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Chapter 4

Modules and presentations

4.1 Definition, examples, and basic concepts

4.1.1 Modules

Let R be a commutative ring. An R- module [der Modul, die Moduln] M is a commu-
tative group (M, +, —,0) (we denote the axioms by (V1-4)) together with an action of R
on M, i.e. with each scalarr € R and v € M one has associated a unique rv € M such
that

(V5) for all r in K and v,w in V' it holds (v + w) = rv + rw

(V6) forall vin V it holds 1v = v
(V7) forall r,sin K and v in V' it holds (r + s)v = rv + sv
(V5) forall r,sin K and v in V' it holds r(sv) = (rs)v.

For commutative R it does not matter whether we write rv or vr. For non-commutative
is does matter and vr would fit better to the usual notations of Linear Algebra (in all
countries where by law one drives and writes on the wrong side). If you see an vr,
occasionally, in these notes, read it as rv.

Examples.

a. if K is a field then the K-modules are exactly the K-vector spaces
b. Each ring R is an R-module with rv =17 -v
c. R™ is an R-module for each ring R.

d. Each commutative group is a Z-module with nv as defined defined recursively for
n € N by 0v =0y, (n+1)v =nv+v and with (—n)v = —(nv).

One has the general associative-commutative law for addition and the distributive laws
(Proof as exercise)
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In particular, each term is equivalent to one of the from
n
2Tt
i=1

4.1.2 Submodules and homomorphisms

These are defined in analogy to vector spaces. U is an R- submodule of the R-module M
if it is a subgroup and ru € U for all r € R and w € U. The submodule generated by a
subset F is

Spang(F) = {Z riv; |[m €N, r, € R, U; € E}

i=1

In particular,the submodule generated by a single element v is given as Rv = {rv | r € R}
an called cyclic. If we consider R as an R module, then we also write (v) = RV.
A map ¢ between R-modules M and N is R- linear or an homomorphims if

O(Z+Y) = T+ ¢y, o(rd) =roZ forall T,5€ M, r € R

Congruence relations are associated with submodules and homomorphism as for vector
spaces (cf Ch.11) and direct sums and products behave as well. But be aware that not
every submodule U gives rise to a direct decomposition M — U @& W - consider the Z-
submodule U = 27Z of Z, Thus, sect.11.2.5 and 11.3.7 do not extend to modules.

4.1.3 K[x]-modules
Every K-vector space V is an End(V')-module

¢ -z =¢(x)

if we allow a non-commutative ring. Here, writing scalars form K and endomorphisms on
different sides of vectors would be reasonable - if is mandatory if K is not commutative.

Recall the polynomial ring K[z] with coefficents from the field K. It elements are poly-
nomials

p(z) =az" + ...+ a1z + ag

Given a K-vector space V and an endomorphism ¢ we can evaluate p(x) at ¢ (in the
commutative K-subalgebra of End(V') generated by ¢

() = and™ + ...+ a1 + apid

The map p(x) — p(¢) is a K-algebra homomorphims of K[z] into End(V). Also, given
A e K™ we can evaluate at A

p(A) =a, A"+ ...+ A+ E

and if A corresponds to ¢ w.r.t. a give basis of V' then p(A) corresponds to p(¢).
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Proposition 4.1.1 Given a field K, there is a 1-1-correspondence between K [x]-modules
and pairs (V, ) where V is a K-vector space and ¢ and endomorphism of V. It is given
by

o(v)=zv forallveV

Moreover, the K|[z|-submodules are exactly the ¢-invariant subspaces.
Proof. Given a K[z]-module V, V is also a K-vector space since K is a subring of K|x].

Due to the module laws and commutativity of K|z], ¢(v) = zv defines an endomorphism
of V. Conversely, given ¢ € End(V'), define

p(x)0 = p(6)(7)

Since evaluation of polynomials is a homomorphism, this defines a K[z]-module. Observe
that U is a K[z]-submodule if it is a K-vector subspace and zv € U for all v € U. Indeed,
O rix =3 raiveUforallv e U. O

We denote this K'[z]-module by g4 V. It contains all information about ¢ in a convenient
form. In particular, it gives an easy access to transformations into canonical form.

4.2 Free modules and presentations

4.2.1 Modular philosophy of freeness

We need an understanding of module computations form a logic background - in the
structural disguise this means to understand free modules. Recall the view of K[z] as a
free K-algebra with generator z.

The free R-module with generators ey, . .., e, (fixed R) can (and should) be understood
as follows: consider the algebraic structure 7" all terms which can be be constructed from
ey, ..., e, by addition, subtraction, constant 0, and multiplications with ‘scalars from R,
ie.

® ¢y,...,e, and 0 are terms
e If s,¢ are terms, then so are s +t, —t and rt for r € R.

and compute modulo (~) the laws of R-modules - using the general rules of equational
logic. In other words, ~ is the coarsest congruence relation on 7" such that that for all
a,b,ceTandr,s € R

a+(b+c)~(a+b)+c,a+b~b+a, a+0~a, —a+a~0

la ~a, r(a+0b) ~ra+rb, (rs)a~r(sa), (r+s)a~ra+ sa
and we call T'/ ~ the R-module freely generated by ey, ..., e,. Actally, if 7 : T — T/~ is

the canonical projection, then w(ey), ..., m(e,) are free generators of the R-module T'/ ~.

Principle 4.2.1 For any ring R, the R-module F =T/~ freely generated by ey, ..., e,
has the following universal property
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o [ is generated by w(e)ym ..., m(e,) and for any R-module N and w; € N there is a
(unique) homomorphism ¢ : F' — N such that ¢(7(e;)) = w; fori=1,...,n.

and is characterized by this property up to isomorphism (matching free generators). ¢ is
surjective if N is generated by the w;.

If there is no danger of confusion, we use e; to denote m(e;). This does not mean that
€ = e = 7T(€Z') = 7T(€j).

Proof. Given w; € N we may evaluate terms ¢t = t(eq,...,e,) € T
P(t) = t(wy,...,w,) €N

¢ : T'— N is a homomorphism and a ~ b implies ¢/(a) = 1(b) since N is an R-module. By
the Homomorphims Theorems, there is a homomorphism ¢ : ' — N such that ¢ = ¢om.

Assume that we have R-modules F; and ; : {e1,...,e,} — F; both with the universal
property, ¢ = 1,2 Then we have ¢;; : F; — Fj such that ¢;;(m;(ex)) = m;(ey) for all k. It
follows ¢;¢:(m(ex)) = m(ex) whence ¢;i¢;; = idp,. Thus, ¢12 and ¢9; are mutually inverse
isomorphisms. []

4.2.2 Bases

€1,...,6, 18 a basis of the R-module M if E = {ey,...,e,} generates M and and if they
are independent

reir+...rpep =0 =>ri=...=r,=0 forallr, € R

Corollary 4.2.2 For an R-module M and eq,...,e, in M t.f.a.e.
(1) e1,...,ey, is a basis of M
(2) The elements of M have unique representation a = riey; + ...+ rpe, with r; € R
(8) There is an isomorphism ¢ : M — R"™ such that ¢pe; = e; fori=1,....n

(4) M is freely generated by ey, ..., e, as an R-module

Proof. (1) < (2) Existence of representation means that the e; generate, uniqueness
means independence. (3) = (2) is obvious. (2) = (3): One has well and necessarily
so defined ¢(a) = ), 7e;. This is R-linear -as is easily checked. (4) = (2): Choose
N = R". There is linear ¢ : M — R" such that ¢e; = e;. Now, if > re; >, s;e; in M
then > . rm¢(e;) = >, sup(e;), whence r; = s;. (3) = (4). We know that a free module F'
with generators vy, ..., v, exists. Let ¢ : F' — R"™ the homomorphism with ¥ (v;) = e;.
The elements of F' have a representation ) . r;e; and this is unique by the preceeeding
argument. Thus, F' = R™ and R" is freely generated by the e;. Then M is freely generated
by the e; due to the isomorphism ¢~1v : ' — M. O.
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4.2.3 Presentation of modules

If we say that the R-module M is given by generatorse,...,e, and relations a; = b; (i €
I) (which together make a presentation) then we mean that we calculate with R-module
terms in the e, ..., e,

e using the general rules of equational logic

e modulo the R-module laws (this includes the tables describing the ring R), i.e. we
may substitute in these Ilwas any terms for the variables

e modulo the equalities a; = b; (no substitution for an e;!!!)

If no relations are given, then we calculate only modulo R-module laws and obtain the
free R-module with generators ey, ..., e,.
Actually, we should consider the e; as generator symbols which are interpreted in

modules N by elements e¥. The relation a = bis given as a formal expression by a pair
(a,b) of terms a = a(ey,...,e,) and b = b(ey,...,e,) and it is valid in the module N
under the interpretation e if and only if

aed, ..., ey =b(e),...,eY) holdsin N

rEn rn

Principle 4.2.3 Let M be an R-module and ey,...,e, € M. Then the R-module M
1s giwen by the generators eq,...,e, and the relations a; - b; (i € I) if and only if
M is generated by the eM and if for any R-module N and interpretation eV there is a
homomorphism ¢ : M — N such that ¢(eM) = el fori =1,...,n (which is surjective if N
is generated by the e ). Moreover, M is determined by the presentation up to isomorphism
and is obtained form the free R-module F' with generatorsey, ..., e, as F/ ~ where ~ is the
finest congruence relation such that a; ~ b; for all i € I - corresponding to the submodule

U of F generated by the a; —b; (more precisely, the elements a;(el’, ... ey —b(el ... el
of F (i €l). Thus, M = F/U.

Observe that any relation a = b may be equivalently replaced by a — b = 0.

Corollary 4.2.4 The free R-mode with generators ey, . .., e, and relations w; = 0,(iel)
is obtained, up to isomorphism, as R" /U with generators w(ey), ..., n(e,) where w : R" —
R/U is the canonical homomorphism and

U = Spang{w;(ey,...,e,) | i€ I}.

Recall, that 7(v) = U + v = v + U is a popular notation.

4.2.4 Cyclic one-relation K [x]-modules

We consider R-modules presented with single generator g and a single relation w = 0.
Then w is equivalent to a term dg with d € R. If R = Z we obtain Z/Zd, the integers
modulo d.
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Lemma 4.2.5 K[z]/(m(x)) is a commutative K-algebra and the canonical homomor-
phism 7w : Klz] — K[z]/(m(x)) is a K-algebra homomorphism.

Theorem 4.2.6 Let m(z) = 2" + r,_12" '+ ...rx + 19 € Klz]. The K[z]-modules

given by a presentation with one generator vy and the relation m(x)vg =0 are exactly the
K-vector spaces V' with endomorphism ¢ where V' has basis o w.r.t. to which the matrix

of ¢ is

00 0 ... 0 -
1 0 0 ... 0 -n
0 1 0 0 —ry

ot=A=L.
0 0 0 —rp_s
0 0 1 —rpy

Then this basis s

@ Vg, ¢(UO)a ¢2('U0)a SO} ¢n—1(vo)

A is the Frobenius-matrix or companion matriz of the polynomial m(z).

Proof. By Cor.4.2.4, up to isomorphism, the module given by the presentation is V' =
K[z]/(m(x)) with generator 1. The canonical homomorphism 7 : K[z] — V is surjective
and with some precaution we may use the elements p(z) of K[z] to denote their images
in V where w(p(z)) = p(z) + (m(x)) is meant.

By Prop.4.1.1, ¢(v) = xv is an endomorphism of the K-vector space V. We claim
that

17 :I;, ) xn_l
is a basis of the K-vector space V. From
(*) " = —(Tn_ll'n_l +...Mmx+ 7’0)
is follows that Spany{1,z,...,2" 1} is a ¢-invariant subspace, hence a K[z] submodule

and equal V since it contains the generator 1. Now, consider s; € K with
So+s1T4+ ...+ 52" =0
more precisely
som(1) + s17(x) + ... + spam(2"71) = 7(0)

Since by Lemma 4.2.5 7 is a K-algebra homomorphism, this implies
m(so+ $17+ ...+ sp_12" ") = 7(0)

thus

so+ s+ ... 812"~ 0 in K]
ie.
' =pla) -m()
for some p(x) € K[z]. Since degq(x) < degm(z) this is possible only if p(z) = ¢(x) =0
and so s; = for all i. This proves independence. The claim about the matrix is then
obvious from (x).

q(z) = so+ s12+ ...+ Spq2"”
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Conversely, given a K-vector space and an endomorphism ¢ having matrix A = ¢
for some basis «, the basis looks as indicated (as one reads from the matrix). Thus, the
K[z]-module V' is generated by vy. Moreover

9" (vg) = P(¢" " (9)) = — (110" (vo)+. . . T10(v0) +T0v0) = —(ra—10™ ' +. .. r1d+70) (Vo)

i.e.

m(¢)(vo) =0

Thus, the K[x] module V' with generator v, satisfies the relation m(x)v = 0. By Principle
4.2.3 there is a homomorphism v : K[z|/(m(z)) into the K|z]-module V mapping 1 onto
vg. Y is surjective, since vg is a generator. ¢ is also a K-linear map whence an isomorphism
since dim K |[z]/(m(z)) =n=dimV. O

Corollary 4.2.7 m(z) is a polynomial p(x) of minimal degree such p(¢p) = 0 and the
unique normed such. (—1)"m(z) is the characteristic polynomial of ¢.

m(x) is also called the minimal polynomial of ¢. Proof. The first claim is obvious from
the proof of the theorem, the second an exercise. [

Corollary 4.2.8 Here, for any X € K,

ﬁ : (gb - )\id)"_l(vo), ceey (¢ - )\Zd) (’U()), Vo

is also a basis of V- and m(x) = (x — \)"™ if and only if

A1 0 .0
0 A 1 0
¢ = Iy, = Lot el
0 0 X 1
0 .. 0 A

The matrix Jy, is a Jordan-block and the basis § a Jordan-chain (for ¢ and \) with
startvector vy and  eigenvector ¢ — Aid™ L.

Proof. The (x — \)* generate the K-vector space K|z]: inductively on obtains all z* since
(z — \)¥ = 2% + py(x) with a polynomial py(x) of degree < k. Thus, the (z — M), k < n,
generate the K-vector space K|[z]/(m(x)) and form a basis 3 : (z — A\)""!,...,1 (since
dim = n). For m(z) = (z — A)" the matrix of ¢ w.r.t. §is Jy, as is seen from

z(r—a)' = (@ - N"A+z-X) =Nz - N+ (@- N O

4.2.5 Presentation matrix

Consider a presentation of an R-module with generators ey, ..., e, and relations w; =0
(i € I). Since module laws allow reduction of any term to a linear combination ), ;e;,we
may assume that the w; are of this form. Thus
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1 Any presentation of an R-module with generating set £ = {ey,...,e,} may be
equivalently given by

n 11 Ti2 13

. . nxXm
E ’l"ij€i,]:1,2,3,..., A= : eR
i=1

1 Th2 Tnp3...
2 The matrix A is called the presentation matrizx
3 The module M is obtained as M R"/U, U generated by the columns of A
4 Forn=1and A= (dy), one has M = R/Rd where Rd = {rd |r € R}

5 If the presentation matrix is diagonal with entries dy, ..., d,, then M is isomorphic
to
R/Rd; x ... x R/Rd,

Ad 5: Let U = Span{eidy,...,e,d,} € R" and 7 : R* — R"/U and m; : R — R/Rd;
canconical projections and

™ 7"1[ mod Rdl]
Y:R"— R/Rd; x ... x R/Rd, where ¢ | : | = :
T rn| mod Rd,]
Then v is a surjective homomorphism. Moreover
el ry d151 "
€ Kemn(m) < | :Zdisiei: : Ssr € Rdy,...,r, € R, &
T, n dnsn T'n

Hence, by the Homomorphism Theorem, there is an isomorphism x : R"/U — R/Rd; X
... X R/Rd,. O

4.2.6 Characteristic matrix of an endomorphism

Theorem 4.2.9 Given a K-vector space V' with basis « : €, ...,€, and endomorphism
¢ with matriz A w.r.t. a. Then w.r.t. the generators €y,. .., €, of the K[x]-module x4V

the characteristic matrix A —aE of ¢ is a presentation matriz of gV |.

Proof. The ¢€; satisfy the relations given by A — zE:
28 = ¢(6) =Y _ayé & 0= (aj;— )&+ Y _ a;é
i i#

Hence there is a surjective K [x]-linear map x from the K[z]-module M with generators
e; and presentation matrix A — zE onto gV with e¢; — €. As a K|z]-module, M is

€ Kery
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generated by the e;. M is also a K-vector space. The K-vector subspace U generated by
the m(e;) is a K[z]-submodule, since

Te; = E A5 €4
i

due to the presentation. Thus, U = M whence dimg M < n. x is also K-linear and
surjective, whence due to dimg V = n an isomorphism. [

4.3 'Transformations of presentations

We will show that for rings K [z] any presentation can be equivalently replaced by one given
by a diagonal matrix in K[z]"*". For that purpose we need two kinds of transformations
of the presentation matrix

e Replacing relations by equivalent ones
e Change of basis

A matrix § € R™" is invertible if and only if there is 7 € R™*" such that ST =78 =¢&
the unit matrix. The invertible matrices form a subgroup of the multiplicative monoid
(R™™, . £). In particular, the inverse is uniquely determined: 7 = S~!.

4.3.1 Change of relations

Given a commutative ring R and a basis « : eq,..., e, of a free R-module F', each v € F
has unique representation
n
v = E €T;€;
i=1

and we have the coordinate column of v
€
T

Now, given a matrix A = (a;;) € ™™, we write

Spanf(A) = SpanR{Z age; |j=1,...,m}
i=1

which is the span of those elements of ' which have colums of A as coordinates.

Lemma 4.3.1 Given a commutative ring R, a matriz A € R™*™, and Q@ € R™ ™. Then
for each basis o of a free R-module

Span%(A) = Span%,(AQ)
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Proof. Let Q = (gji) and AQ = B = (bjx). Then forall k =1,...,m
Zbikei — Z Zam%k Z%k Zamez € SpanR -A)
=1 i=1 j=1 =

whence

Spani(B) C Span(A)

Since A = BQ™! the converse inclusion is also valid. [J.

4.3.2 Change of basis

Lemma 4.3.2 Given a commutative ring R and a basis o : eq,. .., e, of a free R-module
F, and invertible matriz P € R" "™, there is a unique basis 3 : f1,..., fn of F' such that

v? =Pv* forallveF

Proof. Choose f; such that ff* is the j-th column of & = Pt

n
fi= E Sij€i
i=1

Then fi,..., f, is generating since
n n
ijkfj ijk Z Sij€i = Z Z SijPjk)e€i = €k
7j=1 1= =1 j=1
They are independent, too: Z;‘:l r;f; = 0 implies
n n
22 risi)e: Zm Z%ez =Yg =0
=1 j=1 = 7j=1
whence by independence of the e;. ... e,

n

ZTjSijZO forall j=1,....,n

Jj=1
r1 (A1 r1
S =0, | =PS =0
Tn Tn Tn

Finally, we have v® = Sv® since for v = Z;LZI y; f; it follows

0=t =Y s = Y s
j=1 j=1 =1

i=1 j=1

Over non-commutative rings R this remains valid if we consider right R-modules, i.e.
write vr and have the law v(rs) = (vr)s. The point is, that R" is a left-R"*" right-R
bi-module: we have A(vr) = (Av)r.
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4.3.3 Transformation of presentations

Corollary 4.3.3 If A € R™M s q presentation matriz of the R-module M w.r.t. the
basis o : ey, ..., e, of the free R-module F', and if P € R™™" and Q € R™ ™ are invert-
ible then PAQ is a presentation matriz for M w.r.t. the basis 8 : fi,..., f. of F the
coordinates of which w.r.t. a are the columns of P71,

Proof. M = F/U where
U = Span%(A) = Spang{v € F' | v* colum of A} =
— Spang{v € F | v” colum of P.A} = Span?(P.A) = Span?(PAQ) O

Lemma 4.3.4 If A € RVM is a presentation matriz of the R-module M w.r.t. the basis
a:er,... e, of the free module F' and if B arises from A by deleting zero colums, then
B is a presentation matrix of M w.r.t. «.

Proof. Obvious. [

4.3.4 Elementary matrices

Given a commutative ring R, let &; the matrix with all entires 0 but 1 in position (3, j).
The following matrices in R™*"™ elementary

Zi:=Zi+rZj]=[Sj =5j+rSi|=E+7r&; re€ R
(Zi = uZ;] = [S; == uS;| = €+ (u—1)&; v € R invertible

The notation corresponds to the row transformations [Z] of a matrix A induced by mul-
tiplying the elementary matrix on the left of A resp. column transformations [S] on the
right.

Lemma 4.3.5 FElementary matrices are invertible with inverses
(Zi = Zi+rZj] " =[Sj :=Sj—rSi
(Zi Zj] ' =[S] « Si], [Zi:=uZ] "' =[S :=u"'9]

Proof. Obvious. [
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Euclidean rings

Subsections * are not needed for the for the main result: the theory of invariant divisors
and rational canonical form.

5.1 Ideals

5.1.1 Ideals and congruences of rings

Given a commutative rings resp. K-algebra R, an ideal is submodule of the R-module
R, ie.
a,bel=a+bel andacl=racl forallabreR

There is a 1-1-correspondence between congruence relations and ideals given by
I={aeR|a~0} a~besa—-bel

Indeed, an equivalence relation ~ is a congruence relation of the ring R if and only if it
is a congruence relation of the R-module R: in both cases one has a congruence relation
of the additive group (K-vector space) R satisfying

a~b = ra~rb

Consequently, a factor algebra R/~ may be written as R/I and the canonical projection
as m(a) = I +a = a+ I. The homomorphism theorems apply as well.

Form the description of spans in modules we obtain
(a) = Ra={ra|r €}
is an ideal, the principal ideal generated by a. The smallest ideal containing a, b is
{ra+sb|r,s € R} = (a,b) = (a) + (b)

Corollary 5.1.1 * For ideals I,J of a commutative ring or K-algebra, R/I = R/J as
R-modules if and only if I = J.

Proof. Let M = R/I. I ={r € R|rv=0forall v e M} is the annihilator of M and

invariant under linear isomorphisms. [].

13
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5.1.2 Second Isomorphism Theorem *

Theorem 5.1.2 Let 7 : M — N a surjective homomorphism between R-modules. Then
for each submodule U of N, 7=*(U) is a submodule of M and

M/m(U) = N/U

This estabilishes a 1-1- correspondence between submodules of N and submodules O ker
of M with inverse given by V +— w(V'). Morever

UCW e rn H(U)Ca{(W)

F N U+ W) =7 YU) + 7Y (W), 7 UNW) =7 U) N (W)

The analogous results hold for commutative rings and K -algebras and, formulated in terms
of congruence relations for any algebraic structures.

Proof. #=1(U) is a submodule, obviously, and the kernel of 7y o © where myy : N — N/U
is the canonical projection. Thus M/7~1(U) = N/U.

By surjectivity, we have (7 *(U)) = U. If V D kerm and w € 7 '(7(V)) then
m(w) = w(v) for some v € V whence w —v € V and w € V. Since both maps U —
77 1(U) and V — 7(V) preserve inclusion between submodules and since + and N may
be characterized in these terms, the remaining claims follow. [J.

Example: Consider 7 : Z — Z/Zn the canonical homomorphism. The submodules resp.
ideal of Z/Zn are given as Zm(m) where m divides n. For the canonical homomorphisms
X :Z/7Zn — (Z/Zn)/Zmx(m) and ¢ : Z — Z/Zm we have 1) = x o 7.

5.2 Integral domains

5.2.1 Definition and examples

An integral domain is commutative ring without divisors of zero, i.e. ab = 0 implies
that a = 0 or b = 0. Equivalently, one has the cancellation law

e From ax = ay and a # 0 it follows x =y

Examples. Z,Q, R, C.

If K is an integral domain, the degree formula of 14.2.2. remains valid and it follows
that K[x] is an integral domain, too. Long division of p(x) by ¢(x) is possible if the
leading coefficient b,, in ¢(z) has an inverse in K. In the results about zeros in 14.2.4. it
suffices to have K a subfield of the integral domain A.

5.2.2 Horner scheme *

Lemma 5.2.1 Given an itegral domain K and p(z) € K[x] of degree n und o € K there
is h(x) € Klz| such that
p(z) = hMz)(z — a) + pla]
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Proof. The idea is that
p(z) =(...((apx + ap_1)T + ap_2) ...+ a1)x + ag

and one may obtain p[a] with less multiplications as follows

(075 Ap—1 ..o Ay ao

(0% Cp—1X N s5e Co¥

Cno1 =Qp Cpg=Cp Q@+ ay_1 ... Co=cra+a; pla] =coa+ ag
Now, put

h(z) = co12™ '+ .. 4 e + oo
For verification consider
q(x) = (... (T + @p-1)T + ap—2) ...+ ay ie. p(x) = q(x)x + ao.
Computing g[a] one obtains the Horner-coefficients ¢,,_1, ..., ¢; and it holds ¢g[a] = ¢y and
coa + ag = p(a). Applying inductive hypothesis to ¢(z) one gets
p(z) = q(@)z + ag = ((camr2" 2 + ...+ a1)(z — @) + qla])z + ag
= (co12™ e+ o) (7 — @) — o + coa + qlalz + ag

and the last 4 summands add up to p[a].

5.2.3 Quotient fields *

A field Q) is a quotient field of the ring R, if R is a subring of ) and
Q=1{ab'|a,be R, b+#0}

Necessarily, R is an integral domain. Example: Q is quotient field of Z.

Theorem 5.2.2 FEach integral domain R admits an extension to a quotient field Q) (unique
up to isomorphism). Any embedding of R into a field K can be extended to an embbing
of @ into K.

Proof. As in the construction of Q from Z define on Q" = {(a,b) |a,b € R, b # 0}

(a,b) + (¢, d) = (ad + be,bd), (a,b) - (¢,d) = (ac, bd)
(a,b) ~ (¢,d) < ad=bc

which is a congruence relation. By factorizing, 7 : Q" — @'/ ~, one obtains an algebraic
structure and even a commutative ring @ - (@,-,1) is a commutative monoid being a
homomorphic image of R x (R \ {0}), the other laws require some computation. The
inverse of m(a,b) is m(b,a). The map a — m(a,1) is an embedding og R into @) and
m(a,b) = 7m(a,1)m(1,b). Thus we may conceive R as a subring of () and obtain the
required representation. Given ¢ : R — K define

p(ab™") = p(a)p(b) ™!
This is well defined since ad = be implies ¢(a)d(d) = ¢(b)p(c), also ¢(a)p(b)™t =
¢(c)¢(d)~!. O

The quotient field of the polynomial ring K[z] over a field is the field of rational functions

over K and denoted by K(x). Its elements are written as %
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5.2.4 Units

A Monoid is a set M with associative multiplication and neutral element e. An element
u of a monoid M is a unit or invertible, if there is x € M such that zu = uxr = 1.

Lemma 5.2.3 The units of a monoid M from a group M*.

Proof. The inverse x is unique since yu = uy = 1 implies y = yl = yuxr = lz = . We
may write x = u™!; clearly v € M* and (u™!)™! = u. If v € M*, then wvv—lu™! =
ulu™' =wu™t =1 and v~ 'u~! = wv, whenve uv € M*. O

The group of units R* of a ring R consists of the units of the monoid (R, -, 1). Clearly
7 ={1,—-1}, (K[z])* = K~ for fields K
and for the direct product R; x Ry of rings (component wise addition and multiplication)
(R1 x Ry)" = R x Rj.

In the ring of n X n-matrices over a commutative ring R one defines determinants by the
explicte formula. Then (det A)adA = E. If det A € R* then A~! = det(A)~'adA whence

(RV™)* ={A| det A € R*} for commutative R.

Corollary 5.2.4 For any commutative ring, R = Ru if and only if u is a unit. Then,
M = Rug for any cyclic R-module M with generator g.

5.2.5 Divisibility

In a commutative ring one defines
dla < d divides a < 3r € R. rd = a.
This ia a ‘quasi order’ on R
ala (reflexive), a|b and b|c = alc (transitive)

with compatibility
alb = aclbe, a|b und alc = al(b=+c)

One has
a|b < Ra2DRb

Lemma 5.2.5 In a commutative ring, a | b if and only if there is a surjective R-linear
map x : R/(a) — R/(b).

Proof. This is immediate by the Homomorphism Theorem. []
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5.2.6 Associated elements

17

Let R be an integral domain. a and b are associated, a =~ b, iff one of the following

conditions is satisfied
alb and bla, Ir € R* :ra="b.

Indeed ra = b and sb = a imply rsb = b whence rs = 1 by cancellation. =~
equivalence relation since units form a subgroup. Moreover

ea~dund b=t = (a|bs d|V)

e a ~ b w.r.t. the congruence associated with (d) < a = mod d < d|(a —b)

alb < (b) C (a)

a~b< (a)=(b)

aeR < (a)=(1)=R

5.3 Principal ideals in euclidean rings

5.3.1 Definition and examples
An integral domain R is an euclidean ring if there is a map
0:R\{0} =N

Va,b e R\ {0} : d(ab) > §(a)
Va,b € R\ {0} 3g,r € R: a=0bg+r and 0(r) < d(b) orr =0 "

Define 6(0) = —oo. Examples
Z with 0(a) = |a|, K[z] with §(f(z)) = deg f(z), K a field.
Lemma 5.3.1 In any euclidean ring

alb und §(a) = (b)) < a=b.

1S an

Proof. Let b = ac. Then a = bg+r with r =0 or r = a — bg = a — acq = a(1 — ¢q) and
d(b) > d(r) = 0(a(l —cq)) > 6(a). If 6(a) = §(b), then the latter may not occur whence

also b | a, and a = b. O

5.3.2 Principal ideals

An integral domain in which every ideal is principal is a principal ideal domain.

Theorem 5.3.2 Any euclidean ring is a principal ideal domain: 0 # a € I with 6(a)

minimal then I = (a).

Proof. Assume I # (0). Choose 0 # a € I with §(a) minimal. Then (a) C I. Consider
0#bel. Thenb=aqg+r mitr=0ord(r)<d(a). In the second case r =b—aqg € I

contradicting minimality of d(a). Thus r =0 and b € (a). O
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5.3.3 Cyclic modules
Recall that an R-module M is cyclic if it is generated by a single element g: M = Rg.

Proposition 5.3.3 Any cyclic R-module M = Rg has presentation given by generator g

and relation d = 0 where 0 # d € R with d(d) minimal such that dg = 0 in M. Moreover,
dv =0 for allv € M, there is a surjective R-linear map 7w : R — M such that ©(1) = g,
and M is a commutative ring (and K-algebra if so is R) and m a homomorphism w.r.t.
the multiplication

mw(r)-m(s) = m(rs)

The generators of M are exactly the units of this ring.

d is unique up to association and called a minimal annihilator of g resp. M.

Proof. I ={r € R|rg=0}is an ideal of R: if r;s € I then (r+s)g = rg+ sg = 0 and if
r € Rand s € R then (sr)g = s(rg) = sO = 0. Since R is euclidean, we have I = (d) with
d as stated and unique up to association. Then dv = drg = rdg = 0 for all v =rg € M.
Since R is freely generated by 1, there is a unique homomorphism 7 : R — M such that

7(1) = g. Then I = (d) = Ker 7 and it follows that M is presented by g, d = 0. Moreover,
since [ is an ideal, M = R/I can be seen as the factor ring with the above multiplication.
Now, 7(u) is a unit iff 7(s)m(u) = 7(1) = ¢ for some s iff 7(u) is a generator. O.

5.4 FEuclidean algorithm, GCD, and factorization

5.4.1 Bezout’s Theorem

Consider an integral domain R. d is a greatest common divisor of a and b
d~ GCD(a,b) & d|a,d|band Ve : (c|la and c|b) = c|d.
If such exists, it is unique up to association. Moreover
GCD(a,b) ~ GCD(b,a — gb)
since a,b and a — ¢gb have the same divisors.
Theorem 5.4.1 In an euclidean ring GCDs exist and have additive representation
d~ GCD(a,b) < dla,d|b and Ir,s:d=ra+sb & (d) = (a)+ (b).

Proof. The extended euclidean algorithm produces d, r, s such that d|a, d|b, d = ra + sb.
Then d is a GCD: c|a and ¢|b imply c|ra and ¢|sb whence c|(ra + sb). Conversely, if d’ is
a GCD of a,b then d’ = d by uniqueness and (d') = (a) + (b). O

Algorithm 5.4.2 (Euklid+Bezout). Given an euclidean ring R and a,b in R determine
ad~GCD(a,b) and x,y in R such that

d = ax + by.
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o Putdy:=a,x1:=1,y1:=0; dy:=b, 29 :=0, yp:=1
e Loop:n~n+1
- Findd, =d,_1qg+1r with 0 < ér < dd,_1 orr =0

~Ifr#0dodys1 =7 =dy —qdy_1, Tpiy1 = Tn — (Tn—1 Ynt+1 = Yn = @Yn—1

—elsed=r, x =, y="1y, stop

Proof. Loop invariant: d, = ax, + bx,, GCD(d,,d,—1) = GCD(a,b) If r = 0, then
dp|d,—1, whence d = GCD(a,b). O

4211 10
251 0 | 1
171 | -1
8 |—1] 2
113 ]-5

1=3-42—-5-25 25'=—5=20mod42

2041 |1 0

24110 1

2t +1]1 —zt 2t

241 | 2? | (2 —1)| —2?
0 0 0 2?2 +1

GCD(x™ 4+ 1,25+ 1) =2 + 1 =222 +1) — (25 - 1)(2® + 1)
a and b are relatively prime or coprime if GCD(a,b) ~ 1 i.e. iff ra+ sb = 1 for some 7, s
Corollary 5.4.3 a|(bc) NGCD(a,b) =1 = alc
Proof . 1 = az + by, whence a|(azc + bey) = c.
Corollary 5.4.4 If GCD(a,b) = 1, then b = b[mod a] invertible in R/(a)

by=1 moda ifl=ax+ by for somex

2>+ 1= (z+2)(z—2)+5, 1:%(x2+1—(x+2)(x—2))

(r+2)'=—(r—2) mod 2?+1

o] —

Prr=wtr=c@@+)+r=2"=r+1 mod 2 +2+1

l=2*+2+1—a(z+1), (x+1)"'=2 mod 2* +z+1
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5.4.2 Primes

Theorem 5.4.5 For 0 # a ¢ R* in an euclidean ring t.f.a.e.
e a isirreducible, i.e. a =bc=be€ R* orc € R*
e (a) is a maximal ideal, i.e. for all ideals: a € I = (a) =1 or I = R,
o R/(a) is a field

e q is prime, i.e. a|bc = alb or alc

Proof. (1) = (2): I = (b) and a = bc, whence [ = R if b € R* resp. (a) = I if c € R".
(2) = (3): Let b # 0 in R/(a), whence b ¢ (a). Thus (a) # (a,b) and it follows
1 € R = (a,b), i.e. there are r,c with ar + bc = 1. Thus b-¢=1,1ie bis invertible
(3) = (4): albc implies b- & =be =0 thus b=0or ¢ =0, i.e. b€ (a) or ¢ € (a).

(4) = (1): If a = bc is prime, then a|b or ajc. On the other hand c|a and bla, whence
be R"orce R*.

Corollary 5.4.6 Given a,b in an euclidean ring R, bjmod a] is invertible in R/(a) iff
GCD(a,b) ~ 1.

5.4.3 Factorization

An integral domain is factorial or an UFD if any non-unit a # 0 is a product

a=pi-... Dn

of primes, unique up to order and association.

Theorem 5.4.7 Any euclidean ring is factorial.

Proof of existence by order induction on §(a): If a is not irreducible then a = be with
d(a) > d(b),6(c) and by induction b =[], p; and ¢ = []; ¢; whence a = [[, pi - []; ¢; with
irreducible p; and g;.

Proof of uniqueness by induction on the number of factors. Let

DL Pn QL e Qe
W.lo.g. pi|q1, i-e. ¢1 = p; since both are prime. It follows
P Pn=Qq2- ... Gm

and, by induction, n = m and p; = ¢; after renumbering. []
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5.4.4 Factorization algorithms *

At present, there are is a fast algorithms for testing primeness, but none for factorization
of integers. For factorization of polynomials over finite fields there is a simple and efficient
(GCD with test polynomials) cf. Berlekamp, Algebraic coding theory. For polynomials
over Q there is a efficient but non-trivial procedure: Lenstra? Lovasz, Math.Ann 261, cf.
Lenstra?: Algorithms in number theory, Handbook of Theoretical Computer Science A.
According to a theorem of Gauss, a polynomial in Z[z] is irreducible if and only if
it is irreducible in Q[z] and the GCD of it coefficients is 1. This can be used for a
brute force factorization method due to Kornecker: Given p(z) € Z[z] of degree n, choose
20,- -+, 2m € Z where m = ¢ and determine for each & the set Dy, of divisors of p(2;). Thus
if f (:c) Z[z] divides p(z) then f(z;) € Dy. By interpolation, construct all polynomials
f(z) of degree < m with f(zx) € Dy and carry out long division of p(x) by f(z). If
p(z) = q(x)f(x) is a proper decomposition continue with both ¢(z) and f(z) in place of
p().

5.4.5 LCM

m is an least common multiple, m ~ LCM (a,b) if
a|m, b|m and if a|c and b|c implies m|c for all ¢

In an integral domain. LCMs are unique up to association, if they exist, In an euclidean
ring they exist and
m =~ LCM(a,b) < (m)= (a)N(b)
Given factorizations
a:plfl-..npﬁ”, b:plll-...-pl,f
it follows .
GCOD(a,b) ™ttt ppinthntn)

LCM(a,b) ~ proxtebid . pmax{bndnd ) LOM(a,b) < (a) N (b) = (m).

n

GCD(a,b) - LCM(a,b) ~ ab

5.5 Invariant and elementary divisors

5.5.1 Invariant divisors

Theorem 5.5.1 For any euclidean ring R and A € R™™ there are products P € R"*"
and Q € R™*™ of elementary matrices such that

d 0 0

0 do O
PAQ=D=| . . with d;|d;41 for i < min{m,n}.
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The dy,ds, ... form a system of invariant divisors of A. Later we shall show uniqueness
up to association. For many purposes it is good enough to have D a diagonal matrix.
Anyway, one should derive such, first.

Proof by the following algorithm. P is the product Py - - - Py of elementary matrices asso-
ciated with the row transformations used, Q is the product Q; - - - Q; of of the elementary
matrices associated with the column transformations used. [J

Algorithm 5.5.2 dynamic: A ~ Apew =: A.

a pair (i,7) of indices is active in A, if a;; # 0 and if in the i-th row or j-th
column there is an entry # 0

Now, we proceed induction/recursion on

min{d(a;;) | (¢,7) active in A} if non-empty
—00 else

- |

to obtain a transformation of A to a diagonal matrix:
o If5(A) >0 do

- [Sk =Sk — QSZ] with 5(a2k — qaij) < (S(Clij)
- [Z]f = Ik — qu] with 5(akj — qaij) < 5(@@')
— such that §(Anew) < §(A)

o If0(A) = —o0 apply permutation to transform A into diagonal form

Given d = GCD(a,b) = ra + sb the tranformations [S2 := S2+ rS1], [Z1 := Z1 + sZ2],
[S1:=51—1252], [Z2:=Z2 — b Z1], [S1 « S52], [S2:= (—1)S2] are used to obtain

(0= 65)- 6550
()= )= )

Given diagonal D proceed as follows

o [f there is 1 < j such that d; does not divide d; choose first i mininal and then j

. . . d;
minimal and apply the above transformations to the minor <O c(l))
j

5.5.2 Scheme of computation

For applications, the matrix P is of no interest, but of interest is
Pl :Pl_l...Pk_l

The following scheme of computation can be used
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o Start with & | A | &€
e Given L | B | R apply a column transformation 7 to B and R simultaneously, leave
L unchanged, i.e. produce

L|BT |RT

e Given L | B | R apply a row transformation to B and the inverse column transfor-
mation to L, leave R unchanged, i.e. produce

LT '|TB|R

e If Bin £ | B|R is in the required form then P~' = £ and @ =R

5.5.3 Example: Presentation of an abelian group

4 0 4 1 20 0 1 -6
A=16 12 16|, P=[1 3 0], @=| 1 0O =5
0 6 6 0 01 -1 0 6

It follows that in the free commutative group with generators eq, e, e3 the subgroup
U = Span,{4e; + 6ey, 12¢e5 + Ges, 4des + 16ey + Ges}

is given w.r.t. the basis
fi=e1+ ez, 2e1+ 3ea, €3

as

and that commutative group G with generators ey, 5, e3 and relations
dey +6eg = 0, 1269+ 6ey = 0, des + 166y + ez = 0

is isomorphic to
G=Z]72x7]7A x 7] Z6

Further transformation yields the invariant divisors
2, 2, 12

whence
G772 xZL]72 X 7./]Z12
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5.5.4 Example: Presentation of an endomorphism

For our principal application, the matrix Q is not needed. Also, transformations in which
one row resp. column is used to change others may be carried out simultaneously. Apply-
ing row transformations, there is no need to list also the inverse column transformations.
Thus, the row and column transformations listed are applied to the right hand matrix
and with each row transformation the inverse column transformation has to be applied
to the left hand matrix. Example

1 0 0|—=x -1 1
0101 -2-2 1 =A
00150 0 —1—-x

S1:4+S51+xS53, 52:=52+ 53

1 00 0 0 1
010 z+1 —(z+1) 1
00 1|—-2(z+1) —(x+1) —-1-—2
S2:=-52
1 00 0 0 1
010 r+1 r+1 1
00 1|—z(zx+1) z4+1 —1—=x
72:=72—-71, Z3:=7Z3+(1+2)Z1
1 0 0 0 0 1
1 10 x+1 r+1 0
—x—1 0 1|—z(z+1) z+1 0
S1:=51-52
1 00 0 0 1
1 10 0 r+1 0
—r—1 0 1|—(z+1)*> z+1 0
Z3:=73—- 272
1 0 0 0 0 1
1 10 0 r+1 0
—r—1 1 1|—(z+1)> 0 0
S1+ 53, S3:=-53
1 0 0|1 0 0
P'= 1 10/0z+1 0 =D
—z—1 110 0 (z+1)?

Here, given a Q-vector space V with basis « : €7, €3, €3 we may consider A the presentation
matrix of the endomorphism ¢ given by

0 -1 1
A=|1 -2 1
0 0 -1
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In the free Q[z]-module with basis ey, es, e5 (and canonical homomorphism 7 : F' — V
with 7(e;) = €;) the submodule

U = Spang,{(z — 1)e1, —e1 + (=2 — x)eq, €1 + e+ (=1 — x)ez}
corresponding to this presentation is given w.r.t. the basis
fi=ertex+ (=1 —1x)es, fa=eates, fs=e3

as

U=Ql]Lfi & Qz](z +1)f2 ® Qlz)(z + 1)°f5
Consequently, as a Q[z]-module
V = Qlz]/Qlz]xQ[2]/Q[a] (2+1) xQ[z] /Qz](+1)* = Qlz]/Qlz](2+1) x Q] /Q[z](z+1)*

namely

V = Qlzlfz ® Qlz]f;
where
mf)=fi=@+&+(—z-10)&=01fa)=fo=c+a&, n(fs)=Ffi=2¢

Thus, w.r.t. the basis

ol

6:.]Eé7 f_.i;v gb(fé):é’l_'__b_

of the Q-vector space V' we have

-10 0
=10 0 -1
0 1 -2

5.5.5 Solving systems of linear equations *

To solve a sytem Az = b over an euclidean ring compute P, P~!, D and Q such that
PAQ = Q. Substitute y = Qx. Then the system is equivalent to

Dy=Pb=:c
and solvable if and only if ¢; € Rd; for all 2. The solution set is then given as

™1
{Q : | 7 € R}  where d;q; = ¢;

T'm4m
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5.9.6 Elementary divisors
Consider two types of list of elements of an euclidean ring

e dy,...,dy such that d; | d;i1y

e all members are 0, units, or prime powers and no two powers of the same or ass-
coiated prime are not associated

Lemma 5.5.3 Up to association and order there is a 1-1-correspondence between the two
types of list given by

e Both have the same number of units and the same number of zeros
o Foranyd; =pi*-...-p/" of the first list, pi*,...,p;" belongs to the second

Proof. To produce a list of the first type from the second, assume that associated primes
are equal. For each prime p; choose the highest exponent n; with p?j in the list and let

=TI
J

Cancel these p;” from the list and continue with the remaining prime powers in the same
way. This yields
dl, ce ,do with di|di+1

Add the units on the left, the zeros on the right end of the list and renumber if you like.
O

5.6 Direct products and Chinese Remainder Theorem

5.6.1 Direct products

Given ideals I; of a commutative ring resp. K-algebra R we say that I; and I are coprime
if 1 =ry + re for some r; € I;. We also write R = I} + I

Lemma 5.6.1 If I, Iy are coprime ideals of R then there is a canonical surjective ho-
momorphism ¢ : R — R/I; X R/Is which is also R-linear with kernel ker¢ = I; N I

Proof. Define
¢(a) = (m(a), m(a)) = (a+ I, a+ 1)

Then ¢ is a homomorphism and ¢(a) = 0 < m(a) = m(a) = 0 < a € I} N I,. Consider
(m1(ay), ma(az)) € R/1y x R/I5. We need a € R such that

mi(a) = mi(a;) ie a—a; €1; fori=1,2

By hypothesis, there are r; € I; such that 1 = r; + ry. In particular, m;(r;b) = 0 for all
b e R. Thus

Wi(Tjai) = Wi(rjai + Tiai) = 7T2‘(<7’j + rl-)ai) = Wi(ai) and Wj(rjai) =0 fOI' ) #]

Thus, choose
a=reray; +riay U
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Corollary 5.6.2 If I, 1, are coprime ideals of R then, canonically,
R/(Il N [2) = R/Il X R/[Q

Corollary 5.6.3 R = Ry X Ry if and only if there are ideals Iy and Iy of R such that
R =ZR/I;, [ Nlpb=0, +L=R
Proof. If R = Ry X Ry choose I} = {0} X Ry and I, = R; x {0}. O

5.6.2 Chinese Remainder

In an euclidean ring, principal ideals (d;) and (dy) are coprime iff the elements d;, dy are
coprime.

Theorem 5.6.4 Let R be an euclidean ring (and a K -algebra) and d = LC M (dy,ds) € R.
Then there is a canonical injective R-linear map which is also a ring (and a K-algebra)
homomorphism

X:R/Rd — R/Rd; x R/Rdy, ¢(a+ Rd) = (a+ Rdy, a+ Rdy)
and ¢ is an isomorphism if dy, dy are coprime. If R/Rdy = R/Rdy x R/ Rdy as R-modules
then do = didy and dy,dy are coprime. then
In particular, all simultaneous congruences
r=0b; modd;, r=0b mod ds
have unique solution modulo d = d;ds if and only if d;, dy are coprime. Namely,
(%) x = bagdy + board; if 1 = aydy + aqds

Proof. Let I; = Rd; and observe that r(a + I;) = ra + I; so in the above lemma ¢ is R-
linear and then so is x. Also I; NIy = LC'M(dy,ds), obviuosly. Now, if GCD(dy,ds) = 1
then LCM (dy, dy) = dids = d and we may apply Cor.5.6.2.

Now, assume R/Rdy = R/Rd, x R/Rdy as R-modules. Then there is a surjective R-
linear map of R/Rdy onto R/Rd; whence d; | dy by Lemma 5.2.5. Also, this implies that
all simultaneous congruences () have unique solution modulo dy. Consider by = by = 0.
Any multiple of LCM (dy,ds) is a solution, in particular d;ds and dy. By uniqueness it
follows dy = dydy = LCM(dy,ds). But then GCD(dy,ds) = 1. O In an more abstract
approach, this isomorphism means in view of Cor.5.6.2 that there are ideals I; of R/Rd,
such that

L +1,=R/Rdy, 11y ={0}, (R/Rdy)/I; = R/Rd,;

Let m: R — R/Rdy the canonical homomorphism. Then by the Isomorphism Theorem
Ji=1m Y L)={reR|n(r)el

are ideals of R and J; = Rd; by Cor.5.1.1. Moreover

S+ Jo=1Y1+ 1) =71"YR/Rdy), JiNJy=m ' I,NL)=7"{0})=Kerr = Rd,

Thus, di, dy are coprime and dy = LCM(dy,dy) = dydy. O
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Corollary 5.6.5 Let M be an R-module, g, 91,92 € M and d,d;,ds € R.

(i) If M = Rg with minimal annihilator d and d = didy with coprime di,dy then
M = Rdyg & Rdyg with minimal annihilators d; of d;g (i # j).

(i1) If d; is a minimal annihilator of g; fori =1,2 and M = Rg; ® Rgs then M is cyclic
if and only if di,dy are coprime and then M = R(g1 + go) with minimal annihilator
dyds.

Proof. Ad (i): We have by Chinese remainder
Now, d; is u unit modulo d; for i # j thus a generator of R/d; - corresponding to
g; = d;g € M under this isomorphism. And rd;jg = 0 iff d;d;|rd; iff d;|r so d; is the
minimal annihilator of g;.
Ad (ii). We have Rg; = R/Rd; whence by Chinese Remainder
M = Rgy ® Rgs = R/Rd; x R/Rds

cyclic if and only if dy, dy are coprime and M = R/Rd where d = d;dy. Now, under these
isomorphisms, g; corresponds to a unit u; of R/Rd; whence g; + go to the unit (uy,us) of
R/Rd; x R/Rdsy and this to a unit u of R/Rd. [

5.6.3 Example

Consider an 8-dimensional R-vector space V' with basis « : €1, ..., €s. The endomorphism
¢ with matrix ¢* = A turns V into an R[z]-module

000 -1000 0
100 2 000 O
010 -2000 0
A 001 2 00O0 O
000 0 110 O
000 0 010 O
000 0 O0O0O0O -1
000 0 001 O

The minimal polynomials of the blocks and their factorization in R[x] are given as
gt —220% + 227 =20+ 1= (z—1)*(2*+ 1), 2* 22+ 1=(z—1)% 2°+1
Generators of the invariant subspaces associated with the blocks are
€1, €6, €7
The prime powers factors give the list of elementary divisors of A

(x—1)2 22 +1, (x—1)% 2* +1
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Generators of the associated invariant subspaces are
(12 + 1)51, ($ - 1)2519 567 57

observe that the third block is Jordan, so its generator is the last vector e5. W.r.t. the
basis

¢ has matrix

0 -10 0 0 0 0 O
12 0 0 0 0 0 O
0 0 0-10 0 0 O
0 01 0 0 0 0 O
0 00 0 0 -120 0
0o 00 0 1 2 0 O
0 0 00 0 0 0 -1
0O 00 0 0 0 1 O

The invariant divisors of A are obtained first multiplying as large as possible coprime
elementary divisors. Here, this amounts to the minimal polynomial of the first and the
produtc of the minimal polynomials of the second and third block.

(. —1)*2*+1), (x—1)*(2*+1)
Thus, we have generators for invariant subspaces
e1, € + €7
and w.rt.t. the basis

€1, €2, €3, €y, €6 + €7, T(€s + €7) = €5 + € + €3,

l

1’2(56 + 57) =

255 + 56 - 57, 1’3(56 + 67) = 355 + 56 - 58
000 —-1000 0
100 2 000 0
010 -20200 0
06001 2 000 0
000 0 0O0O0 -1
000 0 100 2
000 0 010 =2
000 0 0O0T1 2

The minimal polynomial of A is the invariant divisor of highest degree, the characteristic
polynomial the product of all elementary divisors

(x —1)*2*+1), (z— D2 +1)°
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Passing to the complexification, we can further factorize z°+1 = (z+1)(x —i). We obtain
Jordan-basis and matrix

(l' - 1)(51 + 53) = —51 + 52 + 54, 51 + 53,
(LL’ -+ Z)(é& — 282 + 83) = Zé& + (1 - 27,)52 + (—2 + Z)€3 + 84
(x —1)(€) — 263+ €3) = tey + (1 4 2i)ér + (=2 — i) + €,
55, 56, ([L’ + 2)57 = i€7 + 587 (ZL’ — 'l')67 = —'i57 + 58

0

o O O

SO O OO oo

coococoococoR
CcCooc oo O R R
cCooc oo = oo
cooco ]
cCoo R oo OO
cCoO R~ O OO
O~ o0 o oo

|
.

5.6.4 Multiple GCDs

Let R be an euclidean ring (and a K-algebra). d ~ GCD(ky,...,k,) if and only if d|k;
for all 4 and ¢ | d for all ¢ such that ¢ | k; for all i. Clearly

GCD(ky,... k) = GCD(GCD(ky, ..., kn_1),kn)
If follows that there are
a; € R such that d = a1k + ...+ a.k,
e Determine ¢; with d,_1 =GCD(ky, ... ky_1) = cihk1 + ...+ cno1kn1
e d =GCD(dy, k). Determine b, a,, mit d = bd,,_1 + a,ky,

e a1 =bcy, ..., a1 = bcy_1

Elements my, ..., m, of an euclidean ring are pairwise coprime if GCD(m;, m;) ~ 1 for
all i # j Equivalently

m
D i, )~ 1 h = i
GCD(m m-) where m Hm]

! j#i

5.6.5 Partial fractions *

Theorem 5.6.6 If () is the quotient field of an euclidean ring R then any 5 € Q with

0f < dg can be written as a sum of partial fractions of the form ﬁ with irreducible plg,
da < op and 6q < Of.
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Proof. Let g = plfl S -pﬁ;ﬂ with prime p; and

k1 ki1 ki1 k
QG =Dy - Di—1 "Pit1 S

By Chinese Remainder we have

a A,
f=aq+ ...+ angm, i:TlﬂL---ﬂLT
g pll bt

Thus, we have to deal only with with quotients z%' This is done by recursion on k. Long
division yields

a
o

I
|
+

a="bp+r, with or < dop O

5.6.6 Chinese Remainder Theorem in multiple factors *

Given pairwise coprime m; it follows

a. GOD([[;c;mi, [1je;my) = 1for INJ =10

b. There are a; € R such that 1 = almﬂl + ... +an7;’fl

c. There is a canonical isomorphism

X:R/(m) — R/(m1)x...xR/(m,) mit a[ mod m] — (a[ mod my],...,a] mod m,))

d. The following simultaneuos congruences are solvable

x=b;( mod my),...,z =b,( mod m,)

with solution given by
m m
a = blal— + ...+ bnan—

1 mp

Concerning d) compute

m m
bija;— =0 =bja;— ( mod my) fori>1
m; m;
m m m m m
a=ba— +ba—+...+ba,—=b(a;—+...+a,—)=b; ( mod m,)
mq mo m mq

n n

and similarly for mao,...,m,. This gives surjectivity of ¢ as in Lemma 5.6.1. Clearly,
(m) = Ker ¢. Thus, x is an isomorphism. [J

5.6.7 Decomposition Lemma

The following can be obtained via the isomorphism given by the Chinese Remainder
Theorem. Though, we formulate and prove it independently.

Lemma 5.6.7 Let dy # 0 and dy = dids in the euclidean ring R and 1 = rid; 4 rads.
Let M be an R-module and M; ={v e M | dyv =0. Let {i,j} ={1,2}. Then
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(i) My = My & My with submodules of M
(it) v — d;v is an R-linear automorphism of M; with inverse v — ;v

(iv) If My = Rgy and My = Rgy then My = R(g1 + ¢2)

Proof.
a. By commutativity of R, the M, are submodules.
b. d;v € M; for all v € My, since dy = dids
c. Forall v e M: v=1v = rydyv + ridyv € My + My whence M = M; + M,
d. For v € M;: r;jdjv =0+ r;djv = r;dv + r;djv = 1lv = v whence (ii)

e. Let v; € M; and vy +v5, = 0. Then 0 = Tjdj(vl +’02) = ’/’jdj’Ul +7’jdj’U2 = ’/’jdj’Ui = ;.
Thus MO = Ml D Mg.

f. Let My = Rg and vy € M;. Then vy = rg =rlg = r(ridi+reds)g = rridig+rradag
with rridig € My whence vy = rradag.

g. Let My = Rg; and My = Rgs. For any v there are v; € M; and s; € R such that
V=V + Vg = 5101 + S292 = s172d2g1 + Sor1d1G2 = (S172d + Sor1d1) (91 + g2) O

5.5.7 Minimal annihilators and Cayley-Hamilton

Given an R-module M over an euclidean ring
Ann(M) ={re R|rv=0for allve M}

is an ideal of R, obviuosly, whence Ann(M) = (d) where d € Ann(M ) with 6(d) minimal. d
is unique up to association and called minimal annihilator for M. In the case of an K[x]-
module given by an endomorphism ¢ of a finite dimensional vector space V', a minimal
annhilator is given as the normed d(z) € K[z] of minimal degree suh that d(¢) = 0 and
called the minimal polynomial of ¢. By finite dimension, d(x) neq0 exists (otherwise,
K[z] would be isomorphic to a subspace of V).

Proposition 5.5.8 If the module M is presented by a diagonal matrix with entriesdy, . .., d,
then any minimal annihilator is d =~ LCM (dy, ..., d,)

Proof. We have M = €, Rv; with Rv; = R/(d;). Let d' the LCM of the d;. Then
d" € Ann(M) wgence d | d’. On the other hand, dv; =0 so d; | d for all i and d' | d. O

Corollary 5.5.9 Cayley-Hamilton. For any endomorphism ¢ of a finite dimensional K -
vector space, the minimal polynomial d(x) divides the characteristic polynomial x(z) in
Klz]. In particular, x(Jphi) =0
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Proof. Assume ¢ given by the matrix A € K™*".then A — zF is a presentation matrix for
the K[z]-module V' given by ¢. There are invertible P and Q € K[x]™*", in particular
det’ P € K* and det Q € K*) such that P(A — zE)Q is diagonal with d;(z) | d;+1(x). It
follows

x(z) =det(A —zF) =det Pdet(A — zE)det Q =~ di(x) - ... dy(x)

where d,(z) ~ d(z). O

5.5.8 Extension to principal ideal domains*

Recall that a principal ideal domain is an integral domain in which every ideal is principal.
In particular, for all a, b there is d such that

(a) +(b) = (d)

equivalently, there are aq, by, d, z,y such that

a=ayd, b="bd, ayx+biy=1

the latter obtained from ax + by = d by cancellation. It follows

aq bl x —bl _E
-y y @

(a ) (‘” _bl) —d(am b) (‘” _bl) —d(1 0)=(d 0)

Yoo Yy a

and by transposing

(5 2) (6)=0)

Thus, the Theorem on Invariant Divisors extends to principal ideal domains and so does
its corollary: Any finitely generated module over an principal ideal domain is a direct
sum of finitely many cyclic ones. Also, principal ideal domains have unique factorization.

5.6.7 Addenda et corrigenda

a.

Lemma 22.2.5 applies to ring homomorphisms as well as to R-linear maps. Proof
immediate by Homomorphism Theorem

proof of 22.3.3 read r,s € [
proof of 22.4.1 read c|(ra + sb)

Algorithm 22.5.2: Induction on (6(.A), n where n is th number of row. Read [Sk :=
Sk —qS;] and [Zk := Zk — qZ;] with §(ax; — ¢i;) < 0(a;;).

In Lemma 22.6.1 ¢ is also R-linear. In the proof: Choose a = rya; + r1as.

In Thm. 22.6.4. Let d = LCM(dl, dg) not d = dldg.



Chapter 6

Canonical forms of matrices

A general assumption for this chapter is that V' is an n-dimensional K-vector space with
an endomorphism ¢ such that the minimal polynomial is a product of linear factors. We
consider V' as the K[z]-module where z¢' = ¢ (7).

6.1 Jordan matrices and bases

6.1.1 Jordan-chains and Jordan-blocks

For any eigenvalue A of ¢ define
Oy = ¢ — Aid, ie. ¢\(D) = ¢(Z) — AT

The A- Jordan-chain J\(U) of the vector ¥ with head or start vector ¥ and tail or
eigenvector o(¥) consists of the vectors

0# o(0) = 57 (D), S52(@),...,0a(0), T with ¢o(?) = ¢3(7) = 0

and has length k.
0 I ) A (@) (D)
- L= L= =< o=
3N (03 ®x O

[ ISt

The vectors in the chain form an independent list: If Zf:_ol i () = 0 then then
Zf:_g i (0) = ¢(0) = 0 so by induction r; = 0 for i > k — 1 and then r,_1¢F 17 = 0
and r,_1 = 0.

A \- Jordan-block is a matrix

A1 0 0
0 X 1 0
== . 0
0 0 XX 1
0 .0 A

Lemma 6.1.1 Let ¢ € End(V) and 8 : Uy,... 0 a basis of V. Then the matriz ¢ of ¢
w.r.t. B is a A\-Jordan-block if and only if v, ..., Uk is a A-Jordan-chain.

35
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Proof. To have a A\-Jordan block as matrix means that
o(h) = Ay, o(U;) = A\ + ¥i—q, ie. Timg = @(T;) — Ay O

Proposition 6.1.2 V is a cyclic K[z]-module with minimal polynomial (x — \)™ degree
n if and only if the K-vector space V' admits a basis which is a A-Jordan-chain (of length
n). If so, then

(i) The K[x]-module V is isomorphic to K[z|/((x — \)").
(i1) W.r.t. some Jordan-chain (3, the matriz of of ¢ is a Jordan-block Jy,.

(iii) U is a generator of the K|x]-module V if and only if U is a start vector of a Jordan-
chain.

Proof. Assume that V' is cyclic with minimal polynomial (z — )", then V = K|z]/((x —
A)"). The (z — \)* generate the K-vector space K|[z]: inductively on obtains all z* since
(z — \)¥ = 2% + pi(x) with a polynomial py(x) of degree < k. Thus, the (z — M), k < n,
generate the K-vector space and form a basis 3 : (x — A)"~ ... 1 (since dim = n). This

tranfers ot V' via the isomorphism. That ¢ has w.r.t. 8 matrix Jy,, is seen from
v =N = (=N +2—-X) =z — N+ (2 — )"

Conversely, given a basis consisting of a Jordan-chain, the start-vector v' is a generator,
obviously. Also (z — \)™(¥) =0 < m > n so (x — A\)" is the minimal polynomial. [J

6.1.2 Jordan-matrices and bases

A Jordan basis for ¢ is a basis which is a list-concatenation of A-Jordan chains, A\ ranging
over the eigenvalues of ¢. A Jordan matriz is a block-diagonal matrix with A-Jordan-
blocks on the diagonal.

Corollary 6.1.3 (3 is a Jordan basis for the endomorphism ¢ if and only if g is a Jordan
matriz.

Theorem 6.1.4 Let ¢ be an endomorphism of a finite dimensional K -vector space V' such
that the minimal polynomial is a product of linear factors from K[x] (which is guaranteed
by the Fundamental Theorem of Algebra if K = C). Then V' admits a Jordan-basis of ¢.
The associated Jordan-matriz J is uniquely determined up to permutation of blocks, For
each EW X\, the number of A-Jordan blocks is the geometric multplicity, the sum of the
block sizes the algebraic multiplicity, i.e. the number of occurences of the EW X on the
diagonal.

Proof. Let «: €7,...,€, be a basis of V and ¢ be given by A w.r.t. a. Then A — zF is
a presentation matrix for the K[z]-module V w.r.t. the basis ey, ..., e,of the free K|z]-
module F. In particular, there is a canonical K|z]-linear 7 : F' — V with 7(e;) = é;. By
the Theorem on Invariant Divisors 5.5.1 there are invertible matrices P and Q in K[z]|"*"
such that PAQ = D is diagonal and presentation matrix of V' w.r.t. the basis fi,..., fn
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of the free K[z]-module given by the columns of P! ¢f Cor.4.3.3. Then we have a direct
decomposition into cyclic submodules

V=Klzfio. &Kf
where f; = 7(f,).

Now, by Prop.??lcmann the LCM of the d;(z) is the minimal polynomial, so by
assumption a product of linear factors. Thus each d;(z) is a product with pairwise distinct
Aj

(x—A)" - (= NN

By iterated application of the Decomposition Lemma 5.6.7 we get

l

K[2)f; = P Klz]fin with fi, =[x =\ fi

h=1 j#h
o K[z]fin cyclic with minimal polynomial (z — \j)*

Thus, each of these invariant subspaces admits a basis which is a A,-Jordan-chain of
length kj. Taken together, these bases form a Jordan basis of V. [J

6.1.3 Canonical forms

Corollary 6.1.5 Any endomorphism of a finite dimensional K-vector space admits a
basis such that the matriz is block diagonal with companion matrices of polynomials
mi(z) € K|x]. One may require

e m;(x)|m;i1(x) for alli, Frobenius- or rational canonical form with invariant divisors
m;(z)

o m;(x) = p;(x)* with prime p;(x), Weierstrass canonical form with elementary divi-
sors p;(x)ki

o Ifpi(x) = (x — \)¥ for all i (e.g. if K is algebraically closed, say K = C), then
in the Weiertrass canonical form on may replace the companion matrices by Jordan
blocks (changing the basis) to obtain Jordan canonical form

Proof. Follow the proof of Jordan canonical from to the diagonal presentation with d;(z) |
d;y+1(x). This yields Frobenius. Use Decomposition Lemma to pass to Weierstrass.

6.1.4 Example

Let V' a Q-vector space with basis €1, ..., €5 and ¢ the endomorphism with matrix
2 100 0
0 200 0
A= 0 0 2 0 0
1 101 —4
-1 0 0 1 =2
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Diagonalize the characteristic matrix £ | A —zE  ~  (f1,..., f5) | A

dlzdgzl, d3:2—l’, d4:(2—x)2, d5:$2—|—$+2
Characteristic polynomial — (z — 2)3(z? + = + 2)

Minimal polynomial (2 —2)*(x* 4+ 2 +2)
Eigenvalues 2 ( geom. multipl. 2, alg. multipl. 3)
_1 VT,
2 =72
The matrix transformatlon yields the decomposition of V' into cyclic submodules: gener-
ators are the images fl, . f5 in V' of the new basis vectors fi,..., f5 of the free modul
Q[z]®. Those which are 0 may be discarded, here f1 and fg smce at the associated position

in the diagonal presentation matrix A’ one has a 1 (i.e. 1f; = 0). We verify f1 =0
=+ Q2—1)ts 4+ =6 +28— (@) +& =6 +28 — (61 +28+&)+é =0

This leaves us with (in general, applications of A would be required)

—

f3:g37 f4:€2, f5:_»

and relations ' ' '
2—2)fs =0, (2—2)*fs =0, (2> +24+2)f; =0

From there we can read the structure of V' as Q[z]-module and choose suitable bases

V ¥ Qul/@-1) x Qul/@-2)? x Qla)/(2?+z+2)

1 1,z 1,z
V= Qulfi @ Qufi @ Qlal f5
fa fizfy s, fs
53 527 ¢(€2) 547 ¢(€4>
0 0 1 0 0
0 1 2 0 0
1 01,10 0,160
0 0 1 1 1
0 0 0 0 1

The associated matrix of ¢ is

20 0 0 0
00 —40 O
A=101 4 0 0
00 0 0 =2
00 0 1 -1

Since the polynomials are powers of primes, A" is in Weierstrass canonical form. Other
generators for the cyclic submodules may be obtained multiplying with a polynomial
invertible modulo the mimimal polynomial of the submodule.
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Frobenius canonical form is obtained combining submodules into sums according to Chi-
nese Remainder. Here, this applies to (2 — z)? and 2? + = + 1. Adding the generators f4
and f5 one gets a generator f; + f5 of the direct sum

Vo= Q[#/(2-x) x Qlz]/((2 = x)*(2* + = + 2)
1 1,2, 2% 23
V = Qs @ Qla](fa + f5)
fs fut Fo(fo+ f3), 22 (fa+ fo), 2 (fi+ f5)
€5 €y + €1, P(€3 + 1), 9*(En + €1), >(Er + €4)
0 0 1 4 12
0 1 2 4 8
1 101,11 01,1 O
0 1 2 1 13
0 1 1 1

with matrix in Frobenius canonical form

2000 O
0000 =8
A"=10 1 0 0 4
0010 2
0001 3

da (2 —2)*(2* + 2 +2) = ' — 32° — 227 — 4z + 8.

Again there are other generators of Q[z](f; + f5): all

b(w) fi + alx) fs

where b(z) invertible mod (2 —z)?, a(z) invertible mod 2% + x + 2

To obtain Jordan canonical form, do everything over C. The decomposition into cyclics
remains valid but can be refined due to

- ~1
2+ r+2=(r—N(r—N) with A = — +
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C = Cll/2-2) x Cll/2-2? x Cl/@-)) x Cla)/(z—-%

1 z—2,1 23\ —2iS\
C = Chlfs e Cla] 1 & Chlfa @ Clalfe

fs (2 =2) i, fi (=X f5 (=N fs

53 (Qb — 2’Ld> (62), €9 ((b — de)é; (Qb — )\’Ld)é;l

0 1 0 0 0

0 0 1 0 0

1 0],]0 0 0

0 1] {0 S+ i S

0 0 0 1 1

Jordan matrix von ¢

200 0 0
0 21 0 0
00 2 0 0
000 F+¥% 0
— \/_
000 0 2L o
Namely 2 — A =23\ mod 2 — A and z — A= —2i3\ mod z — A since
1 1 _
— _)\ _
RIS

with eigenvectors

ﬁ,, (x — Q)ﬁ; w.r.t. EW2

, 1T

7wt mw L VT,
2 T2

, 1

f52 w.rt. EW 7 - gl

6.1.5 Review: Structure of an endomorphism

a. The basis « of a free K [z]-module and matrix A—zE may be transformed into a basis
fi,--., fn and diagonal matrix with normed diagonal entries 1,...,1,d,,...,d, €
Klz], d; % 1 forr i > s. This yields a direct decomposition into cyclic submoduls
with minimal polynomials d;

V=K@lf. ... o Klf,

where f; = Z bj,-kgbk(e?,-) in Vif f; = Z(Z bjik:)sk)e,- in the free module.
ik k

(2

b. The K-vector space V' has basis

Ford(fD) - 0" N (), i=s,...,n, n; = degd.
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W.r.t. this basis ¢ has matrix A’, block diagonally composed from Frobenius ma-
trices or companion matrices of the polynomials d;.

0 0 0 ... 0 —T50
1 0 0 ... 0 —Ti1
Al = O ‘1 ‘O ‘ O Tﬂ where d; = ka:fk.
- : =0
0 0 0 —Tin;—2
0 0 o1 —Tin;—1

cdet(A—zE)~dy-...-d,, n=dimgV =degdet(A —zE) =), degd,.

. One may achieve d; | d;1 for i < n. These d; are unique up to ~ and called invariant
divisors of ¢, also d,, is the minimal polynomial of ¢. A’ is a Frobenius or rational
canonical form of A.

. (Cayley-Hamilton) The LCM(dy,...,d,) is associated to the minimal polynomial
d(x) of ¢ and divides the characeristic polynomial of ¢. In particular d(¢) = 0.

. Factorizing the d; into powers d;; of coprime irreducible polynomials d; = d;i-. . .-dp,,
one obtains a direct decomposition into primary cyclic submodules with minimal
polynomial d;,

V=K[z|fa @ & K[2|fom, ®...0 K[z]fru @ & K[2] fam,
where fir, = (d;/din) fi = (da (@) o ... dip-1(¢) 0 dipi1(P) 0 ... 0dim,(¢))(f;) iIn V
. The K-vector space V' has basis
fins @(fir)s -y 0" N fin), i=8,...,n, h=1,...,m;, ny = degdy,.

W.r.t. this basis ¢ has matrix A’, block diagonally composed from the companions
of the d;h.

0 0 0 ... 0 —Tiho

1 0 0 0 —Tih1

0 1 0 0 —7; Tih
Ap=1|. . . . . " where d;, = Z ringa”.

o T T : pard

0 0 0 —Tihng,—2

0 0 o1 —Tihng,—1

. The elementary divisors d;, of ¢ are ungiue up to . A’ is a Weierstrass canonical
form of A.

i. If the d;, are powers of linear polynomials  d;, = (z — Aj)"" then the K-vector
space V' has Jordan basis

(¢ - )\ihid)nih_l(fih)a ey (¢ - )\zhld)(fzh)a .fih> 1= Sy, N, h = ]-7 cee, My
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W.r.t. this basis ¢ has matrix A’ block diagonally composed from n;, x ng, Jordan

blocks
X 10 .0
0 M\in 1 0
‘])\u“mh = el T
0 Nin 1
0 o0\

j. This matrix is unique, if it exists, up to order of blocks and called Jordan canonical
form of A. It can be achieved passing from K to its algebraic closure.

6.2 Primary decomposition

6.2.1 Primary decomposition for modules

An R-module M is a torsion module if T(M) = M. In a particular, any K[z]-module
which is a finite dimensional K-vector space is a torsion module.

Given a prime element p of R, a torsion module is p- primary if for any v € M there
is k > 0 such that p*v = 0. Of course, then M is g-primary for any ¢ associated with p.

Theorem 6.2.1 Let R be an euclidean ring and M a a finitely generated torion R-module.
Then

(i) There is d # 0 with 6(d) minimal such that dv =0 for allv € M. d is unique up to
association and called the minimal annihilator of M.

(i1) Given a factorization d =~ Hizl pl into primes p; % p; fori # 7.

M=M®@... &M, M={veM]|pv=0}

(11i) M has unique direct decomposition into p;-primary submodules N; # 0 with non-
associated primes.

(iv) In (iii) one has minimal annihilators p¥ of Ny (i < 1) if and only if d = []._, p¥* is
a minimal annhilator of M. In particular, | is unique and the pfi are unique up to
order and association.

(v) d in (iv) is an invariant divisor of M of highest degree.

If R = K[z] and if p; = x — \; then M; is the generalized eigenspace w.r.t. eigenvalue \;
and d = d(z) is called the minimal polynomial of M.

Proof of the Thm. Ad (i). For each generator v;, choose r; # 0 with r;v; = 0. Then rv =0
for all v where r = [[, r;. Now, d is a generator of the ideal {r € R | rv =0 for all v € M}.
(ii) follows with Lemmab5.6.7. If M = @ N; with p; primary N; then N; C M; and so
N; = M; since both sums are direct. Ad (iv). Clearly dv = 0 for v € N; so for all v € M.
d is minimal, since pf"'_lv # 0 for some v € N;. The uniqueness of the pf follows from
unique factorization. (v) is immediate by Thm.6.5.1(iii). O
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6.2.2 Example: Generalized eigenspaces

Q[z]-module Q° given by A w.r.t. canonical basis.

311100

030010

003001

A=100021 1

000020

00000 2
011 1 0 0 000 -1 2 2
000 0 1 9 000 0 -1 0
Jooo o o0 1 , looo o o -1
A=3E=10 00 1 1 1| W=BE\=1000 1 2 _9
000 0 -1 0 000 0 1 0
000 0 0 -1 000 0 0 1

rk(A—3E) =4, rk(A —3E)* = rk(A-3E)* =3
(

Minimal polynomial for generalized eigenspace w.r.t. A = 3 is (z — 3)?

basis 33 of ker(A —3E)*: ey, ey, es

111100 1221 2 2
0100109 010010
1001001 , 001001
A_2E_000011’<A_2E)_000000
000000 000000
000000 000000

rk(A —2E) = rk(A —3E)* =3
Minimal polynomial for generalized eigenspace w.r.t. A = 2 is (x — 2)?
basis 3, of ker(A — 2E)? :

—E€3 + €5, —€2 + €5, —€; + ey

Minimal polynomial of A is (x — 3)%(z — 2)?

100 0 0 -1 311000
010 0 —1 0 030000
001 -1 0 0 y oo 3000

ods=1g 00 0 0o 1 ’A_aTﬁAaTﬁ_000211
000 0O 1 0 000020
000 1 0 0 00000 2

_[(AlV; O
L0 Ak
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A'lVs =

S O W

11 2 1 1
30|, Ave=[020
0 3 00 2

J-basis V3 :v3: ey,es,e3 —es
J-basis: V5 : 7y

—e3+ e —ext+e; —e +e,—(—ey+es)

10 0 00 0 10 0 0 0 —1
01 -1.00 0 01 -1 0 1 1
00 1 00 0 00 1 —-10 0

=100 0 10 o *D=eTs= g0 o 1 0 o
00 0 01 —1 00 0 0 1 —1
00 0 00 1 00 0 0 0 1

310000
030000
I o003 000
J “T'YAQTV_000219
000020
00000 2

6.3 Nilpotent matrices

6.3.1 Shift

Lemma 6.3.1 Let p € K and ¥ = ¢, = ¢ — pid Then X is an EW of ¢ if and only if
A—pis an EW of 1. Moreover (3 is a Jordan-basis for ¢ if and only if it is so for . U
is Y-invariant if and only if U is ¢-invariant.

PT’OOf. w)\_“ = (b)\. O

This reduces the case where the minimal polynomial is (x — )™, i.e. (¢ — Aid)”™ = 0 to
the nilpotent case: we may assume that

e 9™ =0 for some m <n

6.3.2 Module versus vector space

Let R = K[z]. A list ¥4,..., ¥, Since primary decomposition is most simply dealt with
as in the general case of modules, of vectors in V', all # 0, shall be called J- indepenent
if the sum Zle Ruv; is direct, J- generating if V = Zle Rv;, and a J- basis if it is both.
Given 0 # ¥ € V its J- chain is the list

J(0): 0,0'0,...,¢'0#0, where ¢'5=0
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® U],..., U is J-independent (J-generating for V') if and only if the concatenated list
J(0h),...J(Ug) is K-independent (K-generating for V).

Here, we refer to independence and generators in the K-vector space V. Indeed

ki

sz Y vhere s Z
i=1 j=1 =0
K L L L L L
¢ o< o< L= L= L= L= °
1.
; )= - = = o
Y = < ®
l‘ ‘o< LS °
Vg V2
F—. ‘/3 V4 Vv5 ‘/6 V7
Lemma 6.3.2 Let ¢"v, ..., ¢"0), be K-independent. Then
(i) U1, ..., U are K-independent, the sum W = spang{0y,..., 0} +ker ¢" is direct, and

dim W = k + dim ker ¢"

(ii) T.fe.a.
— MG, =0 for all i
— OV, ..., Ty, Vg1, - - - Uy 15 a J-basis of ker ¢"
— U1,...,0; is a J-basis of W
Pro of. If i € ker¢" and Y, r;0; + @ = 0 then ST + 0 = 0 whence r; for all 4 and
=0. 0

6.3.3 Uniqueness of Jordan canonical form for nilpotent maps

Theorem 6.3.3 For a nilpotent endomorphism, the Jordan canonical form is unique up
to permutation of blocks.
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Proof. The Jordan matrix is determined by the number of J-chains of given lengths.
Ordering by decraesing length k1 > ko ... we claim that these numbers are obtained as
follows (where ¢ is given by A)

[{i | k; > k}| = dim ker "' — dim ker ¢* = rank A* — rank A*

This is shown by induction (compare the general primary case) applied to U = ker ¢*1 1.
Let k1 = k; > k1. By the Lemma,

—

QSQTl, ey ¢6t, 17t+17 . ,'US
is a J-basis of U and so the ky — 1,...,k; — 1, ki, . .., ks are obtained form the data for
U - which are part of that for V. Finally, t = dimV — dimU. .

6.3.4 Existence and computation of J-bases for nilpotent maps

Theorem 6.3.4 Let m be minimal with $™ = 0 and ¢"vy, ..., ¢"V; be K independent.

Then there is a J-basis Uy,...,7;,... 0 of V. It can be computed iterating the following
two steps

e Preparation: Determine v, ..., U;,... 0, with ¢™v, ..., "0, a K-basis of im¢™

e Recursion: Determine a J-basis ¢vy, . .., ¢Uk, Uki1, - .. Uy of ker ¢™

Proof. The preparation step can be carried out, obviously. For the recursion step apply
inductive hypothesis (w.r.t. m) to the ¢-invariant subspace

U = ker¢™ and ¢y, ..., ¢uy

According to (ii) of the Lemma, #,..., 0k, Uky1,-..0; is a J-basis of W. But by the
dimension formula for the endomorphism ¢™ we have dimV = dimU + dimim ¢™ =
dim U + k and with (i) of the lemma it follows W = V. O The following observations are
of use in the computation. Given

V =spang({th,...,7;} UX)

a. Uj41,...,U; may be choosen from X

ker 6™ = span ({67, ..., 6} U {7 | 7 € X})
where for ¥ € X

k k
=) rit; with ¢"F = rg"; if ¢"F A0, ¥ =F else
i=1

i=1

8y

T =

c. Start with j = 0 and X any K-basis of V.

d. If ¢ is given by A w.r.t. the basis €7, ..., €, choose the 77, .. ., k as a maximal subset
such that the corresponding colums of A™ are independent



48 CHAPTER 6. CANONICAL FORMS OF MATRICES

e. From the ranks of the powers of A one can determine the Jordan canonical form,
i.e. the structure of a Jordan basis. This then can be used to verify in each step
that the proper number of vectors needed to build the basis has been found.

Proof. For (a) observe that
im¢™ = span{¢™w; | i € I} if V =spang{w,;|ie€ I}

Indeed, if o' = 37, pi()wW; = 32, 3, rij¢?0; then ¢™"T = 3, riod™ 0.

Concerning (b) observe that ¢"z" = ¢ — > . r;¢0™v; = 0 and, by defintion of &
V =spangy({#,...,0:} UX') =spang{th,..., 0} + U’

where
U' = spany({¢v1, ..., 90, UX') CU = ker ¢

By (i) of the lemma, this sum is direct, whence dimU’ = dimV —k = dimU and U = U".
0J

The unique eigenvector in the J-chain of 7 is 0@ = ¢'7 where [ is maximal with ¢'7 % 0.

Corollary 6.3.5 Iftheovy,...,ou, are K-independent, then the vy, ..., Uy are J-independent.

Proof. Choose h minimal with ¢"™7; = 0 for all 4. Define

= . h—" =
w.:{ qjv, if ¢"v; # 0

1
U; else

Applying inductive hypothesis to ker ¢", the 0y, ... are J-independent. By (i) of the
lemma, J(¢),...,J(Uk) is a basis of W as defined, there, whence a J-basis of W. [O.

6.3.5 Example

= O O

N
I
O OO OO o oo
O OO OO o oo
|
[a—y
OO O OO N
O )R OO N O OO
=
[l
O OO OO o oo
O OO OO o oo
O OO OO o oo
O OO OO o oo
OO O OO N O
O OO OO o oo
O OO OO OO W

SO OO O OO o

SO OO OO -
SO OO OO == OO

OO DO O OO
o O OO

0 0

A3 = O, rank(A?) = 2. A%e; = 2e, and A’es = 2e, are independent, thus e; and eg are
suitable heads. The associated Jordan-chains contain Aes; = e3 + e4 and Aeg = e3 — ey,
hence their span U has basis e, ..., es. Basis completion with vectors from kerA? e.g.
er, v =2eg —3e;. Now Ae; = e; +2e, € U but Av = —3ey+ e4+2e; € U, whence v is
the wanted head.
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6.3.6  Uniqueness of Jordan canonical form

Theorem 6.3.6 Given A € K™, there exists invertible S € K™*" such that J = S™'AS
is block-diagonal with Jordan blocks if and only if the minimal or the characteristic poly-

nomial of A is a product of linear factors x — X\; in K[z|. J is unique up to the order of
blocks.

Proof. Existence: Decompose the K[z|-module V' given by A (resp. ¢) into primary
components V), , then generalized eigenspaces of the )\;,. For each, construct a Jordan
basis for the nilpotent (¢ — A;id)|V),. The concatenation of these yields a Jordan basis of
V' and the colums of S. Conversely, det(A — xE) is a product of linear factors, claerly.

Uniqueness follows from uniqueness of the generalized eigenspaces and uniqueness in
the nilpotent case. [l

Corrigenda et addenda.

a. In the proof of Thm.23.1.4 read: K[z]f; in place of K[z]d;(z)f; and recall that d;(z)
is the minimal polynomial of the module Kz|f; = K[z|/(d;(x))

b. The generalized eigenspace V) w.r.t. A is given as
ker((¢ — Aid)")
k mimimal such that
dimim(¢ — Aid)¥) = dimim(¢ — Aid)*™)
i.e. rank((A — AE)¥) = rank((A — AE)*™)

and then
dimim(¢ — Aid)*) = dimim(¢ — Aid)*) for all 1 > &

Indeed, V' =V, @ W with invariant subspace W such that (¢ — Aid)|W is bijective
and ker((¢ — Aid)* C V,, whence

dimim(¢ — Aid)* = dimim((¢ — Aid)|V3)* + dim W
= dim V, — dimker((¢ — Aid)* + dim W
and this is dim W if and only Vy — ker((¢ — Aid)*

6.4 Jordan-Chevalley decomposition

6.4.1 Existence
Theorem 6.4.1 For A € C™*" there are H, N € C™" such that
A=H+ N, HN = NH, H diagonalizable ;, N nilpotent

Proof. There is an invertible matrix S such that S™'AS = J is in Jordan form. Obviously,
J = Hy + Ny where Hj is diagonal and Ny nilpotent. Moreover, J; = H; + N; in the
block decomposition into Jordan-blocks with H; = \;Ey, whence H;N; = N, H;, It follows
HQNO = NQH(). NOW, pllt H= SH()S_l and N = SNOSn—l' (R
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Corollary 6.4.2 Ifl is the maximal block size in the Jordan canonical form then

min{m, -1}

=S ()T ()

k=0 k=0

Proof. Since HN = NH we may apply the polynomial formula. But, N* = O for k > [.
.

6.4.2 Matrix exponential function
For each A € C™*" there is a uniquely determined matrix exp(A) such that

"
exp(A) = lim —A™
h—o0 0 m!
To prove this, let ¢ be the endomorphism determined by A. Since the limit is to be
understood column wise, the claim amounts to the existence of limj_, sz—o Loh(x) =
exp(¢)(x) for the canonical basis vectors, i.e. for all vectors in C". .Thus, we may assume
A = H + N in Jordan canonical form. It follows according to the corollary, computing
with series, formally,

A)=) —A" = — N H™F = ————NFHE"*
o=t = 330 (1) e = X

= (Z_: %N’“) : (Z %Hj) = exp(N) exp(H) = exp(H) exp(N)

since HN = NH. But, if H is diagonal with diagonal entries \; then H* has diagoal
entries \¥ whence exp(H) erists and

erM 0
exp(H)=| 0 ¢
0 0

This meas that for any € > 0 there is an hy such that for all & > h > hg one has
|S°F L H™| < & which readily transfers to prove existence of exp(A).

m=h m!

Now, consider the vector valued function
y(t) = exp(At)y, (t € R) with fixed y, € C"

We claim that one has derivative

—y(t) = Ay(t
Cy(t) = Ay(1)
i.e. that y(t) is a solution of the system of first order linear differential equations with
constant coefficients given by A. Again, this claim is invariant under basis transformation,



6.4. JORDAN-CHEVALLEY DECOMPOSITION 51

hence we may assume A in Jordan canonical form and even consisting of a single Jordan-
block of size [ and EW )\, i.e A = AE + N. In that case

exp(At) = exp(AEt + Nt) = exp(AEt) exp(Nt) =

Differentiating entry-wise we get

-1 -1 -1

> LMt MY NE = (M) > l()\e”tk)N’%N(Z LN - fexp(4)

Z ] Z ] C (k—1)!

6.4.3 Uniqueness of Jordan-Chevalley decomposition

Theorem 6.4.3 Given A € K™*" the minimal polynomial of which is a product of linear
factors in K[x], there are unique diagonalizable H and nilpotent N such that A= H + N
and HN = NH. Moreover, H N € K[A].

Lemma 6.4.4 Let V be a finite dimensional vector space with endomorpism ¢ and min-
imal polynomial d(z) = di(x)dy(z) with coprime dy(x),da(x). Then V = Vi & Vy where
Vi={veV|di(p)v=0} and 7 € K[¢] for the projections m:V — V;.

Proof. V.=V, @V, by Lemma 5.6.7. Also 1 = ry(x)dy(x) + ra(x)da(x) and (r;d;)(¢) is
identity on V; and 0 on V;. Thus, m = (r;d;)(¢) € K|¢]. O

Lemma 6.4.5 Let R be a K-algebra and ay, ..., 0, € R such that a;a; = ooy for all
1,7. Then the smallest K -subalgebra containing all «; is given as

{Z iy ..., Z-moz“-...-aim|z'i€N.ai1 _____ imEK}
11

and is, 1n particular, commutative.

This is then the K-subalgebra generated by the commuting Ay, ..., A,,. Proof. Straight-
foreward computation. [

Lemma 6.4.6 If the matrices Ny, ..., N € K™" are nilpotent and N;N; = N;N; for all
i,] then each A in the K-algebra generated by the A; is nilpotent.

Proof follows from the exercise: sum and product of two commuting nilpotent matrices is
nilpotent. [J

Proof of the Thm. We first show that there are H, N in K[A] with A = H+ N, H
diagonalizable, N nilpotent. Then also HN = N H. The statement can also be formulated
for endomorphism - and is basis invariant. thus. So we may assume that A = J is in
Jordan canonical form and we have the obvious decomposition J = H+ N. We claim that
H € K[A] - then also N = A — H in K[A] and so HN = NH. But the endomorphism
defined by H is ), \;m; where the 7; are the projections associated with decomposition
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into generalized eigenspaces, so m € K|[¢| by iterated application of Lemma 6.4.4 and so
H € K[A] whence N = A— H € K[A].

Now, given H, N in K[A] with A = H + N, H diagonalizable, N nilpotent, consider
A = H'+ N’ with diagonalizable H', nilpotent N’, and H'N’ = N'H'. It follows H'A =
H'(H + N') = HH'+ H'N = HH' + N'H' = AH'. Similarly, N'A = AN’. Since
H,N e K[A], it follows from Lemma 6.4.5 that HH' = H'H and NN’ = N'N.

By Thm.?? we have H and H' simultaneously diagonalizable and so H — H’ diagonaliz-
able. On the other hand, by Lemma 6.4.6, N'— N is nilpotent. From A = H4+N = H'+ N’
it follows H — H' = N’ — N which is a matrix which is both diagonalizable and nilpotent.
So it has to be O, since a nilpotent diagonal matrix is O. [

6.5 Rational canonical form

In this section, R denotes an euclidean ring.

6.5.1 Structure theorem

Theorem 6.5.1 Given an R-module M on n generators €y, . .., €, over an euclidean ring
R and canonical homomorphism w: F'— M, w(e;) = €;, where « : ey, ..., e, is a basis of
a free R-module F'. Then

(i) M is isomorphic to a direct product of cyclic modules

(i1) Given any presentation matriz A there are invertible P and Q such that PAQ is
diagonal with diagonal entries d; (with d; | div1)

(iii) Given matrices as in (ii) and A w.r.t. the basis « there is a basis 3 : fi,..., fu of
F such that P~ gives the a-coordinates of the f; and

M = Rr(f1))®...® Rn(f,) with Rr(f;) = R/Rd,;

(iv) Requiring d; | di11, the d; % 1 are unique up to association (and called the invariant
divisors of M ) resp. the nonzero summands in (iii) are unique up to isomorphism.

Proof. Given a system a; (j € J) of generators of U, let A be a matrix with colums (a;)®.
By Thm.5.5.1 on invariant divisors there are invertible P and Q such that D = PAQ is
diagonal with diagonal entries d; | d;;1 - this also applies if A has infinitely many colums,
since the column operations in a step reducing the format of the matrix may be carried
out, simultaneously. Now, Cor.4.3.3 and sect. 21.2.5. point 5 apply. Uniqueness of the
invariant divisors follows from that of the elementary divisors - see below). [J

Corollary 6.5.2 For any submodule of a free R-module F' on n-free generators there is
a basis fi,..., fnvon F, anr <n and d; € R with d;|d;11, i < r such that dy f1,...,d,f:
s a basis of U.
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6.5.2 Torsion free part

Given an R-module M, its torsion submodule is
T(M)={veM]|rv=0 for some r # 0}

M is torsion free it T(M) = 0.

Theorem 6.5.3 Let R be an euclidean ring and M an R-module with n generators. Then
M =T(M)®U with some U freely generated by m elements for some uniquely determined
0<m<n

Proof. In Thm.6.5.1 let d; | d;11 and d; # 0 < i < s. Then we have M = W @ U where
W = Spang{n(fi) | i < s} and U = Spang{n(fi) | ¢« > s}. In particular, U has basis
T(fss1)s .- m(fn) and dsw = 0 for all w € W. Thus U = R™ with m =n —s— 1. If
we W and 0 # u € U then ru # 0 whence r(w +u) # 0 for all r # 0. Thus, T(M) =W
and R =U = M/W.

Now, it suffices to show that R™ = R* implies m = k. Assume k < m, let Q be the
quotient field of R, and consider R™ as a subset (and R-submodule) of Q™. Then the
canonical basis of R™ is a basis of the Q-vector space Q™. The canonical basis of R*
corresponds under the isomorphism to a k-element generating set of R™. But this is then
also a generating set of the ()-vector space Q™, whence k = m. [

6.5.3 Structure of primary modules

Theorem 6.5.4 Let R be an euclidean ring and M a finitely generated p-primary R-
module. Then

(1) M = Rv; & ... ® Rv, with Rv; 2 R/(p¥) and k1 > ... > ks >0

(2) In (1), s and the p¥ are uniquely determined by M and called the elementary divisors
of M

(3) ¢p(v) = pv is an R-linear map ¢, : M — M and ky the minimal k with ker gb'; =M
resp. im ¢’I§ =0

(4) (ker ¢ET1)/(ker ¢F) is canonically a R/(p)-vector space. M is determined up to iso-
morphism by the dimensions of these spaces for 0 < k < k;

[{i | ki > k}| = dim (ker g}*1) /(ker ¢})

(5) (im@k)/(im ¢Et1) is canonically a R/(p)-vector space. M is determined up to iso-
morphism by the dimensions of these spaces for 0 < k < k.

(6) im¢fr =1 is uniquely determined, # 0 but ¢p(im ¢k—1) = 0.
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In the case of the Jordan canonical form of an endomorphism ¢ with unique eigenvalue
A, we have p =2 — A, ie. ¢, = ¢ — Aid. im qﬁ’;l_l is then a subspace of the eigenspace of
¢ and any Jordan basis has to contain a subset which is a basis of this subspace.

Proof. Given p-primary M, the minimal annhilator is a power of p. Thus, (i) and (iii) are
obvious from the Theorem on primary decomposition.

Now, let U = ker gb’;“ and W = ker gb’;. Claerly W C U. Given u € U and r € R we
define

(r+@uw+W)=ru+W
This is well defined: if r + (p) = ' + (p) then r — r’ = sp a whence (r — r')u = spu € W
and so
ru+ W =r'u+W

On the other hand, if u—u" € W then r'u—r'u/ = r'(u—u'") € W since W is a submodule.
Thus

ru+W=r'u+W =r'v+W

The module laws are inherited, obviuosly. Thus U/W is a vector space over the field
R/(p). Observe that

gb’;l_l(rlvl +...+1r05) =0 & pkl_lrivi =0 forall i
and the latter holds a priori for all i > m and for ¢ < m if and only if p | r;. Thus
N := ker qblgl_l = Rpv1 @& ...d Rpv,, & Rupy1 @ ... & Rug

and N is p-primary submodule of M with elementary divisors determined by those of M
as the p*~1 with k; > 1. Assuming uniqueness as inductive hypothesis (proceeding by
induction on k) uniqueness for M follows provided we have the number m of the k; = k;.

M/N = Ru,/Rpuy @ ... ® Ru,,/Rpvy, = (R/(p))™

so m is the dimension of the R/(p)-vector space M/N. This proves (2) and (4) follows by
induction, too. The proof of (5) is similar, (6) is obvious. [

6.5.4 Uniqueness of elementary and invariant divisors of a matrix

Corollary 6.5.5 The invariant divisors as well as the elementary divisors of a matriz
over a euclidean ring are unique up to association and order.

Proof. Consider A a presentation matrix of an R-module M. The number of elementary
or invariant divisors d; = 0 is the size of a basis of M/T(M). The elementary divisors p*
are determined up to association by the p-primary components of T'(M). From these we
combine the invariant divisors d; % 0, 1 beginning with the highest powers. Having these,
the number of invariant (and elementary) divisors d; ~ 1 just has to fill up to the number
of rows of A. O
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6.5.5 Similar matrices

Theorem 6.5.6 For n x n-matrices A and A’ over a field K t.f.a.e.

(1) A and A’ are similar, i.e. there is an invertible matriz S over K such that A" =

S—tAS

(2) A—zE and A'—xE are equivalent, i.e. there are invertible matrices P and Q) over
K|[z] such that A’ —xE = P(A—zE)Q

(3) The Klx]-modules iK™ and gianK™ defined by A resp. A" are isomorphic
(4) A and A" (i.e. A—xE and A’ — xF)) have the ‘same’ invariant divisors
(5) A and A" (i.e. A—zE and A" — xF) have the ‘same’ elementary divisors

(6) A and A" (i.e. A—xE and A" — xF) have the ‘same’ determinantal divisors

Proof. 1 = 2: STY(A—zE)S = S'AS —aE = A —zE. 2= 3: by Cor.4.3.3. 3= 1:
The module isomorphism o : g4 K" — g4 K" and the matrix S are related by

o(v) = Swv.
Given o is bijective and K-linear and one can find S. By K|[z]-linearity, for all v
ASv = Aov = zov = o(zv) = SA'v.
3 = 2 can be shown, directly: Given S, one obtains a module isomorphsim
w: gaK" — gaK", wv= S~

Indeed, for all v and f(z) = >, rpa®

f(z)w(v) = Z reA%w(v)

k

> r(STTAS)ES T = TS AR =
k

=) Aty = w(f(x)v).

(3) is equivalent to (4) resp. (5) by existence and uniqueness of divisors. The k-th
determinantal divisor is defined as the normed GCD of all determinants of k£ x k-minors
of A —zFE. This is unchanged under transformation. In the diagonal matrix having the
invariant divisors on the diagonal, the k-th determinantal divisor is the product of the
fisst k& invariant divisors. Hence, these determine each other. [J

Corollary 6.5.7 For any A € K™ " there is invertible S € K™ ™ such that S™1AS = A



Chapter 7

Bewegungsgruppe

7.1 Affine Abbildungen

Wir wollen Abbildungen ¢ : + — F der (euklidischen) affinen Ebene F in sich betra-
chten und unter Zuhilfenahme der Vektorraumstruktur V' des Raumes beschreiben. Vieles
geht allgemeiner fuer desarguessche affine Ebenen. Fiir den eukldischen Raum geht alles
analog, nur mit 1 Dimension mehr.

7.1.1 DBeispiele
Identische Abbildung ¢ = idp mit ¢(P) = P
Zu jedem Vektor ¢ ist die Verschiebung oder Translation ¢ = 73

P— m(P)=v+P
Punktspiegelung an O mit ¢(Z+ O) = -7 + O.
Zentrische Streckung an O um r mit ¢(Z 4+ O) = rZ + O.
Spiegelung an Gerade durch O mit Normalensvektor 7

O(Z+ 0) = (¥ —2(i | ©)i) + O

Gleitspiegelung: ¢(Z + O) = o(Z) + U+ O wobei o Spiegelung an Gerade durch O mit
Richtungsvektor v

Drehung mit Zentrum O um Winkel w
¢(P)=Q < |0Q[=[0P|, QOP =w

allerdings braucht man hier noch den Begriff der Orientierung - anschaulich: gegen die
Uhr

7.1.2 Affine Abbildungen
Eine Abbildung ¢ : + — F heisst affin wenn gilt

APQ = RS = \o(P)d(Q) = o(R)H(S) furalle P,Q,R,S€P, \e K

56
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Korollar 7.1.1 Die Hintereinanderausf”uhrung von affinen Abbildungen ist affin.

Satz 7.1.2 FEine injektive Abbildung ist affin genau dann, wenn sie Geraden auf Geraden
abbildet und erh”alt Parallelit”at und Streckungsverh”altnisse.

Beweis. Sei ¢ affin. Sei g die Gerade durch P, und h die durch ¢(P),»(Q). Liegt R
SN — [ SN SN

auf g, so gibt es A mit PR = APQ), also ¢(P)p(R) = Ap(P)o(Q) und somit ¢(R) auf

h. Andererseits 1”asst sich jeder Punkt auf h auf eindeutige Weise so darstellen. Also

h = ¢(g). Ist ¢’ parallel zu g, wird ¢’ von Punkten R, S mit RS = 1?2 aufgespannt, also
o(g') von ¢(R), #(S) und das ist parallel zu h.

Umkehrung: Im Fall A = 1 geht es darum, dass Parallelogramme auf Parallelogramme
abgebildet werden - was aus der Annahme iiner die Abbildung von Geraden folgt. Fiir
allgemeines A gilt dann die Behauptung wegen Erhaltung der Streckungsverhaltnisse. []

Lemma 7.1.3 Sei O fest. Jede affine Abbildung l”asst sich eindeutig als Hintereinander-
ausf”uhrung einer affinen Abbildung o mit Fixpunkt O und einer Translation T schreiben

¢=Todo, mitT(0)=0(0), ¢o=T1"0¢

7.1.3 Lineare Abbildungen

Eine Abbildung ¢q : V' — V eines K-Vektorraums in sich ist linear, wenn fur alle Z, i € V'
und r € K gilt
Go(Z + §) = do(T) + ¢o(Y), Go(rZ) = r(do(Z))

Satz 7.1.4 Sei O € P fest. Die (injektiven) affinen Selbstabbildungen ¢ : F — F
entsprechen umkehrbar eindeutig den (injektiven) linearen Abbildungen ¢o : V. — V
verm”oge

P(T + 0) = ¢o(Z) + ¢(0),  ¢o(¥) = ¢(0) ¢( + O)
Die lineare Abbildung ¢y hdangt nicht von O ab.

Beweis im injektiven Fall. Sei ¢ gegeben. Nach (A2) ist ¢y wohldefiniert und eindeutig
bestimmt. Die Definition von affiner Abbildung ergibt sofort ¢o(rZ) = r¢o(Z). Anderser-
seits werden Parallelogramme wieder auf Paralleogramme abgebildet, also das mit Seiten
0,740 und 5+ O, Z+ 5+ O, auf das mit Seiten ¢(O), p(Z+0) und ¢(7+O0), p(T+7+O).
Es folgt
Go(Z + ) + ¢(0) = (T + §+ O) = ¢o(Z) + ¢o(9) + ¢(O)
also @o(Z+ 4) = ¢o(Z) + ¢o(¥)-

Sei umgekehrt ¢q linear. Sei p'= OP usw. und M7 —p) = )\P—Cj — RS = §— 7 Dann
?(R)9(S) = ¢(0)d(S) — #(O)d(R) = ¢o(5) — ¢o(F) = do(5—T)
= ¢o(A(q— D)) = Ao(T — P) = Ap(P)P(Q).

Weiterhin
YT+ Q) = (T + T+ 0) = ¢o(Z + T) + O = ¢o(Z) + do(¥) + O

= ¢o(Z) + ¢(0+ O) = ¢o(Z) + ¢(Q)
falls Q@ = v+ O, was die Unabh”angigkeit von der Wahl des Punktes O beweist. []
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Korollar 7.1.5 Die affinen Abbildungen ¢ mit Fizpunkt O entsprechen umkehrbar ein-
deutig den linearen Abbildungen ¢o verm”oge ¢(Z + O) = ¢o(Z) + O

Ist O ein Fixpunkt von ¢ und w”ahlt man diesen als Ursprung, so wird bei der beliebten
Identifikation von Punkten mit Ortsvektoren die affine Abbildung ¢ mit der linearen
Abbildung ¢q identifiziert.

Korollar 7.1.6 FEine affine Abbildung ist injektiv, surjektiv bzw. bijektiv genau dann,
wenn es die zugeh”orige lineare Abbildung ist.

7.1.4 Matrixbeschreibung

Matrixbeschreibung affiner Abbildungen der Ebene in homogenen Koordinatem bzgl.
affiner Koordinatensysteme erweist sich als ein Spezialfall der Beschreibung linearer Ab-
bildungen im 3-dimensionalen Vektorraum bzgl. der zugehorigen Basen. Insbesondere
gelten die aus LA bekannten Transformationsformeln. Hintergrund davon ist, dass man
einer affinen Abbildung ¢ der Ebene F (mit Richtungsebene Up) eine lineare Abbildung
des ¢ des Vektor-Raumes zuordnen kann mit

WD) +ZeFtini+ZeF, o) e, firie Uy

Satz 7.1.7 Seien o : Og,ay,d2 und 3 : Og, 51, b Koordinatensysteme der Ebene. Dann
gibt es 1-1-Entsprechung zwischen affinen Abbildungen ¢ : F — F und affinen Matrizen
A gegeben durch

Cb(P)B = AP%, A= (1 (Z) = %a
Daber gilt
60, = () A= (@@’ (on(ae)”

Im Falle o = 3 sind die Translationen 15 gekennzeichnet durch A = E und t = 0%

die Abbildungen mit Fizpunkt O, durch t = 0.

Y

Die nullte Spalte von A enthélt die -Koordinaten des
Bildes des Urspungs von «, die Spalten von A enthalten
die f-Koordinaten der Bilder der Basisvektoren von a.

Beweis. Wir betrachten zunéchst den Fall, dass ¢(O,) = O bzw. t = 0. Dann kénnen
wir ¢ durch die lineare Abbildung ¢, ersetzen und kennen fiir diese die Behauptung aus
LA 1. Die Aussagen im Fall o = § sind offensichtlich.

Im allgemeinen Fall einer affinen Abbildung ¢ sei ¥ = ¢(0,)Os und ¢ = 730 ¢. Dann
1(04) = Op und wir haben die Entsprechung

1 0
Vs = <0 A)
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Nun ¢ = 7‘51 01 =T1_zo1 d.h. wirv haben die Entsprechung

5(m-5)5 = G ?5)
und die Behauptung folgt mit
(1 0*) _ (1 0*) _ (1 0*) O
t A t E 0 A
Korollar 7.1.8 Fine injektive affine Abbildung ist auch bijektiv.

Beweis: Die entsprechende Behauptung gilt fiir lineare Abbildungen. [J

Korollar 7.1.9 Zu Dreiecken Py, P1, Py und Qq, Q1, Q2 ¢ibt es genau eine affine Abbil-
dung ¢ mit ¢(P;) = Q; firi=0,1,2 und diese ist bijektiv.

Beweis. Die Dreiecke stehen in 1-1-Entsprechung zu Koordinatensystemen « : Py, Py Py, Py P
und [ : Qo, QoQ1, QoQ2. Die entsprechende Matrix ist hier die Einheitsmatrix. [J

Korollar 7.1.10 Komposition und Inverse (bijektiver) affiner Abbildungen sind affin und
es gilt

sWod)s= s550a &b 'a=(ats)"
7.1.5 Transformation der Matrixbeschreibung

Wir wollen jetzt affine Abbildungen nur in der Form

beschreiben, also bzgl. jeweils desselbe Koordinatensystems in Ein- und Ausgabe. Dafiir
betrachten wir den Wechsel von einem Koordinatensystem zu einem anderen zu einer
anderen. Hier gilt, wie wir wissen

1 0

P = T3P° wobei J5 = <v T
atp

). v=t0n
Das folgt auch aus der bekannten Formel fiir lineare Abbildungen und dem Unstand, dass
oIy = 4T E;

die Transformationmatrix fiir die Basen & und (3 von V ist. Es folgt

~ ~ 1 0~
BLa atp 1 1
Fiir eine affine Abbildung ¢ : P — P haben wir daher
o da= olp b5 5Tn

1 0"\ (1 0\ (1 0"\ ' _ 1 0
v S v A v S T \v+ St - STASY) SAST!

wobei S = 5T i
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7.2  Bewegungen

7.2.1 Bewegungen und orthogonale Abbildungen

Eine Bewegung ist eine abstandserhaltende Abbildung ¢ : + — F der euklidischen Ebene
oder Raumes in sich

[0(P)o(Q)] = [PQ[  f'uralle P,Q € F

Lemma 7.2.1 Die Hintereinanderausf”uhrung von Bewegungen ist Bewegung. Transla-
tionen sind Bewegungen.

Lemma 7.2.2 Jede Bewegung ist eine affine Abbildung.

Beweis. Wie wir schon wissen, kann Kollinearitdt durch Abstande ausgedriickt werdn: @
zwischen P und R genau dann, wenn |PR| = |PQ| + |QR|. Somit werden Geraden in
Geraden abgebildet. Kongruente Dreiecke werden auf kongruente Dreiecke, also nach dem
Satz iber Wechselwinkel an Parallelen auch paralle Geraden in parallele Graden abge-

bildet. Es ist nun zu zeigen, dass eine Binehung ]?9 = )\J@ durch Absténde ausgedriickt
—
werden kann. Bestimme dazu Q' mit PQ’ = AP(Q). Dies bedeutet

o |PQ'| = |PQ|+ |QQ’| im Falle A > 1
e |PQ|=|PQ|+|QQ|im Falle0 <A< 1
¢ |QQ'| =|Q'P|+ |PQ|im Falle A <0

O

7.2.2 Orthogonale Abbildungen

Eine lineare ¢ : V' — V eines euklidischen Vektorraumes V' ist eine orthogonale Abbildung,
wenn eine der folgenden ”aquivalenten Aussagen gilt (die ” Aquivalenz ergibt sich daraus,
dass die Lange aus dem Skalarprodukt definiert werden kann und umgekehrt - (Z|7) =
(17 + 917 = 21> — [91%)

o (X)) =(Z|y) furalleZ, g€V o |¢(Z)|=|Z| "uralled eV

Korollar 7.2.3 Eine affine Selbstabbildung ¢ : + — F der euklidischen Ebene ist genau
dann eine Bewegung, wenn die zugeh”orige lineare Abbildung ¢o orthogonal ist.

s s
Beweis. |Z] = |0,Z+ 0|, |¢o(Z)| = |¢p(0)p(Z + O)| und die Behauptung ist klar. [J
Beispiele von Bewegungen mit Fixpunkt O sind in der Ebene Drehungen und (senkrechte)
Spiegelungen an einer Geraden, sowie Gleitspiegelungen.
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7.2.3 Matrixbeschreibung

F”ur eine lineare Abbildung ¢ : V' — V eines endlichdimensionalen euklidischen Raumes
sind ”aquivalent

(1) ¢ ist orthogonal
(2) Das Bild einer/jeder ON-Basis ist ON-Basis
(3) Bzgl. eines/jedes Paares von ON-Basen ist ,¢g orthogonal

Beweis.1 = 2 ist trivial. 2 = 3. Die Spalten der Matrix z¢, von ¢ bzgl. der ON-Basen
a, # sind die Koordinaten der Bilder ¢(€;) der ON-Basis « : €7, .. ., €, also orthonormal,

da die ¢(€;) eine ON-Basis bilden. Also ist ¢, orthogonal.
3= 1. Sei A = 3¢, orthogonal. Dann

(6() | 6()) = (D(T)7) ¢(§)" = (AT*)" Ag™ = (7°) A" Ag™ = (") Ey* = (Z|7)

Korollar 7.2.4 FEine orthogonale Abbildung ist durch die Bilder von dim V —1 unabh”angigen
Vektoren schon zweideutig bestimmt - eindeutig bei Vorgabe der Orientierung.

Korollar 7.2.5 FEine affine Abbildung der Ebene ist genau dann eine Bewegung, wenn
sie bgzl. eines orthonormalen Koordinatenssystems durch eine affine Matriz A mit or-
thogonaler Matriz A beschrieben wird

7.2.4 Determinante

Fir eine reelle 2 x 2-Matrix A definieren wir
det A = aj1a9 — azia12
Satz 7.2.6 det E =1, det(AB)=det A det B, detA = detA’

Beweis. nachrechnen. [0 Wir vermerken die wichtigen Spezialf”alle

Korollar 7.2.7

1
A)=r"det A A7l = “LAS) = det(A).
det(rA) =r"det A, det et A det(ST AS) = det(A)
Korollar 7.2.8 Fiir eine lineare Abbildung ¢ eines 2-dimensioalen Vektorraumes hdangt
det ¢, nicht von der Basis o ab.

Beweis. Transformationsformel und Kor.7.2.7. [0 Wir definieren dies als die Determiante
det ¢ der Abbildung. Die anschauliche Bedeutung des Betrags der Deteminante in der
Ebene ist die Flache der Bildes des Einheitsquadrats, d.h. “Vergroerungsfaktor”.

Korollar 7.2.9 FEine injektive affine Abbildung der Ebene ist entweder orientierungser-
haltend oder orientierungsumkehrend, d.h. es gilt det ¢ > 0 oder det ¢ < 0
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7.2.5 Klassifikation ebener orthogonale Abbildungen

Korollar 7.2.10 Fiir Orthonormalbasen o und 3 : by, by gilt det 8 = det(b.by) = det(b% bg) =
+1

Beweis. B = (b %) ist orthogonal, also B = B~! und (det B)2 = det Bdet B! =
det BB =det E =10

Eine Ortientierung wird durch die Vorgabe einer Orthonormalbasis « festgelegt. KEine
Orthonormalbasis § ist dann genau dann positiv orientiert, wenn det = 1, andernfalls
negativ orientiert.

Satz 7.2.11 FEine orthogonale Abbildung ¢ im 2-dimensionalen euklidischen Vektorraum
qilt entweder det ¢ = 1 und es handelt sich um eine Drehung oder det ¢ = —1 und es ist
eine Spiegelung an einer Geraden

Beweis. Wir benutzen wieder mal Ortsvektoren und legen eine positiv orientierte ON-
Basis €1, €5 fest. Das Bild by, by ist wieder eine ON-Basis und positiv orientiert, falls
det = 1. Die Koordinaten der Bilder der Basisvektoren bestimmen sich dann laut

Drehmatrix
cosw —sinw
sinw  cosw

Ist det ¢ = —1, so ist l;l, 52 negativ orientiert und somit

(¥) L&),y = L&, by — 90° = L&, by

Andererseits |b; — &]| = |¢(b1) — b2| also ¢(b;) = €. Entsprechend d(by) = &. Wegen (¥)
ist die Winkelhalbierende g zu éj, b1 auch die zu bg, é> und es handelt sich somit um die
Spiegelung an g - weils fiir die Basis stimmt.

7.2.6 Klassifikation der ebenen Bewegungen

Eine Gerade [ ist Fizgerade unter der Bewegung ¢ falls ¢ P auf [ fiir alle Punkte P von .

Satz 7.2.12 Fine Bewegung in der euklidischen Ebene ist genau von eimen der folgenden
Typen und der Typ ist durch die Anzahl der Fizpunkte bzw. Fizgeraden bestimmt

a. Identitat: mindesstens 3 nicht kollineare Fixpunkte

b. Echte Translaation: kien Fixpunkte, midenstens 2 Fixgeraden. Die Fizgeraden
bilden eine Parallelschar.

c. Echte Drehung: genau eine Fixpunkt. Orientierungserhaltend

d. Spiegelung: midenstens 1 Fizpunkt, genau eine Fixgerade. Die Fixgerade besteht
genau aus den Fixpunkten.

e. Echte Gleit(Schub)Spiegelung: keine Fizpunkte, genau eine Fizgerade.
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Beweis. Jede affine Abbildung hat die Form ¢ = 7 o ¢p wobei 7 Translation und ¢p
mit (beliebig vorgegebenem) Fixpunkt O. Hier ist ¢ Bewegung ¢ und somit ¢ entweder
Drehung p mit Zentrum O und Winkel w oder Spiegelung o mit Achse [ durch O. O.B.d.A.
ist keines von 7, p, o die Identitét. Sei 7 = 73

Bzgl. 7op kann_) man einen Radius und Punkte P, () auf den Kreis um O so, dass
p(P) = Q@ und t = QP. Dann ist P Fixpunkt und ¢ Drehung mit Zentrum P und Winkel
w, weil p = ¢pp und ¢ denselben Linearteil ¢y haben.

Sei o Spiegelung an [. Zerlege t = t; + to mit #; senkrecht zu [ und %, parallel zu [.
Dann ist 73, oo Spiegelung an der Geraden /'l durch (den Fixpunkt) %t_i + O wieder wegen
des Linearteils ¢. Definitionsgemaf ist dann 700 = 77, o 7;; o 0 Gleitspiegelung an [’ mit
Schubvektor fy. O

Korollar 7.2.13 Sei 7 Translation. Ist p Drehung, so auch T o p. Ist o Spiegelung, so
ist T o o Spiegelung oder Gleitspiegelung.

7.2.7 Ahnlichkeitsabbildungen

Satz 7.2.14 Fir eine bijektive affine Abbildung ¢ der euklidischen Ebene sind die folgen-
den Aussagen dquivalent

(1) Es gibt ¢ > 0 mit |p(P)p(Q)| = c|PQ)| fir alle Punkte P,Q
(i1) ¢(A)p(B)p(C) = ABC fiir alle Dreiecke ABC
(7i1) Es gibt eine orthogonale Abbildung 1o und Konstante r > 0 mit ¢g = 11y

Eine solche Abbildung heifit Ahnlichkeitsabbildung.

Beweis. (i) = (i1). Sei |BA| = |BC/|. Es folgt |¢p(B)o(A)| = |o(B)p(C)| = ¢|BA|. Wéhle
A" auf ¢(B)Ve(A) und " auf ¢(B)Vé(C) mit |¢(B)A'| = |¢(B)C’"| = |BA|. Nach dem
Strahlensatz folgt |A'C’| = 1|¢(A)¢(C)| = |AC|. Also ¢(A)¢(B)¢(C) = ABC.

(1i) = (i17). Waéhle orthonormales Koordinatensystem O,¢é},€;. Dann ist €5 +
O, O, ¢, + O ein gleichschenklig rechtwinkliges Dreieck, also auch sein Bild ¢g(€3) +
O, O, ¢o(€1) + O. Also ¢y(€;) = ¢b; mit Orthonormalbasis by, by. Sei also 1 die orthogo-
nale Abbildung mit ¥y (¢;) = b.

(1ii) = (i). Setze ¢ = r. Wegen ¢ = 7 0 ¢o gilt |¢(0) ¢(Z + O)| = ||¢o(Z)|| =
lro(@)]| = cllvo(@)]| = | Z|| = c|0Z + 0. O

Eine affine Abbildung ¢ mit Fixpunkt O ist eine zentrische Streckung, falls es r £ 0 gibt
mit ¢o = rid (vgl. Kap.4.11)

Satz 7.2.15 Jede Ahnlichkeitsabbildung ist von genau einem der folgenden Typen
(1) echte Translation

(2) Drehstreckung ¢ o p, wobei ( zentrische Streckung und p Drehung, beide mit dem-
selben Fizpunkt

(8) Schubklappstreckung 770 ¢ o 0 mit Spiegelung o and [, zentrischer Streckung ¢ mit
Fizpunkt auf | und Translation mit Schubvektor v parallel ,
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(1) und (2) sind orientierungserhaltend, (3) orientierungsumkehrend. (3) enthélt die
Klappstreckungen als Spezialfall mit v = 0 d.h. mit Fixpunkt O. In (2) und (3) hat
man die entsprechenden Bewegungen als Spezialfall mit r» = 1.

Beweis wie bei Klassifikaion der Bewegungen: ¢ = 7 o ¢ wobei ¢o Drehstreckung bzw.
Klappstreckung mit Fixpunkt O. Ersteres als Ubung 12.3.1. Sei also ¢ Klappstreckung
an ¢ mit Streckfaktor . Es geniigt, den Fall ¢ senkrecht zu [ zu betrachten. Hier hat
man Klappstreckung an 'l durch (den Fixpunkt) H%Fl + O wieder wegen des Linearteils
¢o = T mit orthogonalem v und det¢y = —1. [J

7.3 Orthogonal and unitary endomorphisms

7.3.1 Isometries w.r.t forms

Given K-vector spaces V, W with sesquilinear forms ® resp. ¥ w.r.t the same involution
*, one can ask whether there is a bijective linear map ¢ : V' — W such that

U(px, py) = ®(z,y) for all z,y in V.

Such is an isometry from (V, ®) onto (W, ¥)

Lemma 7.3.1 If A and B are the matrices of ® resp. ¥ w.r.t any bases o of V resp. 3
of W, then M defines an isometry ¢ of (V,®) onto (W, V) if and only if M is invertible
and A = M*BM.

Proof. Let (¢7)° = Mz ¢ is bijective iff M is invertible. Moreover, U(¢T, ¢ff) =
(Mwzx*)*BMy* = £** M*BMy®, thus ¢ isometry if M*BM is the matrix of ®, i.e. = A.

For a space (V, ®), the set of all isometries of (V,®) onto itself is a group under com-
position and inversion, the isometry group of (V,®). Given a basis o and matrix A
of ®, the corresponding matrices are those in GL(n, K) with A = M*AM, in particular
det M (det M)* = 1.

7.3.2 Isometries w.r.t scalar products

Theorem 7.3.2 Let V' be an euclidean resp, unitary vector space. For a map ¢ : V — V

t.f.a.e.
o ¢ is linear and (¢(Z) | ¢(y)) = (Z|Y) for all Z, 7€V
o ¢ is linear and preserves length: YZ.NY. |p(Z)| = |Z|

e ¢ preserves the scalar product: YZ.NY. (¢(Z) | o(y)) = (Z| ¥)
e $(0) = 0 and ¢ preserves distances VZNG. |p(Z) — ¢(7)| = |& — §| - only in the

euclidean case

Proof. 3= 1. [ré(Z)—¢(rD)|* = |r[*|¢(Z)*—r*(S(Z) | §(rE)) —r{d(rZ) | §(T)) +[b(rT)|* =

72| Z|? — r(Z| rZ) — r(rZ| Z) + |rZ]? = |rZ — rZ|? = 0 whence r¢(F) = ¢(rT).
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It holds |+ y* = [Z° + 2R(Z|y) + [§1*. Thus |§(Z + ) — [6(Z) + S(G)]* = |$(Z +
DIP = 2R(6(F + ) | (7)) — 2R((Z + §) | 6(1)) + [o(Z)]* + 2R(4(2) | 9(7)) + |(#)]* =
|7+ §* — 2R(T + 7| 7) — 2R(E + 7| 9) + |71 + 2R(Z | 9) + [§1° = [Z]* + 2R(F| ) + [9]° —

2172 —2R(F| §) —2R(Z | §) —2/§1°+|Z[*+2R(F| ) +[§1* = 0, whence ¢(F+§) = ¢(Z)+(7).

1= 2 |¢(D)* = (¢(2) [ $(2)) = (| 7) = |Z]*.

2 = 3: For the real part we have: R(Z| ) = 1(|Z+¢]*—|Z|* — |7]?) and for the imaginary
part (7| y) = R(F| — 7). Thus by linearity of ¢: R(6(Z) | 4(7)) = 3(16(Z) + d(H)[* —
6(@)° = 16()°) = 5(16(& + §)|> — [o(@)* — 6(@)?) = 317+ 71 — [2]” — |§]*) = R(Z| )
forr all ¥ and g. It follows: S(o(Z) | o(7)) = R{p(Z) | — ip(¥)) = R(o(X) | p(—iy)) =
2 = 4 is obvious. From (Z|y) = 1(|7 — ¢]*> — |Z]* — |9]?) it follows in the euclidean case

gb(f)lczﬁ@» = —5(16(Z) — 6> = [#(@)* = [o(D*) = =5 (17 = §1° — |7* = [#1°) = (&%)

82

7.3.3 Orthogonal and unitary maps

Theorem 7.3.3 Let V' be a finite dimensional euclidean resp. unitary vector space. For
a linear map ¢ :' V — 'V t.fa.e.

e ¢ is an isometry of V., (|) onto itself

o The image ¢(€1),...,0(€,) of some/each ON-basis is a ON-basis

o W.r.t. some/each pair o, 3 of ON-bases one has unitary matric z¢,

o ¢* =1

e ¢ has (in the complezification) an ON-basis of EV with EW of absolut value 1
Such ¢ is unitary, and orthogonal if K = R.

Corollary 7.3.4 Unitary maps resp. matrices are normal, have eigenvalue and determi-
nant of absolute value 1.

The EW can be written as € = cosw + isinw and there is unitary S such that

ewr 0
A=8T1AS=| o ;
0 ... ewn

which is the wunitary normal form. For n = 2 and a rotation matrix
A (cgsw — smw)
sinw  cosw
with angle w w.r.t an ON=basis €7, €5 we have the complex eigenvectors

. 1 . .. 1 (4 = 1 - S .1 (=i
U=—=(i€) + &) = 1) U=—=(—i€) +6) == — ]
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e“ 0
0 6—iw
cosw —sinw 1 1CoOSw —sinw iw [ 7
. =1{.. =e
sinw cosw 1 isinw  cosw 1

Accordingly, for n = 3 one has the unitary normal form of an orthogonal matrix

and unitary normal form

Indeed

+1 0 0
0 e« 0
0 0 e ™

Proof..1 = 2 is trivial. 2 = 3. The columns of the matrix ,¢, of ¢ w.r.t. the ON-basis
« are the coordinates of the images ¢(€;) thus orthonormal, since the ¢(€;) form an ON-
basis. Therefore ,¢, is unitary and g¢, = g1, o®a is unitary.too.

3= 1. Let A= ,¢, unitary. Then

(0(2) [ ¢()) = (AT®)" Ay™ = (7°) A" AY* = (7°)"Ey* = (7| 9)

3 & 4 since U* = U~! characterizes unitary matrices. 1 —4 = 5: ¢ is normal, since
¢ o =1id = ¢o¢p*. Hence, one can apply the spectral theorem. If ¢p(¢) = A\’ amd ¢ # 0
then

0] = |p(w]| = [AT] = [A] - 7]

whence |A| = 1. 5 = 3: The matrix of ¢ is a unitary diagonal matrix.
For a unitary matrix A one has det A = det A = det A* = det A™* = 1/det A whence
det Adet A =1. O
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