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Computational Complexity of Quantum Satisfiability

CHRISTIAN HERRMANN and MARTIN ZIEGLER, TU Darmstadt and KAIST

We connect both discrete and algebraic complexity theory with the satisfiability problem in certain non-
Boolean lattices.

Specifically, quantum logic was introduced in 1936 by Garrett Birkhoff and John von Neumann as a
framework for capturing the logical peculiarities of quantum observables: in the 1D case it coincides with
Boolean propositional logic but, starting with dimension two, violates the distributive law.

We introduce the weak and strong satisfiability problem for quantum logic propositional formulae. It turns
out that in dimension two, both are also N'P—complete.

For higher-dimensional spaces R? and C? with d > 3 fixed, on the other hand, we show both problems
to be complete for the nondeterministic Blum-Shub-Smale (BSS) model of real computation. This provides
a unified view on both Turing and real BSS complexity theory, and extends the (still relatively scarce)
list of problems established NVPr—complete with one, perhaps, closest in spirit to the classical Cook-Levin
Theorem. More precisely, strong satisfiability of A \/ A—terms is complete, while that of A \/-terms (i.e.,
those in conjunctive form) can be decided in polynomial time in dimensions d > 2.

The decidability of the infinite-dimensional case being still open, we proceed to investigate the case of
indefinite finite dimensions. Here, weak satisfiability still belongs to NPr and strong satisfiability is still
hard; the latter, in fact, turns out as polynomial-time equivalent to the feasibility of noncommutative integer
polynomial equations over matrix rings.

Categories and Subject Descriptors: F.4.1 [Mathematical Logic and Formal Languages]: Computational
Logic; F.1.3 [Computation by Abstract Devices]: Complexity Measures and Classes

General Terms: Theory
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computational complexity, satisfiability
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1. INTRODUCTION

Quantum physics is famous for its seemingly paradoxical (yet very real) effects. Shap-
ing them into a mathematically sound physical theory was a big achievement of the
last century [Neumann 1955]. There, physical observables correspond to linear self-
adjoint operators on some Hilbert space H; and properties (i.e., observables attaining
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Fig. 1. Prototype M, of a non-distributive modular ortholattice—left: as sublattice of L(R2), mid: its Hasse
diagram, right: Hasse diagram of the Boolean ortholattice {0, 1}3.

only (eigen)values 0 or 1) to projection operators—which, in turn, can be identified
with closed subspaces of H. Their logical features (reflecting non-commutativity of
operators) have been captured [Mackey 1963; Piron 1964; Beltrametti et al. 1984] as
abstract properties of the ortholattice L(H) of closed subspaces of H, equipped with the
connectives meet, complement, and join:

AL L(H) x LCH) — L(H), (U, V) = U NV
- L(H) > L(H), U~ U+ ={feH|VueU. (x|u) =0},
vi. L(H) x L(H) — L(H), (U, V)~ (U U V)t

and, in addition, with the constants 0 := {0} € L(H) and 1 := H € L(H). Subset
containment C as a partial order on L(H) recovers Vv as least upper bound and A as
greatest lower bound.

While the above refers to infinite dimensional spaces, primarily, newer developments,
like categorical quantum mechanics [Abramsky and Coecke 2004], focus on finite di-
mensional spaces [Harding 2009] and find their companions in quantum information
and computation [Coecke et al. 2000]. In fact, the L(H) with dim(H*) < oo had been
the subject of the seminal work [Birkhoff and Von Neumann 1936] on quantum logic,
a point of view revived by Dunn et al. [2005]. Of course, by choice of an orthonormal
basis, these H may be identified with the vector spaces C? endowed with the canonical
scalar product (X | y) = Z?:I xj y;, where C is the field of complex numbers and x' is
the conjugate of x.

Slightly more generally, we consider the quantum logics L(F?) of all linear subspaces
of spaces F? with inherited scalar product, where F denotes a subfield of C closed
under conjugation. This includes the fields R of reals, A of algebraic numbers, and
Q of rationals!. Let dim(U) denote the dimension of U e L(F¢). Observe that, due to
the finite dimension, U = U+ and U vV = U + V for all U,V e L(F%). Our main
concern will be to algorithmically recover the ring F from the orthologic L; formally:
to establish an interpretation [Tarski 1953, SEcTioN 1.4], [Hodges 1993, Section 5.3] aka
semantic embedding [Burris and Sankappanavar 1981, Section V.5] aka transduction
[Grohe 2012, SkcTioN 2.4]: a generalization, well known in Logic, of the notion of a
reduction that respects not (just propositional) truth but values (in structures) (see
Section 2 below).

ExampLE 1.1. In case d = 1, L(F%) = {0, 1} coincides with the set of Boolean truth
values. However, starting with dimension 2, the distributive law “XVv (Y AN Z) = (X A
Y) V(XA Z)” generally fails: consider, e.g., X := {(t,t) : t € F} e L(F%), Y :={(t,0): t €
F} € L(FY), Z := {(0,t) : t € F} € L(FY). This is generally seen as one cause underlying
the counter-intuitive effects of quantum physics. The lack of distributivity boils down
to a (combinatorial) structure MO,; compare to Figure 1. Observe that MO = {0, 1}2
and that MO, embeds into L(F?) for any field F < C.

IThe standard basis of F? is orthonormal, yet most linear subspaces of Q¢ fail to admit any orthonormal
basis.
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Computational Complexity of Quantum Satisfiability 19:3

Except for distributivity, the operations v, A, — on L(F¢) satisfy most axioms of
Boolean algebra: commutativity, associativity, idempotency x A(x Vy) =x = x Vv (x Ay),
and identities 0 Ax = 0, 1 A x = x, as well as the de Morgan rules, double negation
——x = x, and complementation x vV —x = 1 and x A —x = 0. An abstract structure
complying with these laws is denoted by an ortholattice. In particular, on such, one
has a partial order defined by ¢ > ¢ iff a = a Vv ¢, equivalently ¢ = a A c; it follows
x Ay = inf{x, y}, x V y = sup{x, y}. Both L(F?) and MO,, still satisfy a weakening of
distributivity called the modular law:

a>c = aAnbve)=(anb)ve. (1)

In view of this, we will refer to them as Modular Ortholattices (MOLs) (but beware of
entering into an axiomatic theory). The study of these as ‘domains of propositions’ might
be termed modular quantum logic, intermediate between Boolean and orthomodular
quantum logic.

1.1. Models of Computation: Quantum Computers and Blum-Shub-Smale Machines

We suppose familiarity with the standard Turing complexity classes of binary decision
problems A C {0, 1}*, such as P, N'P, PSPACE, and the notion of (many-one) polynomial-
time reduction. By the Cook-Levin Theorem, any A € NP reduces to the Boolean
satisfiability problem SAT, that is the question of whether a given (suitably encoded)
term ¢ over Vv, A, — and variables Xi, ..., X, admits an assignment x1,...,x, € {0, 1}"
making ¢(xq, ..., x,) evaluate to 1.

Quantum computers have been suggested as an alternative (and perhaps more pow-
erful) model of computation. They exploit linearity of quantum mechanics, namely, that
its evolution extends from pure states to superpositions. Therefore, a physical system
realizing some “computation” on (say, polynomially many) so-called “qubits” also works
on linear combinations thereof—simultaneously: quantum parallelism. The difficulty
in exploiting this capability algorithmically consists in preparing the superposition and
in extracting the output from the resulting state. Quantum logic, on the other hand,
as describing operations on observables rather than states, has also been proposed as
an approach to computational purposes [Pykacz 2000; Bub 2007; Pavic¢i¢ 2007] and to
computational concepts [Dunn et al. 2005; Ying 2005].

In algebraic complexity, the BSS machine (equivalent to the real-RAM) is a common
model [Blum et al. 1998] of uniform computation [Biirgisser 2000]. It captures arith-
metic on numbers as entities with unit cost per operation; more precisely, its R—version
can read, store, operate, compare, and output a constant number of reals in each step.

Definition 1.2. Consider a commutative ring R. A (deterministic) BSS machine
M over R contains a finite number of constants ¢ € R, a register array, and three
index registers. It receives as input some finite tuple ¥ € R" together with its length
n =: || € N. M can then apply arithmetic operations +, —, x (and partial — in case
R is a field, but no conjugation z — 2, even in the complex case?) to these x;, to
its pre-stored constants, or to some array elements accessed via index registers, and
store the result. It may furthermore branch, based on the test for equality =, # (in
the case of a ring equipped with an order also for <, <, >, >) of two array elements.
Each operation/branching is counted for as one step. On a fixed input ¥ € R", M may
accept, reject, or loop indefinitely. It runs in polynomial time if there is a polynomial

2This is the standard conception [Blum et al. 1998, SectioN 2.1], noting that, otherwise, C would become
computationally isomorphic to R? and violate the natural differences between algebraic and semi-algebraic
geometry [Blum et al. 1998, StcTioN 2.3].
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19:4 C. Herrmann and M. Ziegler

p(n) bounding, in terms of the input length n only, the number of steps M performs
beforeccepting or rejecting.

Compare Blum et al. [1998, DeriniTION 3.1] and compare also, e.g., Poizat [1995, §4.A]
or Tucker and Zucker [2001, $3]. Note that operations and comparisons are presumed
exact. (As with nondeterministic Turing machines, the importance of BSS machines
does not hinge on them being realistic or practical.)

ExampLE 1.3. Gaussian Elimination for n x n—matrices over a fixed field F is a typical
algorithm for BSS machines over F with polynomial running time O(n?). Here, exact
comparisons are employed during pivot search.

Furthermore, this model commonly underlies algorithms devised, among others, in
polynomial system solving [Cox et al. 2007] and in computational geometry [De Berg
et al. 2000].

BSS machines over the field Zy = {0, 1} can be seen equivalent to Turing machines.
Definition 1.2 thus extends the traditional, discrete theory of computation, and has led
to a rich, structural-complexity theory [Meer et al. 1997]. In particular, nondeterminis-
tic BSS machines over R may make and verify guesses from R. Doing so in polynomial
time gives rise to the complexity class N'Pg, thus, naturally extending the classical
question “P = NP?” to this setting—which has turned out as equally inaccessible
[Fournier and Koiran 1998, 2000]. As a matter of fact, both “P versus N'P” and “Pc
versus N'P¢” are propagated as Third Problem for the Next Century [Smale 1998].

ExampLE 1.4. Fix a commutative® ring R. The following problem FEASg g can be
decided by a nondeterministic polynomial-time BSS machine over R, i.e., belongs to

NPg:

Given (n € N and the list of monomials and coefficients of each of) finitely many

polynomials p1, ..., pr € R[X, ..., X,], do they admit a common root in R, i.e., some
X € R", such that p1(%) = --- = pp(x) = 0?
Indeed, such a machine may simply “guess” an assignment x1, ..., x, € R and “verify”

it by evaluating the polynomials—clearly possible in a number of steps polynomial in
(and noting that n is bounded by) the length of (the descriptions of) the polynomials.
FEASc ¢ is classically characterized by the famous Hilbert’s Nullstellensatz in algebraic
geometry.

Generalizing the Cook-Levin Theorem, the problem FEASE r has been established
BSS-complete for N'Pg: for any fixed . € N"Pg and machine M witnessing this, there
is a deterministic BSS machine over R which, given ¥ € R", within time polynomial
in |%¥| = n, will output an instance of FEASg g that is feasible iff ¥ € L holds; cmp.
[Blum et al. 1989, Main Theorem], [Cucker 1993, Theorem 3.1], and [Blum et al. 1998,
SEcTION 5.4]. From these proofs we record the following:

OBSERVATION 1.5. Finite Boolean combinations of rational in-/equalities over a field
can be expressed as (the feasibility of a system of) polynomial equations:

(@ pE)=0v qx)=0 & (p &) =0

b) px)#0 o 3Ty:y -pE)—-1=0

() pi@)/q1(®) = p2(®)/q2(%) <  (p1-g2 — p2-q1)&) = 0.

(d) Over any subfield of C, it holds p(*) =0 A gXx)=0 < (p-p'+q-qgH)&E) =0.

Note that, other than a BSS machine, even a nondeterministic Turing machine cannot,
in general, guess assignments over R in case the ring is infinite; in fact, FEASy ; is

3Section 4.1 will naturally arrive at considering also noncommutative rings.
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Computational Complexity of Quantum Satisfiability 19:5

undecidable according to Matijasevic¢ [1970]; cmp. Fact 1.11(d), below. Similarly to the
Church-Turing Hypothesis, this raises the question of how, for various R, the BSS
model over R compares to the Turing model. Of course the latter is not fitted to process
inputs containing arbitrary, say, real numbers:

ExampLE 1.6.

(a) The decision problem {{z,bin(n)) | z € C,n € N,z" = 1} for complex roots of
unity belongs to Pc, but its instances cannot naturally be presented to a Turing
machine.

(b) Instances of FEASg g consist of both discrete (e.g., a list of monomials with their
maulti-degrees) and non-discrete (e.g., coefficients from R) information, technically
being words from a formal language over alphabet {0, 1}U R, while Turing machines
are designed for inputs over {0, 1}.

(c) Moreover, storing the non-recursive constant ) :_p 2-bn® ynay be exploited by a
BSS machine over R to decide the Halting problem H C {0, 1}* for Turing machines.

This has suggested restricting to BSS machines without constants—indicated by
adding superscript 0 to complexity classes—and to binary instances—called the
Boolean part and indicated by the modifier BP [Meer et al. 1997, DeriNiTION 3.2] as
in the following variant of Example 1.4:

ExampLE 1.7. For Z C R, the following problem, FEASy g, belongs to BP(N ’POR):

Given (the coefficients, encoded in binary, of) finitely many polynomials py, ..., pr €
Z[X, ..., X,], do they admit a common root in R?

Indeed, no constants are needed for a nondeterministic BSS machine over R to guess
an assignment over R and evaluate it on a polynomial from R[X], given as input to
the machine; thus, FEASR g belongs even to N 7?%. On the other hand, the machine
computing, according to the generalized Cook-Levin Theorem, the reduction from an
arbitrary . € N'Pg to FEASg g will, in general, employ constants from R if the non-
deterministic machine deciding L in the first place does. Thus, in general, N P% is not
closed under BSS reduction. The following will be crucial for our results.

Facr 1.8.

(a) FEASRg g is complete for N'Pg under BSS polynomial-time many-one reduction; for
short: N'P g—complete.

(b) FEASy g is complete for BP(N 79%) under Turing polynomial-time many-one reduc-
tion; for short: BP(\' P%)—complete.

Fact 1.8(a) has been discussed above. Concerning (b), there is a Turing machine which,
given the symbolic description of a non-deterministic polynomial-time constant-free
BSS machine M, a polynomial testifying the time bound, “input variables” y and
“guess variables” Z will compute a finite list of polynomials p;(¥, Z, U) € Z[y, Z, U],
such that for any input @ and guess b in R, the following holds: M accepts (@, b) iff the
polynomials p;(a, b, U) € RIU] admit a common root in R. Now, put X = (Z,U) to
obtain p; € Z[y, X]. Cmp. the proof of [Cucker 1993, Theorem 3.1] or [Goode 1994,
Theorem 1]. Observe that p;(a, X) e ZIX] if a € {0, 1}*. We also record the following:

OBSERVATION 1.9.

(a) To each c € N, there exists a term t, over (1, +, x) of length |t,| < O(logc) evaluating
to ¢ over each ring containing N. Moreover, such t. can be computed from c in time
polynomial in the binary length of c.
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19:6 C. Herrmann and M. Ziegler

() Any multivariate polynomial p € R[X] can be described (not uniquely) by a ring
term p’ in binary infix operation symbols — and x, variables X, and the coefficients
of p as constants.

In case R = 7, it suffices to have 0, 1 as constants according to Observation 1.9(a);
and a Turing machine can convert p to p' in time polynomial in the binary input
length.

(¢) For [ a field, any I C F* decidable by a BSS machine over F can also be decided by
one using only the ring operations of F with constant factor slowdown by handling
numerators and denominators separately.

(d) FEASR g is polynomial-time equivalent to QUADy, p: the question of whether a given
system of quadratic polynomials over R admits a common root over R, similarly for
FEASy r and QUADg g.

To keep proofs shorter, we prefer to consider rings with operations —, -, 0, 1 since addi-
tion can be expressed as x + y = x — (0 — y). In Observation 1.9(b), replace all positive
integer coefficients ¢ with terms #. according to Observation 1.9(a). This, in turn, follows
from induction, claiming || < 2 + 7logy(c): Indeed, 2¢c = (1+ 1) - ¢, =: tp. and 2¢ + 1 =
(1+1)-t.+1 =: toc41 both have length at most 7+ |¢.| < 742+ 7logy(c) = 2+ Tlog,(2¢)
by induction hypothesis. The proof of Observation 1.9(d) employs the well-known tech-
nique of intermediate values implicit also, e.g., in the proof of the Cook-Levin-Theorem
(cmp. Cucker [1993, p. 403]). It is best explained by an example; a description from
the general logical point of view can be found in the work of Hodges [Hodges 1993,
SEcTION 2.6.1].

ExampLE 1.10. Fix some (not necessarily commutative) ring R with unit. The evalua-
tion of a k-variate polynomial p € Rlxg,x_1, ..., x_ ;1] decomposes into a series of basic
binary operations +, x, and constants (i.e., 0-ary) ¢ € R. More precisely, a straight-line
program T of length N over R calculating R* > 7 — p(F) € R consists of a sequence of
assignments “x, ‘= fn(xXn,, ..., Xy, Y’ (n=1,...,N), each applying a function f, of arity
ks, =: k, from R’s signature to previous intermediate results x,, (—k < n; < n), such that
xy = p(x) yields the final result. That is, for each choice of ro,r_1,...,r_p41,8 € R, the
following system of equations in variables x1, . .., xy is satisfiable over R (and uniquely

so), iff p(F) =s holds:
§$=XxN, X1=p1, ..., XN = PN, (2)
where p, arises from f,(xy,, ..., Xy, ) by substituting the initial values r; for x;, i < 1.
Binary problems raise the question of how BSS machines relate to Turing machines:
Facr 1.11.

(@) It holds BPIN'PL) = BP(N'Pc); see [Michaux 1994, Proposition 3/ or [Blum et al.
1998, SECTION 7.4].

(b) Subject to the Generalized Riemann Hypothesis, it holds BP(N'P¢) C coRPVP; cf:
Koiran [1996].

(c) It holds N'P € BP(N'PY) € PSPACE; cf, e.g., Grigor'ev [1988], Canny [1988], Heintz
et al. [1990], and Renegar [1992].

(d) BPINPY) = BP(N'Py) coincides with the class of all binary languages recursively
enumerable by a Turing machine; cf. Matijasevicé [1970].

(e) The decidability of FEASg is a long-standing open question of extending Hilbert’s
Tenth Problem from integers to rationals; cf., e.g., Poonen [2009].

02 BP(PH%) belongs to the Turing counting hierarchy [Allender et al. 2009].

It remains an open challenge to tighten the relations in Facts 1.11(b), (¢), and (f).
In particular, the class BP(W'P%) has turned out to be of interest of its own with
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several further complete problems [Shor 1991; Cucker and Rossell6 1992; Zhang 1992;
Koiran 1999; Richter-Gebert 1999; Schaefer 2010; Herrmann et al. 2013]. Higher BSS
complexity classes characterize natural problems in algebraic geometry [Biirgisser and
Cucker 2006, 2009].

1.2. Overview: Related Work and Present Results

Dunn et al. [2005] pointed out that Tarskr's famous result [Tarski 1948] includes de-
cidability of the first order theory of any L(F?), where F is real or algebraically closed.
This has been used in the work of Herrmann [2010] to prove decidability of the equa-
tional theory of the class comprising all projection ortholattices of finite von Neumann
algebra factors. Our subject, here, is the counterpart of validity, namely, satisfiability
of equations in a fixed L(F¢). As in the Boolean case, satisfiability of a system can be
compiled into the (strong) satisfiability of a single equation #(X¥) = 1. But, this is no
longer the negation of validity of an identity V& ¢(x) = 0; this negation 3x #(x) # 0 will
be called weak satisfiability.

Although computational complexity has become a standard topic of investigation in
logic since Cook [1971]—cmp., e.g., Borger et al. [2001]; Marx [2007]—it seems to have
passed on quantum logic. We have taken upon this direction of research in Herrmann
and Ziegler [2011] and established both strong and weak satisfiability problems
for propositional terms over both real and complex unitary spaces of appropriate
dimensions to be complete for known complexity classes: 1D quantum logic coinciding
with the classical Boolean one, Section 1.4 considers satisfiability problems in 2D; and
Sections 2 and 3 the case of dimensions three and higher, but fixed dimension. As
an approach to the infinite-dimensional case, Section 4 explores the decidability and
complexity of the satisfiability problem in indefinite finite dimensions.

Results.

(a) In fixed dimension, weak and strong satisfiability (in general differ, but) are
polynomial-time equivalent (Theorem 2.11).

(b) Satisfiability in 2D quantum logic is as hard as its classical Boolean (i.e., 1D)
variant: N'’P-complete, regardless of the underlying field F (Theorem 1.20).

(c) Whereas starting with dimension three, satisfiability over both real and complex
quantum logic is complete for real nondeterministic polynomial-time BSS machines
(Theorems 2.3 and 2.7, and Corollary 2.12),

(d) and remains so even when restricting to terms of the form A \/ /\, but becomes
polynomial-time decidable for A \/-terms (Theorem 3.3(a) and (b)).

(e) Another syntactic variant of quantum satisfiability complete for complex nondeter-
ministic polynomial-time BSS machines is presented in Theorem 3.3(c).

(f) Satisfiability over rational 3D quantum logic is equivalent to Hilbert’s Tenth Prob-
lem over Q (Corollary 2.8(c))

(g) and validity over 3D rational quantum logic of a ©J-formula is undecidable (Corol-
lary 3.9). More generally, quantified quantum logics correspond to the Boolean and
the BSS polynomial hierarchy (Theorem 3.8).

(h) Weak satisfiability over indefinite finite real or complex dimension (i.e., asking for
the existence of both a d and a d-dimensional assignment) is decidable by real non-
deterministic polynomial-time BSS machines, but not known hard (Theorem 4.4).

(j) Strong satisfiability over indefinite finite dimension is hard for polynomial-time
BSS nondeterminism, but not known decidable yet for polynomial-time equivalent
to the feasibility of noncommutative polynomial equations (Theorem 4.10 and
Proposition 4.9).

We regard satisfiability in quantum logic as even more natural a generalization of
the classical Boolean satisfiability problem than the feasibility of a system of ring
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19:8 C. Herrmann and M. Ziegler

equations from Fact 1.8. Moreover, the distinction between dimension < 2 and > 3
provides a unified view on both Turing and real BSS complexity theory, resembling
those concerning realizability questions for chirotopes [Bjorner et al. 1999, SEcTION 8]
and similar to descriptive complexity theory, where complexity classes are captured in
appropriate logics. Machine-independent characterizations of some BSS complexity
classes have been obtained in Gréadel and Meer [1996] and Bournez et al. [2006].

1.3. Truth, Equivalence, and Satisfiability

The classical Boolean satisfiability problem extends straightforwardly to quantum
propositional formulae—although truth (“= 1”) now has to be distinguished from non-
falsity (“# 0”).

Definition 1.13. Let L always denote some Modular Ortholattice (MOL).

(a) A (ortholattice) term or quantum logic propositional formula is a syntactically correct
expression over certain variables x1, ..., x, with infix binary operation symbols A
and Vv, unary —, and constants 0 and 1. We may write #(¥) to emphasize that only
variables x; from (xq, ..., x,) =: ¥ occur in . Brackets may be saved in an obvious
manner. The syntactic length of ¢ is denoted by |¢|, defined recursively as |x| = 1,
|=t| = |t| + 1, and |s V| = |s| + |¢] + 1 = |s At].

(b) Fora = (a1, ...,a,) € L™, lettr(aq, ..., a,) = tr(@) € L denote the value of ¢t in L when
substituting a; for x;.

(c) Elements of L may be considered as parameters and used in place of variables when
constructing terms. We then speak of terms with parameters from L. (Formally, a
parameter ¢ can be considered as a kind of “new constant,” the interpretation of
which in L is always the element ¢ of L).

(d) An n-variate term ¢ is strongly satisfiable in L if there is @ € L", such that ¢.(a) = 1.
It is weakly satisfiable in L if there is @ € L", such that ¢;(a) # 0.

(e) Two n-variate terms s and ¢ are equivalent over L if sy(a) = t;(a) for every a € L".
They are equivalent if they are so over all MOL’s L.

(f) Strong and weak satisfiability over L are the respective decision problems

SAT, = {{t(x1,...,x,)) |neN,tterm,3da € L" : ¢ (a) =1} C {0, 1}* and
saty = {(t(x1,....x,) |n e N, ¢ term,3a € L" : tz(@) # 0} < {0, 1}*.

(g) More generally, for a class C of MOLs, consider the question of whether a given
term ¢ is strongly/weakly satisfiable over some L € C: SAT¢ := | J; ., SATy, satc :=
ULec satr.

(h) Retel(ljrning to single L, strong satisfiability with parameters from L is the problem
of whether a given MOL term with parameters from L (recall ¢) admits a strongly
satisfying assignment over L. (In case L := L(F?), its formal encoding as a BSS
decision problem over Re(F) will be specified in Proposition 2.1...)

Note that weak satisfiability of ¢ means invalidity of the identity “¢ = 0” in the
model-theoretic sense. Moreover, SAT)¢ 1; = sat(o, 1) coincides with the classical Boolean
satisfiability problem. We also state (with the obvious extension of the above definitions
to direct products):

OBSERVATION 1.14. For the product L x L' of MOLs L and L/, it holds SAT. ., =
SAT; NSAT and saty.; = saty Usaty.

Furthermore, record that the connective “v” satisfies the disjunction property for weak
truth: x vy # 0 holds iff x # 0 or ¥y # 0 holds. In dimensions > 1, however, strong
truth generally fails this property: x vV y = 1 may well hold with neither x = 1 nor
y = 1 —similarly for the dual connective “A”. Furthermore, Boolean negation has to be
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distinguished from complement: x # O:z—-x = 0. The conjunction of formulae ¢ and

in the language of ortholattices is written as ¢ && ¥, using the traditional connective
of the programming language C—similarly for ¢ || .

ExampLE 1.15. C(x, y) := (x Ay)V(x A=y)V(—=x Ay)V(=x A—y) is called the commutator
term. We say that a, b € L commute iff C(a,b) =1 holds.

(a) Fora,b € L, consider the sub-MOLs {0, 1, a, —a} =: L(a) and L(b). Whenever a € L(b)
or b € Lla), it follows Cr(a,b) = 1. In particular, C(x,y) is equivalent to 1 on
L(FY). Over L(F2), however, C(]F(i), IE‘(;)) evaluates to 0 whenever r ¢ {s, —1/5}. More
generally, in MO, C(a, b)evaluates to 1if {a, b}N{0, 1} # G or a = —b, to 0 otherwise.

(b) U,V in L(F%) commute iff F¢ = U NV)aUNVHeUrNnV)aUtnVh), an
orthogonal sum.

(¢) a1,...,a, € L commute pairwise iff they generate a Boolean sub-algebra of L
isomorphic to {0, 1}* for some k < 2".

(d) Let t(x,y) := Clx,y) Vv Vvyand sx,y,z) := t(x,y) A tlx,2) At(y,2). Then, s is

111
equivalent to 1 on L(F2). Over F3, however, S(F(g), IF((I)), F(i)) =0.

(e) More generally, =C(x,y) = (x Vy) A(=x Vy) Alx vV —=y) A(—x Vv —y) is strongly satisfiable
over each L(F?™), m € N; but not over L(F21),

() According to the de Morgan laws, —x v —y and —(x A y) are equivalent terms.

@ a<biff bv—-(avb)=1anda=>b iff b<aandbv —a =1.

(h) Let s1(%), t1(%), ..., Su(%), t,(X) denote n-variate terms and consider an assignment a
for X in L. Then, the following are equivalent:
(i) ain L simultaneously satisfies all equations s;(X) = (%), 1 <i <m,
(ii) a strongly satisfies the single term N[~ ;([si(%) A t;(%)] v =[s;(%) v &(@)]).

Proor. Examples 1.15(a), (b), and (d) are straightforward to verify. In Exam-
ple 1.15(c), if L is an MO,, then apply Example 1.15(a). So consider U; € L = L(F%),
such that C(U;, U;) = 1 for i, j. Let n; denote the orthogonal projection onto U;. In view
of Example 1.15(b), this implies that all 7; and 7; commute. Thus, the 7; generates a
Boolean sub-ring R of the endomorphism ring of F¢. Moreover, all members of R are
orthogonal projections and Card (R) < 22'. Finally, 7 +— ranger is an isomorphism
of R onto a Boolean sub-algebra of L. For Example 1.15(e), observe that (U, Us) is a
strongly satisfying assignment in L(F?), if and only if F* = V @ W for any V # W in
{Uq, Us, Uf, UZL}; thus, by the dimension formula, all these subspaces have dimension
d/2. In Example 1.15(g), if @ < b then a v b = b when b v —(a v b) = 1. Conversely,
assuming the latter one gets, using the modular law,a vb = (@ v b) A (b Vv —(a Vb)) =
bv({(avb)A—=(avVvbd)=>bvVv0=>bwhena <b. The second claim follows, immediately.
For Example 1.15(h), observe that a A b < a v b with equality, if and only ifa = 5. O

1.4. 2D Satisfiability is //P—Complete

ProposiTioN 1.16. SATy, is N'P-hard for any nontrivial MOL L, uniformly in L.

In particular, for any non-empty class C of nontrivial MOLs, SAT. is A"P-hard. Theo-
rem 1.20 below shall extend this to weak satisfiability.

Proor. Convert a given term #(xy, ..., x,) to the term s(x) := #(X) A /\1<i<j<n Clx;, x;):
this is clearly computable in polynomial time. Moreover, a satisfying Boolean assign-
ment b € {0,1}" of ¢ is also one of s in any non-trivial L since C(0,0) = C(0,1) =
C(1,0) = C(1,1) = 1. Conversely, a satisfying assignment of s in L consists of pairwise
commuting elements b1, ...,b, € L; hence, “lives” in a Boolean algebra (isomorphic
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to) {0, 1}* according to Example 1.15(c): a satisfying Boolean assignment of ¢ is thus
obtained by projecting the b; onto their respective first components. 0O

ExampLE 1.17.

(a) Strengthening Example 1.15(b), \1.;_;<0,(xi V x;) A (=x; V —x;) is weakly/ strongly
satisfiable in MO, if and only if m > n.
(b) Fora € MO, withm > 2, it holdsa=1 < 3y,z: =C(y,z)AC(a,y) AC(a,z) Aa # 0.

By Example 1.17(a), both concepts of satisfiability thus depend on L, at least as far
as finite 2D L are concerned. The complexity of SAT, however, will turn out to not
depend on L as long as it has dimension two.

Recall that the 2D MOLs are uniquely determined up to isomorphism by their car-
dinality: L = MO,,, where Card (L) = 2m + 2; and that L’ embeds into L if and only if
Card (L) < Card (L). Moreover, if L’ is the sub-ortholattice generated by some B C L,
then I/ = BU{=b | b € B} U{0, 1} when Card (L) < 2Card (B) + 2. It follows:

LeEmMA 1.18. A term t(xq, ..., x,) is weakly/strongly satisfiable over the 2D L iff it
is so over MQO,, for m := min{n, Card (L) /2 — 1} with the convention that co/2 — 1 = oo.
In particular, for infinite L we have SAT, = SAT v0, and satr, = sato, .

Checking weak/strong satisfiability according to Definition 1.13(e) naively involves an
infinite choice of possible arguments (=subspaces of F¢). However, from Lemma 1.18
we conclude:

ProrosrTiON 1.19.

(a) Consider MO, with 0, 1 encoded as integers 0, 1 and atoms a,, —a,, as 2m, 2m+ 1,
say. Then, the following evaluation problem is decidable in polynomial time:

Given a term t(xy, ..., x,) as well as an assignment by, ..., b, € MO, and value
b e MO,, does it hold t\e, (b1, ..., b,) =b?

(b) For any nonempty class C of 2D MOLs, both SAT. and satc are in N'P.

Proor.

(a) Disregarding parsing details, ¢ can be evaluated by recursion on its subterms.
Concerning the recursion bottom, observe that ¢ v d = 1 holds in MO, for 0 # ¢ #
d # 0; and the other cases are similar or trivial anyway.

(b) Consider a nondeterministic Turing machine which, on input of an n-variate
term #(x), calculates from fixed max{min(w, Card (L)) : L € C} the m according
to Lemma 1.18, and then guesses and verifies an assignment b in MO,,, with
encoding as in Proposition 1.19(a). O

2D quantum satisfiability is thus computationally as hard as 1D (i.e., Boolean)
satisfiability:

TureoreM 1.20. For any 2D MOL L, both SAT, and saty, are N'P-complete.

Proor. In view of Propositions 1.16 and 1.19, it suffices to show NP-hardness of saty..
For L = MO,, when m > 2, this follows from Example 1.17(b), observing that strong
satisfiability ¢#(X) = 1 here reduces to the weak satisfiability of —=C(y, z) A C(t(%), y) A
C(t(%), 2) A t(%): clearly in polynomial time. For the remaining 2D MOL M©O; = {0, 1}2
on the other hand, the claim follows from sat;,;, = satyUsaty,. O
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2. STRONG AND WEAK SATISFIABILITY ARE COMPLETE FOR BSS-A/P IN DIM > 3

The main results of this section show that, for any fixed d > 3, both strong and
weak satisfiability in L = L(F?) are BP(NV'PY, ;)—complete; and a suitable variant with
parameters is N'Pgrer—complete. The proofs of the lower bounds borrow ideas originally
used in coordinatization of synthetic Desarguesian projective spaces and are guided by
the model-theoretic concept of an interpretation (with definable parameters).

For F Z R, the scalar product involves conjugation, and computing it requires sep-
arate access to real and imaginary parts—which, for instance, a C-machine does
not have (Definition 1.2). We, therefore, use (ReF)-machines and consider F as
(ReF) +i(ReTF). Furthermore, note that every U e L(F?) is of the form U = range A for
(in fact many) A € F¥¢ where range A denotes the linear subspace of F? spanned by
A’s columns.

ProrosiTion 2.1. Fix a field F C C, closed under conjugation.

(@) Given d € N and matrices A, B € Féx4,

(i) a matrix C € F¥? with range(C) = range(A) + range(B) and

(ii) a matrix C' € F¥? with range(C’) = range(A) N range(B3)

can be calculated by a constant-free BSS-machine over F in time O(d?). Similarly,

(iii) a matrix C" € F¥*¢ with range(C”) = range(A)*

can be calculated by a constant-free BSS-machine M over F in time O(d®) in case
F C R; otherwise, M, in general, needs both real part Re(A) and imaginary part
Im(A).

(b) First, suppose F C R. Then, given an n-variate term t and matrices Ay, ..., A, € F&*2,
a constant-free BSS-machine M over F can calculate C € F¥? with range(C) =
ture)(range Aq, ..., range A,) in time polynomial in d + |t|.

In the general case F C C, given matrices Re(Ap), Im(A;y), ..., Re(A,), Im(A4,) €
Re(F)4*4, q similar machine over Re(F) can calculate Re(C), Im(C) € (Re F)¥*? with
range(C) = tyga)(range Ay, ..., range A,).

(c) Both weak and strong satisfiability over L(F?) of a given term t can be decided by
a nondeterministic constant-free BSS-machine over Re(F) in time polynomial in
d + |t|. In particular, it holds

SatL(Rd), SATL(]Rd), SatL(Ad), SATL(Ad), SatL(Cd), SATL((Cd) S BP(NP?R) - PSPACE.

(d) Concerning satisfiability with parameters make Definition 1.13(h) precise and let

SATy o 1w = {{EGe1 o Y1) Cro G | Cra o € B,
Ay, ..., A, e FExd . tyway(range Ay, ..., range A,, range(Cy, ..., rangeC,,) = Fd},

where matrices C; are encoded as d?-element sequences over F—similarly for
saty ) 1re). Then, both decision problems belong to N Pge).

Proposition 2.1(b) and (c) can be regarded as a natural generalization of Proposi-
tion 1.19(a) and (b) to fixed, higher dimensions. Proposition 2.1(b) follows from Propo-
sition 2.1(a) by recursion on subterms. Proposition 2.1(a.i) is provided by applying
Gaussian Elimination to the columns of (A, B), Proposition 2.1(a.ii) by a variant due to
Zassenhaus [1948], Proposition 2.1(a.iii) by invoking Gauss on rows of Af, the adjoint
of A. Concerning Propositions 2.1(c) and (d), a nondeterministic constant-free machine
guesses the entries of d x d matrices and evaluates according to Proposition 2.1(b), fol-
lowed by testing whether the resulting matrix is regular (case of strong satisfiability)
or non-zero (case of weak satisfiability).
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2.1. Strong Satisfiability with Parameters is NPgem—Hard in Dimensions > 3

We are going to reduce the problem FEASgr) rer) 0of Fact 1.8(a) to strong satisfiability
with parameters over L := L(F?¢), d > 3; based on a particular fragment of the encoding
C + rangeC: associate with ¢ € IF the 1D subspace

O(c) := F(e; — céz),

where €1, ..., éq denotes the standard basis of F¢. To furthermore interpret the oper-
ations over F into those over L(F), consider the following variant E of the standard
coordinate system of the projective space associated with F?

Ei = Eii = Féi, ELJ = F(él —éJ), (L ;é _]) (3)

For example, for d = 3, one has

100 1 00
E1:®(0)=range<0 0 0), E12=®(1):range<—1 0 0),
000 0 00

1 00
and @(c):range(—c 0 0).
0 00

The following are easily verified for any a, b, ¢ € F:

(4.a) F(e; —aer) = (F(e; —ae;)+ E;p) N (E; + Ep) for pairwise distinct i, j, &;
(4.b) F(e, —ae;) = (Fle; —aej) + Ey) N (E; + Ep) for pairwise distinct i, j, %;
(4.c) ab=c, iff (F(é; —bes)+F(é3 —aés)) N(E; + E2) = O(c);

(4d) a—b=c, iff [(F(e;—bes)+ Eo)N(O(a)+ Eg3)+ Es] N (E; + Eg) = O(c);
(4.e) a € Re(]F), iff @(G)J‘ N (E1 + EQ) = F(ég —+ aél)

For example, in 3D, we have in (4.c) the first subterm evalue to {(x, 0, —bx)+ (0, —ay, y) :
x,y} and obtain, intersecting with {(u, v,0) : u, v}, the result {(x, —abx,0) : x}. Up
to permutation of indices, (4.a) and (4.b) are special cases with a = 1 or & = 1. In
(4.d), we get intermediate expressions (x,y, —bx) and (u, —au — v, v) intersecting to
(x, —ax + bx, —bx), from which one gets (x, —(a — b)x, w) and then (x, —(a — b)x, 0).
Finally, in (4.e), one has (x, —ax, 0)* = (a'y, y, 2), which then yields (a'y, y, 0).

Now, introduce distinguished variables Z = (Z;; | 1 <i < j < d), and abbreviate
Z; = Z;; and Z;; := Zj; for i > j. Moreover consider the terms

7 (X) = (Z v Z) NXV Z),
nij X = (Zk Vv Zj) A XV Zik)a

Zj
X®,Y = (n5,(V) Va2 (X0)A(Z1V Zp), and
X6,V = (e 2,(Y)V Z) A XV Zo)l v Zg) A (Zy v Za),

and the following equation 0;(X) in the language of ortholattices:
716X = (Z1o;X)N-X

For each parameter A in L substituted for Z, one obtains binary operations © 4 and ®
and a unary predicate oz on L

U.V)>UesV., (WU V)»U®;V, o3={UcL|LEoyU).

Facr 2.2. The operations O and ®g on L = L(F?) restrict to binary operations on
Rz :={U € L|U & Ey = E; + Es}; endowed with these and the constants E1 and Es,
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R becomes a ring which is a copy of F under the isomorphism ® = ®y. Moreover, for
a € Fone has a € Re(F), iff 05(0(a)) holds in L.

Proor. Clearly, © is injective. On the other hand, if U € R, then dim(U) < 2 (from
U 2 E;) when U = F(ré; + ses) and r # 0 (from U € E,); and so, U = O(r1s). By
definition, ®(0) = E; and ©(1) = Ejs. Observe that by (4.a) and (4.b)

73, (F@ — aé)) =F@ —ayp), my, (F@ —ag;) = F& — aé;).

Thus, ©(ab) = B(a) ®; ©(b) follows from (4.¢); and O(a — b) = B(a) &z O(b) follows from
(4.d). ¢ € Re(F) means ¢ = cf, equivalent to 0;(®(c)) according to (4.e). O

THEOREM 2.3. For any fixed F C C and d > 3, both SATpe) 1) and satyge) 1w are
NPrewy—complete.

Proor. Membership in A'Pger) holds due to Proposition 2.1(d). Concerning hardness,
in view of Fact 1.8(a), we consider an instance of FEASger) re(r) involving finitely many
pj € ReP)[X,..., X,]. Proceed in the following steps, producing ortholattice terms

and equations with parameters E, C in L(F9):

(5.1) For each polynomial p;, form a ring term o according to Observation 1.9(b).
Then, replace each occurrence of — and x by &5 and ®, respectively,
(5.i1) and replace parameters ¢ € Re(F) with MOL parameters C := ©O(c).
(5.iii) From the obtained ortholattice terms with parameters, ¢;(X; C, E), form the equa-
tions tj()_(; C.E)=E;
(5.iv) for each variable X;, add the two equations X; vV Ey = E; + Es and X; A E; = 0,
(5.v) as well as the equation o;(X;),

and combine the resulting system of ortholattice Equations (5.iii) to (5.v) into one
single ortholattice equation “tp()_(; C,E) = 1 according to Example 1.15(h), encoded
and output as (#;(X;Y, 2),C, &).

Note that all transformations are purely syntactical or involve parameters taken
from the (given!) polynomials’ coefficients—and can indeed be performed in polynomial
time by a BSS machine over Re(F). Moreover, any root £ in Re(F) € F common to
all p; gives rise to an assignment X := O(x) in L(F?), making all terms tj(X;C' JE)
evaluate to ©(0) = E; (Equation (5.ii1)) as well as satisfying Equations (5.iv) and (5.v)
according to Fact 2.2. Conversely, any assignment X in L(F¢) satisfying condition (5.iv)
has the form X, = ©(x;) for some unique x;, € F, which Equation (5.v) requires to
even belong to Re(F); and, p;(x) = 0 follows from Equations (5.1) to (5.iii). This proves
NPRe(F)—hardness of SATL(IE‘d),L(IE‘d)-

Finally, observe that for U € L(F?), it holds

d
U=F & Efn()_ (E+WUNENA0,  where Ey:=) B
j=2
This yields a BSS polynomial-time many-one reduction from strong satisfiability with

parameters over L(F?%) to weak satisfiability with (possibly additional) parameters
E. O

2.2. Strong Satisfiability is BP(VPg,;)-Hard in Dimensions > 3

We now turn to L(F?) considered as an ortholattice with no constants. This means that
we cannot use the particular coordinate system E to recover F; rather, we have to build
our arguments on the set of all (suitable) coordinate systems A. Here, F? figures merely
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as an inner product space admitting some orthonormal basis. The calculations of the
preceding subsection can be reused, though, due to the following:

OBSERVATION 2.4.

(a) Given a basis vy, ..., vq of the F-vector space V, there is a unique isomorphism ¢ of
F onto V, such that ¢(&;) = v; and a bijection ¢ : L(F?) 5 U — {¢p@) |t € U} € L(V),
constituting a “lattice isomorphism” in the following sense: U +W) = dU)+H(W),
dUNW) =pU)N W), $(0) = 0. Moreover, p(F(e; — ae;)) = F(v; — av;).

(b) If V is an inner product space, then ¢ is an isometry iff the basis vy, ..., Uq is
orthonormal. In this case, ¢ : L(F?) — L(V) is an isomorphism of ortholattices.

Generalizing the definition of E in Equation (3), given any basis 91, ..., i of F?, let
A; := A :=Tv; and A;j :=F(v; —v;) fori # j. Obviously, A= (4;; | i,j < d) satlsﬁes the
following:

7 =A®. ®A
A @A _A+A foralli,j=1,...,h i # j,and (6)
A=A, = (At—i—Ak)ﬂ(AU—i—AJk) for all ¢, ],k—l L d, i #EJERAIL

Call A satisfying Equation (6) a (projective) coordinate system of order d. Any such
system has dim A; = 1; and, choosing v; such that A; = Fv; and, for j > i, v; € 4A;
such that A;; = F(v; — v;), gives rise to a basis associated with A (unique up to a scalar
multiple). A;; = F(v; — v;) for all i # j. Combining the isomorphisms of Fact 2.2 and
Observation 2.4(a), one gets ©; = ¢ o ® and the following:

Facr 2.5. For each coordinate system A of L and associated basis V1, .. ., Vg, there is
an isomorphism

OAI]F—>RA={U€L|U@A2=A1+A2}, @A(G)IF(ﬁl—aﬁz)
of the ring F with operations —, x onto R 5 with induced operations &z, ® 5, A1, Ais.

Since we also have to recover Re(IF), orthogonality has to be taken into account. For A
derived from an orthogonal basis v, . .., 14 of F%, we may strengthen the first condition
in Equation (6) to F¢ = A; @ ... @ Ay to obtain the concept of an orthogonal coordinate
system. Given such, any associated basis is orthogonal. Though, this is not sufficient
to transfer Item (e) from Section 2.1 to this setting: this condition will well exclude all
non-real numbers; namely, (v; —avs | v +avy) = 0 implies a! = a||v1]|/||v2]. But, it also
excludes all real ones—unless we can assure that [|v1] = ||v2]|. The latter is achieved
(with @ = 1 in the preceding argument) by considering coordinate systems A which are
orthonormal, i.e., are orthogonal and satisfy

A ©i A = (A1 +A)N Afz.

LemMA 2.6. For any orthonormal coordinate system A of L = L(F%), @ ; restricts to an
isomorphism of ReF onto the subring ReR;:={U € Rz | L = ozU)} of R4
Indeed, by the preceding paragraph, one has U = ©4(r) with r € ReF, iff U € ReR; .
Fixing an orthonormal coordinate system A, Fact 2.5 and Lemma 2.6 reveal @;11 an

interpretation (recall Section 1) of the ring F with unary predicate Re(F) in (L, A), the
expansion of the ortholattice L by the new constants A. In particular, as in the proof
of Theorem 2.3, one has a translation from the language of F (with predicate Re[F) to
that of (L, A), with ¢ € F translated as © 5(c).

Thus, the orthonormal coordinate systems A are the admissible parameters on which
this kind of translation can be based. To have a translation not referring to new con-
stants A, we need admissibility to be definable (cmp. to Hodges [1993, Section 5.3
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Remark 5]). We summarize what is required for this method of interpretation with
definable parameters to work.

(7.I) Admissible parameters exist (e.g., the ‘standard’ coordinate system).
(7.I1) Admissible parameters can be axiomatically characterized—cmp. conditions of
Theorem 2.7(vii’) to Theorem 2.7(ix’) in the below proof.
(7.III) Each admissible parameter A of L gives rise to an isomorphism @ 4 of Re(IF) onto
Re Rz, defined within L, uniformly for all A (cmp. Lemma 2.6).
(7.IV) The defining formulae are in the language of ortholattices, although the proofs
may refer to the inner product space F?.

TuEOREM 2.7. For every d > 3, SATyx) is BPIN' P, »)—complete.

More precisely, instances of FEASy, g r are many-one reducible to instances of SAT1a)
by a Turing machine with running time polynomial in d and in the input length. The
reduction is uniform in F.

Proor. Modifying the proof of Theorem 2.3, replace the fixed standard coordinate
system E by the variables Z to obtain terms and equations without parameters. Here,
we reduce from FEASy g.r (Fact 1.8(b)), so there are no ¢ € Re(F) involved, and the

former Equation (5.ii) becomes obsolete. Instead, add axioms for Z to constitute

(8.vi’) a coordinate system of order d via the following equations:

d
L Zi=1, Zi/\\/j#Zj =0, Z;VZ =ZNvZj, Z;NZ =0,
Zip = Zpi =(Z; v Zp) N(Zij v Zj)  for pairwise distinct i, j, &;

(8.vii’) an orthogonal such system, via equations Z; = Z; A —Z; for i # j;
(8.viii’) an orthonormal such system, via equations Z, © Zyo = (Z; Vv Zg) A —Zs.
(8.7") Use Observation 1.9(b) to associate p; with p;, and replace in p; any occurrence
Of—7 Yy 07 1 by eZ; ®Za Zla Z12>
(8.iii") and from the thus obtained terms ¢; form the equations ¢;(X; Z) = Z;.
(8.iv’) For each variable X;, add the two equations X; Vv Zy = Z1 + Zy and X; A Zy = 0,
(8.v)) as well as the equation o;(X;).

Combine all conditions from (iii’) to (viii’) into one single ortholattice equation
“tpa(X, Z) = 1 Now, (A,7') is a satisfying assignment of £; 4(X, Z) in L(F9), if and
only if A is an orthonormal coordinate system of L(F¢) of order d (cmp. (7.11)), and if 7/
is the pointwise image under isomorphism © ; of a common root 7 in Re(F) of the p;;
(cmp. (7.II1)). In view of (7.1), this reduces FEASy grer to SATy,e) in time polynomial in
d and in the length of the (p;) encoded in binary. O

COROLLARY 2.8. Let d, k > 3.

(a) Both SATyga) and SATyca) are BP(N'PY)-complete.

(b) For any field F C R, SATy ) is BP(NV P%)—complete.

(¢) Decidability of SAT e for d > 3 is as open as that of FEASy o, (recall Fact 1.11(e)).
(d) For fixed F, FEASy r, SAT e, and SATy ) are mutually polytime equivalent.

2.3. Weak versus Strong Satisfiability

We show that, in fixed dimension, strong and weak satisfiability are polynomial time
equivalent. To this end, consider an alternative notion of “coordinate system” intro-
duced in Huhn [1972], hqre in its orthogonal variant: a system A = (A, ..., Ay) in
L(F?) is a d-diamond if F¥ = A, @ ...® A; = Ay ® A, for alli > 0. For d = d, this is
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equivalent to a orthogonal coordinate system of order d; in particular, dim 4; = 1 for
i > 0 and dim Ay = d— 1. Now consider the following terms, where Z = (%, Z1, . . ., Zq):

ha(Z) = (Vg (Zi A Nisjoo ~Z0)) AN (Zo v Z) A (=20 v = Z0),
ha(X. Z) := hy(Z) Nha,  where ha(X, Z) :=\/; ;_(((XV =Z) A Z) V' Zo) A Z)),
84 Z) = =Zo A Ny (Zov 84(2)),  where gi(Z):=Z; A\~ fori > 0,
81X, 2) == gdZ) AN (Zo v [XAGUD)), 8Y2) := Z.

LEMMA 2.9. Abbreviate L := L(F?), 1 < d < d. In Lemmas 2.9 (a), (b), and (d) let
d=d.
a) Ae L% isa d-diamond of L = L(F?), if and only if ha(A) = F<.
b) Given a d-diamond Aand Bin L =~L(Fd' ), one has B # 0, if and only if hy(B, A) = F<.
In particular, B # 0 if and only if hqy(B, 2) is strongly satisfiable in L.
¢) Let L=L(F?), 1 <d <d. For any A € L**!, one has gg(A), .. .g&l(A) a d-diamond of
Land d =d, if and only if g4(A) # 0. Moreover, gé(A) = A if Ais a d-diamond.
d) For any B € L = L(F?%), one has B = F¢, if and only if 84(B, z) is weakly satisfiable
in L, namely by a d-diamond.

Dunn et al. [2005, THEOREM 1] and Hagge [2007] provide terms #; equivalent to 0 over
L(C%1), but not over L(C?). A careful analysis of their construction reveals the length
|z;] to be exponential in d. We observe

CoROLLARY 2.10. The term gq has length quadratic in d. It is equivalent to 0 over
L(F?1) but not over L(F?), independent of F.

Proor or LEMMA 2.9

a) Observe that for any i > 0, one has A; L A; for all 0 < j # i if and only if
A= AN Nosjui 47 -

b) Given a d-diamond A, we have h;(A) = F¢. Consider B # 0. Then, B ¢ A for some
i > 0.1t follows (B+ AH) N A) + Ay = A + Ag = F¢, when ([((B+ AN N Al + Ag) N
A; = Aj for all j > 0 and hq(B, A) = F?. Conversely, assume /4(B, A) = F¢. Then
hq(A) = F¢ and A is a d-diamond. Assuming B = 0, one has (B + AH)NA =0and
((B+ AiL) NAl+A)NA =ANA; =0, when hq(B, A) = 0, a contradiction.

¢) Assume g4(A) # 0 and put C; := gi(A) = A N Nizj-o AJL- for i > 0. Assuming
C; = 0, we get go(A) € AF N (A + C;) = Ay N A} = 0, a contradiction. Thus,
Ci # 0. Also, by definition, C; € A; and C; € A; € C; fori # j > 0, i.e, the C;,
are pairwise orthogonal. Thus, d < Z;’;l dim(C;) = dim(@?:1 C;) <d < d, when
d=d,dimC; = 1, and Zfl:l C; = F?. Assuming C; C A, for some i > 0 gives
ga(A) € Ay N (A + C;) = Ay N A} = 0, a contradiction. Thus, 4 N C; = 0 and
dim(A4y + C;)/Ay = 1 for all i > 0. Assuming Ay + C; # Ag + C; for some i # j,
i, j > 0 gives Ay = (A9 +C;) N (A +C;), when g4(A) € AL N(Ay+Ci)N(A+C)) =0,
a contradiction. It follows Ay + C; = Ag+ C; for all i # j, i, j > 0, when Ay + C; 2
Y¢.,Ci=F

Conversely, if gg(A), e, gj(A) is d-diamond in L(F?), then one calculates from the
relations that g,(A) = Aj. Assuming Ay = 0 would imply Ay = F9, gi,(A) = 0 for all
i > 0, and F¢ = 0: contradiction.

d) If B = ¢, substitute into z a d-diamond A. Conversely, assume gz(A) N ﬂ?zl(Ao +

(BN Cy)) # 0 for some A, where C; = gi(A) fori > 0 and Cy = Ay. Then, gq(A) # 0
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and Ais d-diamond by Proof of Lemma 2.9(c). Assume Ais a d-diamond, g4(B, A) # 0
and B # Fe. Then, B 2 C; for some i > 0, when BN C; = 0, and it follows
8a(B, A) € A; N (A + (BN Cy) = Af N Ay = 0, a contradiction. Thus, B=F¢. O

Based on Lemma 2.9, we conclude:

THEOREM 2.11. Fix L = L(F?). Then, for any term t(X), the following hold:

(a) t():() is weakly satisfiable in L iff ﬁd(t()_Q, Zz is strongly satisfiable in L.
(b) t(X) is strongly satisfiable in L iff g;t(X), Z) is weakly satisfiable in L.

In particular, weak and strong satisfiability over MOLs are mutually reducible in time
polynomial in d and in the input length, uniformly in F.

Theorem 2.7 thus extends to
COROLLARY 2.12. For every d > 3, saty g is BP(N'PY, )-complete.

Remark 2.13. We refrain from formally defining BSS machines over ortholattices,
but mention that the results of Subsection 4.5 of arXiv:1004.1696v2 (reducing, by the
above methods, satisfiability of quantifier-free formulae to strong satisfiability of terms)
reveal for L := L(F?¢), d > 3, SAT;, and sat;, polynomial-time complete for BP(N'PyL),
and SAT} ;, and saty, 1, (without any encoding in terms of F) polynomial-time complete
for NPy

3. VARIATIONS OF THE QUANTUM SATISFIABILITY PROBLEM

The first part of this section considers the satisfiability problem for terms with a fixed
number of alterations between A and Vv in their negation normal form; the second part
studies the complexity of problems induced by quantified formulae.

3.1. Syntactically Restricted Terms

It is well-known that the Boolean satisfiability problem becomes no more simple when
restricted to terms in conjunctive form (/\ \/—terms), and even with, at most, three
literals per clause, a problem known as 3SAT—whereas 2SAT can be decided in polyno-
mial time (cmp., e.g., Papadimitriou [1994, SEcTioN 9.2]). Schaefer [1978] has succeeded
in closely delineating, syntactically, the border between P and ANP-completeness for
Boolean satisfiability problems; see Chen [2009] for a modern presentation from the
general perspective of constraint satisfaction. Regarding quantum logic, however, con-
junctive form is semantically a proper restriction:

ExaMpPLE 3.1. (x Ay)V (x A —y) is a term in disjunctive form not equivalent over L(F?)
to any term in conjunctive form.

Thus, more than two alternations of \/ and /\ are required to obtain reasonable syn-
tactical restrictions of the satisfiability problem; and Theorem 3.3 below explores the
boundary between P and BP(N'PY, ;) in terms of the number of these alternations.

Definition 3.2.

(a) An ortholattice term without any occurrence of — is called positive.
(b) A positive clause (or \/—term) is a join of finitely many variables; a positive /\—~term
is a meet of finitely many variables.
A positive A \/-term is a meet of finitely many positive clauses; a positive \/ A\—
term is a join of finitely many positive /\—clauses;
and so on, inductively.
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(c) Byrecursive application of de Morgan’s rules, any (ortholattice) term ¢ is equivalent
to a unique term of the form #(x1, ..., x,, —=x1, ..., =x,), where £(x1, ..., X y1, ... Yn)
is positive: the negation normal form of ¢.

(d) Call atermta /\'\/ /\-term if its negation normal form is a positive A \/ A—term.

THEOREM 3.3.

(a) Strong satisfiability over L(F?), d > 2, of )\ \/-terms, is independent of F and
polynomial-time decidable.
(b) For any F and d > 3, strong satisfiability over L(F%) of \ \/ /\—terms is BP(V/ POReF)—
complete; and the variant with parameters is N'Prer)—complete.
For d < 2, the problem without parameters is N'P-complete.
(¢) Forevery F and d > 3, the language

{(t(xl, e X)), 8(x1, ..., X)) | S positive \/ /\ \/—term, t positive /\ \/ /\—term,

U, ... U, e LEY : Uy, ... . U) =1 && s<U1,...,Un)=0} c {0, 1),

that is the question of whether two given positive terms t and s, syntactically re-
stricted as indicated, admit a joint assignment over L(F%) making t evaluate to
F¢ and s to 0, is complete for BP(N'PY). The analogous question in the case with
parameters is N'Pp—complete.

Note that, avoiding complement, Theorem 3.3(c) does not require access to real and
imaginary parts, and in particular, yields problems complete for NPc and BP(N P?C),
respectively.

In view of the gap between Theorem 3.3(a) and (b), we ask:

Question 3.4. What is the computational complexity of the strong satisfiability
problem for \/ /\ \/—terms? Does it depend on dimension or the ground field?

The proof of Theorem 3.3(a) is deferred until later in this subsection, as it relies on
some technical details. To deal with Theorem 3.3(b) and (c), we use the following tool.

Lemma 3.5. Consider formulae ¢(%) of the form

3y. tx,y)=1 && s(x,y) =0, tand s positive /\ \/ /\ and \/ /\ \/—terms. 9)

(a) The Boolean conjunction of finitely-many such formulae is, within MOLs, equivalent
to one single such formula;

(b) To each of the formulae, ())x <y, (i)x=y, (ii)z=xVy, and (iv)z=xAY,
there exists a formula of the form of Equation (9) equivalent to it within MOLs.

(¢) For any finite conjunction v (x) of equations t;(X) = s;(X) between positive terms t;, s;,
there is a formula ¢(x) of the form of Equation (9) equivalent to ¥ (k) within MOLs.

(d) For any term t(x), there is a \\/ \-term t'(X, @) such that t(X) = 1 is equivalent to
Ja.t'(k, ) =1in all MOLs.

In all cases, the resulting formula can be computed from the input in polynomial time.
Proor.
(a) Observethat3z: t(x,2)=1 && s(x,2)=0and3Iw: vix,w)=1 && ulx, w)=0

together are equivalent to 3z, w :  t(x,2) Av(x, w) =1 && s(X,2) V u(x, w) = 0.
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(b) Concerning Lemma 3.5(b.i), observe that

a<b e v:avv=1&&@vbrv=0
& v: (anb)vv=1&& bArv=0.

Indeed, for the first equivalence, argue as in the proof of Example 1.15(g), with
v = —(a Vv b) in one direction and v in place of —(a Vv b) in the other. To prove the
second equivalence, replace in this reasoning a by a A b and a v b by b. Applying
Lemma 3.5(a) toa < b and b < a, yields

a=b < v,w: @vyrbvw) =1 (avb)rv)v@avbd)Arw)=0
& Jv,w: (arb)vo)Allarnb)vw)=1 & a@arv)V(bAw)=0.

Now, substituting b Vv ¢ for b in the first line establishes Lemma 3.5(b.iii); and
substituting b A ¢ for b in the second line establishes Lemma 3.5(b.iv).

¢) The method of intermediate values turns the given equations into ones of the forms
from Lemma 3.5(b.iii) and Lemma 3.5(b.iv); which Lemma 3.5(a) combines into a
single one.

d) Choose #(x,7), a positive term yielding the negation normal form of #(x). By
Lemma 3.5(c), there are positive terms ¢" (%, y,@) € A\/ Aand t (&, 5, @) € \V A\ V,
such that £(x, ) = 1is within MOLs equivalent to 3z. ¢t (X, ¥, 1) = 1 && ¢ (%, y, @) =
0. Now put ¢'(&, ) = tT(x, =&, @) A =t~ (X, X, @). O

Proor or TaeoreM 3.3(b) and (c). In view of Lemma 3.5(d), Theorem 3.3(b) follows
from Theorems 2.7 and 1.20.

Concerning Theorem 3.3(c), to see the problem in BP(NPY) and not just in
BP(WV POReF), observe that, in the proof of Proposition 2.1(a), only evaluating ortho-
complements Equation (5.iii) requires access to real and imaginary parts.

Regarding hardness, we modify the proof of Theorem 2.3. First, observe that the
terms X6;Y and X®;Y are positive and so are all terms occurring in Equations (8.1,
(8.1i1"), (8.iv’), and (8.vi’). Use Lemma 3.5(c) to combine the equations obtained by these
steps into a formula ¢(X; Z) of the form of Equation (9), and observe that one has
¢(A,7) valid in L iff 7 is the point-wise image under ®; of a common root 7 in F of
the p; (Equation (5.v)): The non-positive term o0;(X), requiring roots in ReF, has been
omitted. In the case with parameters, substitute E for Z. O

Preparing for the proof of Theorem 3.3(a), consider the equations
l=ogqVvey =aqVv-a = -aqgVvVa = —aV-aq (1<k<{<n). (10)

In particular, elements satisfying these relations exist in L(F?) and, by Observa-
tion 1.14, also in L(F??) for every F and d. But Equation (10) cannot be satisfied in
odd dimensions. Instead, consider the following:

EXAMPLE 3.6. For every d > 2 and F and n € N, there exist Uy, ..., U, € L(F%) with
F = Up+ U} = Uf +UF = Up+ U+ U; (R#£0#£j#B).

Indeed, the case of even d has been treated above. Whereas the (3 + 2d)-dimensional
case follows from Observation 1.14 by combining a 3D instance (U, ..., U,) with an
even-dimensional one (V1,...,V,) to (U; & Vy,...,U, & V,). In the remaining case
d = 3, observe that for any three distinct £ € N, the vectors v, := (1, &, k%) € F? form
a Vandermonde matrix and are thus linearly independent; hence, U, := Fv; satisfy
Ur+ U, +U; = F for every k # £ # j # k. Moreover, (v, | ;) = 1+ k€ +k2¢2 > 0 shows
Ur L Up; hence, dim(U;, + U;") = dim(Up) + 3 — dim(U,) — dim(U, NU}) =1+3 -1
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by the dimension formula. Similarly, U;* # U;* and dim(U}}) = 2 = dim(U};") imply
dim(U; + UL = 3.

LEmMmA 3.7.

(@) Lett(x1,...,x,) denotea )\ \/-term with at least two different literals in each clause.
Then, t is strongly satisfiable over L(F2?) for every F and every d.
(b) Let t(x1,...,x,) denote a )\ \/-term with at least three different literals in each
clause. Then, t is strongly satisfiable over L(F2¢t1) for every F and every d > 1.
More precisely, for Uy, ..., U, € Lg(F?¥*1) according to Example 3.6, every choice
of V; e {Uj, UJL} gives rise to a strongly satisfying assignment (V1, ..., V,) of t.
(c) For a N\ \/-term t(x1,...,x,) with exactly two different literals in each clause, the
following are equivalent:
(i) t is strongly satisfiable over L(F?) for some F and some odd d.
(1) t is strongly satisfiable over {0, 1}.
(iii) For Uy, ..., U, € Ly(F?¥+Y) from Example 3.6, there exist V; e {Uj, UjL}, such

that V constitutes a strongly satisfying assignment of t.
(iv) t is strongly satisfiable over L(F?) for every F and every odd d.

Proor.

(a) As argued before Example 3.6, L(F2?) contains Uy, ..., U,, satisfying Equation (10),
i.e., rendering F?? every clause u v v with u, v mapped to distinct members of
{U,Uf, ..., U, U}

(b) Similarly, observe that, for any u,v, w mapped to three distinct members of
{U;, U}, U, Ug-, Uy, U}, uv v v w evaluates to 24+,

(c i=ii) Let V denote a strongly satisfying assignment over L(F2¢+1). We claim
that the derived assignment a; := 1 for dim(V;) > d + 1 and a; := 0 for dim(V}") >
d+ 11is also a satisfying one. To this end, consider an arbitrary clause u Vv v of ¢ with
literals u, v € {x1, —x1, ..., X,, —x,}. By hypothesis, it evaluates to F¢ when plugging
in V for &, requiring 2d + 1 < dim(u[V]) + dim(v[V]), and thus, that at least one
of u, v had been assigned a subspace of dimension > d + 1, which in the derived
assignment becomes 1 and keeps the clause true.

(c 1i=1ii1) Let @ denote a satisfying assignment over {0, 1}. We claim that the
derived assignment V; := U;- for a; = 1 and V; := U, for a; = 0 is a satisfying one.
According to Example 3.6, this makes all clauses u \ v, (1 # v), evaluate to F¢, for
which at least one of the literals u, v are assigned to some UjL. On the other hand,

since ula] v vlal = 1, by construction, also, at least one of u[V] and v[V] is of the
form U Jl

(c iii=>iv) follows from Example 3.6. And (c iv=1) is a tautology. O

Proor or THEOREM 3.3(a). Given a A \/-term #(xy, ..., x,), first eliminate all clauses
with only one literal by substituting it with 1—this simplification can obviously be
performed in polynomial time and maintains #’s /\ \/-form, as well as strong satisfi-
ability. If it fails (like for instance in —x A —y A (x V y)), reject . Otherwise, in the
even-dimensional case, accept. In odd dimensions, collect all clauses with precisely
two (remaining) literals, and report whether this instance of 2SAT is satisfiable—as
mentioned above, in polynomial time. It remains to assert the correctness of this algo-
rithm. Regarding the case of even dimensions, this holds due to Lemma 3.7(a). Over
L(F2d+1) any satisfying assignment of ¢ must, in particular, make all its two-literal
clauses evaluate to true, which requires their conjunction to be a positive instance
for 2SAT, according to Lemma 3.7(c i=ii). Conversely, if the two-literal clauses are
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satisfiable over {0, 1}, then both, they and the clauses with at least three literals, ad-
mit a joint satisfying assignment from (U1, Ui, ..., U,, Ut} € L(F?¢*1), according to
Lemmas 3.7(b) and (c ii=iii). O

3.2. Quantified Quantum Propositions and Two Polynomial Hierarchies
Recall that Stockmeyer’s polynomial hierarchy starts with =) = P = I and =] =
NP and M7 = coN'P; while higher classes =] and I1] (¢ > 2) can equivalently be

characterized syntactically and semantically. For the latter, ] contains precisely those
decision problems accepted by nondeterministic polynomial-time Turing machines with
oracle access to some V € X/, (equivalently, to some V' € 117 ,); and, I1} consists of

the complements of members from X7 [Papadimitriou 1994]. Alternatively, =7 and I17
contain all decision problems of the form

{Z € {0,1}" | neN, 35’(1) € {0, l}p(n) V_)_/(Z) e {0, l}p(n) 35,(3) e {0, l}p(n) Vj/(4) B (11)
..sz(l) € {0, l}p(n) D (z y(l) . (Z)) c V}

{2 € {0, 1)" | neN, V_)_/(l) € {0, I}P(n) 35,(2) € {0, l}p(n) V_)_/(S) € {0, l}p(n) Ely(4) B
B Q/zﬁ_’(z) € {0, l}p(n) Dz y(l) B (Z)) cV’ }

respectively, with V, V' € P and p € N[N], a polynomial. Here, Q, denotes the existen-
tial quantifier when ¢ is odd and otherwise the universal one—vice versa for Q.

Generalizing the Cook-Levin Theorem, a natural problem complete for £} asks for
the truth of a given Boolean formula with ¢ blocks of alternating quantifiers, starting
with the existential one:

SAT" = ¢V, x®, ... &) | n1,...n e N, 3V € {0, 1} va® € {0, 1} 3a®
Qe e 0, 1) : t@v,a?,...a") =1}.

So, binarily encoded terms (t(xV,x?, ..., %)) replace z in Equation (11). SATK is
defined similarly but starting with the universal quantifier—and complete for I1}.
Moreover, the following problem QSAT is complete for PSPACE:

{(¢(x1,...x,)) | n € N3ay € {0, 1} Vag € {0, 1} Jas...Q, @, € {0, 1} : ta,...a,) = 1}.

More generally, sequential polynomial space corresponds to parallel polynomial time, as
well as to parallel alternating time [Chandra et al. 1981]; hence, PSPACE is sometimes
also denoted as PAR = PAT.

Both the polynomial hierarchy and its two characterizations translate (although
with notably different proofs) to the BSS setting [Cucker 1993, Section 4], [Blum
et al. 1998, SecTtioN 21.4]. ZfF contains precisely those decision problems accepted by

nondeterm1n1st1c polynomial-time BSS machines over F with oracle access to some
Vex? .1 (equivalently, to some V' € T efl’F) and, 17 o consists of the complements of

members from 7. For the former characterization, X/, and I}, consist of all sets of
the form ' '

{2 c " | ne N, Eb—)(l) c Fp(n) Vy(Z) c Fp(n) 35,(3) B Q 5,( c Fp(n) <2 5,(1)’ B ~5’(€)> c V}
[zeF" |neN, v e FPW 35@ e FPW v5® Q5 e FPW . (2,50, ... 59) e V'],
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respectively, with V, V' € Pr and p € N[N]; cmp., also, Bournez et al. [2006]. And
FEASQZ L {(pl,. . Pr) | k.ni,...eN, pje FIXD, ... X2, (1) e ™ Vy(2> "2
Hy(3) Hy(ZZ 1) FﬂZl 1 pl(y(l) . '5,(2@—1)) — 0 && && pk(y(].) . .y(2[ 1)) — 0}
FEASY: ={(p1....pe) | kona, ... €N, p; e FIXV, .. X®9], 35V € T v5® ¢ T2
Ely(3) B .Vj/(%) c e - pl(y(l) B .5,(20) £0 [l pk(y(l) o (213)) # 0}
FEAS2:' ={(p1.... o) | Boma,...€N, pj e Z[Xm, L XD 35 e pmovy@ e pre
3y . 3D e T pi (3, 5P =0 ek &k pp(3Y, L 5P Y) = 0)
FEASZ]F _{(pl,. . Dr) ] k.ni,...eN, pje 7ZIXV, . X@“] Ely(l) e ™ Vy(Z) c ™
ay(S) (26) c e - pl(y(l) B '3—,(25)) ?é 01ll---1l pk(y(l) B .3—,(212)) ?é 0}

are complete for X}, , ., £, ., BP(z.°, ), and BP(ZZZ%) respectively. Note that (Ob-

servation 1.5) the matrix form defining FEAS} rr and FEASZ ¢ can be relaxed to arbi-
trary finite Boolean combinations of, and in the case admitting an order also restricted
to one single, polynomial equality or inequality—depending on ¢’s parity!

Space complexity does not translate as nicely to the BSS setting [Michaux 1989;
Cucker and Briquel 2007]; however, PATr is a natural counterpart to PAT = PSPACE
and QSATy ; complete for it, where PATr consists of all subsets of * of the form

[zeF"|neN, 3y1eFVy, e Fays e FVy,... ... Q. €F: (z,5) €V} and
QSATs g = {(p1.....m) | koneN, pje SIXi, ..., X,
dy1 € RVyo e RIys € RVyy...... Q. € R:p1(3) =+ = pp(3) = 0},

with V running through Pr [Cucker 1993, THEOREM 4.1]; similarly, for QSAT, » complete

for BP( PATI%). Natural problems in PAR¢: C PAT¢: and PARg C PATR traditionally arise in
semi-/algebraic geometry [Canny 1988; Giusti and Heintz 1991; Lecerf 2000; Jeronimo
et al. 2004; Biirgisser and Scheiblechner 2009; Basu and Zell 2010; Scheiblechner
2012]; cf., also, Cucker and Grigoriev [1997].
In view of our generalization of Boolean satisfiability to MOLs L (Definition 1.13(f)),
this suggests to consider first-order quantified quantum (i.e., predicate) logic:
SAT = {¢@?,...2) |ny,...n, €N, FaP e L™ va® e L™ 3a® . ..
~Qed(2) e LM - tL(a(l) =(2 ) B .(_I(D) — 1},
SAT‘L = {¢@EY, .. &) |m,...ne e N, va¥ e LI 3a® e an Vd(3) .
.Qa? el : ty@?, a?,...a") #1},
satt = {(t(o’c(l), ... x0)y) |n1,...ng €N, 3V e " va'® e L™ 3¢® . ..
.QaY el t@v, a?,...a") #0},
saty = {(t@Y, ... 29) |n1,...n €N, va? e L™ 3a® e L™ va® ...
.QaY el @V, a?,...a") =0},
{(¢(x1,...x,)) | 3a1 € LVag € L3ag € LVay ...Q,a, € L:t1(@) = 1},
{(¢(x1,...x)) | 3a1 € LVag € L3ag € LVay ...Q,a, € L: tr(@) # 0},

and analogously for terms with parameters; cmp., also, Roméan [2006]. Observe that in
all of QSAT}, QSAT;, and gsat;, dummy variables are admitted; in the latter, two such
variables x can be camouflaged by meeting with (x v —x).

We emphasize that the definitions of SAT, sat; do not depend on the parity of ¢.

QSAT, :

gsaty, :
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THEOREM 3.8. Fix £ € N.

(a) For any infinite two-dimensional MOL L, both SATS, and sat, are £} —complete; and
SATE, a‘; are T} —complete; while QSAT; and gsat; are PSPACE-complete.
(b) For d > 3, both SATf(Fd) and sat{ ., are BP(EZQ)EF)—complete; and SATi(Fd) and

ai(w) are BP(HZ‘I?e]F)—complete; while QSAT g and qsaty g are BP(PATR, p)-
complete.

(c) Similarly, for d > 3, the above problems with parameters are X

¢ Rery—COMPlete,

HZRe(F)—complete, and PATgem—complete, respectively.
Since Poonen [2009] proved FEAS%Q undecidable, we conclude:

COROLLARY 3.9. SATi(Qg) and sati(Qg) are undecidable (to a Turing machine, recall
Example 1.6(c)).

To the best of our knowledge, Theorem 3.8 cannot be just deduced from the sat-
isfiability case ¢ = 1, but requires additional considerations, including application
of Subsection 2.3 to show that Boolean combinations of ortholattice identities are
equivalent to existentially (alternatively, universally) quantified identities. We omit
the lengthy and technical details here and instead refer to Sections 4.5 and 5.2 in
arXiv:1004.1696v2.

4. SATISFIABILITY IN INDEFINITE (YET FINITE) DIMENSION

We now consider satisfiability questions quantifying existentially, not just over assign-
ments but also over the (finite) dimension the assignment lives in.
Similar to Observation 1.14, we record

OBSERVATION 4.1. Let t be any term and d =d' +d".

(@) Ift is weakly satisfiable in L(F?), then it is so in L(F?).
(b) Ift is strongly satisfiable in both L(F¥) and in L(FY"), then it is so in L(F?).

ExamPLE 4.2. Recall Lemma 2.9.

(@) For any d, the term hy is strongly satisfiable in L(F?) if and only if d divides d..

(b) For any Fk, there exists a term t, of length O(k) strongly satisfiable over L(F?) for
d = 2%, but not for d < 2.

(c) For any d, the term gq is weakly satisfiable in L(F?) if and only if d < d..

Proor.

(a) Suppose d’ = dk. Considering F¥ as F? @ ... @ F?, there exists a d-diamond A in
L(F?), and thus, a d’'-diamond in L(F?) with A=A &.. .0 A, strongly satisfying
hg by Lemma 2.9(a). Conversely, any strongly satisfying assignment A of hy over
F? constitutes, by Lemma 2.9(a), a d-diamond; hence, d divides d'.

(b) Consider the (2n + 1)-variate term

Tr A\ (@ V=) A v ) A (v )
A (g1 A V) vV (mxi01 A= Vv i)
Consider any satisfying assignment (Uy, V1, ..., Uy, V,,, U,41) in L(F9). Note that

U; + V- = F implies dim(U;) + dim(V;}) > d; hence, the first two terms in the
big conjunction require dim(U;) = dim(V;). The fourth term amounts to condition
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U;.1 = U; +V;, according to Example 1.15(h); hence, dim(U; ;1) = dim(U;) +dim(V;)
because of U; N'V; = 0 (third term). It follows dim(U; 1) = 2 x dim(U;). Therefore,
2"x dim(U;) = dim(U,,;1) = d by the very first term. Conversely, the following is
easily verified to constitute a satisfying assignment:

Uiy :=Fx {0}, Vi:={x,x):xeF}, Us;:=Fx{0)2 Vy:={& X :xelF?,
o Ui i=TF% x {0}, Vi :={&X):%eF?) ..., Up1=F"

(all understood embedded into F2* by appending zeros).

(c) As pointed out in Corollary 2.10, g; is not weakly satisfiable over L(F?) for d’' < d,
but weakly satisfiable for d’ = d. In case d’ > d, by Observation 4.1(a), g4 is weakly
satisfiable also over L(F?). O

Definition 4.3.

(a) Call a term weakly respectively strongly satisfiable in L(F*) if and only if it is so in
L(F?) for some d € N.

(b) The corresponding decision problems are abbreviated as saty g 1= sate.gen; =
U, satyge) and SAT g := SAT 1 pigeny = Uy SATL e, respectively.

(c) Fis Pythagorean, if for any a, b € F there is ¢ € FN R, such that aa’ + bb' = ¢2.

For Pythagorean F, any subspace of F¢ admits an orthonormal basis (due to the Gram-
Schmidt process). Q, for instance, is not Pythagorean.

THEOREM 4.4.

(a) For Pythagorean F it holds satyr € BPINPY, ). In particular, satyg.), satyc:) €
BPNPY).

(b) A term is weakly (resp. strongly) satisfiable either in both or in none of L(F*) and
L(ReF*), i.e. it holds SAT ) = SAT(Re ) and saty ) = satyger)-

That is, weak satisfiability over L(F*) is decidable by a nondeterministic polynomial-
time BSS-machine over Re F without constants—and thus no more hard than in the
fixed-dimensional case.

Proor.

(a) By the work of Herrmann [2010, Lemma 2.2] and Observation 4.1, ¢ is weakly
satisfiable over L(F*) iff it is so over L(F¢) for d := |¢|. Now recall (Proposition 2.1(a))
that satisfiability over L(F¢) can be decided by a nondeterministic constant-free
BSS-machine over ReF in time polynomial in |¢| and d.

(b) For F ¢ R, observe that L(F?) embeds into L((Re F)?¢), considering F¢ as an Re(F)—
vector space with scalar product, the real part of the given one. O

Question 4.5. Is satyg-) hard for NP or even for BP(VPR)?

The rest of this section explores a strong counterpart to Theorem 4.4(a) and Ques-
tion 4.5, namely the complexity (and computability) of SAT ). To this end, the next
subsection extends Section 2.2 from interpreting into quantum logic, not just the ring
I of scalars but the ring ™™ of matrices, uniformly in m, and similarly for x-rings. We
first discuss the feasibility problems for those.

4.1. Strong Satisfiability in Indefinite Finite Dimension is Hard

In order to prove BP(NVPY)-hardness of strong satisfiability in indefinite dimension,
we shall interpret Re(F) in (Re F)?*¢ in L(F3?), uniformly in d. The first part is achieved
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in Proposition 4.8(b) and (d) by means of the classical Spectral Theorem; the latter in
Proposition 4.9(b) as a scholium to Theorem 2.7.

Definition 4.6.

(a) A x—ringis a (not necessarily commutative) ring with unity, endowed with an invo-
lution r — r', i.e., a map satisfying (» + s)l =r' + s, (rs)' = s'rf, and (*))f =r.
(b) A x—ring is formally real if Z}Izl r}L-x ri=01impliesr; =0(1 <j <J)forall J e N.

The examples of interest, here, are the fields F with conjugation and the matrix rings
™™ where A' is conjugate transpose of .A. Indeed, suppose there is some j and some
x € ™, such that B;x # 0. Then, 0 = (x| }_; B}x Bjx) = 3 (B;X|B;x) > | B;%||? > 0:
contradiction.

Dealing with matrices, the commutative rings of polynomials have to be replaced
by rings of polynomials p € Z(Xj,..., X,) in non-commuting variables and, in the
case of s—rings, p € Z(Xi, ..., X,, X, ..., X;) — with the convention that X* has to be

interpreted as A' if X is interpreted as .A. Observe that the latter ring admits an
anti-automorphism p — p* which interchanges X and X*.

Definition 4.17.

(a) For a not necessarily commutative ring R 2 Z, let FEAS; r denote the following
decision problem:

Given py,..., pr € Z(Xj, ..., X,), do they admit a common root in R, i.e., some
assignment @ € R" such that p1(@) = --- = pp(@) = 0?

(b) In case that R is a x-ring, FEASTZ!R is the same question referring to (non-

commutative) *—polynomials.
(c) For R, a class of rings, respectively s—rings, we put FEAS;  := (Jz.z FEAS; z and

FEAS)  := Uper FEAS] .
(d) For a *—ring R 2 Z, let QUARTTZ g denote the decision problem of whether a

single non-commutative polynomial in variables Xi, ..., X with coefficients from
{-n,...,0,...,+n} admits a root over R.

(The complements of) these computational problems arise in practice [Benanti et al.
2003], hence, their complexity is worthwhile investigating.

PropositioN 4.8. Fix F and let FEAS; 5 = FEAS; puagey and FEAS) .. =

FEASTZ_ ( ) denote (x-) polynomial feasibility in some matrix ring over F.

Fdxd:deN

(a) FEASy;r and FEASy pixa are polynomial-time equivalent for fixed d € N.
(b) For algebraically closed T (say, F = C), FEASy r reduces polynomially to FEASy p-.

(¢) FEASy ger, FEASTZ’ReF, FEASTZ,F, and FEASTZ’Fdxd are pairwise polynomial-time
equivalent.
(d) If F is real or algebravically closed (e.g., F = R, C), then there is a polynomial time

reduction from FEAS] ;. to FEAS] ..
(e) Uniformly for all formally real x-rings R, there is a polynomial time reduction from
FEAS] , to QUART), ;.

Proposition 4.8(e) generalizes the well-known A/Pr—completeness of quartic polynomial
feasibility [Blum et al. 1998, Sections 5.2+5.4].
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Proor.

(a) Concerning one direction, a polynomial-time nondeterministic BSS machine over
F can guess the entries of a matrix assignment over F?*¢ and verify them
by evaluating the polynomials using operations from F. This demonstrates
FEASy pe-a € BP(WPY). Since FEAS » is complete for BP(VPY), the first reduction
follows.

For the converse reduction, consider d-systems of matrix units in F*? consisting
of matrices (§;; | 1 <7, j < d), such that 2?21 &i =7 and &y x & = 83, where
7 is the unit matrix, and recall that the map a — aZ is a ring isomorphism of F
onto {X € F¥xd | x x & = &j x X for all i, j}. To carry out the reduction, require,
in addition to the given equations, the existence of such &;; commuting with (the
evaluations of) all given variables.

(b) Given equations pi1(X) = ... = pp(X) = 0, add all commutativity conditions X; X; —
X;X;. Clearly, if a1, .. .a, is a solution in F for the old system, then a;Z, ...a,Z is a
solution in F?*¢ for any d. Conversely, if A1, ..., A, is a solution of the extended
system in some F?*?_ then the A, ..., A, commute with each other; and thus have
a common eigenvector v to respective eigenvalues A1, ..., A, € F; which constitute
a solution in F.

(c) Equivalence of the first three is obvious, in view of the fact that ' is identity
for F C R, or in view of the Cartesian representation of the x—field F over ReT,
otherwise. The remaining equivalence follows as in Proposition 4.8(a), using &;

such that Sjj = &j; to make sure that ¢ — a7 is a *—ring homomorphism.
(d) Add the commutativity conditions and also conditions X; = Xj; that is, require the

value of X to be self-adjoint. As in Proposition 4.8(b), the 4; have some common
eigenvector and the proof proceeds as before.

(e) Again, invoking the method of intermediate results, decompose the evaluation
of the given x—polynomials into a system of J quadratic *—polynomial equations
p; =0,1<j <J,with J polynomial in the input size. Moreover, each p; depends
on at most three variables (or their adjoints). And, according to Observation 1.9(b),
we may suppose these to only contain coefficients —1, 0, 1. Now, R being formally
real, these J quadratic polynomial equations can be combined into one single

quartic polynomial equation }_; p} - pj = 0 1in, at most, 3J variables. In dense
representation, each monomial in pJ' x p;j has integer coefficients bounded by 2;
which, in Zj, can sum up to at most 2J. O

Picking up on Theorem 4.4(a), and since Theorem 2.11 depends on the dimension being
fixed, we now consider the complexity and computability of strong satisfiability over
indefinite finite dimensions—and approach the boundary between complexity and mere
computability.

ProposiTION 4.9. For a fixed I, there are the following polynomial time reductions:

(@) SAT to SATy - to FEAS] ...
(b) For Pythagorean T, FEASTZE* to SATy .
(¢c) For real respectively algebraically closed T, FEASTZVF to SATL ).
Proor.
(a) The first reduction is Proposition 1.16. According to Proposition 2.1(c), SATy,xq)
reduces in polynomial time to FEASy ger, and by Fact 1.8(b), further on to any
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(b)

(c)

problem in BP(NPger), such as FEASTZAFM. However, both reductions depend on
d! A short-cut uniform in d is provided by the following observations: range A +
range B = range(C iff there are matrices Xj, such that C = AX; + BXy, A = CAjs,
and B = CA}; similarly, range B = (range A)* iff A'B = 0 and there are &;, such
that AX; + BXy = Z, the unit matrix.

We claim that a Turing machine can translate, in polynomial time, any finite
family p of *—polynomials in non-commuting variables into a term ¢; which, over
Pythagorean F, is strongly satisfiable in L(F*) iff & = 3m for some m and any
member of p admits a solution in F”*™, Indeed, modify the proof of Theorem 2.7 as
follows:

first of all, the notion of a coordinate system of order 3 extends to any MOL, such as
L(F*), if one just requires the relations between the A, j; these force dim A; = dim A;;
for all i, j when £ = 3m and m = dim A;. Given any basis U%, e T)T of A; for any
Jj=23and h = 1,...,m, there is unique Bﬁ? € A; such that IF‘(T){1 — 6?) C Ay
Then, the T)ih, i=1,2,3;h=1,...,mforms a basis of F*, such that A; = Yot IF?}{‘
and 4;; = Y ;. F(i} — v%). Thus, in view of Observation 2.4, we may replace F*
(and A) by (F™)3 with A; = F™ x 07", Ay = 0™ x " x 0™, A3 = 0™ x F™, and
Ajj = {&i(X) — ¢j(X) | X € F™}, where ¢; is the canonical isomorphism of F™ onto A;.
For a matrix A € F™™, define

O 4(A) = {£1(X) — e2(AX) | X € Aq}.

Using “generic vectors” again, this reads as (X, —Ax, 0), and the calculations un-
derlying the proof of Fact 2.5 show that © ;4 is an isomorphism of the ring F”*” onto
Ri={U € L|U & Ay = A; + Ag} with operations 64, ® 5, A1, and Aja.

To deal with the adjoint, too, we now suppose that Ais an orthonormal coordinate
system of order 3 w.r.t. to some scalar product (|) on (F™)3 (recall that we arrived
at (F™)3 by a linear isomorphism, only), i.e., we have the orthogonal direct sum
A OA DAz and A; 65 A1p = (A1 + A) N Aﬁ. The latter condition reads as

0= (%0 |G -y 0)=(Z0,0) |7 0,0) — ((0,%0) | 0,5, 0),

i.e., it means that the isomorphism (X, 6 6) = (6, —X, 6) of A; onto A is an isometry.
The latter matches 17{‘ with T)g‘ so that 175‘(i =1,2; h=1,...,m)is an orthonormal
basis of A; + As if T)%, ..., U]"is an orthonormal basis of A;. Since F is Pythagorean,
the latter can be achieved. Thus, in view of Observation 2.4, we may assume that
the scalar product on F™ and A; + Ag is the canonical one, and Az = (A; + Az)*.
Now, B = A' iff for all X, y
0= (BZ|y) — (& | Ay) = (B, %,0) | (5. —Ay. 0)),

when

0 4(AN = (©4(A))P4, where XV2 .= Z; ©, (“%?2[”%?3(”%;3 [(Z1 Vv Zy) A —X])]).

Combine Proposition 4.9(b) with Proposition 4.8(d). O
THEOREM 4.10. SATy ) = SATyc+ is BP(W P%)—hard. Moreover, the following are

equivalent:

(@) SATy ¢+ is decidable.
(ii) FEAS] .. is decidable.
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(iti) There exists a total recursive function § : N — N, such that the following holds:

Whenever a term t is strongly satisfiable over L(C*), (12)
it is so over L(C?) for some d < §(|t|).

(iv) There exists a total recursive function §' : N — N, such that the following holds:

Whenever a quarticq € {0, £1, £2, ..., £N}(X1, Xj, ..., Xy, Xy) admits a

root over R™™ for some m, it also does so over R™*™ for some m' < §'(N).

Note that, according to Example 4.2(b), any bound on § has to be at least exponential.

Proor oF THEOREM 4.10. SATy ) = SATy g+ holds due to Theorem 4.4(b); for hard-
ness, invoke Proposition 4.9(c).

(1)< (ii) Proposition 4.9(a) and (b).

(i)=(iii) Based on an algorithm deciding SATy ¢+, a function § as required in Equa-
tion (12) can be computed as follows: given n, enumerate all (the finitely many, up
to renaming variables) terms ¢ of length n strongly satisfiable over L(C*); for each
one, search for the first dimension in which ¢ is strongly satisfiable and return the
maximum.

(iii)=(i) Given ¢, calculate d := §(|¢|) and decide satisfiability of ¢ over L(C!), L(C?), .. .,
L(C?). If none succeeds, then ¢ is not satisfiable over L(C*) either. The proof of (ii)<(iv)
follows the same lines, based on Proposition 4.8(e). O

5. CONCLUSION AND PERSPECTIVES

According to Bohr’s Correspondence Principle, Classical Mechanics can be considered
as a macroscopic limit of Quantum Mechanics. Similarly, Boolean logic is the “triv-
ial” (namely, 1D) case of geometric quantum logics—syntactically equal, but with
the semantics A, meaning intersection of subspaces, — orthogonal complement, and
v Minkowski sum. The present work has explored the computational complexity of
quantum satisfiability: in dimension one, historically, the first problem shown NP-
complete turns out as different from but polynomial-time equivalent to dimension two;
while from dimension three on, it characterizes the complexity class BP(\ P%) located
between NP and PSPACE. In particular, satisfying assignments cannot, in general,
be chosen as rational. Moreover, the quantum satisfiability problem remains complete
when syntactically restricting to terms of the form “/ \/ /\”; whereas the case of con-
junctive form “/\ \/” can be decided in polynomial time from dimension two on. Finally,
towards the infinite-dimensional case, we have considered quantum satisfiability in
indefinite but finite dimensions.
In the future we will

(a) identify and establish more problems complete for the complexity class BP(NV 73]%);
(b) clarify the connection between quantum logic and quantum computing; and
(c) characterize the expressiveness of quantum logic in terms of algebraic geometry.

Note Added in Proof. Together with Yasuyuki Tsukamoto, we have recently been
able to establish SATyr+ as undecidable [Hermann et al. 2015]. In particular, the
polynomial-time equivalence between weak and strong satisfiability hinges on the
dimension being fixed. Moreover, according to Theorem 4.10, there exist terms ¢ that
are strongly satisfiable only in dimensions exceeding any primitive recursive bound in
t’s length.
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