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THE CLASS OF SUBLATTICES OF NORMAL SUBGROUP 

LATTICES IS NOT ELEMENTARY 

C H R I S T I A N  H E R R M A N N  and W E R N E R  P O G U N T K E  

w 1 The main result 

Let ~ be the class of  all lattices which are embeddable into the lattice of  normal 
subgroups of some group; let ~' be the class of  all complemented modular  lattices; 
(Jg 'uc~)  e is the variety generated by the union of these classes. Let $r  be the class of  
all lattices which are embeddable into subspace lattices of  5-dimensional vector spaces 
over some field of  characteristic zero. We are going to prove: 

T H E O R E M .  No class .~ of lattices with ~ _ . o ~  ( , / [ / 'k . ) (~)  e is elementary, i.e. 
definable by finitely many first order axioms. 

The proof  is based on work of  B. Jonsson [-8] : There is a series Lv (p prime) of 
lattices not in ~ / ' u c g  which are lattices of  commuting equivalences and therefore 
Arguesian. As .A/" is a quasivariety (cf. w there is a universal Horn formula valid in 
all lattices of  normal subgroups which is not a consequence of the Arguesian identity. 

Actually, this formula can be taken to be an identity: we construct for each p an 
identity valid in ~ / ' u  cg but not in L v. Hence Lv~(JV'w ~r but, on the other hand, an 
ultraproduct of  the Lv's is shown to be in ~e" _ which proves the Theorem. 

w Axiomatic correspondences 

First we should point out that the most  interesting of those classes L,e as in the 
condition of the Theorem are well known to be axiomatic, they are even recursivety 
axiomatizable. We give an outline of  a proof  of  this for classes arising f rom classes of  
modules:  

for a unitary R-module MR, a lattice L and an embedding ~ : L ~ L ( M R )  where 
L (MR) denotes the lattice of  R-submodules of  M, consider the structure with carrier 
L U M U R  which includes the lattice structure of  L, the group structure of  M, the 
ring structure of  R, the action of R on M, and the relation r  given by 
q~ (u )=  {a [(u, a ) e r  (ueL). Given an appropriate 3-sorted first order language with 
variables us, xi, 2i for elements of  the lattice, the module, and the ring, respectively, 
it is an easy exercise to write down a finite set ~ of  axioms which express that L is a 
lattice, MR is a module, and ~ is an embedding of L into L(MR). Actually, we have an 
example of  an axiomatic correspondence, a notion due to I. A. Mal 'cev [ I0] .  I f  we 
like to demand that any finitely generated R-submodule of  M belongs to tp (L), we have 
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to use additional axioms: 

( ( . . . . .  Vxl, ..., x,3uVx ~ux ~ 32t, ..., 2, x =  

An immediate application of Los's Ultraproduct Theorem yields (cf. M. Armbrust 
and K. Kaiser [1]): 

LEMMA. If, for i6L Li is embeddable into L(M~R,), then an ultraproduct L o f  
the Lg is embeddable into L(MR), R and Ms being the ultraproduct of  the Ri and MiR/ 
respectively. If, for all i~I, L i contains all finitely generated submodules in its image, 
then so does L. 

For an axiomatic class d of modules (defined by 2;'), the class of all 'combined 
structures' L U M U R with MR 6 d is defined by Z ~ Z'. The 'projective' class S:~ of 
lattices that appear as L-components of these structures is closed under the formation 
of ultraproducts (see the Lemma). Moreover, the lattice theoretic formulas valid in 
A~ are just the consequences of Z ~ Z'. By G6del's Completeness Theorem, this is an 
ChUrner.able set ifZ' is (cf. B. M. Schein [11]). Hence, in this case, the axiomatic class 
(universal class, quasivariety, variety) generated by .~o  can be enumerably (even 
recursively) defined (by universal sentences, universal Horn sentences, identities). 

The same is true if we fix the ring R and consider the elements r6R as unary 
operations ~, using an axiom for each relation valid in R, e.g. 

Vx,', (,h (x))= ,h (x ) for r , ' r 2= r3 .  

For classes of lattices of commuting equivalence relations (e.g. lattices of normal 
subgroups of groups) or of subspace lattices of projective geometries, there are similar 
results (cf. [11]). In particular, the class W is a recursively axiomatizable quasi- 
variety. For the classes Ss where d is the class of all R-modules over a fixed ring 
R, concrete axiom systems have been given by G. Hutchinson [7]. For the class of all 
lattices of commuting equivalence relations, this has been done by B. Jdnsson [9]. 
The Theorem states that no finite systems can be used, instead. 

w 3. Proof of the theorem 

To prove the Theorem, we construct an ultraproduct L e ~" of lattices Lp ~ ( Y  w c~)e 
where p ranges over the prime numbers: 

for any prime p, let Fp be the field with p elements and let Lp be a modular lattice 
of length five such that there are neighbours b,,-~ap in Lp with [0, ap] u [bp, 1] =Lp, 
[0, ap]~-L(Fap) and [bp, 1]~-L(Fp3.) (cf. M. Hall and R. P. Dilworth [2]) wherep + 

q'p ~p 
is the prime following p. 
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As B. J6nsson proved in [8], Lp is a lattice of  commuting equivalence relations 

and thus Arguesian. 
Now let L be a non-trivial ,~-ultraproduct  of the L r Applying the Theorem of  

Los we see: L is a modular  lattice of  length five, and there are b-~a such that 
[0, a] u [b, 1 ] = L ,  [0, a] is isomorphic to the ~-u l t raproduc t  L a of  the lattices 
[0, ap] and [b, 1] is isomorphic to the ~ ' -ul t raproduct  L o of  the [bg, 1]. Of  course, 
X~Fp~-X~Fp§ = :K; L is embeddable into L(K~), so L ~ / ' ,  as c h a r K = 0 .  

It  remains to show that Lpr e for each p. To prove this, we construct an 
identity Vp. for each p r i m e p  which is valid in X u c g  but does not hold in Lp. 

Let us first recall some definitions. 
We say that the elements a o, al, a2, a3 of a modular  lattice M form a 2-diamond 

if there are c and e in M such that 

and 

Z { a ,  [ 0~<i~<3, i # j } = e  

ak .Z{a ,  lO<~i<~3, i r  for j , k = O  ..... 3 and j # k .  

In this case, all  the quotients of the form 

Z { a i l i ~ I } / Z ( a y l J s J }  with Jc_l~_{O ..... 3} and [ J [ + l = ] I ] ~ < 3  

are projective to one another. I f  c = 0 u  and e =  IM, one has a frame. The elements 
ao .... , a3, bo .....  b a ~ M satisfy condition J if a o ... .  , a 3 form a dual 2-diamond and 
bo,...,  b3 form a 2-diamond, and if it holds that 

and 
Z {a, l O~<i~<3} +I-[ {b, 10~<i~<3}=b2 

Z {a, l O~<i~<3}.X-I {b, ] O~<i~<3}=a3. 

We shall show later that there exist polynomials Po .... .  P3, qo ... . .  q3 in eight variables 
with the property that  the elementspo (a), ..., q3 (a) satisfy condition . / for  an arbitrary 
eight-tuple a - - ( a  0 ... . .  b3) in M; moreover, it holds that pi (a)=a i and q i ( a ) = b i  if 
the elements a o, ..., a 3, b 0 ... . .  b3 do already satisfy ./. 

Now, we define, as in [4], polynomials f i  by induction: 

A =(w+x).(y+z) 
f.+ l =([ f .  + (w + y) .(x  + z)] (x + y) + w).(y + z). 

With the nota t ionp for the dual polynomial o f a  polynomialp,  we define the equation 

v,: f* (Po  .....  P3)+P3 <~(f~(qo, ..., q3)+q3)'q2.  
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In [4; Lemma 1 and (6)] it was shown that a group A with the property that the nor- 
mal subgroup lattice has a 2-frame bo,..., b 3 or a dual 2-frame ao,..., a 3 must be 
abelian; in particular, it must be of the form B 3 where B is isomorphic to the quotient 
group b2/O or l/a3, respectively. Furthermore it was shown that there are isomorphisms 
q~ and ~ from A onto B 3 with 

~P(bo)=Eo={(a, a, a) I }, q~(bi)=Ei=O'-' x B x 0  3-I ,  

r b, a+b)[a, beg} and r  i - '  • 2 1 5  3-I,  

respectively. Given an isomorphism Z from b2 onto B ff can be chosen such that 
Z = n2 o r  n 2 being the second projection of B 3 onto B. 

Finally, it was shown (cf. [4]; (2), (3)) that 

f ,  (Eo, ..., E3)--{(0, ha, a) laeB} 
and 

f*  (Eg ..... E ~ ) =  {(a, b, nb) ] a, beB}. 

Let us, in the construction of Lp, choose ~pp: L (F 3) --, [-0, a,]  and ~p: L (F3§ ~ [bp, 1] 

in such a way that 9p(E*)=bp and Cp(E2)=ap. Then a=(,p~,(E*),...,r 
satisfies condition J, and it holds that 

(f*(Po,...,P3)+P3) (a)=cpp(f*(eg, .... E3) + e 3 ) *  * 
=q~, {(a, b, nc) l a, b, ceK} = : a'p, 

((J;,(qo ..... q3) +q3) qz) (Ct)= ~9p ((f~ (E 0 ..... E3) +E3) E2) 
= ~ p  {(0, na, 0)[ a e K } =  : b'p. 

If  n=p +, it follows that a~=a~,~bp=b'p, so 7p+ does not hold in Lp. 
Let ~ denote the class of all subspace lattices of projective planes. As (~r  U ff)e 

=(JV 'W~)  e (cf. [5], Satz 10), we only have to show that the equations y, hold in 
u ~ to prove that they are valid in JV" w c~; it is, obviously, enough to show that 

f* (a  0 ..... a3)+a3<~(f,,(bo . . . .  , b3)wb3) b z holds for elements ao, ..., a3, bo .... , b 3 of 
M e  Jf" v ~ satisfying condition J. If M e  ~ ,  M is a modular lattice of  length three; so, 
in the chain 

al "az "a3 <.a2"a3 <~a3 <~aa +a  3 ~<b 2 ~<b 2 +b 3 ~b  I +b2 +b  3 , 

at least three quotients have to be trivial. It follows that 

a0 = a l  =a2 =a3 <~bo =bl =b2 =b3,  

and everything is proved. 
We are left to consider the case that M=L(A)6)#  where A is a group. 
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By the Isomorphism Theorem there is a group isomorphism 

z:b~/I-I b , - ,  Y~ ,~,/a3= : B 
such that 

~(u)=u-y~ a,. 

We know from what was said above that B is abelian, and there are isomorphisms 

~o: [I-I a,, E a,] -~L(B 3) 
and 

~9: [Im b,. Z bi] ~ L ( B  3) 

with q~(a,)=E*, #J(bi)=Ei, and z(b)=rc2~O (b) for all b with I-I bi<~b<~b2. 
It follows that 

z ( ( f . (bo  .... ,b3)+b3)b2)=rc2~O((f.(bo ..... ba)+b3)b2)  
= ~  {(o, .~, o) l ~ e }  = , ~  
=-3  {(a, b, nc) I ~, b, cES} 
=~z3q~ ( f *  (a o ..... a3)+a3), 

so 
Z ((fn (bo, ..., b3) +b3) b2)=f*(ao, . . . ,  a3) +a3,  

and the proof is finished. 
Finally, we have to give the polynomials Pi, qi: following A. Huhn [6] there are 

polynomials d o ... . .  d 3 such that do(a ) . . . . .  d3(a ) form a 2-diamond for each 
a=(ao , . . . ,  a3) in a modular lattice M, and it holds that d~(ct)=a i if ao,..., a3 is 
already a 2-diamond. 

Letx, xt,x2,x 3 be distinct variables and u = ~'-[ { x + E { x  , I 1 ~<i~<3, i~j}  ] 1 ~<j~< 3}. 
Now, for any 2-diamond a o, ..., a 3 and a with I-[ a~<~a<<-ao it holds 
(*) if a=u(a, ax, a2, a3) and a'~=a+a~, then the elements a~,..., a~ form a 2- 

diamond, ~7=I- [ a~, and ao.ft=a, and 
(**) if a~=a,(a+~{ayll<~j<<.3,j#i}), then the elements a, a';, a[, a; form a 

2-diamond, and a. ~ a" = 1-I ai. 
To prove (.) ,  we calculate 

a'l =a+at +a2 (a+al +a3) ,  
a'l +a'2 =a+al +a2, 

(a' 1 +a~) a~ = t2 + a  o (a +a l  +a2) = t2 + a + a  o (al + a2) = t~ 

and, similarly, 

t t t t v 

(a, +a3) ao= (a2 +a~) ao = a ;  
finally, 

ao.a=I-[{a+ao.E{a, [ 1~</~<3, i~j}ll ~<j~<3}=a. 
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The proof  of (**) is even easier, cf. e.g. [3; Satz 3.4]. 

Now let Xo,.. . ,x3, Yo .... ,Y3 be distinct variables and gi=di (yo , . . . , y3) ,  
b=l-[~=o gv 

We define s i=x i . g  2 for i=0,  1, 2, 3; now we set hi=d*(so . . . .  , s3), a=~3=o hi, 

and 
p 3 = a ' b + h 3  

p ,=h,+p~'X~ {hj l O<~j<~2,j~i} 

Finally, we define 

for i=0,  1, 2. 

and 

b '=u(pa  +b, go, gl, g3), 
g~=gi+b' ,  

q 2 = a + b  ' , 

ql=g~.(q2+~{gjlO<<.j<~3,jr  i}) for i = 0 , 1 , 3 .  

Now, let a - ( a  o .. . . .  a3, bo .... , b3) be any octuplet in a modular lattice, and let us 
assign ai to xl, bi to Yv Then go(a) . . . .  ,g3(a) is a 2-diamond with meet b(a) and 
s,(a)<.gz(a) for i=O, 1, 2, 3. Furtheron, ho(a), ..., h3(a ) is a dual 2-diamond with 
join a(a)<~g2(a) and so is, by the dual of (**), po(a) .... , p3(a )  and, moreover, 
P 3 (a) = a (a). b (a) + h 3 (a). By ( . )  we see that g~ (a) ..... g3 (a) is a 2-diamond with meet 
b' (a), g~ (a) >/g2 (a) I> a (a), and g2 (a)-b' (a) =P3 (a) + b (a). 

Now, by (**), qo(a),.. . ,  qa(a) is a 2-diamond with meet b'(a) and a(a)+b ' (a )  
= q2 (a) ~<g~ (a). Finally, a (a)" b' (a) = a (a)'g2 (a). b' (a) = a (a) (P3 (a) + b (a)) =P3 (a). 
Thus, Po (a) ..... P3 (a), qo (a), ..., q3 (a) satisfy condition J. Using the properties of the 
dl, d* it is easy to verifypi(a)=ai,  qi(a)=b~ in case that a already satisfies condition J. 

We thank Profs. K. Kaiser, M. Makkai and G. McNulty who called our attention 
to the fact that the results in the original version of this paper corresponding to what is 
written down here in w do, in view of Mal'cev's method of axiomatic correspondences, 
appear as an easy exercise. We thank also the referee and the editor for their patience 
and a lot of helpful remarks. 
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