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Frames of permuting equivalences
CHRISTIAN HERRMANN

Dedicated to the memory of Andrds Hulin

Andras Huhn established frames as the fundamental tool in the equational
theory of modular lattices. In the present note we use this algebraic point of view
for an easy approach to von Neumann’s Coordinatization Theorem [11] — complet-
ing a program of FRINK [5] and JONSSON [9] based on the abelian group representa-
tion given by the Embedding Theorem.

This approach can be extended to permuting equivalence representations of
lattices with spanning frames of order n=3. The loop associated with the net
provides a module representation for the sublattice generated by the frame and its
coordinate ring. From this we can derive a lattice identity separating latlices of
permuting equivalences on finite sets and finite lattices having an (infinite) permuting
equivalence representation.

I have to thank Ralph Freese and the referee for doing an excellent job.

1. The associated group

A frame @ of order n in a lattice L consists of elements g;, ¢;; (1=i#j=n)
such that
aimlé; ag = O a, = a;Ney;, ajtc; = a;tay,
4 9

i = ¢ = (e N(a+ap).

It is spanning if Na, and Ja, are the bounds of L. For every module 4 we
have the canonical frame in the laitice L(4") of all submodules of A" given by

{(, ..., % e 0){xed}, {Q,..., % w0, sy =% s 0)|x€A}.
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94 C. Herrmann

The coordinate domain R;; of ® in L consists of all r in L such that
r-l-aj = ai'l'aj, T'Oaj = aiﬂaj,
r=4apN(a+a) = @+ew) VNatay) = @+cp)N(a+ay)

for all k=i,j. For modular L the last identity is superfluous.

A frame @ contained in the lattice II(E) of all partitions on the set E is called
permuting, if any iwo of the a;’s permute and c;; with g; for all i, j (it suffices to
consider a spanning tree of pairs {i,j} for which ¢;; and ¢y permute, too). Then,
ris in R;; if it permutes with all g, ¢y, and ¢y, (k#i,j) and is a complement of
a;in [@a;, a;-+aj].

Often, we prefer Lo think of equivalence relations. In particular, with any sub-
group B of an abelian group A we associate the congruence relation f on A given
by xBy ilf x—y€B. A closer look at the loop associated with a net yields

Theorem 1. Let & be a permuting spanning frame of order n=3 in II(E).
Then there is an abelian group A and a bijection ¢: E—~A" mapping & onto con-
gruences associated with the canonical frame of A" and all coordinate domain elements
onto congruences of A".

Corollary 2. A permuting frame of order n=3 in a partition lattice generates,
together with all its coordinate domains, a complete sublattice of permuting equivalences.

Proof. Denote the frame by a; and ¢;;. In view of the permutability and inde-
pendence of the o; we may assume E=4,X...X4, with (ay, ..., a,) o; (b1, ..., b,)
iff a;=b; for all j>i. Choose an element 0, in 4; for each i. Then

fij) =y iff (O, ..., X5 eees 0e;O,..., ..., 0)
J
defines a bijection of 4; onto 4; mapping 0; onto 0; — due to the permutability

of &; with «; and «;. The normalization condition for the frame yields fjof;;=fi-
Thus, we may identify 4; with 4; via f;; to obtain E=A4" with

@15 ---»ay) &j (by,...,b,) iff a;=0b; and a,=b, for all k#i,j
provided that a;=0=b;. Namely, let i=1, j=2. Since &,Sa. +o, We may assume

a,=Db, for all k=3. If these are O the claim is obvious. The general case reduces
to this one since

angb iff (31,0, 0) mat S (0,b,0,...,0)

in view of (a; +a2) N (812 +kg; o) =85.

The 3-net (cf. DeNgs and KeepweLL [3]) oy, ;, &; on the a;+a;-class of (0, ..., 0)
yields for every ij and a, bin A4 a uniquely determined c¢=a-;b in 4 such that

o, ..., Gy eos 0,..., ng, s 0) 855 (0, ..., € ens 0).
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Frames of permuting equivalences 95

Claim. 4 with 0 and +; is an abelian group not depending on i, ;.
We may assume n=3, i#/#k#i, e.g. i=1, j=2, k=3. Observe that

o; (85t +eg) = id
due to the frame relations. We have
a +ijb = b+ja
since (a-19b, 0, 0) &5 (a, b, 0) &5 (0, b+p1a, 0) &5 (b +214, 0, 0), and
a+ib = a+yb

since (a+43b, 0, 0) &5 (a, b, 0) &53 (a, 0, b) &15 (a +15b, 0, 0). Now, indepedence and
commutativity follow. O is neutral, obviously. Due to the permutability of o, and
&y for any a there is (b, ¢, d) with (0, 0, 0) &, (b, ¢, d) a5 (a, 0,0), whence b=a,
d=0, and a+c¢=0. Finally, associativity follows from

((a+b)+ca 05 0) é13 (a+ba 07 C) é1g (a> ba C) Eo3 (a: 07 b-|-C) é13 (a+(b+c), 02 0)-
For ¢ in Ry, we have 9C oy +a, whence
®, 3 9e(b,e) iff (x,,d) e(a,b,d)

since (x, ¥, ¢) @ (a, b, ¢) implies (x, y, d) o5 (x,, ¢) ¢ (@, b, ¢) o3 (a, b, d) and since
0=(g+03)N (o +05). Also,

(x,»,0)0(a,b,0) implies (x+u,y,0) o (a+u,b,0)

since (x-+u,,0) &g (x,y,u) ¢ (a,b,u) &3 (@+u,b,0). With the corresponding
property for the second component we get that (x, y, 2) ¢ (a, b, ¢) implies (x+u,
y+ov, z+w) o (a+u, b+v, c+w) which means that g is a congruence of the group 4"

2. The associated module

When studying faithful permutable representations of a latlice with a spanning
frame of order n=3 we may, in view of Theorem 1, restrict attention to sublattices
of L(A™ with canonical @, 4 an abelian group. Then, each element of the coordinate
domain R;; can be considered the graph of an endomorphism x——xr of 4

{(o, s X e 0, o0ty —.7J§l‘, ey )| x€EA} =17y,

ra=(r; +ri) N(a;+a). With von Neumann’s addition and multiplication
(s—1)i; = (Gyy+e) N(a;+1w)+a) N (a-+ay),
(M) = (ryy+s;) N(ag+ay),
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96 C. Herrmann

the R;; arc isomorphic to a subring of the endomorphism ring of A. Also, if L is
generaled by @ and the R, then it is contained in the lattice L(47}) of right T-sub-
modules, where T is the commutling ring of R and 4, i.e. the endomorphism ring
of Ag. Finally, if S is a subring of T and A4 a cyclic module then identification of
Ag with S yields a representation of L in the lattice L(5S™) of left S-submodules of S".

Proposition 3. Let R be a commutative completely primary uniserial ring,
@ the canonical frame of L=L(R"), and ¢: L—~II(L) a representation with per-
muting and spanning frame (). Then |E|=1 or there is a bijection ¥ of E
onto a direct sum M of modules wR" such that yrop becomes the diagonal embed-
ding of L into L(zM).

These lattices L are particular primary lattices of type (1) in the sense of
JonssoN and MoNk [10]. The proposition allows o view every permuling equivalence
representation as derived from the Jonsson—Monk coordinatization.

Proof. Since L is simple and generated by ®@URy, (cf. [6], 2.9) it suffices lo
consider gL as a sublattice of L(A4%) and @@ canonical. Now, A is a direct sum
of cyclic modules which yields a decomposition of @& (see HERRMANN and HUBN
[7], Section 2) and of the coordinate domain @R,,. Thus, all of ¢L is decomposed
which means that we have a direct sum of representations with cyclic 4g’s. The
latter are full lattices L(zR") since these are generated by ®UR,.

By the indices of a partition f§ in ¢ we mean the numbers of f-classes in the
classes of «. If @ and B permute then «NBSP and aSa+f have the same
set of indices.

Corollary 4. Let LCII(E) be a simple lattice of permuting equivalences.
Then any two prime quotients have the same set of indices. It consists of powers of
p if E is finite and L contains a projective plane of order p as a sublattice.

JOnssoN [8] has represented the gluing of two Arguesian projective planes of
different characteristics over a 2-element interval as a lattice of permuting equiva-
lences on an infinite selt — a finite set being impossible by the above. Moreover,
we have

Corollary 5. There is a finite lattice having a permuting equivalence represen-
tation which is not contained in the variety generated by all lattices of permuting equiv-
alences on finite sets.

Proof. Let p and g be different primes, L and L resp. the lattice which is the
union of a projective 3-space L,=[0, 5] of order p and L,=[a, 1] of order g such
that ab<b and a-+b>a where b=a resp. bza. L is a subdirect product of L
and a 2-element lattice, so it has a permuting equivalence representation this being
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Frames of permuting equivalences 97

the case for L according o JONSsON [8] — cf. the Appendix. On the other hand, in
view of Corollary 4 we have one, hence both of @0=¢b and @l=¢a for every
homomorphism ¢ of £ into a lattice of permuting equivalences on a finite set. This
gives rise 10 a separating identity since L is a projective modular lattice — as is well
known.

Indeed, lei @ be a homomorphism from a modular laitice M onto L. Now,
L, and L, are projective modular lattices according to FRreEsE {4], so we may choose
preimages L,=L, and L;=L, in M and [¢") where ¢’ is in L, with ¢@c’=ab. Let
d’ be in L with @d’=a-+b, let b’ be the top of L, and o the bottom of L;. Then
there is a sublaitice L of M mapped onto L,, isomorphically, with bottom a”=d
and d’=b'd’+a’ a poini. Indeed, choosing a 4-frame of L containing ¢’ reduc-
tion with d” yields a 4-frame of characteristic ¢ generating L; — cf. [6], Corollary
3.4. Similarily, reduction with ’d and a’b’ yields a 4-frame of characteristic p gener-
ating an isomorphic preimage L of L, such that b’d/a’b’ transposes down to b”/e”
where b” is the top and ¢” a plane of L. Then, L,UL7 is a sublattice of M map-
ped onto L, isomorphically.

3. Vou Newnaan’s Theorein

A ring R with 1 is regular if its principal left ideals form a complemented sub-
lattice of the lattice of all left ideals or, equivalently, if every principal left ideal is
generated by an idempotent — the same characterization is valid on the right.
Equivalently, the finitely generated submodules of the left R-module pR" form a
complemented modular lattice L, (R") — see SKORNYAKOV [12], Chapter 2. Accord-
ing to von Neumann every complemented modular lattice with a spanning frame
of order n=4 (or n=3 and Arguesian — JON3SON [9]) can be respresented in this
way. But, such a lattice can be embedded into the subgroup lattice of an abelian
group, firsthand, due to FRiNK’s Embedding Theorem [5], resp. JONSSON [8] — see
also CRAwWLEY—DILworTH [1], Chapter 13. The frame can be chosen canonical,
thus the following suffices for a proof of the Coordinatization Theorem. Of course,
this approach uses the coordinatization of projective spaces.

Theorem 6. Let A be an abelian group, L «a complemented sublattice of
L(A4"), n=3, containing the canonical frame @ with coordinate ring R. Then R
is regular and

(P(A/[) = {(xrl: Teey xrn) I XEA, (1‘1, (REY) 7‘,,)€M}
defines an isomorphism of L, (zR") onto L.

7
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98 C. Herrmann

In this sense every faithful representation of a complemented modular lattice with
permuting spanning frame of order n=3 it obtained from the von Neumann—Jonsson
coordinatization.

Proof. The corollary follows from Theorem | and Claim 8 below. The proof
of the theorem mimics, in the coordinatizing module, the calculations of voN
NeuMANN [11] and DAy and PickeriNG [2]. Write 7 for (ry, ...,r,) and ¢F for
@ (R7)=={(xry, ..., xr,) | x€A}. Let L’ be the sublattice of L generated by & and R,,.

Claim 1. o(sP)=¢¥F, ¢(5+7F)=¢@5+¢F, so ¢ preserves joins.
Claim 2. ¢F€L if there is an i with r,=0, r;invertible, or rF=F.
Proof. ¢F= . a,) for r invertible,
of. ¢F jol((’j)lj+k>g;¢¢j ) for ry inverti
oF =( 3 aj)N(ar+9(1, re, ...y vy)) for ry =0,
Jj=>1
oF = (¢ @y, 0, ..., 0+ X a)No(l, ry, ..., 1) for rf=F.
j=2
Claim 3. RFCRs ifl ¢pFS 5 provided that r,=s;=0 for an i.
Proof. Let ¢FS¢s and r,=s,=0. Then let
75 = {(x, »,0, ..., 0)|x, y€ 4, xr; = —ys; for i <n},
s = N ((ri)ln'l'(si)zn)n(a1+ as)€L.

=<n

and note

Ff§+as2a, since for all x in 4 one has —x7FcpFC @s which means —xF=y§
for a y in A. Now, let b be a complement of a,N7/5 in [0, #/5]. Then bER,5, so
we have ¢ in R with b=1,C /5. But this implies that for every z in A there are
x,y in Asuch that z=x, —zt=y, and xr;=—ys; for i<n. Consequently, zts;=zr,
for all z and i. Since R consists of endomorphisms of 4 this means #s;=r; and 5=F.
So RFCS Rs. The converse is clear.

Claim 4. For every bZa; there is an idempotent » in R such that
b=¢(, OPY PR 0).

Proof. Let i=2, d a complement of (b+c)(Nay in [0,a,] and e=
=d+@®+a;)Ncye. Then by modularity
eta, 2 d+(b+a)N(cpt+b) 2 aq,
eNag = (b+a)N(d+ci)Naz = (b+aNagl) N(d+c2) = bN(d+cyp) =
=bN(dNGB+ci)+cz) = bNeyy = 0.
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Frames of permuting equivalences 929

Therefore, e€ Ry, which means that e=r;, for an rin R and
(P((), r, 05 reey 0) = (rl2+a1)ma2 = (a1+b)ma2 =b.

In addition, a,+csNe2a+O+a)Nce2b+a,2e, so e=a;Ne+c,Ne, and
thus
r1a = a1 \rp+cypNrye =
={(,0,...,0) | x€4, xr = 0}+{(», —»,0,...,0) | y€4, y = yr}.

In other words, for every z in A there are x, y in A such that z=x+y, zr=y,
xr=0, and y=yr, whence zrr=_zr. Thus, rr=r.

Claim 5. Ris a regular ring.

Proof. For r in R we have by Claim 4 an idempotent e with ¢(#, 0, ..., 0)=
=¢(e, 0, ...,0) and Rr=Re by Claim 3.
The following is shown in SKORNYAKOV [12], Chapter 2, § 5., Lemma 3.

Claim 6. For MZSR*X0"-* there is § with 55=5, M=R§+MNR*-1x
X 0n—k+1.

Claim 7. MS R"X0"-™ has generators #Y, ..., 7™ such that

rPf =F® and rP =0 forall k=m, k<j.
The proof is by induction on m using Claims 4 and 6.
Choosing such a generating set G for M we have ¢ (M)= > ¢F by Claim 1.
FeG

Thus by Claim 2 we have

Claim 8. @(M) belongs to L.

Claim 9. Let USR¥-'X0"*+', r F=F, 5,§=5, and r;=s;=0 for all j>k.
Then ¢rS @§+¢@((U) implies FERS+U.

Proof. Since ¢@F< ¢p5+¢(U), we have for all x in 4 elements y, z1in 4 and ?
in U such that xrr,=ys;s;+zt; for all i. Since ¢;=0 for j=k it follows xr,=

=X =Y S =Y, Xy =XIS,, and xr,(F—8)=zt. Consequently, ¢(r,(F—3)S
Cof and Rr(F—5)SRi by Claim 3, whence RF=Rr7fCSRrnS+RICR5+U.

Claim 10. p(N)ES'p(M) implies NS M, so ¢ is one-lo-one.

Lel MSR*X0"-* and proceed by induction on k. Let #™ 0 be a generator
of N according to Claim 7. Then @F™ S o(N)SoM), F=0 for j>m and
m=k. If m=k choose § by Claim 6 such that M=R§+U with U=MNR*-1x
X 0"=*+1 Then #™¢ M by Claim 9. If m<k let U=(M+-0*X R*~*) N (R*~1x 0"—-F+1),
Then @™ CSo(U), F™cU by the inductive hypothesis, and 7™ is in M since
thx)=0 for j=k. ;

7%
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100 C. Herrmann

Claim 11. ¢ is an onto map.

Proof. We show by induction on k that. a= é a; is in" the image. Let
f= IZa,, acL, asf+a,. Choose a complement b of a+f in [a, f+a] and
¢ of aNf in [0, b]. 1t follows

aNf+aNe = aﬂ(aﬂf+cj =aNb = a,
cNf=cNbN@+HHNf=cNaNf=0,
c+f=ct+aNf+f=b+f=b+a+f=fta.

Now, f=A*-1x0"-*+t g =0"-1XAX0"-**2 and c is a subgroup of f+a.
Thus, c defines a homomorphism of 4 into 4~ i.e.

c={(xry, ..., X141, % 0, ..., 0)}
for suitable r; in R. Then there is a subgroup D of A such that
d=alNc={(xry, ..., ¥r-1, %, 0, ..., 0) | x€D},
@+NNa, = {0, ..., 0, x, )| xeD} ¢, ..., 8o ,0)

for an idempotent s in view of Claim 4. Let
T =(srys e SF4—-1,5, 0, ..., 0).

Then si=?, @i=¢(Rf)=d. By the inductive hypothesis we have M’ with ¢(M’)=
=alf. Hence (M’ +Ri)=a.

Addendum: Gluing of two representations

The proof of Lemma 3.5 in JONssoN [8] contains the following construction:
Let L be the union of the ideal Ly generated by b and the filter L, generated by a,
a=b. Let ¢;: L;~>II(E) be representations for i=0,1, let a=¢@q,a, B=q,b.
For each f-class X let a map py of E, onto X with kernel « be given such that for
all ¢ in [a, b] and x, y in E,
x ¢@gc y if and only if pxx @.c Pxy.

Let E=EyXB where B is the set of f-classes. Define ¢c on E by

(x, X) oc (,Y) iff {XZY and x @oc y for c=b

PxX @1C Yyry - for c=a.

Lemma 7 (JONSSON [8]). ¢ is a representation of L on E which is permuting
if and only if both ¢, and @, are permuting.
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Frames of permuting equivalences 101

Corollary 8. There is a lattice not contained in any modular congruence variety
but having a permuting equivalence representation on a finite set.

Proof. For any prime p let L,=L(C%,) and L,=L(xR®) where R=F,[x]/x?
F, the field of order p. Let a=0XC%, b=RX0? and L the lattice obtained by
gluing L and L, over the 3-element chains [a, 1 1] and [0, , D] to get a=0p <c<b=
=1;,. Let ¢;: Li~II (E;) be the canonical representations. To define the yy
observe that Ey/x as well as each f-class has p? elements and is partitioned by ¢;c
into p classes of p elements. By the lemma we have a permuting equivalence repre-
sentation on a p'®-element set. On the other hand L is not contained in any modular
lattice variety generated by the congruence lattices of a class of algebraic structures
closed under particular subdirect products, namely the congruences; see [13].
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