lete > Owithe < 1— %tl. We release the request so = (2 — t; — ¢;t1 + €) and define
o2 := (s1,s2). See Figure 4.8 for ALG’s walk (green) and OpT’s walk (blue). Assume OpT
performs the walk 0 — 1 — 0. At time ry = t; + &, OPT is at position 2 — t; — & = a9, i.e.,

OPT can serve s, upon arrival. Therefore, we have

OpT(0?) = 2. (4.27)
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pos B AL
m OpT
19

time
T
Opt1(c?) ALG(c?)

Figure 4.9: ALG’s and OpT’s walk serving o> with ¢; = 2.25. Request s, is red e.

For the second and last schedule S5 of ALG, we have
L(tg,o, (82)) :D(0—> 2—t —€—>0) =4 — 2t1 — 2e. (428)

Thus, we obtain

4.1

ALG(0?) ta + L(t2,0, (s2))

> vo + L(t2,0, (s2))
(4.24),(4.28)

6 — tl — 2¢
e<1— ltl
>4
@20 90pT(0?).

Case3:t; > 2
We release no new requests and define o2 := (s1). See Figure 4.9 for ALc’s walk (green)
and OprT’s walk (blue). OpT performs the walk 0 — 1 — 0. Therefore, we have

Opt(0?) = 2. (4.29)
For ALG, we obtain

Atc(o?) B 4 + L(t1,0, (s1))

42, 4
t1 > 2
STy
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4.2 Schedules

In the following, we will analyze three different schedule-based algorithms. To examine
their competitiveness, it is integral to understand the structure of the executed optimum
offline schedules. Because of that, we give a thorough analysis of schedules in the next
section.

4.2 Schedules

We published the results of this section also in [10] and used the results in [12]. In this
section we take a closer look at the lengths of the optimum schedules executed by schedule-
based algorithms. While schedule-based algorithms may vary drastically in their waiting
routines, some results for their schedules are universal and indispensable ingredients for
their analysis. Interestingly, schedules are easy to analyze in the closed version of online
DiAL-A-RIDE and online TSP, while their analysis is highly non-trivial in the open version.
In the closed version, every schedule is a closed walk ending at the origin. Therefore,
every schedule executed by a schedule-based algorithm for the closed version also starts
at the origin, i.e., we have p; = 0 for all schedules S;. Inequality (4.4) then implies the
following lemma.

Lemma 4.4. For every schedule S; of a schedule-based algorithm for closed online DIAL-A-
RIDE, we have
L(tj,pj, O’j) < OPT(U).

In our analysis of the open version we distinguish between bounds for the competitive
ratio in the general setting, i.e., on arbitrary continuous metric spaces and bounds that
only hold on the real line. We start with the more general bounds.

Open Version on General Metric Spaces

In this subsection, we give bounds for the length of a schedule in terms of the size of
OpT(0) as well as the starting position of the schedule and the starting time of the previous
schedule.

Lemma 4.5. For every schedule S; of a schedule-based algorithm for open online DIAL-A-RIDE,
we have
L(tj,pj, O'j) < min{OPT(U) + d(O,pj), 2(OPT(O') — tjfl)}.

Proof. First, we notice that by the triangle inequality we have

(4.3) (4.4)
L(t;,pj,o5) < d(0,p;) + L(t;,0,05) < OpT(0)+ d(0,p;j). (4.30)
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4 Schedule-Based Algorithms

Now, let s?PT be the first request of o; that is picked up by OpT and let a?PT be its starting
position and r?PT be its release time. We have

(4.3)

L(tj,pj.05) < d(pj,a$™) + L(t;,a$*", o)), (4.31)

again by the triangle inequality. Since OPT serves all requests of o; starting at position a?"T
no earlier than time T?PT, we have

(4.2)
L(tj,ad*",0;) < L(r{*,a$"",0;) < OpT(0) — 19"", (4.32)
which yields
(4.31)
L(t]7p]7gj) < d(pj7a§')PT) +L(tj7anPTvaj)
(4.32)
< OpT(0) + d(pj, a?PT) — ’I“?PT
ti—1 < T‘?FT 0
< OPT(U) + d(pj, aj; PT) —tj1. (4.33)

Since p; is the destination of a request, OPT needs to visit it. In the case that OpT visits p;
before collecting 9, we have

Opt(0) +d(0,p;) > OpT(0)
> d(pjvanPT) +L(tjvayQPT’o-j)
(4.31)
> L(tjapjvo-j)

On the other hand, if OpT collects s?PT before visiting the position p;, we have

O
tj*1<rj PT

ti—1 +d(pj, a?PT) < T?PT + d(pj, CL?PT) < OpT(0), (4.34)

since OPT cannot collect s?PT before time erPT and then still has to visit position p;. Thus,

we have

(4.33)
L(tj,pj, Uj) < OPT(O’) + d(pj, G?PT) — tj_l
(4.34)
< 2OPT(0') — Qtj_l. (435)

This implies

(4.30),(4.35)
L(t;,pj,05) < min{OPT(c) + d(0, p;),2(OPT(0) — tj_1)}. O
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Interestingly, we can improve the bound provided by Lemma 4.5 if we disallow transporta-
tion requests.

Lemma 4.6. For every schedule S; of a schedule-based algorithm for online TSP, we have

L(tj,pj,oj) < min{OPT(U) + d(O,pj), S(OPT(U) — tj—l)}-

Proof. First, we notice that by the triangle inequality we have

(4.3) (4.4)
L(tj,pj, O'j) < d(O,pj) + L(tj, 0, O‘j) < Ort(o) + d(o,pj). (4.36)
Now, let sgir“ = (agim; rgm) be the first request of o; that is served by OpT and let s;a“ =
(a;a“; r;-a“) be the last request of o; that is served by OpT. Furthermore, let W].OPT be OpT’s

walk between serving s?m and s;-a“ and let c(WJQPT) be its length. We have

(W) > L(t;, ™, 0;), (4.37)
since the walk WJQPT serves every request of ¢; starting from position a?r“. However, we
also have

(W) > L(t; a™t o)), (4.38)
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since walking W]QPT backwards, i.e., starting from position a;a“, also serves every request
of o;, while walking the same distance. Note that this is only the case since we do not
have transportation requests. Using the triangle inequality and the inequalities above, we
obtain

(4.3) (4.37)

L(tj,pj,05) < d(pj,a™) + L(t;, ™, 0;) <~ d(pj,a™) + (W) (4.39)

and
8)

(4.3) last last (43
L(tj,pj,05) < d(pj,af™) + L(tj,af,05) <

d(pj, at) + c(WPT). (4.40)
Combining the inequalities (4.39) and (4.40), we get

(4.39),(440) first last OpT
L(tj,pj,05) < min{d(pj, a;""), d(pj, a; )+ c(W;T). (4.41)
Since p; is the position of a request, OPT needs to visit it. In the case that OpT visits p;
before serving sg‘m, we have

Opt(0) +d(0,p;) > OpT(0)
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> d(py, af™) + (W)

(4.39)
> L(tjvp]a Uj)'

In the case that OpT visits p; after serving s;a“, we have

Opt(0) +d(0,p;) > OpT(0)

as claimed. Thus, we may assume that OPT visits p; after serving sﬁrSt and before serv-

ing s\, Since OPT cannot serve s7' before time 7™, this implies

OPT(r) 2 1™ + d(a™, py) + d(pj ™),

ie.,

min{d(p;, a™), d(p;, ™)} < - (OPT() i), (4.42)

first ﬁrst

Again, since OpT serves all requests of o; starting at position ;™" no earlier than time r;

we have
OpT(0) > it 4 ¢(WPPT). (4.43)

Combining the inequalities (4.42) and (4.43), we get

Lt 1. 0 (421) indd ﬁrst d last WOPT
(]7p]70'j) > mln{ (pj7 5 ) (p], j )}+C( j )

(4. 42) (4.43) 3 .
(OPT( ) — r?m)

- 2
g(OPT(U) ). (4.44)

first .
T >ti1

This implies

(4.36),(4.44) 3
Ly 2 minfOpr(o) +d0,p;). 5 (0vr(e) — ty-0)
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Open Version on the Line

Recall that we denote by

min .__ .
™= min{0,a1,...,an,b1,...,bn}

the leftmost and by

max .
™ = max{0,a1,...,an,b1,...,bp}

the rightmost position that needs to be visited by the server to serve . For a schedule S},
we denote by
min

L

:= min{min{a, b} | (a,b,7) € 0;}

the leftmost and by

27 = max{max{a, b} | (a,b,7) € 0;}

the rightmost starting position or destination of the requests o;.

Lemma 4.7. Let S; with j € {1,..., N} be a schedule of a schedule-based algorithm for
open online DI1AL-A-RIDE on the line. Moreover, let OPT(0) = |[z™"| 4+ 2™ 4 y for some
y > 0. Then, we have

L(t;,0,0;) < |min{0, x;nin}| + max{0, z7 "} + y.

Proof. We need to analyze the amount of time the server needs to serve ¢; starting from
position 0 at time ¢;. First of all, note that the server does not wait at any point, since all
requests of o; already have appeared at time ¢;. Because of that, the server cannot go to
the left of min{0, x;-“in} or to the right of max{0, x;“ax} while staying on an optimum route.
Furthermore, we notice that the route OpT takes to serve o is a valid route to serve o,
since o; C . However, we can skip every part of the route OpT takes that lies left of
min{0, x;-“in} or right of max{0, z7**}, since no requests of o; have a starting or ending
position that lies in those intervals. Since all requests already have appeared at time ¢,
this does not produce additional waiting time, i.e., we can just delete the parts of the
route that lie left of min{0, x}nin} and right of max{0, z"**} and still have a valid route
for serving o; when starting at time ¢;. This shortens the length of the route by at least

|2™| — | min{0, ac;nin}| + 2™ — max{0, 27},

which gives us

L(tj,0,0;) < OPT(0) — (|xmin| — | min{0, xznin}| 4 pmax _ maX{O,:U;naX )

= | min{0, a:;nin}| + max{0, 27} + y. O
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4 Schedule-Based Algorithms

Since we cannot orient an arbitrary continuous metric space from left to right, i.e., 2™
and z™# cannot be defined, Lemma 4.7 cannot be formulated for the general setting.
A natural modification of Lemma 4.7 for a continuous metric space X would be to let
OpT(0) = %™ + y with y > 0 and

¥ := max{d(0,a1),...,d(0,ay),d(0,b1),...,d(0,b,)}

being the starting position or destination of the requests o that is furthest away from the
origin. One might expect that for every schedule S;, we would obtain

L(t;,0,05) < aR% +y.
with
a:%a]x := max{max{d(0,a),d(0,b,)} | (a,b;r) € 0;}
being the starting position or destination of the requests o; that is furthest away from the

origin. However, a small example shows that this is not true: Let X be the boundary of
the unit square [0,1]?, i.e.,

X :={(0,2) | z€[0,1]} U{(2,1) | z€ [0,1]} U{(1,2) | z€ [0,1]} U{(%,0) | z € [0,1]}

with euclidean metric d. Furthermore, let ¢t < t; < t' < % and ¢’ = (s1, s9, s3) with

We have o = (s1,s2) since ¢' > t;. Thus, we have 5™ = d(0,a3) = 2 and 2% =
d(0,a2) = 1. Since all release times are bounded by %, every request can be served at
arrival without waiting times. OpT performs the walk (0,0) — (1,0) — (1,1) — (0,3),
which implies

13 5

OPT(O'I) = Z = x%ax + Z’

ie,y= %. However, the shortest schedule to serve s; and s has length

3 5
L(t5,0, (s1,52)) = D((O,O) — (0, 4> — (1,0)> =5 > 2%+

We continue our examination of schedules on the line.
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Lemma 4.8. Let S; with j € {1,..., N} be a schedule of a schedule-based algorithm for
open online DI1AL-A-RIDE on the line. Moreover, let OPT(0) = |[z™"| 4+ 2™ 4 y for some
y > 0. Then we have

L(t;, max{0, 2™} + min{0, 2%}, 0;) < 2P — 2" 4y,

Proof. First note that the case max{0, x;m“} = min{0, 2*} = 0 directly follows from
Lemma 4.7. Assume we have max{0, x;nin} = :c;?“m. Then all requests of o; have starting
and ending positions on the right side of the origin, and we have 0 < x?‘in <z de,

min{0, 7} = 0.
Similarly, if we have min{0, 2%} = 27®, we have

maX{O,x;nin} =0.

Therefore, we have either
max{0, 2"} + min{0, 27} = 27"

or

max{0, mgﬁn} + min{0, z7*} = 7.

Assume the former is the case. The other case is symmetric. We need to examine
L(t;, :r?“i“, gj), i.e., the length of the optimum offline schedule serving the request se-
quence o; and starting from position :r;nin at time t;. We note that the server does not
wait at any point in time since all requests of o already have appeared at time ¢;. Because
of that, the server cannot go to the left of x;ni“ or to the right of 2** while staying on
an optimum route. Furthermore, we notice that OpT cannot collect any requests of ¢;
before passing x;_nin for the first time, since OpT starts at the origin. Therefore, removing
the parts of the walk that OpT performs until it first crosses :c;m“, gives us a valid route
to serve o, since o; C o. Additionally, we can skip every part of the route OpT takes to
collect requests that lie left of 0 or right of 7®* since no requests of o; have a starting
or ending position that lies in those intervals. Again, this does not produce additional
waiting time. This shortens the length of the route by at least

‘l,rmn‘ + x;l‘lll‘l + xmax _ w;nax7

which gives us

L(t;, x?“m, 0j) < Opt(0) — (]xmm] + x;'nin + 2™ — ) = 2P x;mn +y. O
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Next, we give an upper bound for the rightmost position that can be reached during a
schedule.

Lemma 4.9. Let S; with j € {1,..., N} be a schedule of a schedule-based algorithm for open
online DIAL-A-RIDE on the line. Moreover, let |x™"| < z™® and OpT(0) = |[z™"| 4+ 2™ +y
for some y > 0. Then, for every position p € R that is visited during the execution of S;, we

have
mln} ‘

p < Ipjl + [pj — pj+1| +y — |min{0, z

Proof. First, we notice that the server does not wait at any point since all requests of o;
already have appeared at time ¢;. Because of that, the server cannot go to the left of
min{p;, 2} min} or to the right of max{pj, z7**} while staying on an optimum route. It
suffices to show

max{p;, 2"} < |p;| + |pj — pjs+1| +y — | min{0, 2T"}|. (4.45)

We first examine the case max{p;, x;?‘ax} = p;: In this case, inequality (4.45) holds if
y > |min{0,z]""}|. The inequality [z™"| < 2™* implies OpT(0) > 2[z™"| + 2™* and
thus y > [2™"[. Furthermore, we obtain [z™"| > | min{0, ]""}| since we have [z™"| > 0
and [2™" > |z7""|. The latter holds because we have ™" < 2% if 2" < 0, i.e., if
min{0, 25"} = 2" This implies y > | min{0, 2" }|, i.e., inequality (4.45) holds.
Thus, we may assume max{p;, 27} = 27* in the following. Similarly to before, if
we have z7** < 0, the inequality (4.45) again holds, since the right hand side is always
non-negative. We may thus assume z7** > 0, i.e.,
max{0, :cmax = x;nax (4.46)

in the following. According to the triangle inequality and Lemma 4.7, we have

(4.3)
L(tj,pj,05) < |p;| + L(t;,0,04)

Lem 4.7
< |pjl + ]mm{(),mmm}\ + max{0, xmax} + .
G2 || + | min{0, 2P| 4 2P 4y, (4.47)

For the sake of contradiction, we assume
2P > |pj| + [pj — pj-1| +y — | min{0, 2]}, (4.48)

Since the server has to visit both extreme positions, i.e., max{p;, 27} = 27 and

min{p;, x;.ni“}, we have two possible scenarios: the server either visits min{p;, x?‘m} before
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7 or it visits min{p;, x;nin} after 2. In both cases the schedule S; ends in position
pj+1. In the first case, we have

L(tj,pj,05) = |pj — min{p;, @™} + [ min{p;, 2"} — 27| + |2 — pjp |
= pj —min{p;, 2"} + 2P — mln{p], 2P 4 2
= pj — 2min{p;, 2} miny 20 — pji
(4§8) — 2min{p;, z J m} + a:max + pj| + [pj — pj+]
+y — [min{0, 27"} — pj1
> P+ pil +y — ]mln{O,xmmH 2min{p;, x} iy, (4.49)

In the second case, we obtain the same result
L(tj,pj.05) > |pj — 27| + 27 -

m

_ ax_p]+x

min{p;, ]m}|+|mln{2% 2} — pia
—mm{pj,xj "} 4+ pjr1 —min{p;,x ) m}

= pjer + 20— 2minfp;, 27"} — p,

(4.48)
> pjy1 + 27+ pj| + pj —pjal +y

~|min{0, 27"}| — 2min{p;, 7"} — p;
> @™+ Ipj| +y — | min{0, 27"} — 2min{p;, "}, (4.50)

max

Now we again consider two cases.

Case 1: min{p;, m}nin} <o
In this case, we claim that

— min{p;, ] miny > | min{0, xmm}] (4.51)

holds. This is clear for min{0, xmm = 0 and for min{p;, z min} xmm In the remaining
case, we have mm{O,xmm} = xmm and min{p;, z} miny — p ie., p; < :cmm < 0, which

implies —p; > —x;m“ =z ;nm] as des1red. This gives us
(4.49),(4.50)
L(tj,pjoo5) > i +|pjl +y — |min{0, 27" }| — 2min{p;, 2"
(451 max min
2 + [pjl +y + [ min{0, 25},

which is a contradiction to inequality (4.47).
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Case 2: min{p;, mz.ni“} >0
The inequality 27 > 2™ > 0 implies

max{0, xmm} + min{0, 27 x;mn (4.52)

Therefore, we can apply Lemma 4.8 and the triangle inequality to obtain

(4.3)
L(t;,pj,0;) < Ipj — ™| + L(t;, 2™, o))
(4.52),<Lem 4.8 |p B xmm’ n xmax min +y
> j
= max{p;, T miny _ min{p;, x g miny 4 7 — :E;-nin +y.  (4.53)
We have
max{p;,x i m} min{p;, x g m} mm = p; — 2min{p;,x J m} (4.54)
This gives us
L (4<53) min min max min
(tj,pj,05) max{pj, zj"" } — min{p;, z7"} + 27 — 27" +y
(4.54)

pj — 2min{p;, z} miny | 7 4y (4.55)
Finally, we have

(4.49),(4.50)
L(tj,pjioy) > af™+ |pjl +y — |min{0, ™} — 2min{p;, 2
rnax mln

= +pit+ty— len{p], ,

which is a contradiction to inequality (4.55). We conclude that (4.48) does not hold,
which in turn proves (4.45) in the case that max{p;, x;-nax} = x;-nax holds. O

We finish this subsection by proving an upper bound for the length of a schedule in terms
of the starting and ending position of the schedule.

Proposition 4.10. Let S; with j € {1,..., N} be a schedule of a schedule-based algorithm for
online DIAL-A-RIDE on the line. Moreover, let |x™"| < ™ and OPT(0) = |[2™"] 4 2™ + y
for some y > 0. We have

L(tj,pj,05) < 2|pj| + |pj — pjv1| + 2y.
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Proof. By definition, position z7** is visited by the server in schedule S;. Therefore, we
have

Lem 4.9
max

2P < gl + |pj — pjsal + v — [min{0, 27 (4.56)

On the other hand, because of |2™"| < 2™3 we have OpT(c) > 2|z™"| 4 2™ which
implies y > [z™"|. By definition of z™" and z"", we have [z™"| > | min{0, 2" }|. This
gives us y > | min{0, z2"}| and

0 < |pj| + Ipj — pj+1| +y — [ min{0, 2"}, (4.57)

To sum it up, we have

i (4.56)é(4.57

)
max{0, 22 Ipsl + by — pjsa + y — | minf0, 2T} (4.58)

Using the triangle inequality and the inequality above, we obtain

4.3)
L(tj,pj, o) < |pj| + L(t;,0,0)
Lem 4.7

< |p;| + | min{0, 2™} + max{0, 27} + y
(4.58)
< 2[pj| + |pj — pj+1l + 2y. O

Equipped with the results of this section, we are able to analyze schedule-based algorithms
more easily. In the following, we will analyze three different schedule-based algorithms.
We start with the simplest schedule-based algorithm IGNORE.

4.3 Algorithm IGNORE

The simplest waiting strategy is to never wait if there are unserved requests. The algorithm
that utilizing this strategy is called IGNORE (see Algorithm 2) and was published by
Ascheuer et al. in [5]. However, a similar strategy already was examined in [43] for the
machine scheduling problem.

Formally, IGNORE is a schedule-based algorithm for online DiaL-A-RIDE and online TSP
utilizing the waiting function

false, if R; # 0,
true, otherwise.

waityg(t) := {
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Algorithm 2 IGNORE

repeat
if R; # () then
| Start optimal offline schedule serving R; starting from the current position

else
L wait

In [5, Theorem 4], Ascheuer et al. showed that the IGNORE algorithm is %—competitive for
closed online DiaL-A-RIDE. Later, Krumke, one of the authors of [5], analyzed IGNORE for
the open version of online DiAL-A-RIDE in his PhD thesis. He showed that the algorithm is
4-competitive [32, Theorem 2.29]. For a summary of results concerning the competitive
ratio of IGNORE, excluding the results of this thesis, see Table 2.3.

We will complement the upper bound for IGNORE for closed online DiaL-A-RIDE with a
lower bound of % using only TSP requests on the line, i.e. the closed version of IGNORE has
a competitive ratio of exactly 5 for both, DiaL-a-RipE and TSP on general metric spaces as
well as on the real line. For open online DiaL-A-RIDE, we complement the upper bound
of 4 with a lower bound of 4 on the real line. However, this lower bound construction
utilizes transportation requests and is not valid for open online TSP. For open online TSP
we instead provide an improved upper bound of I, which we will be complemented with
a lower bound of 3 on the real line. We start with the closed version.

Theorem 4.11. The competitive ratio of IGNORE for closed online DiaL-A-RIDE and online
TSP is 3.
2

Proof. It was shown in [5, Theorem 4] that IGNORE is %—competitive for closed online
DiaL-A-RIDE on arbitrary metric spaces and therefore in particular for online TSP and on
the real line. It remains to show that for every sufficiently small ¢ > 0 there is a sequence
of requests ¢ containing no transportation requests such that

IGNORE(01) > (2 — 5) OpT(0°).

Lete > 0 withe < % We consider the sequence of requests o'¢ consisting of

1 1
§1 = <2—€,2—5;0>,

S2 = (171;5)7
sg=(1,1;1).
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pos B IGNORE
m OrT

time

1 T T
5 1 OpT1(0l®) IGNORE(01%)

Figure 4.10: IcNoRE’s and OpT’s walk serving o'° with e = 0.1. Request s; is red e, request s» is yellow o
and request sz is violet @.

The walk IgNORE performs in a position-time diagram is illustrated in green in Figure 4.10.
IGNORE first serves request s; in schedule S; and returns to the origin at time t5 = 1 — 2e.
Note that s3 is not yet released at time ¢5. Thus, IGNORE serves only ss in schedule S5 and
returns to the origin at time ¢t3 = 3 — . The request s3 is served in the final schedule S3.
To sum it up, we have

IGNORE(01%) = 5 — 2¢.

Ort on the other hand serves all three requests on its way from the origin to position 1
and returns to the origin, resulting in

OpT(01¢) = 2.

The walk of Opr is illustrated in blue in Figure 4.10. To sum it up, we have

IGNORE(01°) = <; - 5) OpT(01%). O

Next, we complement the upper bound of 4 [32, Theorem 2.29] for open online DIAL-A-
RipE with a matching lower bound. We published this lower bound also in [10].

Theorem 4.12. The competitive ratio of IGNORE for open online DIAL-A-RIDE is 4.

Proof. It was shown in [32, Theorem 2.29] that 4 is an upper bound for the competitive
ratio of IGNORE for online Di1aL-A-RIDE on arbitrary metric spaces and therefore in parti-
cular for the real line. It remains to show that for every sufficiently small € > 0 there is a
sequence of requests oi° such that

IGNORE(0Y) > (4 — £)OPT(05%).
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pos E IGNORE
B OpT

time

1
e Opt1(ol0) IGNORE(0}%)

Figure 4.11: IcNoRE’s and OpT’s walk serving o5* with ¢ = 0.75. Request s; is red e, sgl) is yellow o, s<21) is
violet @ and s3 is brown e.

Let ¢ > 0 with e < 5. We consider the sequence of requests ¢ consisting of

1 1
s§1 = (1—56,1—56;0),
(1) 1 1 1
52 (27 55755 5
1
552) = (O’Oa 5€>7
1 1
83 = <1 55,1 gzs; 1).

The walk IGNORE performs in a position-time diagram is illustrated in green in Figure 4.11.
IGNORE serves request s; in schedule S; and finishes at time ¢ = 1 — %5 at position

pp=1-— és. Note that request s3 is not yet released at time 5. Thus, in schedule S, only

(1) (1) (2)

the requests s, * and ng) are served. Note that serving 521 before 522 takes time 2 — Ze,

while serving sgz) first takes time 2 — Z¢. Therefore, IGNORE serves sgl) first and schedule
S ends at time t3 = 3 — %5 at position ps = 0. The final schedule S3 has length 1 — %5
and serves s3. To sum it up, we have

IGNORE(0’) = 4 — €.
OrT on the other hand waits until time %5 at the origin for the request ng) and then
collects and delivers the remaining requests on its way to position 1 — %5, resulting in

OpT(o) = 1.
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The walk of Opr is illustrated in blue in Figure 4.11. To sum it up, we have
IGNORE(0) = (4 — £)OPT(0°). O

In case of open online TSP, we provide a better upper bound than for the competitive
ratio of IGNORE.

Theorem 4.13. IGNORE for open online TSP is %-competitive.

Proof. Let s, = (an;r,) € o be the request that is released last. If IGNORE is not on a
schedule at time r,,, we have

IGNORE(O’) (4:1) tn + L(tN,pN,O'N) =1, + L(Tn,pN,O'N). (4.59)

Since OPT has to serve s,, we have OpT > r,,. By Lemma 4.6, we get

(4.59)
) =

IGNORE(c T+ L(rn, pN, o N)

< Opt(0) + L(rn,pN,0N)
m

Le <4.6 50 .
< 3 PT(0) — N1
< gOPT(O')

Now assume IGNORE is busy executing a schedule at time r,,. Then, we have

IGNORE(0) @D tn + L(tn,pN,oN)
= tny—1+ L(tn—1,pn—1,0n-1) + L(tN,pN, ON). (4.60)

Let sQFT = (a{FT; rQPT) be the first request of oy that is served by OpT. We have

(4.3)
L(ty,pn,on) < d(a$™",pn) + L(tn, o™, on) (4.61)

by the triangle inequality. Since OPT cannot serve s before time T‘;-)PT, we have

Opr(0) > 1" + L{tn, aRf", o). (4.62)
Combining the inequalities (4.61) and (4.62), we obtain

(4.60)

IGNORE(0) tN—1+ L(tn—1,pN-1,0N-1) + L(tNn, PN, ON)
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pos H IGNORE
® OpT

time

1 1
£ Opt(0l) IGNORE(cl)

1
3

Figure 4.12: IcNoRE’s and OpT’s walk serving oy with € = 0.75. Request s; is red ®, request s is yellow o
and request s3 is violet @.

4-61) L d Opt L OpT
tN—1+ L(tN-1,pN-1,0N-1) + d(a; ", pn) + L(tn,ay ', oN)
(4.62) OpT _ ,.0pT
< tn-1+ L({tn-1,pN-1,0N-1) +d(a;"T,pN) + OPT(0) — 75
tn—1 < T?PT o
< L(ty-1,pN-1,0n-1) +d(a;"", pn) + OPT(0). (4.63)

Since OpT has to visit a?PT and py, we have OpT(0) > d(a?"T, pn) and Lemma 4.6 implies

Lem4.6 3 3
L(thl,prla O'N,1) < i(OPT(U) — tN,Q) < §OPT(0'). (464)

Finally, combining the inequalities above gives

(4.63) (4.64) 7
IGNORE(0) < L(tN_l,pN_l,aN_l)+d(a§)PT,pN)+OPT(a) < §OPT(U). O

We complement this upper bound with a lower bound of 3.

Theorem 4.14. For every sufficiently small ¢ > 0 there is a request sequence o'¢ only
containing TSP requests such that

IGNORE(0) = (3 — £)OpPT(0%).

Proof. Lete > 0 withe < % We consider the sequence of requests ol¢ consisting of

1
51 = (1—35;0),
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1
SS9 = <0, 35),
S§3 = <1— 15‘1).
3 )

The walk IGNORE performs in a position-time diagram is illustrated in green in Figure 4.12.
IGNORE serves request s; in schedule S; at position p, = 1 — %€ at time ¢, = 1 — £¢. Note
that request s3 is not yet released at time ¢2. In schedule Sy only request s, is served.
Schedule S; finishes at position p3 = 0 at time t3 = 2 — %s. The final schedule S5 has
length 1 — %5 and serves s3. To sum it up, we have

IGNORE(0%) = 3 — .

OpT on the other hand waits until time %5 at the origin for the request so and then serves
the remaining requests on its way to position 1 — %5, resulting in
OpT(0) = 1.
The walk of Opr is illustrated in blue in Figure 4.12. To sum it up, we have
IGNORE(0Y) = (3 — £)OPT(05). O

The results of this section are summarized in Table 2.6. We produced tight bounds for
closed and open online DiaL-A-RIDE and closed online TSP. Only for open online TSP a
gap remains. Note that we have the same bounds for IGNORE on the line as in the general
setting. Furthermore, in the case of online DiAL-A-RIDE, we have the same bounds for all
choices of the capacity c¢. Thus, we have shown that restricting the metric space to the real
line has no impact on IGNORE’s competitive ratio for closed and open online DiAL-A-RIDE
and for closed online TSP. Moreover, choosing a specific capacity of the server has no
impact on IGNORE’s competitive ratio either.

However, there is a significant gap between IGNORE’s competitive ratios and the lower
bounds for the competitive ratios of schedule-based algorithms presented in Section 4.1.
This indicates that IGNORE is a rather weak schedule-based algorithm. And indeed our
analysis exposes a critical weakness of IGNORE: IGNORE is very easily lured away from the
origin even though it would have been smarter in many cases to wait before executing
a schedule. Ascheuer et al. also had this insight. To address this issue they proposed
the SMARTSTART algorithm in [5], a schedule-based algorithm with a waiting routine
dependent on the length of the upcoming schedule. This algorithm eliminates the critical
weakness of IGNORE. We present a detailed examination of SMARTSTART in the next
chapter.
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5 Algorithm SMARTSTART

In comparison to IGNORE, the algorithm SMARTSTART [5] uses the given information
about the subsequence of unserved requests R; at time ¢. While IGNORE bases its waiting
function only on whether the subsequence R; is empty, SMARTSTART compares the current
time with the time needed to serve R, from its current position.

Algorithm 3 SMARTSTART
p1 <0
forj =1,2,... do
while t < L(t,p;, R;)/(© — 1) do
L wait
tj —t
S; < optimal offline schedule serving unserved R; starting from p;
execute S
Pj+1 < current position

The algorithm SMARTSTART is given in Algorithm 3. Essentially, at time ¢, SMARTSTART
waits before starting an optimal schedule to serve all available requests at time

L(t/upa Rt’) }

-1 (5.1

min{t’ ERsp:t' >tAt >
where p is the current position of the server and © > 1 is a parameter of the algorithm
that scales the waiting time. Formally, SMARTSTART is a schedule-based algorithm with
waiting function

false, if Ry #(0andt > %’
true, otherwise.

waitgy(t) := {

The SMARTSTART algorithm is of particular importance since it achieves the best possible
competitive ratio of 2 for the closed online DiaL-A-RIDE on arbitrary continuous metric
spaces [5, Thm 6] [8, Thm 4.2], and the best known upper bound of roughly 3.4142
for the competitive ratio of the open variant [32, Thm 2.30]. SMARTSTART is also a best
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possible schedule-based algorithm for closed online DiAL-A-RIDE on the line according to
Theorem 4.3. In this section, we provide the exact competitive ratio of SMARTSTART for
open online DiaL-A-RIDE and online TSP on the line. Furthermore, we provide improved
upper bounds for the competitive ratio of SMARTSTART for open online DIAL-A-RIDE and
online TSP in the general setting.

Regarding open online DiAL-A-RIDE, we show that SMARTSTART attains a competitive
ratio of p;’,{R ~ 2.9377 on the line for parameter value @lsjl’wR ~ 2.0526 (Thm 5.26) and
is p]SDB’,[X-competitive with pg(dx = 3 in the general setting for parameter value @SDB’,[X =2
(Thm 5.43). For open online TSP, we show that SMARTSTART achieves a competitive
ratio of pgﬁf ~ 2.7604 on the line for parameter value Qgﬁg ~ 1.8607 (Thm 5.41) and is
p;f -competitive with p&/IX ~ 2.8229 in the general setting for parameter value @gwf( =

1.8229 (Thm 5.44).

We published the results of the first two sections also in [10]. To show the upper bounds
for the competitive ratio of open online DiAL-A-RIDE on the line, we derive two separate
upper bounds depending on O: an upper bound for the case that SMARTSTART postpones
starting its final schedule and an upper bound for the case that SMARTSTART does not
postpone its final schedule (see Section 5.1). We complement the upper bounds with
matching lower bounds in Section 5.2. For online TSP on the line we show a slightly better
upper bound for the competitive ratio for the case that the final schedule is postponed,
which improves the general upper bound in comparison to the DiaL-A-RIDE version (see
Section 5.3). In the same section, we match this slightly improved upper bound with a
matching lower bound. For arbitrary continuous metric spaces, we show slightly weaker
upper bounds for the competitive ratio of SMARTSTART for open online DiAL-A-RIDE and
online TSP in the case that the final schedule is not postponed. This yields slightly weaker
general upper bounds than on the real line (see Section 5.4).

5.1 Upper Bound for Open Online DIAL-A-RIDE on the Line

In this section, we give an upper bound for the completion time of SMARTSTART in compar-
ison the optimum offline time to OpT(0). To do this, we consider two cases, depending
on whether or not SMARTSTART postpones the execution of the final schedule Sy. If
SMARTSTART postpones the execution of Sy (i.e., it waits even though there are unserved
requests), the starting time of schedule Sy is given by

1
tn = g7 LtN:pN,oN). (5.2)
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If SMARTSTART does not postpone the final schedule, we have
tN =tn-1+ L(tN—1,PN-1,0N 1) (5.3)
if the final schedule Sy is executed directly after the second to final schedule and
tn =1, (5.4)

if there are no unserved requests at the point of time the execution of Sy _; is finished
and the last requests are released at time r,, > ﬁL(t NsPN,ON)-

First, we examine the case that the final schedule is postponed. We start by giving a
lower bound for the starting time of a schedule.

Lemma 5.1. Algorithm SMARTSTART for open online DiaL-A-RIDE does not start schedule S;
earlier than time £d(0, pj11), i.e., we have t; > &d(0,pji1).

Proof. Since SMARTSTART at least has to move from p; to p;;1, we have
L(tj, pj,05) > d(pj, pjt1)-

Note however that SMARTSTART needs at least time d(p;,0) to reach p;. Therefore, we
have

(5.1) d(p;,p;
ty = min{t €Rxo:t2>d(0,pj) Nt 2 W}
d . .
= max{d(o,pj)a(peﬂ_%;—l)}' :2)

It remains to show

A D d .
m&X{d(Oupj)v (187%;_1)} > (O’gﬁ_l)

For d(0,p;) > % we trivially have

d(oa pj+1)

o (5.6)

d . .
max{d(O,pj), W} >d(0,p;) >

For d(0,p;) < %, the triangle inequality implies

max{d(O,Pj)7 d(}g,sz_ﬂ } > d(zg,fjrl)
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S d(0,pj+1)  d(0,p;)
- 0-1 0-1
d(0,p;) <>—d(°’%’+“ d(0,pj+1)  d(0,pjs1)

©—-1 ©6®-1)

d(0,pjy1)
- —a 5.7
fa) (5.7)
To sum it up, we have
55) d(p;, p; (5:6).(57) d(0.
tj = maX{d(O,pj),%’fT)} > (O’gﬁl)_ .

Using Lemmas 5.1 and 4.5, we can compute an upper bound for the length of SMARTSTART’s
schedules that is only dependent on the scaling parameter O.

Lemma 5.2. For every schedule S; of SMARTSTART for open online D1AL-A-RIDE, we have

©
L(tj,pj,O'j) < <1 + @+2> OPT(O’).

Proof. By Lemma 4.5 and Lemma 5.1 we have
Lem 4.5
L(tj,pj,aj) < mm{OPT(J) + d(pj,O),Q(OPT(O') — tj_l)}
Lem 5.1

< min{OPT(O') +d(p;,0),2 <OPT(O’) - %d(pja 0)) }

< <1 + @?—2>OPT(U)

since the minimum above is largest if the two terms are equal, which is the case for
e
d(p;,0) = ®+20PT(U). O

We are now ready to present an upper bound for the competitive ratio of SMARTSTART for
open online DIAL-A-RIDE in the case that the final schedule is postponed.

Proposition 5.3. In the case that SMARTSTART for open online DIAL-A-RIDE postpones
executing Sy, we have

SMARTSTART(0) _ 202420

OpT(0) - e24+0-2 1

(©).

84



5.1 Upper Bound for Open Online DIAL-A-RIDE on the Line

Proof. Assume SMARTSTART postpones the final schedule. Then we have

SMARTSTART(O’) (4:1) tN + L(tN,pN, JN) (5:2) %L(t]v,p]v, JN). (58)
Lemma 5.2 thus yields the claimed bound:
8 ©
SMARTSTART(0) = ﬁL(tN,pN, ON)
Lem52 @ ®
< -
< 9_1<1+®+2)OPT(0’)
20% + 20
= mOPT(U) D

Note that the upper bound presented in Proposition 5.3 is valid in the general setting and
thus also on the real line. It remains to examine the case where the algorithm SMARTSTART
does not postpone the final schedule.

Proposition 5.4. If SMARTSTART for open online DIAL-A-RIDE on the line does not postpone
executing Sy, we have

SMARTSTART(0) _ 302 +50+4
Oorr(c) ~— 30+3 72

(©).

Proof. Assume algorithm SMARTSTART does not postpone the final schedule, i.e., SMART-
START starts the final schedule Sy either immediately after finishing Sy_; or immediately
after the last requests are released.

Let the latter be the case, then the final schedule is started at the release time r,, of the
last request. Since OpT also has to serve the last request, we have Opt(o) > 7, and since
the execution of the final schedule is not postponed, we have r,, > ﬁL(t N,PN,ON), i.€.,

L(ty,pn,on) < (© —1)OPT(0). (5.9
In total we have

4.1
) =

SMARTSTART (0 tn + L(tn,pN,0N)

5.4
Y+ L(tn,pn,oN)
5.9
(<) O0rT(0)

302 4+ 50 + 4

30 13 OrT(0).
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Now let the final schedule be started immediately after the second to final schedule.
Without loss of generality, we assume |z™"| < ™2 throughout the rest of the proof. The
other case follows by symmetry. Let s be the first request of oy that is served by OpT
and let a{¥T be its starting position and rQPT be its release time. We have

SMARTSTART(0) (D ty + L(tn,pN,OoN)
(5.3)
=" tN-1+ L(tN—1,PN-1,0N-1) + L(tN, PN, ON)

(4.2)

< ty_1+ L(tn—1,pN-1,0n-1) + LOrSFT, pv, o). (5.10)

NG

Since OPT serves all requests of oy after time r$FT, starting with a request with starting
position a{*T, we also have

Opt(0) > rF™ + L(rYF™, aF", o). (5.11)

Furthermore, we have
T >ty (5.12)

since otherwise sOPT € on—1 would hold and

. (5;) 1
V2 e

by definition of SMARTSTART. This gives us

L(tn—1,PN-1,0N-1)- (5.13)

(5.10)
SMARTSTART(0) < ty_1+ L(tn—1,pN—1,0n-1) + L(rF", pn, oN)
(4<3) L OpT L Optr _OPT
tn—1+ L(tn—1,pn—1,0n-1) + |ay " —pNn|+ L(ry " ay ,0N)
(5.11) opT
< tno1+ L(tn-1,pn-1,0n-1) + [aSFT — pN| + OPT(0) — )
(5.12)
< L(tNy-1,pN-1,0N— )+]a]?,PT—pN|+OPT(J). (5.14)

We denote by s3¥ ; the last request that is delivered during schedule Sy _1 by SMARTSTART.
Note that the destlnatlon of s3 | is piy. We consider two cases.

Case 1: OPT collects s before delivering the request s3) |

Obviously OpT cannot collect the request sQFT before its release time rQT. Furthermore,
since OPT still has to go to position py for delivering request s | after collecting s{*7,
we have

(5.12)
OPT( ) OPT + |(IOPT —pN‘ > ty_1+ |a%PT — pN|. (5.15)
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The inequality above gives us

(5.14)
SMARTSTART(0) < L(tn_1,pN—1,0N-1) + [aFT — pn| 4+ OPT(0)
(5.15)
< L(tn-1,pN-1,0N-1) +20PT(0) — tn_1

(5.13) @ —2
<

- 0-1
Lem5.2@_2< ®
<

1+ M)OPT(O‘) + 20pT(0)

L(tn—1,pN-1,0Nn-1) + 20PT(0)

- 0-1
402 -8

= o2y 207

©>1 302+50+14

< WOPT(O’).

Case 2: OPT delivers s3¥ , before collecting the request s*
In this case we have
(5.14) OpT
SMARTSTART(U) < L(tN_l,pN_l,O'N_l) + \aN —pN‘ —i—OPT(J)
(5.13) Opr
< (@—1)tN_1+|CLN —pN‘—i-OPT(O')

tn—1 < OPT(0)
T 00pT(0) + 10T — pl.

This means the claim is shown if we have

20 +4
lpy — aSFT| < 30 + 3OPT(J).
Therefore, we may assume in the following that
20 +4
lpy — aSFT| > 3@+30pT(U). (5.16)

Let OpT(0) = |2™"| + 2™3 4 y for some y > 0. By definition of ™" and 2™# we have
oy — aSFT| +y < OpT(0). (5.17)

Since by assumption Opt delivers s3¥ | to position py before collecting sOFT at posi-
tion a{PT, we have

Ipv — af"| + |pn| < OPT(0), (5.18)
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and since si}‘{l appears after time ¢y _o, we also have
|pN — CL%PT‘ +iny_o < OPT(O’). (5.19)

To sum it up, we may assume that

(5.16),(5.17),(5.18),(5.19) @ — 1
tN— < —0 5.20
max{y, [pn|, tn-2} < 30 13 PT(0) (5.20)
holds. We compute
(5.14) opr
SMARTSTART(U) < L(tN_l,pN_l, UN—I) + ’pN —ay | + OPT(J)
Prop 4.10 Opr
< 2pn-1|+ [pn—1 — pN| + 2y + [pn — ai '] + OPT(0)
< 3lpn-1|+ [pn] + 2y + |pn — aFT| + OPT(0)
(5.18)
< 3’pN_1| +2y+20PT(U)
Lem 5.1
< 3OtN_9 + 2y + QOPT(O')
(5.20) 0-1 0—-1
< 30 2 20
= 5053 T 23953 T 20PT00)
302 + 50 + 4
= —— 0pT1(0). O
30 +3 (o)

We combine the results of Proposition 5.3 and Proposition 5.4 to obtain a general upper
bound for the competitive ratio of SMARTSTART for online DiaL-A-RIDE on the line.

Theorem 5.5. The function max{f,", f5* } gives an upper bound for the competitive ratio
of SMARTSTART for open online DiAL-A-RIDE on the line for all © > 1. Let G)IS);AR ~ 2.0526 be
the unique solution of the equation f,*(0) = f3*(0), i.e., of

207 +20  30%+50 +4
02+0-2  30+3

in the interval (1,00). Then, 9 is the unique minimum of the function max{f}®, fs*}
and SMARTSTART with scaling parameter @]SDI\’,[R is pls)l;[R-competitive with

Pon = fiP(O9) = f2(Ogy") ~ 2.9377.

SMm
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Figure 5.1: Functions f;” (green) / f,* (red): upper bounds for competitive ratio for postponing / non-
postponing case. Green / red area: possible values for the competitive ratio, bounded by f;* / f,*.

Proof. For the case where SMARTSTART postpones the final schedule, we have established
the upper bound
SMARTSTART(0) _ 202 + 20 up

< p—
OpT(0) “e2+e-2 ‘!

in Proposition 5.3 and for the case where SMARTSTART does not postpone final schedule,
we have established the upper bound

(©)

SMARTSTART(0) _ 302 +50 +4
OPT(0) - 30+3 2

(©)

in Proposition 5.4. Thus, the maximum of both bounds is a general upper bound for
the competitive ratio of SMARTSTART for open online DiaL-A-RIDE on the line that is
independent of SMARTSTART’s behavior before the final schedule.

Function f,” is strictly decreasing for © > 1 and function f,” is strictly increasing
for © > 1. Therefore the minimum of max{f,*, f,"} in the interval (1, 00) lies in the
intersection point of f,* and f,¥, i.e., in @]S)];/[R ~ 2.0526. The resulting upper bound for
the competitive ratio is

Pou = [iP(Ogy) = f3P(O5;7) ~ 2.9377. O
See Figure 5.1 for a visualization of the upper bound for the competitive ratio of SMART-
START for open online DIAL-A-RIDE on the line presented in Theorem 5.5
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5.2 Lower Bound for Open Online DIAL-A-RIDE on the Line

To complete our analysis of SMARTSTART for open online DiAL-A-RIDE on the line, we
give lower bound constructions for different values of ©. In particular, we show that for
© € (2,3) there are request sequences where SMARTSTART postpones its final schedule
and has competitive ratio at least f;*(©). Similarly, we show that for © € [2,2.303]
there are instances where SMARTSTART does not postpone its final schedule and has
competitive ratio at least f,7(©). Together, this implies that the general upper bound
of max{f}?(©), f?(©)} is tight for © € (2,2.303], and thus for © = OL as defined in
Theorem 5.5. To conclude the analysis of SMARTSTART for open online DIAL-A-RIDE on
the line, we present four more lower bounds that establish that outside of the interval
(2,2.303] there is no © # GISDI’VIR that yields a better competitive ratio than p]SDIQ,IR. All our
lower bounds rely on the following lemma that provides a way to lure SMARTSTART away
from the origin with almost no time overhead. More specifically, the lemma provides a
way to make SMARTSTART move to any position p > 0 within time p + y where p > 0 is
arbitrarily small.

Lemma 5.6. Let p > 0 be any position on the real line and 1 > 0 be any positive number.
Furthermore, let § > 0 be such that §5 = m € Nand § < (© — 1)u. Algorithm SMARTSTART
for open online DiAL-A-RIDE or online TSP finishes serving the request sequence azly‘flﬂe =
(81, e Sm+1) with

6 — (ié,ié;@(il+(i—1)5)fori€{1,...,m}

p
Smy1 = (p,p;mo + ) = (p,p; o™ u)

and reaches the position p at time p + p, provided that no additional requests appear until
time & + . The final schedule serving s, 1 is started at time § + fu.

Proof. We show via induction that every request s; with i € {1,...,m} is served in a
separate schedule S; with starting position p; = (¢ — 1)¢ and starting time
d .

This is clear for i = 1: By definition, SMARTSTART starts from p; = 0. The schedule S; to
serve s; is started at time

6 L0, (s1) _ t} _ 9
— @_17

t1 =min<t € Ryg:t > A
! mm{ CR0it=gT N T
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and reaches position p, = ¢ at time vy = ﬁé +6= %5. Note that the release time of
every request s; is larger than ¢;, ensuring that S; indeed only serves s;.

We assume the claim is true for some k£ € {1,...,m — 1}. Consider i = k£ + 1. By
assumption, the server finishes schedule Sy, at position py, 1 = kd at time vy, = ﬁé + k9.
Therefore, we have

1
thy1 = o 1(54—]{5.
On the other hand, we have
L(% + ké, k5, (Sk+1)) 5} k)
= < + k0 = vp41.
0-1 0O-1 ©-1

Since there are no other unserved requests at time & + k9, the schedule Sy is started

at time ty,1 = % + ko and only serves s; 1 as claimed. It remains to examine the last
request s,,+1. The above shows that schedule S,, is finished at time

) 4]

at position p,,,11 = md = &, i.e., before the request s,,, ;1 is released at time 7,11 = p+mé.
On the other hand, we have

L(p+mé 5, (sms1) S50 p
_ _P s 5.
61 6-1 o mosptm

Therefore the final schedule S, is started at time ¢, y1 = p +md = p + §, and we get

SMARTSTART((S;)ic{1,...m+1}) = tmt1 + L{tm41, Pmt1, (Sm1))

_ p ©-1

=p+ o + g P

=pu+p.
The request sequence a}}jﬁe contains no transportation request. Thus, our construction
remains valid for every capacity ¢ € NU {co} and also for online TSP. Furthermore, there
is no interference with requests that are released after time ¢,,,41 = 1 + &. O

Equipped with this strategy to lure SMARTSTART away from the origin, we now move on to
establish lower bounds matching Propositions 5.3 and 5.4. For convenience, whenever we
apply Lemma 5.6, we start the enumeration of schedules with the first schedule after the

subsequence a%}}ﬁe is served. To make the analysis of the following constructions a bit more
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clear, we denote by w; the earliest time, a potential waiting period before schedule S; is
over, i.e., w; = ﬁL(vj, Pj, 0<v,; ). Consequently, if no new requests appear between the
ending time v; of schedule S;_; and the starting time of schedule S; (which is the case
for all request sequences that will be analyzed in this section), we have ¢; = max{v;, w;}.

In the following, we will analyze four different request sequences o to o$™. We will
see that the ratio of SMARTSTART’s and OpT’s completion time of o$™ tightly matches the
upper bound of Proposition 5.3 for © € (2,3) and that the ratio of SMARTSTART’s and
OpT’s completion time of o5 tightly matches the upper bound of Proposition 5.4 for
O € [2,2.303]. The request sequences o$* and o™ will provide additional lower bounds
for the competitive ratio of SMARTSTART for open online DiAL-A-RIDE on the line for larger
values of ©. We start with request sequence o$™.

Definition 5.7. Let ¢’ > 0 with ¢’ < . We define

Sm . ( _lure 1) (2
o1 = (01751/2,51 ,51);

where allug‘? /2 is a subsequence of requests resulting from the application of Lemma 5.6
. _ _ €/
with p =1and p = 5 and

(C] ©
1 1
852) = (6,1,9+5,)

Note that both requests appear after time é + %’ and therefore do not interfere with the

application of Lemma 5.6 and that &/ < é implies agl) < 0, i.e., the starting position

of request sgl) is on the left side of the origin. We begin our analysis of o$™ with the

computation of OpT(c$¥).

1 1
sgl) = <_ + 5/70; — + €,>7

Lemma 5.8. We have
 6+2

)

Proof. OpT waits at the origin until time 2¢’ and then performs the walk

OpT(o™)

1
0—>—6+5/—>1.

Opt’s walk is presented in blue in Figure 5.2 for © = 1.9 and in blue in Figure 5.3 for

0= GIS?KAR' We show that all requests are served this way: OpT collects 35“ at time é + &
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and delivers it to the origin at time %. Let ¢ > 0 be the position of a request of all‘f;? /9
arising from the application of Lemma 5.6. Then this request is released earlier than time
q-+ %’ On the other hand, OpT reaches position ¢ not earlier than time % + ¢. Since we
have &’ < é, we have % +q>q+ %’ and OpT can go straight from the origin to position 1,
collecting and delivering all requests that occur by the application of Lemma 5.6 as well

as sgz) on the way. Therefore, we have

1 0 +2
OPT(o—fM) = 25’+D<0 — -5 +e - 1) — T—i_

OrpT can do this even if the capacity is ¢ = 1, since no transportation requests need to be

carried over |0, %] U {1}, where the requests of the application of Lemma 5.6 appear, and

because the carrying paths of sgl) and s§2) are disjoint. O

Next, we compute SMARTSTART’S completion time. We will see that SMARTSTART’S comple-
tion time for serving o$™ depends strongly on the choice of ©.

Lemma 5.9. Let © € (1,3) and ' < 2. Then, we have

SM):min{ 30 2@+2} 20

SMARTSTART (07} 61T o6-1( 6-1¢

Proof. SMARTSTART’s walk is presented in green in Figure 5.2 for © = 1.9 and in green in

Figure 5.3 for © = @E&R. SMARTSTART reaches position p; = 1 at time v; = 1 + %’ The

shortest schedule serving 552) before serving s§1> has length

1 1
D(1—>@—>1—>—®+5’—>0>:3—25’.

On the other hand the shortest schedule that serves sgl) before serving sf) has length

1 2
D<1—>—6+5/—>1):2+9—25/.

Thus, for all ¢ > vy, we have

L(t7p17 (Sgl)a 852))> = min{B, 2+ é} — 25/.
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pos B SMARTSTART
H OpT

SMARTSTART(a3¥)
A\

\/time

Figure 5.2: SMARTSTART’s and OpT’s walk serving o™ with ¢/ = 0.25 and © = 1.9. Request s§1> is red @ and

request sf) is yellow o. The requests of Lemma 5.6 are gray e.

By assumption, we have © < 3 and ¢/ < %, which implies that for the time v; = 1 + %/,
when SMARTSTART reaches position p; = 1, the inequality

3 2042 2 ,e<34 ,I<i ¢
= 1+ = 5.21
@—1%x@—n} e oty En (5.21)

“6-1° T 3~ 2
holds. Note that inequality (5.21) also holds for slightly larger © if we let ¢ — 0. Because
of inequality (5.21), SMARTSTART has a waiting period and starts the schedule S; at time

3. 2042\ 2
—1'e®-1)J e-1"

wy = min{

5.21
t1 = max{vy,w;} (521 wy = min{ 5

In total, we have

1) (2 . 30 20+2 20
SMARTSTART(03™) = 1 + L(t, p1, (s§ ),s§ ))) = mln{@ 1 61 } “ 6= 15’. O

Equipped with Lemmas 5.8 and 5.9, we can compute lower bounds for the competitive
ratio of SMARTSTART for online DiaL-A-RIDE for © € (1, 3). We start with the subinterval
(1,2].

Lemma 5.10. Let 1 < © < 2. For every sufficiently small € > 0, we have

S Sm 3@2
MARTSTAI;T(O'I ) _— Lo flow(e) e
OpT(o7™) ©°+0 -2
In particular, we have
SMARTSTART(o3™) DR
> por, =~ 2.9377
OpT(of™) Psm

for © € (1, 2] and sufficiently small £ > 0.
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pos E SMARTSTART
H OprT
1
1
=}
time
1
S RV Opt(o$™) \% SMARTSTART(05™)

Figure 5.3: SMARTSTART’s and OpT’s walk serving o3* with ¢’ = 0.25 and © = GE;GR. Request sﬁ” isred ®
and request 5(12) is yellow o. The requests of Lemma 5.6 are gray e.

Proof. Lete > 0 with e < min{%(%), 41 and ¢’ = @492 < 2. By Lemma 5.9,
we have

30 2042 20
SMARTSTART(05™) "2 Inin{ 5 16 jl } 5 15’
e<2 30 20 o
- e-1 oe-1
Lemma 5.8 implies
O+2
OpT(oSM) = — =,
(o7™) /o)
Since we have ¢/ = @2;9@{2 £, we obtain
SMARTSTART (o3 ™) _ 3t 2@ o 3% c_ flowe) ¢
OpT(o$) 02+0-2 02+0e-2 0240 -2 ! ’

as claimed. The function f1°" is monotonically decreasing on (1, 2]. Therefore, we have

SMARTSTART(0;¥) ) DR
opT(0S) —e> f17(2) —e=3—¢e>pg, ~29377
forall® € (1,2] and e < 5. O

The following proposition shows that in the case © € (2, 3) the ratio of SMARTSTART’S
and OpT’s completion time for the request sequence o™ tightly matches the upper bound
provided by Proposition 5.3.
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Proposition 5.11. Let 2 < © < 3. For every sufficiently small € > 0 we have

SMARTSTART( My 202 420

Orr(ol)  ~@re-3 1 O)-

and SMARTSTART postpones the final schedule, i.e., the upper bound established in Proposi-
tion 5.3 is tight for © € (2, 3).

2
Proof. Lete > 0 with e < (@sz)@ ;) and & = @52 < 2. By Lemma 5.9, we have

30 2042 20
SMARTSTART(0$™) "o2>9 min{ + } !

6-16e-1J o6-1°
022 20+2 20
- e-1 ©e-1
Lemma 5.8 implies
O+2
OpPT(0P™) = ——.
PT(o7™) 5
Since we have ¢’ = €2 ;9@2 2¢, we obtain
SMARTSTART(0}™) 20 +20 207 o 202 420 e @) e O
Oorr(c$™)  ©2+0-2 ©2+0-2 ©e24+e-2 ! '

Figure 5.4 is a visualization of the upper bound for the competitive ratio of online DiAL-A-
RIDE on the line presented in Theorem 5.5 together with the lower bounds of Proposi-
tion 5.11 and Lemma 5.10. Next we examine the request sequence aSM.

Definition 5.12. Let &/ > 0 with ¢/ < %. We define

SMm . lu (1) ()
03" = (0100, 81 1815 52),

where allur? /2 is a subsequence of requests resulting from the application of Lemma 5.6
w1thp—1and,u:%/and

(1):<2@—|—1 , 2041 /‘1—|—6,>,

o e ‘e

2 1 1
Sg):< @ ®+EI>

1
G

32—(m {@ +5 26+1}_6,max{®+5 2@+1}_€,.36)+3>
02-0" © ’ e2-0" O '92-06

51
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4
Q
o
s
<
-
)
E pD,lR
= SMm
193]
o
g
)
()
2

scaling parameter ©

Figure 5.4: Functions f;” (green) / f,* (red): upper bounds for competitive ratio for postponing / non-

low

postponing case, drawn solid if tight. Function: f;* (blue): lower bounds for competitive ratio.
Green / red area: possible values for the competitive ratio, bounded by f;* / f5? and fi°".

Note that the requests s§1>, 352) and sy appear after time é + %’ and therefore do not

interfere with the application of Lemma 5.6 and that £’ < % implies as > agl) > 1,i.e.,

both requests 851) and s appear on the right side of position 1. Note that o5¥ contains
no transportation requests. Thus, every lower bound implied by request sequence o5"
is also valid for open online TSP. We begin our analysis of o5™ with the computation of
OpT(o5™).

Lemma 5.13. We have

OpT(05%) = max{ g?j—g, 2®@+ 5 }

Proof. OpT waits at the origin until time ¢’ and then performs the walk

©+5 2@+1}_€,

02-0" ©o

1
0—>—@—>max{

OpT’s walk is presented in blue in Figure 5.5 for © = @gB’AR and in blue in Figure 5.6 for
O = 2.5. We show that all requests are served this way: OPT serves the request 3(12) at
time é + ¢’ and returns to the origin at time % + ¢’. Let ¢ > 0 be the position of a request
that has occurred by the application of Lemma 5.6. Then this request is released earlier

than time ¢ + %’ Since OPT reaches position ¢ not earlier than time % +e+qg>q+ %/,
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5 Algorithm SMARTSTART

OpT can go straight from the origin to the right and can serve all requests of Lemma 5.6

without waiting. OPT reaches position max{ +%, 2%} — ¢ at time
(o L pad O 20411\ (3043 2043
E—— —_ = X
© ©2-0" © 02-0" ©
S 30+ 3
~—0e2-0

=T,

. 1 .
i.e., OPT serves the requests s§ ) and so at arrival and we have

OPT(05M) = max{ 39 +3 20+3 }

e2-0’ o
Next, we compute SMARTSTART’S completion time.

Lemma 5.14. Let © € |1 4] and &’ < 2. Then, we have

SMARTSTART(0$™) = m {%ﬂ+ﬁ@+4 aﬂ+3@—2} 3@—15
2 )= , _ .
02 -0 ®2-06 O—-1

Proof. SMARTSTART’S walk is presented in green in Figure 5.5 for © = @]S)}’AR and in green
in Figure 5.6 for © = 2.5. SMARTSTART reaches position p; = 1 at time v; = 1 + %’ At this

time the requests sgl) and sgz) are released, but s is not. The shortest schedule serving 352)

before serving sgl) has length
D< 1 2@+1_g>:3®+3_,

1—>—6—> o o €.

On the other hand, the shortest schedule serving 552) after serving sgl) has length

20 +1 1 30 +3
D(1 —d =) = — 2.
<%@ HG) :

Thus, SMARTSTART serves sf) after serving 55”, and, for all ¢ > v, we obtain

L(t,pr, (s, s)) =
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By assumption, we have © < 4 and ¢’ < %, which implies that for the time v; =1 + g,
when SMARTSTART reaches position p; = 1, the inequality
30 +3 2¢/ ©<4

<15 9
_ _ SRS 22
MTge—-1) e-1 -1 3 - ‘ty=m (5.22)

holds. Thus, SMARTSTART has a waiting period and starts schedule S; at time

(5:22) 30+3 2¢’
t1—max{vl,w1} wlze(@_l)—@_l,

which is before s, is released. SMARTSTART finishes schedule S, at time

30 +3 20
vy = t1 + L(t1,p1, (S§1)>5§2))) “e-1 o- 16/

at position py = —%. It remains to serve s,. For all ¢ > v, we obtain

B 1 ©+5 2041 ’
L(t7p27(82)) - D( ® - max{@Z — e, (C] } €>

{2@+4 2@+2} .
= ImaXx — & .

ez2-0" O
Assume we have max{ 2941 26®+2} = 25%4. By assumption, we have © > 7 and &’ <
2 < 23@(23_375@@24:%9 For the finishing time v, = 393 — 28-¢/ of schedule S}, we have the
inequality
20 +4 e
w = —
2 0O—-12 ©6-1
20+4 20-1, 20
= + € — €
6O—12 "6-1° @o-1
<;e§)<_:‘>75®0+4@ 30+3 20
-1 ©6-1
_ v, (5.23)

Note that inequality (5.23) still holds for slightly smaller © if we let ¢ — 0. Now assume

we have max{29t: 2942} — 2842 By assumption, we have ¢/ < & < €31, which
implies that, for the finishing time vy, = 3843 — 292/ of schedule S, the inequality
20 +2 e

wo =

0©O—-1) ©6-1
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pos B SMARTSTART
H OpT

time

1
SMARTSTART(o5M)

Figure 5.5: SMARTSTART’s and OpT’s walk serving 5" with ¢/ = 0.5 and © = O, Request s is red e,

(2)

request s;~ is yellow o and request s, is violet ®. The requests of Lemma 5.6 are gray e.

1(3@+3 @+1+€’@)

o\loe-1 0—1
<%t 1/30+3 20
< = - £
e\le-1 o-1
0>1 30+3 20
©o-1 ©-1

holds. Because of the inequalities (5.23), (5.24) starting time of the schedule S5 is the
ending time of the schedule S, i.e.,

30+3 20
e-1 ©e-1"

to = max{vy, wa} = vy =

To sum it up, we have

SMARTSTART(05™) = t5 + L(t, 2, (s2))
{3@2+5@+4 5®2+3@—2} 30-1,
= m -

. 0
-0 ' -0 0_1°

Equipped with the Lemmas 5.13 and 5.14, we can compute lower bounds for the com-
petitive ratio of SMARTSTART for online D1aL-A-RIDE for © € [7,4]. We start with the

4
subinterval [£, 3(1 + v/13)].
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Proposition 5.15. Let £ < © < 1(1 4 v/13). For every sufficiently small ¢ > 0, we have

SMARTSTART(05")  30°4+50 +4 W(Q) ¢
opr(cS™) 30 +3 o2

and SMARTSTART does not postpone the final schedule, i.e., the upper bound established in
Proposition 5.3 is tight for © € [, 2(1 +V/13)] ~ [2,2.303].

Proof. Lete >0 withe < (3?@27;:?) and ¢’ = 293¢ < 2. By Lemma 5.14, we have

302 4+ 50 +4 502+ 30 — 2 3@—1,
e2-e = ©2-e } 0_1°
©<(1+Vi3) 30 +50+4 30-1,

02 -0 01"

Lem 5.14
SMARTSTART(o5™) = max{

Lemma 5.13 implies

<l
OpT(0 SM):maX{3@+3 2@+3} <3(1+v13) 30 + 3

02-0" ©6 B [CRre)

Since we have ¢/ 33(’9@2+3(’9 e, we finally obtain

SMARTSTART( SM) _3®2+5@+4_3@2_@/ 307 +50 +4 e=fPO)—e. O
OpT(o5M) - 3043 30 +3 30 +3 v |

Next, we examine the subinterval (3(1 + v/13),4].

Lemma 5.16. Let - (1 + V13) < © < 4. For every sufficiently small £ > 0, we have

SMARTSTART(05™) 502 + 30 — 2 Tow
OpT(o5™) 20°+0 -3
In particular, we have
SMARTSTART(05™)  pgr
> pel &2 2.93768
Opt(o5M) Psu

for © € (3(1 4+ V/13,V/7] ~ (2.303, 2.646.
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pos B SMARTSTART
H OpT
e

time

1
Opt(oSM) \/ SMARTSTART(c5")

Figure 5.6: SMARTSTART’s and OpT’s walk serving 03" with ¢’ = 0.25 and © = 2.5. Request 55” isred e,

request s§2> is yellow o and request s; is violet ®. The requests of Lemma 5.6 are gray e.

Proof Lete > 0with e < min{(3%72), &} and ¢’ = 293¢ < 3. By Lemma 5.14,
we have

SMARTSTART(0SM) "M pax 30°+50 +4 50°+30 —2] 36— L
2 - -6 ' ©2-6 61
©>4(1+VI3) 50°4+30 -2 301,

02_-0 0—-1""

Lemma 5.13 implies

2 o>11+v13) 2
OpT(03") = m x{é(;)jé, @@+3} >3(LHVI3) @(;3

An illustration of OpT’s walk is presented in blue in Figure 5.6. Since we have ¢/ = 3%9{% g,

we finally obtain

SMARTSTART(05™) 502 + 30 — 2 302-06

Opr(c$™)  2024+0-3 20210-3
_ 50%4+30 -2
T 202+0-3 °
= f"(0) —«,

as claimed. The function f1°" is monotonically decreasing on (3(1+V/13), V7). Therefore,

we have
SMARTSTART (05)

Opt(o5M)

> %OW(\/?) —e=3—-¢> p]SDI\’/IR /2 2.93768
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4 T —7
| .’
,/
QU low I up 4
o 1 | 2 .
‘= | PR
< | e
- | ,
[«D]
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B! pSM |
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M

scaling parameter ©

Figure 5.7: Functions f,* (green) / f,° (red): upper bounds for the competitive ratio for the postponing
/ non-postponing case, drawn solid if tight. Functions: f1°", fi* (blue): lower bounds for the
competitive ratio. Green / red area: possible values for the competitive ratio, bounded by f;? / f5°
and flov, flow,

forall (3(1+V13),V7] and e < &. O

Figure 5.7 is a visualization of the upper bound for the competitive ratio of online DiAL-a-
RIDE on the line presented in Theorem 5.5 together with the lower bounds of Proposi-
tions 5.11 and 5.15 as well as Lemmas 5.10 and 5.16.

Recall that the optimal parameter @]SDB’,[R established in Theorem 5.5 is the only positive,
real solution of the equation

207 +20  30%+50 +4
02+0-2 3043

which is @]S);,[R ~ 2.0526. Therefore, by Proposition 5.11 and Proposition 5.15 the parameter

@g\’ﬂR lies in the interval where the upper bounds of Propositions 5.3 and 5.4 are both
tight. Moreover, by Propositions 5.11 and 5.15 and by Lemmas 5.10 and 5.16 there is no
scaling parameter © € (1,1/7] \ {@?&R} that yields an equal or better competitive ratio
than @]SDMR does. Thus, it remains to make sure that there is no © > /7 that yields an
equal or better competitive ratio than p];’VIR ~ 2.93768. To show this, we analyze two more

request sequences o3™ and o3¥. We start with o$™.
Definition 5.17. Let &’ > 0 with ¢’ < max{2952, L}. We define

Sm . lure 1) (2
03" = (019,81 581, 52),
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where ollug/e /2 is a subsequence of requests resulting from the application of Lemma 5.6
withp=1and u = %’ and

1 ! 1
sgl): (4—8,1;—1-5'),

© 2 0
@_(_ L, oL 1. .
$1 —< 6—1—5, 6+5,6—|—5>,

360 —1
=(1,1 ).
72 ( ’@(@—1))

Note that the requests sgl), s?) and so requests appear after time % + %/ and therefore do

not interfere with the application of Lemma 5.6. Furthermore, ¢/ < 2€=2 implies agl) <1

e
and &’ < % implies a§2) < 0, i.e., the position of request 3(11) is on the left side of position 1
and the position of request ng) is on the left side of the origin. We begin our analysis

of o$™ with the computation of OpT(05M).
Lemma 5.18. Let © > 1 + /2. Then, we have

OpT(05™) = %

Proof. OpT waits at the origin until time 2¢’ and then performs the walk

0= —~ 4 e 51
— g .
©

OpT1’s walk is presented in blue in Figure 5.8 for © = 2.75. We show that all requests are
served this way: OpT collects 851) at time & + ¢’ and returns to the origin at time 3. Let
g > 0 be the position of a request that has occurred by the application of Lemma 5.6.
Then this request is released earlier than time ¢ + %’ OrpT reaches position ¢ not earlier
than time 2. We have ¢’ < &, which implies 2 + ¢ > ¢+ 5 and OPT can go straight
from position —é -+ ¢ to position 1 collecting and delivering all requests that occur by the
application of Lemma 5.6 as well as s?). Note that OpT can also collect s at arrival at
position 1 at time 1 + % since we have

2 ©>1+v2 30 — 1

> _—
e 2 Be-1

Therefore, we have

1 2
OpT(o5™) = 26’+D<0 - —gte o 1) = @g .

104



5.2 Lower Bound for Open Online DIAL-A-RIDE on the Line

Note that OpT can do this even if capacity ¢ = 1 holds since no additional requests need to

be carried over [0, %] U{1}, where the requests of the application of Lemma 5.6 appear. []

Next, we examine SMARTSTART’S completion time.

Lemma 5.19. Let © € [1 + /2,3) and &’ < 2. Then, we have

4@2—@—1_3@—15,
02-0 e-1"

Proof. SMARTSTART’s walk is presented in green in Figure 5.8 for © = 2.75. SMARTSTART

reaches position p; = 1 at time v; = 1 + %’ The shortest schedule serving s§2) before

delivering sgl) has length

SMARTSTART(o5™)

1 2

On the other hand, the shortest schedule that serves s§2) after delivering 851) has length

1 ¢ 1 1
D1l—==4+—-—>1—=——=+¢&)=3- = -2¢.
(—>9+2 — @+5> o €

By assumption, we have © < 3, which implies 3 — % -2 <24 % — 2¢’. Therefore

SMARTSTART Sserves 352) after delivering sgl) and for all ¢ > v; we have

1
L(t, p1, (sgl), s?))) =3 6~ 2¢’.
Again, by assumption, we have © < 3 and & < %, which implies that for the time
v =1+ %/, when SMARTSTART reaches position p; = 1 the inequality

m\

30 -1 %' e<3d4 €<}
w, = — ——c > 1+

6O—-1) ©6-1 3 - U (5.25)

|

holds. Thus, SMARTSTART has a waiting period and starts schedule S; at time

(5.25) 30 -1 2¢’
t1 = max{v, w1} =" w; = 8@ —1) ~ 61

before request s3 is released. SMARTSTART finishes schedule S; at time

30 -1 20
vy =t + L(t1, p1, (351)7‘9%2))) - -1 ©o- 18/‘
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pos B SMARTSTART
H OpT
14 .‘
[
[
1 ’
Cha i
0 time
T 1
,% 4 4 OpT(a™) v SMARTSTART(05™)

Figure 5.8: SMARTSTART's and OpT’s walk serving 3" with ¢’ = 0.2 and © = 2.75. Request 35” isred e,

(2)

request s;~ is yellow o and request s; is violet ®. The requests of Lemma 5.6 are gray e.
at position py = —é -+ ¢’. For all t > vy, we have
L(t,p2, (s2)) = D 1+a’—>1 1+1 g
) ) S = A = -~ < -
b2, (52 o) o)
By assumption, we have © > 1+ v/2 and ¢’ < % < %.26_1. For the finishing time v of
schedule S; the inequality
1+ 3 '
w9 = e _ i
-1 ©0-1
_ 1+  (20-1)¢ 20¢
0-1 0-1 0-1
¢ <Ol 391 20
S -1 e-1
— Vo (5.26)

holds. Therefore the final schedule S is started at time

b ( }(536) _3@—1_2@’@
2 = IMax4v2, Wy = 1)2—@_1 @_1.

To sum it up, we have
4@2—@—1_3@—15,
02-0 -1

Equipped with the Lemmas 5.18 and 5.19, we can compute lower bounds for the competi-
tive ratio of SMARTSTART for online DiaL-A-RIDE for © € [1 + /2, 3).

SMARTSTART(05™) = to + L(t2,p2, (s2)) = -
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Lemma 5.20. Let 1 ++/2 < © < 3. For every sufficiently small ¢ > 0, we have

SMARTSTART(0$") 402 -0 —1 low

= —e= 0) —«.
Opt(o5M) 02+0 -2 3 (©)
In particular, we have
SMARTSTART(05™) _ pg
> po &2 2.93768
OpT(o5™) Pou

for © € [1+/2,3) ~ [2.414, 3).

. . 2_ 2 _
Proof. Lete > 0 with e < min{(g25%), 55} and ¢’ = §5:25%¢ < 5. By Lemma 5.19
we have

40*-0-1 30-1,

Smy
SMARTSTART(03") = o2-6 o_1°
By Lemma 5.18 we have
O+2
Smy __
Opt(o3™) = 5
We have
SMARTSTART(05") 40°-©-1 30°-0 v
Opt(o$™) 024+ 0-2 02+0-2
_402-0-1
- 02+0-2
G

as claimed. The function f1°" has exactly one local minimum in the interval [1 + /2, 3) at
O=1I+ @. Therefore, we have

SMARTSTART(o$™) ow (7 V34 DR
> -+ — | —e>3—€>pg, ~29377
OpT(0$™) =57\ 5T 75 c 7 Psu

forall [1 ++/2,3) and e < 5. O
Last, but not least, we examine request sequence o$".
Definition 5.21. Let &/ > 0 with ¢/ < @2—61. We define

SM .__ (, lure 1 (2
o = (0100 /9,81 5815 82),
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where alluje/ . 5 1S @ request sequence resulting from the application of Lemma 5.6 with
elel/2

pzl—e’and,u:%'and

@_ (11 1
81 _<@7®,@+5)5

(1—-¢,1-¢41).

52
Note that the requests sgl), 552) and s, appear after time 1(;/ + %’ and therefore do not

interfere with the application of Lemma 5.6. Furthermore, note that we have agl) =

9Ll > L and that &' < 9! implies al’ < 1—¢, ie., the carrying path of s\" anc% ';he
1

area, where Lemma 5.6 is applied are disjoint and the starting position of request s; ’ is
on the left side of position 1 — &’. We begin our analysis of o3 with the computation of
Opt(o$™).

Lemma 5.22. We have
OpT(05M) = 1.

Proof. OpT waits at the origin until time &’ and then performs the walk
0—1-¢.

OpT1’s walk is presented in blue in Figure 5.9 for © = 3.25. We show that all requests are
served this way: Let ¢ be the position of a request that has occurred by the application of
Lemma 5.6. Then this requests is released earlier than time ¢ + %’ Since OpT reaches
position ¢ not earlier than time q + &' > ¢ + %', OpT can go straight from the origin
to position 1 — ¢’ collecting and delivering all requests that occur by the application of

Lemma 5.6 as well as, sgl), 552) and s,. Note that sgl) can be served on the way since

1 0+1 1 1
ag):72e >6:r§)—5’.
Therefore, we have

Opr(03™) =&’ + D(0 > 1+¢') = 1.
Note that OpT can do this even if capacity ¢ = 1 holds since no transportation requests
need to be carried over [0, lgf'] U {1}, where the requests of the application of Lemma 5.6
appear. O
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Lemma 5.23. Let © € [3,00). Then, we have

10-3 9,

SMARTSTART(03%) = 5 5

Proof. SMARTSTART’s walk is presented in green in Figure 5.9 for © = 3.25. Algorithm
SMARTSTART reaches position p; = 1—¢’ attime vy = 1 — %’ The shortest schedule serving

ng) before delivering sgl) has length

1 2
D<1—5/—>9—>1—5’>:2—@—25’.

The shortest schedule that serves s§2) after delivering sgl) has length

O+1 1 2
D(1l-éd 5 ——21-¢—>=)=2-=-3.
< g — e — €—>@> o 3¢

Therefore SMARTSTART serves s?) after delivering sgl) and for all ¢ > v; we have

2
L(t,p1, (s, sy =2 — g 3
By assumption, we have © > 3, which implies that for the finishing time v; = 1 — % of
schedule S; the inequality

b 20-2 3 ez
'“e-1) ©6-1 "~

[SVI )

holds. Thus, the schedule .5; is started immediately after the application of Lemma 5.6 at

time )

t1 = max{vy, w1} =v; =1— %
SMARTSTART finishes schedule S; at time
306-2 7
V2 = tl + L(tluph (851)7 552))) = - 78/
] 2
at position py = %. For all ¢t > vy, we have
Llt,ps, (s2) = D[~ 51— ) =1— L _ o
y D2, (52 — @ = @ .

109



5 Algorithm SMARTSTART

pos B SMARTSTART
B OpT

time

1 1
Oopt(o$™) SMARTSTART (o $™)

Figure 5.9: SMARTSTART’s and OpT’s walk serving o™ with ¢/ = 0.2 and © = 3.25. Request 35” isred e,

request 532) is yellow o and request s, is violet @. The requests of Lemma 5.6 are gray e.

By assumption, we have © > 3, which implies &’ < @2—61 < 3(@@21;);. For the finishing time
vy = 392 — T/ of schedule S the inequality
1-3-¢
_ S
v -1
1 7, 7©-9,

= — — - + €

e 2 20 — 1
6(0—1)2

€/<7g2,9@ 360 —2 7 ’
——¢
© 2

= V2.

holds. Therefore the final schedule S, is started at time

; x| ) 30 —2 7€,
= Inaxy vy, W = V2 = — =£.
2 2, W2 2 o 5
To sum it up, we have
40 -3 9,

/o) —56. O

Equipped with the Lemmas 5.22 and 5.23, we can compute lower bounds for the competi-
tive ratio of SMARTSTART for online DiAL-A-RIDE for O € [3, c0).

SMARTSTART(03™) = to + L(t2,p2, (s2)) =

Lemma 5.24. Let © > 3. For every sufficiently small £ > 0, we have

SMARTSTART(03™) 40 —3 o —. flow

OpT(o$™) e = fi7(0) —e.
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5.2 Lower Bound for Open Online DIAL-A-RIDE on the Line

In particular, we have
SMARTSTART(c3¥)

Opt(o$M)

> pot & 2.93768

for © € [3,00).

Proof. Lete > 0withe < min{3(9g!), 5} and ¢’ = 2 < 5! By Lemma 5.23, we have

_40-3 9,
- _

SMARTSTART (o 3%)

N |

By Lemma 5.22, we have
OpT(c$™) = 1.
We have
SMARTSTART(0$™) 40-3 9, 40-3

_ _ 2 o low -
orr(c?™)  © 2" o /MO -

as claimed. The function fj°" monotonically increasing on the interval [3, o). Therefore,
we have

SMARTSTART (053™) _ jow . DR
> 3)—e=3—¢ > pg, ~ 293768
OPT(O‘EM) fel f4 ( ) € € Pswm
for all [3,00) and & < . O

We combine all lower bounds constructed in this section into one general lower bound.
See Figure 5.10 for an illustration of all upper and lower bounds for the competitive ratio
of online DiAL-A-RIDE on the line.

Theorem 5.25. Let Fpsr : Rv1 — R be a function with

flow(©), for® € (1, ]
P(©), for© € (2,00)],
o (©) i 4 13 (©): for © (€32 3(1 + VH),
PR flow (@), for @ € (L(1 4+ v13), 1+ v2),
low(@), for© € [1+2,3),

1"W( ), for® € [3,

00).

Then Fpur is general lower bound for the competitive ratio of SMARTSTART for open online
DiaL-A-RIDE on the line. The unique minimum of Fpg lies in © = GEI’VIR ~ 2.0526 and yields
a lower bound of

Foar(095) = pof ~2.9377

SMm
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4 | 7
| p’
’
Q low I up ¢
o 1 | 2 e
% : - flow flow
R | i 3 4
12) DRI __ O~ L _|
g Psu [
o« N T T e
g : éow _______
o | -
) . | TTee-lll
P X
2 il 11 1 1
D,R
! Osu 3 4 5

scaling parameter ©

Figure 5.10: Functions f,* (green) / f5° (red): upper bounds for competitive ratio for postponing / non-

low

postponing case, drawn solid if tight. Functions: fi° to fi°" (blue): lower bounds for competitive

ratio. Green / red area: possible values for the competitive ratio, bounded by f;® / f5* and fi™
low

to f V.

Proof. We have shown in Proposition 5.11 that f,?(©) with © € (2, @]SDIQAR] is a lower
bound for the competitive ratio of SMARTSTART for online D1AL-A-RIDE on the line and in
Proposition 5.15 that f,?(0) with © € (0g;", (1 + v/13)] is a lower bound. Theorem 5.5

implies that Fp,r has unique minimum in the interval (2,1(1 + v/13)] at © = G)]SDMR. It

remains to show that Fp,r(©) > FDAR(GIS?B’AR) for all © € (1,2] U [5(1 + v/13),00). This
immediately follows from Lemmas 5.10, 5.16, 5.20 and 5.24. d

The main theorem of this section follows by combining Theorem 5.5 and Theorem 5.25.

Theorem 5.26. The competitive ratio of SMARTSTART for open online DIAL-A-RIDE on the

line with scaling parameter @?&R ~ 2.0526 is exactly

pors = fIP(OF) = fP(0%)) ~ 2.9377.

SMm SMm

For every other © > 1 with © # GIS?](AR the competitive ratio of SMARTSTART is strictly larger
than pSDI\’,[R.

5.3 Bounds for Open Online TSP on the Line

After we have thoroughly analyzed SMARTSTART for online DiaL-A-RIDE on the line, we
now examine the algorithm for online TSP on the line. First we notice, that, since

12



5.3 Bounds for Open Online TSP on the Line

online TSP is a special case of online DiaAL-A-RIDE, all upper bounds, i.e., the bounds
provided by Proposition 5.3 and Proposition 5.4 for the competitive ratio of SMARTSTART
for online DIAL-A-RIDE on the line are also valid for online TSP on the line. However, of the
lower bounds, only the bounds obtained by the request sequences without transportation
requests are valid for online TSP. To be more precise, only the bounds given by the request
sequence o5™ are valid, while the bounds given by o™, o5 and 03" are not. Therefore,
we have a lower bound of f,*(0) for © € [I, 1(1 + /13)] that tightly matches the upper
bound provided by Proposition 5.4 for the case that the final schedule is not postponed
and a lower bound of f°¥(©) for © € (1(1 + v/13),4]. We will see that the upper bound
given in Proposition 5.3 for the case that the final schedule is postponed is not tight for
online TSP. The reason for this is that online TSP allows a smaller bound for the length of
a schedule.

Lemma 5.27. For every schedule S; of SMARTSTART for online TSP, we have

€]
e gs) < .
L(tj,pj,o05) < <1 + 20+ 3)OPT(J)

Proof. By Lemma 4.6 and Lemma 5.1, we have

Lem 4.6 . 3
L(t;,pj,o5) < mm{OPT(U) +d(p;,0), §(OPT(U) — tj_l)}

Lem 5.1

< min{OPT(U) + d(p;,0), g (OPT(U) - %d(Pj, 0)) }

C)
< -
< <1—|— 2@+3)OPT(U)

since the minimum above is largest if the two terms are equal, which is the case for
d(p;,0) = —29@+3 OrTt(0). O

With the result of Lemma 5.27 we can improve the upper bound of Proposition 5.3.

Proposition 5.28. In the case that SMARTSTART for online TSP postpones executing Sy, we

have
SMARTSTART(0) 302430 p

Orr(c) — 202+O©-_3  JLTSP

).

Proof. Assume SMARTSTART postpones the final schedule. Then we have

4.1 52) ©
) (L tn + L(tn,pN,0N) 22 ——L(tN,pN,ON). (5.27)

S
MARTSTART (0 6-1
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4
QL
o
=
3]
—
[«F]
>
s 3
+ T,R
8_' P SM
=
o
)

scaling parameter ©

Figure 5.11: Functions f,%, (green) / f,° (red): upper bounds for competitive ratio for postponing / non-

postponing case, drawn solid if tight. Function: f" (blue): lower bound for competitive ratio.
Green / red area: possible values for the competitive ratio, bounded by f;% ‘sp / £5P and fiv.

Lemma 5.27 thus yields the claimed bound:

G277 ©
- e-1
Lem527 @ e}
< 1
= 9—1( +2@+3)OPT(U)

30% + 30
= ———0pT(0). O
20716 —3°F")
We combine the results of Proposition 5.28 and Proposition 5.4 to obtain a general upper
bound for the competitive ratio of SMARTSTART for online DiaL-A-RIDE on the line.

SMARTSTART (o) L(tn,pn,oN)

Theorem 5.29. The function max{f; Tsps [2 ,°} gives an upper bound for the competitive

ratio of SMARTSTART for open online TSP on the line for all © > 1. Let G)SM ~ 1.8607 be the
unique solution of the equation f; TSP(@) 5 (O), ie., of

302 +30  30%+50+4
202+0-3  30+3

in the interval (1, 00). Then, GT’ is the unique minimum of the function max{ f| TSP 20}

and SMARTSTART with scaling parameter @SM is pgf -competitive with

pgf = f%sp(@T’R) = ;p(@ ) ~ 2.7604.

SMm
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5.3 Bounds for Open Online TSP on the Line

Proof. For the case where SMARTSTART postpones the final schedule, we have established
the upper bound
SMARTSTART(0) 302 +30 up

Opt(0) —202+0 -3 LTSP

(©)

in Proposition 5.28 and for the case where SMARTSTART does not postpone final schedule,
we have established the upper bound

SMARTSTART(0) _ 302450 +4 .
OpT(0) - 30+3 72

(©)

in Proposition 5.4. Thus, the maximum of both bounds is a general upper bound for the
competitive ratio of SMARTSTART for open online TSP on the line that is independent of
SMARTSTART’s behavior before the final schedule.

Function f)"p is strictly decreasing for © > 1 and function f,” is strictly increasing
for © > 1. Therefore the minimum of max{f, }sp, f5" } in the interval (1, co) lies in the

intersection point of f}%¢p and f5°, i.e., in Og ~ 1.8607. The resulting upper bound for
the competitive ratio is
P = frse(Ogin ) = f27 (O ) ~ 2.7604. =
See Figure 5.11 for a visualization of the upper bound for the competitive ratio of online
DiaL-A-RIDE on the line presented in Theorem 5.5 together with the lower bound fi°%(©).
In the following we will present two request sequences o= and o§™. We will see that the
ratio of SMARTSTART’s and OpT’s completion time of o™ tightly matches the upper bound
of Proposition 5.28 for © € (1,4). The request sequence og* will provide an additional
lower bound for the competitive ratio of SMARTSTART for open online TSP on the line for
larger values of ©. But first, we take another look at the request sequence o5™. Since the

upper bound for the competitive ratio pgﬁf of SMARTSTART for the TSP version is slightly

lower than the competitive ratio p]SDMR of the D1AL-A-RIDE version, the lower bound fi°"(©)
provided by the request sequence o5V is useful for a slightly larger interval in the TSP
version than in the DiAL-A-RIDE version.

Lemma 5.30. We have

SMARTSTART (c5%)

TR
> pol - & 2.7604
Opt(o5M) P

for © € (3(1 4+ V13, 1] ~ (2.303,3.5].
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5 Algorithm SMARTSTART

Proof. According to Lemma 5.16, we have

SMARTSTART(05™) 502 + 30 — 2 low
= —e=[f"(0) ¢
OpT(o5™) 202+0 -3

for ® € (1(1 + v/13),4] and sufficiently small e. Let e < 2. The function fI°" is

monotonically decreasing on (3(1 + v/13), Z]. Therefore, we have

SMARTSTART (c5%)
Opt(o5M)

7
> £ <2> —e>279 - > po¥ ~ 2.7604

forall (3(1+v13),I]and e < &. O
We define the request sequence o=M.

Definition 5.31. Let &/ > 0 with ¢/ < %. We define

SMm .__ ¢ lure (1) (2
o5 1= (07er /281581 ),

where allu;e /2 is a subsequence of requests resulting from the application of Lemma 5.6
withpzlandu:%/and

1 20 +1 1
sg): <®6’;@+5’),

2 11
s\ = (—@;@—i-s’).
(

Note that the requests 311) and 59) appear after time % + %’ and therefore do not interfere

with the application of Lemma 5.6. Furthermore, note that &’ < % implies agl) > 1, 1i.e.,

the position of sgl) is on the right side of position 1. We begin our analysis of ™ with the

computation of OpT(oS¥).

Lemma 5.32. We have 00 + 3
OpT(cS™) = @+

Proof. OpT waits at the origin until time ¢’ and then performs the walk

o L 20+1
5} 0 '
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5.3 Bounds for Open Online TSP on the Line

OpT’s walk is shown in blue in Figure 5.12 for © = @gﬂf. We show that all requests are
served this way: OpT collects 352) at time % + ¢’ and returns to the origin at time % +ée.
Let ¢ be the position of a request that has occurred by the application of Lemma 5.6. Then
this requests is released earlier than time ¢ + $. Since OpT reaches position ¢ not earlier

than time ¢ + 3 +¢ > ¢ + 5, OPT can go straight from the origin to position 2%1 — ¢/

serving all requests that occur by the application of Lemma 5.6 as well as sgl) . Therefore,
we have

. O]

1 2041 [\ _20+3
o o -

OpPT(0SM) = &' + D<O - —= = 5

Next, we compute SMARTSTART’S completion time.

Lemma 5.33. Let © < 4and &’ < 2%;16. Then, we have

30 +3 20
SMARTSTART(c5™) = 5 +1 -5 15'.

Proof. SMARTSTART’s walk is shown in green in Figure 5.12 for © = SMT L. SMARTSTART

reaches position p; = 1 at time v; = 1 + %’ The shortest schedule serving s§2) before

serving sgl) has length

1 1 3
D(l——=—=2+=-—-¢|= ——¢.
<—> 5 +® s) 3+@ €

The shortest schedule that serves 352) after serving s§1> has length

1 1 3
D(l=2+——&———|= — —2¢.
<—> +9 g — @> 3+® €

Thus, SMARTSTART serves s§2) after serving sgl), and, for all ¢ > vy, we obtain

L(t,ph (Sgl), Sf))) =3+ % — 2",

By assumption, we have © < 4 and ¢/ < 2%%16, which implies that for the time v; = 1 + %,
when SMARTSTART reaches position p; = 1, the inequality

3043 2
06 -1 ©6-1
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pos B SMARTSTART
B OpT

SMARTSTART(cSM)
1

1 .
OpT( O_gM) \tlme

Figure 5.12: SMARTSTART’s and OpT’s walk serving o” with ¢/ = 0.25 and © = @;;IR. Request s&” isred @

and request 352) is yellow o. The requests of Lemma 5.6 are gray e.

5 ©+3 , ¢

1 20-2° "3
€/<2@®_+16 g

1 —
> + 5
— (5.28)

holds. Thus, SMARTSTART has a waiting period and starts schedule S; at time

(5.28) 30+ 3 2
t1 = max{vy, w1} = wl:@(@—l)_@—le'

To sum it up, we have

O

-1 ©6-1"
The following proposition shows that in the case © € (1, 4] the ratio of SMARTSTART ’s and
Opt ’s completion time for the request sequence o£™ tightly matches the upper bound
provided by Proposition 5.28.

2
SMARTSTART(0S™) = t1 + L(t1, p1, (s{”, s?)) = 30 +3 e ,

Proposition 5.34. Let 1 < © < 4. For every sufficiently small £ > 0, we have

SMARTSTART(0$™) - 30° +50 +4 o g
OpT(0S™) - 3043 o

(©) —¢

and SMARTSTART postpones the final schedule, i.e., the upper bound established in Proposi-
tion 5.28 is tight for © € (1,4].
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5.3 Bounds for Open Online TSP on the Line

. _ 2 2 _ _
Proof. Lete > 0 with e < 2%—%(@%) and ¢ = 2&.£9-3. < O-1. Lemma 5.33

implies
30 +3 20
SmMy _ o /
SMARTSTART (035" ) = 6-1 o-1°
By Lemma 5.32, we have
20 +3
OpT(o5") = .
PT(05") 2)
Since we have ¢/ = %e, we obtain
SMARTSTART(05™) ~ 302+30  20° o 30*+30 Co @) e
Oer(sS™M)  202+0-3 202+0©-3  20246-3 ~ LISP '

g

Recall that the optimal parameter @;;IR established in Theorem 5.29 is the only positive,
real solution of the equation

302 +30  30%+50+4
202+0-3 30+3

which is @gf ~ 1.8607. Therefore, by Proposition 5.34 and Proposition 5.15 the parameter
@"Srff lies in the interval where the upper bounds of Propositions 5.28 and 5.4 are both tight.
Moreover, by Propositions 5.34 and 5.15 and by Lemma 5.30, there isno © € (1, 7] \{@gf

that yields an equal or better competitive ratio than @gf does. Therefore, it remains

to make sure that there is no © > % that yields an equal or better competitive ratio
than pgf ~ 2.76037. For this we introduce the final request sequence o3™. Figure 5.13
illustrates the upper and lower bounds for the compeititive ratio of SMARTSTART for online
TSP on the line including the result of Proposition 5.34.

Definition 5.35. Let © > 3 and ¢/ > 0 with &’ < min{1, &}. We define

SM ::( lure 1) (2 (1) (2 )

06 0-1,6’/4751 ;81,89 7,89 7,83),

where olllg? /4 is a subsequence of requests resulting from the application of Lemma 5.6

withpzlandu:%'and

o _ (] €L 02 —20 +2 .l+i'
t 2’ S) ‘e 2)
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Figure 5.13: Functions f,%, (green) / f,° (red): upper bounds for competitive ratio for postponing / non-

postponing case, drawn solid if tight. Function: f" (blue): lower bound for competitive ratio.

Green / red area: possible values for the competitive ratio, bounded by f,%, / f5° and fi™.

@ _ (a9 11 €1 &
LT\ T e T2 e T2 )

sgl) =(1;1+¢€)

202 — 4 —1
Sé2):<max{@, 0 — 50 + }_@2 51;1+€/>

©

2 _
83 = (max{@, 2®6§)Q+4} — & 9)

Note that the requests sgl), s§2), sg), sg) and s3 appear after time & + % and therefore
do not interfere with the application of Lemma 5.6. Furthermore, note that © > 3 implies

as > a§2), i.e., the position of s3 is to the right of the position of 3(22) and

"< min{ 1 é < min E 20 -2
c ' 2 ' 0

implies
O —1 ,¢<min{l,3} >3 ¢'<min{ 51,2552}
a(22) >0 - TE' > ° agl) <01 = agl) S a?) >0,

i.e., the position of s3 is to the right of the position of sgl), which is to the right of the
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5.3 Bounds for Open Online TSP on the Line

position of sgl) position, which is to the right of the position of 552). Therefore, s3 is the

rightmost request. We begin our analysis of o5 with the computation of OpT(sg™).

Lemma 5.36. We have

207 — 4
OpT(og™) = max{@, 65G+}

©

Proof. First we note that all position of the requests of 5™ are to the right of the origin
and to the left of a3. OPT waits at the origin until time ¢’ and then performs the walk

2 _

/o) —£.

OpT’s walk is presented in blue in Figure 5.14 for © = 3.75 and in blue in Figure 5.15
for © = 4.25. We show that all requests are served this way: We need to show that the
release time of every request is not more than &’ larger than their position. This is clear for
352) and sél) . Let ¢ > 0 be the position of a request that has occurred by the application
of Lemma 5.6. Then this request is released earlier than time ¢ + %’ and OpT reaches

position ¢ at time ¢ + ¢’. For s§1>, we have

NONESS L E 0?2 — 20 +2 oz31 ) _
b 2 © e ! '

2 .
Because of © > 3, we have &/ < 1 < max{2, ©=+6} For s, we obtain

2@2 — 50 + 4} B O — 15’ 5/<max{27®2,%®+16} @ /

agQ) = max{@, 5 5 > l=ry’ —¢.

It remains to examine the request s3. We have

202 50 +4

ag = max{@, 5

}—s’Z@—s’zrg—s’,

which proves the claim. Thus, in total, we have

2 9
orr(op) = +0 (0 maxf 0, 2201 ) —maf, 20004

Next, we examine SMARTSTART’S completion time.
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5 Algorithm SMARTSTART

Lemma 5.37. Let © € (,00). Then, we have

— 2 _
SMARTSTART(og") = max{ 792 5, 66 1@5@ + 10} - (@ - 141>5’

Proof. SMARTSTART’s walk serving og™ is presented in green in Figure 5.14 for © = 3.75
and in green in Figure 5.15 for © = 4.25. First, we note that

(1) {@+1 @2—2®+2} 0+1
ay’ = max 5 o =

holds if and only if we have

and if and only if

agQ)—G_l
2

2 _
e =az—¢ :max{@,w} =0.

S)

SMARTSTART reaches position p; = 1 at time v; = 1+ %’. The shortest schedule serving 352)

before serving sgl) has length

5-0 1 g O+1 62-20+2 )
D<1—>max{4,@}+2—>max{ 5 5 })—@—1—6.

On the other hand, the shortest schedule that serves s§1> before serving 552) has length

o1 O+1 62-20+2 . 5-0 1 +S’
max 5 o max 16 5

o d 9075 20”50 43 ¢
4 e 2

e>1
>"0-1-¢.

Therefore, SMARTSTART serves 39) before serving sgl) and for all ¢ > v, we have

Lit,p1, (s, sy =0 —1-¢
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5.3 Bounds for Open Online TSP on the Line

and thus
¢ ¢ 5.29)
=1- 14+ = =uv. .
w1 o1 <1+ LU (
SMARTSTART starts the schedule S; at time
/
t1 = max{vy, ws } (5.29) v =1+ %,

i.e., directly after the arrival at position p; = 1 and before sgl) and S§2) are released.

.. 2_ .
SMARTSTART reaches position ps = max{%, W} at time vo = © — %8'- The

2
shortest schedule serving sgl) before serving ng) has length

O+1 62-20+2 202 — 50 + 4 _
D<max{ 5 5 }—>1—>max{@,®}—6216'>

{3@—3 3@2—9®+6} (©— 1)
= max — .

2 7 S) 2

On the other hand, the shortest schedule that serves 352) before serving sgl) has length

5l ma O+1 0%2-20+2 o @2@2—5@+4 7@—1,ﬁ1
max 5 %) max , o 5 €

— 2 _
= max{3®2 3, 30 £@+6} - (©-1)¢.

Therefore, SMARTSTART serves s§2) before serving sS) and for all ¢ > vy, we have

_ 2 _
Lt,pa. (s, 557)) = max{?)@z g (;)@ . 6} — (@ —-1)¢.

O+1 @2729+2}
2 P

For the time vy = © — %5’ when SMARTSTART reaches position py = max{ 5

the inequality

3 302-90+6 ,0>3 3,
5,80 0L }_5 o3y, (5.30)

Wy = max{ 1

holds. Thus, SMARTSTART starts the schedule S; directly after finishing schedule S; at

time 5
5.30
to = max{vy, wa} (5.30) vg = 0O — 16/,
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5 Algorithm SMARTSTART

which is before the final request s3 is released. Schedule S5 ends in position p3 = 1 at time

50 —3 46% - 90 +6 7
v3 = to + L(t2, pa, (sgl)7 3%2))) = ma,x{ 5 5 } _ (@ _ 4>€/.

It remains to serve request sg starting from position ps = 1. For all ¢ > v3, we have

2 _
L(t, ps, (s3)) = D<1 — max{@, 2656—1_4} _ 5’)

S}
2@2—6@+4} ,

—max{@—l, 5 —€.

7 1203 -36024400—16

By assumption, we have © > £ and thus ¢/ < 1 < . For the case

462-116+3
max{@ -1, %.69“} =0 — 1, we get
5/
= 1—
s 0-1
40? — 110 + 3 7
— 1 e A _ - /
+ o_1 ¢ <G) 4)5

< BTSN 36t 5044 (0 T,
e — [N 6
S) 4

< V3. (5.31)

. . 3_ 2 —
Again by assumption, we have © > % and thus &/ < 1 < 128°-400°4600-32 fqr the case

402-110+3
2 2
max{@ —1, 20 @69 4} = 20 @6@ 4, we get

202 — 60 +4 e

w3 =

e 0-1
_ 2@2—6@+4+4®2—11@+3€,_(9_7)5,
e 40 — 4 4
o < ROTGONES= 302 _ 50 4 4 7
2 ot (o-1).
< v3. (5.32)

Because of the inequalities (5.31) and (5.32) SMARTSTART starts the schedule S5 directly
after finishing schedule S; at time

(5.31),(5.32)
ts = max{vs, w3} = v3 = max

50 — 3 4@2—9@+6}_< 7)8,

2 e @_Z
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pos B SMARTSTART
B OpT

time

1 1
OpT(osM) SMARTSTART(c5M)

Figure 5.14: SMARTSTART’s and OPT’s walk serving o5 with ¢’ = 0.5 and © = 3.75. Request s§1> isred e,

552) is yellow o, sém is violet o, 522) is brown e and s3 is orange o. The requests of Lemma 5.6

are gray o.

To sum it up, we have

SMARTSTART(05™) = t3 + L(t3,ps3, (s3))

70 —5 602 — 150 + 10 11\ ,
—max{ 5 5 }—(@—4)5. O

Equipped with the Lemmas 5.36 and 5.37, we can compute lower bounds for the compet-
itive ratio of SMARTSTART for online TSP for © € (£, 00). We start with the subinterval
(3.4]-

Lemma 5.38. Let 2 < © < 4. For every sufficiently small ¢ > 0, we have

SMARTSTART(0g™) 760 —5 low
= —&=: 0) —e.
OpPT(0$) 20 o1 (©)
In particular, we have
SMARTSTART(0§™) TR
> pel /2 2.7604
OpT(os™) Psu

for © € (%,4].
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¢. By Lemma 5.37, we have

5 Algorithm SMARTSTART
Proof. Lete > 0 with ¢ < min{495, &} and ¢’ = 3%
- 21 1 11
SMARTSTART(05M) "2 max © 5, 69 5OF101 0-—)¢
2 C) 4
e<4 7O -5 11Y ,
TS5 (o),
Since we have ¢’ < 1, Lemma 5.36 implies
20% — 50 +4
OpT(ogM) = max{@, 6—~_} ' o.
Since we have ¢/ = %a, we obtain
SMARTSTART(0§M) 70 -5 40-11, 70-5 low
= — = = @ —
OPT(0S™) 20 © ° T e T /i®-s
as claimed. The function f°}" is strictly monotonically increasing on [%, 4]. Therefore, we
have S
SMARTSTART(og™) ow (7 TR
opT(0S) —e> f 3) > 2.7857 — e > pg) ~ 2.7604
O

forall® € (£,4] and e < .
Finally, we examine the subinterval (4, ).

)

Lemma 5.39. Let © > 4. For every sufficiently small ¢ > 0, we have
SMARTSTART(0p") ~ 60° —150 +10 low (@) — ¢
OpT(o$v) 202 - 50 + 4 o6 '

SMARTSTART(0g™) _ TR
> pgy = 2.76037

In particular, we have
OpT(0SM)
for © € (4, 0).
Proof. Let e > 0 with e < min{&%, 5} and e = 8942@_22%1915165. By Lemma 5.37,
we have
- -1 1 11
SMARTSTART(0SM) "e"27 max{ 762 5, 69 (;)@ * 0} - (@ — 4)5’
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5.3 Bounds for Open Online TSP on the Line

pos B SMARTSTART
H OprT
202-50+4 s
[2)
0%2-20+2
2)

1
1 e’

et3 .

time
1 1
Opt(oSM) SMARTSTART(o5¥)

Figure 5.15: SMARTSTART’s and OPT’s walk serving o5* with ¢’ = 0.5 and © = 4.25. Request s§1> isred e,
352) is yellow o, sé” is violet o, ng) is brown @ and s3 is orange ©. The requests of Lemma 5.6

are gray .

>4 607150 +10 o 11\
Z 5 T )

Since we have ¢’ < 1, Lemma 5.36 implies

2 _ 2 _
OpT(0g™) = max{@, 29 (;)@ +4} 624 20 @56 +4.

Since we have ¢/ = %5, we obtain
SMARTSTART(05™) 602 — 150 + 10 40% -116
OpT(cS)  202-50+4 802200+ 16
607 — 150 + 10
202 — 50 + 4
= f53'(0) — ¢,

as claimed. The function f\% is strictly monotonically increasing on [4, co). Therefore, we
have

SMARTSTART(og™) low 23 TR
—&> 4) —e=— —€>pg, ~ 27604
OPT(o—g’M) > fen(4) —¢ ) €~ Psm
forall © € (4,00) and & < . O
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4
QL up
o 1,TSP
=
3]
—
[«F]
> -
s 3
+ T,R
8_' P SM ________
=
o
U ’
2 L
1

scaling parameter ©

Figure 5.16: Functions f;" ‘rsp (green) / f57 (red): upper bounds for competitive ratio for postponing /
non-postponing case, drawn solid if tight. Functions: fi%, fl%, flow (blue): lower bound for
competitive ratio. Green / red area: possible values for the cornpetltlve ratio, bounded by f1,Tsp

up low low low
/f2 andf 5 J6.1> J6.2¢

We combine all lower bounds constructed in this section into one general lower bound.
See Figure 5.16 for an illustration of all upper and lower bounds for the competitive ratio
of online TSP on the line.

Theorem 5.40. Let Frsp : R~1 — R<q be a function with

fhsp(©),  for © € (1,0g,],
W), forOec (eﬂf, 11+ v13)],
Frsp(0) := 4 flov(@),  for© € (3(1+V13), 1],
or(©),  for© € (4,4],
low(@),  for © € (4,0).

Then Frsp is general lower bound for the competitive ratio of SMARTSTART for online TSP on
the line. The unique minimum of Frgsp lies in © = @gﬁ{ ~ 1.8607 and yields a lower bound of

Frp(0g) = pa & 2.7604.

Proof. We have shown in Proposition 5.34 that f, TSP( ) with © € (1, @gf] is a lower
bound for the competitive ratio of SMARTSTART for online TSP and in Proposition 5.15
that f;P(©) with © € (04, 1(1 + v/13)] is a lower bound. Theorem 5.29 implies that

SMm 2
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5.4 Upper Bounds for the General Setting

Frgp has unique minimum in the interval (1, 3(1 4+ v/13)] at © = @;’f. It remains to show

that Frsp(©) > FTsp(@gf ) for all © € (£(1 + v/13), 00). This immediately follows from
Lemmas 5.30, 5.38 and 5.39. O

The main theorem of this section follows by combining Theorem 5.29 and Theorem 5.40.

Theorem 5.41. The competitive ratio of SMARTSTART for open online TSP on the line with
scaling parameter @;’f ~ 1.8607 is exactly

TR TR TRy
Psie = F1tsp(Osiy ) = f27(Og), ) ~ 2.7604.

For every other © > 1 with © # @gf the competitive ratio of SMARTSTART is strictly larger
than prsrf.

5.4 Upper Bounds for the General Setting

After having examined SMARTSTART on the real line thoroughly, we now focus on the
general setting, i.e., on arbitrary continuous metric spaces. Since the real line R is a
specific continuous metric space, every lower bound established in the previous sections
also holds in the general setting. We also note that the upper bounds in the postponing
case, i.e., the bound f;*(0) from Proposition 5.3 for open online DiAL-A-RIDE and the
bound fﬁ Hsp(©) from Proposition 5.28 for online TSP, also hold in the general setting.
The upper bound £,”(©) from Proposition 5.4 for the non-postponing case however uses
Proposition 4.10, which relies on line-specific features. Therefore, f,7(0) is not a valid
upper bound in the general setting. We compute a new bound.

Proposition 5.42. If SMARTSTART for online Di1AL-A-RIDE does not postpone the final sched-

ule Sy, we have
SMARTSTART(0)

OpTt(0)

<O+1=: % (0).

Proof. Assume algorithm SMARTSTART does not postpone the final schedule, i.e., SMART-
START starts the final schedule Sy either immediately after finishing Sy _; or immediately
after the last requests are released.

Let the latter be the case, then the final schedule is started at the release time r,, of the
last request. Since OpT also has to serve the last request, we have OpT(0) > r,, and since
the execution of the final schedule is not postponed, we have r,, > ﬁL(t N,PN,ON), i.€e.,

L(tN,pN,O'N) < (@ — 1)OPT(U). (5.33)
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5 Algorithm SMARTSTART

In total we have

(4.1)

SMARTSTART(0) ty + L(tn,pN,ON)

(5.4)
=" rn+ L(tNn,pN,0N)

5.33
( )@OPT( )

< (©+1)0prT(0).

Now let the final schedule be started immediately after the second to final schedule.
Let sQPT be the first request of oy that is served by Opt and let aSF™ be its starting position
and 7T be its release time. We have

SMARTSTART(0) @D tn + L(ty,pN,oN)

)
= ty_1+ L(ty—1,pN-1,0N-1) + L(tN,pN,ON)
4.2)
< tn_14 Lty_1,pn-1,08-1) + LT, py, on)

(5.1)
< Oty + LT, pn, on). (5.34)

Since OPT serves all requests of oy after time r{FT, starting with a request with starting
position a{FT, we have

OpT(0) > T + LT, aRFT, o). (5.35)
Furthermore, we have
T >ty (5.36)

since otherwise sOPT € on—1 would hold. We have ty_; < OpT(0) since at least one
request needs to be released after time ¢ _1. This gives us

(5.39) o
SMARTSTART(0) < Otn_1+ L(ry ", pN,ON)
(4<3) Opt , OPT
< Otyn_1+d(aRF",pn) + L, afF" o)
(5.35) OpT OpT
< Otn-1+d(ay",pn) + OPT(0) — 1Y
(5.36)
2 (0 Dty +da,py) + OPT(0)

tny—1 < Opt(0)

O0PT(0) + d(aSFT, py). (5.37)
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4
QL
o
=
2}
=
[«5]
S D, X
= Psm
=
(5]
o
£
]
(9]
2

scaling parameter ©

Figure 5.17: Functions ) (green) / f,"c (red): upper bounds for competitive ratio for postponing / non-

low

postponing case, drawn solid if tight. Functions: fi° to fi® and f5® (blue): lower bounds for
competitive ratio. Green / red area: possible values for the competitive ratio, bounded by f;* /
Y and f° to f°Y as well as f3°.

Since OpT has to visit both aSFT and py, we have d(a{F™, pn) < OPT(0), i.e.,

5.37
SMARTSTART(0) ( < ) O0PT(0) + d(aRT,py) < (O + 1)0OPT(0). O

The upper bound f,5 (©) is slightly weaker than the upper bound f,*(©). We use
Proposition 5.42 to compute a new general upper bound for open online DiaL-A-RIDE.

Theorem 5.43. The function max{f,*, f,5 } gives an upper bound for the competitive ratio
of SMARTSTART for open online DIAL-A-RIDE in the general setting for all © > 1. Let @SDB’,[X =2

be the unique solution of the equation f*(©) = f,5 (), i.e., of
207 + 20
e ey 1
@re—2 °Th

in the interval (1,00). Then, O~ is the unique minimum of the function max{ f}* fax

. . D,X .. DX .. .
and SMARTSTART with scaling parameter Og;" is pg.; -competitive with

DX _ pup/~D,X\ _ pup D, X\
Psw = T1 (Ogy ) = fox(Ogy ) = 3.

Proof. For the case where SMARTSTART postpones the final schedule, we have established

the upper bound
SMARTSTART(0) _ 202420  p

OpT(0) —e2+0-2 7!

(©)
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low
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Figure 5.18: Functions f)%s, (green) / f;°¢ (red): upper bounds for competitive ratio for postponing /

low plow low

non-postponing case, drawn solid if tight. Functions: f,F, f2, f&’t, f&s (blue): lower bound
for competitive ratio. Green / red area: possible values for the competitive ratio, bounded by
up / up d up low plow plow
1,TSP fz,x and f5", f27, fe1, fez2-

in Proposition 5.3, and for the case where SMARTSTART does not postpone final schedule

we have established the upper bound

SMARTSTART(0)
OrT(0)

<O+1= [P (O)

in Proposition 5.42. Thus, the maximum of both bounds is a general upper bound for the
competitive ratio of SMARTSTART for open online DIAL-A-RIDE in the general setting that
is independent of SMARTSTART’s behavior before the final schedule.

Function f;” is strictly decreasing for © > 1 and function f,% is strictly increasing
for © > 1. Therefore, the minimum of max{f;*, f,5} in the interval (1, c0) lies in the

intersection point of f;* and f35%, i.e., in ©g,X = 2. The resulting upper bound for the
competitive ratio is

D, X D, X D,X
Psu = ilp(@SM ): ;B((@SM ):3‘ [

See Figure 5.17 for a visualization of the upper bound for the competitive ratio of online
DiaL-A-RIDE on the line presented in Theorem 5.43. Finally, we use Proposition 5.42 to
compute a new general upper bound for open online TSP.

Theorem 5.44. The function max{ f, yep, fox } &ives an upper bound for the competitive
ratio of SMARTSTART for open online TSP in the general setting for all © > 1. Let @;’WX ~
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1.8229 be the unique solution of the equation f,5.sp(0©) = f35(0), i.e., of

302 + 30

oY OV 1
sez1e 3 Oth

in the interval (1,00). Then, ©g is the unique minimum of the function max{ f; ey, fo&

. . T,X .. T.X .. .
and SMARTSTART with scaling parameter Og.," is pg.; -competitive with

T.X T,X T.X\
o = firsp(Osi ) = fox (Ogy ) & 2.8229.
Proof. For the case where SMARTSTART postpones the final schedule we have established
the upper bound
SMARTSTART(0) 302 + 30 up

< =
Opt(0) - 92024+ 0 -3 f1,1sp(©)

in Proposition 5.28, and for the case where SMARTSTART does not postpone final schedule
we have established the upper bound

SMARTSTART(0)
Opt(0)

<O+1=[f,5%(0)

in Proposition 5.42. Thus, the maximum of both bounds is a general upper bound for
the competitive ratio of SMARTSTART for open online TSP in the general setting that is
independent of SMARTSTART’s behavior before the final schedule.

Function f)"p is strictly decreasing for © > 1 and function f," is strictly increasing

for © > 1. Therefore, the minimum of max{ f }sp, f5 % } in the interval (1, co) lies in the

intersection point of f;2¢, and f3%, i.e., in O5 " ~ 1.8229. The resulting upper bound
for the competitive ratio is

T,X T,X T.X\
Psm = EPTSP(@SM )= ;B((@SM ) ~ 2.8229. 0

See Figure 5.18 for a visualization of the upper bound for the competitive ratio of online
Di1AL-A-RIDE on the line presented in Theorem 5.44.

Conclusion and Outlook

We provided a conclusive analysis for SMARTSTART in this chapter. We computed tight
bounds for the competitive ratio for open online DiaL-A-RIDE and open online TSP on the
line and introduced new upper bounds for open online DiAL-A-RIDE and open online TSP
in general continuous metric spaces. For the open version of online DiAL-A-RIDE on the
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5 Algorithm SMARTSTART

line we have shown a tight competitive ratio of 2.9377: The upper bound was proven in
Theorem 5.5 and the lower bound was proven in Theorem 5.25. For the open version
of online TSP on the line we have shown a tight competitive ratio of 2.7604: The upper
bound was proven in Theorem 5.29 and the lower bound was proven in Theorem 5.40.
While we have tight results on the line for open online DiaL-A-RIDE and open online TSP,
it remains unclear if SMARTSTART performs worse in the general setting: We provided an
upper bound of 3 for the competitive ratio of SMARTSTART for open online DiaL-A-RIDE
and an upper bound of 2.8229 for the competitive ratio of SMARTSTART for open online
TSP. The lower bounds obtained on the real line remain in the general setting. For the
closed version, we provided a matching lower bound of 2 in Theroem 4.3 for the upper
bound provided by Ascheuer et al. in [5, Thm 6]. Consequently, SMARTSTART is a best
possible schedule-based online algorithm for closed online DiaL-A-RIDE and closed online
TSP on both, the real line and the general setting. See Table 2.7 for a summary of the
results.

If we compare SMARTSTART’s competitiveness with the general bounds for online DiAL-
A-RIDE and online TSP from Table 2.1, we see that our analysis of SMARTSTART provides
an improved upper bound for the competitive ratio of open online DiaL-A-RIDE on the real
line as well as on general continuous metric spaces, improving the best known bound from
3.4142 to 2.9377 on the real line and to 3 on general continuous metric spaces. While this
is a significant improvement, there is still a large gap between SMARTSTART’S competitive
ratios and the best known general lower bounds for open online DiaL-A-RIDE and open
online TSP. Moreover, there is also a significant gap between SMARTSTART’S competitive
ratio and the best known lower bounds for open schedule-based algorithms. This indicates
that the open version of SMARTSTART is a rather weak schedule-based algorithm. Indeed,
SMARTSTART contains a major flaw: the luring mechanic introduced in Lemma 5.6. In the
next chapter we will introduce an improved schedule-based algorithm that avoids luring
by using the complete known request sequence instead of just the unserved requests as a
basis for computing its waiting time. Fittingly, we call this algorithm SMARTERSTART.
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6 Algorithm SMARTERSTART

Recall that SMARTSTART uses the length of the next schedule as basis for its waiting
function. For the open version of online DiAL-A-RIDE and online TSP, this calculation is
flawed in two ways: On one hand, SMARTSTART does not use all available information,
i.e., it uses just the unserved requests and not all already released requests to calculate its
waiting time. This leads to ignoring some requests when calculating the waiting time as
shown in Lemma 5.6, where it forces SMARTSTART to walk to any position with essentially
no waiting time. On the other hand, SMARTSTART’s waiting routine is designed to keep
SMARTSTART competitive in comparison to an optimum offline solution starting from
its current postition, while OpT always starts from the origin. Therefore, dependent on
SMARTSTART’s distance to the origin, its waiting time can be a lot longer than necessary.

Algorithm 4 SMARTERSTART
pP1 <— 0
forj =1,2,... do
while current time t < L(t,0,0<;)/(© — 1) do
L wait
tj —t
S; < optimal offline schedule serving unserved requests R; starting from p;
execute S
Pj+1 < current position

We fix these two issues by slightly adjusting the waiting routine. Essentially, at time ¢,
SMARTERSTART (see Algorithm 4) waits before starting an optimum schedule to serve all
currently unserved requests R; at time

L(t',0 /
mind ¢ € Rog: ¢/ > ¢ > L0000 | (6.1)
= 0-1
where © > 1 is again a scaling parameter. Formally SMARTERSTART is a schedule-based
algorithm with waiting function
false, if R, # (0 andt > L(%Oi’_”ft),
true, otherwise.

waitgy (t) := {
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6 Algorithm SMARTERSTART

In difference to SMARTSTART, the algorithm SMARTERSTART bases its waiting routine on
the length of the optimum offline schedule serving all known requests starting from the
origin instead of basing it on the length of the next executed schedule. Recall that the
luring weakness of SMARTSTART is triggered by iteratively releasing requests that are close
to each other, exploiting that SMARTSTART only takes the distance to the next request
as basis for the computation of its waiting time (see Lemma 5.6). To be more precise,
SMARTSTART is lured to position ¢ by releasing requests s; = (ic, ic; g= + (i — 1)¢) for
every i € {1,..., g}, which are all served in seperate schedules. While SMARTSTART only
uses the distance to the next request, which is always ¢, to compute its waiting time,
SMARTERSTART bases its waiting time on the optimum offline schedule serving all known
requests from the origin, which increases by ¢ for every released request. This makes
SMARTERSTART not vulnerable to this luring mechanic.

We analyze SMARTERSTART’s competitiveness. Regarding open online DiAL-A-RIDE,
we show that SMARTERSTART has a competitive ratio of ,olsjfg ~ 2.6662 on the line for
parameter value G)]S);]_R ~ 1.7125 (Thm 6.20) and is pls);X -competitive with pSD;X = 2.6956 in
the general setting for parameter value @g;rx ~ 1.6956 (Thm 6.36). For open online TSP,
we show that SMARTERSTART achieves a competitive ratio of pgf ~ 2.6288 on the line for
parameter value 62% ~ 1.6789 (Thm 6.34) and is pgf -competitive with pLX ~ 2.6625
in the general setting for parameter value @gf ~ 1.6625 (Thm 6.37).

We published the results of the first two sections also in [12]. Similar to SMARTSTART
we show an upper bounds for the competitive ratio of SMARTERSTART for open online
DiAL-A-RIDE on the line by deriving two separate upper bounds depending on ©: an
upper bound for the case that SMARTERSTART postpones starting its final schedule and
an upper bound for the case that SMARTERSTART does not postpone its final schedule
(see Section 6.1). We complement the upper bounds with matching lower bounds in
Section 6.2. For online TSP on the line we show a slightly stronger upper bound for the
competitive ratio for the case that the final schedule is postponed. This improves the
general upper bound in comparison to the DiAL-A-RIDE version (see Section 6.3). In the
same section, we complement this slightly stronger upper bound with a matching lower
bound. For the general setting, we show slightly weaker upper bounds for the competitive
ratio of SMARTERSTART for open online DiaL-A-RIDE and online TSP in the case that the
final schedule is not postponed. This yields slightly weaker general upper bounds than on
the real line (see Section 6.4). For the closed version of SMARTERSTART, we provide an
upper bound for the competitive ratio of 2, which is complemented by the general lower
bound for schedule-based algorithms provided by Theorem 4.3 (see Section 6.5).

We start with the computation of an upper bound for the competitive ratio of SMAR-
TERSTART. Similar to SMARTSTART and independent of which version, open or closed, we
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examine, we distinguish between three different cases concerning the starting time of the
final schedule. If SMARTERSTART postpones the execution of the final schedule Sy (i.e., it
waits even though there are unserved requests), the starting time of schedule Sy is given

by
1
t]\/’ = ﬁL(tN,O,O'StN). (62)

If SMARTERSTART does not postpone the final schedule, we have
tN =tn-1+ L(tN_1,PN-1,0N 1) (6.3)
if the final schedule Sy is executed directly after the second to final schedule and
tN = . (6.4)

if there are no unserved requests at the point of time the execution of Sy _; is finished
and the last requests are released at time r,, > ﬁL(t N,0,0<ty)-

First, we examine the case that the final schedule is postponed. We start by giving a
lower bound for the starting time of a schedule.

6.1 Upper Bound for the Open Online DIAL-A-RIDE on the Line

We start by giving a lower bound for the starting time of a schedule. For SMARTSTART, a
schedule S; is never started earlier than time %d(O, pj+1) (see Lemma 5.1). This changes
slightly for SMARTERSTART.

Lemma 6.1. Algorithm SMARTERSTART for open online DiaL-A-RIDE does not start schedule
S; earlier than time ﬁd(&pﬁl), ie.,, we have t; > ﬁd(o,pﬂl).

Proof. Since p;4 is the ending position of schedule S;, there is a request with destination
in p;41 in the sequence ;. All requests of o; appear before time ¢;, which implies that
they are part of the sequence o<¢,. Thus, we have

L(tj,0,0<t;) > d(0,pj41) (6.5)

and therefore 61 I ) 65
6.1 t,0,0<,) (65 1
> = > . .
tj = @_1 = @_1d(07p]+1) O

Using Lemma 6.1 and Lemma 4.5, we can give an upper bound for the length of SMAR-
TERSTART’S schedules, which is an essential ingredient in our upper bounds. A similar
bound for SMARTSTART was proven in Lemma 5.2.
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Lemma 6.2. For every schedule S; of SMARTERSTART for open online DIAL-A-RIDE, we have

0-1
L(tj,p],aj) <1+@—|—1>OPT(U)

Proof. By Lemma 4.5 and Lemma 6.1 we have

Litypyo;) S min{OPT(0) + d(p;, 0), 2(0PT(0) — t;_1)}
ter ot min{OPT(U) + d(p;,0), 2 <OPT(U) - ﬁd(pj, 0)) }

< <1 + S_I)OPT( )

since the minimum above is largest if the two terms are equal, which is the case for
-1

A(p;,0) = $510PT(0). 0

The following proposition uses Lemma 6.2 to provide an upper bound for the competitive

ratio of SMARTERSTART, in the case that SMARTERSTART does have a waiting period before

starting the final schedule.

Proposition 6.3. In case SMARTERSTART for open online DIAL-A-RIDE postpones execut-
ing Sy, we have
SMARTERSTART(0) _ 202 -0+1
OpT(0) =Te2-1 9

Proof. Assume SMARTERSTART postpones the final schedule. Then Lemma 6.2 yields the
claimed bound:

SMARTERSTART(0') =2 tx + L(ty, p, on)

6.2 1

(:) ﬁL(tN,O,UStN)+L(tN,pN,O_N)
4.4 1

< OPT( )+ L(tn,pN,ON)

Lern62 1 0
(—1— +@+1> PT(0)

= @ @+1O T(0). O
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In comparison, the upper bound for the competitive ratio of SMARTSTART, in the case
that the final schedule is postponed, is é?ig{% (see Proposition 5.3). Note that SMARTER-
START’s bound is better than SMARTSTART’s bound for © > 1.

Using the bound established by Proposition 4.10, we can give an upper bound for the
competitive ratio of SMARTERSTART for open online DiAL-A-RIDE on the line if the server
is not waiting before starting the final schedule. Note that by using Proposition 4.10, the

resulting upper bound is not valid for general continuous metric spaces.

Proposition 6.4. If SMARTERSTART for open online DIAL-A-RIDE on the line does not post-
pone executing Sy, we have

SMARTERSTART(0) _ 307 +3
OpT(0) =20+1 %

(©).

Proof. Assume algorithm SMARTERSTART does not postpone the final schedule. This means
SMARTERSTART either starts the final schedule Sy immediately after finishing Sy_; or
immediately after the last request is released.

Let the latter be the case. Then, the final schedule is started at the release time r,, of
the last request. Since OPT also has to serve the last request, we have

ort(0) > rp. (6.6)

In total we have

(4.1)

SMARTERSTART(0) tn + L(tn,pN,ON)

=" rn+ L(tn,pN,0N)

<" Op1(0) + L(tn,pn,0N)

Lem 6.2 ®-1
< P
< (2—!— ®+1>OPT(O')

o>1 302+3

mOPT(O’).

Now, consider the case that the final schedule is started immediately after the second to
final schedule. Let s?VPT be the first request of o that is served by OpT and let a?VPT be its
starting position and r{FT be its release time. We have
4.1
SMARTERSTART(0) ="ty + L(tn,pN,ON)

(6.3)
=" tn1+ L(tn-1,pN-1,0N-1) + L(tNn, DN, ON)
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OpT
tn > TN

< tyo1+Ltn-1,pn-1,08-1) + L(rSFT oy, on). (6.7)

Since OPT serves all requests of oy after time r{FT, starting with a request with starting

position a{FT, we have

OpT(0) > T + LT, aRFT, o). (6.8)
Furthermore, we have
T’]c\)[PT >tn_1 (69)

since otherwise s%” € on_1 would hold. This gives us

6.7)
SMARTERSTART(0) < tn—_1+ L(tN—1,pN—1,0N-1) + L(r]?,PT,pN, ON)
(4.3) OpT
< tn-1+ L(tn-1,pN—1,0N-1) + |aN " — PN]|
L0 o)
(6.8) OopT OopT
< tn—1+ L(tn-1,pn-1,0N-1) + oy —pN| + OPT(0) — 1y
6.9)
< L(ty-1,pn-1,0N8-1) + |a¥" — pn| + OPT(0) (6.10)
(4.3) Opr
< Ipn-1]| + L(tn=1,0,0n-1) + |ax T — pn| + OPT(0)
Lem 6.1 opr
< (@—1)tN72+L(tN,1,0,0N71)—|—|CLN —pN|—|—OPT(U).
(6.11)
We have
Opt(0) > tny_o+ ]a?VPT —on|, (6.12)

because OpT has to visit both a%PT and py after time ¢_o: It has to visit a%"T to collect
sg]f]T and it has to visit py to deliver some request of o _;. Using the above inequalitiy,
we get

(6.11)
SMARTERSTART(0) < (O — 1)ty_o+ L(tn_1,0,05-1) 4 [aSF* — px| + OPT(0)

(6.12)
< QOPT(U) + L(tN_l, 0, UN—l) + (@ — 2)tN_2.. (6.13)

In the case © > 2, we have

(6.13)
SMARTERSTART(0) < 20PT(0)+ L(ty—_1,0,0n-1) + (O — 2)tn_2
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6.1 Upper Bound for the Open Online DIAL-A-RIDE on the Line

4.4)
< (©+1)0rt(0)

©>230%+3
<
- 20+1

Thus, we may assume O < 2. Similarly as in inequality (6.13), we get

OrTt(0).

(6.11)
SMARTERSTART(0) < (O — 1)ty_o+ L(tn_1,0,05_1) + [aSFT — px| + OPT(0)

(6.12)

< 00pT(0) + L(tn-1,0,0n-1) + (2 — ©)]aR" — pu|
(6.1)
<" ©0PT(0) + (O — 1)ty_1 + (2 — ©)[aF" — pN]|
< (20 —1)0p1(0) + (2 — 0)|aSF™ — pul, (6.14)

where the last inequality follows, because of OpT(c) > tx_;. This means the claim is

shown if we have o 1
OpT < N —
lay" —pN| < (1 20+ 1>OPT(0) (6.15)

since then we have

6.14
SMARTERSTART(0) ( < ) (20 —1)0pPT(0) + (2 — ©)[a¥FT — py]|

“2” (20~ 1)0 2-e)(1- 27 o

< (20~ 10PT(0) + (2 ©) (1 5o~ |OPT(0)

302 +3
= 2641 0T
Therefore, we may assume in the following that
0-1

_ OpT _

lpn —ay | > <1 2®+1)OPT(U). (6.16)

Let OpT(0) = |2™"| + ™3 4 y for some y > 0. By definition of ™™ and z™# we have
Ipy — aSFT| +y < OpT(0). (6.17)
In the case that OpT visits position py before it collects s%”, we have
aRFT — py| + |pn| < OPT(0). (6.18)
Similarly, if OpT collects sQF before it visits position py for the first time, we have

Ort(c) > T]OVPT + |a%PT — pN|
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6 Algorithm SMARTERSTART

6.9)
> tn—1+ !a%ﬂ — pn|

Lem 6.1 | P N| o
> o_1 + |Cl NPT — PN |
s2 OpT
= |pnl+fay™ —pwl.
Thus, inequality (6.18) holds in general. To sum it up, we may assume that

6.16),(6.17),(6.18),(6.12) @ — 1

(
max{y, [pn|,tN—2} Tep -OPT(0) (6.19)
holds. By Proposition 4.10 we have
(6.10) On
SMARTERSTART(0) < L(tn-1,pN-1,0N-1) + |[pn — ax | + OPT(0)
Prop 4.10 o
< 2lpn-al +lpv-1 — N+ 2y + Ipv —ay | + OPT(0)
(6.17)
< 2pn-1|+|pN-1 — pN| +y +20PT(0)
< 3lpn-1l+ |pn| 4+ y + 20pT(0)
Lem 6.1
< (30 —=3)ty_2+ |pN|+y + 20prT(0)
(6.19) -1 ©-1
> 30 -3 2 210
N <( Jso+1 %651t ) PT(o)
30? +3
oY e ‘ 0
20+ 1 Opt(0)

In comparison, the upper bound for the competitive ratio of SMARTSTART, in case that
the final schedule is not postponed, is % (see Proposition 5.4). Note that SMAR-
TERSTART’S bound is slightly worse than SMARTSTART’s bound for © > 1.47. However,
in combination with the bound of Proposition 6.3, SMARTERSTART has a better worst-
case than SMARTSTART. We compute a general upper bound for the competitive ratio of

SMARTERSTART for open online DiaL-A-RIDE on the line.

Theorem 6.5. The function max{g\", go" } gives an upper bound for the competitive ratio of

SMARTERSTART for open online DIAL-A-RIDE on the line for all © > 1. Let G)SD;r]R ~ 1.7125 be
the unique solution of g,*(©) = g,*(©), i.e., of

202-0+1 30243
e2-1  20+1°
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Figure 6.1: Functions ¢,* (green) / g,° (red): upper bounds for competitive ratio for postponing / non-
postponing case. Green / red area: possible values for the competitive ratio, bounded by g}* / g5°.

in the interval (1, c0). Then, @]S);LR is the unique minimum of the function max{g\", go* } and
SMARTERSTART with scaling parameter @]S);R is p?;R—competitive with

D,R D,R DRy
psy =01 (O} ) = 95" (Og} ) & 2.6662.

Proof. For the case where SMARTERSTART postpones the final schedule we have established
the upper bound

SMARTERSTART(0) _ 202 —-O+4+1
Opt(0) =Tz 4
in Proposition 6.3, and for the case where SMARTERSTART starts the final schedule imme-
diately after the second to final schedule we have established the upper bound

(©)

SMARTERSTART(c) _ 302 +3 w (o)
OpT(0) =20+1 %

in Proposition 6.4. Thus, the maximum of both bounds is a general upper bound for
the competitive ratio of SMARTERSTART for open online DIAL-A-RIDE on the line that is
independent of SMARTERSTART’s behavior.

The function g\" is strictly decreasing for © > 1 and the function g," is strictly increasing
for © > 1. Therefore, the minimum of max{g|?, g"} in the interval (1,00) lies in the
intersection point of ¢}® and g5¥, i.e., in ©%; ~ 1.7125. The resulting upper bound for
the competitive ratio is

PR = WP (ODF) = giP (D) ~ 9 6662. =
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6 Algorithm SMARTERSTART

See Figure 6.1 for a visualization of the upper bound for the competitive ratio of SMAR-
TERSTART for open online DiaL-A-RIDE on the line presented in Theorem 6.5.

6.2 Lower Bound for the Open Online DIAL-A-RIDE on the Line

In this section we present matching lower bounds for the upper bounds provided by the
Propositions 6.3 and 6.4. In particular, we show that for © € (1,2) there are request
sequences where SMARTERSTART postpones its final schedule and has competitive ratio
at least ¢\*(©). Similarly, we show that for © € [3(1 + v/5), 2] there are instances where
SMARTERSTART does not postpone its final schedule and has competitive ratio at least
957 (©). Together, this implies that the general upper bound of max{g,?, g5* } is tight for
© € (1,2] and thus for © = G)?_’iR as defined in Theorem 6.5. Combining these lower
bounds with additional lower bounds for © > 2, we will show that @SD;R ~ 1.7125 is

the optimum choice of the scaling parameter ©, i.e., all © > 1 with © # GE;R yield

competitive ratios larger than pg;R.

As before with algorithm SMARTSTART, we denote by w; the earliest time, a potential
waiting period before schedule S is over, i.e., w; = ﬁL(U‘j, 0,0<y;). Consequently, if no
new requests appear between the ending time of schedule S;_; and the starting time of
schedule S; (which will be the case for all request sequences constructed in this section),
we have t; = max{v;, w;}.

In the following, we will analyze three different request sequences o5+, o5+ and o§*. We
will see that the ratio of SMARTERSTART’S and OpT’s completion time of o3 tightly matches
the upper bound of Proposition 6.3 for © € (1,2) and that the ratio of SMARTERSTART’S
and OpT’s completion time of 05" tightly matches the upper bound of Proposition 6.4 for
© € [1.6180, 2]. The request sequence o5* will provide an additional lower bound for the
competitive ratio of SMARTERSTART for open online DiAL-A-RIDE on the line for larger

values of ©. We start with the request sequence o5+.

Definition 6.6. Let ¢’ > 0 with ¢’ < . We define

af“L = (81, 52)

with

S1 = (1) 1a O)a

1 / 1 /
= - 1y —— .
52 ( @_1+€,,@_1+€>
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6.2 Lower Bound for the Open Online DIAL-A-RIDE on the Line

Note that &/ < ﬁ implies a2 < 0, i.e., the request s is on the left side of the origin. We
begin our analysis with the computation of OpT(c57).

Lemma 6.7. We have
0+1

e—-1

Proof. OpT waits at the origin until time 2¢’ and then performs the walk

Opt(05t) =

1
0—>—7 — 1.
0_1 + ¢

OpT’s walk is presented in blue in Figure 6.2 for © = @giR. We show that all requests are

served this way: OPT collects 32 at position a; = —ﬁ + ¢’ time ﬁ + &' and reaches
position as = 1 at time 8% > 5 1 + ¢’ = r1. Therefore, we have
1 0+1
OrT =2'4+D(0— ——— —1 . O
(o$t) =2¢ + ( o_ Tt e > o_1

Next, we compute SMARTERSTART (a5 ").

Lemma 6.8. Let © € (1,2) and & < 3. Then we have

S+) 202-0+1 20 ,

SMARTERSTART (0 ©-17 o- 1€

Proof. SMARTERSTART’s walk is presented in green in Figure 6.2 for © = GE;R. For all
t > 0 we have L(t,0, (s1)) = 1. Thus, SMARTERSTART starts its first schedule S; at time
t1 = g7 and reaches position p, = 1 at time vy = 2. For t > v,, we have

_ 1 0+1 ,
L(£,0, (s1,52)) —D(o% e 1) Orl o

Thus, the second and final schedule S5 is not started before time

L0 (ss) _ O+1 2
B -1 S ©®-1)2 -1
By assumption, we have © < 2 and ¢’ < %, which implies that for the time v, = %,
when SMARTERSTART reaches position ps = 1, the inequality
0+1 2 ,f<s 2 e<2 O
_ _ = 2
e e-10 ~ (@-12 ~ e-1 7 (6:20)
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6 Algorithm SMARTERSTART

pos B SMARTERSTART
B OpT

time
1
SMARTERSTART (05 1)

1 /
BCE

Figure 6.2: SMARTERSTART’s and OpT’s walk serving o}

and request s is yellow o.

* with ¢’ = 0.25 and © = O3, Request s, is red @

holds. Note that inequality (6.20) also holds for slightly larger © if we let ¢ — 0. Because
of inequality (6.20), SMARTERSTART has a waiting period and starts the schedule S5 at
time

to = max{vy, w }(Gﬁo)w = ort 2 g
2 22 T e-12 e-1-

Serving s, from position p, = 1 takes time

_ 1 e
L(t27p27(82))_D<1_>_(91+€—>1> —ﬁ—%.

To sum it up, we have

20°-0+1 20

. L]
©-12 ©e-1°

SMARTERSTART (03 ") = to + L(ta, po, (52)) =
Eqipped with Lemmas 6.7 and 6.8, we can compute a lower bound for the competitive of
SMARTERSTART for open online DiaL-A-RIDE on the line for © € (1, 2).
Proposition 6.9. Let 1 < © < 2. For every sufficiently small € > 0, we have

SMARTERSTART(c5+ 202 -0 +1
S+( 1 ): - 7829?(@)75’
Opt(07™) 0% -1

i.e., the upper bound established in Proposition 6.3 is tight for © € (1,2).

Proof. Lete > 0 withe < 52 and ¢’ = §fle < }. By Lemma 6.8, we have

g4y, 202-©+1 20 ,
i) = - g

SMARTERSTART (o © 1) O—-1
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Figure 6.3: Functions g,* (green) / g,° (red): upper bounds for competitive ratio for postponing / non-
postponing case, drawn solid if tight. Red area: possible values for the competitive ratio, bounded

by g5°.

By Lemma 6.7, we have

0+1
S+y _
Since we have ¢’ = §ELe, we obtain
SMARTERST/:;RT(U%JF) _ 207 - ©+1 20 g 20?2 - O+1 c—gP@) e O
OpT(0}™) 02 -1 O+1 02 -1

Figure 6.3 is a visualization of the upper bound for the competitive ratio of online DiAL-A-
RiDE on the line presented in Theorem 6.5 together with the lower bound of Proposition 6.9.

Next, we examine the request sequence o5

Definition 6.10. Let ¢/ > 0 with ¢’ < %. We define

Ug+ = {317S§1)?Sg2)733}
with
s1 = (171a0)a
1) 2@)—1_,2@—1_,' 1 ,
E _<@—1 “e-1 “fe-17°)
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@ _ (_ 1 _ 1 _ 1 ,
%2 _< o-1 @-1’@-1“)’

- 3. 2011, 3 20-1) , 2041
BE\MM ez e—1 ) M e nze—_1f “Te-12/)

Note ¢/ < %, which implies a3 > agl) = 25)%11 — ¢’ > 1= ay, i.e., the positions of aél)

and ag are to the right of position a; = 1. We start the examination of o5t with computing
opt(o5T).

Lemma 6.11. We have

OPT&€+)::HMX{ 20 + 1 2@-%1}.

©@-126-1

Proof. OpT waits at the origin until time &’ and then performs the walk

@-1e-1J

U 3 20-1 .
7971 max

OrT’s walk is presented in blue in Figure 6.4 for © = @?;R and in blue in Figure 6.5 for

© = 2.5. We show that all requests are seved this way: OPT serves request s§2) at time

T;z) = g +¢. The release time of sS) is the same as of 352) and thus OpPT can serve s§2> at

. L _ 3 20-11 . 2041 2041
arrival. OpPT reaches position a3 = max{ ©-17 6-1 } ¢’ at time max{ ©-17 -1 },

which is after time r3, i.e., request s3 is also served at arrival. To sum it up, we have

1 20 —1
OPT(U§+):€/+D<O—>—@_1%max{(efl)z, @9_1 }—€/>

B 20+1 2041 -
= max ©-12 6.1/

Next, we compute SMARTERSTART’S completion time.

Lemma 6.12. Let %(1 +v5) <O <3and¢ < % Then, we have

2 2 _ 1 -2
SMARTERSTART(O'§+) =1m {(36()9—41)?;’ 5@(@ _3(19); } - 3@()9_ 1 e

Proof. SMARTERSTART’s walk is presented in green in Figure 6.4 for © = @g;R and in green
in Figure 6.5 for © = 2.5. For all t > 0, we have L(¢,0, (s1)) = 1. Thus, SMARTERSTART
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starts its first schedule S; at time ¢, = ﬁ and reaches position p, = 1 at time vy, = %.
For ¢t > vy we have

(1) (2 _ B 1 2@—1_, _2@+1_,
L(t,0,(s1,85 ", Sy ))—D<0—> @_1—> 61 e = 51 e

Thus, the second schedule S5 is not started before time

L(t, 0, (s1, sg), 552))) 20 +1 e’
w2 = 61 S e-12 e-1

By assumption, we have © < 3 and ¢/ < %, which implies that for the time v, = @i

1>
when SMARTERSTART reaches position p, = 1, the inequality

r1 3 3 p
20 + 1 e 953 30+3 es o

©-12 ©-1 ©—1)? 2 g-1- ™ (6.21)

wo =

holds. Note that inequality (6.21) also holds for slightly larger © if we let ¢ — 0. Because
of inequality (6.21), SMARTERSTART has a waiting period and starts the schedule S at

time
to = max{v w}(Gﬁl)w _ 2+ ¢
2 = 2, W2 = 2—(@_1)2 o1

before the request s3 is released. If SMARTERSTART serves 8&2) before serving sgl) the time

it needs is at least

D<1%_ 1 2@—1_€,> 30,

0-1  ©-1 “o-1 ©
(@) 1)

The best schedule that serves s, after serving s, ' needs time

20-1 1 30 /
D(l—) o_1 ¢ —>—@_1>—®_1—25.

Thus, SMARTERSTART serves s§2> after serving sgl) and finishes S> at position p3 = —g=—

at time

302-0+1 20-1
v3 =ty + L(ta, p2, (Sgl)ysg))) = (©—1)?2  e-1 e’

For all ¢t > v3 we have

1) (2 B B 1 3 20 — 1 o
L(t,0,(s1,85 ", Sy ,83))—D<0—) 6_1—>max{(@_1)2, 51 €
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] 2041 2041
- ©@-126-1 '

Therefore the final schedule is not started before time

L(ta 0, (317 8;1)7 5(22)7 83)) _ max{ 20 +1 20+1 _ =4
( ©

s = 01 013 (@—1)72 1
However, by assumption, we have © > 1 (1 ++/5) and ¢’ < %, which implies
302-0+1 20-1,
BT ©-12  ©6-1°
302 -0 +1 , gl
- ©@-12 “ " e-1
s’;% 20°+0 ¢
©-1?2 ©-1
@2$(>1+¢5>max{ 20 +1 2@+1}_ g
= ©—1P ©—-12) ©-1
= ws, (6.22)

i.e., the starting time of the schedule S5 is the ending time of the schedule S5 and we have

(6.22) 302-e+1 20-1,
ts = max{vs, w3} = wvg = CEE — @_15.

The schedule S5 needs time

Lits, ps, (s3)) = D(Ql_l N max{ G ; 5 2(?__11} - g'>

. O+2 20
= max ©-126-1 .

To sum it up, we have

302+3 502 -30+1) 30 -2
SMARTERSTART (05 1) = t3+L(ts, p3, (s53)) = max{ ©—12 (0—-1)2 }_ 0—1 e’
]

Eqipped with Lemmas 6.11 and 6.12, we can compute lower bounds for the competitive
of SMARTERSTART for open online DiaL-A-RIDE on the line for © € [1(1 + V/5),3]. We

begin with the subinterval [3(1 + v/5), 2].
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pos B SMARTERSTART
B OpT

time

1 1
Optr(o5™) v SMARTERSTART (05 ")

Figure 6.4: SMARTERSTART’s and OpT’s walk serving 05" with ¢/ = 0.2 and © = GE;R. Request s; is red e,

request sgl) is yellow o, request 352) is violet @ and request s3 is brown e.

1 !
B

Proposition 6.13. Let %(1 ++/5) < © < 2. For every sufficiently small £ > 0 we have

SMARTERSTART(05') 302 + 3

= = ¢P(O) —
OpT(05™) 11 c 9% ®-e

i.e., the upper bound established in Proposition 6.4 is tight for © € [% (1++/5),2] ~ [1.6180, 2].

Proof. Let e > 0 with & < 5(*93559*2) and ¢’ = g29%gme < §. By Lemma 6.12, we
have
SMARTERSTART(05 ") "*™012 30?7 +3 50 -30+1 30 — 2,
(2 — max _
2 ©-17 (©-17 | e-1
o<2 30°+3 30-2,

A

©-12 e-1°"

Lemma 6.11 implies

S 20+1 20+1) e<2 20+1
OPT(U2+):ma {(@_1)27 @_1 = W

Since we have ¢/ = 3@%;@1”5, we finally obtain
SMARTERSTz;RT(aS*) _ 30 +3 30%-50 + 2 _ 30°+3 cgP@) e O
OpT(03%) 20+1 20 +1 20 +1

Next, we compute a lower bound for the competitive of SMARTERSTART for open online
DiaL-A-RIDE on the line for © € (2, 3].
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pos B SMARTERSTART
B OpT

1 /

2 + -1 13

time

1 1
Opt(o5™) v SMARTERSTART (05 ")

Figure 6.5: SMARTERSTART’s and OpT’s walk serving 05" with ¢/ = 0.2 and © = 2.5. Request s; is red e,

request sél) is yellow o, request s§2) is violet @ and request s3 is brown e.

Lemma 6.14. Let 2 < © < 3 and ¢ > 0 sufficiently small. Then, we have

SMARTERSTART(05") 502 — 30 + 1
Opt(0ST) C202-0-1

—e=:g(O) —¢.

In particular, we have

SMARTERSTART (05 ™)

D,R
> pol & 2.6662
Opt(o5t) Ps+

for © € (2,14 2] = (2,1 + V2] and sufficiently small «.

Proof. Let £ > 0 with ¢ < min{3(3553), 1;} and ¢’ = 3§%}c < ;. By Lemma 6.12, we
have

SMARTERSTART(05 ") ™01 30°+3 50230 +1] 30— 2
2 -1 (@©-17 | e-1

0> 2 5@2—3®+1_3@—2€,
(6 —1)2 0—1

By Lemma 6.11 we have

2 1 2 1 2 1
OPT(O’S+)—maX{ OF OF }622 Of

©@-12 6-1 61
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Figure 6.6: Functions g,* (green) / g,° (red): upper bounds for competitive ratio for postponing / non-

low

postponing case, drawn solid if tight. Function: g5™ (blue): lower bound for competitive ratio.

Red area: possible values for the competitive ratio, bounded by g5° and g5™.

Since we have ¢’ = 22+Le, we finally obtain
SMARTERSTART(05%) 50> -30+1 30 — 2 _ 50 -30+1 = o)«
OpT(05™) T202-6-1 20+1° 202-6-1 - % ’

as claimed. The function gg“’" is monotonically increasing on (2, 1 + v/2]. Therefore, we
have

SMARTERSTART (05 ™) low 11 DR
e A4V = 5>
Opt(o5+) e > g (1+v2) —e V2 © 7 Ps+
forall® € (2,1+v2]and e < . O

Figure 6.6 is a visualization of the upper bound for the competitive ratio of online D1AL-A-
RIDE on the line presented in Theorem 6.5 together with the lower bounds of Proposi-
tions 6.9 and 6.13 as well as Lemma 6.14.

Recall that the optimal parameter @?;R established in Theorem 6.5 is the only positive,
real solution of the equation

302+3  202-0+1
20+1 ©2-1

which is @giR ~ 1.7125. Therefore, according to Proposition 6.9 and Proposition 6.13 the
parameter @?;R lies in the interval where the upper bounds of Propositions 6.3 and 6.4
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are both tight. It remains to make sure that for all © that lie outside of this interval the

competitive ratio of SMARTERSTART is larger than pls);R ~ 2.6662. For this, we examine the

request sequence o5 .

Definition 6.15. Let © > 1 +v/2 and &’ > 0 with ¢’ < min{ 5352, g-7}. We define

§+ = {51755 ),Séz),83}

with
§1 = (171?0)7
a _ O -2 o 1
52_<m2 s LGz f”)

1 1 1
852)2(—-1-6 - +&'s 1—1—5’),

©-1 0-1
0+1
= (11g),

We have ¢’ < 5, which implies 0 < 2=% + &’ < 1 for © > 1+ /2, i.e., the starting

position of sgl) is between 0 and 1. Furthermore, we have & < ﬁ, which implies
aéz) = —ﬁ +e < 0 i.e., the starting position of sg) is to the left of the origin. We start

the examination of 0§ w1th computing OpT(o5T).

Lemma 6.16. We have
_6+1

©-1

Proof. OpT waits at the origin until time 2¢’ and then performs the walk

Opt(05™)

1
0= —g—g+e =1
o —
An illustration of OpT’s walk is presented in blue in Figure 6.7 for © = 2.75. We show that
all requests are served this way: OPT serves request séZ) at time r§2) = ﬁ + ¢. When
OpT returns to the origin at time %, the requests s; and sgl) already have been released

and can thus be served on the way to position 1. OpT reaches position 1 at time g*} and
can thus serve s3 at arrival. To sum it up, we have

1 9+1
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OpT can do this even if ¢ = 1 since sgl) is the only transportation request and no other

request lies between its starting position and destination. O
Next, we compute SMARTERSTART’S completion time.

Lemma 6.17. Let © > 1 + /2. Then, we have

40
SMARTERSTART(05 ") = —— — 4¢’.
0-1
Proof. SMARTERSTART’s walk is presented in green in Figure 6.7 for © = 2.75. For all
t > 0, we have L(¢,0,(s1)) = 1. Thus, SMARTERSTART waits at position p; = 0 at least

until time ﬁ. Since no other request are released until SMARTERSTART’s waiting period

is over the first schedule S is started at time ¢; = ﬁ. SMARTERSTART reaches position
p2 = 1 at time vy = g2. For t > vy we have

1) (2 1 0+1
L(t,O, (Sl,Sg),S; ))) _D<O—> —G)_]-‘i‘fl—)l) :ﬁ—QEJ.

Thus, SMARTERSTART postpones the second schedule S at least until

o+1 2
©—-12 e_1

W9 =

By assumption, we have © > 1 + /2, which implies

©+1 2 ,e>1+v/2 O

(@—1)2 — @_18 < ﬁ = V2. (623)

wo =

Because of inequality (6.23), SMARTERSTART starts schedule S, at time

6.23 C)
to = max{va, wa} (6.23) Vg = o1

which is before request s3 is released. The shortest schedule serving 352) before serving sgl)
has length
1 , 20 ,

The shortest schedule that serves s§2) after serving 3(21) has length

0-2 1 20
D1 1l ———+é | = -3¢
< —>2@_2+5—> — @_1+6> 0_1 €
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6 Algorithm SMARTERSTART

Thus, SMARTERSTART serves 852) after serving sgl) and finishes S5 at position p; = — g1 +¢’
at time

30
vs = to + Lta, pa, (55, 557)) = 6-1

after ss is released. We have for all ¢t > v3 the equation
1 0+1
15’ — 1) = ; —2¢.

Therefore the final schedule is not started before time

o+1 2
©—-12 ©e-1"

— 3¢

L(t,0, (s1, sgl),sg),sz),)) = D(O — ~5

w3 =

which is equal to wy and thus smaller than ¢3, which again is smaller than v3. Therefore,
the starting time of the schedule S; is the ending time of the schedule S; and we have

t3:7.13:ﬁ—3€/.

The schedule S35 has length
1
L(t3,ps3, (s3)) = D(— +e— 1) -9

To sum it up, we have

40
SMARTERSTART (05 ") = t3 + L(ts, p3, (s3)) = o 1 4¢’. O

Equipped with the Lemmas 6.16 and 6.17, we can compute a lower bound for the com-
petitive ratio of SMARTERSTART for open online DiAL-A-RIDE on the line for © > 1 + /2.

Lemma 6.18. Let © > 1 + /2 and ¢ > 0 sufficiently small. Then, we have

SMARTERSTART(05%) 40
Opt(05™) Ce+1

low

e=:1g3"(0) —e¢.

In particular, we have

SMARTERSTART (05 ™)
Opt(05T)

> por & 2.6662

for © € (1 4+ /2,00) ~ (2.4142, 00) and sufficiently small «.
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pos B SMARTERSTART
B OpT
1
o—

26— 2 +e -

0 tlme

OPT SMARTERSTART
_71 _|_ 5 -

Figure 6.7: SMARTERSTART’s and OpT’s walk serving o5" with ¢/ = 0.2 and © = 2.75. Request s, is red e,

request sé ) is yellow o, request sé ) is violet @ and request ss is brown e.

Proof. Lete > 0 with e < & and ¢’ = 2. By Lemma 6.17, we have

SMARTERSTART(05+) "0 17 @491 —4¢.
By Lemma 6.16, we have

O+1
OpT(o5") = ——.
PT(03" ) -1

Since we have ¢’ 4%“45 we finally obtain

S S 5t 4 40 —4 4
MARTER TEIJ{FT(% ) _ 46 46 o S = gov(e) — .
OpT(05™) O+1 ©+1 0+1

The function gi" is monotonically increasing on [1 + v/2, o). Therefore, we have

SMARTERSTART (05 ")
Opt(o5t)

forall © € (14 v/2,00) and & < . O

—£>g%),°""(1+\/§)—é?:2\/§—z€>plsjjiR

We combine all lower bounds constructed in this section into one general lower bound.
See Figure 6.8 for an illustration of all upper and lower bounds for the competitive ratio
of online DiAL-A-RIDE on the line.

Theorem 6.19. Let Gpar : Rs1 — R+ be a function with

o (©), for© e (1,097,

) gPe), forec (@F, 2,
Gonr(©) := 12°W( o), for@e(zsuf)
gV (), for © € [1 +v2,00).
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w

o
=

competitive ratio p
B
wn
+

scaling parameter ©

Figure 6.8: Functions g\¥ (green) / g5° (red): upper bounds for competitive ratio for postponing / non-

low low

postponing case, drawn solid if tight. Functions: g3* and gz (blue): lower bounds for competitive
ratio. Red area: possible values for the competitive ratio, bounded by g5* and g&* / g&*.

Then Gpar is general lower bound for the competitive ratio of SMARTERSTART for online
DiAL-A-RIDE on the line. The unique minimum of Gpur lies in © = @g;rR and yields a lower
bound of

Goar(O91) = poyt ~ 2.6662.

Proof. We have shown in Proposition 6.9 that ¢;*(©) with © € (1, @?;R] is a lower bound
for the competitive ratio of SMARTERSTART for online DiAL-A-RIDE and in Proposition 6.13

that g," (©) with © € (@]S);LR, 2] is a lower bound. Theorem 6.5 implies that Gp,g has unique

minimum in the interval (1,2] at© = @SDQFR. It remains to show that Gp,r(©) > GDAR(G]S);FR)
for all © € (2, 00). This immediately follows from Lemmas 6.14 and 6.18. O

The main theorem of this section follows by combining Theorem 6.5 and Theorem 6.19.

Theorem 6.20. The competitive ratio of SMARTERSTART for open online DIAL-A-RIDE on
the line with scaling parameter @ls)iR ~ 1.7125 is exactly

D,R D,R DRy
Psy = g‘fp(65+ ) = g;p(@s+ ) &~ 2.6662.

For every scaling parameter © > 1 with © # @ger the competitive ratio of SMARTERSTART

is strictly larger than p]S);rR.
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6.3 Bounds for the Open Online TSP on the Line

6.3 Bounds for the Open Online TSP on the Line

In the case of SMARTSTART, the DiaL-A-RIDE and the TSP version of the algorithm had
different competitive ratios. This is also true for SMARTERSTART. Since online TSP is
a special case of online DiaL-A-RIDE, all upper bounds, i.e., the bounds provided by
Proposition 6.3 and Proposition 6.4 on the competitive ratio of SMARTERSTART for open
online Di1AL-A-RIDE on the line are also valid for open online TSP on the line. However, of
the lower bounds, only the bounds obtained by request sequences without transportation
requests are valid for open online TSP. To be more precise, only the bounds given by the
request sequence o5* are valid, while the bounds given by 5%, 05" are not. Therefore,
we have only the lower bound g,°(©) for © € [3(1 + v/5),2] that tightly matches the
upper bound from Proposition 6.4 for the case that the final schedule is not postponed as
well as the lower bound gV (©) for © € (2, 3]. We will see that the upper bound given in
Proposition 6.3 for the case that the final schedule is postponed is not tight for online TSP.
The reason for this is that online TSP allows a smaller bound for the length of a schedule.

Lemma 6.21. For every schedule S; of SMARTERSTART for open online TSP, we have

0-1
e g < )
L(tj,pj,05) < <1 + 20+ 1)OPT(J)

Proof. By Lemma 4.5 and Lemma 6.1 we have

Lem 4.6 3
L(tj,pj,(fj) < min{OPT(U) +d(pj,0),§(OPT(O') —tj_l)}
Lem 6.1 3 1
S min OPT(O') + d(p], O), 5 OPT(O') — ﬁd(pj, 0)

1
<
< <1 + 20 1 1)OPT(U)

since the minimum above is largest if the two terms are equal, which is the case for
e-1
d(p],()) = mOPT(O’). O

Using Lemma 6.21, we can improve the bound of Proposition 6.3.

Proposition 6.22. In case SMARTERSTART for open online TSP postpones executing Sy, we

have
SMARTERSTART(0) _ 30% -0 +1 up

OpT(0) =202_0_1 Jurse

(©).
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4
Q
o
=
©
—
[«F]
E 3
B
g TR
g Ps+
S
)

scaling parameter ©

Figure 6.9: Functions g;", (green) / g5 (red): upper bounds for competitive ratio for postponing / non-
postponing case, drawn solid if tight. Function: ¢ (blue): lower bound for competitive ratio.

Green / red area: possible values for the competitive ratio, bounded by g5 and g&™.

Proof. Assume SMARTERSTART postpones the final schedule. Then Lemma 6.21 yields the
claimed bound:

SMARTERSTART(0) @D tn + L(tn, pN,oN)

6.2 1

(:) ﬁL(t]\UO?O—StN)+L(tNapNaUN)

4.4 1

Lem 6.21 1 0-1
< — +1
= (@—ﬁL +2@+1>OPT(U)
302 -0 +1
= o7 107 -

Consequently, we obtain a general upper bound for the competitive ratio of SMARTERSTART
for online TSP on the line that is slightly stronger than our bound for the competitive ratio
of SMARTERSTART for online D1AL-A-RIDE on the line.

Theorem 6.23. The function max{g|"sp, 95" } gives an upper bound for the competitive

ratio of SMARTERSTART for open online TSP on the line for all © > 1. Let @g’f{ ~ 1.6789 be
the unique solution of gy7sp(©) = g5"(©), i.e., of

302-0+1 30243

202-0-1 2041’
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6.3 Bounds for the Open Online TSP on the Line

in the interval (1,00). Then, ©g is the unique minimum of th function max{g;"¢p, 95" }-

SMARTERSTART with scaling parameter @S LIS psf—competltlve with
T,R T,R TRy
Ps+ glllpTSP(@s+ ) = 95" (0g)) ~ 2.6288.

Proof. For the case where SMARTERSTART postpones the final schedule we have established
the upper bound

SMARTERSTART(0) _ 30% —© + 1 up
<
) Ser—e-1 rs(®)

in Proposition 6.22, and for the case where SMARTERSTART starts the final schedule
immediately after the second to final schedule we have established the upper bound

SMARTERSTART(c) _ 302 +3 w (o)
OpT(0) =20+1 %

in Proposition 6.4. Thus, the maximum of both bounds is a general upper bound for
the competitive ratio of SMARTERSTART for open online DiAL-A-RIDE on the line that is
independent of SMARTERSTART’s behavior.

Function g;"p is strictly decreasing for © > 1 and function g," is strictly increasing
for © > 1. Therefore, the minimum of max{g;"¢p, 9," } in the interval (1, o0) lies in the

intersection point of g%, and g¥, i.e., in Og; ~ 1.6789. The resulting upper bound for
the competitive ratio is

ps+ =9 TSP(@TR) = (pgf) ~ 2.6288. 0

See Figure 6.9 for a visualization of the upper bound for the competitive ratio of online
TSP on the line presented in Theorem 6.23 and the lower bound provided by Lemma 6.14.

In the following, we will present two request sequences o5+ and o5*. We complement
the upper bound of Proposition 6.22 with a matching lower bound by computing the
ratio of SMARTERSTART s and OpT’s completion time of o$* for © € (1,1 + v/3]. The
request sequence o5 provides an additional lower bound for the competitive ratio of
SMARTERSTART for open online TSP on the line. However first we take another look at
the request sequence o5*: Since then competitive ratio ps + of the D1aL-A-RIDE version of
SMARTERSTART is slightly larger than the upper bound ,0 R for the competitive ratio of
the TSP version, the lower bound ¢i°"(©) provided by the request sequence o5+ holds for
slightly larger scaling parameters © then in the DiaL-A-RIDE version.
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6 Algorithm SMARTERSTART

Lemma 6.24. We have

SMARTERSTART(05%) 1
> po. ~ 2.6288
Opt(o5+) Pst

for © € (2,3].
Proof. According to Lemma 6.14, we have

SMARTERSTART(05 ") 50*-30+1
Opt(o5t) - 202-0-1

for © € (2, 3] and sufficiently small ¢ > 0. Let & < z. The function g% is monotonically
decreasing on (2, 3]. Therefore, we have

SMARTERSTART(05%) 10w TR
= 3) —e€>2642 — € > pg’
OPT(O’S+) g2 ( ) € € pS+
forall® € (2,3] and e < . O

We define the request sequence o5 .

Definition 6.25. Let ¢/ > 0 with £/ < %. We define

S+ — ( (1) 8(2))),

04 81,89 75 59
with
81:(1,1;0)
1 1 1
5o = (2+®_1 _5/;6—1+5/)’

@_(_ 1 1 /
%2 ( @—r@—1+8)

Note that &/ < % implies agl) > 1, i.e., the request sgl) appears to the right of the request

s1. We begin our analysis with the computation of OpT(c57).

Lemma 6.26. We have 06 1 1
_|_
0 S+ — )
PT(0y") -1
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6.3 Bounds for the Open Online TSP on the Line

Proof. OpT waits at the origin until time &’ and then performs the walk

0— ! — 24 ! !
-1 -1 °

An illustration of OpT’s walk is presented in blue in Figure 6.10 for © = @g’ﬂ%. We show
that all requests can be served this way: OpT serves 522) at time réz) = g7 + ¢ and then
walks straight towards position 2 + ﬁ — ¢, At the time % + ¢/, when OprT is at the
origin again, all remaining requests are already released. Therefore all remaining requests

can be served at arrival and we have

1 1 20+1
Opr(03t)=e'+D(0— ————— 22+ —— — &) = : O
PT(0y ") =€ + <—> 61" +®_1 a)

Next, we compute SMARTERSTART’S completion time.

Lemma 6.27. Let © < 1+ v/3 and ¢’ < 1. Then, we have

2 _ 1 20-1
SMARTERSTART (05 ") = 3?@ _@1; B @9_ 1 ¢

Proof. SMARTERSTART’s walk is presented in green in Figure 6.10 for © = G)FSF’F. For all
t > 0, we have L(t,0, (s1)) = 1. Thus, SMARTERSTART starts its first schedule S; at time
t = ﬁ and reaches position p, = 1 at time vy = %. For t > vy we have

1 1 20 + 1
L(t,0, (sl,sgl),ng))):D<0—>— —>2—|——€’> = + —&.

0—-1 0-1 -1
Thus, the second schedule Ss is not started before time
) (2
L(t,O, (sl,sé),sg))> 20 + 1 <!

w2 = 61 T©e-12 6-1

By assumption, we have © < 1 ++/3 and ¢’ < 1, which implies that for the time vy = %,
when SMARTERSTART reaches position p, = 1, the inequality

20+1 ¢ s’;l O+2 esi+v3 o
©-1)2 ©6-1 e-12 = e-1
holds. Note that inequality (6.24) also holds for slightly larger O if we let ¢ — 0. Because

of inequality (6.24), SMARTERSTART has a waiting period and starts the schedule S, at
time

Wy = () (624)

(6.24) 20 +1 e’
to = max{vg, we} =" wo = CESE “e-1
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pos B SMARTERSTART
H OpT
24 55 — ¢ -
Y, /\MARTERSTART oy
OPT tlme
1
T e-1 7

Figure 6.10: SMARTERSTART’s and OPT’s walk serving o5 " with ¢/ = 0.2 and © = @g;R. Request s; isred @,

request sg ) is yellow o and request séz) is violet e.

. 1 . . .
If SMARTERSTART serves 3(2 ) before serving sg ) the time it needs is at least

1 1 30
D1 24— )= 22
(ﬁ o-1 “Te-1 E) -1 °©

The best schedule that serves sg ) after serving s,

1 1 30
D<1—>2—|——5 - — >: — 2.

(1) needs time

0-1 0-1 0-1

(2) (1)

Thus, SMARTERSTART serves s, ~ after serving s, ’ and we have

L(t27p27 (Sg )7 Sé ))) = ﬁ - 26
To sum it up, we have

2 1 20-1
SMARTERSTART(051) = 5 + L(ts, p, (s5, s))) = 3@(@ _Gi; — g)_ . g. O
Equipped with the Lemmas 6.26 and 6.27, we compute a lower bound for the competitive
ratio of SMARTERSTART for open online TSP on the line for 1 < © < 1+ +/3.

Proposition 6.28. Let 1 < © < 1 + /3. For every sufficiently small € > 0 there is a request
sequence o5 such that SMARTERSTART postpones the final schedule Sy and such that

SMARTERSTART( Sty 302-e+1 up

Opt(o$t) T2 _e-1 9% sp(©) — &,

i.e., the upper bound established in Proposition 6.4 is tight for © € (1,1 ++/3] ~ (1,2.7321].
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4
QL up
91, 1sp
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scaling parameter ©

Figure 6.11: Functions g}"¢, (green) / g;” (red): upper bounds for competitive ratio for postponing / non-

postponing case, drawn solid if tight. Function: g™ (blue): lower bound for competitive ratio.

Red area: possible values for the competitive ratio, bounded by g5° and g5".

Proof. Lete > 0 with e < 22-1 and ¢’ = 23t ¢ < 1. By Lemma 6.27, we have

2 _ 1 20-1
SMARTERSTART (05 ") = 36(@ _?; - e?_ 1 ¢

By Lemma 6.26, we have

20 +1
OpT(05t) = 6 1
Since we have ¢/ = ggﬂe, we finally obtain
SMARTERSTART(c5t) 302-0+1 20-1 302 -0 +1
0 s+(4): 2_0_1 e = 20O _ —E:g;l}:,}sp(@)—g,[]
PT(03 ") 202-0-1 20+1 202 -0 -1

Figure 6.13 is a visualization of the upper bound for the competitive ratio of online TSP on
the line presented in Theorem 6.23 together with the lower bounds of Propositions 6.28
and 6.13 as well as Lemma 6.24.

Recall that the optimal parameter @gf established in Theorem 6.23 is the only positive,
real solution of the equation

302-0+1 30243
202-0-1 20+1°
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which is @gfﬁ ~ 1.6789. Therefore, by Proposition 6.28 and Proposition 6.13 the parame-

ter G)S + lies in the interval where the upper bounds of Propositions 6.22 and 6.4 are both
tight. It remains to make sure that for all © that lie outside of this interval the competitive
ratio of SMARTERSTART is larger than p?_’FR ~ 2.6288. For this, we examine the request

sequence o5,

Definition 6.29. Let © > 3 and ¢’ > 0 with &’ < . We define
ot = (81,85 )78§1),83)
with
s1 = (1;0),
G (20-3 o 1 ,
$ - (5 —femi ).

@) _ 1 1
%2 _<@—4 @—1+5>

S3 = 26_3—6/' © +¢
T le-1 Te-1 '

Note that &/ < % implies 2@?%13 — ¢’ > 1, i.e., the position of requests sgl) and s3 to

the right of the position of request s;. We begin our analysis with the computation of
Opr(aft).

Lemma 6.30. Let &' < . We have

20 -3
OpT(0st) = 6 1

Proof. An illustration of OpT’s walk is presented in blue in Figure 6.12 for © = 3.5. OpT
waits at the origin until time ¢ and then performs the walk

20-3

O-1 )

0—

We show that all requests are served this way: This is clear for the requests s; and .9%2).

The position of the remaining two requests sgl) and sj is reached at time 299 . Since we

have
20 -3 E/<>8: 7@ +e =r3> r(l)
-1 01 T2
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both requests can be served at arrival and we have

20 — 3 , 20 — 3
@_1—5) . UJ

OpT(cSt) =& + D(O -

Next, we compute SMARTERSTART’s completion time.

Lemma 6.31. We have

60 — 10
SMARTERSTART(05 ") = ——— — 3¢/,

©-1
Proof. SMARTERSTART’s walk is presented in green in Figure 6.12 for © = 3.5. For all
t > 0, we have L(t,0,(s1)) = 1. Thus, SMARTERSTART starts its first schedule S; at time

t = ﬁ and reaches position p, = 1 at time vy = %. For t > vy we have

1) (2 20 — 3 20 — 3
L(t,O,(sl,sg),sé))):D<O—> 51 _g'>: et ¢

Thus, the second schedule S; is not started before time

L(t,0, G158 s8)) 093
wy = =

0-1 ©-12 O6-1

For the time vy = %, when SMARTERSTART reaches position p, = 1, we have

20 — 3 g e>1 O

6 17 6.1 o1~ " (6.25)

wo =

Because of inequality (6.25), SMARTERSTART does not postpone the schedule Sy at time

6.25 ©
tQ = rnax{vg,wg} ( = ) Vo = m

The shortest schedule serving 552) before serving sgl) has length

1 20-3 )\ 3©-6
D(1—>@_1—> 61 —e)_ o_1 ¢

The shortest schedule that serves 552) after serving sgl) needs time

20-3 1\ 30-6 _,
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Thus, SMARTERSTART serves ng) after serving sgl) and we have
1) (2 30 -6
L(ta, po, (s, s2)) = 51 %
Schedule S5 ends at time
40 -6
vs =ty + Lta, pa, (5, s57)) = o_1 2¢’

at position p3 = ﬁ. For t > v3 we have

01 “e-1

Thus, we have w3 = ws, which is smaller than vy by inequality (6.25), which again is
smaller than vs. Therefore, the final schedule S5 is started at time

40 — 6

0-1

t3 = V3 = — 26,.

For all ¢ > v3, we have

L(t7p37(83>) = D( ! 293 _6/> = 29 -4 '

% - .
6—-1  ©6-1 -1 °©
To sum it up, we have
60 — 10
SMARTERSTART (05 ") = t3 + L(t3, p3, (s3)) = o1 3. O

Equipped with the Lemmas 6.30 and 6.31, we compute a lower bound for the competitive
ratio of SMARTERSTART for open online TSP on the line for © > 3.

Lemma 6.32. Let © > 3 and ¢ > 0 sufficiently small. Then, we have

SMARTERSTART(05%) 60O — 10 . low

OpT(0S™) 203 7% () —e.

In particular, we have

SMARTERSTART (05 )
Opt(oft)

> ptt A 2.6288.

for © € (3, 00) and sufficiently small «.

168



6.3 Bounds for the Open Online TSP on the Line

pos E SMARTERSTART
H OpT
20-3 _ _/
o-1 ¢
1
6-1
time
1 1
Opt1(ost) SMARTERSTART (05 +)

Figure 6.12: SMARTERSTART’s and OpT’s walk serving o5* with ¢/ = 0.2 and © = 3.5. Request s, is red @,

request sgl) is yellow o, request 5§2) is violet @ and request s3 is brown e.

Proof. Lete > 0 with e < min{39=3(8=2), L} and &’ = 23=3: < §=3. By Lemma 6.31,
we have
s+ 6010 4,

SMARTERSTART (0 51 3.
By Lemma 6.30, we have
20 -3
S+y _
Opt(0:") = 6-1
Since we have ¢/ = %, we obtain
S S >t -1 - -1
MARTER T;;I:T(% ) _66-10 306 35’ _60-10 = g™(O) - c.
OpT(0:™) 20-3 20-3 20 -3

The function g is monotonically increasing on the interval [3, c0). Therefore, we have

SMARTERSTART(05%) 10w 8 TR
> 3)—e=-—¢€>ps. ~2.6288
forall©® > 3and e < 4. O

We combine all lower bounds constructed in this section into one general lower bound.
See Figure 6.13 for an illustration of all upper and lower bounds for the competitive ratio
0g SMARTERSTART for open online TSP on the line.
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Figure 6.13: Functions g}", ‘rsp (green) / gy® (red): upper bounds for competitive ratio for postponing /

non-postponing case, drawn solid if tight. Functions: g¥™ and ¢ (blue): lower bounds for

competitive ratio. Red area: possible values for the competitive ratio, bounded by g¢,* and
low low
/9

Theorem 6.33. Let Grsp : R~ — R~ be a function with

gl TSP(@), for® e (1,0 ]
95" (8), f0r9€(95+7 2],

1OW( ), for©€(2,3],

gov(e), forec (3

Gtsp(©) :=
) )

Then Grsp is a general lower bound for the competitive ratio of SMARTERSTART for open
online TSP on the line. The unique minimum of Grsp lies in © = @g’f{ and yields a lower
bound of

Grsp(Og)) = par = 2.6288.

Proof. We have shown in Proposition 6.28 that g, TSP(@) with © € (1,2) is a lower
bound for the competitive ratio of SMARTERSTART for open online TSP on the line and
in Proposition 6.13 that g,”(©) with © € [1(1 + /5), 2] is a lower bound. Theorem 6.23
implies that Gsp has its unique minimum in the interval (1,2] at © = @FSF’F. It remains

to show that Grsp(©) > GTSP(Gg’F) for all ©® > 2. This immediately follows from the
Lemmas 6.24 and 6.32. O

The main theorem of this section follows by combining Theorem 6.23 and Theorem 6.33.
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Theorem 6.34. The competitive ratio of SMARTERSTART for open online TSP on the line
with scaling parameter @rSFf_R ~ 1.6789 is exactly

T,R T,R TRy
P4+ = glll,I')TSP(@S+ ) = 95" (Og}) =~ 2.6288.

For every other © > 1 with © # @gf the competitive ratio of SMARTERSTART is strictly
larger than pg’_'I_R.

6.4 Upper Bounds in the General Setting

It remains to examine SMARTERSTART for general continuous metric spaces. Since the real
line is a special case of a continuous metric space, every lower bound established in the
previous sections also holds for general continuous metric spaces. This is not necessarily
true for the upper bounds we have presented. However, the upper bound ¢,* for open
online D1AL-A-RIDE presented in Proposition 6.3 and the upper bound ¢, for open
online TSP presented in Proposition 6.22 are also valid for general continuous metric
spaces. The upper bound for the non-postponing case presented in Proposition 6.4 relies
on Proposition 4.10 which uses line-specific features. Therefore, we need to compute a
new upper bound for the non-postponing case.

Proposition 6.35. If SMARTERSTART for open online DIAL-A-RIDE does not postpone exe-
cuting Sy, we have
SMARTERSTART(0)

OrTt(0)

<O+1= g;pX(G)).

Proof. Assume algorithm SMARTERSTART does not postpone the final schedule, i.e., SMAR-
TERSTART starts the final schedule Sy either immediately after finishing Sy_; or immedi-
ately after the last request is released.

Let the latter be the case. Then, the final schedule is started at the release time r,, of
the last request. Since OpT also has to serve the last request, we have

OrT(0) > ry. (6.26)

In total we have

SMARTERSTART(0) @D tn + L(tn,pN,oN)

6.4

(o))
N

rn+ L(tn, PN, ON)

2
< Opt(o) + L(tn,pN,0N)
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6 Algorithm SMARTERSTART

Lem 6.2 ®-1

< =~ -

< (2 + o 1>OPT(J)
0>1

< (©+1)0prT(0).

Now, consider the case that the final schedule is started immediately after the second to
final schedule. Let sQ°T be the first request of oy that is served by Opt and let aSP™ be its
starting position and r]?,” be its release time. We have

SMARTERSTART(0) 2, tn + L(tn, pN,oN)

=" tn1+L(tn-1,pN-1,0N-1) + L(tNn, PN, ON)

OpT
tn > N

< tnoi+ Ltn_1,pN-1,08-1) + LT, pN,on). (6.27)

Since OprT serves all requests of oy after time r{FT, starting with a request with starting
position a{FT, we have

OPT( ) OPT+L( ]C\)[PTja%PT7O_N) (6.28)

Furthermore, we have
OPT

>tn_1 (6.29)

since otherwise sOPT € on—_1 would hold. This gives us

(6.27)
SMARTERSTART(0) < tn_1+ L(ty—1,pn—1,0n-1) + LT pn, on)

(4.3) OpT
< tn-1+ L(tn-1,pN—1,0N-1) + |ay " — PN]

JrL(T,]OVPT’ a]OVPT’ O'N)

(628) L OpT __ _ ,.0pT
< ty-1+ L(tn-1,pN-1,0N-1) + |ay ' — pN|+ OPT(0) — 1y
6.29)
< L(ty-1,pn-1,0n-1) + [af" — pn| + OPT(0)
“4.3) OpT
lpv-1] + L(tn-1,0,0n-1) + |ay™ — pn| + OPT(0)
Lem 6.1 opT
< (@—1)t1\] 2+L(t]\] 1,0,0n— 1)+|a —pN‘-i-OPT(O').
(6.30)
We have
OpT(0) > tny_o + ’a%PT — DN, (6.31)
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6.4 Upper Bounds in the General Setting

because OpT has to visit both a%PT and py after time ¢ _o: It has to visit a%PT to collect
sgszT and it has to visit py to deliver some request of o _1. In the case © > 2, we have

(6.30)
SMARTERSTART(0) <  (© — 1)ty_o+ L(tn_1,0,0n_1) + [aSFT — px| + OPT(0)
(6.31)
< 2OPT(O') + L(tN_l, 0, UN—I) + (@ — 2)tN_2
(6.31),(4.49
< (©+1)0pt(0).

Thus, we may assume O < 2. Similarly as in inequality (6.13), we get

(6.30)
SMARTERSTART(0) < (O — 1)ty_o+ L(tn_1,0,05_1) + [aSFT — px| + OPT(0)
(6.31) Opr
< O0prT(0) + L(tn-1,0,0n-1) + (2 = O)|ax " — pN]|
6.1

)
< O0pT(0) + (0 — 1)tn_1 + (2 — 0)[aR" — pn|
< (20 —1)0pT(0) + (2 — 0)|aFT — pl,

where the last inequality follows, because of OrT(0) > tn_1. O

The upper bound g,% (©) is slightly weaker than the upper bound g,”(©). We use
Proposition 6.35 to compute a general upper bound for the competitive ratio of SMARTER-
START for open online DiaL-A-RIDE on general continuous metric spaces.

Theorem 6.36. The function max{g,", g, } gives an upper bound for the competitive ratio
of SMARTERSTART for open online DIAL-A-RIDE in the general setting for all © > 1. Let
@?QFX ~ 1.6956 be the unique solution of ¢\*(©) = g,"(©), i.e., of

202 -0 +1

or_1 ~°9fh

in the interval (1,00). Then, ©%;" is the unique minimum of the function max{g}®, 9oy}

. . D,X .. DX .. .
and SMARTERSTART with scaling parameter O is pg} -competitive with

D,X D,X DRy
Py =91 (g} ) = gy x (Ogy ) ~ 2.6956.

Proof. For the case where SMARTERSTART does wait before starting the final schedule we
have established the upper bound

SMARTERSTART(0) 202 —-©+1
OpT(0) S

(©)
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4
Q
o
=
©
-
(]
>
g= 3
i)
Q D, X
Q Ps+
g
o
(W]

scaling parameter ©

Figure 6.14: Functions g\” (green) / g,y (red): upper bounds for competitive ratio for postponing / non-
postponing case, drawn solid if tight. Functions: ¢ and g™ (blue): lower bounds for competi-
tive ratio. Red area: possible values for the competitive ratio, bounded by g5” and g,y as well

low low

as g5 and g3".

in Proposition 6.3, and for the case where SMARTERSTART starts the final schedule imme-
diately after the second to final schedule we have established the upper bound

SMARTERSTART(0)
Ort(0)

<O+ 1=g%(0)

in Proposition 6.35. Thus, the maximum of both bounds is a general upper bound for
the competitive ratio of SMARTERSTART for open online DIAL-A-RIDE on the line that is
independent of SMARTERSTART’s behavior.

Function g," is strictly decreasing for © > 1 and function g,"y is strictly increasing
for © > 1. Therefore, the minimum of max{g;", g5"y } in the interval (1, o) lies in the

intersection point of g;* and gy, i.e., in @gf{ ~ 1.6956. The resulting upper bound for
the competitive ratio is

D, X D, X D,X
Psy = 9¥p(@s+ )= 9;5((P5+ ) ~ 2.6956. [

See Figure 6.14 for a visualization of the general upper bound for the competitive ratio of
SMARTERSTART for open online DiaL-A-RIDE presented in Theorem 6.36 together with the
general lower bound presented in Theorem 6.19.

We use Proposition 6.35 to compute a general upper bound for the competitive ratio of
SMARTERSTART for open online TSP on general contiuous metric spaces.
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scaling parameter ©

Figure 6.15: Functions g,"s, (green) / g;,°x (red): upper bounds for competitive ratio for postponing /

non-postponing case, drawn solid if tight. Functions: g5¥, g5, ¢ (blue): lower bounds for
competitive ratio. Red area: possible values for the competitive ratio, bounded by g;° and g5

low low

as well as g7 and g5".

Theorem 6.37. The function max{g; 1qp: go x } gives an upper bound for the competitive
ratio of SMARTERSTART for open online TSP in the general setting for all © > 1. Let

Og:X ~ 1.6625 be the unique solution of 9rrsp(©) = g5'x (©), Le., of
302 -0 +1
e 1
0?61 OFh

in the interval (1, c0). Then, @gf is the unique minimum of the function max{g\ rsp, g5 x }

. . T,X .. T,X .. .
and SMARTERSTART with scaling parameter O, is pg’; -competitive with

T,X T,X TRy
Psy = glllgsp(@& ) = 91215((®s+ ) & 2.6625.

Proof. For the case where SMARTERSTART does wait before starting the final schedule we
have established the upper bound
SMARTERSTART(0) _30? -0 +1
OpT() =202_9_1 Jurse

in Proposition 6.22, and for the case where SMARTERSTART starts the final schedule
immediately after the second to final schedule we have established the upper bound

(©)

SMARTERSTART(0)
Ort(0)

<O+1=g"(0)
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6 Algorithm SMARTERSTART

in Proposition 6.35. Thus, the maximum of both bounds is a general upper bound for
the competitive ratio of SMARTERSTART for open online DIAL-A-RIDE on the line that is
independent of SMARTERSTART’s behavior.

Function g,y is strictly decreasing for © > 1 and function g," is strictly increasing
for © > 1. Therefore, the minimum of max{g".sp, g5"y } in the interval (1, c0) lies in the

intersection point of g%, and g%, i.e., in ©g;" ~ 1.6625. The resulting upper bound
for the competitive ratio is

T,X T,X T.X\
Ps+ = glll,stp(95+ ) = glzl,pX(Ps+ ) A 2.6625. O

See Figure 6.15 for a visualization of the general upper bound for the competitive ratio of
SMARTERSTART for open online TSP presented in Theorem 6.37 together with the general
lower bound presented in Theorem 6.33.

6.5 Closed Version of Online DIAL-A-RIDE and TSP

SMARTERSTART for closed online DiAL-A-RIDE behaves very similar to SMARTSTART for
closed online DiaL-A-RIDE. The reason for this is that in the closed version every schedule
starts in the origin. Thus, the only difference between SMARTERSTART’S and SMARTSTART’S
waiting routine is that SMARTERSTART uses all known requests to compute its waiting
time, while SMARTSTART only uses the unserved requests. We will see that this has no
impact on the competitive ratio, i.e., the closed version of SMARTERSTART has the same
competitive ratio as SMARTSTART of exactly 2 for DiaL-A-RiDE and TSP on the line as well
as on general continuous metric spaces.

As in the open version of SMARTERSTART, we distinguish between two cases depending
on whether or not the final schedule is postponed. We start with the case that the final
schedule is postponed.

Proposition 6.38. In case SMARTERSTART for closed online DiaL-A-RIDE or closed online
TSP postpones executing Sy, we have

SMARTERSTART(0) )
Ort(0) —0-1

=: hi*(0©).

Proof. Assume SMARTERSTART postpones its final schedule, then we have

SMARTERSTART(0) D ty + L(tn,0,0n)

(6.2) L(tN7 0, UStN)

@_1 +L(tN7070N)
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Lem4.4 ©
<
- e-1

Ort(0). O

Next, we examine the case that the final schedule is not postponed by the waiting routine
and is instead started directly after the second to final schedule is finished.

Proposition 6.39. If SMARTERSTART for closed online DIAL-A-RIDE or closed online TSP
does not postpone the final schedule, we have

SMARTERSTART(0) O+2
max
OpT(0) -

,@} P (6).

Proof. Assume algorithm SMARTERSTART does not postpone the final schedule, i.e., SMAR-
TERSTART starts the final schedule Sy either immediately after finishing Sy _; or im-
mediately after the last requests are released. Let the latter be the case, then the final
schedule is started at the release time r, of the last request. Since OpT also has to serve
the last request, we have OpT(0) > r,, and since the execution of the final schedule is not
postponed, we have r,, > g*<L(tx,0,0), i.e.,

L(tN, 0, O'N) < L(tN, 0, U) < (@ — 1)OPT((I). (6.32)
In total we have

SMARTSTART(0) o) ty + L(tn,0,0n)
6.4)

[e))

Tn +L(tNa0ao-N)

6.32
( < ) ©O0PT(0)

2
< max{ © ;_ ,@}OPT(O’).

Now let the final schedule be started immediately after the second to final schdedule. We
have

SMARTERSTART(0) @D ty + L(tn,0,0n)

6.3

© v+ L(tny-1,0,0n-1) + L(tn,0,0n)

4.4

< tn—1+ L(tn-1,0,0<¢y) + L(tn,0,0N)

6.2)

< Oty-_1+ L(tn,0,0n). (6.33)
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6 Algorithm SMARTERSTART

Let sQF7 be the first request of oy that is served by OpT and let a$™ be its starting position
and 7T be its release time. We have

Op1(0) > r¥T + L(rFT, aSF", on) > tn_1 + L(tn, aF", o). (6.34)

Since OPT has to return to the origin after serving s{**, we have

OpT(c) > T+ d(0,aRFT) > ty_1 + d(0,aF") (6.35)
and .
d(0,aFT) < 5OPT(0). (6.36)
To sum it up, we have
(6.33)
SMARTERSTART (o) < Oty_1+ L(tn,0,0n)
4.3) OpT OpT
< Otn_1+d(0,a5") + L(tn,ax ", oN)
(6.35)
< (© — 1)ty_1 +d(0,aFT) + OpT(0)
(6.35) Opr
< max{0,0 — 2}tny_1 + max{2 — ©,0}d(0,ax ")
+ max{©, 2}0prT(0)
(6.36) 2
< max{0,0 —2}tn_1 + max{ © ; ) Q}OPT(U)
OpT(0) > tN—
" )< o max{@;Lz,G)}OPT(U). O

We summarize the upper bounds for the competitive ratio of SMARTERSTART for closed
online Diar-A-RIDE and closed online TSP provided by the proposition above into one
general upper bound.

Theorem 6.40. The function max{hi", hy"} gives an upper bound for the competitive ratio
of SMARTERSTART for closed online DiAL-A-RIDE and closed online TSP for all © > 1. Let
0gosed — 2 pe the unique solution of hy?(0) = hyP(©), i.e., of

(C] O+2
ﬁ —maX{Q @}

in the interval (1, 00). Then, ©§%¢ is the unique minimum of the function max{h\¥, hy"}
and SMARTERSTART with scaling parameter Gd"“d is ,od"sed-competitive with

pgl_?_sed — huP (@closed ) hup (@Closed ) 9.

178
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Proof. For the case where SMARTERSTART postpones the final schedule we have established

the upper bound
SMARTERSTART (o) C)

<
OrT(0) Te-1

in Proposition 6.38, and for the case where SMARTERSTART does not postpone the final
schedule we have established the upper bound

= h"(©)

SMARTERSTART (o) ©+2 up
< =
orT(0) < max{ @} hy' (©)

in Proposition 6.39. Thus, the maximum of both bounds is a general upper bound for the
competitive ratio of SMARTERSTART for closed online DiaL-A-RIDE and closed online TSP
that is independent of SMARTERSTART’s behavior before the final schedule.

The function k" is strictly decreasing for © > 1 and the function h;" is strictly increasing
for © > 1. Therefore, the minimum of max{h;’, hy"} in the interval (1, cc) lies in the
intersection point of 1} and hy?, i.e., in ©§9%°d = 2. The resulting upper bound for the
competitive ratio is

pclj)_sed hlllp(@closed) _ h ( pclised) 9. ]

The main theorem of this section follows by combining Theorem 6.40 and Theorem 4.3.

Theorem 6.41. The competitive ratio of SMARTERSTART for closed online D1AL-A-RIDE and
closed online TSP with scaling parameter @glgsed = 2 is exactly
pgl_(")_sed _ hup(@closed) — hup(eclosed) 2.

There is no scaling parameter © > 1 with © # @ R that yields a better competitive ratio
than pclosed.

Conclusion and Outlook

We provided a conclusive analysis for SMARTERSTART in this chapter. We computed tight
bounds for the competitive ratio for open online DiAL-A-RIDE and open online TSP on the
line and provided upper bounds for the open online DiAL-A-RIDE and open online TSP in
the general setting. For the closed version, we provided tight bounds for the competive
ratio of online D1AL-A-RIDE and online TSP for both the real line and the general setting.
For the open version of online DiAL-A-RIDE on the line we have shown a tight competitive
ratio of 2.6662: The upper bound was proven in Theorem 6.5 and the lower bound was
proven in Theorem 6.19. For the open version of online TSP on the line we have shown
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6 Algorithm SMARTERSTART

a tight competitive ratio of 2.6288: The upper bound was proven in Theorem 6.23 and
the lower bound was proven in Theorem 6.33. While we have tight results on the line
for open online TSP, it remains unclear if SMARTERSTART performs worse in the general
setting: We provided an upper bound of 2.6956 for the competitive ratio of SMARTERSTART
for open online DiAL-A-RIDE and an upper bound of 2.6625 for the competitive ratio of
SMARTERSTART for open online TSP. The lower bounds obtained on the real line carry
over to the general setting. See Table 2.8 for a summary of the results.

If we compare SMARTERSTART with SMARTSTART, we see that SMARTERSTART has a
better competitive ratio for the open version of the problems, while achieving the same
competitive ratio as SMARTSTART for the closed version. Consequently, SMARTERSTART
further improves the upper bound for the competitive ratio of online DiAL-A-RIDE on
the real line as well as on general continuous metric spaces, improving the best known
bound from SMARTSTART’s 2.9377 to 2.6662 on the real line and from 3 to 2.6956 in the
general setting. Moreover, for open online DiaL-A-RIDE on the line, the gap between the
upper bound for the competitive ratio of SMARTERSTART of 2.6662 and the best known
lower bound for the competitive ratio of schedule-based algorithms of 2.5 is rather small.
Nonetheless, it remains unclear, if there is a better schedule-based algorithm for open
online D1AL-A-RIDE on the line. For open online TSP on the line the gap is a bit larger:
While SMARTERSTART is roughly 2.6288-competitive, our lower bound for schedule-based
algorithms is % Again, it remains unclear, if there is a better schedule-based algorithm for
open online TSP on the line.
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After having analyzed schedule-based algorithms thoroughly, we now examine an online
algorithm for online D1aL-A-RIDE and online TSP that has a completely different design
philosophy. Like schedule-based algorithms, the algorithm REPLAN (see Algorithm 5)
executes optimum offline walks. However, unlike schedule-based algorithms, these walks
are recomputed every time a new request is released.

Algorithm 5 REPLAN

repeat

if new request appears then
| Start optimal walk serving unserved requests R, starting from current position

The algorithm REPLAN was first examined in [5]. Ascheuer et al. showed that the algorithm
is %—competitive for closed online DiaL-A-RiDE with capacity ¢ = 1. Krumke [32], one of
the authors of [5], examined the algorithm more thoroughly in his PhD thesis. He showed
that the algorithm is Z-competitive for closed online D1aL-A-RIDE with capacity ¢ > 1 and
3-competitive for open online DiaL-A-RIDE with capacity ¢ = 1 as well as %-competitive for
open online DiaL-A-RIDE with capacity ¢ > 1. For open online TSP, Ausiello et al. showed
that the algorithm has a tight competitive ratio of % [8]. REPLAN was the best known
online algorithm for open online TSP until Bjelde et al. published a 2.4142-competitive
algorithm in [13]. See Table 2.4 for a summary of known results.

In this thesis, we present a lower bound of 2 for the competitive ratio of REPLAN for
closed online TSP on the line (Thm 7.4). We complement this lower bound with a matching
upper bound for closed online TSP on the line (Thm 7.5). The upper bound for closed
online TSP in the general setting remains % For closed online DiaL-A-RIDE, we provide
an upper bound of 3 for capacity ¢ > 1 and on the line (Thm 7.6) and an upper bound
of % for capacity ¢ = oo in the general setting (Thm 7.7). For the open version of online
DiaL-A-RIDE, we improve Krumke’s upper bound of § for capacity ¢ > 1 to a bound of 4
for capacity 1 < ¢ < oo (Thm 7.8) and to a bound of 3 for capacity ¢ = oo (Thm 7.9). We
begin our analysis with the lower bound construction for closed online Di1AL-A-RIDE and
closed online TSP and analyze open online TSP and online DiaL-A-RIDE in the second
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section of this chapter.

7.1 Bounds for Closed Online DIAL-A-RIDE and online TSP

We start by proving that the competitive ratio of the closed version of REPLAN is larger
or equal to 2. Essentially, the idea of the lower bound construction is to force the server
to stay in ¢ range to the origin until the last request is released. This way, after the last
request is released, REPLAN still has to move almost the complete distance OpT moves.
Consequently, REPLAN’s total completion time is almost twice as large as OpT’s. To be
more precise: For every sufficiently small ¢ > 0, we provide a request sequence oS, = such
that ’
REPLAN(aﬁlRm) =(2- €)OPT(O'§1p7m).

We start by defining the request sequence aﬁlp -

Definition 7.1. Let m € N with m > 2. We define

1
O-lg\P,m = (ngsRa S%? .- '7S%m—2)
with
1
36/: <_m70>7
SR: 1_lal )
m m
1 2 1
L .
Sl:(_m’m+2'rn> fOIlE{l,...,Qm—?}.

We begin our analysis of ofp, ,, with the computation of OPT(of} ,,)-

Lemma 7.2. We have
OPT(af{lp’m) =2.

Proof. OpT performs the walk

1 1
0—-1-——=—-———=0.
m m
An illustration of OpT’s walk is presented in blue in Figure 7.1. We show that all requests

are served this way: OPT collects s™ at time 1 — -1 which is after time »# = L since
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m > 2. The last request on the other side of the origin at position —% is released at time

rL o =2 — 5>, which is before OpT reaches position a? = —-L at time 2 — L. Therefore,
we have
1 1
OpT(08p,,) =D(0—=1—-— 5 —-=50) =2 O
(oRP,m) ( m m >

Next, we compute REPLAN’s completion time.

Lemma 7.3. We have

REPLAN(UIC{IP m) =4 — 3

m

Proof. REPLAN’s walk is presented in green in Figure 7.1. We show that at the release
times of s” for i > 1, REPLAN is always at position —ﬁ. Since no requests except s} are
released before time %, REPLAN serves request 56 at time %, ie., REPLAN is at position
—l at time 1 and then moves towards the origin. Thus, at time 7 = 2m, when s 1s
released REPLAN is at posmon —5— as claimed. Now assume, REPLAN is at position —

2m
at time rF = 2L 'when sF is released. The shortest walk serving s” before s/ has length

2m
1
D(——>1—1—>—1—>0> = +i.
2m m m
On the other hand, the shortest walk serving st after s* has length

D<—1—>—1—>1—1—>0>_2—1

2m m m 2m’

Thus, REPLAN proceeds to serve s’ first and then walks towards a®. Therefore, REPLAN is

again at pos1t1on at time r/,; = % In particular, REPLAN is at position 5 at
time rl ., =2 — 2> In total, we have
3 1 1 1 2
REPLAN(0S =2—-—4+D|— > ——=1—-———=0 S— a
( RP, m) 2m 2m m m m

Equipped with Lemmas 7.2 and 7.3, we can compute a lower bound for the competitive
ratio of REPLAN for closed online TSP on the line.

Theorem 7.4. For every sufficiently small € > 0, we have

REPLAN(UI‘,:}P m)
—1 Z 2—e¢.
OPT(0 )
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pos H REPLAN
E OpT

time

T
REPLAN(0p )

Figure 7.1: REPLAN’s and OpT’s walk serving aﬁlp,m with m = 6. Request s is yellow o and requests s* are
red e.

1
Proof. Lete < ... By Lemma 7.3, we have

2
]
REPLAN(0Rp ) = 4 — e
Lemma 7.2 implies
OPT(0fp ) = 2.
Since we have £ < -1, we obtain
REPLAN (0 1
—(IRP,m> —92_—>92_¢ ]
OPT(O-I(’:\P,m) m

Next, we examine REPLAN for closed online DiaAL-A-RIDE and online TSP on the line,
presenting a tight upper bound using line-specific features. Recall that we denote by
min

™= min{0,a1,...,an,b1,...,bn}

the leftmost and by

max .
™ = max{0,a1,...,an,b1,...,b,}

the rightmost position that needs to be visited by the server to serve o. We have
OPT(g) > 2™ 4 9 M| (7.1
since OPT has to visit both extreme points and has to return to the origin.

Theorem 7.5. REPLAN for closed online TSP on the line is 2-competitive.
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Proof. Let r, be the time when the last request is released. REPLAN’s position pos(r,,) at
time 7, is in the interval [z™", ™3], All requests are already released at time r,, i.e.,
REPLAN can serve all remaining requests by visiting both extreme points and returning to
the origin. If we have pos(r,,) > 0, we obtain

REPLAN(0) < Tn + D(pos(rn) _y pmax _, ,min 0)

A

o+ 2$max + 2|mmin|

)

(7.1
< rn + OPT(0)

Ort(o) > 1y
< 20pT(0).

Analogously, if we have pos(r,,) < 0, we obtain

REPLAN(0) < o+ D(pos(rn) _, pmin _, jmax _, ())

< T + 22T 2|xmin|

)

(7.1
< rn, + OPT(0)

Ort(o) > 1y
< 20pT(0). O

Next, we examine closed online DiaL-A-RIDE on the line for capacity ¢ > 1 and provide an
improved upper bound of 3 for REPLAN’s competitive ratio.

Theorem 7.6. REPLAN for closed online DIAL-A-RIDE on the line with capacity ¢ > 1 is
3-competitive.

Proof. Let r, be the time when the last request is released. We consider two cases
depending on whether or not the REPLAN server has loaded requests at time r,,. Assume
the server is at position pos(r,) at time r,, and is empty. Then REPLAN can serve all
remaining requests by returning to the origin and starting an optimum offline walk from
there. This gives us

REPLAN(0) < T, + d(pos(ry),0) + OPT(0)
Ort(o) > 1y
< d(pos(ry,),0) + 20PT(0)
OpT(0) > 2d(pos(r,),0) &
< §OPT(O').
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Note that we have OpT(0) > 2d(pos(ry,), 0) since OPT has to visit pos(r,,) and has to return
to the origin. Now assume the server has loaded k < ¢ requests. REPLAN’s position pos(r;,)
at time 7, is in the interval [2™", z™@], REPLAN can deliver all loaded requests by visiting
both extreme points. Afterwards, REPLAN can serve all remaining requests by returning to
the origin and starting an optimum offline walk from there. If we have pos(r,) > 0, we
obtain

REPLAN(0) < Tn + D(pos(rn) — M _y gmin 0) + Opt(0)
< T+ 220 4 2|2™0| 4 OpT(0)
7.1)
< rn + 20PT(0)
Ort(0) > rn
< 30pT(0).

Analogously, if we have pos(r,,) < 0, we obtain

REPLAN(0) < T + D(pos(rn) —y gmin _y gmax O) + Opt(0)
< T + 2273 4 2|2™0| 4 OpT(0)
(7.1)
< rn + 20PT(0)
Ort(o) >y
< 30prT(0). O

Finally, we examine the closed version of REPLAN in the general setting for capacity ¢ = co.

Theorem 7.7. REPLAN for closed online DIAL-A-RIDE with ¢ = oo is %-competitive.

Proof. Let r, be the time when the last request is released and let pos(r,,) be the position
of the REPLAN server at time r,. Since the server has an infinite capacity, REPLAN can just
return to the origin and start an optimum offline walk from there serving all remaining
requests. This gives us

REPLAN(0) < rn + d(pos(ry),0) + OPT(0)
OpT(0) > 1y
< d(pos(ry),0) 4+ 20PT(0)
OpT(0) > 2d(pos(rn),0)
< gOPT(U).

Note that we have OprT (o) > 2d(pos(ry,),0) since OPT has to visit pos(r,,) and has to return
to the origin. O
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7.2 Bounds for Open Online DIAL-A-RIDE and Online TSP

In this subsection we provide improved bounds for the open version of REPLAN. We start
with the case that the server has a capacity larger than 1.

Theorem 7.8. REPLAN for open online DIAL-A-RIDE on the line with capacity ¢ > 1 is
4-competitive.

Proof. Let r, be the time when the last request is released. We consider two cases
depending on whether or not the REPLAN server has loaded requests at time r,,. Assume
the server is at position pos(r,) at time r, and is empty. Then REPLAN can serve all
remaining requests by returning to the origin and starting an optimum offline walk from
there. This gives us

REPLAN(0) < rn, + d(pos(ry),0) + OPT(0)
OprT(0) > Tn
< d(pos(ry),0) + 20pT(0)
Opt1(0) > d(pos(rn),0)
< 30pT1(0).

Now assume the server has loaded k& < ¢ requests. REPLAN serves all remaining requests by
delivering all loaded requests, returning to the origin and starting an optimum offline walk
from there. By construction, REPLAN’s position pos(r,,) is on the shortest way between
two positions x,y € X with

xz,y € {0,a1,...,an,b1,...,b,}.

Let IV be an optimum open offline walk with length ¢(1W) starting from the origin, visiting
all destinations of the requests currently loaded by REpLAN as well as = and y, and ending
in some position z € X. Since OpT also has to visit all destinations of the requests currently
loaded by REpLAN as well as = and y, we have OpT(c) > ¢(WW). Furthermore, by triangle
inequality, we have

Opt(0) > ¢(W)
>D0—=x—y—2)
=D(0 — z — pos(ry) >y — z)
> D(0 — pos(ry,) — z)
> d(pos(ry), 2)- (7.2)
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Note that we used the fact that pos(r,) lies on a shortest way between z and y in the
inequality above. REPLAN can deliver all loaded requests and return to the origin by
moving from pos(r,,) to z and then walking the walk W backwards. To sum it up, we have

REPLAN(0) < o + d(pos(ry), z) + ¢(W) + OpT(0)
Ort(o) > ¢(W)
< rn 4+ d(pos(ry), z) + 20PT(0)

(7.2)
rn, + 30PT(0)
)

<
Oprt(0) > rpn
< 40pT(0). O

For capacity ¢ = oo we prove a stronger bound of 3.
Theorem 7.9. REPLAN for open online DiaL-A-RIDE with capacity ¢ = oo is 3-competitive.

Proof. Let r, be the time when the last request is released and let pos(r,,) be the position
of the REPLAN server at time r,,. Since the server has an infinite capacity, REPLAN can just
return to the origin and start an optimum offline walk from there serving all remaining
requests. This gives us

REPLAN(0) < rn + d(pos(ry),0) + OPT(0)
d(pos(ry),0) + 20PT(0)

30pT(0). O

Conclusion and Outlook

In this chapter, we improved several bounds for the competitive ratio of algorithm REPLAN.
While we were able to prove tight bounds for closed online TSP on the line, a gap remains
for most other versions of the algorithm. It is not clear, if REPLAN has different compatitive
ratios for online DiAL-A-RIDE and online TSP. All known lower bounds for its competitive
ratios only utilize TSP requests. Furthermore, it is not clear if REPLAN’S competitiveness
on the line is different to its competitiveness in the general setting since all known lower
bounds are constructed on the line. Significant is that the best known upper bounds not
only differ between finite and infinite capacities but also between unit capacity and larger
capacities. Again, it is not clear if REPLAN’s competitiveness is dependent on the capacity
of the server or if just the necessary tools to conduct tighter analyses for larger capacities
are missing. For an overview of all known bounds for REPLAN’s competitive ratio including
the bounds shown in this thesis, see Table 2.9.
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In this thesis, we analyzed the online optimization problem online DiAL-A-RIDE and its
special case online TSP. In Chapter 3, we provided new lower bounds for the competitive
ratio of open and closed online DiAL-A-RIDE on the line with finite capacity. Both bounds
are inspired by the lower bound construction for open online TSP on the line from [13,
Thm 4]. However, while the original construction relies on an iterative first stage, the
bounds from this thesis only use a single iteration as first stage. It remains unclear if
an iterative approach can also be applied to our lower bounds, potentially leading to
improvements.

Concerning upper bounds, we analyze several online algorithms. The algorithms IG-
NORE, SMARTSTART and SMARTERSTART have a similar design and belong to the class
of schedule based algorithms. Algorithm SMARTERSTART attains the best competitive
ratios of the three algorithms and is the best known online algorithm for open online
DiaL-A-RIDE with finite capacity. However, there still remains a gap between SMARTER-
START’s competitive ratio of roughly 2.6662 and the lower bound for the competitive ratio
of open schedule-based algorithms of 2.5. It remains unclear, if SMARTERSTART’s waiting
routine can be improved or if the lower bound can be lifted. While SMARTERSTART uses
the information about all released requests for the computation of its waiting time, it does
not use the current position of the server for its computation. Using this information in a
smart way could further improve SMARTERSTART. However, even if SMARTERSTART can be
further improved to achieve a competitive ratio of 2.5 matching the lower bound for open
schedule-based algorithms, its competitiveness still would be weaker than the competitive
ratio of 2.4142 of the currently best known online algorithm for open online DiaL-A-RIDE
with infinite capacity. This indicates that the schedule-based design, albeit achieving good
results, is not optimal for open online DiAL-A-RIDE.

For the closed version of online D1AL-A-RIDE and online TSP, this is different. SMARTER-
START is the best possible schedule-based algorithm for closed online DiaL-A-RIDE and
closed online TSP on the line as well as in the general setting with a competitive ratio
of 2. Therefore, schedule-based algorithms for closed online DiaL-A-RIDE and online TSP
are fully understood. Moreover, for the general setting, SMARTERSTART is a best-possible
algorithm matching the lower bound of [8, Thm 3.2]. This shows that, at least for the
general setting, the schedule-based design is best-possible for the closed version of online
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DiaL-A-RIDE and online TSP. On the line, on the other hand, the general lower bound
is roughly 1.7636, which raises the question if there is an online algorithm for closed
online D1AL-A-RIDE that attains a competitive ratio strictly below 2. It is clear that such an
algorithm cannot be schedule-based.

A good candidate seemed to be REPLAN. However, we showed that REpPLAN for closed
online D1AL-A-RIDE and TSP is at best 2-competitive. Additionally, since REpLAN for open
online Diar-A-RIDE and online TSP is at best 2.5-competitive, REPLAN’s competitiveness
is not better than the competitiveness of schedule-based algorithms. A hybrid of both
designs could lead to an improvement, but for now this remains an open question.
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