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On varieties of algebras having complemented modular lattices
of congruences

CHRISTIAN HERRMANN

In this note we prove a conjecture of Fried and Kiss [3]:

PROPOSITION. Let V' be a variety of algebras all of which have a com-
plemented modular lattice of congruences. Then V' is polynomially equivalent to a
variety of modules (for terminology cf. [2, 4, 5]).

LEMMA. Let A be a subdirect product of neutral algebras in a congruence
modular variety. Then A is neutral provided that its congruence lattice L{A) is
complemented.

We use the commutator operation on congruence lattices of algebras in
modular varieties as introduced in [4). An algebra A is called neutral if [y, y]=v
for all v in L(A).

Proof of the Lemma. Let A belong to ¥ and 6, (i<I) be congruences on A
such that (6, =0, and A/#, is neutral for all i. Clearly, the 6, may be assumed to
be completely meet irreducible, i.e. coatoms. Let X be the set of all atoms a of
L(A) having a complement a’ with A/a’ being neutral. Put 8 =3 X. Then for any
y=pB we have [v, y]=v. Namely, B/0 being a projective geometry (possibly
reducible) any proper quotient contains a quotient projective to a quotient /0
with o in X. Thus [y, y]J<vy would imply that y=a while [y, y]Na=04 for
some a in X; but [v, y]=[«, a]=« since a is in X. Consequently, 8 has an
unique complement B': Having two complements $,, 8, we would get for
v=BN(B1+pB2)>04 that [y, y]I=[B, B1+B]1=[B, B1]+[B, B2]=04.

Now, let 8 be any coatom such that A/é is neutral. Then & has a complement
a'=B. L(A) being relatively complemented it follows that there is a complement
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of B contained in 8. By the uniqueness we get B'<48. This means that 8’ is
contained in the meet of all such 8 and, in particular, all 8. Therefore, 8'=0,
and B=1,,ie.[y,y]=v for all y in L(A).

Proof of the Proposition. Consider any simple neutral algebra A in V' and let
AT be an infinite power of A. By the Lemma, L(AY) is a Boolean lattice. Thus, by
Thm. 2.2 in Burris [1] any two members of A’ are identified by all but finitely
many maximal congruences of A’; since the projections onto A are 1-1 on the
diagonal elements of A’, A has to be trivial. Therefore [1,,1,]=0, for all
simple A in V. Then, for arbitrary A in 7" any maximal congruence contains
[14, 14] Consequently, {1,,1,]=0, and the Proposition follows with the main
result in [5].

This proof came up in a conversation with E. Fried, H. P. Gumm, and R. W.
Quackenbush.
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