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Affine algebras in congruence modular varieties

CHRISTIAN HERRMANN

Algebras which are polynomially equivalent to a module have been characterized
by CsAkANy [3], [4] in terms of the associated system of congruence classes. Re-
cently, SmitH [10] and Gumm [7] characterized such algebras within congruence
permutable classes following the lines of ‘“Remak’s Principle”, cf. [2, p. 167]. In
this note their results will be extended to congruence modular classes.

Definition. A (general) algebra A is called abelian if in the congruence
lattice of AX A there exists a common complement of the kernels of the two
projections.

Theorem. Every abelian algebra in a congruence modular variety is polynomially
equivalent to a module over a suitable ring. The abelian algebras form a subvariety.

Here the polynomial equivalence of two algebras with the same base set
means that the sets of their algebraic functions coincide.

Corollary A. Let o/ and B be subvarieties of a congruence modular variety,
&/ abelian and B congruence distributive. Then every algebra in the join of </ and
A is a direct product of an algebra in o/ and an algebra in 4.

Now, the finite base theorems of BAKER [1] and McKENZIE [9] join into one.

Corollary B. There exists a finite equational base for every congruence modular
variety which is generated by finitely many finite algebras each of which is either
abelian or generates a congruence distributive subvariety.

The idea of the proof can be ea.ily stated: For an abelian group A4 the differ-
ence is a homomorphism of 42 onto 4 which has the diagonal D={(x, x)|x€ A4}
as ifs kernel. Thus, the group structure can be recovered from the natural homo-
morphism A42-~A4%/D via the identification x~(x, 0)+D of A4 and A2/D. In general,
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it is still {rue that an abelian algebra has a congruence » which has D as a class
— cf. HaGeMANN and HERRMANN [8] — and we may define the difference by the
natural homomorphism A%-A4%x. Assume for a moment that 0 is an idempotent
element of 4. Then x—[(x, 0)]x is an embedding of 4 into A%/x bul not necessarily
onto. Therefore, a limit construction is used to embed A4 into an algebra B which
is closed under the group operations. Using DAY’s [5] terms for congruence modular-
ity one sees that 4 is a subgroup, 10o.

1. The centring congruence, The proofs rely on resulls of HAGEMANN and
HERRMANN [8]. Thus, a general assumption to be made is that the algebras are
strictly modular which means that every “diagonal” subdirect product BS 4" —
with » finite, (x, ..., x)€B for all x in 4 — is congruence modular. We write xy
for pairs, xyzu for quadruples, [a]a for the congruence class of ¢ modulo a. Let
o, 1 denote the kernels of the two projections of 4% onto A.

Proposition 1. A4 strictly modular algebra A is abelian if and only if there
is a congruence % on A% such that
© - nNx=nNx=0
(RR) xxxuu for all x and u in A.
If A is abelian then »x={(A) is uniquely determined and it holds
(RS)  xyxuv implies yx»vu
(RT) xyxuv and yzxow imply xzxuw
(SW)  xyxuv if and only if xuxyv.

Proof. Everything but (SW) is shown in [8], Thm. 1.4 and Prop. 1.6. Now,
define A by xpAuv if and only if xuxyv. Due to (RR), (RS) and (RT) 4 is a con-
gruence on A2?. Since x is reflexive it satisfies (RR). Finally, assume xyAxv, i.e.
xxxyv. By (RR) we have yywxxx, hence yyxyv and y=p by (C). This proves
7oNA=0 and, by symmetry, #,NA=0. By the uniqueness of % it follows x=A4
which means (SW).

Lemma 2. Let A be strictly modular and abelian, ®={(A). Then A%x is strictly
modular and abelian, too, and with A={(A4%/%) it holds for all a, b, c, e in A

1) ([aelx, [be]x) A([ab] %, [ee] )
) ([aelx, [be]x) A(celz, [balx).

Proof. Consider 4* and let @, 0,, ©@,, O be the kernels of the projections.
For each i<j there is a “copy” %; of x» on A* given by

XoX1 X2 Xa¥;; YoY1YeYs if and only if X X; %Y P

Because of %y, 20,NO; and x,;20,NO; both permute and have join 1. There-
fore, the map ¢ with @ (Xox;Xsx3) =([X0%1] %, [X5X3]%¢) is a homomorphism of
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A* onto C? where C=A42/x. Iis kernel is &=, () %#y3. We claim that the image
of u=ée+u;3MN 5%y is the congruence {(C) on CZ% We have to show

Ha VU =nNu=¢ and xxxxuuuuu for all x and u in 4.

The second is obvious, By modularity we get g () =%y %5/ %e;5. Now,
consider XqXx;XeXs¥oy () %10 %os VoY1 VeVs. By (RS) we have x,x,%y,y; and
X1 XMV Ve, hence XoXoxysye by (RT). With x,x3%y,ys and a second application
of (RT) it follows X;X3%y,ps. This ShOWS XgXyXeX3%agVol1VaVs> 1.6, %y () %101
N Sreys and xu N p=se. %y u=e follows by symmetry,

By Proposition 1 the image of p has properties (RT) and (SW), i.e.

©)) xyuvpabed and uvstucdef imply xystuabef, and
) xyuvuabed if and only if xyabuuvcd.

On the other hand, all the arguments about u remain valid if we interchange g,
and ., with %y, and x%,. In particular, property (SW) reads then

) xyuvuabed if and only if byucuaxvd.

Moreover, recall that % is reflexive and satisfies (RR). Thus, since u2 %4 \%ss
and p2%5%y3, We have

(6) xxuvpaauv, (7) xyuuuxycc, (8) xyuxpayua, (9) xyyvuxbbo.

Now, we are ready to prove (1): aabaubabb holds by (8) and baaaubbba by
(9) whence aaaapbaba by (3). eeaapaaaa holds by (6) and it follows eecaaubaba
by the transitivity of u. An application of (5) yields aeabubeaa. Since beaapbeee by
(7) one concludes aeabpbeee by the transitivity of u. Thus, aebeuabee by (4). To
prove (2) substitute in aaaapbaba b by c to get aaaaucaca. By (6) it holds eeaapaaaa
and by (7) eebbueeaa whence eebbucaca by the transitivity of u. Thus,
aebcpceba by (5).

2. Embedding into a ¢“linear” algebra. Call an algebra A4 linear — with respect
to an abelian group structure (4, +, —,0) on 4 — if 0 is an idempotent element
of 4 and if “—" (and “+”) are homomorphisms of A% into A. Linear algebras
are just reducts of modules: If 4 is linear let R be the set of all unary functions
on 4 which are induced by terms in the language of A with 0 added as a constant.
With pointwise addition and with composition R becomes a unitary ring. Its opera-
tion on 4 makes A4 a fajthful unitary R-module 4 . Given any fundamental opera-
tion f of A one has

Gy %) =f(x,0...0+... +f(0.... Ox,),

ie. f is desciibed by a term in the language of 4, — cf. SmitH [10]. For a class
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% of algebras let D%, HE, S¥, P/% denote the class of all direct unions, homo-
morphic images, subalgebras, and finite subdirect products of algebras in ¥ resp.

Lemma 3. Let A be a strictly modular abelian algebra having an idempotent
element 0. Then A can be embedded into an algebra B in DHP! A which is linear
with respect to an abelian group (B, 4+, —, 0).

Proof. In view of Lemma 2 we may define a series of striclly modular abelian
algebras:
Adg=4, Ay41= A?,/C(A“).

Let m, be the canonical homomorphism of 43 onto 4, ,,. Clearly, for every n, 0, ,=
=[xx]{(4,) is an idempoteni element of A4,,,. Thus, with 0,=0 and gx=
=[x0]¢(4,) one gets due to (C) for every »n an embedding e,: 4,4, such that
£,0,=0,,,. Let 4, be the direct union over the system (4,,s,) and ideniify 4,
with its image in A, . Applying Lemma 2(1) to 4, we see that for each n
£,4.10T, =T, ,10(6,X&,). Therefore, a—b=m,(a,b) if a and b are in A4,, defines
a map of 42 into 4,,. By definition it is compatible with the fundamental operations
of 4. and it holds a—0=a, a—a=0. Moreover, by Lemma 2(2) it follows
a—(b—c)=c—(b—a). Thus, with a+b=a—(0—b) one gets an abelian group
structure on A_, which makes it linear.

3. Using the Day terms. For all of the following suppose that we work within
a fixed congruence modular variety ¥, Then, due to DAy [5] there are a number
n and 4-variable terms my, ..., m, in the language of %" such that the following
identities hold in ¥ ‘

(ml) my(xyzu) =x and m,(xyzu) =y,
(m2) my(xxzz) =x forall i=0,..,n,
(m3) m;(xyzz) = my,,(xyzz) for i even,
(m4) m;(xyxy) = m;,,(xyxy) for i odd.

We define by induction py(xzu)=x,

my1(pi(xzu), py(xzu), u,z) for i even,
my41(pi(xzu), py(xzu), z, u) for i odd.

Diva(xzu) = {

Obviously, in " it holds p,(xzz)=x for all i. Put p(xzu)=p,_,(xzu). Then
p(xzz)=x holds in ¥

Call an algebra A affine if it is polynomially equivalent to a linear algebra

AY or, in other words, if there is an abelian group structure (4, +, —, 0) on 4
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such that for every fundamental operation f of A there is an fV linear with respect
to (4, +, —,0) such that

Gy oo x) =V (%1 ... %) +f(0 ... 0).
Lemma 4. In an affine algebra Ac¥" it holds p(xzu)=x—z+u.

Proof. Since A4 is polynomially equivalent to an R-module A, for each
i=0, ...,n there are o, f;,7;,6;, in R and ¢, in 4 such that

my(xyzu) = 0, x+p;y+v,2+0,;u+c
holds in 4. (m2) yields 0=m,(0000)=c;,, x=m,;(xx00)=(x,+p,)x, and
0=m,;(00zz)=(y,+9,)z. Since Ay is faithful it follows o,+pf,=1 and y,+9,=0.
In particular, we get
my(xxow) = x—5,v+6w for i=0,..,n

By induction one concludes
k k
(10 pe(xzu) = x— 3 (—1)i6,z+ 3 (1) 6,u.
=1 i=1

On the other hand, (ml) yields 0=my,(0y00)=pF,y and O0=m(000u)=0dqu, as
well as 0=m,(000u)=5,u and y=m,(0y00)=p,y whence By=06,=06,=0 and
B.=1. Finally, (m3) and (m4) imply pB,y=m,(0y00)=m,, ,(0y00)=p,, ,y for i
odd and (B;+6,)y=m;(0y0y)=m, ,(0y0y)=(p; ,+06;,)y for i even. Thus, it
holds f,,,=58; for i odd and B, ,=p,+6,—0,,, for i even. By induction one

gets Pr=Pr 1= Z’( 1)'6, for k odd. In particular, with m=n—1 if n even

and m=n if n odd we have 1=f,= Z’(~1)’5 Then with (10) it follows
pxzu)=x—z+u.

Corollary 5. If o is a congruence of A€V such that Ala is affine then o permutes
with every congruence of A.

Proof. Let § be a congruence of 4 and suppose xayfz. Then p(xyz)fx since
p(yy)=x holds in ¥ and p(xyz)az by Lemma 4. Thus, zap(xyz)px.

4. Proof of the Theorem. First, suppose that the abelian algebra A€ has an
idempotent element 0. Construct the linear algebra 4_ 24 according to Lemma 3.
By Lemma 4 “here is a term p(xpz) in the language of ¥  such that p(xyy)=x=
=p(yyx) holds in 4, . In particular, all subalgebras of 4_ are congruence permut-
able and each of the embeddings &, is onto: n,0%=1 implies that for every xy
there is uv such that 00#, uvxxy which means uOxxy. Thus, in fact 4_=A4 and 4
is linear itself. Since x—y+z=p(xyz) is represented by a term in the language
of 4 we get every term of A, after joining O as a constant, In general, choose an
arbitrary element 0 of 4 and consider the map ¢: A—~A%» with x=[x0]%. 42/
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has the idempotent element [xx]s hence it is linear by the above. ¢ is still one-to-one
by (C) and in view of Lemma 2 (1) it satisfies

(11) LGty ey %) = ef Gy ovs X)—f O, ..., O).

for every fundamcnial operation f of 4. Hence, it holds

(12)  p(ex, ey, &z) = gp(x, y, 2)—¢&p(0, 0, 0) = ep(x, y, 2)—e0 = ep(x, y, 2),

since p is a term and 80=[00]x is the neutral element of the linear algebra A2/ x.
Therefore, &(A) is closed under the operation p(xyz)=x—y-+-z and an abelian
group with zero 0=¢0, x+z=p(x0z), and x—y=p(xy0). I we iransfer the
group operations via ¢~' 10 4 then (11) states that 4 is affine. Moreover, by (12)
we have p(xyz)=x—y+z on A. Indeed, 4 and A% are congruence permutable
and ¢ is an onto map, too. Moreover, the full module structure of A, can be re-
covered from A after adding the constant 0.

That the abelian algebras in a congruence modular variety form a subvariety
is obvious by Proposition 1. As a defining set of identities one can use p(xyy)=
=p(yyx)=x and the identities expressing the compatibility of p and the funda-
mental operations of ¥7; cf. GumMm [7].

5. Proof of Corollary A. First, observe that o and % have only the trivial
algebra in common. Every algebra in the join of o/ and 4 is a homomorphic image
C/O of a subdirect product CEAXB with A€o/ and B, Let « and § denote
the kernels of the projections of C onto 4 and B, respectively. Since Cja--f is in
both & and # it must hold a+p=1. Then, by Corollary 5, C is the direct pro-
duct of 4 and B.

Since B generates a congruence distributive variety, f is a neutral element of the
congruence lattice of C (see [8, Thm. 4.1]) which implies @ =0 +aNB=(0 +a)N
N(®+p). Thus, C/O is itself a subdirect product of an algebra in & and one in
% and, by the above argument, even a direct product.

6. Proof of Corollary B. Let % be congruence modular and generated by finite
algebras 4,, ..., 4,, By, ..., B,, where each A4, is abelian and each B, generates
a congruence distributive subvariety. Let o/ and & be the subvarieties generated
by the 4,, ..., 4, and the B, ..., B,,, respectively. Then #=DHP/S{B,, ..., B,}
is congruence distributive due to [8, Cor. 4.3] and has a finite equational base due
to BAKER [1]. The variety & is polynomially equivalent (via finitely many constants)
to the variety of all modules over a fixed 1ing R: take the free algebra on countably
many generators in o/ and apply the Theorem. Since & is locally finite, R has to
be finite. Thus, & has a finite equational base, too. a

By Corollary 4 & and & are independent in the sense of GRATZER, LAKSER, and
PLONKA [6, Thm. 2]. In particular, one can define predicates for the congruences
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which yield the direct product decomposition. Therefore, ¥=VH is finitely
axiomatizable, i.e. it has a finite equational base.

The author wishes to express his warmest thanks to the J. Bolyai Society
and to B. Csikiny and A. P. Huhn for inviting him to Szeged, the most
appropriate place where to write this paper.

Added in March 78. Since several reformulations of our Theorem have been
discovered meanwhile it seems necessary to add the following

Scholion. For a strictly modular algebra A the following are equivalent:
(1) A4 is abelian.
(2) For the commutator introduced in [8] it holds [14,1,]=0,.
(3) The diagonal D is a congruence class of AXA.

Implications (1)=+(2), (2)=-(1), and (2)«>(3) are instances of Thm. 1.4, Observa-
tion 1.2, and Cor. 2.4 in [8] respectively. Moreover, using Cor. 1.2 it is easily seen
that for projective quotients o/f and y/6 [y, y]<S implies [x, «]Sp. Thus, by
Thm. 1.4 4 is abelian if there is B and a€con (B) such that B/f=A and 1B
is projective to a quotient of a sublattice of con (B) which is isomorphic to the
5-element lattice M.
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