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Chapter 1

Introduction

The first of these factors is the compelling urge of man to explore and to discover, the
thrust of curiosity that leads men to try to go where no one has gone before. Most of the
surface of the earth has now been explored and men now turn on the exploration of

outer space as their next objective.

"Introduction to Outer Space", President’s Science Advisory Committee, 1958.

The exploration of an unknown environment is a central challenge in many applications ranging
from searching the internet or a large set of linked data [Pen+12; Mir+13] to physical exploration
of unknown terrain [BMS02; Plo+17] or even the universe [Mau03]. In this work, we consider an
abstraction of this exploration problem and model the unknown environment as a graph. In many
settings the environment is discrete (e.g., the webgraph describing links between pages of the World
Wide Web) or it can be discretized (e.g., road networks) without losing the essence of the problem.
Another perspective is to view exploration as an abstraction of a process of computing, where every
node of the graph corresponds to a configuration (e.g., configuration of a Turing machine or a differ-
ent model of computation), edges correspond to possible transitions between configurations, and the
questions is what configurations are reachable starting in a given initial configuration. In this con-
text, graph exploration has a close connection to complexity theory and the study of the relationship
between probabilistic and deterministic space-bounded algorithms [Sav73; CR80; Rei08].

The study of exploration in the context of theoretical computer science originates from inves-
tigating how to systematically search a labyrinth for an exit (imagine a garden maze with hedges).
One of the first fundamental results in this direction was discovered here in Berlin by Budach, who
showed that no finite automaton can find a way out of every finite labyrinth from any initial posi-
tion [Bud75; Bud78]. Around the same time Shah showed that by utilizing 5 pebbles, that is, some
additional markers than can be placed at an arbitrary position in the labyrinth and collected later,
a finite automaton can search and find out of any finite labyrinth [Sha74]. This result was subse-
quently improved by Blum and Kozen who showed that already 2 pebbles are sufficient [BK78] and
by Hoffmann who finally showed that this is best possible, i.e., 1 pebble does not suffice to search
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and find out of any finite labyrinth [Hof81].

In the following decades the exploration of graphs, as a more abstract and general setting with
less structure, was the focus of most research. In these settings typically one or more so-called mo-
bile agents or robots have to deterministically visit all vertices of the given unknown graph. A large
variety of different exploration problems have been considered mainly differing in the class of graphs
to be explored, the ability of the agent(s) and the objective function. While single agent exploration
has been studied for a lot of time and by now is quite well understood, exploration involving multiple
agents only has been considered rather recently. The communication between and coordination of
multiple robots adds another level of complexity to the exploration problem yielding many interest-
ing open problems in this field of research.

The main focus of this dissertation is to investigate the collaboration of agents in graph-like
environments. We study the memory requirement and energy efficiency of collaborating agents
exploring a graph and the closely related problem of energy efficient delivery by collaborating agents.

The three topics covered in this dissertation are:

Space Efficient Exploration. We study the problem of deterministically exploring an undirected
and initially unknown graph with n vertices either by a single agent equipped with a set of pebbles or
by a set of collaborating agents. Our goal is to understand how the memory requirement decreases
compared to the case of single agent exploration as the agent may mark vertices by dropping and
retrieving distinguishable pebbles, or when multiple agents jointly explore the graph. This problem
can be seen as a continuation of the starting point in graph exploration, where the central question

was how many pebbles does one agent need to explore any finite labyrinth.

Energy Efficient Exploration. We assume that an agent consumes energy proportional to the
number of edges it traverses and we investigate the energy efficient exploration of unknown trees by
multiple collaborating agents with a fixed energy budget. The objective is to maximize the number of
distinct vertices collectively visited by the given agents compared to an algorithm that has complete

knowledge of the tree in advance.

Energy Efficient Delivery. We consider the problem of different mobile agents that have to de-
liver a set of messages in a weighted undirected graph while minimizing the total energy consump-
tion. In our model, the agents consume energy proportional to the distance they travel and different
agents can have different rates of energy consumption. The messages have different starting vertices
and destinations and different messages can be transported together if the capacity of the agents per-

mits it.

1.1 Contributions and Outline

In this section, we give an outline of the thesis together with a summary of the main results.



1.1 Contributions and Outline

Chapter 1: Introduction. In the remainder of this chapter, we introduce the notation and most
important concepts used in this thesis. This includes a thorough introduction to the definitions
and main concepts common in graph exploration that are necessary to understand the related work
and this thesis. Moreover, we give a brief introduction to complexity theory as well as offline and
online optimization problems. We further present a detailed overview of previous research in graph

exploration and also cover the message delivery literature.

Chapter 2: Space Efficient Graph Exploration. We prove that for a single agent with constant
memory ©O(loglogn) pebbles are both necessary and sufficient for exploring any undirected graph
with n vertices. We further show that collaborating agents are not more powerful than pebbles in
this setting as O(loglog n) agents with constant memory each are necessary and sufficient for the
same task. Our results show that the memory requirement can be significantly reduced by utilizing
additional pebbles or agents compared to the ©(log n) bits of memory that are necessary and sufficient
to explore an undirected graph by a single agent without pebbles [Fra+05; Rei08].

For the upper bounds, we present an algorithm for a single agent with constant memory that
explores any n-vertex graph using O(log log n) pebbles. The algorithm does not require the number
of vertices n as input, terminates after a polynomial number of edge traversals and returns to the
starting vertex. We further show that an additional agent is at least as powerful as a pebble and
therefore O(log log n) agents with constant memory each can also explore any n-vertex graph.

To prove the lower bounds, we construct a family of graphs with O(sZSk) vertices that trap any
set of k collaborating agents with s states each. Our construction exhibits dramatically smaller traps
with only a doubly exponential number of vertices compared to the traps of size (j(s T (2k+1)) and
(j(s T1 (k + 1)) due to Rollik [Rol80] and Fraigniaud et al. [Fra+06b], respectively. As a consequence
of our bound on the size of the trap, we are able to show that, even if we allow O((log n)!~¢) bits of
memory for some constant € > 0 for every agent, the number of agents needed for the exploration
task is at least Q(loglogn). This construction also yields the lower bound for a single agent with
pebbles, as p + 1 agents with O((log n)'~¢) bits of memory each are more powerful than one agent
with O((log n)'~€) bits of memory and p pebbles.

Our results allow to fully characterize the tradeoff between the number of agents and the memory
of each agent. When agents have Q(log n) memory, a single agent without pebbles explores all n-
vertex graphs. For agents with O((log n)!~¢) memory, Q(log log n) agents are needed and it is possible
to reduce the memory of every agent to a constant in this case. The tradeoff is similar for pebbles.
For an agent with Q(log n) bits of memory, no pebbles are required for the exploration task, whereas
for an agent with O((log n)!~¢) bits of memory, already Q(log log ) pebbles are required. Then again

with Q(log log n) pebbles already a constant number of bits of memory are sufficient for exploration.

Chapter 3: Energy Efficient Tree Exploration. We consider the problem of exploring an un-
known tree by k agents initially located at the root of the tree. Every agent has only limited energy

and hence can traverse at most B edges. At the beginning, the agents have no knowledge about the
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structure of the tree, but they gradually learn its topology as they traverse new edges. We assume
that the agents can communicate with each other at arbitrary distances and thus the knowledge ob-
tained by one agent after traversing an edge is instantaneously available to the agents. Our goal is to
maximize the number of distinct vertices collectively visited by the agents. We design an online al-
gorithm that carefully balances between sending agents in a depth-first manner to avoid visiting the
same set of vertices too often and exploring the tree in a breadth-first manner to make sure that there
is no large set of vertices close to the root that was missed by the online algorithm. We show that
our algorithm is 3-competitive compared to an optimal solution that we could obtain if we knew the
map of the tree in advance. We also show that our analysis is tight by giving a sequence of instances
showing that the algorithm is not better than 3-competitive. While it is easy to see that no algorithm
can be better than 2-competitive, we give a non-trivial lower bound of 2.17 on the competitive ratio

of any online algorithm.

Chapter 4: Energy Efficient Delivery. We study the problem of delivering a set of messages, which
are specified as source-target pairs in an undirected weighted graph, by k mobile agents starting at
distinct vertices of the graph. Every agent conumes energy proportional to the distance it travels
in the graph and the rate of energy consumption may be different for different agents. The goal is
to deliver all messages by the agents while minimizing the total energy consumption for this task.
The purpose of this chapter is to investigate how the agents benefit from collaborating on delivering
the messages compared to the case that every message is only transported by a single agent. We
show how an optimal solution to the delivery problem can be 2-approximated by a solution, where
messages are only transported by a single agent. We further prove that this is best possible for
arbitary number of messages and agent capacity, i.e., number of messages that can be transported at
the same time, becomes arbitrarily large. Moreover, for a single message, we present an algorithm
that determines an agent which can deliver the message with at most 1/In 2 ~ 1.44-times the cost of
an optimal solution improving the general bound of 2. We also show that this is best possible for a

single message.

1.2 Preliminaries

In this section, we give an introduction of the terminology and notation of this work. We assume
that the reader is familiar with the basic concepts in graph theory, complexity theory and algorithms
and therefore only briefly recall the respective definitions in order to introduce a consistent notation.
A general introduction to these topics can be found in the textbooks by Korte and Vygen [KV18] or
Cormen et al. [CLR89], for instance. We also introduce the basic concepts and definitions used in
the context of graph exploration which are necessary to understand the related work and this thesis.

Additional more specific definitions can be found in the respective chapters.
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1.2.1 Graphs

An graph is a tuple G = (V, E), where V is a finite non-empty set and E C {(v,w) | v,w € V,v # w}
if G is directed and E C (‘2/) if G is undirected. In both cases, we call the elements in V vertices
or nodes and the elements of E edges. We let n := |V| denote the order or number of vertices
of G and m := |E| the number of edges. If we additionally have a function w: E — R assigning a
weight or length to every edge, then we call G a weighted graph. All graphs considered in this
work are simple, that is, for any vertex v € V there is at most one edge {v,w} or (v, w) in E for
every vertex w # v and there are no loops, i.e., {v,v} ¢ E or (v,v) ¢ E for allv € V. For an edge
e = {v,w}ore = (v,w), we call v and w endpoints of e and say that v and w are incident with
e. The degree d,, of a vertex v is the number of edges incident tov. If d, = d for allv € V, then
we call the graph d-regular or simply regular. A graph G’ = (V’,E’) is called a subgraph of a
graph G = (V,E)if V' € V and E’ C E. If E’ contains all edges in E that have both endpoints in V’,
then G’ is called an induced subgraph or the subgraph induced by V".

A walk in G is a sequence of vertices (vg,Vy, .. . , V) such that {v;,v;11} € E or (v;,v;41) € E for
alli € {0,...,k—1}. As we only consider simple graphs, the sequence of vertices of a walk uniquely
determine the edges between the vertices. We call v the starting vertex or first vertex and vy the
end vertex or last vertex of the walk. A walk is closed, if vy = vi. A closed walk is also called a
tour. If additionally all edges along the closed walk are distinct, then the walk is called a cycle. A
walk where all vertices vg,v1, . . . , v are distinct is called a path. The length of a path is the number
of its edges. A Eulerian walk or Eulerian tour is a closed walk containing every edge of the graph.
A graph containing a Eulerian tour is called Eulerian.

An undirected graph G is connected if for any two distinct vertices v and w, there is a path fromv
to w in G. An undirected connected graph without any cycles is called a tree. The minimum length
of a path connecting two distinct vertices v and w in G is called the distance between v and w. The

maximum distance over all vertices v and w in G is the diameter of G.

1.2.2 Exploration

Formally we model an agent exploring a graph as a finite automaton A = (%, 2,8, 0*), where %
is a set of states, > C I is a set of halting or final states, ¢ € ¥ is the starting state of the
agent, and § is its transition function. The transition function describes how the agent interacts
with the graph and possible other agents. Its exact specifics depend on the problem considered,
i.e., whether we consider a single agent or a group of agents and whether we allow the agents to
use additional markers. In every exploration step an agent A observes the local environment at the
current vertex and possible additional information, such as the states of other agents or position of
markers, and then performs actions, e.g., traverses an edge, according to the transition function §.
In Section 2.1 we give a formal introduction to some agent models including a full description of the
transition function §. In most settings, however, the agent capabilities are described on an informal

and intuitive level as the exact implementation is not important for the analysis.
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If an agent can distinguish different vertices and in particular the transition function can depend
on the specific vertex of the given graph G, then we call G vertex-labeled or simply labeled. For-
mally, this means that there is a bijection A: V — {1, ..., n} and the transition function § can depend
on the label A(v) of the current vertex v of the agent. In many graph exploration models, the agent
cannot identify or distinguish different vertices and thus the transition can depend on the degree of
the current vertex, but not on its label. In this case, we call the graph unlabeled or anonymous. In
order to enable sensible navigation for an agent in this setting, we assume that the edges inciding to
a vertex v have distinct labels 0, . ..,d, — 1 atv. Hence, every edge {v, w} € E has two labels called
port numbers, one at v and one at w. These port numbers can be different at both entpoints and we
assume no correlation between two port numbers of an edge. We call a graph with such a labeling a
locally edge-labeled graph.

A single agent then traverses an anonymous, locally edge-labeled graph G as follows: Starting in
a vertex vy, in every step it observes the degree of the current vertex as well as the local port number
of the edge leading back to the previous vertex. Depending on its current state, the vertex degree and
port number to the previous vertex, it then transitions to a state given by the transition function §
and traverses the edge corresponding to the port number given by the transition function é.

A different way to specify the behavior of an agent in a regular graph are traversal sequences.
A traversal sequence is a sequence of integers ly, Iy, l,... with [; € {0,1,...,A — 1} determining
the walk of an agent A in a A-regular locally edge-labeled graph G. The agent follows a traversal
sequence Iy, I, ... if it traverses the edges with port number Iy, [, ... in this order. We further say
that a traversal sequence is universal for a class of undirected, connected, locally edge-labeled A-
regular graphs G if an agent following it explores every graph G € G for any starting vertex in G,
i.e, for any starting vertex it visits all vertices of G. For a set M, we further use the notation M* :=
52, M' to denote the set of finite sequences with elements in M. This allows use to use to compact
notation w € {0, 1,...,A — 1}* for a finite traversal sequence w.

Note that traversal sequences are only defined for regular graphs and the port numbers to the
previous edge are not taken into account. In order to overcome these shortcomings, Koucky intro-
duced the concept of exploration sequences [Kou02]. An exploration sequence is a sequence of
integers e, €1, €z, ... with e; € Z that guides the walk of an agent through a graph G as follows:
Assume an agent starts in a vertex vy of an arbitrary locally edge-labeled graph G and let [, = 0.
Letv; denote the agent’s location in step i and I; the port number of the edge atv; leading back to the
previous location. Then, the agent follows the exploration sequence e, €1, €3, . .. if, in each step i,
it traverses the edge with port number (I; + ¢;) mod d,,, at v; to the next vertex v;;;. This means
that an exploration sequence gives edge label offset instead of absolute edge label. Thus, exploration
sequences are well-defined for arbitrary graphs and also allow backtracking, i.e., returning to the
previous vertex, by specifying the offset 0. Analogously, we say that an exploration sequence is uni-
versal for a class of undirected, connected, locally edge-labeled graphs G if an agent following it
explores every graph G € G for any starting vertex in G.

In order to give an agent in an anonymous graph the power to distinguish a limited number of
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vertices, it is possible to equip the agent with one or multiple pebbles. A pebble is a tool to mark
vertices. It can be dropped at a vertex and picked up again later. Every time an agent visits a vertex
where it has dropped a pebble, it will observe this marker. Pebbles can be distinguishable, i.e., every
pebble has some unique identifier, or indistinguishable, i.e., the agent only observes the number
of pebbles at the current vertex.

Multiple agents can exchange information when exploring a graph. This exchange of information
can only be possible locally, i.e., if the agents share a vertex or are only a small distance appart,
or globally, i.e., independent of the agents location in the graph. We can model the case of local
communication by allowing § to depend on the state of the agents colocated at the same vertex
and for the case of global communication to allow § to depend on the state of all other agents.
Another way to allow agents to communicate is by means of so-called whiteboards. These are local
storages at every vertex that the agents can write to and read information from. The amount of local
storage available at a node is typically limited. Whiteboards, similar to pebbles, can also be used to
mark certain nodes.

The goal in graph exploration is to visited all vertices of the given graph. We say that a graph G
is explored when each vertex of G has been visited by at least one agent. There are three variants of
the exploration problem, which are in increasing order of difficulty: perpetual exploration, explo-
ration with stop and exploration with return. If we want to achieve perpetual exploration, then
the agent(s) are not required to terminate, but can traverse the graph indefinitely. For exploration
with stop, we require the agent(s) to terminate, i.e., transition to a halting state, after a finite number
of steps. Lastly, for exploration with return we require all agents to return to the starting vertex
and then terminate. Note that in some cases, the agent(s) may not be able to recognize if the whole
graph is explored and only perpetual exploration is feasable, or in other cases the agent(s) may not
be able to return to the starting vertex. See the related work in Section 1.3 for details. A graph that
cannot be explored by an agent (a set of agents) is called a trap for the agent(s). In some problems,
it is additionally required that the agent(s) map the given graph, i.e., construct a representation of

an edge-labeled graph isomorphic to the given graph.

1.2.3 Complexity

For a detailed introduction of the concepts presented in this section, the reader can refer to the
textbook by Garey and Johnson [G]79] or the respective chapter in the textbook by Korte and Vy-
gen [KV18].

Informally, an algorithm is a sequence of well-defined operations or instruction for a set of
valid inputs. The time complexity or running time of an algorithm is the number of operations
of the algorithm on a given input, whereas the space complexity is the amount of space or mem-
ory required to store additional information during the execution of the algorithm. According to
Church-Turing thesis everything that is computable by this intuitive idea of an algorithm can also be

computed on a Turing machine [Chu36]. There are several equally powerful other formal models for
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computation, such random access machines, which are equivalent in terms of time complexity and
space complexity, i.e., for a suitable time measure and space measure the machines can simulate each
other with polynomial overhead in time and constant factor overhead in space [G]79; SE84]. That
is the reason why we present most algorithms in pseudcode similar to modern programming lan-
guages as it would be extremely tedious to give a complete description in terms of a Turing machine.
In Chapter 2, however, we also work with a description of an algorithm in form of a Turing machine
and introduce an agent model which internally is utilizing a Turing machine. We therefore give an
introduction to this model of computation and further cover some complexity classes relevant for
this thesis.

A Turing machine consists of an infinite tape divided into cells, a read-write head, a finite set of
states and a transition function decribing how the Turing machine transitions from one state to the
next depending on the current state and the symbol read from the tape at the current position of the

read-write head. Formally, a deterministic Turing machine M is a tuple (Q, qo, g, §), where

¢ Q is the finite set of states of M,

e qo € Q is the starting state of M,

e g € Q is the stop state of M,

d: 0\ {q} x{0,1,u} » QO x{0,1,u} x {L, R} is the transition function of M, where {0, 1} is
the set of input symbols and LI is the blank symbol representing an empty tape cell.

For an input x € {0, 1}, we assume that initially the input x is contained in the tape cells, the head of
the Turing machine M is at the first symbol of x and all other symbols of x follow to the right of the
head position. Every tape cell not containing a symbol of x contains the blank symbol LI. The Turing
machine M performs a computation as follows: If M reads the symbol a € {0, 1,0} at the current
head possition, is in state ¢ € Q and d(a, q) = (¢’, a’, S), then it writes the symbol a’ € {0, 1, U} to
the tape cell of the current head position, changes it state to ¢’ € Q and moves the head leftif S = L
or right if S = R. The Turing machine M continues its computation until it reaches its final state g
or it can also run forever.

We define the output of the Turing machine to be the string y € {0, 1}, that is contained in the
tape cells when the Turing machine terminates beginning from the head position to the right until
the first cell containing a blank symbol LI.

The running time of the Turing machine M is described by the function tpr: N — N U {co},
where ty;(n) is the maximum number of computation steps that the Turing machine M needs on an
input x € {0, 1}* with length n (or oo if M runs forever). If there exists a polynomial p such that for
all n € N, we have ty(n) < p(n), then M is a polynomial-time Turing machine.

The memory requirement of the Turing machine M is given by a function my;: N — NU {0},
where my(n) is the total number of tape cells that are used in the computation, i.e., that do not
contain the blank symbol LI at some point. In order to overcome the fact that the input length as well
as the output length is always a lower bound on the memory requirement with this definition, we

extend the definition of the Turing machine above to a Turing machine with three tapes and three
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heads: a read-only input tape, a read-and-write working tape and a write only output tape. Then
the memory requirement is defined as the total number of tape cells of the working tape that are
used in the computation of the Turing machine.

In general, Turing machines are defined over an input symbols %, but for our purpose the case ¥ =
{0, 1} is sufficient and we therefore introduce the Turing machine as above. Note that this does not
change the computational power of the Turing machine.

Alanguage Lis a subset of {0, 1}* and the elements of {0, 1}* are called words or binary strings.
We say that a deterministic Turing machine M accepts a word x € {0, 1}* if and only if M terminates
on the input x and outputs 1. We further say that M decides a language L if M terminates on
every x € {0,1}* and it accepts x € {0, 1}* if and only if x € L. If additionally M is a polynomial-
time Turing machine, then we say that L is decidable in polynomial time. A decision problem
is a pair P = (X, Y), where X C {0, 1}" is a language decidable in polynomial time and Y € X. We
refer to the elements of X as instances, the elements of Y as yes-instances and those of X \ Y as no-
instances. Moreover, we say that a deterministic Turing machine M decides a decision problem # =
(X,Y), if M accepts exactly all x € Y.

Another variant of a Turing machine is a non-deterministic Turing machine. A non-deterministic
Turing machine differs from a deterministic Turing machine in the transition function that is a tran-
sition relation for a non-deterministic Turing machine, i.e., § € Ox{0, 1,1} — Ox{0,1,U}x{L, R}.
If a non-deterministic Turing machine M reads the symbol a € {0, 1, LI} at the current head position,
is in state ¢ € Q, than it can non-deterministically choose any (a, q,q’,a’,S) € &, transition to the
state ¢’, writes a’ € {0, 1, U} to the current tape cell, changes it state to ¢’ € Q and moves the head
left if S = L or right if S = R. For a given input x € {0, 1}*, there can now be different possible
outputs of the Turing machine depending on the computation path, i.e., the transitions chosen in
every step of the computation.

The running time for a non-deterministic Turing machine M on an input x € {0, 1}* is defined
as the maximum number of computation steps over all computations paths and similarly the mem-
ory requirement as the maximum number of tape cells used over all computation paths. These
definitions allow us to analogously define the running time and memory requirement for non-
deterministic Turing machines. Furthermore, we say that a non-deterministic Turing machine M
accepts a word x € {0, 1}" if and only if there is one possible computation path of M on input x
such that M terminates and outputs 1. The decidability of languages and decision problems for non-
deterministic Turing machines is again defined analogously.

We further define the configuration of a Turing machine as a tuple (g, t, p), where g is the current
state of the Turing machine, t € {0, 1, LI}# is the tape content and p € Z is the head position. Here we
identify every tape cell with an integer z € Z. Note that the configuration of a deterministic Turing
machine completely describes the current state of the computation and uniquely determines the
next configuration in the computation. We call a non-deterministic Turing machine symmetric if
the graph describing the transitions between the configurations of the Turing machine is symmetric,

i.e., if the Turing machine can change from a configuration (g, t,p) to a configuration (¢q’,t’,p’)
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by making a transition according to J, then it can also a make a transition from the configuration
(¢’,t’,p’) to change to (g, t, p). For a detailed introduction of symmetric Turing machines and related
complexity classese, see [LP82].

We are now ready to define the following complexity classes.

P The class containing all decision problems # for which there is a polynomial-time deterministic

Turing machine deciding .

NP The class containing all decision problems # for which there is a polynomial-time non-deterministic

Turing machine deciding #.

L The class containing all decision problems # for which there is a deterministic Turing machine

deciding P that uses logarithmic memory.

NL The class containing all decision problems # for which there is a non-deterministic Turing

machine deciding P that uses logarithmic memory.

SL The class containing all decision problems % for which there is a non-deterministic symmetric

Turing machine deciding # that uses logarithmic memory.

A decision problem P; = (X1, Y1) polynomially transforms to a second decision problem P, =
(X3, Y,) if there is a function f: X; — X, computable in polynomial time such that f(x;) € Y; if and
only if x; € Y;. A polynomial transformation is also referred to as a Karp reduction. Furthermore, a

decision problem # € NP is NP-complete if all other problems in NP polynomially transform to .

1.2.4 Offline and Online Optimization Problems

The introduction of the following concepts and notation in this section is based on the introduction
in the textbook of Borodin and El-Yaniv [BE98].

A discrete optimization problem problem is a set 7 C {0, 1}* of instances, a set of feasable
solutions Sy for every instance I € 7, a cost functionc: {(I,S) |I € I, S € S;} — R computable
in polynomial time and a goal, i.e., minimizing or maximizing the cost. For a given instance I € 7,
we write OpT(I) := min{ ¢(I,S) | S € Sz} for the cost of an optimum solution in case of a
minimization problem and OpT(I) := max{c(I,S) | S € Sy} for the cost of an optimum solution
in case of a maximization problem. An algorithm for an optimization problem computes a feasable
solution S € Sy for every instance I € 7 with Sy # 0. We write ALc(l) := ¢(I, S) if the considered
algorithm ALG computes solution S € Sy on input I. If Arg(I) = Op1(I) for all I € 7 with Sy # 0,
then ALG is an exact algorithm.

A decision problem or discrete optimization problem $; polynomially reduces to an optimiza-
tion P, if there exists an exact polynomial algorithm for #; using at most a polynomial number of
calls to an exact algorithm for $,. This type of reduction is also referred to as Turing reduction and
the algorithm for P using at most a polynomial number of calls to an exact algorithm for P, is called

a polynomial time oracle algorithm. A formal definition of this concept using oracle Turing ma-
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1.2 Preliminaries

chines can be found in [G]79; KV18]. Moreover, an optimization problem or decision problem P is
called NP-hard if all problems in NP polynomially reduce to .

Many interesting discrete optimization problems are NP-hard and there is thus no polynomial
exact algorithm solving them under the assumption that NP # P. In order to still find good (close to
optimal) solutions for those problems in acceptable practical running time (e.g. polynomial), one can
trade a loss in solution quality for a better running time, which leads to the concept of approximation
algorithms. More precisely, an algorithm A1LG is called an asymptotic c-approximation algorithm

for a discrete optimization problem with the goal of minimization if
Arg(I) < ¢-Ort(I) + @ foralll € I.

If @ = 0, we call ALG a c-approximation algorithm. For a maximization problem, an (asymptotic)
c-approximation algorithm we require ALg(I) < 1/c - Opt(I) + a for all I € 7. In both cases the
approximation factor or approximation ratio c satisfies ¢ > 1 and the better the approximation,
the closes the approximation factor c is to 1. A thorough introduction and study of approximation
algorithms is for example given in [WS11].

In classical optimization problems the whole input is available to an algorithm at the beginning.
There are many interesting problems, where this is not the case, and only a part of the input is
received at a time and the algorithm already needs to output decisions only based on this partial
input. Basically all graph exploration problems fall into this category. The graph to be explored
is initially unknown and the algorithm, in this case the agents, need to make decision, e.g., which
edges to traverse next, based on only the information they gathered so far, i.e., the part of the graph
traversed so far. These type of problems are called online problems and an algorithm for such a
problem is called an online algorithm. The classic optimization problems, where the whole input
is known in advance, are in contrast to that refered to as offline problems and an algorithm which
receives the complete input at the beginning an offline algorithm. An instance I € 7 of an online
problem is called an input sequence in order to emphazise that the input is received in many parts.

We measure the performance of an online algorithm using the concept of competitive analysis
introduced by Sleator and Tarjan in [ST85]. In this framework, the cost of an online algorithm Arc
on an instance I € 7 is compared to the cost of an optimal offline solution Oprt(l), i.e., an optimal
solution if the whole input is known in advance. An online algorithm A1 for a minimization problem

is c-competitive if there is a constant a such that
Arg(I) < c-Ort(I) + for all finite input sequences I € 7.

For a maximization problem, a c-competitve algorithm ALG needs to satisfy ALc(I) < 1/c-OpT(I)+«
for all for all finite input sequences I € 7. If @ < 0, then A1G is strictly c-competitive. We further
call ¢ the competitive ratio of the algorithm Arc. For further reading and a detailed introduction

to online algorithms and competitive analysis the reader can refer to [BE98], for instance.
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Chapter 1. Introduction

1.3 Related Work

The main aim of this section is to give a detailed systematic overview about the graph exploration
literature and also cover the message delivery literature. We focus on the part of graph exploration
literature most relevant for this thesis and give several pointers to other related work not covered in
this section.

The vast amount of research on graph exploration and large number of different models makes
it difficult to put the results in one general scheme. Nevertheless, we hope that our categorization
of the results provides a fast and easy way to grasp the state-of-the-art of graph exploration and the
main lines of research. Our main distinction is between single agent (Section 1.3.1) and collaborative
(Section 1.3.2) exploration and undirected and directed graphs. We further distinguish between the
objectives feasability, time, memory and energy. See also the Tables 1.1 and 1.2 for a concise overview

of the related work.

1.3.1 Single Agent Exploration

Undirected Graphs. The exploration of plane labyrinths, i.e., finite connected subgraphs of the
infinite 2-dimensional grid where edges are labeled with their cardinal direction, was the starting
point of graph exploration research. Shannon [Sha51] constructed an actual physical device — Shan-
non’s mouse — that could explore a 5 X 5 grid. Budach proved that one agent with constant memory
and without any pebble cannot explore any plane labyrinth [Bud75; Bud78]. Later Hoffmann showed
that also 1 pebble is not sufficient [Hof81]. On the positive side, Shah proposed an algorithm for an
agent with 5 pebbles that can explore any plane labyrinth [Sha74]. This result was improved by
Blum and Kozen who presented an algorithm using only 2 pebbles [BK78]. They also showed that
exploration can be achieved utilizing a counter of size O(log n) instead of 2 pebbles.

For many years a central open problem in graph exploration was the question how much memory
an agent needs to explore any undirected graph. It turned out that this problem is closely connected
to the space complexity of the s-t-connectivity problem in undirected graphs, i.e., the problem of
deciding if two vertices s and ¢ are in the same connected component of a given graph. For instance,
any exploration algorithm can be turned into an algorithm deciding s-t-connectivity by letting an
agent start at s and returning yes if and only if the agent visits ¢ during the exploration. The problem
of undirected s-t connectivity is complete for the complexity class SL ( see [LP82]), which was studied
in an efford to answer the question whether the complexity classes NL and the class L are the same.

A big step towards understanding the space complexity of s-t-connectiviy and also graph ex-
ploration was the work by Aleliunas et al. [Ale+79], who showed that a random walk of length
O(A%n®logn) in an undirected graph with n vertices and maximum degree A visits all vertices with
high probability. Moreover, the authors show the existence of a universal traversal sequence for all
d-regular graphs on n vertices of length O(d?n® log n). Note that by adding a counter that keeps track
of the number of edge traversals the first bound yields a randomized log-space exploration algorithm

that terminates after a polynomial number of steps and explores an undirected graph with high prob-
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1.3 Related Work

ability if an upper bound on the number of vertices of the graph is known. In terms of complexity
classes, the result by by Aleliunas et al. implies that s-t-connectiviy is contained in the class RL, the
class of decision problems that can be solved by a randomized, log-space algorithm with one-sided

error and the relationship of the complexity classes is
L € SL € RL € NL.

Finally, Reingold [Rei08] showed that s-t-connectiviy can be decided in log-space and therefore L =
SL. His proof also yields a log-space constructible universal exploration sequence which can be used
to devise a log-spacce exploration algorithm for undirected graphs [Rei08, Corollary 5.5]. As this
algorithm utilizes an exploration sequence (and not a traversal sequence), it is essential that the agent
can observe the label of the edge by which it enters a vertex. Universal traversal sequences of length
O(n'°8™) can be constructed in O(log® n) space using Nisan’s derandomization technique [Nis92].
Explicit construction of universal traversal sequences in log-space are only known for cycles [Ist88]
and it remains an open problem whether universal traversal sequences of polynomial length can be
constructed deterministically in log-space for general graphs.

Concerning a lower bound on the space complexity of graph exploration, the result by [Bud75;
Bud78] already shows that constant memory is not sufficient to explore any graph. Later, Rollik
constructed a trap for any set of k collaborating agents, i.e., a graph that the given set of agents do
not explore [Rol80]. Although he never computes it explicitly, his work already implies a memory
requirement of Q(log n) space for graph exploration. Finally, Fraigniaud et al. [Fra+05] show that for
any agent with s states there exists a graph with s + 1 vertices which the agent does not explore. In
terms of the memory in bits this result yields the same lower bound as the construction by Rollik,
however, when considering the number of states of the agents the lower bound by Fraigniaud et al.
is stronger.

For trees with maximum degree A, Diks et al. [Dik+04] gave a perpetual exploration algorithm
that uses O(log A) space, i.e., asymptotically not more than the space needed to store a single edge
label. They showed that Q(log log log n) bits of memory are needed if the algorithm has to eventually
terminate. If, in addition, the algorithm is required to terminate at the same vertex where it started,
Q(log n) bits of memory are needed. A matching upper bound for the latter result was given by
Ambuhl et al. [Amb+11].

Another natural objective for graph exploration is to minimize the exploration time, i.e., the
number of edge traversals until the given graph is explored. In labeled graphs, depth first search can
be used to explore an undirected graph with m edges in at most 2m steps. Note that m is a trivial
lower bound for the problem, as every edge needs to be traversed before the agent can be sure that it
explored the whole graph. In [PP99], Panaite and Pelc present an algorithm that requires m+3n steps
for exploring a graph of n nodes and m edges. This is an improvement over the depth-first search for
dense graphs and shows that it is possible to exceed the lower bound m by a term depending only
linearly on n.

If, however, the given graph is anonymous, minimizing the exploration time becomes consider-
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ably harder. In a d-regular graph, for instance, an agent can gain no knowledge when traversing
the graph and also has no way of recognizing when exploration is completed. If the number of ver-
tices n or an upper bound on n is known, then it is possible to utilize universal traversal sequences
or universal exploration sequences to completely explore the graph in this case. The length of a
universal traversal sequence or universal exploration sequence for a d-regular graph is bounded by
O(dn®logn) ford < n/2—1 [Kou03; Kah+89] and by O(n®log n) for d > n/2 [Kou03; Cha+97]. By us-
ing a transformation of a universal exploration sequence for 3-regular graphs to general undirected
graphs (see [Kou03, Theorem 87] or Lemma 2.5 and its proof), we obtain a universal exploration
sequence of length O(n? log n) for general graphs. Note that although the proof is not constructive,
this bound already implies the existence of a polynomial space exploration algorithm that needs
O(n* log n) edge traversals to explore any anonymous undirected graph because an agent can find a
suitable exploration sequence in polynomial space by enumeration. There also is a lower bound of
Q(n*) on the length of universal traversal sequences [BRT92]. However, this lower bound does not
translate to a lower bound on the number of steps required for exploring an undirected graph as an
agent can also make use of the fact that it observes the port number of the edge by which it enters
a vertex. But for symmetric directed graphs this yields that Q(n*) steps are required for exploration
in the worst case. For symmetric directed graphs the upper bound of O(n’ log n) on the length of a
universal traversal sequences by Aleliunas et al. [Ale+79] implies the existence of a O(n> log n) time
algorithm for symmetric directed graphs.

A setting that is in between unlabeled and labeled graph exploration is to allow the agents to only
distinguish certain vertices. Dudek et al. [Dud+91] showed that an agent provided with a pebble can
explore and map an undirected graph in time O(mn). For graphs with maximum degree A, Chalopin
et al. [CDK10] showed that if the starting node can be recognized by the agent, then the graph can
be explored and mapped in time O(n*A) using O(nA log n) bits of memory.

Another line of research, refered to as piecemeal exploration, focuses on minimizing the explo-
ration time when the number of edge traversals an agent can do before returning to the starting
vertex for refueling is bounded by (2 + a)r, where « is some positive constant and r is the distance
to the furthest node from the starting vertex. The problem was first considered by Betke et al. in
[BRS95] and the authors presented an O(m) algorithm for exploration of grid graphs with rectangu-
lar obstacles. In [Awe+99] an algorithm for piecemeal exploration of general graphs was proposed
requiring O(m + n'*°V) edge traversals. Finally, Ducan et al. gave an optimal algorithm for piece-
meal exploration for generals graphs requiring only ©(m) edge traversals [DKK06]. Their algorithm
also extends to weighted graph and a similar model, where the agent is tethered by a rope of length
(2 + a)r instead of requiring regular refueling.

Exploration of undirected weighted graphs was first considered by Kalyanasundaram and Pruhs
in [KP94]. In their model, the graph is labeled and an agent arriving at a vertex v learns about all
edge {v,w} € E incident to v including the edge weight w({v, w}) and the vertex w at the other
endpoint. Every time an agent traverses an edge e, it incurs a cost of w(e), and the total exploration

time of an agent is the sum over all edge weights (with multiplicities) traversed by the agent. Note
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that it is important that an agent sees the neighbors of a vertex and thus does not need to traverse
all edges of the graph as otherwise ), w({v, w}) is a trivial lower bound on the exploration time
and a depth-first search algorithm is already 2-competitive. The nearest neigbors greedy heuristic
for the traveling salesman problem already yields a ©(log n)-competitive algorithm for this problem
[RSI77]. Kalyanasundaram and Pruhs propose a sophisticated algorithm which is 16-competitive on
planar graphs [KP94]. Megow et al. show that the algorithm is in fact 16(1 + 2g) for graphs of genus
at most g and provide a lower bound showing that it does not have a constant competitive ratio on
general graphs [MMS12]. They also present an alternative ©(log n)-competitive algorithm for the

problem. It is an open problem, whether there exists a constant competitive algorithm in this model.

Directed Graphs. The main focus of research on exploration of directed graphs has been the
exploration time. Deng and Papadimitriou considered the exploration of unknown labeled directed
graphs, where the agent does not know the other endpoint of an edge that is has not traversed
[DP99]. The offline version of the problem, i.e., traversing all edges of a given directed graph with
the minimum number of edge traversals, is known as the Chinese postman problem and can be
solved in polynomial time [E]73]. Deng and Papadimitriou propose an online algorithm for the
problem achieving a competitive ratio of d°(4), where d is the deficiency of the given graph G, i.e.,
the minimum number of edges that have to be added to make it Eulerian. They also show a lower
bound of Q(d) on the competitive ratio for deterministic algorithms and of Q(d/log d) for randomized
algorithms. Note that there is a simple online algorithm that explores the graph in polynomial time
O(nm) by traversing the nearest edge, which has not been traversed, in every step. Albers and
Henzinger propose the first algorithm with a subexponential competitive ratio of d°1°¢?) for the
problem [AHO00]. Finally, Fleischer and Trippen give a deterministic exploration algorithm with a
competitive ratio of O(d®), which is polynomial in d [FT05].

A variant of the above model is considered by Foerster and Wattenhofer in [FW16]. They consider
weighted, labeled directed graphs and the main difference is that in their model the agent observes
the vertex at the other endpoint of all outgoing edges at a vertex. This implies that an online algo-
rithm does not necessarily have to traverse all edges to ensure that exploration is complete and the
corresponding offline problem is the asymmetric traveling salesperson problem. They show that the
competitive ratio is ©(n) for this problem, even for euclidean planar graphs or unweighted graphs.

Exploration becomes considerably more difficult if the directed graph is unlabeled. In this case
it is possible to construct a graph given an arbitrary agent such that the agent needs an exponential
number of steps in n to visit all vertices, see the combination lock graph presented in [BS94] for
details. Note that this holds even if we allow the agent to use randomization. If the number of
vertices n or a bound on n is known, the exploration of a directed graph is still feasable by using a
brute-force approach for instance: Iterate over all directed graphs G on n vertices and possible start
positions vy and in every iteration first compute the current position v reached in G when following
the edge labels traversed so far and then follow a sequence of edge labels exploring G.

If we allow the agent to utilize indistinguishable pebbles, the exploration time can be reduced to
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Graph Agent Goal Result Reference
class V. E know task ter. obj.
O(1) memory, 2 pebbles necessary [BK78]
laby a u - expl y feas
dist. pebbles and sufficient [Hof81]
o g loration in O(n?) st
by a wu i (1) memory; expl y  feas exploration in O(n®) steps [BK78]
counter counter of size O(log n)
tree a u - expl n mem |O(log A) memory sufficient | [Dik+04]
need Q(logloglogn) [Dik+04]
tree a u - exp] y mem
memory, O(log n) sufficient | [Amb+11]
O(log n) memory [Rol80]
graph a u n expl y mem
necessary and sufficient [Rei08]
O(logl bbl Cor. 2.9
graph a u - | O(1) memory |expl y mem (loglogn) pebbles or
necessary and sufficient Cor. 2.26
od d. walk expl h
graph a u A,n (logn) expl n time ranc. wa'k explores grap [Ale+79]
memory in O(n3A? log n) steps whp.
graph a u n | polymemory |expl n time | O(n*logn) steps sufficient | [Kou03]
I=01+
graph a u - (1+a)r map y time O(m+n/a) = ©(m) [DKKO06]
rope or 2/ fuel
graph 1 u - polymem |expl n time at most m + 3n steps [PP99]
O(log n)-competitive alg.,
. (log n)-comp g [RSI77]
graph 1 wu - polymem |expl n time O(g)-competitive alg. MVS12]
MM
for graphs of genus g
o ) need 1 pebbles
graph a d n |indist. pebbles |map y time [Ben+02]
for expl. in poly time
need ©(log log n) pebbles,
o ) [Ben+02]
graph a d - |indist. pebbles |map y time Q(nlog A) memory [F104]
for expl. in poly time
label o(d® titi
graph 1 d i sees labels expl y  time (d°®) competitive on [FT05]
of neighbors graphs with defficiency d
unaware of ) O(n) competitive
graph 1 wd - ] expl y time ) [FW16]
neighb. labels for weighted graphs

a=anonymous, l=labeled, (w)u=(weighted) undirected, (w)d=(weighted) directed, y=yes, n=no
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polynomial time, as shown by Bender et al. [Ben+02]. The authors gave an O(n8A?)-time algorithm
that uses one pebble and explores (and maps) a directed graph with maximum degree A, when n or
an upper bound on n is known. For the case that such an upper bound is not available, they proved
that ©(log log n) pebbles are both necessary and sufficient to explore the graph in polynomial time.
Concerning the space complexity of directed graph exploration in the same model, Fraigniaud and
Ilcinkas [FI04] showed that Q(nlog A) bits of memory are necessary to explore any directed graph
with n vertices and maximum degree A, even with a linear number of pebbles. As an upper bound on
space complexity, they presented an algorithm requiring O(nA log n) bits of memory that explore a
graph in exponential time with a single pebble and terminates. They also gave an O(n?A log n)-space
algorithm running in polynomial time and using O(log log n) indistinguishable pebbles for the case

that n is not known.

Further related work. A lot of research has been done in more geometric and applied exploration
settings, see the survey in [Rao+93] and [DS17].

Search problems, i.e., problems where a specific target t needs to be located in an unknown
environment, are quite similar to exploration problems. In the worst case, for instance, the whole
environment needs to be searched in order to locate the target t. If the target is found earlier, how-
ever, the algorithm can already terminate whereas in exploration we typically require the whole
environment to be always visited. This fact leads to a different notion of (offline) optimum solution
that a solution for a search problem is compared to. For a detailed introduction to search algorithms
the reader can refer to the textbook [AG03]. A survey covering both search and exploration problems
is given in [Ber98]. Another survey with the focus of exploration or search on the plane is given in
[GK10].

Randomized graph exploration and the study of memory efficient graph exploration if the envi-
ronment can be manipulated by providing a suitable labeling of the graph, for instance, is further
considered in the survey [GR08]. Another line of research is the study of exploration of graphs that
change over time as studied in [FMS09; EHK15].

1.3.2 Collaborative Exploration

Undirected Graphs. The first main focus of research for collaborative exploration was the feasi-
bility and memory requirement for exploration of mazes and planar graphs. Blum and Kozen [BK78]
showed that any maze 2-dimensional maze can be explored by two agents with constant memory.
In the same work, the authors also show that 3-regular graphs are more difficult to explore than
2-dimensional mazes by exhibiting that no 3 agents with constant memory can explore all 3-regular
graphs. In [BS77], Blum and Sakoda showed that no finite set of finite agents can explore any fi-
nite 3-dimensional maze, i.e., finite subgraphs of the 3-dimensional lattice graph Z>. A similar result
was later obtained by Rollik [Rol80] for 3-regular graphs. He showed that for any set of k agents
with s states each there is a planar graph that cannot be explored by the agents. Fraigniaud et

al. [Fra+06b] revisited his construction and bounded the order of his trap for k agents with s states
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by é(s ™ (2k + 1)), where a 17T b := a®" with b levels in the exponent. They further improve the
bound on the order of the trap to (j(s 11 (k + 1)). Note that the order of the barrier directly implies a
lower bound on the memory requirement for k agents given a graph of size n. Concerning an upper
bound for the memory requirement of collaborative graph exploration, we are not aware of any pre-
vious work that improves the O(log n) bits of memory algorithm for one agent. In Chapter 2 of this
thesis, we present an algorithm that breaks the barrier of construct O(log n) bits and also construct
a dramatically smaller trap. We thereby establish that ©(loglog n) agents can explore every graph
on n vertices in polynomial time and terminate.

Collaborative exploration with the objective of minimizing the exploration time was first consid-
ered by Fraigniaud et al. in [Fra+06a]. The authors present an algorithm for agents using whiteboard
communication that explores any tree in time O(D + n/logk), where D is the diameter of the tree and
k is is the number of collaborating agents. They also that the the offline problem of minimizing the
exploration time of k collaborating agents is NP-hard even for tree topologies. Note that an optimal
offline algorithm can explore a tree in time ©(D + n/k) by dividing a depth-first traversal of the tree
in k equal parts. Thus the algorithm in [Fra+06a] achieves a competitive ratio of O(k/logk). The
authors also give a lower bound of Q(2 —1/k) on the competitive ratio. Later, Dynia et al. proposed a
different algorithm, which is O(Dl_l/ P) competitive, where p is the density of the tree, i.e., the min-
imum number p € N which satisfies |V’| < 4|h(T’)|? for all induced subtrees T’ = (V',E’) of T. As
p < logn, the algorithm is O(D) in general. Their algorithm only requires local communication, that
is, agents can exchange information if they are at distance at most 1. For k < /n agents, Dynia et al.
constructed an improved lower bound of Q(log k/log log k) in [DES07]. Later, Disser et. al construct
a different a different family of trees showing that the same lower bound on the competitive ratio
also holds for k < nlog®n agents for any ¢ € N [Dis+17]. Another algorithm is presented by Brass et
al. in [Bra+11] achieving a competitive ratio of O(n/k + (k + D)¥~1), which is an improved over the
algorithm by Fraigniaud et al. for small values of k and D compared to n. They algorithm also relies
on whiteboards communication of the agents. The special case of grid graphs is considered by Ortolf
and Schindelhauer in [OS12]. They present an algorithm for exploring grid graphs which obtains a
competitive ratio of O(log? n) and also show a general lower bound of Q(log k/log log k) on the com-
petitive ratio if k < n. In [OS14], Ortolf and Schindelhauer adopted a recursive approach using global
communication between the agents to improve the upper bound on the competitive ratio for certain
values of the parameters n, k and D. In [Hig+14], they authors introduce a class of algorithm called
greedy algorithms for the collaborative exploration of trees and show a lower bound of O(k/log k)
on the competitive ratio of any greedy algorithm for weighted trees. Surprisingly, Dereniowski et
al. show in [Der+15] that for k > Dn® agents for some constant ¢ > 1, any graph can be explored
in time ©(D) using only local communication where agents can only exchange information at the
same vertex. This means that for a large number of agents the competitive ratio is O(1).

Another line of research in collaborative graph exploration is energy efficient graph exploration,
where the number of edge traversals of an agent is bounded or the maximum number of edge traver-

sals of an agents is to be minimized. Dynia et al. [DKS06] consider the problem of collaborative
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exploration with a fixed number of agents while minimizing the maximum number of edges tra-
versed by an agent. The agents can communicate at distance at most one and have to return to the
starting vertex at the end. They presented an 8-competitive algorithm for trees and showed a lower
bound of 1.5 on the competitive ratio for any deterministic algorithm. The upper bound was later
improved to 4 — 2/k in [DLS07]. The authors in [DDK15] considered tree exploration with no return
for the case where the amount of energy B available to the agents is fixed and the goal is to minimize
the number of agents used. They presented an algorithm with a competitive ratio of O(log B) for
the case that the agents need to meet in order to communicate and showed that this is best possible.
In our model considered in Chapter 3 the number of agents as well as the bound on the energy is
fixed and we do not require the agents to explore the whole graph. Instead, we measure the per-
formance of an online algorithm by the number of vertices explored by it compared to an optimal
offline algorithm.

A very different variant of collaborative exploration, in which the agents are identical and ini-
tially dispered amoung the vertices of the graph, is considered in [Das+06; Das+07]. The agents
further move asynchronously and can communicate by writing to whiteboards at every node. As
the agents follow exactly the same protocol, exploration with termination is not always feasable be-
cause of symmetries (e.g., consider two agents starting on opposite vertices of an even length cicle).
In [Das+07], the authors show that the problem of exploration with termination, leader election (i.e.
selecting a leader among the agents) and rendezvous (i.e. gathering all agents at one vertex) are
equivalent in this setting. present an algorithm achieving exploration with termination if k and n
are coprime and using at most O(m - k) edge traversals and at most O(log n) bits of whiteboard mem-
ory at every node. The cases where exploration is possible are characterizied in [Das+06] including
an algorithm that achieves leader election and thus also exploration with termination in all solvable
cases. There are different variants of the algorithm with a different tradeoff between the number of

edge traversals and whiteboard memory.

Directed Graphs. There has been only little research on collaborative exploration of directed
graphs that we are aware of. For unlabeled, directed graphs Bender and Slonim show that two
randomized agents can explore and map the given graph in expected polynomial time when global
communication is allowed and n is not known [BS94]. Recall that in [Ben+02] the authors show that

the same task can be achieved by one agent with O(log log n) instinguishable pebbles.

Further related work. A survey covering both single agent and multi agent exploration and cov-
ers similar topics as this related work is given in [Das13].

A lot of research also has been done on collaborative exploration involving malacious software
or a malacious environment that can destroy agents. The task is to explore the graph while removing
the malacious software or locating malacious vertices that destroy agents. Surveys for collaborative
exploration in unsafe environments are given in [FS06; Mar12].

The rendezvous problem, i.e., the task of gathering multiple, often identical agents at one location
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Graph Agent Goal Result Reference
class V E know task ter. obj.
2 agents
laby a u - O(1) mem. expl y feas & ) [BK78]
necessary and sufficient
identical, algorithm using
[Das+06]
graph a u - local com. expl y feas O(m - k) edge traversals (Das+07]
as+
via whiteboards in all feasable cases
O(1) mem. O(loglog n) agents Cor. 2.10
graph a u - expl y feas
local com. necessary and sufficient Cor. 2.25
CR < O(k/logk), [Fra+06a]
tree a u - expl y time |CR > Q(logk/loglogk) for| [DLS07]
k < nlogn agents,c € N [Dis+17]
CR = 0(1) for
tree a u - expl y time k > Dn® agents, c € N, [Der+15]
tree with diameter D
3/2 < CR < 4 — 2/k for
global com., L [DKS06]
tree a u - expl y energy| minimizing max. # edges
fixed # agents [DLS07]
traversed by an agent
local com., CR = O(log B)
tree a u - expl y energy [DDK15]
fixed energy B for minimizing # agents
global com., 2.17 < CR < 3 for
Theo. 3.2
tree a u - fixed energy B | expl y energy maximizing
Theo. 3.6
fixed # agents total # vertices visited
randomized, . 2 agents can map graph
graph a d - map y time ) o [BS94]
global com. in polynomial time

a=anonymous, l=labeled, u= undirected, d=directed, com.=communication, y=yes, n=no

Table 1.2: Summary of main results for collaborative exploration.
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of the environment, is closely related to collaborative graph exploration. Connections betweeb graph
exploration and rendezvous were already mentioned in the related work above, see [Das+06; Das+07]
for an example. A detailed introduction to rendezvous problems is given in the textbook by Gal and

Alpern [AGO03]. Surveys about rendezvous research are further given in [Pel12] and [Alp+13].

1.3.3 Message Delivery

The problem of transporting goods between sources and destinations has many real-world applica-
tions in logistics and has been studied in a lot of different variants.

In some cases the transportation of goods can be modeled as a network flow problem. Two promi-
nent well-studied models are the minimum-cost flow problem for a single good or more generally the
multi-commodity flow problem for multiple goods [KV18, Chapter 9 and 19]. While the first problem
admits a polynomial time algorithm [EK72], the latter problem is known to be NP-hard [EIS76]. In
contrast to our model, where the agents transporting the messages have capacity limits and trans-
porting messages together does not incur additional costs, in these models there is a capacity limit
on the edges and the cost of transportation grows linearly with the amount of goods transported.

More closely related to our problem is the point-to-point delivery problem studied in [LMS92]. In
their model, a set of items have to be transported from different sources to different destinations and
up to k items can be transported together on an edge by an agent while the costs increase linearly in
the number of agents used. The main difference to our model is that in this model there is an infinite
supply of agents and agents can move for free if they do no transport any item. The authors show
that the problem is NP-hard for k > 2 and moreover give a polynomial algorithm for the case the
number of items is constant.

In the vehicle routing problem, introduced by Dantzig and Ramser in [DR59], a set of items have
to be delivered from a common source called depot to different destinations in a network by fleet of
vehicles that all start at the depot. The number of items transported by a vehicle is further bounded
by a capacity limit k. For the special case of unbounded capacity, the vehicle routing problem corre-
sponds to the traveling salesman problem, which is known to be NP-hard [G]79]. A large number of
variants of the vehicle routing problem have been considered since, differing in whether the vehicles
start at a single depot or at different locations, the item sources are all at the depot or at different
locations, the vehicles are identical or have different capacities or speeds. Moreover, variants with
additional constraints motivated by applications have been considered such as a time window until
deliveries must be made. Almost all variants of the vehicle routing problem are also NP-hard and
most research focuses on integer programming techniques and heuristics. A survey of many types of
vehicle routing problems is given int he book [TV02]. A survey about several vehicle routing prob-
lems with a hetereogeneous fleet of vehicles is further given in [BBV08]. The class of vehicle routing
problem with pickup and delivery as well as time window contraints is referred to as dial-a-ride
problems and covered in the survey [CLO07].

The Chinese postman problem, i.e., the problem of finding the shortest tour traversing all edges of
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a given undirected or directed graph, can also be viewed as a delivery problem and it can be solved
in polynomial time [EJ73]. A generalization of this problem is the stacker crane problem introduced
in [FHK78], which requires the tour to only traverse a given set of arcs of a mixed graph. The
authors show that the stacker crane problem is NP-hard and also consider the k-person variants
of the traveling salesman problem, Chinese postman problem and stacker crane problem. In the k-
person variant, the goal is to find k tours starting and ending at the same vertex while minimizing
the maximum cost of the k tours. This objective function is one of the main differences to the class of
vehicle routing problems and our problem considered in Chapter 4, where we minimize the overall
cost. In [FHK78] the authors show that all three k-person variants are NP-hard and they further
present approximation algorithms for the problems.

Another related problem is the study of how to move a set of identical agents in a graph from
a starting configuration to a desired final configuration while minimizing the overall or maximum
movement of the agents. Demaine et al. [Dem+09] gave several approximation algorithms and inap-
proximability results for this problem on graphs. Moverover, for agents on a simple polygons several
algorithms and inapproximability are presented in [Bil+13].

The delivery of multiple pieces of data or messages from different sources to different destina-
tions by collaborating agents with different energy budgets, i.e., bounds on the distance they can
travel, is called the budgeted delivery problem. The problem was first considered in [Cha+13] under
the additional assumption that all destinations are the same. The authors show that the problem
is strongly NP-hard even for a single source and uniform energy budgets and further present ap-
proximation and resource augmentation algorithms for the problem. In [Cha+14], it is shown that
the problem is already weakly NP-hard for transporting a single piece of data from a source to a
destination on the line. The general budgeted delivery problem with different sources and sinks is
considered in [Bar+16]. The authors provide both hardness results and resource augmentation al-
gorithm for the general budgeted delivery problem as well as a returning variant, where the agents
additionally need to return to their starting vertex. Another variant of the problem where robots can
share energy was considered in [Bam+17].

In the weighted delivery problem considered in Chapter 4, the agents can travel an arbitrary dis-
tance, but every agent has a different energy efficiency, which is the rate of energy consumption
per unit distance traveled by the agent. The goal is to delivery all messages while minimizing the
total energy consumption. A variant of this problem is considered in [BT17], where instead both the
energy consumption as well as the delivery time is supposed to be minimized.

Further related is the problem of convergecast, i.e., in which every agent initially has a piece of
information and one agent has to collect the information of all agents, and broadcast, i.e., in which
the information of one agent has to be transferred to all other agents, as considered in [Ana+16;

Czy+17].
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Space Efficient Graph Exploration

The space complexity of undirected graph exploration for one agent has received a lot of atten-
tion in the literature as it is closely related to the problem of undirected s-t-connectivity, which is
complete for the complexity class SL. In his breakthrough result [Rei08], Reingold showed that undi-
rected s-t-connectivity lies in L and therefore L = SL. His result also gave rise to a deterministic
exploration algorithm that explores any anonymous undirected graph of size n in polynomial time
and O(log n) space. Logarithmic memory is in fact necessary to explore all anonymous graphs with
n vertices, see Fraigniaud et al. [Fra+05].

Already the early literature on graph exploration problems is rich with examples where explo-
ration is made feasible or the time or space complexity of exploration by a single agent can be de-
creased substantially by either allowing the agent to mark vertices with pebbles or by cooperating
with other agents. For instance, two-dimensional mazes can be explored by a single agent with finite
memory using two pebbles [Sha74; BS77; BK78], or by two cooperating agents with finite memory
[BK78], while a single agent with finite memory (and even a single agent with finite memory and a
single pebble) does not suffice [Bud78; Hof81]. Directed anonymous graphs can be explored in poly-
nomial time by two cooperating agents [BS94] or by a single agent with ®(log log n) indistinguishable
pebbles and O(n?A log n) bits of memory [Ben+02; FI04], where A is the maximum out-degree in the
graph. Note that a single agent needs at least Q(nlog A) bits of memory in this setting even if it
is equipped with a linear number of indistinguishable pebbles [FI04] and it needs exponential time
for exploration if it only has a constant number of pebbles and no upper bound on the number of
vertices is known [Ben+02].

Less is known regarding the complexity of general undirected graph exploration by more than
one agent or an agent equipped with pebbles, which we study in this chapter. The only result in this
direction is due to Rollik [Rol80] showing that there are finite graphs, henceforth called traps, that a
finite set of k agents each with a finite number s of states cannot explore. Fraigniaud et al. [Fra+06b]
revisited Rollik’s construction and observed that the traps have O(s 17 (2k + 1)) vertices, where

a 17 b := a® with b levels in the exponent and 0 suppresses lower order terms. Fraigniaud et
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al. also gave an improved upper bound of é(s T (k + 1)). While it is a rather straightforward
observation that an agent with s states and p pebbles is less powerful than a set of p + 1 agents with
s states each, no better bounds for a single agent with pebbles were known. Even more striking is
the lack of any non-trivial upper bounds for the exploration with several agents or the single agent
exploration with pebbles for undirected graphs. Specifically, there was no algorithm known that
explores an undirected graph with sublogarithmic space when more than one agent and/or pebbles
are allowed.

We first give a formal introduction of the agent models for an agent with pebbles and multiple
collaborating agent in Section 2.1. We further prove that an additional agent is more powerful than
a pebble and a pebble is more powerful than a bit of memory.

Afterwards, in Section 2.2, we develop an algorithm that explores any graph with n vertices using
O(loglog n) pebbles. Our algorithm terminates after having explored the graph and returns to the
starting vertex. We further show that the exploration time, i.e., the number of edge traversals of
the agent, is polynomial in the size of the graph. Our algorithm does not require n to be known
and gradually increases the number of used pebbles during the course of the algorithm such that
for any n-vertex graph at most f(n) pebbles are used where f(n) € O(loglogn). The fact that an
additional agent is more powerful than a pebble allows to rephrase our single agent exploration
algorithm with O(log log n) pebbles as a multi-agent exploration algorithm with O(log log n) agents
and constant memory each.

As a perhaps surprising result, we show in Section 2.3 that this is optimal in terms of the asymp-
totic number of agents. To prove this lower bound, we construct a family of graphs with O(SZSk) ver-
tices that trap any set of k agents with s states each. Our construction exhibits dramatically smaller
traps with only a doubly exponential number of vertices compared to the traps of size O(s 17 (2k+1))
and O(s 17 (k + 1)) due to Rollik [Rol80] and Fraigniaud et al. [Fra+06b], respectively. As a conse-
quence of our improved bound on the size of the trap, we are able to show that, even if we allow
O((log n)'~¢) bits of memory for an arbitrary constant € > 0 for every agent, the number of agents
needed for exploration is at least Q(loglogn). This construction also yields the lower bound for a
single agent with pebbles, as p + 1 agents with O((log n)'~¢) bits of memory each are more pow-
erful than one agent with O((logn)!~¢) bits of memory and p pebbles. Our results allow to fully
describe the tradeoff between the number of agents and the memory of each agent. When agents
have Q(log n) memory, a single agent without pebbles explores all n-vertex graphs. For agents with
O((log n)'~¢) memory, Q(log log n) agents are needed. On the other hand, when Q(log log n) agents
are available it is sufficient that each of them has only constant memory. In fact, already one agent

with constant memory and Q(log log n) pebbles are sufficient.

Bibliographic Information The results presented in this chapter are joint work with Yann Disser
and Max Klimm. Parts of the results appeared in [DHK16], a more extensive version was published
in [DHK18].
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2.1 Agent Models

2.1 Agent Models

In this section, we formally introduce the agent model. We further give proofs of the intuitive facts
that for undirected graph exploration an additional agent (with two states) is more powerful than
a pebble, by showing that one of the agents can replicate the moves of the single agent while the
others do not move independently and simply act as pebbles (Lemma 2.2). Moreover, we show that
a pebble is more powerful than a bit of memory as one bit of memory can basically be encoded by
either dropping or picking up a pebble Lemma 2.1. Note that all graphs considered in this chapter
are undirected, anonymous, locally edge-labeled and connected.

We model an agent as a tuple A = (3,2, 8, 0%), where X is its set of states, ¥ C 3 is its set of
halting states, o* € X is its starting state, and ¢ is its transition function. The transition function
governs the actions of the agent and its transitions between states based on its local observations. Its
exact specifics depend on the problem considered, i.e., whether we consider a single agent or a group
of agents and whether we allow the agents to use pebbles. Exploration terminates when a halting
state is reached by all agents. Our model for an agent is based on a Mealy automaton. In particular
this means that the output, i.e., the actions of the agent, can depend on the current state of the agent
and the input, i.e., the local environment. This allows for a more memory efficient representation of

the agents in contrast to a Moore automaton, whose output online depends on its current state.

2.1.1 Single Agent without Pebbles

The most basic model is that of a single agent A without any pebbles. In each step, the agent observes
its current state o € X, the degree d,, of the current vertex v and the port number at v of the edge
from which v was entered. The transition function § then specifies a new state o’ € X of the agent
andamovel’ € {0,...,d, -1} U{L}. IfI” € {0,...,d, — 1} the agent enters the edge with the local

port number [, whereas for I’ = L it stays at v. Formally, the transition function is a partial function

§:IXNXN->Zx(NU{L}),
(¢,dy, ) — (c',1).

Note that the transition function only needs to be defined for I with I < d, and degrees d,, that
actually appear in the class of graphs considered. It is standard to define the space requirement of
an an agent with states ¥ as log |2| as this is the number of bits needed to encode every state, see,
e.g., Cook and Rackoff [CR80].

2.1.2 Single Agent with Pebbles

We may equip the agent A with a set P = {1, ..., p} of unique and distinguishable pebbles. At the
start of the exploration the agent is carrying all of its pebbles. As before, the agent observes in each
step the degree d,, of the current vertex v and the port number from which v was entered. In addition,

the agent has the ability to observe the set of pebbles P4 that it carries and the set of pebbles P,

25



Chapter 2. Space Efficient Graph Exploration

present at the current vertex v. The transition function é then specifies the new state o’ € X of
the agent, and a move I’ € {0,...,d, — 1} U {L} as before. In addition, the agent may drop any
subset Pyrop © Pa of carried pebbles and pick up any subset of pebbles P € P, that were located
at v, so that after the transition the set of carried pebbles is P, = (Pa\ Pdrop) U Ppick and the set of
pebbles present atv is P, = (P \ Ppick) U Parop- Formally, we have

5: IxNxNx2Px2P 5 sx(Nu{L})x2F x2",
(0,dy,1,Pa,Py) > (o, 1", P}y, P)).

The transition function § is partial as it is only defined for P4 N P,, = 0. We assume that the pebbles
are actual physical devices dropped at the vertices so that no space is needed to manage the pebbles,

thus, the space requirement of the agent is again log |X|.

2.1.3 Collaborating Agents without Pebbles

Consider a set of k cooperative agents A; = (21,21, 81, 1), .., A = Gk, Sk, 0k, ch)jointly exploring
the graph. We assume that all agents start at the same vertex vy of the given graph G. In each step, all
agents synchronously determine the set of agents they share a location with, as well as the states of
these agents. Then, all agents move and alter their states synchronously according to their transition
functions &, . . ., 8. The transition function of agent i determines a new state ¢’ and a move I’ as

before. Formally, let
Ti=CEu{L) X X @i U{LD) X Eipg U{LPY x--- X (Ep U {L})

denote the states of all agents potentially visible to agent A; where a L at position j (or (j—1) if j > i)
stands for the event that agent A; and agent A; are located on different vertices. Then, the transition

function §; of agent A; is a partial function

5,’IZiXZ_iXNXNﬁEix(NU{J_}),

(Ui, o_i, dv’ l) = (O—i” ll,)

The overall memory requirement is Y% log |%;].

2.1.4 Relationship between Agent Models

In order to compare the capability of an agent A with s states and p pebbles to another agent A’ with
s’ states and p’ pebbles or a set of agents A, we use the following notion: We say that the walk of
an agent A is reproduced by an agent A’ in a graph G, if the sequence of edges traversed by A is a
subsequence of the edges visited by A" in G. Put differently, A traverses the same edges as A’ in the
same order, but for every edge traversal of A the agent A’ can do an arbitrary number of intermediate
edge traversals. Similarly, we say that a set of agents A reproduces the walk of an agent A in G, if
there is an agent A’ € A such that A’ reproduces the walk of Ain G.

We first formally show the intuitive fact that pebbles are more powerful than memory bits.

26



2.1 Agent Models

Lemma 2.1. Let A be an agent with s states and p pebbles exploring a set of graphs G. Then there is
an agent A’ with six states and p + [logs] pebbles that reproduces the walk of A on every G € G and

performs at most three edge traversals for every edge traversal of A.

Proof. As the set of graphs G that can be explored by an agent with s states and p pebbles is non-
decreasing in s, it suffices to show the claimed result for the case that s is an integer power of two.
Let A = (%,%,8,0%) be an agent with a set of p pebbles P and s = || = 2", r € N states exploring
all graphs G € G. In the following, we construct an agent A’ = (3/,%’,§’,0*’) with six states
¥ = {o", Ocomp>» Ohalts Oback—1> Oback—2» Oswap J» One halting state % = {6hai}, and a set P’ of |P/| =
p+r pebbles. The general idea is to let A’ store the state of A by dropping and retrieving the additional
r pebbles. To this end, we identify p of the pebbles of A’ with the p pebbles of A and call the additional
set of r pebbles Py, i.e., P’ = P U Py with |P| = p and |Pg| = r, respectively. Since |P;| = r and
|3| = s = 27, there is a canonical bijection f : ¥ — 2. Every edge traversal of agent A in a state o,
will be simulated by agent A" in the computation state ocomp While carrying the set of pebbles f(o)
plus the additional pebbles that A is carrying. We need the additional states opack—1, Oback—2, Tswap tO
move all pebbles in Py, encoding the state of A to the next vertex in some intermediate steps.

At the start of the exploration, A’ remains at the starting vertex and stores the starting state o
of agent A by dropping the set of pebbles (Py, \ f(c*)). Formally, we define the transition from the

starting state o*’ of agent A” as
8'(c*",dy,1,P",0) = (0comps L, f(c*) UP, (P \ f(c¥)).

foralld,,l € N.
Next, we define the transition function " of A’ for the case that A’ is in its computing state ocomp,
i.e, we want to simulate the change of state of A and traverse the same edge. If 0 = f~!(Pa» N P}) is

the current state of agent A and agent A transitions according to
8(o,dy,1,P4 NP, P, NP)=(c",l',P},P)) (2.1)

with ¢’ € 3,1’ € N and PA,P; € 27" then we define

(Ocomps I, P, U f(o’),P,U(PL\ f(¢’)) ifl’=_Lando’ ¢%,
8" (0comps dvs I, Pars Py) = 4 (Gback-1, I',P, U f(a"),P,U(Py\ f(c’) ifl'’# Lando’ ¢35, (2.2)
(Ohat, I, Py U f(a"), P, U(Pg \ f(c’)) else.
Note that before and after this transition the subset of pebbles from P;, carried by A" encodes the
state of A via the bijection f. However, if A traverses an edge without entering a halting state, we
also need to fetch the remaining pebbles from Pj from the previous vertex to be able to encode the
state of A in the future. To this end, A’ switches to the state opack—1. The fetching will be done in

three steps: First, A’ drops all pebbles in f(c’), moves to the previous vertex and changes its state

to Opack—2. Formally, this means

5,(Gback71’d'u,laPA’aP‘u) = (O.baCk*29lapA/ \Pg‘/PZ} U (Pé mPA'))

27



Chapter 2. Space Efficient Graph Exploration

forall dy,,1 € N and Py, P, € 27 with P4 N P, = 0. Then it picks up the pebbles in (Pé \f(o")),

returns to the current vertex of A and changes its state to ogyap, i.e.,
5’(O—back—25 dy,l, Py, Pv) = (Uswaps I,Py U (Pé N Pv) , Py \ Pé)

for all d,,1 € N and Pa, P, € 2F with Py NP, = 0. Lastly, agent A" swaps the set of carried
pebbles P \ f(c”) and the set f(c”) of pebbles on the current vertex by performing the transition

5,(0—swaps dy, 1Py, Py) = (Ucomps 1,Py U (Pé mPv) , Py U (Pé mPA’))

forall d,,l € N and Py, P, € 27" with Py N P, = 0.

A simple inductive proof establishes that the state o of A in every step of the exploration of a
graph G € G corresponds to the set of pebbles in Pj carried by A’ in its computation state ocomp,
ie, o = f7! (Pa NP}). Moreover, if agent A in state o traverses an edge {v, w} from a vertex v to
a vertex w and does not move to a halting state, then A’ will traverse the edge {v, w} three times
and afterwards again the set of pebbles carried by A will correspond to P4- N P and the state of A to
o = f' (Pa N P§). If A remains at the same vertex or moves to a halting state then this transition
is mirrored by a single transition of agent A’. In particular, agent A’ visits exactly the same vertices

as A in every graph G € G while performing at most three times the number of edge traversals. [

Next, we show the intuitive result that an additional agent is more powerful than a pebble.

Lemma 2.2. Let A be an agent with s states and p pebbles exploring a set G of graphs. Then, there is
aset A = (A, ...,Ap) of p + 1 agents, where Ay has s states and all other agents have two states, that
reproduce the walk of A in every graph G € G. Moreover, for every edge traversal of A each agent in A

performs at most one edge traversal.

Proof. LetA = (3,%,8,0")be an agent with |2| = sandaset P = {1,...,p} of p pebbles exploring all
graphs G € G. We proceed to construct a set A = {Ay,..., Ay} of p + 1 agents A; = (Z;, 2, 6i,0)),
i € {0,...,p} that reproduces the walk of A on all graphs G € G. In this construction, agent A
represents the original agent A while every agent A; for i > 0 represents a pebble.

For agent Ay, we set Xy = 2, 30 = 2, and o, = o*. For every agent A; with i € P, we set
i = {ci,d;}, 2 = 2;, and o; = c;. Intuitively, the state ¢; simulates that pebble i is carried and d;
simulates that the pebble is dropped. In every step, we let agent Ay and the agents A; corresponding
to a carried pebble do the same transitions as agent A. Agents that are not sharing their current vertex
with Ay remain at their vertex and in their state. Let o_; ; for i, j € {0,...,p} with i # j denote the
state of agent A; visible to agent A;, i.e., 0_; j = o if A; and A; share the same vertexand o_; ; = L
otherwise. Specifically, to define the transition functions §;(0;, 0_;,d,,, ) fori € {0,...,p}, o; € 3,

o_; € X_;and d,,l € N, we first compute
800 dun L {i € P i 0gi = i} {i € Pi 0.5 = di}) = (04, 1/, Py P})
with o5 € %,1’ € N, and PA»P;) € 2P We then set

50(60, o_o, dz}, l) = (O'(;, l/)
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and
(gj,L) ifop=1
5j(0'j, o_j, dlnl) = (Cj,l’) if(f() * 1 andj € P:4
(dj,J_) ifog # L andj € P.Z)
forall j € P.

To finish the proof, fix a graph G € G and consider the transitions of agent A and the set of
agents A in G. A simple inductive proof shows that after i transitions, the state and position of
agent A equals the state and position of agent Ay, the position of agent A; equals the position of

pebble j and o; = ¢; if and only if pebble j is carried by A for all j € P. This implies the claim. O

Note that, for ease of presentation, we allow agents to make transitions even when they are in
one of their halting states. We need this property in the proof above to show that two-state agents
are more powerful than pebbles (cf. Lemma 2.2) in general. However, this reduction only needs
agents to make transitions from their halting states to other halting states, and only when colocated
with another agent that has not yet reached a halting state. Furthermore, our main algorithm for
single-agent exploration with pebbles that we devise in Section 2.2 has the special property that the
agent Ay returns to the starting vertex carrying all pebbles after having explored the graph. Thus,
for our algorithm it is not necessary that agents can make transitions from halting states as we could
add an additional halting state to the two-state agents to which they transition once exploration is

complete and Ay has returned to the starting vertex.

2.2 Exploration Algorithms

In this section, we devise an agent exploring any graph on at most n vertices with O(log log n) pebbles
and O(loglog n) memory. By the reductions between the agents’ models given in Section 2.1.4 this
implies that an agent with O(log log n) pebbles and constant memory can explore any n-vertex graph
and that a set of O(loglog n) agents with constant memory each can explore any n-vertex graph.
For the algorithm, we use the concept of universal exploration sequences due to Koucky [Kou02],
see Section 1.2.2. One of our main building blocks is the algorithm of Reingold [Rei08] that takes n
and d as input and deterministically constructs an exploration sequence universal to all d-regular
graphs using O(log n) bits of memory. The general idea of our algorithm is to run Reingold’s algo-
rithm with a smaller amount of seed memory a. As the seed memory is substantially less than O(log n),
the algorithm will, in general, fail to explore the whole graph. We show in Lemma 2.5, however, that
the algorithm will visit 2%(%) distinct vertices. Reinvoking Reingold’s algorithm allows us to deter-
ministically walk along these vertices in the order of exploration of Reingold’s algorithm. Using this
traversal, we encode additional memory by placing a subset of pebbles on the vertices along the
walk as explained formally in Theorem 2.7. Having boosted our memory this way, we again run

Reingold’s algorithm, this time with more memory, and recurse. At some recursion depth, running
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Reingold’s algorithm with a* bits of memory will visit less than 2%(@") distinct vertices. In the proof
of Theorem 2.8, we show that this can only happen when the graph is fully explored which allows
to terminate the algorithm when this event occurs and return to the starting vertex . The ability of
our algorithm to terminate and return to the starting vertex after successful exploration, stands in
contrast to Reingold’s algorithm that is only able to terminate when being given the number n of
vertices as input.

There are a couple of technical difficulties to make these ideas work. The main challenge is
that the memory generated by placing pebbles along a walk in the graph is implicit and can only
be accessed and altered locally. To still make use of the memory, we do not work with Reingold’s
algorithm directly but consider an implementation of Reingold’s algorithm on a Turing machine with
logarithmically bounded working tape. We show that the tape operations on the working tape can
be reproduced by the agent by placing and retrieving the pebbles on the walk as explained in detail
in the proof of n Theorem 2.7. This allows to use the memory encoded by the pebble positions for
further runs of Reingold’s algorithm. In each recursion, we only need a constant number of pebbles
and additional states. We further show in Theorem 2.8 that O(loglog n) recursive calls are sufficient
to explore an n-vertex graph so that the total number of pebbles needed is O(log log n).

A second challenge is that Reingold’s algorithm produces a universal exploration sequence for
regular graphs which our graph need not be. A natural approach to circumvent this issue is to apply
the technique of Koucky [Kou03] that allows to locally view vertices with degree d as cycles of 3d
subvertices with degree 3 each. Unfortunately, this approach requires O(log d) bits of memory if we
keep track of the current subvertex which may exceed the memory of our agent. To circumvent this
issue, we store the current subvertex only implicitly and navigate the graph in terms of subvertex
index offsets instead of the actual subvertex indices. This technique is explain in detail in the proof
of Lemma 2.5

The following fundamental result of Reingold [Rei08] establishes that universal exploration se-

quences can be constructed in logarithmic space.

Theorem 2.3 ([Rei08, Corollary 5.5]). There exists an algorithm taking n and d as input and producing

in O(log n) space an exploration sequence universal for all connected d-regular graphs on n vertices.

Reingold’s result implies in particular that there is an agent without pebbles and O(n°) states for
some constant c that explores any d-regular graph with n vertices when both n and d are known. We
further note that Reingold’s algorithm can be implemented on a Turing machine that has a read/write
tape of length O(log n) as work tape and writes the exploration sequence to a write only output tape,
see [Rei08, Section 5] for details. For formal reasons the Turing machine in [Rei08] additionally has
a read-only input tape from which it reads the values of n and d encoded in unary so that the space
complexity of the algorithm is actually logarithmic in the input length. For our setting, it is sufficient
to assume that n and d are given as binary encoded numbers on the working tape of length O(log n),
as we care only about the space complexity of exploration in terms of the number of vertices n.

As a first step, we show in Lemma 2.4 how to modify Reingold’s algorithm for 3-regular graphs
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Algorithm 2.1: Turing machine M computing exploration sequence for 3-regular graphs.

Input: z e N

Output: exploration sequences w € {0, 1, 2}*
1 fort e {1,...,2a} do
2 if t < athen

3 run M, for ¢t steps to obtain element e; of the exploration sequence generated by M,

4 output e;
5 elseif t = a + 1 then
6 ‘ output 0

7 elseif t > a + 2 then

output —eys42—; mod 3

8 L run M, for 2a + 2 — ¢t steps to obtain element ey,.,_; of exploration sequence of M

to yield a closed walk containing an exponential number of vertices in terms of the memory used.

Afterwards, we extend this result to general graphs in Lemma 2.5.

Lemma 2.4. Foranyz € N, there exists a O(log z)-space algorithm producing an exploration sequence

w € {0, 1,2} such that for all connected 3-regular graphs G with n vertices the following hold:

(a) an agent following w in G explores at least min{z, n} distinct vertices,
(b) w yields a closed walk in G,
(c) the length of w is bounded by z0W.

Proof. By Theorem 2.3, there is a Turing machine M, with a tape of length O(log z) producing a
universal exploration sequence ey, e, . .. for any 3-regular graph on exactly 4z vertices. Let ¢y, be
the number of configurations of My and a := 12zcp, + 1. Here the number of configurations of Mj is
the number of possible combinations of Turing state, tape contents and head position of M.

The Turing machine M producing an exploration sequence w with the desired properties is given

in Algorithm 2.1. By construction, the sequence w produced by M is
€e1,€,...,€eq,0,(—e, mod 3),(—e,—; mod 3),...,(—e; mod 3).

We first show that this sequence corresponds to a closed walk in any 3-regular graph. Let an
agent A start at a vertex vy in some graph 3-regular G, follow the exploration sequence w, and,
fori e {1,...,a}, letv; be the vertex reached after following w up to e;. Then the offset 0 takes the
agent back from v, to v,—; and afterwards —e; mod 3 takes agent A from v;_; to v;_. Thus, at the
end the agent returns to vy, which yields property (b).

Moreover, the number of configurations cy, of the Turing machine M, i.e., the number of possi-
ble combinations of state, head position, and tape contents, is bounded by 290 because the working

tape has length O(log z). Hence, the length of w, i.e., 2a = 2 - (12zcp, + 1), is also bounded by 200,
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which yields property (c). As the auxiliary variable ¢ ranges from 1 to 2a and running the Turing
machine M, for ¢ steps can be implemented in O(log z) space, the Turing machine M can be imple-
mented to run in O(log z) space.

It is left to show is that an agent following w in an arbitrary connected 3-regular graph with n
vertices explores at least min{z, n} vertices. For the sake of contradiction, assume there exists some 3-
regular graph G on n vertices so that an agent A starting in a vertex vy and following the exploration
sequence w produced by M only visits a set of vertices V; with |Vy| < min{z,n}. Let G, be the
subgraph of G induced by V;. Note that, since |Vy| < n by assumption, at least one vertex in Gy has
degree less than 3. We now extend G to a connected 3-regular graph with 4z vertices as follows.
First, we let G; be the graph Gy after adding an isolated vertex if V; is odd and we let V] be the vertex
set of G;. We further let G, be a cycle of length 4z — |V;| with opposite vertices connected by an edge.
Note that 4z and |V;| are even and G is 3-regular. As long as G; contains at least one vertex of degree
less than 3, we delete an edge {w, w’} connecting opposite vertices in the cycle in G, and for w and
then w’ add an edge from this vertex to a vertex of degree less than 3 in G; (possibly the same). This
procedure terminates when all vertices in G; have degree 3, since G, contains 4z — |V;| > 3z > 3|V;|
vertices and there cannot be a single vertex of degree 2 left in Gy, as this would mean that the sum
of all vertex degrees in G; is odd. The labels in {0, 1, 2} at both endpoints of every edge not in G, are
chosen arbitrarily. Let H be the resulting 3-regular graph with 4z vertices containing Gy as induced
subgraph.

By construction, the walk of an agent A starting in H at vy and following w is the same as the
walk in G starting in vy and following w. In particular, the agent A does not explore H. Let now
Ay be an agent following the exploration sequence wy produced by M, starting in vertex v, in H.
As the first a values of w and wy coincide, the walk of agent Ay in H up to step a is the same as
that of agent A. Recall that a = 3 - 4zcy, + 1. This implies that in the first a steps there must be a
vertex v in H visited twice by agent Ay (there are 4z vertices in H) and in both visits, the label to
the previous vertex (there are 3 possible labels) is the same and the Turing machine M, producing
the exploration sequence wy is in the same configuration (there are cy, possible configurations) in
both visits. But this implies that the behaviour of Ay in H becomes periodic and it only visits the set
of vertices already visited in the first a steps, i.e., the set of vertices V. We conclude that Ay does
not explore H, contradicting that wy is a universal exploration sequence for all 3-regular connected

graphs on 4z vertices. O

We proceed to give a similar result for non-regular graphs.

Lemma 2.5. Foranyz € N, there exists a O(log z)-space algorithm producing an exploration sequence

w € {-1,0, 1}* such that for all connected graphs G with n vertices the following hold:

(a) an agent following w in G explores at least min{z, n} distinct vertices,
(b) w yields a closed walk in G,
(c) the length of w is bounded by z0.
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(a) Original graph G. (b) 3-regular graph Greg.

Figure 2.1: Example for the transformation of a graph G to a 3-regular graph Gg. A vertex v of
degree 2 is transformed to a cycle containing 6 vertices and for the edge {v, w}, three edges are added

to the graph.

Proof. Let My be the Turing machine of Lemma 2.4 with a tape of length bounded by O(log z)
producing a universal exploration sequence wreg € {0,1,2}* such that an agent following wyg in
some 3-regular graph with n vertices visits at least min{3z2, n} distinct vertices.

To prove the statement, we transform this universal exploration sequence for 3-regular graphs
to a universal exploration sequence universal for general graphs by using a construction taken from
Koucky [Kou03, Theorem 87]. In this construction, an arbitrary graph G with n vertices is trans-
formed into a 3-regular graph G, as follows: We replace every vertex v of degree d, by a circle
of 3d,, vertices (v,0),...,(v,3d, — 1), where the edge {(v, i), (v, i + 1 mod 3d,)} has port number 0
at (v,i) and port number 1 at (v,i + 1 mod 3d,), see also Figure 2.1 for an example of this con-
struction. For any edge {v, w} in G with port number i at v and j at w, we add the three edges
{W, 1), (w, N}, {v, i +dy), (w,j+dyw)}, {(v,i+2d,), (w,j + 2d,,)} with port numbers 2 at both end-
points to Greg.

Observe that there are only two labelings of edges in Gz, edges with port number 2 at both
endpoints and edges with port numbers 0 and 1. In particular, one port number of an edge can be
deduced from the other port number. As a consequence, given the previous edge label and the edge
offsets from the exploration sequence wyeg produced by Mg, the next edge label can be computed
without knowing the edge label of the edge by which the vertex was entered. In other words, we can
transform the sequence of edge label offsets given by wy, to a traversal sequence, i.e., a sequence of
absolute edge labels Iy, [, . . . of Geg.

We proceed to define the Turing machine M producing an exploration sequence w € {-1,0, 1}*
with the desired properties as shown in Algorithm 2.2. First of all, note that the next edge label J;
in Gyeg can be computed from the last edge label in Gy and the offset wyeg(i) in constant space (line 5

of Algorithm 2.1). Thus, M can be implemented in O(log z) space. By assumption, the length of the
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Algorithm 2.2: Turing machine M computing exploration sequence for arbitrary graphs.

Input: z e N
Output: exploration sequences w € {-1,0, 1}*
1i:=0
2 output 0,0
3 while M., has not terminated do
4 obtain next offset wyeg(i) from Meg
5 compute edge label [; in Greg
6 if [; = 0 then
7 ‘ output 1,0
8 else if [; = 1 then
9 ‘ output —1,0
10 else if [; = 2 then

11 L output 0

12 i=i+1

exploration sequence produced by M, is bounded by 290, Hence, also the length of the exploration

sequence produced by M is bounded by z9®

showing (c).

Let Areg be an agent following wieg in Gy and A be an agent following the exploration sequence w
produced by M in G. What is left to show is that A traverses G in a closed walk and visits at least
min{z, n} distinct vertices. In order to show this, we first establish the following invariants that hold

after every iteration i of the while-loop in Algorithm 2.2:

1. If agent A, is at vertex (v;, ;) in Greg after i steps, then after following the exploration se-
quence output by M up to the end of iteration i agent A is at v; and a; mod d,, is the label of

the edge to the previous vertex.

2. If (v;, a;) is visited by Ayeg in Gieg, then in G both v; and the neighbor incident to the edge with
label (a; mod d,,,) are visited by A.

We show the invariants by induction. The starting vertex of Ay in Greg is (vo,0) and the starting
vertex of A in G is vo. Note that at the beginning the Turing machine M outputs 0,0 so that in G
agent A visits the neighbor of v incident to the edge 0 and then returns to v¢. Thus, both invariants
hold before the first iteration of the while-loop.

Now assume that before iteration i both invariants hold. We show that then they also hold
after iteration i. If agent A is at the vertex (v, a) after i — 1 steps and the edge traversed by Aeq
in step i has label 0, ie., ; = 0, then A, moves to vertex (v,(a + 1) mod 3d,) by the definition
of Gy, see also Figure 2.1. By assumption, agent A is at vertex v in G and the last edge label is
a mod d,. Thus, if agent A follows the exploration sequence 1, 0 output by M in iteration i (line 7

of Algorithm 2.2), then it first traverses the edge labeled (a + 1) mod d,, and then returns to v. This
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means that after iteration i, the current vertex of A in G is v and the edge label to the previous vertex
is (a + 1) mod d,, = ((a@ + 1) mod 3d,) mod d,,. Moreover, agent A visited both v and the neighbor
of v incident to the edge with label (a + 1) mod d,,. Thus, both invariants hold after iteration i in this
case.

The case that [; = 1is analogous except that edges with label [; = 1in G, lead from a vertex (v, a)
to a vertex (v, (a—1) mod 3d,). The equivalent movement of A in G is achieved by the sequence —1, 0
(line 9 in Algorithm 2.1).

So assume that agent A, in step i traverses an edge with label /; = 2 from a vertex (v, a) to a
vertex (v, a’). This means that there is an edge {v,v’} in G with port number a mod d,, atv and port
number a’ mod d, atv’. By assumption, at the beginning of iteration i agent A is at v and a mod d,,
is the label of the edge to the previous vertex. So if A follows the exploration sequence 0 output in
iteration i (line 11 of Algorithm 2.2), then it moves to v’. Now the label to the previous vertex at v’ is
a’ mod d,y and A visited both v and v’ so that both invariants hold again.

Finally, for property (c) in the lemma, we know that the traversal of agent Aeg in Gieg is a closed
walk by Lemma 2.4 and hence the traversal of A in G also is a closed walk by the first invariant.

What is left to show is that A visits at least min{z, n} distinct vertices in G. If Gz has at most 32?
vertices, then A, visits all vertices in Gy by assumption and thus A also visits all vertices in G by
the second invariant. Otherwise, we know that A, visits at least 322 distinct vertices in Greg- Note
that this implies z < n as Gy contains at most 3n(n — 1) vertices.

Assume, for the sake of contradiction, that A visits less than z vertices in G. Let Vreg be the set
of vertices visited by Areg in Greg. As |Vreg| > 322 by assumption, at least one of the two following

cases occurs:

1. The cardinality of V := {v | (v, ) € V,eq for some j } is at least z.

2. There is a vertex v in G such that M := {j | (V,j) € Vreg } has cardinality > 3z.

We show that both cases lead to a contradiction.

Note that by the second invariant agent A visits all vertices in V. Thus, if |V| > z, then A visits
at least z distinct vertices in G, a contradiction.

Assume the second case occurs and let v in G be a vertex such that |[Mz| > 3z. Then we have
[{j modds | j€ Mg| = z implying that agent A visits at least z neighbors of v in G by the second

invariant. This again is a contradiction. O

To make the results above usable for our agents with pebbles, we need more structure regarding
the memory usage of the agent. To this end, we formally define a walking Turing machine with access
to pebbles which we will refer to as a pebble machine. Formally, we can view such a walking Turing
machine as a specification of the general agent model with pebbles described in Section 2.1.2, where
the states of the agent correspond the state of the working tape, the position of the head, and the

state of the Turing machine.
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Definition 2.6. Lets,p,m € N. An (s, p, m)-pebble machine T = (Q,Q, P, m, Sin, 51, Sout» q°) is
an agent A= (3,%,5,0") withaset P = {1,...,p} of p pebbles and the following properties:

(a) The set of states is¥ = Q X {0,1}™ x {0, ..., m — 1}, where each state consists of a Turing state,
the state of the working tape of length m, and a head position on the tape.

(b) In the initial state c* the Turing state is q*, the head position is 0, and the tape has 0 at every

position.

(c) The agent’s transition function §: £ X N x N x 2P x 2P — 3 x (NU {1}) x 2P x 2 is computed

as follows:

(i) The agent first observes its local environment according to the function 8;,: Q X N X N X
2P xof Q that maps a vector (q,dy, 1, Pa, P,,) consisting of the current Turing state, the
degree d,, of the current vertex, the label | of the edge leading back to the vertex last visited,
the set P4 of carried pebbles and the set P, of pebbles located at the current vertex to a new
Turing state q'.

(ii) The agent does computations on the working tape like a regular Turing machine according to
the function 67p: Qx{0, 1} — Qx{0, 1} x{left, right} that maps the tuple consisting of the
current Turing state and the symbol at the current head position (g, a) to a tuple (¢’,a’, d)
meaning that the machine transitions to the new state q’, writes a’ at the current position of
the head and moves the head in direction d; this process is repeated until a halting state§ € Q
is reached (note that we only consider Turing machines that eventually halt).

(iii) It performs actions according to the function Sy Q X 2F x 2P x Nx N — 2P x 2P x N that
maps a tuple (q, P4, P,) containing the current Turing state q, the set of carried pebbles P4
and the set of pebbles P, at the current vertexv to a tuple (P, P,,, ") meaning that it drops
and retrieves pebbles such that it carries P, leaves P, atv and takes the edge locally labeled

byl’.

When considering a pebble machine T = (Q, Q, P, m, &in, 1M, Sout) we will call the Turing states Q
simply states and we will call the set of states ¥ of the underlying agent model configurations. As
the configuration of a pebble machine is fully described by the (Turing) state ¢ € Qr, the head po-
sition, and the state of the working tape, it has sm2™ configurations. We further call a transition of
the agent according to the transition function dry a computation step. Note that an agent remains
at the same vertex and only changes its configuration when performing a computation step.

In the following theorem, we explain how to place pebbles on a closed walk and use them as

additional memory.

Theorem 2.7. There are constants c,c’ € N, such that for every (s, p, 2m)-pebble machine T there

exists a (cs, p + ¢, m)-pebble machine T” with the following properties:

(a) For every graph G with n < 2™/¢" vertices, the pebble machine T’ explores G in a closed walk,
collects all pebbles, returns to the starting vertex and terminates. The overall number of edge

traversals and computation steps needed by the pebble machine T’ is bounded by 2°™.
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(b) Forevery graph G withn > 2™/¢ vertices, T’ reproduces the walk of T in G while the positions of p
of the p+c pebbles correspond to the positions of the p pebbles of T. For the initialization, T’ needs
200m) edge traversals and computations steps. Afterwards, the number of edge traversals and
computation steps needed by the pebble machine T’ to reproduce one edge traversal or computation
step of T is bounded by 2°(™).

Proof. The general idea of the proof is that T’ places the constant number of additional pebbles on a
closed walk w in order to encode the tape content of the pebble machine T. Using these pebbles, T’
can also count the number of distinct vertices on the closed walk w. If the closed walk is too short,
then T already explored the graph and the condition for (a) is satisfied. Otherwise, the closed walk is
long enough to allow for a sufficient number of distinct positions of the pebble and we are in part (b)
of the statement of the theorem.

Let Q be the set of states of T. We define the set of states of T’ to be Q X Q’ for a set Q’, i.e., every
state of T” is a tuple (g, q), where g corresponds to the state of T in the current step of the traversal.
The pebble machine T’ observes the input according to 8y, and performs actions according to oy just
as T, while only changing the first component of the current state. T” uses p pebbles in the same way
as T and possesses a set {pstart> Premps Prexts P0s P15 - - - » Pe—a )} of additional pebbles. The pebble gy is
dropped by T’ right after observing the input according to i, in order to mark the current location
of T during the traversal. The purpose of the pebbles premp and puext Will be explained later. The
other pebbles {po, p1, . . ., pc—4} are placed along a closed walk w to simulate the memory of T, while
the states Q” and the tape of T’ are used to manage this memory.

To this end, we divide the tape of T into a constant number ¢, of blocks of size m/c, each. In the
course of the proof, we will introduce a constant number of variables to manage the simulation of
the memory of T with pebbles. Each of these variables is stored in a constant number of blocks. The
constant ¢y is chosen large enough to accommodate all variables on the tape of T’. By Lemma 2.5,
there is a constant ¢; such that for any r € N there is a Turing machine M with at most c; states
and a tape of length c¢; - r outputting an exploration sequence that gives a closed walk of length at
most 27 visiting at least min{2", n} vertices in any graph with n vertices. Let m; := m/(coc1) and
let mg € N be such that for all m’ € N with m’ > my we have ¢; < 2™/% and 2™/ > 2m’.

In the following, we show how the simulated memory is managed by providing algorithms in
pseudocode (see ?? 2.3-2.8). These can be implemented on a Turing machine with a constant number
of states cale. Let ¢ = max{zz”’o, 2¢cocy + 3, cAlg} and ¢’ := cycq. Note that ¢ only depends on the
constants ¢y, ¢; and cayg, but not on m or p. It is without loss of generality to assume m > my,
because, for m < my, we can store the configuration of the tape of T in the states Q’ of T’, since
¢ > 22mo,

We proceed to show that the computations on the tape of length 2m performed by T according
to the transition function dry can be simulated using the pebbles {pstart, premp» Pos P15 - - - » Pe-4}. The

proof of this result proceeds along the following key claims.

1. We can find a closed walk w containing 2™ distinct vertices so that ¢ — 3 pebbles placed along
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pstart
Po P1 P2 P3 T—\( o s

oo e [e o1 s

b2
(a) Tape memory (b) Memory encoded by pebbles

Figure 2.2: Memory encoding by pebbles on a closed walk. The state of the tape of length 2m = 12in
(a) is encoded by the position of the ¢ —3 = 4 pebbles in (b). The number of the vertices corresponds
to the order of first traversal by the closed walk w starting in 0. The position of each pebble encodes

m; = 3 bits.

this walk can encode all configurations of the tape of T.

2. We can move along w while keeping track of the number of steps and counting the number of

distinct vertices until we have seen 2™ distinct vertices.
3. We can read from and write to the memory encoded by the placement of the pebbles along w.

4. If the closed walk w starts at vertex v and T moves from vertex v to vertex v/, we can move all

pebbles to a closed walk «” starting in v’ while preserving the content of the memory.

1. Finding a closed walk w. Lemma 2.5 yields a Turing machine M,k with ¢; states and a tape
of length m/c, that produces an exploration sequence corresponding to a closed walk w that contains
at least min{n, 2™} distinct vertices and has length at most 2¢™ = 2™/¢%_We use a variable Ryax
of size m/cy for the memory of My,k, which is initially assumed to have all bits set to 0. If 2™ > n,
then the exploration sequence produced by My, is a walk exploring G. Note that by definition
we have m/c’ = mj. So this happens exactly when the condition for (a) in the theorem is satisfied.
Below we will show how to count the number of unique vertices on the closed walk of My 1. Hence,
the pebble machine T’ can initially walk along the closed walk @ counting the number of distinct
vertices. If this number is smaller than 2™, we know that we have visited all vertices of G so that
we can collect all pebbles and return to the pebble pgiart, which has not been moved and therefore
marks the starting vertex of T. We show at the end of the proof that this takes at most 2™ edge
traversals and computation steps.

From now on, we can therefore assume that o contains at least 2™ distinct vertices. We need to
show that ¢ — 3 pebbles placed along the walk  can be used to encode all of the 22™ configurations
of the tape of T. Figure 2.2 shows how each pebble encodes a certain part of the tape of T. The
idea is that each pebble can be placed on one of 2™ different vertices, thus encoding exactly my bits.
We divide the tape of length 2m into 2m/m; = 2cyc; parts of size m; each, such that the position of
pebble p; encodes the bits {imy, ..., (i + 1)m; — 1}, where we assume the bits of the tape of T to be

numbered 0,1...,2m — 1. As ¢ > 2¢y¢; + 3, we have enough pebbles to encode the configuration of
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Algorithms 2.3: Auxiliary functions for moving along the closed walk w.

1 function sTEP()
2 traverse edge according to value of exploration sequence output by My,a1k

3 Rsteps — Rsteps +1

4 function FINDPEBBLE(p;)

5 while not oBSERVE(p;) do
6 L STEP()

7 function RESTART()

8 FINDPEBBLE(Dstart)

9 Rsteps «—0

10 Rg«0

11 Ryalk < 0

the tape of T.

2. Navigating o. Let Rgeps be a variable counting the number of steps along @ and Rjq be
a variable for counting the number of unique vertices visited along w after starting in the vertex
marked by pstare. Note that Ryy gives a way of associating a unique identifier to the first 2™ distinct
vertices along w. As m; < m/cy holds, m/c, tape cells suffice for counting the first 2™ distinct
vertices along . The overall number of steps along the closed walk is bounded by 2™/ and therefore
m/cy tape cells also suffice for counting the steps along .

It remains to show that we can move along the closed walk w while updating Rieps and Riq,
such that, starting from the vertex marked by piart, the variable Rgeps contains the number of steps
taken and Ry contains the number of distinct vertices visited. Let DrRoP(p;) denote the operation of
dropping pebble p; at the current vertex, PICKUP(p;) the operation of picking up p; from the current
vertex if possible, and let OBSERVE(p;) be “true” if and only if pebble p; is located at the current
vertex. Consider the auxiliary functions shown in Algorithms 2.3. The function sTEP() moves one
step along w and updates Rgeps accordingly. The function FINDPEBBLE(p;) moves along « until it
finds pebble p;. The function RESTART() goes back to the starting vertex marked by pstart, sets both
variables Rgeps and Rig to 0, and restarts M1 by setting the variable Ry to 0. Finally, the function
NEXTDISTINCTVERTEX() in Algorithm 2.4 does the following: If the number of distinct vertices visited
is already 2™, then we go back to the start. Otherwise, we continue along « until we encounter a
vertex we have not visited before. We repeatedly traverse an edge, drop the pebble pierp, store the
number of steps until reaching that vertex, then we restart from the beginning and check if we can
reach that vertex with fewer steps. If not, we found a new distinct vertex. Note that we use the

auxiliary variables R/, . and R’ . , which both need a constant number of blocks of size mg/co.

steps walk’
3. Reading from and writing to simulated memory. We show how to simulate the changes

to the tape of T by changing the positions of the pebbles along w. The transition function dpp of T
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Algorithm 2.4: Moving along the closed walk o while updating Rteps and Rig.

Input: local environment observed by pebble machine T’

1 function NEXTDISTINCTVERTEX()

2 if Rjy = 2™ — 1 then
3 RESTART()

4 return

5 | Rig < Rig+1

6 R;teps — Rsteps

7 repeat

3 STEP()

9 Réteps — Réteps +1
10 DROP(Piemp)

11 R\,valk < Ryalk

12 RESTART()

13 FINDPEBBLE(Ptemp)
14 PICKUP(Ptemp)

15 Ryl < R\/valk
6 | until Ryieps = R;teps

determines how T does computations on its tape and, in particular, how T changes its head position.
We use a variable Rpeaq of size m/cy to store the head position. By assumption, m > mg and therefore
2m/% > 2m, ie., the size of Rheaq is sufficient to store the head position. In order to simulate one
transition of T according to 1y, we need to read the bit at the current head position and then write
to the simulated memory and change the head position accordingly. Reading from the simulated
memory is done by the function READBIT() in Algorithm 2.7 and writing of a bit b to the simulated
memory is performed by the function wrITEBIT(b) in Algorithm 2.8.

First, let us consider the two auxiliary functions GETPEBBLEID(p;) and PUTPEBBLEATID(p;, id)
(cf. Algorithms 2.5 and 2.6). As the name suggests, the function GETPEBBLEID(p;) returns the unique
identifier associated to the vertex marked by p;. Recall that vertices are indistinguishable. Here,
unique identifier refers to the number of distinct vertices on the walk o before reaching the vertex
marked with p; for the first time. Given an identifier id, we can use the function PuTPEBBLEATID(p;,id)
for placing pebble p; at the unique vertex corresponding to id. By the choice of our encoding, if
Rhead = i-mq + jwith j € {0,...,m; — 1}, then the j-bit of the binary encoding of the position of
pebble p; encodes the contents of the tape cell specified by Rpead. Thus, for reading from the simulated
memory, we have to compute i and j and determine the position of the corresponding pebble in the
function READBIT(). For the function wWrITEBIT(D), we also compute i and j. Then, we move the
pebble p; by 2/ unique vertices forward if the bit flips to 1 or by 2/ unique vertices backward if the
bit flips to 0.
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Algorithm 2.5: Reading position of a pebble on the closed walk w.
Input: pebble p;

Output: identifier id € {0, ...,2™ — 1} corresponding to position of pebble p;

1 function GETPEBBLEID(p;)

2 RESTART()

3 while not OBSERVE(p;) do

4 L NEXTDISTINCTVERTEX()
5 return Ry

Algorithm 2.6: Putting a pebble at a specific position on the closed walk w.
Input: pebble p;, identifier id € {0,...,2™ —1}

1 function PUTPEBBLEATID(p;, id)

2 FINDPEBBLE(p;)

3 PICKUP(p;)

4 RESTART()

5 while id>0 do

6 ide—id-1

7 L NEXTDISTINCTVERTEX()
8 DROP(p;)

4. Relocating @. When T moves from a vertex v to another vertex v/, the walk w and the pebbles
on it need to be relocated. Recall that T’ marked the current vertex v with the pebble pstarr. After
having computed the label of the edge to v/, T’ drops the pebble pyext at v'. Then T’ moves the
pebbles placed along the walk w to the corresponding positions along a new walk «’ starting atv’ in
the following way. We iterate over all ¢ —3 pebbles and for each pebble p; we start in v, determine the
identifier id of the vertex marked by p; via GETPEBBLEID(p;), pick up p;, move to ppext and place p;
on w’ using the function PUTPEBBLEATID(p;, id). In this call of PUTPEBBLEATID(p;, id) all occurrences
of pstart are replaced by ppext- This way, we can carry the memory simulated by the pebbles along
during the graph traversal.

Thus, we have shown the first part of (a) and (b), i.e., T either explores G or it can simulate the
traversal of T in G while using a tape with half the length, but ¢ additional pebbles and a factor of
c additional states.

Finally, we bound the number of edge traversals and computation steps in both (a) and (b).
First, we bound the number of edge traversals that T’ needs for simulating one computation step
of T. Recall that T’ needs at most 2™/ < 2™ edge traversals for moving once along the whole
closed walk w. A call of the function STEP() corresponds to one edge traversal, a call of FINDPEB-

BLE(p;) thus corresponds to at most 2™ edge traversals and also a call of RESTART() corresponds
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Algorithm 2.7: Reading the bit at the current head position from the simulated memory.

Output: bit b € {0, 1} at current head position of the simulated memory

1 function READBIT()

2 i < | Rneaa/mi]
3 J < Rheaa —my i
4 id « GETPEBBLEID(p;)

5 return j-th bit of id (in binary)

Algorithm 2.8: Writing the bit b to the simulated memory at the current head position.

Input: bit b € {0, 1} to be written to simulated memory at current head position

1 function WrITEBIT(D)

2 i < [Rnead/mi]

3 | j¢ Rhead—mi1-i

4 id < GETPEBBLEID(p;)

5 if b = 1 and ReAaDBIT() = 0 then

6 ‘ id «—id + 2/

7 else if b = 0 and READBIT() = 1 then
s | | ideid-2

9 PUTPEBBLEATID(p;,id)

to at most 2™ edge traversals. Moreover, one iteration of the loop in NEXTDISTINCTVERTEX() ac-
counts for at most 2™ edge traversals and therefore executing the whole function results in at most
2™ .2m = 22™M edge traversals. This means that one call of GETPEBBLEID(p;) or PUTPEBBLEATID(p;,id)
incur at most 290 edge traversals and this also holds for READBIT() and WRITEBIT(b). Hence, for
every computation step performed by T according to dtp;, the pebble machine T’ performs actions
according to READBIT() and WRITEBIT(D) and overall does at most 20(m) edge traversals. The above
argument also shows that at most 2™ edge traversals are necessary to count the number of distinct
vertices on the closed walk w at the beginning.

Next, let us bound the number of edge traversals that T’ needs for reproducing one edge traversal
of T. This means that we need to count how many edge traversals are necessary to relocate all
pebbles placed along the walk w to the new walk w’. For every pebble p;, we call GETPEBBLEID(p;)
which results in at most 2™ edge traversals, we pick up p; and move to ppexr Which again needs
at most 2™ edge traversals, and place p; on w’ using the function PUTPEBBLEATID(p;, id) which also
needs 2™ edge traversals. Overall, this procedure is done for a constant number of pebbles and hence
requires at most 290™ edge traversals.

Next we bound the number of computation steps of T’ by using the bounds on the number of

edge traversals. Recall that the state of T’ is a tuple (g, ¢"), where q corresponds to the state of T.

42



2.2 Exploration Algorithms

In the computation only the second component of the state of T’ changes and therefore there are
only at most c possible states. The tape length and number of possible head positions of the Turing
machine is m. Since we may assume without loss of generality that m > 2, we can bound the number
of distinct configurations of T in each computation by 2™, Hence, after every edge traversal T’
does at most 2™ computation steps. This implies that in part (a) of the theorem, the number of
computation steps is bounded by 29" because the number of edge traversals is bounded by 20(™ as
shown above. Similarly, in part (b) of the theorem the total number of computation steps after 20™
edge traversals is bounded by 29™. Since m > 2 this means that also the sum of computation steps
and edge traversals can be bounded by 290" both for one computation step and one edge traversal
of T. O

Finally, we show that by recursively simulating a pebble machine by another pebble machine
with half the memory but a constant number of additional pebbles we can explore any graph with

at most n vertices while using O(log log n) pebbles and only O(log log n) bits of memory.

Theorem 2.8. Any connected undirected graph on at most n vertices can be explored by an agent in a
polynomial number of steps using O(log log n) pebbles and O(log log n) bits of memory. The agent does

not require n as input and terminates at the starting vertex with all pebbles after exploring the graph.

Proof. Let ¢,c¢’ € N be the constants from Theorem 2.7. Let r € N be arbitrary and consider a
(c,0,c’2™*1)-pebble machine T that simply terminates without making a computation step or edge
traversal. Applying Theorem 2.7 for the pebble machine T(") gives a (c?, ¢, ¢’2")-pebble machine Trm
with the following properties. If n < 22", then Tr(r) explores the graph and returns to the starting
vertex. If, on the other hand, n > 22°, then T,(r) reproduces the walk of 7™ (which in this case is
of course trivial). Note that these properties hold even though the number n of vertices is unknown
and, in particular, not given as input to Tr(r).

Applying Theorem 2.7 iteratively, we obtain a (¢"*27%, (r + 1 — i)c, ¢’2")-pebble machine Tl.<r) for
alli € {0,...,r — 1} that reproduces the walk of Tl.(ﬁ or it already explores the given graph and
returns to the start vertex. For a graph G with n < 2%, T,(r) explores G and returns to the start
with all pebbles and terminates. Thus for such a graph G it does not matter which case occurs when
applying Theorem 2.7, as in both cases we can conclude that Tl.(r) fori € {0,...,r — 1} explores the
graph, returns with all pebbles to the start vertex and terminates.

If we have n > 22", then n > 22’ holds for all i € {0,...,r — 1} and in particular Tér) reproduces
the walk of T") in G, i.e., remains at the starting vertex and terminates.

The desired pebble machine T exploring any graph G with O(log log n) pebbles and O(log log n)
bits of memory works as follows: We have a counter r, which is initially 1 and is increased by one
after each iteration until the given graph G is explored. In iteration r, pebble machine T does the same
as the (c"*2, (r + 1)c, ¢’)-pebble machine Tér) until it terminates. The pebble machine T terminates
as soon as for some r € N the pebble machine To(r) recognizes that it explored the whole graph. This

happens when r = [loglogn] + 1. Hence, T uses at most O(log log n) pebbles.
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Concerning the memory requirement of T, note that T needs to store the state of Tér), the tape
content of Tér) and the current value of r. There are c¢"*? states of the pebble machine Tér), its tape
length is ¢’ and r < [loglogn] + 1 in every iteration, so that T can be implemented with O(log log n)
bits of memory.

It is left to show is that the number of edge traversals of T in the exploration of a given graph G
with n vertices is polynomial in n. To this end, we first show that the number of edge traver-
sals of the pebble machine Tér) is bounded by n® for all r € {1,...,[loglogn] + 1}. Let r €
{1,...,loglogn] + 1} be arbitrary and let ; denote the sum of the number of edge traversals
and computation steps of Tl.(r) in the given graph G. The pebble machine T,(r) has a tape of length
of m = ¢’2". Applying Theorem 2.7, we get that either Tr(r) explores G and uses at most 200™ edge
traversals and computation steps or T,(r) simulates the walk of a pebble machine that does not make a
single edge transition and uses at most 29" edges traversals and computation steps. In both cases,

we obtain

t < 20@") < 20(21°g1°g") — 9O0logn) _ ,0(1)

This shows the desired bound for t,. Furthermore, one computation step or one edge traversal of
Tl.(r) leads to at most 20(¢"2") = 202" ¢dge traversals and computation steps of Tl.(z by Theorem 2.7.

Hence, we obtain
tig <2002 vie{1,..., [loglogn] +1}. (2.3)
By iterative application of (2.3), we obtain

i [loglog n]+1 ,; [oglog n]
to < 20(1)2 Hh<...< 20(1)21':1 2 't[loglogn]+1 < 20(1)2 o -no(l) < n0<1).

Thus, the number of edge traversals #; of Tér) is polynomial in n. As T performs at most n9)

edge
traversals according to Tér) for at most [loglog n] + 1 distinct values of r, the overall number of edge

traversals of T is also bounded by n®®. O

Since an additional pebble is more powerful than a bit of memory (Lemma 2.1), we obtain the

following direct corollary of Theorem 2.8.

Corollary 2.9. Any connected undirected graph on at most n vertices can be explored by an agent
in a polynomial number of steps using O(loglog n) pebbles and constant memory. The agent does not

require n as input and terminates at the starting vertex with all pebbles after exploring the graph.

Since an additional agent is more powerful than a pebble (Lemma 2.2), we obtain the following

direct corollary of Theorem 2.8 and Corollary 2.9.

Corollary 2.10. Any connected undirected graph on at most n vertices can be explored in polynomial
time by a set of O(loglog n) agents with constant memory each. The agents do not require n as input

and terminate at the starting vertex after exploring the graph.
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Remark2.11 The agentin Theorem 2.8 requires O(log log n) bits of memory and the agents in Corol-
lary 2.9 and Corollary 2.10 only O(1) bits of memory. An interesting question is how much memory

is necessary to fully encode the transition function
§:IxNxNx2Px2P 5 2x(Nu{L})x2F x 2",

of an agent (see Section 2.1.2). Naively encoding it as a table with a row for every possible state,
vertex degree, previous edge label and possible combination of O(loglogn) pebbles/agents at the
current vertex takes (log n)® bits of memory.

However, we can obtain a much more compact encoding by exploiting the specific structure of
our algorithm: First of all, we never explicitly use the degree of the current vertex. Moreover, the
Turing machine from Lemma 2.5 that we internally use produces an exploration sequence of the
form {-1,0,1}*. This means that our transition function can be expressed more concisely if we
would allow in our model to specify transitions relative to the label of the previous edge.

Furthermore, our algorithm only interacts with a constant number of pebbles in every level of
the recursion (cf. Theorem 2.7). We can express the state of T in the proof of Theorem 2.8 as a vector,
where each component encodes the state in a different level of the recursion. In every transition,
only two consecutive entries of this vector can change, as one level of recursion only interacts with
the level of recursion below to access the simulated memory.

Since there are only a constant number of states per recursive level, and only a constant number
of pebbles involved, all transitions regarding two consecutive levels can be encoded in constant
memory. If we therefore explicitly encode all O(log log n) levels of recursion and additionally allow
to only give the edge label offset in the transition function, the entire transition function can be

encoded with O(log log n) bits of memory.

2.3 Lower Bounds

In this section, we present a general lower bound relating the memory requirement and number of
collaborating agent needed for collaborative exploration. Specifically, we show that for a set of coop-
erative agents with sublogarithmic memory of O((log n)!~¢) for some constant ¢ > 0, Q(log log n) agents
are needed to explore any undirected graph with n vertices. In light of our reduction presented
in Section 2.1.4, this implies that an agent with sublogarithmic memory needs Q(loglog n) pebbles
to explore any n-vertex graph.

To prove the lower bound, we use the concept of an r-barrier introduced in Definition 2.12.
Informally, an r-barrier is a graph with two special entry points such that any subset of up to r
agents with s states cannot reach one entry point when starting from the other. Moreover, a set of
r+1 agents can explore an r-barrier, but the agents can only leave the barrier via the same entry point.
We construct an r-barrier by replacing every edge of a graph G by a (r — 1)-barrier. The resulting
graph has the property that a set of r agents traversing this graph needs to stay close to each other to

be able to traverse the barriers and make progress, as shown in Lemma 2.18. However, if the agents
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Figure 2.3: The r-barrier B on the left with two distinguished edges {u, v}, {u’,v’} can be connected
to an arbitrary graph G, as shown on the right.

stay close to each other, the states and relative positions of the agents repeat and their behaviour
becomes periodic. This property is formally expressed in Lemma Lemma 2.19. In Theorem 2.20, we
then show how to use these two key properties in order to construct an r-barrier for a set of k agents
given an (r — 1)-barrier.

By carefully bounding the size of the r-barriers in our recursive construction via Lemma 2.22, we
obtain a trap of size O(szsk) for any given set of k agents with at most s states each (Theorem 2.24).
In Theorem 2.25, we show that the size of the trap directly implies that the number of agents with at
most O((log n)!7¢) bits of memory needed for exploring any graph of size n is at least Q(log log n).

The graphs involved in our construction are 3-regular and allow a labeling such that the two
port numbers at both endpoints of any edge coincide. We therefore speak of the label of an edge and
assume the set of labels to be {0, 1, 2}.

The most important building block for our construction are barriers. Intuitively, a barrier is a
subgraph that cannot be crossed by a subset of the given set of agents. To define barriers formally,
we need to describe how to connect two 3-regular graphs. Let B be a 3-regular graph with two
distinguished edges {u,v} and {u’,v’} both labeled 0, as shown in Figure 2.3. An arbitrary 3-regular
graph G with at least two edges labeled 0 can be connected to B as follows: We remove the edges {u,v}
and {u’,v’} from B and two edges labeled 0 from G. We then connect each vertex of degree 2 in G

with a vertex of degree 2 in B via an edge labeled 0.

Definition 2.12. For1 < r < k, the graph B is an r-barrier for a set of k s-state agents A if for all
graphs G connected to B as above, the following two properties hold:

(a) For all subsets of agents A’ C A with |A’| < r and every pair (a,b) in {u,v} x {u’,v'} the
following holds: If initially all agents A are at vertices of G, then no agent in the set A’ can
traverse B from a to b or vice versa when only agents in A’ enter the subgraph B at any time
during the traversal. We equivalently say that no subset of r agents can traverse B from a to b or

vice versa.

(b) Whenever a subset of agents A’ C A with|A’| = r+1 enters the subgraph B during the traversal,

all agents in A’ leave B either via u andv or viau’ andv’ if no other agents visit B during this
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Figure 2.4: Constructing a trap given two k-barriers H; and H,.

traversal. In other words, the set of agents A’ cannot split up such that a part of the agents leaves B

via u orv and the other part viau’ orv’.
A k-barrier immediately yields a trap for a set of agents.

Lemma 2.13. Given a k-barrier with n vertices for a set of k agents A, we can construct a trap with

2n + 4 vertices for A.

Proof. Let Hy and H, be two copies of a k-barrier for the set of agents A with distinguished edges {u;,v;},
{u;,v;} of H;. We connect the two graphs and four additional vertices, as shown in Figure 2.4. If the
agents start in the vertex v, then none of the agents can reach u] or v] via the k-barrier H; or via
the k-barrier H;. Thus the agents A do not explore the graph. The constructed trap for the set of

agents A contains 2n + 4 vertices. O

Our goal for the remainder of the section is to construct a k-barrier for a given set of k agents A
and to give a good upper bound on the number of vertices it contains. This will give an upper bound
on the number of vertices of a trap by Lemma 2.13. The construction of the k-barrier is recursive.
We start with a 1-barrier which builds on the following useful result by Fraigniaud et al. [Fra+06b]
stating that, for any set of non-cooperative agents, there is a graph containing an edge which is not
traversed by any of them. A set of agents is non-cooperative if the transition function §; of every
agent A; is completely independent of the state and location of the other agents, i.e., §; is independent

of o_;, see Section 2.1.3.

Theorem 2.14 ([Fra+06b, Theorem 4]). For any k non-cooperative s-state agents, there exists a 3-
regular graph G on O(ks) vertices with the following property: There are two edges {v1,v2} and {vs,v4}
in G, the former labeled 0, such that none of the k agents traverses the edge {vs,v4} when starting inv;

orv,.

We proceed to generalize this construction towards arbitrary starting states and collaborating

agents.
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Figure 2.5: A 1-barrier B for A for the case that [ € {1, 2}.

Lemma 2.15. For every set of k collaborating s-state agents A, there exists a 1-barrier B with O(ks?)
vertices. Moreover, B remains a 1-barrier even if for alli € {1,...,k} agent A; starts in an arbitrary

state o € %; instead of the starting state o7 .

Proof. Let A = {Ay,...,Ar}, let I; be the set of states of A; and let o be its starting state. For
alli € {1,...,k} and all o € 3;, we define agent A(ig) to be the agent with the same behavior as A;,
but starting in state o instead of o;. That is, A(l.a) has the same set of states 3; as A; and it transitions
according to the function §; of A;. Moreover, let S := {A(ig) lie{1,...,k}, 0 €3;}.

Applying Theorem 2.14 for the set of agents S yields a graph H with an edge {v1, v} labeled 0 and
an edge {vs,v4} labeled I € {0, 1, 2} so that any agent AS.U) that starts in vy or v, does not traverse the
edge {vs,v4}. Let B be the graph consisting of two connected copies of H and 8 additional vertices,
as illustrated in Figure 2.5. The edges {v1,v2} and {v{,v,} are replaced by {v1,v]} and {v,,v;}, which
are also labeled 0. The edges {v3,v4} and {v;,v;} with label [ are deleted and v3 and v4 are connected
each to one of the two two-degree vertices of a diamond graph by an edge with label I. The same
connection to a diamond graph is added for v; and v as shown in Figure 2.5. The edge labels of the
two diamond graphs are arbitrary. Since each diamond graph has two vertices of degree three, each
diamond graph has at least one edge with label 0. We choose one edge with label 0 and call the end
vertices u and v (resp. u’,v’). Note that in Figure 2.5 we have [ € {1, 2}; for the case that [ = 0 the
edge {u,v} is the unique edge between the two vertices that are not adjacent to vs or vs.

We claim that B is a 1-barrier for A with the distinguished edges {u,v} and {u’,v’}. Assume for
the sake of contradiction, that property (a) of the 1-barrier does not hold, i.e., there is a graph G that
can be connected to B via the pairs of vertices {u,v} and {u’,v’} so that if the agents A start in G in
an arbitrary state, there is an agent A; that walks (without loss of generality) from u to v’ in B while
there are no other agents in B. Then A; in particular walks from v] or v;, tov; orv; in H' and starts
this walk in a state o € X;. But the traversal sequence of A; in H’' is the same as that of Ag.g) that
starts at v or v;. This would imply that A(ia) traverses the edge {vs,v4} in the original graph H when
starting in v; or vo, which contradicts Theorem 2.14.

To prove property (b) of a 1-barrier, assume that there is a set of two agents, such that both
enter B during the traversal and one of them exits B via u or v and the other via u” or v’. But then
again one of the agents must have traversed H starting in vy or v, in a state o and finally traversed

the edge with label [ incident to v5 or v4 or similarly in H’ with v{,v;,v;,v;. This leads to the same
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contradiction as above.

The whole proof does not use the specific starting states of the agents A and, in particular, the
definition of S is independent of the starting states of the agents. Consequently, B is a 1-barrier for A
even if we change the starting states of the agents.

Since every agent has s states, we obtain that the cardinality of S is bounded by O(ks) and, hence,
the graph B has O(ks?) vertices by Theorem 2.14. O

The proof of Theorem 2.14 in [Fra+06b] uses the fact that when traversing a 3-regular graph the
next state of an s-state agent only depends on the previous state and the label I € {0, 1, 2} of the edge
leading back to the previous vertex. Thus, after at most 3s steps, the state of the agent and therefore
also the next label chosen need to repeat with a period of length at most 3s. For cooperative agents,
however, the next state and label that are chosen may also depend on the positions and states of the
other agents. We therefore need to account for the positions of all agents when forcing them into a
periodic behavior. To this end, we will consider the relative positions of the agents with respect to
a given vertex v. For our purposes, it is sufficient to define the relative position of an agent A; by
the shortest traversal sequence, i.e., the traversal sequence corresponding to a shorted path, leading

from v to the location of A;. This motivates the following definition.

Definition 2.16. The configuration of a set of k agents A = {Ai, ..., Ax} in a graph G with respect
to a vertexv is a (3k)-tuple (01,11, 71,00, 12,12, . . ., Ok, Lk, ), where o; is the current state of A;, I; is
the label of the edge leading back to the previous vertex visited by A; and r; is the shortest traversal
sequence fromv to A;, where ties are broken in favor of lexicographically smaller sequences and where

we set r; = L if the location of A; isv.

In order to limit the number of possible configurations, we will force the agents to stay close
together. Intuitively, we can achieve this for any graph G by replacing all edges with (k — 1)-barriers.
This way, only all agents together can move between neighboring vertices of the original graph G.
To formalize this, we first need to explain how edges of a graph can be replaced by barriers. Since

our construction may not be 3-regular, we need a way to extend it to a 3-regular graph.

Definition 2.17. Given a graph G, with vertices of degrees 2 and 3, we define the 3-regular exten-
sion G as the graph resulting from copying G and connecting every vertexv of degree 2 to its copyv’.
As the edges incident tov andv’ have the same labels, it is possible to label the new edge {v,v’} with a

locally unique label in {0, 1, 2}.

Note that the 3-regular extension only increases the number of vertices of the graph by a factor
of 2. Given a 3-regular graph G and an r-barrier B for a set of k agents A with k > r, we replace
edges of G using the following construction. First, for every [ € {0, 1, 2} we replace every edge {a, b}
labeled [ with the gadget B(I) shown in Figure 2.6, and we call the resulting graph G;(B). By con-
struction, the labels of the edges incident to the same vertex in G;(B) are distinct. However, certain
vertices only have degree 2. We take the 3-regular extension of G;(B) and define the resulting graph
as G(B) := m
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Figure 2.6: An edge {a, b} labeled [ is replaced with the gadget B(I) containing an r-barrier B. Only
the dotted edges incident to aq and by that are not labeled [ are part of the gadget. Consequently, the

gadget contains two vertices of degree 2. The vertices a and b are macro vertices of the graph G(B).

The graph G(B) contains two copies of G1(B). To simplify exposition, we identify each vertex v
with its copy v’ in G(B). Then, there is a canonical bijection between the vertices in G and the vertices
in G(B) which are not part of a gadget B(I). These vertices can be thought of as the original vertices
of G, and we call them macro vertices.

We now establish that the agents always stay close to each other in the graph G(B).

Lemma 2.18. Let G be a connected 3-regular graph and let B be a (k — 1)-barrier for a set of k agents A
with s states each. Then, the following statements hold for the graph G(B):

(a) For all edges {v,v'} in G no strict subset A’ & A of the agents can get from macro vertexv to
macro vertex v’ in G(B) without all other agents also entering the gadget B(l) betweenv andVv’,
wherel € {0, 1, 2}.

(b) At each step of the walk of A in G, there is some macro vertexv such that all agents are atv or in

one of the surrounding gadgets B(0), B(1) and B(2).

Proof. For the sake of contradiction, assume that there is a strict subset of agents A’ C A that
walks from a macro vertex v in G(B) to a distinct macro vertex v’ without the other agents entering
the gadget between v and v’ at any time during the traversal. The graph G(B) contains two copies
of G1(B), but all vertices in the (k — 1)-barriers within G;(B) have degree 3. Thus, A’ must have
traversed some (k — 1)-barrier B while only agents in A’ enter B at any time of the traversal. This is
a contradiction, as |[A’| < k — 1 and B is a (k — 1)-barrier. Therefore, the agents A need to all enter
the gadget between v and v’ to to get from a macro vertex v to a distinct macro vertex v’. This shows
the first part of the claim.

For the second part of the claim, note that because of property (b) of the barrier B the agents
cannot split up into two groups such that after the traversal of the gadget between v and v’ one
group is at v (or one of the vertices at distance at most 4 from v which are not part of the barrier B)
and the other group is at v’ (or one of the vertices at distance 4 from v’ which are not part of the
barrier B). This implies that if we consider the positions of the agents after an arbitrary number of
steps and let v be the macro vertex last visited by an agent in A, then all agents must be located at v

or one of the three surrounding gadgets. O
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Figure 2.7: A macro vertex v in a graph G(B) surrounded by the three gadgets B(0), B(1) and B(2).

We will frequently consider the configuration of A in a graph of the from G(B) with respect
to some macro vertex v. Recall from the definition that the graph G(B) contains two copies of the
graph G;(B) and actually there exists a macro vertex v and a copy v’. Thus, when we talk about
configurations of A in G(B) with respect to some macro vertex v, we mean that we consistently
choose one of the copies G;(B) and consider the configuration of A with respect to the macro vertex
in this copy.

Let B be a (k — 1)-barrier for a set of k cooperative s-state agents A = {A;,...,Ax} that all
start in some macro vertex vy of G(B). Iteratively, define t, = 0 and ¢; to be the first point in time
after t;_1, when one of the agents in A visits a macro vertex v; distinct fromv;_;. Thenv; is a neighbor
of v;_; in G and by Lemma 2.18, all agents are at v; or one of the incident gadgets. The sequence of
macro vertices vy, vy, . . ., which is a sequence of neighboring vertices in G, yields a unique sequence
of labels Iy, I, ... of the edges between the neighboring vertices in G, which we call the macro
traversal sequence of A starting in vertex vy in G(B). Note that the macro traversal sequence may
be finite.

Consider the traversal sequence ly, I, . . . of a single agent in a 3-regular graph G and the traversal
sequence [}, ], ... of the same agent in another 3-regular graph G’. If the state of the agent and label

of the edge to the previous vertex in G after i steps is the same as the state in G’ after j steps, then
the traversal sequences coincide from that point on, ie., l;15 = l;+h holds for all h € N. The reason
is that the graphs we consider are 3-regular and the label of every edge {u,v} is the same at u and
at v. Therefore, once the state and label to the previous vertex are the same, the agent makes the
same transitions as it can gain no new information while traversing the graph. We want to obtain a
similar result for a set of agents. However, in general it is not true that if the configuration of a set
of agents in a graph G after i steps is the same as after j steps in G’, then the next configurations and
chosen labels of each agent coincide. This is because an agent can be used to mark a particular vertex
and this can be used to detect differences in two 3-regular graphs G and G’. For instance, one agent
could remain at a vertex v while the other one walks in a loop that is only part of one of the graphs

and this may lead to different configurations. That is why we consider graphs of the form G(B). In
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these graphs, all macro vertices look the same, as they are surrounded by the same gadgets, and the
agents have to stay close together, making it impossible for the agents to detect a loop that is part of
one of the graphs, but not the other. This intuition is formally expressed in the following technical

lemma.

Lemma 2.19. Let B be a (k — 1)-barrier for a set of k s-state agents A, and let G and G’ be two 3-
regular graphs. Letvg,vy, ... be the sequence of macro vertices visited by A in G(B), let ly, Iy, . .. be the
corresponding macro traversal sequence, let ty = 0, and let t; be the first time after t;_, that an agent
in A visitsv;. Letvy,vy,... and I}, 1], ... and t] be defined analogously with respect to G'(B). If there
aret € {tj,...,tis1 — 1} andt’' € {t/,..., tJf+l — 1} for some i, j € N, such that after t steps in G(B)
the configuration of A with respect tov; is the same as after t’ steps in G'(B) with respect tov}, then:

(a) We havel;,p, = l}+h forallh € N.

(b) The configuration of A in G(B) after t;.p steps with respect tov;,y is the same as configuration
of A in G’(B) after tjf+h steps with respect to v}’.+h forallh € N, h > 0.

Proof. In order to simplify the notation of the proof, we abuse notation and overwrite the definition
of t; and tJf by setting ¢; := t, tjf := t’. By induction on h € N, we show that the configuration of A
after t;,p steps in G(B) with respect to v;,; is the same as the configuration of A after t]f ., Steps
in G’(B) with respect to v]’.+h. The induction step also shows that we have [;,5 = l}+h forall h € N.

For h = 0 we have by assumption (and as we redefined ¢; and tjf) that after ¢; steps in G(B) the
configuration of A with respect to v; is the same as after ] steps in G’(B) with respect tov’.

Now, assume that the statement holds for some 4 € N. The idea of the proof is that, in between
visits to macro vertices, the agents behave the same in the two graphs and, in particular, they traverse
the same gadget B(l) in both settings in such that ;5 = l]f+h.

The graphs G(B) and G’(B) locally look the same to the agents in v;,j and v]’. .5, @s both macro
vertices are surrounded by the same gadgets, as shown in Figure 2.7. Formally, there is a canonical
graph isomorphism y from the induced subgraph of G(B) containing v;. and all surrounding gadgets
to the induced subgraph of G’(B) containing v;. ., @nd all surrounding gadgets. Moreover, y respects
the labeling and maps v;,j to v}f .+ As the configuration of A after t;,,, steps with respect to v;,p
is the same as the configuration of A after t]f ., Steps with respect to vJ’. . the isomorphism also
respects the positions of all the agents. Asv;,p4; is the first macro vertex visited after v;, 5, all agents

are at v;4, or any of the surrounding gadgets until the agents A reach v;, 5.1 by Lemma 2.18. The

’

ki1 Iteratively, for ¢ = 0, 1, .. . the following holds until the agents reach

same holds forv’ , andv
j+h

’ .
the next macro vertex v; 41 Or Vihat!

1. For every agent A € A, the state of A and the edge label to the previous vertex after t;., + ¢
steps in G(B) is the same as the state of A and the edge label to the previous vertex after t]f L te
steps in G’(B).

2. The isomorphism y maps the position of every agent A € A after t;,j + c steps in G(B) to the
position of A after t]f+h + ¢ steps in G’(B).
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’

This implies that macro verticesv;., andv;, 41 are connected with the same gadget as v;. .pand Vi

ie, iy, = l_]/'+h. Furthermore, there is ¢ such that t;,5,; = t;45 + € and t]f =t/ . + ¢. Moreover,

+h+1 j+h
the configuration of A with respect to v, 51 after t;,p4; steps is the same as with respect to v;.+ e
7
after tyhs Steps. O

Let 2 < r < k. In order to construct an r-barrier B’ for a set A of k cooperative s-state agents
given an (r — 1)-barrier B, we need to examine the behavior of all subsets of r agents. There are (’: )
subsets of 7 agents and the behavior of two different subsets of r agents may be completely different.
We denote these (’:) subsets of r agents by ﬂ(r), R ﬂzz))

Assume, we have an (r — 1)-barrier B for a set of kragents A. Forl <j< (]:), consider the
behavior of only the subset of agents ﬂ](.r) in a graph of the form G(B). Let v, vy, . . . be the sequence
of macro vertices, Iy, [, . . . the corresponding macro label sequence, t, = 0, and t; be the first time
after t;_; that an agent in ﬂ](.r) visits v;. Between steps t;_; and ¢; all agents are located atv;_; or one
of the surrounding gadgets B(0), B(1), B(2) by Lemma 2.18. Thus, the number of possible locations
of the agents can be bounded in terms of the size of the gadgets B(0), B(1), and B(2). In addition,
every agent has at most s states. Therefore the number of configurations of ﬂj(.r) with respect to v;
between steps t;_; and t; can also be bounded in terms of s and the size of the gadgets. In particular,
this bound is independent of the specific subset of agents ﬂ;r) . For a sufficiently large number of
steps, a configuration must repeat and, by applying Lemma 2.19 for G = G’, the macro label sequence
becomes periodic. The other crucial property that follows from Lemma 2.19 is that the macro label
sequence is independent of the underlying 3-regular graph G. As a consequence, we may denote
by ap the maximum over all j € {1 e (’:)} of the number of steps in the macro label sequence
until ﬂ](.r) is twice in the same configuration in G(B) with respect to two macro vertices, i.e., there
are a, b < ap such that the configuration of ﬂ;r) at t, with respect to v, is the same as at t;, with
respect to v;. Note that the value of ap depends on the size of the barrier B and thus also on the
values of s and r.

Given the definition of ap, we are now in position to present the construction of an r-barrier

given an (r — 1)-barrier. We will later bound ap and, thus, the size of the r-barrier in Lemma 2.22.

Theorem 2.20. Given an (r — 1)-barrier B with n vertices for a set A of k agents with s states each, we
can construct an r-barrier B" for A with the following properties:
(a) We have B’ = H(B) for a suitable 3-regular graph H.

(b) If {u,v} and {u’,v’} are the two distinguished edges of B, then any path from u orv tou’ orv’

contains at least 3 distinct barriers B.

(c) Ther-barrier B’ contains at most O ((I:) ‘n- aé) vertices.

Proof. Forj e {1, 2,..., (’;)}, consider a subset of r agents ﬂ;r) starting at a vertex v in a graph G(B).
Letty = 0Oandfori =1,2,... iteratively define t; to be the first point in time after t;_;, when an agent
in ﬂ;r) visits a macro vertex v; distinct fromv;_;. Thenvg, vy, ... is the macro label sequence of ﬂ;r)
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Figure 2.8: Connecting the graphs Hy, Hy, . . ., H(k) to a graph H, yields the r-barrier H(B).

in G(B) with a corresponding macro label sequence Iy, [, . ... After at most ap steps, the agents
in ?{;r) are twice in the same configuration with respect to two macro vertices, i.e., there are a,b € N
with a < b < ap such that after ¢, steps the configuration of ﬂj(.r) with respect to v, is the same as
after t;, steps with respect to vj,. Note that ap is a bound on the maximum possible number of steps
until the configuration repeats and therefore independent of the specific subset of agents .?l;r). The
possible configurations of A at times #;, 1, . . . can hence be enumerated x;, . . . , Xgp.

By Lemma 2.19, the configuration of the set of agents Aﬁ.r) uniquely determines the next label in
the macro label sequence of A;r), independently of the underlying graph G. We can therefore define a
single agent A; whose state corresponds to the configuration of the set of agents Ay) and whose label
sequence is the macro label sequence of AY). More precisely we define A; as follows: The set of states
of Ajis {0y, ..., 04, }. Moreover, in state oy, the agent A; traverses the edge labeled / and transitions
to oy if the set of agents ﬂj(.r) in configuration xj, at a time ¢; will traverse the gadget B(I) to the next
vertex v;;; in the macro vertex sequence where it arrives in configuration xy at time t;,; (this means
that [ = [; is the next label in the macro label sequence of ﬂ;r) in configuration xp). The starting
state of A; corresponds to the configuration, where all the agents in ﬂ;r) are in their starting states
and located at the same vertex. Note that the transition function § of A; described above is well-
defined because, by Lemma 2.19, the next label [; in the macro label sequence of ﬂ;r) only depends
on the configuration of ﬂ;r) at t; and is independent of the underlying graph G. By construction, the
macro traversal sequence of ﬂ;r) in G(B) is exactly the same as the traversal sequence of 4; in G,
independently of the graph G. Applying Lemma 2.15 for the single agent A;, we obtain a 1-barrier H;
with O(a3) vertices that cannot be traversed by A;, irrespective of its starting state.

We now connect the graphs Hy, . . ., H(;:) as shown in Figure 2.8, and we let H denote the resulting
graph. We first show that the graph B’ := H(B) is an r-barrier for A and and then show the three
additional properties in the claim.

For property (a) of an r-barrier, assume, for the sake of contradiction, that there is a subset
of r agents ﬂ;r) and some graph G connected to H(B) such that the agents ﬂ;r) can traverse H(B)
from u to u’. Then there must be a consecutive subsequence wy, wy, . . ., wy, of the macro vertex se-
quence of ﬂ;r) during the traversal of H(B) with the following properties: The vertices wy, . .., wy_1
are contained in H;(B), wy and wy, are not contained in H;(B), w; and wj_; (as vertices in the 1-barrier

Hj) are incident to different distinguished edges (i.e., {u,v} or {u’,v'} in Figure 2.5) of the 1-barrier
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Hj. Thus, the set of agents ﬂ;r) starting in wy in a suitable configuration x; traverses the graph H;(B)
from wy to wp_;. This means that for a suitable graph G’ and starting state o; the agent A; can tra-
verse H;. But this is a contradiction as we constructed H; as a 1-barrier for A; using Lemma 2.15 and
the 1-barrier H; is independent of the starting state of A;.

For property (b) of an r-barrier, let A’ C A be a set of agents with |A’| = r + 1. Assume, for the
sake of contradiction, that there is some graph G connected to H(B) such that after the agents of A’
(and no other agents) enter H(B) a subset 0 # A, ¢ A’ leaves H(B) via u or v and the other agents
Ay = A"\ A] viau’ orv’. Since B is an (r — 1)-barrier, no set of at most r — 1 agents can get from a
macro vertex to a distinct macro vertex in H(B). Thus, we must have |A]| > r or |A;| > r. Without
loss of generality, we assume that the first case occurs, which implies |A]| = r and |A;| = 1. For the
single agent in A, to leave H(B) via u” orv’ at least r — 1 agents from A; must be in a gadget adjacent
to u’ or v’. But all these r — 1 agents afterwards leave H(B) via u or v and they need the remaining
agent in A to even get to a distinct macro vertex. But then the set of r agents A] traverses the
subgraphs H;(B) for all j € {1,..., (I:)}, which again leads to a contradiction as in the proof for the
first property (for j such that A; = ﬂ;r)).

Finally, we obviously have B’ = H(B) for a 3-regular graph H by construction and the second
additional property follows from the fact that any path from u or v to u’ or v’ in H has length at
least 3. Further, each H; contains O(a3) vertices and therefore H has at most ()((’r< ) - %) vertices.
As B has n vertices, the number of vertices of B’ = H(B) is at most O((l:) ‘n- aé), where we use
that H is 3-regular and therefore the number of edges of H that are replaced by a copy of B is 3/2

times the number of its vertices. O

We now fix a set of k agents ‘A with s states each and let B; be the 1-barrier given by Lemma 2.15
and B, for 1 < r < k be the r-barrier constructed recursively using Theorem 2.20. Moreover, we
let n, be the number of vertices of B, and a, := ap,_, be the maximum number of steps in the macro
label sequence that a set of r agents from A can execute in a graph of the form G(B,_;) until their
configuration repeats.

We want to bound the number of vertices ny of By and thus, according to Lemma 2.13, also
the number of vertices of the trap for A. By Theorem 2.20, there is a constant ¢ € N such that
ny < c(f)nr_laf. In order to bound n,, we therefore need to bound «,.

One possible way to obtain an upper bound on «; is to use Lemma 2.18 stating that there always
is a macro vertex v such that all agents are located at v or inside one of the surrounding gadgets.
Counting the number of possible positions within these three gadgets and states of the agents then
gives an upper bound on «,. For the tight bound in our main result, however, we need a more careful
analysis of the recursive structure of our construction and also need to consider the configurations
of the agents at specific times. We start with the following definition and a technical lemma.

Forj e {1,...,r — 1}, we say that a vertex w’ is j-adjacent to some other vertex w if there is a
path P from w to w’ that does not traverse a j-barrier Bj, i.e., P does not contain a subpath leading

from one vertex of the distinguished edge {u,v} to a vertex of the other distinguished edge {u’,v’}
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Figure 2.9: Recursive structure of B(I) containing i-barriers for i € {1,...,r — 1}.

in Bj. As a convention, every vertex w is j-adjacent to itself for all j € {1,...,r — 1}. Note that a
vertex w’ contained inside a j-barrier may be j-adjacent to some vertex w outside the barrier if there

is a path from w to w’ that does not traverse a distinct j-barrier.

Lemma 2.21. Letv be a macro vertex in G(B,—1). Then forj € {1,...,r — 1} the number of vertices

that are j-adjacent tov is bounded by 24(r_j)nj.

Proof. In order to bound the number of j-adjacent vertices, we examine the recursive structure of
one of the gadgets B(l) incident to v, as shown in Figure 2.9. By Theorem 2.20 an (r — 1)-barrier B’
for r > 3 is constructed from a 3-regular graph H and an (r —2)-barrier B such that B’ = H(B). Hence,
the gadget B(I), which contains the barrier B,_, also contains many copies of the barrier B,_,, which
again contain many copies of the barrier B,_; (if r > 4) and so on.

We first observe that the distance from v to any j-adjacent vertex, which is not contained in a
barrier Bj, is at most 3(r — j) + 1. This observation is clear for j = r — 1 and follows for r — 2,r —
3,... by examining the recursive structure given in Figure 2.9. As G(B,_) is 3-regular, there are at
most 23=)+1 guch vertices. Moreover, any j-barrier B; containing vertices that are j-adjacent tov, in
particular contains a vertex with a distance of exactly 3(r—j) tov. As G(B,-1) is 3-regular, there are at
most 230~/ vertices of distance exactly 3(r—j) from v and therefore at most 23"~/ different j-barriers,
with n; vertices each, containing j-adjacent vertices. Thus, there are at most 23" ~/)n; vertices that
are j-adjacent to v and contained in a barrier B;. Overall, the number of j-adjacent vertices to v can

therefore be bounded by

23(V—j)nj + 23(r—j)+1 < 24(V—j)nj’
where we used n; > 2and j <r - 1. O

The idea now is to consider the configuration of the agents with respect to a macro vertex v;
exactly at the time t when at least [r/2] + 1 agents are [r/2]-adjacent to v;. We then further use
the fact that it is not possible to partition the agents A into two groups A’ and A" with at most
i > [r/2] agents each that are separated on any path by at least two i-barriers. This yields the

following bound on «,.
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Figure 2.10: An (r — j + 1)-barrier adjacent to v; containing (r — j)-barriers.

Lemma 2.22. Let A be a set of k agents, s > 2 andr € {2,...,k}. We then have

r—1

2
a, <s’" nmg SNy_q - 1_[ n;.
j=[r/2]+1

Proof. Let A" C A be an arbitrary subset of r agents. In order to bound «,, we consider the
behaviour of this subset A" of agents in a graph of the form G(B,_;). We let v, be the starting
vertex of the set of agents AT in G(By-1) and let t, = 0. Again, we iteratively define #; be the first
point in time after ¢;_;, when an agent in A visits a macro vertex v; distinct from v;_;.

Because of the recursive structure of the barriers, see Figure 2.9, every macro vertex is surrounded
by [r/2]-barriers and any path between two consecutive macro vertices v;_; and v; contains at least
one barrier By, /571 (note that r > 2 by assumption). In order to reach the vertex v; after visiting v;_s,
at least [r/2] + 1 agents from A" are necessary to traverse such an [r/2]-barrier. Thus, at some
time t € {t;_1,...,t — 1} at least [r/2] + 1 agents must be at a vertex that is [r/2]-adjacent to v;, as
otherwise the agents would not be able to reach v;.

The crucial observation at this point is that by Lemma 2.19 the number of possible configurations
at this time t also bounds «;, the number of possible steps in the macro label sequence after which
a configuration of A" with respect to a macro vertex must repeat. The reason is that whenever the
set of agents A" traverse a gadget B(l) there has to be a time ¢ with the properties described above.

Let A; denote the set of agents that are at a vertex that is [r/2]-adjacent to v; at time ¢, and
let Ay := A"\ A;. We claim the following: For j € {1,...,|A,|}, there are at least (r — j) agents
that are located at a vertex which is (r — j) adjacent to v;.

For j = |A,|, we have r — j = |A;| > [r/2]. Thus, the claim holds by definition of A1, since there
are r — j agents, namely the set of agents A;, which are located at vertices which are [r/2]-adjacent
tov; and thus also (r — j)-adjacent to v; because r —j > [r/2].

Now, assume for the sake of contradiction that the claim holds for j, but not for j — 1. This means
that there is a subset of agents A’ ¢ A" with |A’| = r — j such that all agents in A’ are located
at vertices which are (r — j)-adjacent to v;. But for j — 1 the claim does not hold, which implies that
all other agents A" := A" \ A’ are at vertices which are not (r — j + 1)-adjacent: If there was an

agent A € A’ at a vertex which is (r — j + 1)-adjacent, then A’ U {A} would be a set of (r — j + 1)
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agents which are all at (r — j + 1)-adjacent vertices, which is a contradiction to the choice of j.

But the path between any pair of vertices (a, b), such that a is (r — j)-adjacent to v; and b is
not (r — j + 1)-adjacent to v;, contains at least two (r — j)-barriers, see also Figure 2.10. The reason
isthatr —j+ 1> [r/2] > 1 and, by Theorem 2.20, any path from u or v to u” or v’ contains at least
three (r — j) barriers. Thus the set of agents A’ and A’ are separated by at least two (r — j)-barriers
on any path and |A’| < r —jaswell as [A”| = j < r —jsince j < [r/2] — 1. But then a set of at
most r — j agents must have traversed a barrier B,_; or a set of at most r — j — 1 agents must have
traversed the gadget between two macro vertices in B,_;, which both is a contradiction.

We now use the bound on the number of j-adjacent vertices from Lemma 2.21 together with the

claims to bound a,. By the claim above, we can enumerate the agents in A as A, As, .. Ay SO
that:
1. Forj e {1,...,|A|}, Aj € Ay and the location of A; is [r/2]-adjacent to v;.

2. Forje {|A|+1,...,r =1}, Aj € Ay and the location of A; is j-adjacent to v;.

3. Agent A, € Aj is atv; or one of the surrounding gadgets by Lemma 2.18.

There are r! possible permutations of the agents and each agent has s possible states. Using Lemma 2.21,
we can bound the number of possible locations at time # of the agents in A; by (24"~1"/2Dp [r/z])‘ﬂl 3
the number of possible locations of the agents {A|#,|+1,...,Ar-1} by er';llﬂllﬂ 24("j)nj and the
number of possible locations of A, by 2*n,_;. Overall, we can thus bound the number of possible

locations of the agents A" at ¢ with respect to v; by

r—1

[ Al .
e (24<r7 (/20 /21) ' 1—[ 24Dy, | 24,
J=1A+1
171 8 2] 8
4ar\7 A 51 2
et (27) gy e 1_[ ny <27 g ey 1_[ nj,
J=1A|+1 j=lr/21+1
where we used r! < r" < 2" and nj-y <njforallje{2,...,r—1}.

In order to bound the number of configurations of the agents A" note that there are s” possible
states of the agents and for each agent 3 possible edge labels to the previous vertex. Combining these
bounds with the above bound on the number of locations of the agents, we obtain the following
bound on the number of configurations of A" at t with respect to v;:

r-1 r-1

2
nj <s’" nmﬂ Mg

j=lr/2]+1 j=[r/2]+1

s".37. 25r2 . nfr/ﬂ .

[rj2] -1 nj

Here we used s > 2 and r > 2. By the observation at the beginning of the proof, the number of

possible configurations of A" at ¢ with respect to v; also bounds «. O

Using the bound on «, from Lemma 2.22, we can bound the number of vertices of the barriers.

Theorem 2.23. For every set of k agents A with s states each and every r < k, there is an r-barrier

with at most O(s¥'*") vertices.

58



2.3 Lower Bounds

Proof. The existence of an r-barrier follows from Lemma 2.15 and Theorem 2.20 and we further have

the following bound on the number of vertices n, of B, for a sufficiently large constant ¢ € N:
2 k 2
ny <cks® and n, <c| |n._i0;.
r

It is without loss of generality to assume s > 2 since otherwise a trap of constant size can trivially
be found. Hence, we can plug in the bound on a, from Lemma 2.22. For the asymptotic bound, we

may assume ¢ < s© and we further have (];) < 2F. We therefore get

r—1

2 2
n, <sk-2%.n,_,- (57'r2) . (nmﬂ) ’”3—1 l—l n]2
j=Ir/2]+1
r—1
2k+14r? (r+1) 3 2
< gorrlar '"[rr/z] n_ 1—[ nj. (2.4)
j=[r/2]+1
We proceed to show inductively that n, < sk2"" holds for all r € {1,...,k}. Forr = 1, we have n; <
cks? < 5% < sk2' Let us assume the claim holds for 1,...,r — 1. From Inequality (2.4) we obtain

n, <

r—1
2 g1\l 241\ 3 247\ 2
2k+1ar? (sk 2 ) . (sk 2 . k2 )

j=Ir/2]
2 4-[r /2 4(r-1 -1 4.j
= GZhrarteke(re1) 2t k2 ok X 28

Thus, it is sufficient to bound the exponent. As r > 2, we have Y./Z) 247 = (24" —1)/(2*~1) < 2.24V
aswellas (r + 1) - 2817/21 < 4. 24=1 and 2k + 14r% < 2 - k - 24"~V Hence, we obtain

r—1
2k +14r? k- (r+ 1) 28T a3 e 20D gk N gt
j=Ir/2]+1

<k- (2 M) g ) 3 80l gy 24“‘1)) <k-2*.
This shows n, < sk, as desired. O

The bound for the barriers above immediately yields the bound for the trap for k agents.

Theorem 2.24. Forany set A of k agents with at most s states each, there is a trap with at most O(sZSk)

vertices.

Proof. We can always add additional unreachable states to all agents so that all of them have s states.
Theorem 2.23 yields a k-barrier for a given set of k agents A with O(s* ) vertices. The claim fol-
lows from the fact that k - 24'F < 25 and that a k-barrier with n vertices yields a trap with O(n) ver-
tices for A by Lemma 2.13. O

Finally, we derive a bound on the number of agents k that are needed for exploring every graph

on at most n vertices.

Theorem 2.25. The number of agents needed to explore every graph on at most n vertices is at least Q(log log n),

if we allow O((log n)'~¢) bits of memory for an arbitrary constant ¢ > 0 for every agent.
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Proof. Let A be a set of k agents with O((log n)!~¢) bits of memory that explores any graph on at
most n vertices. By otherwise adding some unused memory, we may assume that 0 < ¢ < 1 and that
there is a constant ¢ € N such that all agents in A have s := 2¢"1°8 m'"* states. We apply Theorem 2.24
and obtain a trap for A containing O(szsk) vertices. As the set of agents A explore any graph on
at most n vertices, we have n < O(l)szsk. By taking logarithms on both sides of this inequality, we

obtain
logn < O(1) + 2°f logs = O(1) + 2°% - ¢ - (logn)'~*.
Multiplication by (log 7)¢~! on both sides and taking logarithms yields the claim. O

As an additional agent is more powerful than a pebble (Lemma 2.2), we obtain the following

result as a direct corollary of Theorem 2.25.

Corollary 2.26. An agent with O((logn)'~¢) bits of memory for an arbitrary constant ¢ > 0 needs
Q(loglog n) pebbles to explore every graph with at most n vertices.
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Chapter 3

Energy Efficient Tree Exploration

In this chapter, we study the exploration of trees under the natural constraint that agents have lim-
ited energy resources and movement consumes energy. We model this constraint by bounding the
number of edges that an agent can traverse by an integer B, which we call the energy budget of the
agent. A similar restriction was considered in the piecemeal exploration problem [BRS95; Awe+99;
DKKO06], where also the number of edge traversals of the agent is bounded and it can refuel by going
back to its starting location. A different approach is to consider multiple agents instead of allow-
ing refueling and minimize the energy budget per agent [DKS06; DES07] or the number of agents
needed for a fixed budget [DDK15]. In our model, we drop the requirement that the tree needs to be
completely explored by the agents and focus on exploring the maximum number of vertices with a
fixed given number k of initially colocated agents with fixed energy budgets B.

We start by giving a formal introduction of the model and introducing some specific notation
in Section 3.1. In Section 3.2, we present a collaborative exploration algorithm for the problem that
utilizes global communication between the agents. The challenge is to balance between sending
agents in a depth-first manner to avoid visiting the same set of vertices too often and exploring the
tree in a breadth-first manner to make sure that there is no large set of vertices close to the root that
was missed by the online algorithm. We achieve this by maintaining a set of edge-disjoint subtrees
of the part of the tree that is already explored and by iteratively sending an agent from the root
to the subtree with the highest root. We show that our algorithm is 3-competitive, i.e., an optimal
offline algorithm that knows the tree in advance can explore at most three times as many vertices
as our algorithm. We also show that our analysis is tight by giving a sequence of instances showing
that the algorithm is not better than 3-competitive. In Section 3.3, we complement this result by
showing that no online algorithm can be better than 2.17-competitive. The proof of this general
lower bound is based on an adaptive adversary that forces the online algorithm to spend a lot of
energy if it completely wants to explore certain subtrees while preventing it from discovering some

vertices close to the root.
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Bibliographic Information The results presented in this chapter are joint work with Evangelos

Bampas, Jérémie Chalopin, Shantanu Das and Christina Karousatou and were published in [Bam+18].

3.1 Terminology and Model

We consider a set A of k distinct agents initially located at the root vy of an undirected, initially
unknown, locally edge-labeled tree T. We assume, without loss of generality, that the local port
number of the edge leading back to the root r is 0 for any vertex v # v in T. Otherwise, every agent
internally swaps the labels of the edge leading back to the root and the label 0 for every vertexv # r.
Note that in our setting, it does not make a difference if we assume that the vertices are labeled or
not because we can uniquely identify every vertex with the sequence of port numbers leading to it
from the root vy. For any vertex v in T, we let d(v) be the depth of v in T. The induced subtree with
root v containing v and all vertices below v in T is further denoted by T(v). For a subtree S of T, we
write rs to denote the root of S, i.e., the unique vertex contained in S having the smallest depthin T.
Moreover, |S| denotes the number of vertices in S.

The tree is initially unknown to the agents, but they learn the map of the tree as they traverse
new edges. Each time an agent arrives at a new vertex, it learns the local port number of the edge
through which it arrived, as well as the degree of the vertex. We assume that agents can communicate
at arbitrary distances, so the updated map of the tree, including all agent positions, is instantaneously
available to all agents (global communication). Each agent has limited energy B and it consumes one
unit of energy for every edge that it traverses.

The goal is to design an algorithm ArG that maximizes the total number of distinct vertices
visited by the agents. For a given instance I = (T, vy, k, B), where T is a tree, v is the starting vertex
of the agents, k is the number of agents, and B is the energy budget of each agent, let ALg(I) denote
the total number of distinct vertices visited by the agents using algorithm ALrG on the instance I.
Similarly, Opt(I) denotes the maximum number of distinct vertices of T that can be explored by the
agents using an optimal offline algorithm OpT, i.e., an algorithm with full initial knowledge of the
instance I. We measure the performance of an algorithm for this problem by the standard tool of
competitive analysis, i.e., we compare a given online algorithm to an optimal offline algorithm which

has a complete map of the tree in advance.

3.2 An Algorithm for Maximal Tree Exploration

This section is divided into three parts. First, we present the idea and intution behind our algorithm
in Section 3.2.1. Afterwards, we analyze the algorithm and show that it is 3-competitive in Sec-
tion 3.2.2. Finally, we construct an instance showing that the analysis of the algorithm is tight

in Section 3.2.3.
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Algorithm 3.1: L-DFS traversal of a tree T starting in a vertex u.

Input: tree T, starting vertex u in T
1 function L-DFS(T,u)
2 move on a shortest path to u

3 while agent A has energy left and T is not completely explored do

4 if the subtree below the current node is completely explored then
5 ‘ traverse the edge with label 0

6 else

7 t traverse the unexplored edge with the smallest label [ > 0

Algorithm 3.2: R-DFS traversal of a tree T starting in a vertex u.

Input: tree T, starting vertex u in T
1 function L-DFS(T,u)
2 move on a shortest path to u

3 while agent A has energy left and T is not completely explored do

4 if the subtree below the current node is completely explored then
5 ‘ traverse the edge with label 0

6 else

7 L traverse the unexplored edge with the largest label [ > 0

3.2.1 Algorithm DivipeE & EXPLORE and Intuition

Let us assume that we do a depth-first search of the whole tree T and always choose the smallest
label I > 0 to an unexplored vertex, as describend in Algorithm 3.1. We call this algorithm L-DFS.
We further denote the sequence (vo,v1), (V1,v2) ..., (Vm, Vo) of directed edges obtained by directing
every undirected edge of T that the agent traversed in the direction in which the agent traversed the
edge in the L-DFS traversal the L-DFS sequence of T. Note that every undirected edge {v, w} of
the tree T appears as (v, w) and (w,v) in this sequence. Similarly, we call a depth-first search of T
that always chooses the largest label I > 0 to an unexplored vertex an R-DFS and the corresponding
sequence of directed edges an R-DFS sequence. An implementation of the algorithm R-DFS is given
in Algorithm 3.2. Note that the R-DFS sequence of the edges in T is obtained by reversing the order
of edges of the L-DFS sequence and changing every edge (v, w) to (w,v).

We call a consecutive subsequence of an L-DFS or R-DFS sequence a substring. For an induced
subtree T(v) of T, the L-DFS sequence of T(v) is simply a substring of the L-DFS sequence of T. For a
subtree S we define the leftmost unexplored vertex as the unexplored vertex in S which is incident
to the first edge in the L-DFS sequence of S leading to an unexplored vertex and the rightmost

unexplored vertex as the unexplored vertex in S which is incident to the first edge in the R-DFS
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Figure 3.1: Example in which algorithm D1vIDE & EXPLORE in iteration ¢ divides the considered
subtree S into two subtrees S and S@. The tree TtR that connects the roots of the subtrees in 77 is

the subtree containing all thick edges.

sequence of S leading to an unexplored vertex.

We further say that an agent A performing an L-DFS covers at least s edges (v1,v3), ..., (Vs,Vst1)
of the L-DFS sequence of T, if A consecutively visits vy, vy, ..., Vs, Vg4 in this order and the sequence
(v1,v2), - .., (Vs,Vs11) is a substring of the L-DFS sequence of T. Similarly, we say that an agent A
performing an R-DFS covers at least s edges (v1,V2), ..., (Vs,Vs+1) of the L-DFS sequence of T, if A
consecutively visits vg;1,Vs, . . ., V2,V in this order and the sequence (v1,v2), ..., (Vs,Vs41) is @ sub-
string of the L-DFS sequence of T. Note that two agents A; and A; may traverse the same edge in
the same direction, but still cover two distinct sets of directed edges of the L-DFS sequence, if one
agent performs an L-DFS and the other agent an R-DFS.

With these definitions, we are now ready to explain the idea of the algorithm D1viDE & EXPLORE:
During the run of the algorithm, we maintain a set 7~ of edge-disjoint subtrees of T, initially just
containing T. An example is shown in Figure 3.1, where the triangles show the subtrees that are
currently contained in the set 7. In every iteration, we first move down the root rs of every subtree S
if rg has no unexplored childen and only one child leading to an unexplored vertex. This first step is
later necessary for our analysis. Afterwards, we consider a subtree S which contains an unexplored
vertex and has the highest root, i.e., minimizes d(rs). As long as the leftmost unexplored vertex vy,
in S is not too far away from rg, i.e., d(vy) — d(rs) is sufficiently small, we send an agent to vy and
let it continue the L-DFS from there. We do the same if vy is not too deep and then let the agent
continue the R-DFS from vg. The intuition is that the energy spent to reach rs is unavoidable, but
also the agents in the offline optimum OPT need to spend this energy without exploring new vertices
after the tree has been explored up to depth d(rs). Thus, the agent only potentially wastes energy
to reach vy (or vg), but from then on explores many new vertices because an agent doing 2m edge
traversals on a DFS visits at least m distinct vertices. If both v;, and vy are sufficiently deep, we split S
into two edge-disjoint subtrees S and $, as shown in Figure 3.1. In this case both SV and S?

contain a sufficiently long part of the L-DFS sequence, which has not been covered by any agent.
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This is important because we want to avoid that an agent is sent to a new subtree which only needs

little more exploration. A complete description of DIvIDE & EXPLORE is given in Algorithm 3.3.

3.2.2 Proof of 3-Competitiveness

In this subsection, we analyze Algorithm D1viDE & EXPLORE in order to show that it is 3-competitive.
Note that the first agent in D1viDE & EXPLORE simply performs a depth-first search and explores at
least B/2 vertices or completely explores the tree. Consequently, if k = 1 or if n < B, the algorithm
is 2-competitive, and thus we assume in the following that n > B and k > 2.

For the analysis of DIVIDE & ExPLORE, we further need the following notation. For every itera-
tion t of the outer while-loop, we let k; € {1, 2} be the number of agents used by DIVIDE & EXPLORE
in this iteration and k; = 2 be the number of agents used before the first iteration of the outer
while-loop. Further, let 7; be the set of subtrees 7 at the end of iteration t and let TtR be the unique
subtree of T that connects the set of roots {rs | S € 7;} of all subtrees with the minimum number of
edges. Moreover, we denote the subtree S with the highest root considered by D1viDE & EXPLORE in
iteration ¢ by S; and its root by r;. Finally # denotes the total number of iterations of the while-loop.

The crux of our analysis is to show that the amortized amount of energy spent making progress
on the L-DFS or R-DFS is % - ki - (B — d(r;)) for the agents in iteration i, as stated in the following

lemma.

Lemma 3.1. The algorithm DIVIDE & EXPLORE either completely explores T or all agents used by the

algorithm together cover at least

TR -+ D) 2 ki (B-d(r))

0<i<?

distinct edges of the total L-DFS sequence of T.

Proof. Let us assume that D1vIDE & ExPLORE does not completely explore T and let U; be the subset
of 77 containing all subtrees with an unexplored vertex. We will show by induction over ¢ that all

agents used by DIviDe & EXPLORE up to the end of iteration ¢ together cover at least

TH -0+ D EB-drs)+ D Eoki- (B-d(r) (3.1)
SelU; o0<i<t

distinct edges of the total L-DFS sequence of T. It may happen that in the last iteration ¢ of DIvIDE
& ExpLORE the third case occurs, but only one agent is left at the root. We will treat this special
case separately at the end of the proof. First, we show the lower bound above for all ¢, for which

iteration ¢ is completed, i.e., there are enough agents for D1vIDE & EXPLORE to finish iteration ¢.
For ¢t = 0, we have U, = {T} as D1vIDE & ExXPLORE does not completely explore T by assumption,
ko = 2,1y = rr, and TtR only contains rr. Thus the lower bound (3.1) on the number of edges covered
by the first two agents evaluates to 2B. The first agent used by D1viDE & EXPLORE performs an L-

DFS and covers exactly B edges of the total L-DFS sequence of T. The second agent performs an
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R-DFS starting at the root of T and also covers exactly B edges of the total L-DFS sequence of T. The
edges covered by the second agent are distinct from the edges covered by the first because T is not
completely explored by the algorithm by assumption. Hence, the lower bound (3.1) holds for t = 0.
Now, assume that the lower bound (3.1) holds for ¢ — 1. We will show it for iteration t. Let U;_,
be the set of subtrees U;_; after the for-all loop in iteration ¢ terminated and possibly some roots of

the trees in U;_, were moved down. We claim that

TR -1+ D) AB-dirs) = (TR -1+ > EB-dis)). (32)
Sely_y Sel;_,
For any subtree S € U;_y,let S € U,_, be the corresponding subtree after the root of S was possibly
moved down. The tree TR contains all vertices of the tree Tﬁ . Plus the path from rs to rg, ie,
d(rs) — d(rs/) additional vertices, for all S € U,_;. This already implies (3.2).
Applying (3.2) on the lower bound (3.1) for ¢ —1 yields that the number of edges of the total L-DFS

sequence of T covered by the agents up to iteration t — 1 is at least

TR =D+ ) AB-doo)+ D, Leki-(B—d(r)). (33)
Sel, , 0<i<t-1

Let now S; be the subtree with root r; considered by the algorithm in iteration ¢ as defined above
and v, vg be defined as in the algorithm.

First, assume that we have d(vy) — d(r;) < max{1,1/3 - (B —d(r;))} and let A, be the only agent
used by the algorithm in iteration ¢. Note that if 1/3 - (B — d(r;)) < 1, then once it has reached r,
agent Ay has either one or two energy left. In the first case, Ay only explores vy and makes a progress
of 1 on the total L-DFS sequence. In the second case, Ay makes a progress of 2 on the total L-DFS
sequence: it goes to vy, and then either it visits a child of v, or it goes back to r,;. Consequently, if
1/3-(B—-d(r:)) < 1=4d(vL)— d(r;), Ao makes a progress of at least (B — d(r;)) > 2/3 - (B—d(r;)) on
the total L-DFS sequence.

Suppose now that 1 < d(vy) — d(r;) < 1/3 - (B — d(r;)). Agent Ay moves to vy using at most
1/3 - (B — d(r;)) energy and then performs an L-DFS. If A, does not completely explore S;, then the
set of edges traversed by Ay starting in vy and directed in the direction the edge is traversed by A
has not been covered by any other agent. Therefore Ay makes a progress of at least 2/3 - (B — d(r;))
edges on the total L-DFS sequence. Adding this progress of agent A, to the lower bound in (3.3) on
the number of edges covered by the agents in the first ¢ — 1 iterations and using U; = U;_, yields
the lower bound (3.1) for iteration ¢.

Next assume that Ay completely explores the subtree S;. We then have U; = U;_, \ {S;} and
the lower bound (3.1) for iteration ¢ follows directly from the lower bound (3.3) even if Ay explores
only v;, and only covers two new directed edges of the total L-DFS sequence.

The proof when d(vg) — d(r;) < 1/3 - max{1,1/3 - (B — d(r;))} is completely analogous.

Finally, assume that the last case occurs in iteration ¢ and S, is split into two subtrees $®") and §?
as defined in the algorithm. Further, let A; and A; be the agents used in iteration ¢ for performing
an R-DFS in S1 and an L-DFS in S@, respectively.
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We first show that vy and vy are below different children of r;. Note that we have d(vy) —d(r;) >
max{1,1/3 - (B —d(r;))} > 1 as well as d(vg) — d(r;) > max{1,1/3 - (B — d(r;))} > 1. Therefore
neither vy nor vy are children of r,. Suppose, for the sake of contradiction, there is a child v of r;
such that both v and vg are contained in T(v). By the definition of v; and vg, the subtrees below
all other children of r, must be completely explored. This means r; only has one child leading to
an unexplored vertex. We cannot have vy = vg = v as vy and vg are not children of r;. But then
the root r; would be moved down to v and possible further at the beginning of iteration t. This is a
contradiction. Therefore, SV and S are edge-disjoint, non-empty trees and v; is contained in $®)
and vg in S@.

Agent A;, which moves according to the call R-DFS(S), r,), moves to r, using d(r;) energy and
starts an R-DFS making a progress of at least d(vy) — d(r;) > 1/3 - (B — d(r;)) on the overall L-DFS
sequence, as the part of the L-DFS sequence from vy to r; has not been covered by any other agent
and has length at least d(v;) — d(r;). If A; does not completely explore SV, then it makes even a
progress of B — d(r;) on the overall L-DFS sequence.

The second agent used in iteration ¢, the agent A, first moves to r; using d(r;) energy and then
performs an L-DFS according to the call L-DFS(S®, r;). We have d(vg) —d(r;) > 1/3 - (B — d(r;)) and
hence A, makes a progress of at least 1/3-(B—d(r;)) edges on the overall L-DFS sequence, as the part
of the sequence from r; to vg has not been covered by any other agent. If A; does not completely
explore S?), then it also makes a progress of B — d(r;) on the overall L-DFS sequence.

Let s € {0,1,2} be the number of subtrees among {sM, 5@} that A; and A, do not explore
completely. By the above argument, we showed that overall A; and A; together make a progress of
atleast 2/3 - (B—d(r;)) +s-2/3-(B—d(r;)) edges on the overall L-DFS sequence of T. Adding this
progress to the lower bound (3.3) and using S; € U,_, \ U; again yields the lower bound (3.1) for
iteration f.

In order to show the claim, let us consider the last iteration ¢. If D1vIDE & EXPLORE can complete
this iteration, then the claim follows directly from the lower bound (3.1) because %(B —d(rs)) =0
for all S € U, as no agent can explore a vertex below depth B in T. Now assume that iteration 7 is
not completed. But then we have that the number of edges of the total L-DFS sequence of T covered

by the agents up to iteration  — 1 is at least

TR -1+ ), HB-drsh+ ., doki-(B-d()

Seu; 0<i<t-1

by the lower bound (3.3). The above lower bound already implies the claim, as we have k; = 1 and

Lseu_ 2B-d(rs)) = % ks (B—drp). O
With the lower bound above, we can now prove the main result of this section.
Theorem 3.2. The algorithm DIVIDE & EXPLORE is 3-competitive.

Proof. Assume that the algorithm D1viDE & EXPLORE terminates after iteration ¢. If it completely

explores T, then it is clearly optimal. So let us assume that it runs out of agents in iteration f.
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Let Ay, Az, ..., A be the sequence of agents used by DIviDE & EXPLORE in this order and let
agent A; be used in iteration t;. We let d; := d(ry,) be the depth of the root of the subtree visited
by A; in iteration ¢;. As the algorithm in every iteration chooses the subtree S with an unexplored
vertex which minimizes d(rs), we have d; < d, < ... < dk.

Note that every undirected edge {v, w} of the tree appears exactly twice as a directed edge in the
total L-DFS sequence of T, as (v, w) and as (w,v). Thus dividing the bound given by Lemma 3.1 by
two yields a lower bound on the number of distinct undirected edges traversed by the agents. As T
is a tree, this number plus 1 is a lower bound on the number of vertices visited by the agents. Thus,

using the notation T¥ instead of TER , we obtain for the given instance I that
Avc(l) = 1TR| + Z L.(B-dy). (3.4)
1<i<k
Let now A7, ..., A} be the k agents used by an optimal offline algorithm Opt and let d; be the
maximum depth of a vertex in T that is visited by the agent A?. This is well-defined as every agent
at least visits the root r of TR. We assume without loss of generality thatd; <dj < ... < d;. As the

agent AS must use at least d} energy to reach a vertex at depth d; in TX, we have

orr(I) < |TX| + Z (B—dY). (3.5)
1<i<k
Consider the maximal index j € {1,...,k} such that d; > dj".‘. If no such j exists, d; < d} holds

for all 1 < i < k. This implies Zle(B -di) < Zle(B — d;) and thus also Opt(I)/ALc(I) < 3
by (3.4) and (3.5).
Otherwise, wehaved] <d, < ... <d} <d;. Let Tim be the subtree explored by the first j agents

used by D1vIDE & EXPLORE. We claim that all vertices explored by the agents A7, . . ., A} are contained
in T/im' Assume, for the sake of contradiction, that there is 1 < i < j such that agent A} explores

a vertex u which is not contained in TI{L .- At the moment when the agent A; is used by DivipE &
EXPLORE, the root rs of every subtree S € 7;; is contained in Ttlf and it has depth at least d;. Let S’ € 7;,
be the subtree containing u. This means that the agent A} must also visit rs to reach u. But Tt}f isa
subtree of TR and thus A7 visits a vertex in TR of depth d(rs/) > d;. This implies d} > d(rs’) > d;
contradicting the initial assumption that di < d;. Consequently, the agents A7, ..., A} in OpT only
visit vertices in T}, .. But then the first j agents in OPT visit a strict subset of the vertices visited
by the first j agents in D1viDE & ExpLORE. In this case, we can just replace the agents A7, ... ,A;f
and their paths by the agents Ay, ..., A; and their paths in D1vipE & ExpLORE and OpT(I) does not
decrease. By construction and by maximality of j, we then have d; < d} forall 1 < i < k, which

again implies the claim. O

3.2.3 Lower Bound for DiviDE & EXPLORE

In this subsection, we construct a sequence of instances to show that the analysis of DiviDE & Ex-
PLORE is tight. Letk, d € N, d > 2 and B = 3(d—1). Our instance I; 4 is a tree T consisting of a root v

connected to 2k paths, of which k have length d and k have length B, as illustrated in Figure 3.2. We
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Figure 3.2: Instance showing that the analysis of D1vIDE & EXPLORE is tight.

assume that the edge labels of the edges incident to the root are increasing from left to right, i.e., for
all 1 < i < 2k — 1, the edge label of {vy,v;} is smaller than the label of {vo,v;+1}. We further denote
the path v, v;, ... up to the leaf of the tree by P;.

At the beginning of DIVIDE & EXPLORE, one agent A; performs an L-DFS and completely ex-
plores P; and explores P, up to depth d — 3, overall exploring 2d — 3 vertices. The second agent A,
performs an R-DFS and completely explores the rightmost path Py of length B, i.e., B = 3(d — 1)
vertices. From now on, in every iteration of the while loop, we have 7~ = {T}, rs = vy, d(vy) =d — 2

and thus
dvy) —d(rs)=d-2<d-1=1/3-(B-d(rs)).

This means that, for i > 3, the agent A; used in the iteration i — 2 of the outer while-loop, first moves
to the unexplored vertex at depth d — 2 on the path P;_;, then finishes exploring this path, and runs
out of energy at depth d—3 in P;. Thus, A; explores exactly d vertices. Overall, the number of vertices

explored by the algorithm is therefore
2d -3+3(d-1)+(k—2)d =5d -6+ (k- 2)d.
The optimal offline algorithm sends one agent down each of the paths Py1, . .., Pox exploring 3k(d —

1) vertices. Hence, we obtain the following lower bound on the competitive ratio:

OPT(Ik’d) _ 3k(d - 1) d—o0, k—00
ALG(Ix.q)  5d -6+ (k—2)d
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Algorithm 3.3: DIVIDE & EXPLORE

Input: tree T with root v, set of agents A, energy bound B
17 «{T}
L-DFS(T, vo)
R-DFS(T,vy)

4 while T contains unexplored vertex and 3 agent at vy do

N

w

// Step 1: move down the roots of the subtrees in 7 if possible

5 forall S € 7 containing an unexplored vertex do

6 ro < rs

7 while ry only has one child v leading to an unexplored vertex

8 and r; has no unexplored child do

9 L rg « Vv

o | | T @\ sHU )

// Step 2: explore or split the subtree with the highest root

11 S « subtree in 7 that contains an unexplored vertex and minimizes drs
12 vy « leftmost unexplored vertex in S
13 VR < rightmost unexplored vertex in S
14 if d(vy) — d(rs) < max{1,1/3- (B —d(rs))} then

15 | | L-DES(GS.vp)
16 else if d(vg) — d(rs) < max{1,1/3 - (B —d(rs))} then

v | | R-DES(S.ve)
18 else

19 v « child of rg leading to vg
20 S « induced subtree of S containing all vertices not in T(v)
21 5@ « induced subtree of S containing all vertices in T(v) and rg
22 T — (T \ {SHu{sV,s@}
23 R-DFS(SD), r)
24 L-DFS(S?, rs)
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3.3 A General Lower Bound on the Competitive Ratio

In this section, we construct a sequence of instances for a given online algorithm that show a lower
bound of (5 + 3V17)/8 ~ 2.17 on the competitive ratio of any online algorithm. The section is
organized as follows: In Section 3.3.3, we first present a simple lower bound of 2 on the competitive
ratio and then present our construction for the lower bound of 2.17. As the full proof of the lower
bound is quite involved, we first give some intuition and a simplified proof for some special cases

in Section 3.3.1. The general proof of the lower bound is then given in Section 3.3.2.

3.3.1 Lower Bound Construction

In order to get some intuition, we first consider a simple example showing a lower bound of 2 on the

competitive ratio of any online algorithm.

Proposition 3.3. There exists no c-competitive online exploration algorithm with ¢ < 2.

Proof. Let k and B be positive integers, B be even and T be a tree with root v¢ connected to k paths
of length B and k - B/2 paths of length 1. A team of k agents starts at vy with energy B each. For
every algorithm A1G, the adversary can ensure that no agent that starts at vy ever enters one of the
long paths by permuting the port numbers of the edges at vy accordingly. For every edge that an
agent explores, it then needs to go back to v, in order to explore other edges. Thus, every agent can
explore at most B/2 edges and all k agents together at most k - B/2 edges since B is even. On the
other hand, the offline optimum OPT sends all agents in the long paths exploring k - B edges. O

Note that the simple lower bound of 2 only requires that B is even and otherwise works for any
choice of parameter k and B. For the lower bound of (5 + 3V17)/8 ~ 2.17 on the competitive ratio,
we present a sequence of instances where k and B become arbitrarily large. We initially construct an
instance with general parameters and at the end choose the parameters to maximize the competitive
ratio that the online algorithm can achieve. The lower bound instances that we construct are trees
that contain very long paths and high degree vertices at certain depth in the tree. The length of the
paths is determined by the online exploration algorithm.

For a given online algorithm ALG, we consider a set of k := 2]—1 agents A for [ € N with energy B
each and we let A := [\/ZI—B-‘ + 2l. We now construct a tree T, which is shown in Figure 3.3,
depending on the behavior of the algorithm. The tree T has a root vy with [ distinct paths, each
going from vy to a vertex vgl) atdepth d, fori =1,...,1. Each vertex vgl) has degree A + 1 and is the
root of a subtree T;. There are A paths connected to every vgl) whose length will be determined by the
algorithm. Furthermore, depending on the algorithm, there may exist a vertex VE.Z) at depth d, that

has degree A + 1 and also A paths connected to it whose length will be determined by the algorithm.
¢

We call the subtrees with root v, and vgz) adaptive subtrees as they depend on the behavior of the

online exploration algorithm. We further assume that B, d, d, are even and

d1+A<d2S§'d1 and 3'd1<BSd1+2'd2. (36)
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depth d,

depth d,

&) )
1

Figure 3.3: Tree for the lower bound of 2.17 on the competitive ratio.

Each of the adaptive trees can be active, i.e., as soon as an agent visits an unexplored vertex

on a path another unexplored neighbor is presented, or passive, i.e., all unexplored vertices in the

adaptive tree are leaves. Moreover, every subtree T; has a budget N;, which limits the total number

of non-leaf vertices that are presented to the algorithm, i.e., if N; vertices that are not leaves have

been explored in T; both adaptive trees in T; become passive and from now on all unexplored vertices

in T; are leaves. The budget Nj is initially 2 and is increased as described below when agents enter

the subtree T;. Initially every subtree T; has an active adaptive subtree below v

1

;- We now present

new vertices to the algorithm in every subtree T; for i € 1,. .., [ according to the following rules:

I

IL
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When the first agent A, that has not visited any other tree T; # T; before enters T; for the first
time:

The budget N; of T; is increased by (B + d3)/2 — di + 2A, the adaptive tree below vgl) is active
)

and vgz) has not been discovered. The first vertex at depth d, discovered by A; is v;”, ie., it

has degree A + 1 and is the root of another adaptive tree which is active. Additionally, if A,
(©))

explores a new vertex v at depth d > d, in T; (below v.” or on any branch below vgl)) and the

remaining energy of A; is < d — ds, then we stop presenting new vertices on the current path

of Ay, i.e,, v is a vertex without further unexplored neighbors.

When the second agent A, that has not visited any other tree T; # T; before enters T; for the first

time:

(a) IfA; has explored at most (dy + d,)/2 vertices in T;:
ey

The adaptive trees both at v, and at VEZ) become passive. In all following cases below,

we assume that A; explored more than (d; + d;)/2 vertices in T;.
@

i

(b) IfA; has explored the vertexv

via an unexplored vertex:

or still has enough energy left to reach a vertexv at depth d;,

If VE.Z) has been discovered, the adaptive tree at vEl) becomes passive, but the adaptive
@

i

remains active. If A; has not visited a vertex at depth d,, then the adaptive

5.2) ==y at

tree at v

tree at vgl) becomes passive except for the path via an unexplored vertex to v
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depth d;, which A; can reach with its remaining energy. From now on, if any agent A is
at depth d > d,, then we stop presenting new vertices on the current path of A as soon
as the remaining energy is < d — ds.

(c) If Ay has not visited a vertex at depth d; and has not enough energy to reach a vertex at
depth d, via an unexplored vertex:
From now on if any agent A is at depth d > d;, we stop presenting new vertices on the

current path of A if the remaining energy of Ais < d — d;.

III. Whenever an agent A which before has visited a tree T; # T; enters T; for the first time with
remaining energy By:
The budget N; of T; is increased by B4 /2 + 2. If A discovers a vertex v below ng) atdepthd > d,
and the remaining energy of A is < d — dj, then we stop presenting new vertices on this
path. Similarly, if A discovers a vertex v below vgl) at depth d > d; (but not on a branch
containing vgz)) and the remaining energy of A is < d — d;, then we also stop presenting new

vertices on that path.

(2
i

@

Note that in every tree T, if Case II (b) does not occur in T;, v ) and the adaptive subtree below v;

exist if and only if A; discovers a vertex v at depth d.

3.3.2 Intuition and Proof of the Lower Bound in Special Cases

In this subsection, we want to give some intuition about our construction by looking at two special
cases and making some simplifying assumptions, which do not hold in general. The adaptive trees

are constructed in a way that a path ends exactly when the agent currently exploring that path has

(1) or ng)

just enough energy to return to v; respectively. So let us make the simplifying assumption

0
1

algorithm has to balance between sending each agent to only one subtree T; to completely explore

that the final position of every agent is either at v’ or vgz) for some i € {1,...,1}. The online
it or to move to a second subtree T; later to explore more vertices which are close to the root vo. We
will consider instances with increasing values of B and [ in such a way that [ = o(B). Note that this
implies that A = o(B).

Let us consider the special case that the algorithm first sends one agent to each of the sub-
trees Ty, .. ., T; and then a second agent to every subtree except Ty (there are 2] — 1 agents and [ sub-
trees). For the sake of simplification, assume that A; visits ng) and Case I (b) occurs in each subtree T;
when the second agent A, enters T;. Note that in this case, A; cannot visit another subtree as it visits
VE.Z) at depth d; and 2d; + d; > B by (3.6). We further assume that for each subtree T;, 2 < i < [,
either the second agent A; entering T; helps A; to explore T; completely, or it goes to T; to explore
new vertices.

The first agent A; in each subtree T; can explore at most (B+d;)/2 vertices in T if its final position

is atvgz) (it traverses at most d; edges once and all other edges are traversed an even number of times)
@

and less vertices if its final position is at v;”. Note that d; — 2 of the vertices explored by A; are on

the path from v, to vgl) and thus A; can only explore at most (B + d;)/2 — d; + 2 vertices in T;. But by
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construction the budget N; is increased by (B + d;)/2 — d; + 2A when A; enters T; so that A; alone
cannot deplete the whole budget and completely explore T;.

As the subtree below VE.I) becomes passive when A, enters T;, A; can only explore at most A
vertices that are not below ng). Therefore if A; and A, completely explore T;, A; has to go to depth d,
and then it cannot visit any other subtree as 2d; + d; > B by (3.6). In this case, agents A; and A,
together then explore at most N; vertices in T; plus at most 2A leaves and the path of length d;
leading to T, i.e., they explore at most (B + dz)/2 + 4A + 2 = (B + d2)/2 + o(B) vertices.

Suppose now that A; and A, do not completely explore the subtree T; and that A, goes to T; to
explore new vertices after having visited T;. Assume that A, has By, energy left when it enters Tj,

and note that By, < (B —3d;)/2 since A, went first to T; before entering T;. Agent A; can explore at
(1)
i

an even number of times) and less vertices if its final position is in VE.Z) (since the vertices on the

most By, /2 new vertices in T if its final position is in v, (every edge it traverses in T is traversed
branch from vg.l) to VE.Z) have already been explored). Note that when A; enters Tj, the budget N;
of Ty is increased by By, /2 + 2 and thus the budget of T; is never depleted. As A; has By, energy
left when it enters T; and spends 3d; energy to first reach T; and then Tj, it can have explored at
most (B —3d; — Ba,)/2 vertices in T; because A; traverses every edge in T; an even number of times.
Overall, A, thus explores at most (B — 3d;)/2 new vertices and A; at most (B + dy)/2 vertices in this
case.

Recall that for sake of simplification, we consider only two strategies for the online algorithm
A1G: either in every tree T;, 2 < i < [, A; and A, completely explore T;, or for every tree T;, 2 < i <,
the second agent A, entering T; also visits T; (and T; is not completely explored by the algorithm).
In the first case, the algorithm explores at most [ - (B + d3)/2 + o(IB) vertices. In the second case, the
algorithm explores at most [ - (B + d3)/2 + (B — 3d;)/2) + o(IB) vertices.

Let us now consider an optimal offline algorithm OpT. Whatever the strategy of ALG is, one
can show that there is always an unexplored vertex u; at depth at most d; + A in T (this is proved
in Lemma 3.4 (f)). We can assume that u; has degree 2] and there are 2] — 1 distinct paths of length B
connected to it.

If ALG completely explores every tree T;, 2 < i < [, then OPT can send all agents to u; and then
each agent explores one of the paths below u;. In this case, OpT explores at least B + (2] — 2) - (B —
dy — A) = 21 - (B —d;) — o(IB) vertices.

If ALG does not completely explore any T;, 2 < i < [, then there exists an unexplored vertex u;
in each tree T;, 2 < i < [, and we can assume that there is a path of length B connected to it. In this
case, OPT can send an agent to each u;, 2 < i < [ that can then explore the path below u;. Then, OpT
can send the remaining [ agents to u; as in the previous case, and each of these agent explores one
of the paths below u;. In this case, OpT explores at least [B+(I—1)-(B—d; —A) =1[-(2B—d;) —o(IB)
vertices.

As the algorithm can choose the best strategy among the two, we get for our constructed in-
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stance I that

Ort(I) > min { 4l - (B—d;)—o(IB)  21-(2B-d;)—o(IB) }
Arc(l) — l-(B+dy)+o0(IB) " I-(2B+dy—3dy) +0(IB)|

In order to maximize the competitive ratio, we want to choose d, as small as possible. Because of

the initial assumptions on the parameter in (3.6), we must have 2d; + d; > B and thus we choose

d; = (B —dy)/2. Additionally, dividing by ! and omitting the terms that vanish as B tends to infinity,

we obtain

Ort(I) .
> lim min
ALG(I) ~ Bow

8B —8d; 8B -—4d,
{ 3B —d; ’5B—7d1}'
By standard calculus, the competitive ratio is maximized when the two terms on the right-hand side
are equal and this is true when d; = (19 — 3V17)B/26. These choices of d; and d; satisfy (3.6) and the
above lower bound evaluates to (5 + 3V17)/8 ~ 2.17.

We made several simplifying assumptions to get to this bound, but one can show that no other
strategy can beat the lower bound we established. The challenge in the analysis is that the online
algorithm does not necessarily use one agent after the other, but the agents may wait in between.

This creates many different cases which need to be grouped and analyzed.

3.3.3 Proof of the Lower Bound for the General Case

In this subsection, we give a complete proof of the lower bound on the competitive ratio of an arbi-
trary online algorithm ALc using the construction introduced in Section 3.3.1.

For every vertex v in T, we say that v is explored by an agent A, if A is the first agent visiting v.
If vgz) is defined, then we say that every vertex on the path from vgl) to vgz) is explored by the first
agent A;, which enters T; and has not visited any other tree T; # T; before. It may be even the case
that A; never visits these vertices, but to simplify the analysis, we will still attribute them to A;.

Fori e {1,...,1}, we let Ay ; be the set of agents for which T; is the first tree they visit and
let A, ; be the set of agents for which T; is the second tree they visit, i.e., every agent A € Aj_; has

visited a subtree distinct from T; before. Note that an agent can visit at most two subtrees as
5‘d12d1+4'%d2>d1+2'd22B (37)

by our assumptions on the parameters in (3.6). Therefore an agent A € A can be contained in one
set A;,; and possible in some other set A, ; for j € {1,...,I} \ {i}. For every agent A € A we
let B4 denote the remaining energy when A enters a second subtree. If A only enters at most one of
the subtrees Ty, ..., T;, we set By = 0. We now establish the following important properties for the

number of vertices that the agents explore.
Lemma 3.4. LetT; be a subtree of T as defined above.

(a) BA < B—3d; forall A e A.

(b) If Case II (b) or Case II (c) occurs, then the first agent Ay in A, ; entering T; does not visit any

other subtree, i.e., B4, = 0.
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Proof.

76

(c) Every agent A € Ay, ; explores at most B4 /2 + 2 vertices in T;.

(d) The first agent A; in Ay ; entering T; explores at most (B + d)/2 — dy + 2/ vertices.

(e) If| A1 il <1, then the agents in Ay ; U Ay ; visit strictly less than N; vertices in T;.

(f) Ifthe adaptive tree belowvgl) is active and the budget Nj is not depleted, then there is an unexplored

(b)

(©

vertex in T; at depth at most d; + A.

(a) Note that we have B—3d; > 0 by our initial assumptions on the parameters in (3.6) and
thus the claim trivially holds if A visits at most one of the subtrees Ty, ..., T}, i.e., if By = 0.
Now, consider an agent A € A visiting two subtrees and assume without loss of generality,
that A first visits T; and afterwards enters T, with remaining energy B4. To reach T; the agent
needs to traverse d; edges. In order to afterwards reach T, the agent A needs to traverse

another 2d; edges. Thus, we must have By < B — 3d;.

In both cases, agent A; has explored more than (d; + dy)/2 vertices in T;. If A; visits another
subtree it traverses every edge in T; an even number of times and therefore needs at least d; +
d; energy to explore more than (d; + d;)/2 vertices. Moreover, 3d; energy is needed to first
reach T; and then another subtree. As 3d; + (d; + d) > 5d; > B by (3.6) and (3.7), A; cannot

visit another subtree.

By definition, the remaining energy of the agent A when entering T; is B,. If the final position
of Ais not in T;, then it traverses every edge in T; an even number of times and in particular A
traverses at most B4 /2 edges in T;. These can be incident to at most B4 /2 + 1 vertices, which

yields the claim.
a

i

Now, consider the case that the final position of A is below v ) and not below vgz) and not
on the path between v(il) and VE-Z). This means that at some point A must have visited a vertex v
at depth d with remaining energy exactly d —d;. Recall that B and d; are even, hence B4 is even
and this must happen at some point. Then A has exactly enough energy left to move to vgl) and,

in particular, A cannot reach any other path below vg.l). If v is explored by A, then v has no new
(1)

unexplored neighbor and we can simply assume that A returns to v, as this does not change
the number of neighbors it explores. In this case A has traversed every edge in T; an even
number of times and therefore can have explored at most B4 /2 + 1 vertices. If v is not explored
by A, then A can only explore at most one more vertex after visiting v with energy d — dj,
because the current path ends immediately when A explores a new vertex. Compared to the
case that v is explored by A, agent A only explores at most one additional vertex in this case
so that we can bound the total number of vertices explored by Aby B4/2 + 2.

Next consider the case that the final position of A is on the path between vg.l) and vgz). In
particular, this implies that ng) is defined and all vertices on the path between vgl) and vEZ) are
attributed to A;. Note that then all edges that are not on that path, must be traversed an even
number of times by A and we therefore again obtain that A can explore at most B4 /2+1 vertices,

which yields the claim.
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()

Finally, the case the final position of A is below v;” is completely analogous to the case that

)

the final position is below v, as all vertices on the path from vg.l) to VEZ) are attributed to A;.

Let A; be the first agent entering T;. If A; visits another subtree T; # T; afterwards, then A;
traverses every edge in T; an even number of times and needs 3d; energy to first reach T;
and afterwards T;. Overall, A; can therefore explore at most (B — 3d;)/2 vertices in T; and as
(B+dz)/2—d; +2A > (B - 3d;)/2 this yields the claim.

From now on, we can therefore assume that A; only visits the subtree T;. The energy that A;
spends in T; is at most B — dy, as B — d; is the maximum energy possible when entering T;. If
the final position of the agent A; is at depth d; or above, then it traverses at most d; — d; edges
in T; once using d; — d; energy and exploring at most d, — d; + 1 vertices. All other edges in T;
traversed by A; must be traversed at least twice which means there is at most one explored
vertex for every two energy used. Overall, the number of explored vertices is thus bounded by
B-d —(d,—d)) B+d;

2 2

(dz—d1+1)+ —d1+1,

if the final position of A; is at depth d; or above. If the final position of A; is below ds, there has
to be a vertex v at depth d visited by A; such that the remaining energy of A; when visiting v
is exactly d — d, (recall that d; and B are even by assumption). If v is explored by Ay, then v

is the last vertex that A; explores because v then is a vertex without further neighbors and A,
(1

cannot reach another path below v;” or vgz). If v has been already explored by another agent,
then A; can only explore one more additional vertex as the path also ends immediately if A;
explores a vertex. If A; after visiting v with remaining energy d — d,, would directly move
up towards vgl), its final position would be at depth d;, and by the argument above A; could
explore at most (B+d;)/2 —d; + 1 vertices. As A; can explore only at most one more vertex, as
we just showed, the total number of vertices explored by A; is bounded by (B + d;)/2 — d; + 2
in this case.

However, in Case II (b), it can happen that vEZ) is defined as it can be reached by A; with
(2)
i

attribute the vertices on the path between vgl) and vgz) to Ay, even if A; never visits them. If A;

visits ng) , then it visits all vertices on the path between vgl) and vgz)

its remaining energy when A, enters T;, but A; does not visit v;”. Recall that we always

and by the argument above

the number of vertices visited by A; is bounded by (B + d;)/2 — d; + 2. As the adaptive tree

at vg.l) becomes passive when A; enters T;, A; can from then on only explore A vertices which
M )

; and v§2> or belowv;”. This means compared to the case that A,

are not on the path betweenv
©)

visits v;”/, A; can only visit additional A vertices and therefore the overall number of vertices
explored by A; is bounded by (B + dz)/2 — d; + 2A in this case as 2 + A < 2A. This yields the

claim.

By Lemma 3.4 (c), every agent A € Aj,_; entering T; explores at most B4 /2 + 2 vertices and the
budget N; is also increased by this value when A enters T;. Thus, if A; ; = 0, the number of
vertices explored in T; will always be less than the budget, as Nj is initially 2. Now assume,

there is one agent A; € A, ; entering T;. By Case [ in the construction of the lower bound, the
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(®)

budget N; is increased by (B + d;)/2 — dq + 2A and by Lemma 3.4 (d), A; also explores at most
(B +d3)/2 — di + 2A vertices in T;. Thus the budget Nj;, which is initially 2, is also larger than

the number of explored vertices in T; in this case.

Suppose, for the sake of contradiction, that the budget N; is not depleted and the adaptive tree
(1)
i

there are A path below v&l) and A = [VZ - B] +2l. We have 2] -1 agents and each agent can be

below v:" is active, but there is no unexplored vertex at depth at most d; + A in T;. Recall that

responsible for at most one path to be fully explored and end because the agent has remaining
energy < d — d; at depth d. If all other {VZ - B-I + 1 paths are fully explored up to depth A,
then these path contain at least A - [V 2-1- B-‘ > 2 -1 - Bvertices. But all agents together only
have (2 -1 — 1) - B energy and hence cannot visit all these vertices. This is a contradiction.

O

We will say that Case II (a) occurs in T; if [A; ;| = 2 and Case II (a) occurs when the second

agent A, € A, ; enters T;. Analogously for Case II (b) and Case II (c). We partition the subtrees into

the following three sets:

My :={i | B4 > 0 for all A € Ay ; or Case Il (a) occurs in T;},
M; := {i | T; is not completely explored, 3A € A; ; with B4 = 0 and Case II (a) does not occur},

M, = {i | T; is completely explored and Case II (b) or Case II (c) occurs in T;}.

Lemma 3.5. Let T; be a subtree of T, |T;| be the number of vertices explored in T; by ALG and My, M,
and M, as defined above.

78

(a) We have My UM; UM, ={1,...,1} and M; " M; =0 foralli,je {0,1,2} withi # j.

(b) Foreveryi=1,...,1, we have

B+d B
T3 < 2 _d +6A+ Z iy (3.8)
2 AEﬂz’i 2

(c) Ifi € My, then

()

B+d B-3d By By
ITil < == —di+ 40+ (ALi| - 2) - ——— + > - =2 69
AEﬂzyi AEﬂLi

(d) Ifi € My, then

D, Ba< (il =1)- (B~ 3dy). (3.10)
A€A,, ;i
Ifi e M,, then
D Ba< (Al -2)- (B-3dy). (3.11)
AeA, ;i



Proof.

(b)

(©)
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(a) For the first part of the statement, let i € {1,...,1} \ (My U M;}, and note that there
exists A € Ay ; with By = 0, Case II (a) does not occur in T;, and T; is completely explored.
By Lemma 3.4 (¢) and Lemma 3.4 (f), we have |A;_ ;| > 2. Consequently, since Case II (a) does
not occur in T;, necessarily Case II (b) or Case II (c) occurs in T; and i € M,.

We obviously have My N M; = 0 and M; N My = 0. By Lemma 3.4 (b), B4, = 01if Case II (b)
or Case II (c) occurs and thus also My N M, = 0.

The budget N; of the tree T;, which is initially 2, satisfies

B+d B B+d B
N; <2+ 2—d1+2A+ Z (—A+2)s 2—d1+4A+ Z —A,
2 2 2 2
AEﬂz,i AEﬂz,i

where we used 2 + 2| Ay ;| < 4] + 2 < 2A. Since T; has at most 2A — 1 leaves, and since the
number of vertices explored in T;, which are not leaves, is at most N;, we have |T;| < N; + 2A.

This yields the claim.

First we show the claim for the case that By > 0 for all A € A; ;. This means that every
agent A € Ay ; also visits a second subtree. As 3d; energy is spent to reach T; and afterwards
the second subtree and A has still By energy left when entering the second subtree, at most
B —3d; — B4 energy is spent in T;. As every edge in T; is traversed an even number of times,
at most (B — 3d; — Ba)/2 vertices are explored by A in T; for all A € A, ;. Moreover, every
agent A € A, ; explores at most B4/2 + 2 vertices in T; by Lemma 3.4. Additionally using
2|As,i| < 2A, we thus have

B—3d; — By By _ B -3d; Ba B
|T1|S Z f-'- Z (74‘2 —|ﬂ1,i|' 2 + Z 7— Z 7+2A

Aeﬂl‘i AE&Z{Z‘,‘ Aeﬂg’,’ Ae:}h,i

We obtain the claim using (B + dz)/2 —d; > 2 - (B — 3d1)/2 as d; > d; and 5d; > B by (3.6)
and (3.7).

Now assume Case II (a) occurs and let A; € A; ; be the first agent entering T; and A; € A; ;
the second agent entering T;. As Case II (a) occurs, A; explores at most (d; + dz)/2 vertices
inT;. If B4, > 0, i.e., A; also enters a second tree, we can even bound the number of vertices
explored by A; in T; by (B — 3d; — Ba,)/2. We have (d; + d;)/2 > (B —3d1)/2 as dy > d;
and 5d; > B by (3.6) and (3.7). Therefore, we can both for B4, = 0 and for B4, > 0 bound
the number of vertices explored by A; until A, enters T; by (d; + d2 — Ba,)/2. As soon as A,
enters T; all agents together can only explore the unexplored leaves, i.e., at most 2A vertices.
Moreover, every agent A € A, ; explores at most B4 /2+2 vertices in T; by Lemma 3.4. Overall,

we hence have

di+dy,— B B di+dy,— B B
(AR LYW (_AH)S;&HM 3 B
2 2 2 2

Aeﬂ“ Aeﬂz,i

where we again used 2|Aj ;| < 2A. We also have 0 < B—3d;—Bj4 forall A € A; ; by Lemma 3.4
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and obtain

dy+d,—B B-3d;-B B
|Ti|S—1 22 A Z e B Z 24

+4A + > ;
AeA; 1\ {Ar} AeA,, i

di+d B-3d B B

=¥+4A+(|ﬂl,i|_1)' 1_ E _A+ E _A

2 2 2 2
AE?{].,’ Aeﬂzvi

B+d2 B—3d1 Ba Ba

= —dy +4A + (| AL - 2) - - =4 -,
i (Al =2) === > =+ > =
AeA; ;i AeA,

(d) The bound follows directly from the fact that B4 = 0 for some A € A; ; and B4 < B — 3d; for
all A € A, ; by Lemma 3.4.

(e) In order to show the bound (3.11), we proceed along the following key claims:

(i) The bound (3.11) follows, if the set of agents A; ; \ {A;} together visit at least (B —
3d;)/2 distinct vertices in T; or if there is an agent in A; ; \ {A;} that does not visit
another subtree.

(ii) The bound (3.11) holds if Case II (b) occurs.

(iii) For Case II (c), the agents in (A; 1\ {A1}) U A; » need to visit at least (B — 3d;) +
2AedA; ,(Ba/2 + 2) vertices in T; for T; to be completely explored. Some of these ver-
tices may have already been explored by agent A;.

(iv) Let V; be the set of vertices visited by A;. Further let e; be the number of vertices explored
by the agents in A; , that are not contained in V; and n, be the total number of vertices
visited by the agents in A; ; that are contained in V;. Then it holds that e; + n;/2 <
Yaea,, (Ba/2+2).

(v) The claims (iii) and (iv) yield the bound (3.11) if Case II (c) occurs.

We now show each of the above claims.

(i) By Lemma 3.4 (b), we know that A; cannot visit another subtree, i.e., B4, = 0, as Case Il (b)
or Case II (c) occurs when A, enters T;. If there exists another agent A’ € A, ; such
that By = 0, then the claim follows directly from the fact that B4 < B — 3d; for all
A€ Ay \ {A1, A’} by Lemma 3.4. So assume that for every A € Ay ; \ {A1}, Ba > 0
holds, i.e., every agent in Ay ; \ {A1} visits two subtrees and the agents in Ay ; \ {A1}
together visit at least (B — 3d;)/2 distinct vertices in T;. As every agent Ain Ay ; \ {A1}
visits a distinct subtree after T;, A traverses every edge in T; an even number of times.
Thus at least B — 3d; energy is needed to visit (B — 3d;)/2 distinct vertices. But then we

already have

Ba < (| Ayl = 1) - (B - 3dy),
AedA\ (A1)

as every agents spends an additional 3d; energy to first reach T; and then the second

subtree. This implies (3.11).
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The budget of T; is increased by (B + d;)/2 — d; + 2A when A; enters T;, but this is also
the maximum number of vertices that A; can explore by Lemma 3.4. Similarly, for every
agent A € Aj ; the budget is increased by B4/2+2 and the agent can also explore at most
Ba/2 + 2 vertices by Lemma 3.4. Note that when A, enters T;, the adaptive tree rooted
at vgl) becomes passive, and thus agents not entering ng) can collectively explore at most A
vertices after A, entered T;. We claim that if no agent from A; ; \ {A;} enters vgz) ,then T;
cannot be explored. Indeed, there are A paths starting from vgl) and A paths starting
from vgz). When the budget N; is depleted, the agents must have explored N; vertices that
are not leaves, and consequently, |T;| > N; + 2A. Since the agents from A, ; U {A;} can
explore at most N; — 2 vertices, the agents from A; ; \ {A;} have to explore at least 2A + 2
vertices in T;. Consequently, at least one agent A’ from A ; \ {A1} has to visit v&z) and
thus By = 0 as d; + 2d; > B by (3.6). By (i), this yields (3.11).

As Case I (c) occurs when A; enters T;, agent A; has not enough energy to reach a vertex
at depth d, via an unexplored vertex. We first show that then A; never visits a vertex at
depth d, +1 (it is clear by assumption that A; never explores a vertex at depth d, or below,
but A; could still visit a vertex at depth dz + 1 on a path that was explored by another
agent). If any agent A from A; ; explores a vertex v at depth d; in T;, then it must have
spend at least 2d; energy to reach the tree it visited before T; and then come back to the
root and another d, energy to reach v. We have B — 2d; —dy < dy —dy asd; + 2d, > B
by (3.6). Thus A has at most d, — d; energy left when it visits v at depth d, and the path
of A ends by Case III in the construction of the lower bound. Therefore, A; cannot reach
any vertex at depth d; + 1 on a path that was explored by an agent from A; , as this
path ends at depth d, at the latest. Agent A; also cannot visit a vertex at depth d; + 1
that was explored by an agent in (A; ; \ {A;}) as this vertex would be unexplored at the
time A; enters T; and we assume that at this point A; cannot reach an unexplored vertex
at depth d,.

This means that A; never visits any vertex at depth d, + 1 and can therefore only com-
¢

pletely explore one path below v, containing at most d,—d; +1 vertices. All other vertices
visited by A; that are not on that path have to be visited by other agents since otherwise

there is an unexplored vertex at the end of that path. For T; to be completely explored, the
(1)

budget N; must be completely depleted as otherwise the adaptive tree below v; "’ remains
active and there is an unexplored vertex in T; by Lemma 3.4 (f). Thus all N; vertices,
except for at most d, — d; + 1, need to be visited by the agents in (A; 1 \ {A1}) U A; »

for T; to be completely explored. We have

B- B
Ni—(dp—di +1) > d | Z (—A+2). (3.12)
2 AeA; 2

Using, d; + 2d; > Band d; < 5/3 - d; by (3.6), we obtain

23-6(11S(d1+2d2)+B—6d1=3d2—5d1+(B—d2)SB—d2.
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V)

This implies B — 3d; < (B — dz)/2 and together with (3.12) this yields the claim.

For an agent A € A, ;, let e4 be the number of vertices in T; that are explored by A
and not visited by A;. Moreover, let ng be the number of moves performed by agent A
in T; increasing the distance from A to v(il) while visiting a new distinct vertex in V;. We
show that e4 + n4/2 < Ba/2 + 2. The claim then follows by using n, = ZAeﬂi.z na and
€2 = YAcA, , €A-

Consider the last time an agent A € A, , visits a vertex v at depth d and exactly has
enough energy to move to vgl) (as B and d; are even, this will happen at some point). Note
that A cannot reach any other path below vEl) and that it can explore at most one vertex
as any unexplored vertex that A visits will have no further neighbor.

First, assume v is explored by A. By Case III in the construction of the lower bound,

the current path ends and v is a vertex without further neighbors. We can now assume
(1

that A returns tov;’, as this does not change e4 or n4. Then A has traversed every edge
in T; an even number of times and we have e4 + n4 < B4/2 + 1 and thus in particular,
ea+na/2<Bsy/2+1asny > 0.

Next, assume that v is not explored by A and also not visited by A;. If A would return
to vgl), then we can again argue that A traverses every edge an even number of times
and obtain e4 + na < Ba/2 because now we even know that the edge traversal to v was
neither an exploration move nor is v contained in V;. On the other hand, if A does not
return to vgl) from v then it cannot visit any new vertex in V; as A; never visits v and
therefore also no vertex below v. Moreover, A can explore at most one additional vertex
because then the current path will end immediately. Overall, we therefore again obtain
ea+ng < Ba/2+ 1, which yields eq + ng/2 < Ba/2 + 1.

Finally, assume that v is not explored by A but visited by A;. Let e/, be the number of
vertices not visited by A; and explored by A until the visit of v with remaining energy d —
dy and analogously let n’, be the number of moves performed by agent A up to that time

increasing the distance from A to vgl) while visiting a new distinct vertex in V3. If A
¢
i

even number of times and we obtain e/, + n/, < B4/2 + 1. After visiting v agent A can

would return to v;’ with its remaining energy, it would have traversed every edge an

explore only at most one more vertex as then the path ends immediately. Thus, we have
eq < e;{ +1. Asv is visited by Ay, all vertices between v andvgl) must also be visited by A;.
Hence, it holds that n/, > d —d;. Moreover, after visiting v agent A only has d —d; energy

left for visiting vertices in V; implying ny — n’, < d — d;. Overall, this yields

(d—dy)+n,

na
ea+— <e +1+
2 2

S€A+1+TS7+2.

Let ny be the total number of vertices in T; visited by the agents in A; ; \ {A;}. We
assume n; < (B — 3d;)/2 as otherwise the claim follows by (i). First of all, we must have
ni+e = Yaea,, (Ba/2 + 2) as T; contains at least N; + A vertices if it is completely
explored of which ¥} 4c 7, , (Ba/2 + 2) are not visited by A; by Lemma 3.4 (d). Using (iv),
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this implies

(B-3d))/2>m > ) (Ba/2+2)—e 2 m/2. (3.13)
AeA; »

By (iii), we must further have

n+ng+ey > B—3d; + Z (Ba/2 +2) (3.14)
AeA; 2

for the budget N; to be depleted and T; completely explored. Aswehave Y 4c 4, , (Ba/2 +2) 2
nz/2+e; by (iv), we obtain ny+nz/2 > B—3d,; from (3.14). But this implies n; > (B—3d;)/2
as ny/2 < (B —3d;)/2 by (3.13), which is a contradiction. O

Theorem 3.6. There exists no c-competitive online exploration algorithm withc < (5+3V17)/8 ~ 2.17.

Proof. Let ALG be an online exploration algorithm and let I be the instance defined above, i.e., the
tree T depending on ALG and the parameters [, d;, dz and B. Assume ¢ of the [ subtrees Ty, T5 ..., T;
are completely explored and for j € {1,2,3} let k; := [ U;en, Avil.

We have Arc(l) < I-d; + Zle |T;|, as there are [ paths with d; edges each connecting the root v,
to every subtree. We now apply (3.8) from Lemma 3.5 for all subtrees T; with i € M; U M, and
Inequality (3.9) for all subtrees T; with i € M, and additionally use that Ué:l A 2 Ué:l Aj.i. This
yields

1
Arc(D) < 1-d; + Z ITi|

i=1

B+d B
<l-d+ Z J;Z—d1+6A+ Z 7’4

ieM;UM, A€HAy i
B+d, B —3d; By Ba
+_Z 5 —di +4A + (| A1l - 2) >t Z = - Z -
ieMy AeA, AeA; ;i
!
B+d2 BA BA B—3d1
sl-( - +6A)+Z DI WD YR Y (€ I
i=1 AeAy,; ieMy AeA,; ieMy
B+d B-3d, 1
sl-( - 2+6A)+(k0—2|M0|)- - Ly Ba.

ieM{UM; A€ A, ;

Now we can apply the Inequalities (3.10) and (3.11). We further use kg + k; + ko < k = 2] - 1,
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|M0| + |M1| + |M2| = l, t < |M0| + |M2| and obtain

B+d B-3d, 1
ALG(I)Sl( T +6A)+(k0—2|M0|)~ Ly Z Z (Al = 1) - (B—3dy)
2 2
ieM; Ae Ay ;
1
+5 2, D (Al =2)- (B-3d)
lEMgAEﬂlyi

B -3d;
2

B+d
sl( ’; 2+6A)+(k0+k1+k2—2|M0|—|M1|—2|M2|)

sl(B’;dz+6A)+(1—1—t)B"23d1.

Next, we will give a lower bound on the number of vertices explored by an optimal offline algo-
rithm OpT. As there are 2] — 1 agents and [ subtrees, there has to be a subtree T; with |A; ;| < 1.
Without loss of generality let this subtree be T;. By Lemma 3.4 the subtree Ty then has an unexplored
vertex u; at depth at most d; + A and, in particular, is not completely explored, implying ¢ < I.

For every subtree T; that is not completely explored, let u; be an unexplored vertex in this tree.
We can just assume that every u; has degree 2/ and 2] — 1 distinct paths of length B connected to it.
The optimal offline algorithm OPT can then send [ — t agents each to one of the unexplored leaves u;
and then down one of the 2] — 1 distinct paths. These agents in total explore (I — t) - B vertices. All
other I — 1+t agents are send to the unexplored vertex u; in T; and then each down one path which
is not taken by any other agent. These agents in total explore at least (I — 1+1t) - (B—d; — A) vertices.
Overall, this yields

Orr(() 2 (I—t) - B+(I-1+1t) - B—di—A)=@2l-1)-B+(-1+1)(=d; — A).

For the competitive ratio, we hence obtain

Ort(I) S ) 4l-2)-B+(2l-2+2t)-(-dy — A)
min .
ALG(I) ~ tefo,.., -1}y - (B+dy + 12A) + (I - 1 —t)(B - 3d,)
In order to maximize the term on the right-hand side, we want to choose d; as small as possible.
Because of the initial assumptions on the parameters in (3.6), we must satisfy 2d; + d; > B. We can

therefore choose d; = (B — d;)/2 and get

Ort(I) > min (8l—4)-B+ (4l —4+4t) - (—d1 —N) ‘
ALG(I) — tefo,....1-1} [ - (3B —dy + 24A) + (21 — 2 — 2t)(B — 3d,)
Note that since we assumed d, < 5d;/3, we need to have that B < 13d,/3, i.e, d; > 3B/13. We also
need to satisfy 3d; < B by (3.6) or equivalently d; < B/3.
We now consider an infinite sequence of instances with the following parameters: For every i €
N, let the energy B of the agents be BY) := 2%, the parameter [ be ) := 2 and the depth d;
be dgi) := by - BY for some b; € (3/13,1/3). Note that dgi) then satisfies 3d§i) < B < 13d§i)/3 as

required by our initial assumptions on the parameters. Furthermore, we have

A [ ZI(i)-B(i)]+zl(i) ,
BO B®
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By dividing all terms in the numerator and denominator by IV - B¥) and using the property above,

we can compute

orr(D) _ _ 81D —4) - BO + (410 — 4 + 41) - (=dV - AD)
= min

ALG(I) " refo.....10-1} (i) . (3B(i) _ dg") 4 24A(i)) + (210 = 2 = 2¢)(BO) — 3d§i))
i—oo 8—4b1—4b1't

inf .
te[0,1) 3 — by +2—6b; — 2t + 6t - by
We still have the freedom to choose by € (3/13, 1/3) to maximize the term on the right-hand side, so
we even have

OPT(I) . 8 — 4b1 - 4171 -t
———= 2>  sup inf .
ALG(I) b1€(3/13,1/3) tefo,1) 5 — 7b1 — 2t + 6t - b]

% ~ 0.26 maximizes the infimum and satisfies

By standard calculus, we obtain that b; =
3/13 < by < 1/3. Finally, we get

Ort(I) S 5+ 3417

~ 2.17. O]
Arc(l) — 8
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Chapter 4

Energy Efficient Delivery

In this chapter, we study the problem of moving a set of distinct messages from their current loca-
tions to specific destinations by a team of mobile agents. In an application, a messages could be some
person or object to be transported and a mobile agent some autonomous robot or vehicle. The mes-
sages can be located at different initial locations and every message has a specific destination. Each
mobile agent consumes energy proportional to the distance it travels and the proportionality factor,
i.e., the efficiency of the agent, may be different for different agents. The different efficiencies of the
agents can be due to different power sources or technologies of the autonomous robot or vehicle, for
instance. The agents may carry several messages at the same time, however, there is a capacity «
bounding the number of messages any agent can carry simultanously. We model the environment as
a weighted undirected graph, where the initial position and destination of every message is specified
as a source-target pair. Previous work on energy-efficient delivery of messages studied agents with
different energy budgets, i.e., bounds on the overall energy an agent can spend traversing the envi-
ronment, but with the same energy efficiency [Cha+13; Cha+14; Biar+16]. In our setting, which we
refer to as WEIGHTEDDELIVERY, the energy of an agent is unlimited, and we study the problem
of delivering all messages to their destinations while minimizing the total energy consumption.

In this chapter, we focus on one aspect of the WEIGHTEDDELIVERY problem, namely, we investi-
gate how much the agents can benefit by collaborating on delivering messages compared to the case
that every message is only delivered by one agent. We call the best approximation factor achieved by
an algorithm using only one agent for delivering every message the benefit of collaboration (BoC).
We start by giving a formal introduction of the model in Section 4.1. Afterwards, in Section 4.2, we

construct an instance showing that no algorithm that delivers every message by only one agent can

1
2r+1

achieve an approximation factor better than In ((1 + %)r (1+ )) 1, where r is the minimum of
the agent capacity k and number of messages p. For a single message this implies a lower bound
of 1/In 2 on the benefit of collaboration, whereas for arbitrary large agent capacity and number of
messages this lower bound converges to 2. In Section 4.3, we show how to transform an arbitrary

solution for the message delivery problem to a solution where every message is only transported by
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one agents while the cost is at most twice the cost of the original solution. This implies a general
tight upper bound of 2 on the benefit of collaboration for arbitrary capacities and number of mes-
sages. Additionally, for the special case of one message, we give a different transformation showing
a tight upper bound of 1/In2 ~ 1.44.

Other aspects of the delivery problem, that we do not cover in this chapter, were presented in
[Bir+17]. The authors showed that for only one message an optimal solution can be found in O(|V|?)
independent of the number of agents k. However, for more messages it is shown that already the sub-
problem of planning in which order an agent delivers a set of messages is NP-hard on planar graphs,
but it can be 2-approximated in polynomial time if agents have capacity k = 1 and do not collaborate.
It is further shown that the coordination aspect of WEIGHTEDDELIVERY, i.e., deciding which agent
delivers which subset of messages, is NP-hard, but can be efficiently solved if the agents have the
same efficiency. Combining the approximation results and the bound on the benefit of collaboration
yield a polynomial-time (4 max Z—;)-approximation for message delivery with unit capacities, where

max 7t is the maximum ratio between the different energy consumption rates of the agents.
J

Bibliographic Information The results presented in this chapter are joint work with Andreas
Bartschi, Jérémie Chalopin, Shantanu Das, Yann Disser, Daniel Graf, and Paolo Penna, and have

been published in [Bér+17].

4.1 Terminology and Model

We model the environment as an undirected labeled and edge weighted graph G = (V,E). Every
edge e = {u,v} € E has a length denoted by w(e) € Rx¢. The length of a walk is the sum of the
edge lengths along the walk. The distance between a vertex u and a vertex v is the length of a
shortest path from u to v in G and denoted by dist(u, v). There is a set A of k mobile agents denoted

by Ay, ... Ak initially located at arbitrary vertices vgl) e ,vgk)

of G. The agents have a complete map
of the graph and can communicate globally. Each agent A; further has a weight «; > 0, which is the
rate of energy consumption per unit distance traveled by the agent, i.e., every time agent A; traverses
an edge e € E it incurs an energy cost of a; - w(e). Note that a higher weight «; of an agent, implies
a higher rate of energy consumption and therefore a lower efficiency so that 1/«; can be interpreted
as the efficiency of the agent. Moreover, there is a set of y messages M to be delivered. For every
message j € M there is a pair (sj, t;) giving the source vertex s; € V and target vertex t; € V of
message j. A message at a vertex v can be picked up by any agent located at v. It can be carried by
an agent to any other vertex of G and dropped there. A message j € M is delivered if it is dropped
by an agent at its target vertex ¢;. Furthermore, the agents have a capacity x € N U {co}, which
is a limit on the number of messages an agent can carry simultaneously. We do not impose any
restriction on how far an agent may travel and let d; denote the total distance traveled by agent A;,
i.e., the length of the walk performed by A; in G. We call a feasable solution S to an instance I of

the WEIGHTEDDELIVERY problem a schedule. A schedule is a complete description of the agents
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trajectories including all message pick-up and message drop-off actions and times. The cost of a
schedule S for an instance I is the total energy consumption of the agents, i.e., ¢(S,I) := Zle a;d;.
The goal is to find a schedule S minimizing the total energy c(S, I) needed to deliver all messages of

instance I.

4.2 Lower Bound on the Benefit of Collaboration

In this section, we construct an instance showing a lower bound on the approximation ratio by an
algorithm using only one agent for delivering every message. For our construction, we make use
of the fact that the agents have different starting locations and they can finish at any vertex of the
graph. Due to different agent efficiencies it may therefore be cheaper that an agent close to the
message source first transports a message before handing it over to another agent with a better
efficiency compared to the case that the message is transported the whole time by only the agent
with the better efficiency. In general, it can even be the case that an agent hands over the message

to a less efficient agent if there are multiple messages and capacity constraints for the agents.

Theorem 4.1. On instances of WEIGHTEDDELIVERY with agent capacity k and y messages, an algorithm

using one agent for delivering every message cannot achieve an approximation ratio better than

1

In((1+ )" (1+ %))

where r := min{x, yu}.

Proof. The instance I showing the lower bound is constructed as follows: Consider the graph G =
(V,E) given in Figure 4.1, where the length w(e) of every edge e € E is 1/t. This means that G
is a star graph with center v; o and r + 1 paths of total length 1 each. We have r messages and
message j needs to be transported fromvg j tovy, o forj = 1,...,r. There further is an agent A; ; with

weighta; ; = starting at every vertexv; ;for (i,) € {0,...,t=1}x{1,...,r}U{t,..., 2t}x{0}.

_2r
2r+ift

We first show the following: If any agent transports s messages from their sources to their desti-
nations, then this incurs a cost of at least 2s. Note that this implies that any schedule S for delivering
all messages by the agents such that every message is only carried by one agent satisfies c(I, S) > 2r.

So let an agent A; ; transport s messages from the sources to the destination v,; . Without loss
of generality let these messages be 1,...,s, which are picked up in this order. By construction,
agent A; ; needs to travel a distance of at least i/t to reach message 1, next a distance of 1 to move
back to v; o, then a distance of 2 for picking up message j and going back to v, for j = 2,...,s.
Finally it needs to move a distance of 1 from v, o to vy . Overall, agent A; ; therefore travels a

distance of at least 2s + % The overall cost for agent A; ; to deliver the s messages therefore is at

i i 2r i 2s
25+ - j=|2s+-| - —— 2|25+ |- ——— =25
t t] 2r+ift t) 2s+i/t

least
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Figure 4.1: Lower bound construction for the benefit of collaboration.

Now, consider a schedule S¢o1, where the agents collaborate, i.e., agent A; ; transports message j
fromv; jtoviy jforj=1,...,r,i=0,...,t -1, where we identify v; ; with v; o. Then agent A;
transports all r messages from v; o to viq1,0 for i = t,...,2t — 1. This is possible because r < x by

the definition of r. The total cost of this schedule is given by

1 2
(L, Seat) = 7 - /0 Frep () dx + / Frep) dx,

where fiep(x) is a step-function defined on [0, 2] giving the current cost of transporting the message,
ie., fsep(x) = Zri—:/t on the interval [i/t,(i+1)/t) fori = 0, ..., 2n— 1. The first integral corresponds
the first part of the schedule, where the r messages are transported separately and therefore the cost

. . . i+1)/t
of transporting message j from Vi jtoviiy jis exactly fiil: )/ fstep(x) dx = % . zriri/t. The second part

of the schedule corresponds to the part, where all r messages are transported together by one agent

at a time.

Observe that the function f(x) = 2r- m satisfies f(x) > fiep(x) on [0, 2]. Hence, we obtain

c(I,Scol)Sr/O f(x)dx+/1 f(x)dx:Zr-(rln(Zr—1/t+x)’:+ln(2r—1/t+x)‘j)

2r =1/t +1\" (2r =1/t + 2\ 1> 1\" 1
=2r-In - 2r-In{1+—| |1+ .
2r— 1/t 2r—1/t+1 2r 2r+1

The best approximation ratio of an algorithm that transports every message by only one agent com-

pared to an algorithm that uses an arbitrary number of agents for every message is therefore bounded
from below by

BoC > c(I,S) S 2r _ 1 . 0

_C(I’Scol)_2r-ln((1+21—r)r(1+ ! )) 1n((1+i)f(1+ 1 ))

2r+1 2r 2r+1

1

-1 _
By observing that lim,_,«, In ((1 +4) (14 m)) = In (e!/?) ' = 2, we obtain the following

corollary.

Corollary 4.2. An algorithm for WEIGHTEDDELIVERY delivering every message by a single agent cannot
achieve an approximation ratio better than 2 in general, and better than 1/In2 ~ 1.44 for a single

message.
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4.3 Upper Bounds on the Benefit of Collaboration

In this section, we show a general upper bound on the benefit of collaboration of 2 and an upper
bound of 1/In 2 for the case of one message. Our proof of the upper bound of 2 transforms an optimal
schedule Sopr for an instance I to a schedule S where every message is transported by only one agent
and c¢(I, S) < 2-c(I, Sopr), see Theorem 4.3. Note that this result does not yield an efficient algorithm.
In fact, finding an optimal schedule in which every message is transported by only one agent, is still
NP-hard, as shown in [Béar+17]. But the result is an important part in designing the polynomial-
time (4 max Z—]i_)—approximation for WEIGHTEDDELIVERY with unit capacities. However, for only one
message the simple greedy strategy of choosing the cheapest agent to deliver the message yields an
efficient algorithm with an approximation factor of 1/In 2, see Theorem 4.4. In this special case of

one message, it is also possible to find an optimal solution in polynomial time, see [Bar+17].

Theorem 4.3. Let Sopr be an optimal schedule for a given instance I of WEIGHTEDDELIVERY. Then there

exists a schedule S such that every message is only transported by one agent and ¢(I,S) < 2 - ¢(I, Sopr).

Proof. We can assume without loss of generality that in the optimal schedule Sppr for instance 1
every message j € M is transported on a path from its starting point s; to its destination t;. This can
be easily achieved by letting agents drop a message at an intermediate vertex if it would otherwise

be transported in a cycle. We now define the directed multigraph Gopr = (V, Eopr U Eopr) as follows:

¢ V is the set of vertices of the original graph G.

e For every time in the optimal schedule that an agent traverses an edge {u,v} from u to v while
carrying a set of messages M’ C M, we add the arc e = (u,v) to Egpy and &€ = (v, u) to Egpr.
Note that we can have M’ = 0 if the agent carries no messsages. We further label both edges
with the set of messages M’ and write M, := M; := M’ to denote these labels. We call the

edges in Eo,; original edges and the edges in Eqpy reverse edges.

We say that a schedule S in Gppr for an agent A satisfies the edge labels, if every original edge e €
Eopr is traversed at most once by A and only while carrying exactly the set of messages M., and
every reverse edge & € Egyy is traversed by A at most once and without carrying any message. We
further identify a schedule S in Gopr with the schedule S” in G by replacing the traversal of a directed
edge e = (u,v) in Gopr by the traversal of the corresponding edge {u,v} in G.

The idea of the proof is as follows: The graph Gopr is Eulerian by construction and we show
that in each strongly connected component an agent can follow some Eulerian tour that allows to
deliver all messages, i.e., a Eulerian tour that satisfies the edge labels. In particular, the agent needs
exactly twice as many moves as the total number of moves of all agents in the component in Sopr.
By choosing the cheapest agent (in terms of weight) in each component, we obtain a schedule S with
c(I,S) < 2-c(I, Sopr)-

By only considering a subset of the messages and a subschedule of Sppr, we may from now
on assume that Gopy is strongly connected (by construction, every connected component of Gopr is

strongly connected). We further let M(v) denote the set of messages currently at a vertex v and use the
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notation S & S’ to denote the concatenation of a schedule S and a schedule S’, i.e., first the schedule S

is executed and then S’. The desired schedule is computed using the procedure comPUTETOUR() given

in Algorithm 4.1, which utilizes the subroutine FETCHMESSAGE() given in Algorithm 4.2. We proceed

along the following key claims:

1. The schedules returned by comPuTETOUR() and FETCHMESSAGE() satisfy the edge labels in Gopr

and correspond to a closed walk.

2. The following invariants hold after every iteration of any of the two while-loops in coMPUTE-
Tour():

(i)  Gopr is Eulerian.

(ii) For every message j € M currently at a vertex v; holds that there is a simple path fromv;
to t; in Gopr With edges in Egpr containing j in their labels, and a path in the reverse

direction with edges in Eopr containing j in their labels.

3. For every vertex vy in Gopr, a call coMPUTETOUR(Gopr, Vo) terminates. The returned schedule

starts and ends at vy and satisfies the edge labels in every step.

4. Combining the schedules of multiple calls of coMPUTETOUR() yield a schedule S of Gopr for
an agent Ap;, that satisfies the edge labels in every step and corresponds to a Eulerian tour
of Gopr. The schedule S satisfies ¢(I, S) < 2 - ¢(I, Sopr).

Note that the last claim shows our desired result. We now show each of the above claims.

1.
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It is an easy observation that the schedules computed by compuTETOUR() and FETCHMESSAGE()
traverse every edge e € Eopr While carrying the set of messages M, and every edge é € Eo,; while
carrying no messages. Note that in the second else-case in comPUTETOUR(), we have M, = 0 so
this also holds in this case.

Next we show that both comPUTETOUR() and FETCHMESSAGE() return a schedule correspond-
ing to a closed walk. We assume that both procedures terminate, which is shown in the proof
of Claim 3. The second while-loop in FETCHMESSAGE() only terminates if the current vertex is
again the initial vertex v so FETCHMESSAGE() clearly returns a closed walk.

For the procedure comPUTETOUR() we show that after every iteration of any of the while-loops
the current schedule S corresponds to a closed walk. Initially, S is the empty schedule and clearly
corresponds to a closed walk. If in the iteration of the while-loop we add the schedule returned
by a call of FETCHMESSAGE() to S, then S still corresponds to a closed walk as the added sched-
ule corresponds to a closed walk. Otherwise, first the traversal of an edge e, then the schedule
returned by a recursive call of compuTETOUR() and finally the traversal of the reverse edge € is
added to the current schedule S. By a simple induction over the recursion depth, we can assume
that the schedule returned by the recursive call of coMPUTETOUR() corresponds to a closed walk

so that again S corresponds to a closed walk as we travese the reverse edge ¢é after traversing e.



4.3 Upper Bounds on the Benefit of Collaboration

Algorithm 4.1: Compute schedule to deliver messages for agent starting at vertex v.

Input: graph Gopr, starting vertex v
Output: schedule S satisfying the edge labels, starting and ending at vertex v

1 function coMmPUTETOUR(GQpr, V)

2 Se—1
3 while 3 outgoing edge e = (v, w) € Egpr do
4 if M(v) 2 M, then
5 S « S @ traversal of e carrying messages M,
6 delete e, é from Gopr and update positions of messages M, in Gopr
7 S « S ® comPUuTETOUR(Gopr, W)
8 S « S @ traversal of é carrying no messages
9 else
10 letj e M, \ M(v)
11 S « S ® FETCHMESSAGE(Gopr, j,V)
12 | while 3 outgoing edge & = (v, w) € Egpy do
13 if 3j € M; then
14 S « S & FETCHMESSAGE(Gopr, j,V)
15 else
16 S « S @ traversal of é carrying no messages
17 delete e, & from Gopr
18 S « S & comPUTETOUR(Gopr, W)
19 S « S @ traversal of e carrying no messages
20 return S

2. By construction, the graph Gopr is Eulerian at the beginning. As all messages are delivered in the
optimal schedule Sppr and they are transported on a path, also the second property holds at the
beginning.

If we assume that a call to FETCHMESSAGE() maintains these two properties, then it is easy to
see that the two properties are preserved in comPUTETOUR(): First of all, an original edge e € Eopr
is always deleted together with the corresponding reverse edge & € Eopr and thus Gopr is still
Eulerian. Moreover, an edge e = (u,v) and a reserve edge € are deleted if and only if the set
of messages M, is transported from u to v preserving the second property. Note that if a mes-
sage is delivered, then the empty path satisfies the second property. What is left to show is that
the properties are also preserved by a call FETCHMESSAGE(Gopr, j, V) in COMPUTETOUR(). Again,
initially both properties hold by assumption. In the procedure FETCHMESSAGE(), we first move
on the path of reverse edge with j € M, from the current vertex v to the current location v; of

message j while deleting the reverse edges. Afterwards, we move from v; on the path of original
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Algorithm 4.2: Compute schedule for transporting message j to current vertex v.

1

2

3

4

10

11

12

13

14

15

16

17

18

19

20

Input: graph Gopr, message j, curent vertex v

Output: schedule S transporting message j to vertex v

function FETCHMESSAGE(Gopr, /,V)

Se— 1

Veur <~V

while j ¢ M(u) do

if 3 outgoing edge & = (Veur, w) € Eopr With j € M, leaving the current vertex then
S « S @ traverse é carrying no messages
delete e from Gopr
Veur ¢ W

else

L give up

while v, #v do

let e = (Veur, W) € Eopr With j € M,

if M(veyr) 2 M, then

S « S @ traversal of e carrying messages M,

delete e from Gopr and update positions of messages M, in Gopr
Veur & W

else

let j/ € M \ M(veur)

S « S & FETCHMESSAGE(Gopr, j/» Veur)

return S
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edges with j € M, back to v while deleting the original edges. Ignoring further recursive calls
of FETCHMESSAGE(), this means that for every original edge also the reverse edge is deleted. Fur-
thermore, message j is moved to vertex v and thus there again is a path from the current position
of message j to t; in Gopr With edges in Egpr containing j in their labels, and a path in the reverse
direction with edges in Egpy containing j in their labels. As this holds for every level of recursive
calls of FETCHMESSAGE(), Gopr is Eulerian and also the second porperty holds after all recursive

calls of FETCHMESSAGE() are finished.

By Claim 1, coMpUTETOUR() and FETCHMESSAGE() return a schedule corresponding to a closed
walk that satisfies the edge labels. What is left to show that a call of comPUTETOUR() terminates.
First observe that a call to FETCHMESSAGE() always leads to some progress as the procedure is only
called, if a message j is not at the current vertex so at least one edge is deleted from Gopy in the
first while-loop (unless the procedure gives up). Similarly, for every call of comPUTETOUR() either

an edge e and the corresponding reserve edge ¢ are deleled from Gopy or FETCHMESSAGE() is called
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ecEg
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Figure 4.2: Path that message j € M is transported in graph Gopr according to Sopr.

and also at least one edge is deleted. Thus, there cannot be an infinite sequence of recursive calls
as always edges from Gopr are deleted.

We therefore only have to show that the case “give up” in FETCHMESSAGE() cannot occur.
Assume, for the sake of contradiction, that this case occurs in a call FETCHMESSAGE(Gopr, J,V).
This means that at a vertex v* in the first while-loop, there is no edge & € Eopy with a label
containing message j and v* also does not contain the message j. By construction of Goyr, the
vertexv* must be on the path that message j takes from its start s; to its destination t; in the optimal
schedule Sopr and thus initially there must have been an outgoing edge & = (v*, w) € Egpr at v*
with j € M, that was traversed and deleted. If the corresponding original edge e = (w,v*) € Egpr
were already traversed and deleted, then message j would have reached v* as edge labels are
obeyed. This contradicts that in the current call FETCHMESSAGE(Gopr, j, V) the first while-loop
has not terminated because we have not encountered message j. Thus, the current setting is
as shown in Figure 4.2. The edge € cannot have been deleted in a call comPUTETOUR(Gopr, V¥),
as then e would also be deleted. Thus, ¢ must have been traversed and deleted during a call
FETCHMESSAGE(GS}ZT,jl,Vl) with j; # j before as message j is transported on a path. We claim
that this call is not completed. Indeed, if the call were already completed, the original edge e
would have been traversed and deleted.

As we established that the call FETCHMESSAGE(G(I)

Ort’

tex v, and a message j, missing at this vertex to further carry j; on its paths to the destination, and

J1,Vv1) is not complete, there must be a ver-

a call FETCHMESSAGE(G(OZ )

s J25 v2), which is also incomplete. By iterating this argument, we obtain

(s)

Ort’

for some s € N, where j; = j and vy = v. In the optimal schedule Sop; the message j, needs

that the current stack of functions is FETCHMESSAGE(G,,..., js;Vs)s « - -» FETCHMESSAGE(G&ZT, J1,V1)
to be transported to v, before j; can be further transported from v, together with j,. Similarly,
message j, needs to be transported to v, before message j.—; can be transported further together
with message j, from v, for r = 2,...,s. In particular, this implies that message j; = j needs
to be transported to v (via v*) before j; can be transported further. Hence, also in Sopy j mes-
sage j is transported to v before j; is transported further. But this contradicts that j, j; € M, ie.,
in Sopr the messages j and j; are transported together along the edge e. Therefore comPUTETOUR()

terminates.

. Let Apin be an agent with minimum weight among the agents that move in Sopr, let vy be the start-
ing vertex of Apmin and let T be the schedule resulting from a call comPUTETOUR(Gopr, Vo). Assume
that T does not traverse all edges of Gopr. Letv be the last vertex visited on the tour of Ay accord-

ing to the schedule T that is is incident to an edge of Gopr, Which is not traversed. Further, letv; be
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the position of message j after the schedule T is finished and Gj,. be the graph Goy after the call

of coMPUTETOUR(Gopr, Vo), i.€., without the edges deleted in the call comPUTETOUR(Gopr, Vo) and
message j at position v; instead of s;. We want to show that we can add the schedule T’ returned

by a call comPuTETOUR(G,, ,v) to the schedule T as follows: First Ap, follows T until the last

Ort?
time it visits v, then it follows T”, and finally the remaining part of T.

The graph G{,, is a feasible input to comPUTETOUR() as both properties of Claim 2 are satisfied.
By Claim 3, COMPUTETOUR(GE)PT,

satisfies the edge labels. The only problem that can occur when combining the schedules T and T’

v) will produce a schedule T’ corresponding to a closed walk that

therefore is that there is a message j such that Ap, visits v; to transport message j further, but
message j has not arrived at v; as the schedule T is not complete. But this would mean that
vertex v; is visited in the schedule T (in order to transport message j to v;) after the last time v is
visited by the schedule T. However, by the choice of v, all edges incident to v; must be visited and
deleted by the schedule T when A, starts the schedule T’. This contradicts that v; is visited in
the schedule T'.

By iterative applying the above argument, we obtain a schedule S, which traverses all edges
in Gopr while satisfying the edge labels as well as starts and ends at vy. As Ay is the agent with

minimum weight o, we have

2 (I, Sowr) 2 > w({v, w}) * Gmin = c(1, S). O

e=(v,w)€EoprUEopr

For the case of a single message, we can improve the upper bound of 2 on the benefit of collabo-

ration from Theorem 4.3, to a tight bound of 1/In2 ~ 1.44.

Theorem 4.4. Thereisa(1/In 2)-approximation algorithm using a single agent for WEIGHTEDDELIVERY

with one message.

Proof. By running an algorithm for the all-pairs shortest path problem, such as the Floyd-Warshall
algorithm [CLR89, Chapter 25], we can efficiently determine the agent that can transport the message
from s to t with lowest cost in an instance I. We need to show that this is at most 1/In(2) the cost of
an optimum using all agents.

Fix an optimum schedule So,; for instance I and let the agents Aj, Az, . .., Ag be labeled in the
order in which they transport the message in this optimum solution (ignoring unused agents). We
first show that we can without loss of generality assume that «; > @;;1 holdsforalli € {1,...,k—1}.
Assume that we have @; < ;11 for some i € {1,...,k — 1}. Then the part of the message transport
carried out by agent A;4 in Sopr can be taken over by agent A;. Since we have «; < a;41, the cost of
the schedule does not increase and thus is still optimal.

By scaling the edge length and agent weights, we can further assume without loss of generality
that oy = 1 and that the total distance traveled by the message is 1. Now, for each point x € [0, 1]
along the message path there is an agent A; with cost a; carrying the message at this point in the

optimum schedule and we can define a function f with f(x) = «;. The function f is a step function
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Figure 4.3: Choosing the largest b such that % is alower bound on the step-function f representing

the weight of the agent currently transporting the message.

that is monotonically decreasing as a; > a3 > ... > a. We further have f(0) = a; and f(1) = ax =

1. We now choose the largest b € [0, 1] such that f(x) > 2=, see Figure 4.3.

x+1°

Note that b > 1 as f(x) > 1 > b for b = 1and all x € [0, 1]. Further, let g; be the distance

x+1

traveled by agent A; without the message and g := Zle gia; the total cost for the distances traveled

by all agents without the message. We obtain the following lower bound for an optimum solution

1 1
c(I,SOPT)=/ f(x)dx+g2/ de+g=bln(2)+g.
0 0 x+1

By the choice of b, the functions f(x) and % coincide in at least one point in the interval [0, 1]. Let

this point be x* and A;+ be the agent carrying the message at this point. This means that f(x*) =
b

x*+1

alone from s to t. The cost for agent A; to reach s is bounded by g;+a; + x* - ;- and the cost for

= a;+. We will show that it costs at most c(I, Sopr)/In(2) for agent A;- to transport the message

transporting the message from s to ¢ is bounded by a;-. Thus, the cost of a schedule S using only one

agent can be bounded by

C(I, S) < gy + x* - ap + o = g + (x* + 1) . =b + gir .
x*+1
By using that g;-a;+ < g, we finally obtain
c(1,8) < b+gi-ap < b 1 -

¢, S0pr) ~ bIn(2)+g ~ bIn(2)  In(2)
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