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ABSTRACT. We show that second-order elliptic differential operators, whose
coefficients of the first order terms are growing not more than |z|log(|z|) at
infinity, equipped with Dirichlet boundary conditions, are generators of con-
sistent, positive Cop-semigroups on LP(£2), 1 < p < oo, for every open set
Q C RY. Furthermore, when the domain is enlarged, the semigroups increase
monotonously in the sense of positive operators, as in the case of the Dirichlet
Laplacian.

1. INTRODUCTION
In this paper we study the differential operator
Au(z) = Agu(z) + Lu(z)
= div(a(z)Vu(z)) + b(z) - Vu(z), =z € .

Here Q C R? is an open set and the functions a € C}(Q; R%*?) and b € W,2>°(Q; R?)
satisfy the following hypotheses for some constants a > 0 and ¢ > 0.

(A1) Ta(z)€ > alg)? for all £ € R? and almost all z € Q,
(B1) [b(z)] < ¢(1V |z|log(|z|)) for almost all z € Q,
(B2) divb is bounded from below.

We show that suitable realisations of these operators generate positive, consistent
Co-semigroups on LP(Q) for 1 < p < oo and that all these semigroups are domi-
nated in the sense of positive operators by the corresponding semigroups on R?.
Furthermore, a gradient estimate for the resolvent in L2(12) is deduced.

In [HWO035] we achieved this in the special case of Ornstein-Uhlenbeck operators
where Ay has constant coefficients and b(z) = Bz for some matrix B € R?*?,
In this note we show how these results can be generalised to the above setting.
Since part of the arguments stay the same, we do not always give self-contained
proofs, but sometimes refer to [HWO05]. Also for references on earlier results on
Ornstein-Uhlenbeck operators we refer to this article.

In the recent article [AMP06] W. Arendt, G. Metafune and D. Pallara study
Schrédinger operators with unbounded drift coefficients. In contrast to this note,
their focus lies on the interplay between the potential and the drift coefficient and
on conditions that guarantee Gaussian estimates for the semigroups. Setting the
potential equal to zero, some of our results can, at least implicitely, also be found
in this article. Note, that although it is only formulated for the case of QO = R?,
their proofs of the generation results carry over to general open sets 2, cf. [AMPO06,
Remark 5.8].

An alternative approach to operators with superlinearly growing drift coefficients
on the whole space R? was used by J. Priiss, A. Rhandi and R. Schnaubelt in
[PRS05]. There a generation result is shown and the domain of the operator is
determined. Furthermore, the authors show by an example for d = 1 that, imposing
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a domain that contains at least Cj (R)NC? (R), no generation result can be expected
for some drift coefficient b that grows like |z|!*¢ at infinity even for arbitrarily small
€>0.

Thus our growth assumption (B1) is a somehow natural restriction, even if it
may be slightly weakened (cf. Remark 3).

Comparing our results in the special case 2 = R? with the results in [PRS05],
we weaken the hypotheses on the coeflicients, allowing non-bounded divergence of
b and eliminating a condition that links b to the first derivatives of a, for the price
of a less exact description of the domain of the operator.

If © is not the whole space, the description of the domain of the operator seems
to be an open problem, even for regular boundaries.

2. MAIN RESULT
We define the realisation of .A on L?(Q) by
D(Aqs) = HY(Q)N{ue HE(Q): Au € L*(Q)},  Agou=Au

and we set for 1 < p < o0
div b(x)

p

wp := essinf
€N

which exists by (B2).
Now we can formulate our main result.

Theorem 1. Let Q C R? be open and (A1), (B1) and (B2) be satisfied. Then
the operator Aq» generates a positive Co-semigroup (To(t))i>0 on L*(Q) with
|To2(t)|| < e™“2t and for every A > 0 we have the estimate

C
IVR(A, Aq2 + wa)llc(z2(0) < i%
Moreover, there exists a family of consistent positive Co-semigroups (Tq p(t))i>0 on
LP(Q) for 1 < p < oo with ||Tap(t)|| < e “#t and for every A > —w, and every
t > 0 we have the domination properties

Tap(t)f| < Tra (8], ferLrQ),
IR(\, Aap) f| < RO\, Agay)|fl,  f € LP(Q),

where f denotes the extension of f by 0 and Aq, is the generator of (Tq p(t))i>o-

We give some comments on the strategy of the proof. Proceeding as in [HW05],
we first show that Ag o is dissipative for arbitrary open sets Q (Proposition 2) and
show surjectivity of A — Ag o for some positive A by approximating the domain
from the interior with bounded regular open subsets 2,,. On all these subsets the
coefficients of our operator are bounded, so we get a sequence of solutions u,, on €,
which can be shown to contain a subsequence that converges weakly to a solution
of the elliptic problem on Q (Proposition 4). In fact, the whole sequence converges
even strongly, as can be seen from the proof of [AMP06, Theorem 3.1], but this is
not needed in the following.

In a second step we show, also analogously to [HWO05], that the semigroups
(Ta,2(t))t>0 generated by Ao are positive and growing in the sense of positive
operators when the domain is enlarged, thus giving us the domination result of
Theorem 1 for p = 2 (Proposition 5).

In contrast to the case of Ornstein-Uhlenbeck operators, it is not known whether
this semigroup on the whole space is associated to a kernel that gives rise to a
consistent family of operators in LP(R?) for 1 < p < 00, so it is not obvious how to
extend the semigroups on L%(f2) to LP({2) consistently.
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To circumvent this problem we show dissipativity of Ag,, for p # 2 on R? and
on regular domains (Proposition 2). Using this, we adapt the proof of surjectivity
described above for L2(Q) to the special case of LP(R?), 1 < p < 0o, providing semi-
groups on LP(R?), that are consistent with that on L?(R?) (Proposition 6). This
finally allows to extend our semigroups consistently by domination for arbitrary
domains Q.

3. DISSIPATIVITY OF Agp

In order to show dissipativity for all 1 < p < oo, we need the integration by
parts formula

-2
/(pﬂ|u|p_2Vu=—/ <p|u|”_2uVH—pT/ <p|u|”_2(HVu+uVﬂ)—/ Volul?,
Q Q Q Q M

that is valid for every Lipschitz domain Q C R? and for every 1 < p < oo, every
u € WyP(Q) and every ¢ € WH(Q). The proof follows the lines of [MS04,
Theorem 3.1] and can be found in [Woo05, Proposition 5.2.2.], where it is formulated
for p € C°(R?). Tt easily carries over to our more general functions ¢.

Note, that for p = 2, this formula reduces to

/<pHVu=—/<puVH—/ Volul?, (2)
Q Q Q

which is easily verified by partial integration and valid for arbitrary open sets
Q C R%.

Proposition 2. Let p=2 and Q C R? be open or let p € (1,00) and Q C R? be a
Lipschitz domain. Then the operator A given by

D(A) = WP Q)N {f e W2P(Q): Af € LP(Q)},  Au= Au+wpu
is dissipative.

Proof. Choose a cut-off function n € C°(R) with 0 < n(t) < 1 for all ¢t € R,
n(t) =1 for t € [-1,1] and n(t) = 0 for |¢| > 2. In order to balance the superlinear
growth of b we now put in contrast to [HWO05] n,,(z) = n(log(|z|)/m) for m € N
and z € R%. Then for all m € N and u € D(A) we have by (1) or (2), respectively

s (/ L’uﬁ|u|”2nm)
Q
_» (_ [ vl = 222 [ up@vu+ wvam, - [ div(nmb)lul”) -
Q Q Q

Since b is real-valued we have R(ubVu) = R(ubVu), so we get

=R (—(p—l)/ﬁuﬂ|u|p2nm) —/divb|u|pnm—/anm|u|",
Q Q Q

which finally yields

R (/ ﬁuﬂ|u|p_2nm) _1 (—/ div b |ulPn, — / anm|u|p) i
Q p Q Q

By dissipativity of Ap and the definition of wj, this implies

i 1
R (/ Auﬂ|u|p2nm> < / (wp - M) [u|P 7 — —/ bV ul?
Q Q p pJqg

1
<= [ oVanluP.
pJo
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Now, we want to let m — oo. For the left hand side this is easy due to Au € LP()
and the boundedness of 7,,. Concerning the integral on the right hand side, we

note that log(]) )
og(|z x
Vi (2) =1 (=2 —
m ) miz||z]
Since n'(log(|z|)/m) = 0, whenever log(|z|) ¢ [m,2m], the integrand converges
pointwise to 0 as m — co. Furthermore,

1

1
< In"lae ——1 <
IV (2)] < [In'[loo flog(|a])/2<m<log(l2)} < O 1 2Tog ()2

m|z|
and (B1) imply
LV |z|log(|x])
1V |z|log(|z)/2
So by Lebesgue’s Theorem we end up with

1
/Auﬂ|u|1”’2 < —= lim /anm|u|p:0.

[b(z) - Vit (@) u(@)”| < C lu()|” < Clu(z)[.

O
Remark 3. By putting log!!(|z|) = log(|z|) and log™*(|z|) = log(log!™ (|])) for

n > 1 and setting
log!™ (|2

for some n € N in the above proof, we may also deal with a slightly stronger growth
of the coefficient b. In fact, for this choice of 7,,, we have

" m 2| log(|z]) log®!(|z]) - ... - log!" =Y (|z|) mlz]

As above Vi, (z) = 0 whenever log["](|x|) & [m, 2m], consequently
C
s 2 @
1V |z|log(|z|) log™)(Jz) - ... - log™(||)
in this case, and hypotheses (B1) can be weakened to

(B1') |b(z)] < ¢(1V |z|log(|z|) log(Jz]) - ... - log™ (|2])) for some n € N and for
almost all z € .

[V ()]

4. THE CASE p =2

The next goal is a generation result for the operator Ag 2. In view of Proposi-
tion 2, it suffices to show the following statement.

Proposition 4. For every A > 0 the operator A —ws — Aq 2 is surjective.

Proof. Let A > 0 and f € L?() be given. Proceeding as in [HWO05], by [DL90, 1.4,
Lemma 1] we choose a sequence (2, )nen of bounded open subsets of Q with smooth
boundaries, such that Q, C Q,; for every n € N and Uff;l Q, = Q. Note, that in
[DLI0] the sets (2, are constructed in such a way that every Q, has only a finite
number of connected components, so we get unique solutions u, € H?(Q,)NHg (2n)
of

Unp, =0 ondQ,.
Since Agq,, 2 + ws is dissipative by Proposition 2 we get the estimate

{)\un — Walp — AQn,2un = f|Q7L in €,

1
lunllr2(e,) < X”f”LQ(Q) (3)
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independently from n € N.

In order to bound ||Vuy,||r2(q,) analogously to [HW05, Lemma 3.6], we sup-
pose by the same argument as therein, u,, to be real-valued and we estimate by
hypotheses (A1)

||Vun||2L2(Qn) < C'/Q VupaVu, = —C/Q AoUnty,.

Following the proof of [HW05, Lemma 3.6] this implies

divb
||Vun||%2(9n) <C [/ (A — w2 — Ag, 2)upu, — )\/ u? — / ( ;’ - wg) ui]
Q Qn Qn

n

c
< O(Ilflex@ lenllez@n) + Mlluallzz,)) < S22

by (3). Thus we have shown

C
IVunllr2(,) < \/_X“f”Lz(Q) (4)

independently from n € N. Consequently, there is a subsequence of (u,)nen in
H}(Q) that converges weakly to some u. As in the proof of [HWO05, Proposition 3.7]
one sees, that u € D(Agq2) and (A —ws — Ag2)u = f. O

Therefore, by the Lumer-Phillips Theorem Agq s generates a Cy-semigroup on
L?(), that will be denoted by (Tq,2(t)):>0 in the following.

Proposition 5. The semigroup (Tq2(t)):>0 is positive and if Q1,Qy C R? are
domains with Q1 C Qa, then for every A > —wa, every t > 0 and every function
fer?* ()

(@) |To,2(W)f| < Ta, 2(OIFl,
(b) |R()‘7 AQ1,2)f| < R(/\7 AQ2,2)|f|;

where f denotes the trivial extension of f to Q.

Proof. The proofs in [HWO05, Section 4] can be copied almost completely, replacing
again, as we did in the proof of dissipativity, the linear scaling in the cut-off func-
tions 7, by a logarithmic one. Only at the end of Lemma 4.1 we have to give an
extra argument:

Let u € D(Aq,2) and v € H'(Q) N {f € HZ.(Q) : Af € L*(Q)} be real-valued
functions with v > 0, that fulfill (A — A)u < (A— A)v a.e. for some A > —ws. Then
we get as in the proof of [HW05, Lemma 4.1] the inequality

/Q (V(u-— v)+]TaV(u — )ty + /Q[Vnm]TaV(u —v)t(u—v)t

v/ (di;” ; A) (=) T + 5 [ 09 (= )" <0

where 7, is defined as in the proof of Proposition 2. By positivity of the third
integral and letting m — oo, this yields

/ [V(u—0)t] TaV(u—v)*t <0.
Q

Thus by the ellipticity condition (A1) we have V(u—v)* = 0. As (u—v)* is known
to be in HJ (£2), this yields u < v a.e. O
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5. PROOF OF THEOREM 1

For p = 2 the proof of Theorem 1 is contained in the last section. Note that
the estimate for the gradient of the resolvent follows directly from (4), since the
resolvent is the weak limit of a subsequence of (up,)nen-

In order to prove the second part of Theorem 1 we begin with the case Q = R?.
For 1 < p < 0o we define the realisation

D(Aga,) = {f € WZP(RY) : Au € LP(RY)},  Apa,u= Au.

C

Proposition 6. The operator Aga, generates a Co-semigroup (Tga,(t))i>0 on
LP(RY) with ||Tra,(t)|| < e™“#' that is consistent with (Tras(t))i>o-

Proof. By Proposition 2 the operator A := Aga, + w, is dissipative. In order
to show surjectivity of A — A for some A > 0, we approximate solutions in R?
again by solutions in bounded, regular domains 2, (e.g. balls) as in the proof of
Proposition 4. Since the coefficients of 4 are bounded on 2, for every n € N we
again get unique solutions u, € W?(Q,) N Wy (Q,) of

Ay — Aup, = flg, in Qp,
Unp =0 on9Q,,

that by Proposition 2 obey the estimate

1
lunllzaan) < 517 lzsce)

independently from n € N. Extending all these solutions to R¢ by zero, we get a
bounded sequence (u,)nen in LP(R?), from which we may extract a weakly con-
vergent subsequence with weak limit 4 € LP(R?). Redoing the proof of [HWO05,
Proposition 3.7] in the LP-setting we see, that v € D(Aga,) and (A — A)u = f.
Thus A generates a contraction semigroup and the rescaled semigroup (Tra,(t))i>0
satisfies the stated norm estimate.

Finally we have to prove consistency. We will do this for the resolvents of Aga,
and Aga, in the case of large A. Then consistency of the semigroups follows by

n n

Trop(®)f = lim [ZR (T Arep) £ = lim [ZR (T 4rep) f] = Thep()f
for all f € L2(R?)NLP(R?). Now let A > max{—w,, —w»} and f € L?(R?)N LP(R?)
be given. Since the coefficients of A are bounded on §2,, for every n € N, we have
consistency of R(A, Aq,, ) and R(A, Aq,, 2). Thus

un = R(X\, Aq, p) fla, = R\, Aq, 2)fla, € L*(Q,) N LP(Q,)

for every n € N. By the above construction, there is a weakly convergent sub-
sequence of (Un)nen in LP(R?) with weak limit w = R(A, Aga,)f. Note that by
dissipativity this weak limit is independent of the chosen subsequence. On the other
hand, by the proof of Proposition 4, we may extract from this subsequence another
subsequence, that converges weakly in L?(R?) to R(X, Aga ) f. Denoting this final
subsequence again by (u,)nen We obtain for every ¢ € C°(R?)
| B Axap)fo = i [ wno= [ RO Axao) e
R4 R4 Rd

n—o0

The desired consistency of the resolvents follows. O

Now, let @ C R? be open and f € LP(2) N L?(2). Then for every ¢ > 0 we have
by Proposition 5 and consistency

1 Ta2 () flle@) < 1Tras@Ifllzs@e) = 1Trap @) flllor@e < e Pl fllr@)-
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Thus as in [HWO05, Section 2] we may extend the operators To 2(t) continuously

to operators Tq ,(t) on LP(Q), obtaining Cp-semigroups, that are consistent with

(To,2(t))¢>0 by construction and fulfill | To,,(t)|| < e “#* by the above calculation.
Furthermore, we have for t > 0 and f € L?(Q2) N L?(Q)

Trapy(O)|f] = Tap()f] = Tras ()| f] = |Taa(t)f| > 0
and since the cone of all non-negative functions is closed in L?(2) we have

T,p(t) f| < Tra,(t)|f]
for every f € LP(2) and ¢t > 0. By the same closedness argument we get positivity
of (Ta,p(t))t>0 from
Tap(t)f =Tap(t)f 20
for positive functions f € LP(Q) N L?(Q).
Finally, for every A > —wp and every f € LP({) we have

/ e M T, (0)f dt| < / e M T, (8)|f] dt = R\, Aga )| f],
0 0

completing the proof of Theorem 1.

|R()‘7 AQ,P)f' =

Remark 7. It is worthwhile to observe that the semigroups generated by Aq ,
constructed in the proof of Theorem 1 coincide with the corresponding semigroups
from [AMPO6] (whose generators will be denoted by Ag , in the following). Since
both families are consistent it is enough to show this for the resolvents in the case
p=2.

Let f € L?(Q) be given. In [AMP06] R()\, Ag2)f is obtained as the strong
limit of R(\, A, 2)f. Now Q, is bounded and we have R(\, Aq, 2) = R(\, Aq, 2)-
So every subsequence of this sequence converges weakly to the strong limit, which
implies R(\, Ag2)f = R(\, Aq2)f.

It is also of interest, that the strong convergence of the resolvents of Aq, ,
implies a convergence result for the corresponding semigroups, see [AMP06, Propo-
sition 3.6.].
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