Algebra Universalis, 18 (1984) 225-259 0002-5240/84/020225-35$01.50+Q.20/0
© 1984 Birkhiuser Verlag, Basel

On elementary Arguesian lattices with four generators

CHRISTIAN HERRMANN

The investigation of modular lattices with four generators has proceeded on
two lines. First, one may restrict attention to sufficiently small subvarieties. This
was done by Freese [5] for the case of primitive breadth=2 and in [7] for the
variety generated by complemented Arguesian lattices (based on results from
representation theory [6, 17, 11]). On the other hand one may assume relations
on the generators as in Day, Wille, et al. [3], Sauer, Seibert, and Wille [20], and in
[9]. The effect of forbidding the breadth two models as factors has been described
by relations in Freese [5] (for the splitting ones) and in [10]. Here we study the
variety of “elementary” Arguesian lattices in which frame generated lattices are
subdirect products of projective geometries. Our main result is

THEOREM. The subdirectly irreducible elementary Arguesian lattices gener-
ated by four elements a, b, ¢, d such that a+b=c+d and ab =< cd are precisely the
breadth <2 lattices listed in [3] and the n-dimensional projective geometries over
prime fields, 2=n<w.

We refer to Day [1] for any concepts not explained here.

1. Frames in elementary Arguesian lattices

Recall the definition of a frame in the sense of von Neumann [18]. A system ¢
of elements a;, ¢; (1=i,j=n;i#j) of a modular lattice M is called a frame of
order n in M (and of the sublattice [u, v]) if the following relations are satisfied

for i#£j#k#i:

ZaiZU, aiZ(ajlf?éi):ua &4 = a;iC; = U, Gj = Gy,
a;+a;=a;+cy, ca = (a; + a )¢ + i)
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Abstractly, a frame can be viewed as a system of generators and relations which,
as was shown by Huhn [14], is projective for modular lattices. In particular there
are four variable terms d,¢; (i, j=3) forming a frame of order 3 for every
substitution. Given a frame a;, ¢; of order =3 of an Arguesian lattice M the set

{xeM|x+a,=a,+a, xa,=0}
carries the structure of a ring with unit ¢;, under

p@q=(a;+a)({(ay+ci3)(az+p)+(az+as)cis+q))
p®q =(a;+ a)((a;+ as)(cys +p)+(ay+as)(ciz +q)).

This is a highly nontrivial result of Day and Pickering [4] extending von Neumann’s
work.
For each prime p let us consider the identities

d1=a4,(p®¢12) + a1 (pR¢é10) +dr)dr+¢1)

0=a,(pRC)((pR¢12) +dy)dy+¢12)

expressing that the ideal of elements of order p and the ideal of muitiples are
complements of each other. Then, of course, the ring characteristic has to be
square free or zero. Thus, we may call an Arguesian lattice “elementary” if it
satisfies all of the above identities.

LEMMA 1.1. The subdirectly irreducible Arguesian lattices generated by a
frame of order n =3 are exactly the n — 1-dimensional projective geometries over
prime fields.

Proof. Let ¢ be the generating frame of L and

U = a,(p®ciz), v, = a,((p®cy2) +a)ar+cyy).

Then u,v,=0 and u,+uv, =a,; by the above identities. Since L is subdirectly
irreducible we have u, = a, or v, = a; according to [13; 2.2]. Now, if u, = a, then
¢ has characteristic p and we are done by the theorem in Day [2]. Thus, we may
assume v, = a, for all p. It follows a; +p®cy;=a;+a, and a,(p®c;,)=0. This
means that all primes are invertible in the coordinatizing ring of L and we have
the rationals as a subring. With the same proof as in Day [2] we conclude that L is
a projective geometry.
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From this we get explicit descriptions of frame generated elementary Ar-
guesian lattices as in Cor. 8.4 in [12]. We just state

COROLLARY 1.2. Let L be an elementary Arguesian lattice generated by a
frame not having finite characteristic. Then L is the rational projective geometry
L(Q%) or a subdirect product of infinitely many L(Z})’s and there is a homomorph-
ism of L onto L{Q3) under which the preimages of 0 are just those sequences
which are 0 on all but finitely many places.

From the lemma it is clear that every elementary Arguesian lattice satisfies the
identities expressing “p* divides p”’ from Hutchinson and Czédli [15]. Maybe the
converse is true, too.

2. Decomposition Methods

A useful test for the centrality of elements in a modular lattice has been
formulated in Poguntke [19].

PROPOSITION 2.1. Let M be a modular lattice with 0 and 1 and generating
set E. Let u and v be complementary elements such that e = eu+ev for all e in E.
Then u and v are central in M.

For general neutral elements there is a method, too, see Proposition 2 in [9].
Besides proving the neutrality of u it yields an explicit description of the subdirect
product as a “glued sum” in the sense of Kurinnoi [16] (cf. [8]) of intervals which
are direct products of a principal ideal of the upper factor and a principal filter of
the lower factor.

PROPOSITION 2.2. An element u of a modular lattice M is neutral provided
there exists a lattice S and an order preserving map a of S into M such that the maps
x> uax and x — u-+ax preserve joins and meets, respectively, and that M is
generated by the union of all intervals [uax, ax], [uax, u], [ax, u+ax], and
[u, u+ax].

A powerful method for the analysis of subdirect products without neutral
elements is the method of calculation of bounds and associated prime quotients
due to Freese [5] and Wille [21]. In a quite general setting it can be formulated as
follows.
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PROPOSITION 2.3. Let S and M be modular lattices, p a homomorphism of
M onto S, o and v right inverses of p preserving joins and meets, respectively.
Assume that ox <x for all x and that a generting set of M is contained in the union
of all intervals [ox, yx]. Then there is a subdirect decomposition of M into factors
M,, M, with projections , w, such that M, is a homomorphic image of S under
0=y and m,op =m,yyq in M, for every prime quotient p/q of S.

A mixture of both methods has been used in [12], Proposition 8.1.

PROPOSITION 2.4. Let u=<v be elements of a modular lattice M. Let o a join
homomorphism and vy a meet homomorphism of S into M such that u -+ ox = vyx for
all x in a generating subset of S. Assume that x+—>u+ox and x— vyx are
homomorphisms of S into M and that M is generated by the union of all intervals
[ox, vx]1, x in S. Then one has a subdirect decomposition of M into two factors in the
first of which u=7v holds and in the second ox = vyx for all x in S.

Finally, we provide a method which works for elementary Arguesian lattices only.
We say that a subset ¢ of a frame ¢ determines ¢ if it contains all g; and the
pairs (i, j) with ¢; in ¢ define a connected graph on the index set {1, . .., n}. Then,
¢ is generated by ¢ in any modular lattice.

PROPOSITION 2.5. Let M and S be elementary Arguesian lattices, S gener-
ated by a frame ¢, and u an element of M. Let o and ¢ be homomorphisms of S into
M such that M is generated by the image of ¢ together with u and such that
uel=oc1 and uee = oe for all e in a subset § of ¢ which determines ¢. Then u is
neutral in M.

Proof. Applying Proposition 2.4 in the form of Wille’s D,-lemma [21] we get a
subdirect decomposition of M into a distributive lattice M, and a lattice M, in
which u=<¢l, i.e. u=oc1. In particular, M, is generated by the two frames m,od
and m,0¢. Therefore, it will suffice to show that u =3 a/ is neutral in an
elementary Arguesian lattice M generated by two frames a;, ¢; and aj, ¢j; of order
n with aj=a; cj=c; Assume that M is generated freely. Let S be the
elementary Arguesian lattice freely generated by a frame a7, ¢J; of order n and o
and vy the homomorphisms mapping this frame onto a}, ¢j; and g, ¢;, respectively.
By Proposition 2.4 we get a subdirect decomposition of M into a homomorphic
image M; of S with 7r,u =1 and a lattice M, with m,a1(p ® c},) = 0 for all primes
p since af(p & cy,) is an atom in S in view of Lemma 1.1.

Thus, we may consider M freely generated under the relations a;(r ® c3,) =0,
r#0. Again by Lemma 1.1 the sublattice generated by the frame aj, cj; is either
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the rational projective geometry L(Qg) or trivial. In the latter case u is neutral,
obviously. If not, let S=L(Q%) and o the canonical isomorphism onto the
sublattice of M generated by ai,c; The frame a;, ¢; cannot have a finite
characteristic since then so would the reduced frame a/cj;—cf. [12], Section 3.
Therefore, there is a homomorphism p of the sublattice generated by a,, ¢; onto
S. Consider M as embedded into its ideal lattice $(M) and let yx be the ideal of
M generated by p~'x. Now, let M’ be the sublattice of $(M) generated by M and
the image of y. Again by Proposition 2.4 (even we need not check that o and vy
are inverses of a homomorphism if we appeal to Proposition 7 in Wille [21]) we
get a subdirect decomposition of M’ into a homomorphic image M; of S and a
factor M, with m,a)=<m,y0. By Corollary 1.2 this implies mya;=m,(r ® c,,) for
an r# 0 which means that the frame m,a}, m,c}; has characteristic r and is trivial,
indeed. Thus, in both factors mu is neutral whence u is neutral in M, too.

3. The neutral polynomials

We have to recall some definitions and results from [10, 11]. The inductive
beginnings become easier if we add a new 0 and 1 to FM(4). The lattice F
obtained in this way is the modular lattice with constants 0 and 1 freely generated
by four elements. We write a=e;,b=e,, c=e3;, d=e, for the generators,
E ={a, b, ¢, d}. With the notation n={1, ..., n} define for {i,j, k, [} =4

Gi = Qi = G = Q. = (& T ¢){e T ep)-

Let p; = p; = pa = puc denote the endomorphism of F with 1+ g;, 0+~ 0, and
e — eq; for e in E. Observe that

pix = x(aqy, dgy, cq;, dgy) =x =x(a, b, ¢, d)

interpreting the elements of F as polynomials. Write for i in 3
G =G+s1 and g =pyi.

Define by induction

Se=1, si=a+b+c+d sn+1=Z(pisn|ie3)
to=1, ti=(a+tb+c)a+b+dia+c+dib+c+d), to1=0. (pt,|ie3)

Piui=¢€tt, Prni1,i = Z (P | T€4, j#1)
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for i in 4. According to sections 1 and 3 in [11] we have for n=1 and i#j# k#i

in 3 and 4, respectively,

aq=pq and p-p=p; P (3.1)
Sn+1= PiSn T PiSns Lr1 = Piln  Pilns Pn+1.i = PijPrj T PikPrk (3.2)
GiSn+1 = PiSns Gito+1 = Pitns GiiPn+1,i = PiiDnj (3.3)
sn-i*lS tn Spni SSn (34)
qij(ek +e)= g€, +que  for ledi, j, k} (3.5)
ef<t, foralle#fin E (3.6)
S, +qis, =5, and Z eq;s;=es, forein E 3.7)
i
get; +qgiet, =et, foralle in E (3.8)
Define r,; = Y. (p,; | €4, j#i). Then
Tt = Pilni + Ptk (3.9
GijTn+1,i = Pijlng (3-10)

Proof. Let {i,j, k, I} =4. (3.9) follows directly with (3.2):

pijrnj + PixTnk = Py (pm' + Pnk + pnl) + Pix (pni + pnj + pnl)
= PjiPni T PPk T PraPnt T PriPri + Puclokc + Pt

= Pnt1,j t Prrik T Pt = Favnie

(3.10) is shown by induction. Let e.g. i=1, j=2, k=3, [ =4. Then

di2r21=q:(q1a+ q2d +q1d + q,a + q;¢ +qza)  (by (3.2))
=q,a+q,d+qic+(a+b)g,d+(c+d)g,a+qgsa) (by modularity)

=qia+qc+qid=pioria.
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Then for n>2 by inductive hypothesis and (3.1)

APtk = QiiQicPirTnk = Pik (QiiTar) = Pix (Graric)
= PicPriln—1,1 = PriPikTn—1,1 = BiiPjthm—1,1
= 0y (Qlni) = Dyt

whence by (3.9) and modularity

Giitn+1,i = qi]‘(pijrnj + Pircli) = PiiTri t QijPitcTnic = Pihj-

LEMMA 3.1. Let M be a modular lattice generated by a, b, c,d such that
s.(a,b,c,d)=1 and t,(a, b, c,d)=0. Then

X > (XPn1, XPn2, XPn3> XPna)  and (X1, Xo, X3, X4) 7> X + X5+ X3+ Xy

are mutually inverse isomorphisms between M and the direct product of the intervals
[O: pni] (l in 4) OfM

This is Lemma 3.2 in [11].

LEMMA 3.2. Let u,v, and w be any of the elements 0, 1, s,, t,, P, s (=1, i
in 4) or Y (p; i in I) with I<4 such that u=w=v. Then

w(au+v, bu+v, cu+v,du+v)=w

gilau+v, bu+v, cutv, dutv)=qu+v forjin3

(eg)(au+v, bu+v, cu+v,du+v)=equ+v foreinE, jin 3.

For the proof we need some preparations. Let us say that three elements of a

modular Jattice distribute if x(y+z)=xy+xz or x+yz=(x+y)(x+2z) for a
suitable labelling. Then, these three elements generate a distributive sublattice.

LEMMA 3.3. Let u be any element of F such that t,(au, bu, cu, du)=u. Then
for {e,f.g, h}=E and j in 3 the element u distributes with e +f, g+h and with
e,g+h as well as with e, g;. If u is one of s,, t,, Y, p,; then it distributes with e, f, too.

Proof. We have by modularity

u(e+f)+u(g+h)=ue+u(g+h)=ue+ug+uh=t(au, bu, cu, du)=u
and with g; = (e +f)(g+h)

ug +ue =(e+f)(u(g+h)+ue)=(e+flu(g+h+e)=u(q +e).
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For u=s,,t, the third claim is contained in [10;2.3]. For u=) p,; the proof
given there transfers due to (3.2) and (3.9).

By [11; 5.1] we have

LEMMA 3.4. The elements s,, t,, P, and 1, (n=<2, i in 4) are neutral in F.
Inductive proofs of formulas (for F or for suitable homomorphic images) often follow
the subsequent scheme: Let u=v and u'=v' in F such that q;u = pyu’, q;v = p;v’,
and v distributes with e and g; for all e in E. Then for all p in F

(psp)au+v, ..., dutv)=p;(plaw'+v',...,du"+0") (3.11)
Proof.
(pyplau+v, ..., du+v)
=(p;p)(u(a+v),...,u(d+v)) (by modularity)
=plgu(a+v),...,qu(d+v)) (by definition of p;)
= p(qyu(gsa +g;v), . . ., qu(gyd +qyv)) (by assumption)
= p(piju’(pija + pijvl)a cees piju’(pijd + Pijv'))
=py(p(u'(a+v"),...,u'(d+v") (by homomorphy)
=p;(pu'a+v’,...,u'd+v")) (by modularity).
Proof of 3.2. f w is one of the elements listed in Lemma 3.4 then so is u
whence by neutrality
wlau+v,...,du+v)=uw(a+v,...,d+v)

wla+uv,...,d+v)s=wla+w,...,d+w)=w.

Since w=w(a+v,...,d+v) by monotonicity, the claim follows in this case.
Now, we may proceed by induction. By (3.3) and (3.10) we can choose u'=v' and
p; with p; = p;(au’+v’, . .., du’+v') such that q;u = pu’, ;0 = p;v’, and w = }; pyp;.
Due to Lemma 3.3 we may apply (3.11) to obtain

w(au+v,..., du+u)=z pi(pi(w'a+v’, ..., u'a+v")
i

= Z PyDi = W.
i
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Finally, given e and j choose f, g, h such that q; =(e+f)(g+h). By Lemma 3.3
and modularity we get

glau+tv,...,du+v)=(eu+v+fu)(gu+v+hu)
=((e+fHHut+v)(g+hu+v)=ule+f+uv)(g+h+v)

=u(g+v)=ug+v
and

(eq)au+v, ..., du+v)=(eu+v)(gu+v+hu)
=ule+v)(g+h+v)=ule(g+h)+v)=ueqg+o.

“Remark. In the sequel, given a modular lattice with a quadruple of generators
we use the names of elements of F for the elements in that lattice corresponding
under the canonical homomorphism.

Obviously, F is symmetric in a, b, ¢, d: every prermutation of the free
generators extends to an automorphism. This induces a permutation on the set
{41> 42> g3} or, if you like on the index set 3={1, 2, 3}. This symmetries substan-
tially reduce the amount of computation and we use them freely —leaving the
search for the actual symmetry to be applied to the reader, mostly.

4. Introducing parameters

Trying to show that all elements s,, f,, p,; are neutral we may assume without
loss of generality that sy =0 for a fixed N. This is due to the following result in
f10].

LEMMA 4.1. Let M be a subdirectly irreducible modular lattice with four
generators which is none of the breadth two lattices M, S(n, 4), R,,= FM{J%) or its
dual listed in [3] and [10]. Then there is an N such that s, =0 or s¥=1 (s¥
denoting the dual of sx).

To complete the argument recall from [11] that s,, = s7 for all m and k and that
s =1 for all k in any of the lattices listed above. Looking more closely at the
proof we even get

LEMMA 4.2. Let M be a modular lattice generated by a, b, c,d such that
t, = S3,4+1. Then t, is neutral in M.
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Proof. We apply Proposition 2.2 to u=t, with S being the lattice S, with 0
adjoined and « the map vy defined in [10; §4]. According to Claim 4 in [10] the
map x+—> uax is a join homomorphism. For x,y in S with xy#0 we have
axay = axy whence (1 + ax)(u+ ay) = u + axay = u +axy. Therefore, it suffices to
check that epiq; =t, for e in E and i in 3. This is done by induction on n. eq; <t
is obvious. Then, for n>1 we have ep?q, = eqp?q; = p;(ep! 'q) =pit,_1 =t..

Therefore, the lattices to be studied in the sequel may be thought of as
subdirect products of finitely many factors of defect —1 or —2. Even not yet
having established the neutrality of the s, and t, we know by Lemma 3.2 and [11;
§2, 3] what the sublattices corresponding to a neighbouring pair look like:

The sublattice generated by et, +s,.; (e in E) is also generated by a frame of
order 2n+1 (with the generating quadruple given in analogy to an indecomposa-
ble quadruple of defect —2).

The sublattice generated by es,+tf, (e in E) is a direct product of four
sublattices generated by frames of order n (with the generating quadruples given
in analogy to indecomposable quadruples of defect —1 —ranging through the four
possible types). This decomposition is induced by the elements p,; (i in 4).

For small n we give more details. Let M be a nontrivial lattice satisfying the
indicated relations.

5:=0: M is the 2-element lattice D, and E=0.

t; =1, s,=0: Any triple of elements in E is independent with join 1.

t,=1,5;=0: M is generated by a frame of order 5 such that E={a;+a,,
as+as, Cas+Ca4, CyqtCaslh

pu=1,6=0:M=D,, e,=1, and ¢ =0 for j#i.

pai =1, t,=0: M is the length 2 lattice M; with 3 atoms e;, ¢, ¢, and ¢ =0.

psi =1, t3=0:Let {i, j, k, [} =4. Then ¢, ¢, ¢ are independent, ¢;+¢, +tg=1=

e;+e, ee=0, and the sets {0, e(e te), ¢, e, ¢+e}, {0,
e(ej+e), ele+e), ele +e), ¢} form sublattices M.

The following proposition enables us to reduce the neutrality problem to the
case where only two different such factors may appear. Nevertheless we prefer the
direct application of Proposition 2.2 wherever possible since it gives more insight
into the structure of the subdirect product.

PROPOSITION 4.3. Let ug=u;=u,=- - - a chain in F consisting of elements
Sy b, and Y {pn: | i in I} with n <o and I=4. Let R be any set of integers and o a
variety of modular lattices. Assume that for all k <m with k, m not in R and all M
in o with u, = 1, U1 = U, and u,,,., =0 the element u,, is neutral in M. Then for
all M in o satisfying u, = u,,, for all r in R all the elements u;(j <) are neutral in
M.
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Proof. In view of Lemma 4.1 it suffices to consider M such that y, =1 and
U,,.1 =0 for suitable k =m. We proceed by induction on m —k the case m =k
being trivial. Let k<m and S the modular lattice freely generated by a, b, ¢, d
such that for every j the relations u;(x+y)=ux +uy;y with x, y ranging over all
terms in F are valid. This just means that u; is neutral in S. By Lemma 3.2 we
have

uj(auk+1s v dg )= Uil 11

for all j whence the inductive hypothesis applies to the sublattice of M generated
by the ew,.,,e in E. Thus, all u; are neutral therein and there exists a
homomorphism 7 of S into M such that te = ey, for e in E. Analogously, we
have a homomorphism vy of S into M such that ye = e +u,, for ¢ in E. Now, by
modularity

Upy + 7€ = Uy, + €l 1 = U1 (U T €) = Uiy 1 Ve

Moreover, again by Lemma 3.2 ou,, = u,, and yu.1=t,. The elements w4
and u,, of S being neutral we see that the maps

X Uy +0x =0(Uy, +x) and x> U yx = y(Uhe,1X)

are homomorphisms of S into M. Therefore, Proposition 2.3 yields a subdirect
decomposition of M into a factor with wu,, =y, and a homomorphic image of S.
In the first the u; are neutral by hypothesis and in the second by definition of S.
Consequently, the u; are neutral in M, too.

Sections 5, 6, and 9 below are not needed for the proof of the theorem. We
include them here since they deal with the same kind of question in a somewhat
simpler setting.

5. Auxiliary polynomials

In the further applications of the methods of Section 2 element wise definition
of the maps requested will not longer be possible. Therefore, we take the lattices
S freely generated under certain relations and gain the maps by giving the values
on the generators, only. The following auxiliary polynomials related to the p,; will
serve for this purpose. For i in 4 and n =1 define by induction:

fu=e+ry, fov1i = Z (pijfni l jed, j#i).
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Then, for any n=1 and i#j#k#i in 4 we have

fri = Ouifri T Pirfp—rie i n=2 (5.1
Giifni = Pifn—1; ifn=2 (5.2)
Toiti =fu =8, and fu+t =pu (5.3)
Fri(@fuis bfis friy Afi) = fri (5.4)
to(@f iy Dfis CFris i) =Tu1i (5.5)
f.; distributes with e, g+h and e, q; forn=2, e#g#h#ecE (5.6)
Fas1.i(@ + fui B+ oy €+ iy d+F) = fu (5.7
Snerl@+fus - d+f) =t(a+fu, . d+fu) (5.8)
t,+ef,; =t,+ep,; foreinE (5.9)
efitgfu+thfu=Ffu forefg#h#teinE n=2 (5.10)

Proof. Assume {i,j, k,[}=4 and n =1, first. (5.3) follows from the definition
by (3.4). Using the neutrality of r,; (Lemma 3.4) we get for e in E

ef;; =ele; +1y) =ee; +ery,
whence

fulafis, bf1i, cfvis df1i)
= eif1; + rai(afyi, bfui, cfi, df)

= ¢; +ry;(ary;, bry, cryy, dry;)

=¢+ry=f; (byLemma 3.2).
proving (5.4). Also, it follows with (3.6) and (3.4)
t1(af i, bf1i, cfy, dfu) < ee; +ee +ee +ry =1y

which is (5.5). For (5.7) and (5.8) observe that the e+f;; are contained in the
sublattice generated by the e+ r,; (e in E). In view of the neutrality of r,; (Lemma
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3.3) we have to check the claims for the lattice with r,; =0, only, or even for its
factors M given by the neutral elements py;, t;, and s,. The factors are listed in §4.
If ;=1 and 5,=0 then there is a frame a; ¢, of order 3 such that E=
{as, as, ¢33, €12} and 1 together with the e+f,; (e in E) form a length two
sublattice M; with smallest element e. If s, =1 then M=M;, already, and if
pi; =1 and t; =0 then M has two elements, only. In any case the claims are easily
checked. (5.9) is obvious. For n =2 one shows (5.1) as follows:

Pif1; + Pud1e
= Gy T ey T 0T T Pucl 2
=ele . +e)tele+e)tr; (by(3.9)
=ele+e)+pary (by modularity)

= ey T Pata = paf11-

Next, we prove for n=2:

AiPafu—1k = Pifn—1; (5.11)
AiPucf 1 = GiGacPucf i = Puc(Gyf1ic)

= Puc (G (e + 1)) = puc(Gijer + qiirar)  (by Lemma 3.4)

= qudier + pu(Pury)  (by (3.10))

= py(ex (g +e))+ pypyrn  (by (3.1)

= pyPai + 0y S Pty (by (3.10)).
From (5.1) and (5.11) follows (5.2), immediately:
Giifwi = 4 (Pif—1; T Pafr-1ic)
= Pifa—1; T GiPufa-1x = piifamr; (by modularity).
Thus, for n =2 we may proceed with a joint induction on (5.1), (5.2), and (5.11):
GiiPicfrk = GiiixPafur = P (qijfnk)
= Puc(Guifur) = puprafu—1;  (induction on (5.2))

= PePircfn—1,1 = paPifu-11  (by (3.1))
= pii(qifu;) = pyf; (induction on (5.2));
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whence with the inductive hypotheses (5.1) and (5.2)

Pafu = P (@ifur + Gufut)
= PutiPuf + PaduPufn
= QuPufu + Qulifu = Puacftc T Piifs-

This proves (5.1), too. The remaining claims are shown by induction following the
scheme (3.11) and appealing to (3.3), (3.10), and (5.2). For (5.3)—(5.5) this is
obvious. Now, we have for n=2 by (5.3} and (3.4) f, =1t, whence by (5.4)

t{af s - - - » dfy) = fi. This implies (5.10), (5.6). (5.7) and (5.8) follow with (3.11),
easily. Finally, we prove (5.9) for n=2.

b+ efyy = Z (Gt + Gefi)
= Z 0y (t—s +ef,_1;) (by (3.3) and (5.2))
= ; 0y (t,_, +ep,_1,;) (by induction)
=t,+ Z Giep  (by (3.3))

=t,+ . (q;)(aPys - - ., dp;) (by Lemma 3.2)
i

= tn +e(apni7 seey dpm') = tn +epni
by (3.7) since in view of {3.4) and Lemma 3.2

S2(apni:- DR dpni) = Dni-

From now on all lattices are supposed to be elementary Arguesian.

6. Lattices with 1, =1 and t,.,=0.

LEMMA 6.1.. Let M be a lattice generated by aq, b, ¢, d such that ¢, =1 and
t,-1=0. Then s, ., is neutral in M and for i in 4

Su+1fni = Iyyi (61)
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We need the following formulas valid in F (proved below):

Pui(@Sy + 1ty . ., dSy + 1) = Py (6.2)

fn.i(a+sn+19 cees d+sn+1)=.fni+sn+1 (63)

For the proof observe, first, that by (3.2) the inductive hypothesis applies to the
sublattice M;; of M generated by the eq; (e in E). In particular, s, (agy, . . ., dq;) —
which equals g;s,, .1 by (3.3) — distributes with any two elements x, y of Mj;. Then,

Sp(x+y)= sn+1qij(x +y)= n+105% T Sn4145Y = Sp+1X + Sp1y

which means

S.+1 distributes with any x and y in M; (6.4)
Now, consider for fixed i in 4 the elements a-+f, ...,d+f,; of M. By
monotonicity we  have t(a+fu...,d+f;)=1, whence by (5.8)

Spri(@+fu, . ..,d+f)=1, too. On the other hand r,. ;(a+f,, ..., d+fu)=fu
by (5.7). Thus, S, being defined as the lattice freely generated by a, b, ¢, d such
thats,.,=landr,,; =0 (ie. p,s1; =1 and t,,; =0 in view of Lemma 3.1) there
exists a homomorphism ¢; of S; into M with

¢e=e+f,; foreinE.

We want to show that Proposition 2.2 applies with u=s,,,, S=S5,XS§,XS5;xS,
and a(xy, Xa, X3, X4) = @1X102X,Q3X3¢4X,. This becomes easy if we know what
S.+1¢; is. For that something like Proposition 2.5 seems to be indispensable. Let
v; be the homomorphism of S; into M such that

Yi€ = e+sn+l+fni(a +Sn+1’ LR d+ Sn+1) for e in E.

which exists for the same reasons as ¢; does. Also, by Lemma 3.2 there exists a
homomorphism o; of S; into M such that for e in E

o€ =S,.18+r,.y; Wwhence o;ls =8, 1+ 1= S0

Recall that according to [11; 3.3] S; is generated by a frame ¢ of order n.
Moreover, there are j and k in 4 such that ¢ contains the frames ;¢ and ;¢ of
order n—1 belonging to the sublattices S; and S, of S; generated by the eg; (e in
E) and eqy (e in E); respectively. Even, ¢ is determined by ¢ = é; U ¢y. We
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have to show that

Ssritex=vx and s, @x=ocx for x in .
Now, in view of

qij(a Fhoe s d+fni)§fni+Qij+Sn+1 (6.5)
(this and other formulas will be proved below) we have ¢q; <¢,0+q;+S,41
whence the composition §,x = (q; +S,+1)@x(x € S;) of @; | S; and the transposition
y Yy (g +S.+1) is 2 homomorphism, too. We claim that ¢;(S;) is contained in
the image R; of the interval [qyt,.1; g;] of M; under the transposition y —>
y +r1,.1,;. Namely, by (5.6)

¢i(eq;) =eq; +f, forein E
and

(@i + Sps0)foi = Qijfpi + Paiq; for n=2 (6.6)

whence ¢;(eq;) € R; by modularity and (5.2). Now, by modularity and (6.4) s,
distributes with any two elements of R;;. Thus, the map

X8, X =S, 19X (xe Sij)
is a homomorphism and so is the map
XSt ex (xeSy).

To show that they coincide on S;; with o; and v;, respectively, it suffices to check that
this is the case on the generators eq; (e in E), i.e.

Sn+1<Pi(eQij) =0; (eqij) 6.7)

Sp+1+ @ieq;) = @ (eqy) (6.8)
Having the corresponding facts for S; we proved the hypotheses on . Also,
Sur1T¢;0=170 by (6.3).

Therefore, we can apply the dual of Proposition 2.5 to get the neutrality of
S,+; in the sublattice generated by s, ., and the image of ¢;.
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Consequently, the map x> s,,;¢;x is 2 homomorphism and coincides with o;
since it does so on the generating set ¢ On the other hand let us consider the
sublattice U of M generated by the es,.; (¢ in E). By Lemma 3.2 and (6.2) we
have

Sn+1(asn+19 e dsn+1) =Sn+1s tn+1(asn+1; ] dsn+1) = 0,

pn+1,i (asn+1’ T ey dsn+1) = pn+1,i'

Thus by Lemma 3.1 the elements p,.,; (i in 4) yield a direct decomposition of U.
This means that the map

(Y1, Y2, ¥3, Y4) > ¥1¥2¥3Y4

is an isomorphism of the direct product of the intervals-[r,, 1, S,1] of U (i€4)
onto U. Therefore,

X = (X1, X2, X3, X4) 7> 01X102X203X304X4 = S, 10X

is @ homomorphism of S into U. Then, s,_, distributes with ax and ay for all x
and y in S since

Sprilax +ay)=ss,  a(x+y)=s, 0x+5, 0y,

«a being meet preserving it follows that x+>s,,;+ax preserves meets, too.
Finally, observe that

a(e, € e, e) Ze= sn+la(e9 é e, e)

for e in E since in view of the direct decomposition

senrale e e, e)=1ae=T1(1e+rmis) =s.01e.
i i

Thus, Proposition 2.2 yields the neutrality of s,,, in M.

Still, we have to prove the formulas referred to above. (6.2) and (6.3) are
proved inductively using (3.11) the case n =1 being obvious by the neutrality of
Sy, 1, and s,. In the remaining proofs we make heavy use of the neutrality of
GiiSn+1 in Mj;. For (6.1) observe that n =1 means s,e; = r,;. Due to the neutrality of
s, and r,; we have to check the case s, =1 and ry; =0 only. In this case we have
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p2 =1 and £, =0 by Lemma 3.1 whence ¢; =0—cf §4. Let n=2; we get

S+ 1fi
= Su+1fui(GSn+1F GucSn+1)(Gifu + dufs)  (by (3.2) and (5.1))
= Sp+1fni(@iiSnr1 T Qi + @) (by modularity)
= Fri(GiiSn+1+ Snr1(Gacfri + 4iGa))  (by modularity)
= £ (GySn 1+ Pt (S (Fomik + G5))
= £ (@ySus1 + Gulnra;)  (by induction)
= fuliiSns1+ Qs s (DY (5.3) and modularity)
= Qyilnr1; T+ Qutn+1;  (by induction)

=t (by (3.9))

since, applying the inductive hypothesis to the eq;, we have

Sn+lqijfni = (Snfn~—1,j)(aqijs S dqij) (by (3.3) and (5.2))
= rn]'(aqij, cees dqij) = GiiTn+1,i (by (3.10).

In (6.5) the case n=1 and e.g. i=1, j =2 amounts to

(a+bYa+c+d)=a+(a+b)c+d)+s,

which is immediate by modularity. For n =2 we have e = eq; +eqy. for e in E by
(3.8) whence with g; =(e+f)(g+h)

ai(a+fo ... d+f)=(e+f+fu)g+h+fui)+a;
= g + (qice + G + Gacfn) (8 + h+ fi)
(by (5.2) and modularity)
=gy +pu((e+f+fu 1)@ +h+f 1))
=<q; +pufa—rk T G +$,) (by induction)
=qy+fut+ 81 (by (3.2) and (5.1))
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since with gy = (e +g)(f+h) we have

Qu(g+h+fu)=(F+h)g+(e+g)h+f) (by modularity)
=({f+h)(g+(e+gh+(e+g)fu) (by(5.6)
=hqy +(f+h)g+(e+g)f,) (by modularity)
= hay + qu(g+fs) (by modularity)
= hgy + gquc + qufu (Y (5.6)).

Concerning (6.6) we calculate

(@ + S 0)fri = (G5 + S04 )(Qifi + Gufs) (Y (5.1))
= Gijfw + (G + So+)ufs  (by modularity)
= Gyfei T (GiGikc + Su+19u) i (by modularity and (3.2))
= Gyfoi + Puac (Giifa—14 + Sufu-10)  (by (6.4))
= Giifoi T Gl (by (6.1))
= Qyifai + 1o (by (5.3) and (3.9)).

Moreover,

Snr10i(€qy) = spr1(eqy +fu)(sae1+ay)  (by (5.6))
= Sy1(eqy + £ (Sae1+gy))  (by modularity)
= Snr1(€qy + ful T 1os1) (b (6.6))
= Spr16Gi + Sy feily t mers  (by modularity and (6.4))
= $p+1€G;i + Tnar; = 0i(eqy)  (by (6.1) and Lemma 3.2)
and
Snr1+ @i (€Gy) = eqyj + fri + 8p41 (b (5.6))
=v;(eq;) (by (6.3) and Lemma 3.2)

7. Lattices with r,,=1,t,=5,.,, and r,,,;=0.

LEMMA 7.1. For i in 4 let M be a lattice generated by a, b, c, d such that
I =1, t,=S$.41, and r,,,; =0. Then t, is neutral in M.
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We need the polynomials g,; (n=1, i#j in 4) defined as follows:

81ij = €

8nii = Pic&n—1,ik T Pjtn—1.11 (7.1)

where {i, j, k, [} =4. We claim that for a lattice M as above

Qjk8nij = Pix&n-1c i n=2 (7.2)
i T b = Dy (7.3)
&nii (A8 - - - » AGnis) = &ui (7.4)
0 (A8uss> - - - » A} =0 (1.5)

t, distributes with eg,; and gg.; + hg.;
forn=2 e#g#h#¥einEandmin3 (7.6)

t,+eg; =t,+ep,; foreinE (7.7
t, distributes with gg,; and hg,; for g#hin E (7.8)
tn8nii = &nij (s Do, Clyy dt) (7.9)
G (88ni; + hgoj) e My if g =(e+f)(g+h) and n=2 (7.10)

where M, is the sublattice of M generated by the eqy. (e in E).

The proof is by induction on n. For n=<2 the neutrality of ¢, together with
Lemma 3.1 allows a decomposition of M and we have to check the claims in the
factors, only. According to §4 these are: For n =1: For any j#i the two element
lattice D, with ¢;=1 and e, =0 for k#j. The length two lattice M; with three
atoms ¢ (j#i) and ¢ =0.

For n=2: For j#i the lattice M; with ¢;=0 and three atoms e, (k#j). A
lattice generated by a frame a, ¢;; of order 3 such that

{ai, ay, as}=E—{e;} and ¢ =cipp+C13=C13+Cp3=Crateos
Everything is checked, easily. Let e.g. i=1, j=2, and k =3. Then

Li=cla+d)+d(a+c)=(a+d)(a+c)Hct+d), gz =(a+d)(b+c)
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and, in particular, concerning (7.10)
A23(g212a + g212d) = (b+c)a(c+d)+d(a+c))=(b+c)cla+d)+d(a+c))
=c(a+d)+d(a+c)(b+c)=cqr+dqisqzs

= pas(c +dq,3) € Moy
q23(8212b + g212¢) = (a+d)(b(a +d)(a+c)(c+d)+c(a+d))

= p23(bqi2913+ ¢) € Mys.

Now, let n=3. In view of (3.3) and (3.10) the inductive hypothesis applies to the
lattice My, (j# k in 4) with generators eq; (e in E). In particular, we have in
analogy to (6.4)

t, distributes with any x and y in M, (7.11)

Let us delay the proof of the formulas and use them to prove the neutrality of t,.
For simplicity of notation assume i=1. For j#1 let §; be the lattice freely
generated by a, b, ¢, d such that p,; =1 and t,=0. By (7.3)<(7.5) there is a
homomorphism ¢; of S; into M such that

¢e =eg,; foreinE.
We are going to show that Proposition 2.2 applies with $=5,XxS;%x S, and
a(xz, X3, X4) = @2X5 + @3X3+ @aX,4. In order to do so we determine the t, + @;x;, first.
Again by (7.3)~(7.5) and (7.9) there is a homomorphism o; of S; into M such that
oje = et g (at,, bt,, ct,, dt,) for e in E.

By Lemma 3.2 there is a homomorphism +; of S; into M such that

vie = ep,; +t, forein E.
We show
Lex=ox and t,+@x=+yx forxin Sy (k#1,))

where ;. is the sublattice of S; generated by the eqgy (e in E). Indeed, observe
that for e in E we have by (7.2) and (7.10) with g =(e+f)(g+h)

®ieqc = €8nij (88 T NEuij) = €8t (8Zij + N&uij) € My
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whence ¢;(Sj) S M and x = t,¢;x (x € Sy) is a homomorphism by (7.11). Then
80 is x > £, + @;x (x € Si), too. Moreover the first coincides on ;. with o; and the
second with +y; since they do so on the generators. Namely, by Lemma 3.3, (7.8),
and (7.9)

t.0;(eqix) = 1,08 (88 + N&ui)
= €1, (81a&ui; T N8ii) = 0 (eqy.)

and by (7.8) and (7.7)

b+ @) = t, + €8 (88 + N&nij) = (£, + €8 )t + €8s + MGis)
= (, + epn)(t, + 8Dy + hDry) = vi(eqic)-

Since Og, = Os, we get t, + 0,0 = v,0. Also by (7.9) t,¢;1=0;1. Moreover, given
k and [ such that {1, j, k, [} =4 choosing the = in [11; 3.3] properly the generating
frame of S; will be such that it is determined by the union of the generating frames
of Sy and S;. '

Therefore, as in §6 we obtain the neutrality of ¢, in the sublattice generated by
t, and the image of ¢; applying Proposition 2.5.

Consequently, the map x =~ 1, + ¢;x (x € S;) is a homomorphism and coincides
with v; since it does so on the generators eqy (e in E, k# 1, j). Now, in view of
Lemma 3.2 and 3.1 the sublattice generated by the e+t, (e in E) is a direct
product of its intervals [t,, p,;] (j#i). Thus the map

X =(X3, X3, Xa) V> b, + @2X0 + @3X3F @axs =1, +ax

is a homomorphism of S into M. « being a join homomorphism we conclude that

X+ tax is a join homomorphism, too. Finally, ale, e,e)<e=<t, +ale e, e)=

t, +e for e in E. Therefore, Proposition 2.2 yields the neutrality of t, in M.
Coming to the proof of (7.2) we calculate

GicPn8n—1.k1 = GitediP8n— 1.1t = P (& —10a)  (by (3. 1))
= 03(qugn—1.1) = PPugn 2 (by induction)
= PiPp8n—2.ji = PikPri8n—2,ji (by (3.1)
= P (Quin—1,) = Pi&a—1,.  (by induction)

and derive (7.2) from (7.1) by modularity. (7.3) is derived by (7.1), and (3.2),
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immediately, (7.4) and (7.5) follow with (3.11). Concerning (7.7) we get

byt €8uij = Qjkctn T Gjkc€8nij T Gjtln T+ Gj1€8uij
= pp(tac1+ €8u1.) + Pta—1+ €8nrt)
(by (3.3) and (7.2))
= P (a1 + €Pn—1,6) T P (b1 + €Pn_1,1)
(by induction)
=t,+ep, (asin the proof of (5.9))

the converse inclusion given by (7.3). Consequently
(tn + ggm'j)(tn + hgnij) = (tn + gpnj)(tn + hpnj) = tn

by Lemma 3.2 and (3.6) proving (7.8). (7.9) is proved in analogy to (6.1): By
(7.2), (7.11), (3.2) and (3.3) we get using modularity

tn8ni = (e Bis + At (Gt + )
= Gt (Girct + it (G + G518 )) = & (Gt + Py (1—18n—1,0))
= G (Gictn + (ta=18n-1,)(aGy, - - - > dq))
= i (Gite + Gu—ra(aqut,, - . . , dgut,)) (by induction)
= i (dicte + Gi8nis (at,,, . . ., A1) (by (7.2))
= guiGicts + Gu8nii (at,, . . ., dt,)  (by modularity)
= Qi (Alys - - -, L) + @i (A, - . ., d,)
(as above)
=g i(at, ..., dt,) (by(7.1) and (7.2)).

Finally, concerning (7.10) we have #,(a8;, - .., dg.;) =gy by (7.3) and (7.4)
whence by (3.8)

€8uij = Qjx€8mij T dp€gn; for e in E.

It follows by modularity

Girc (€8s + HErij)
= Gc88nij + Aich8uij + A (4188w + ih8ii) € impy,
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since
4c88nij + Gitch8nii = Pt (88n 11 + Mg —1.1c)
by (7.2) and
At (4188wij + Aih&uii) = Pt (G (88n—1.01 + M1 i)
which belongs to p;(imp;.) by the inductive hypothesis, i.e. to imp;py = impyp;

impy. by (3.1).
To derive (7.6) via Lemma 3.3 observe that by (7.9) and (7.4)

tl(atngnij> see s dtngnij) = gnij(atngnij’ “ee dtngnij)
= gnij(atna cers dtn) = gnijtn-
8. Lattices with s,_,,¢,=s,.;, and ¢,.,=0.

LEMMA 8.1. Let M be a lattice generated by a, b, c,d such that s, =1,
t, = Su11, and r,.1; =0. Then t, is neutral in M and

tfui =0 (8.1)

Proof by induction. For n =1 the neutrality of ¢, follows from Lemma 3.4.
(8.1) follows with the same proof as (6.1) —this is true for n=2, too. Conse-
quently, for n=2 by (5.3)

il = Fs (i 6P = FiDrilis = fite =0

SINCE Pyt =L, in view of Lemma 3.1 and 3.2. Similarily,
foitTi=fu+t+ly=Putty=s,=1

Finally, by (5.9) together with Lemma 3.1 and 3.2 for all e in E

efni +erni = e(efni + tn + rm') = e(epm' + tn. + rni)
=e(pule+t)+ry)=elet+t)=e.
Thus, by Proposition 2.1 M is a direct product of a factor with r,; =0 and another

with r,; =1. In the first #, =0 whereas in the second t, is neutral in view of
Lemma 7.1. Hence, t, is neutral in M.
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LEMMA 8.2. Let M be a lattice generated by a, b,c,d such that s, =1,
t, = S, 11, and t,.1=0. Then t, is neutral in M.

Proof. Let T and U be the lattices freely generated by a, b, ¢, d and a, b, ¢, d
such that s, =1, t,=0 and s,,; =1, t,,, =0, respectively. Let S be the subdirect
product of T and U generated by the clements e=(¢ ¢) (e in E). Clearly,
t, = Sp+1 and the r,.; are neutral in S. Let R; be the sublattice of S generated by
the e+r,.y; (e in E). By neutrality of ¢, and r,,,; the lattice R; is a subdirect
product of T and the lattice freely generated by tha quadruple such that s, =1
and r,.3; =0. Thus in view of Lemma 8.1 R, is freely generated by the e +r, ., ; (e
in E) with respect to the relations s, =1, ¢, =s,,1, and r,,,; =0. In particular,
there exists a homomorphism ¢; of R; into M such that

ole+r,.)=e+rq; foreinE

By neutrality of 7, ; for all x in S the element x +r,.,; belongs to R;. Hence we
may define a map a from S into M by

ax :H((Pi (x+ rn+1,i) (i in 4).

Now, by Lemma 3.2 t, =%, (@a+¥ys14--.,d+ 1 1;)= @it,. Thus by Lemma 8.1
the map x — t,¢;x is 2 homomorphism of R; into M. Then, in view of Lemma 3.1
X > Lax =5, qax is a homomorphism of S into M. a being a meet homomorph-
ism it follows that x + t, + ax is a meet homomorphism, too. Moreover, for e in
E

ae=e= €Sy 41 :H sn+1(e + rn+1,i) = tnae

13

whence ¢, is neutral in M due to Proposition 2.2.

9. Lattices with s, =1 and s, ,=0

LEMMA 9.1. Let M be a lattice with generators a, b, ¢, d such that s, =1 and
S.+1=0. Then t, is neutral in M. Moreover, in M

tfwi = fu(aty, . .., dt,) 9.1)
i (i + hf) My if n=2 and gy =(e+f)(g+h) (9.2)
t, distributes with ef,;, gf,.. + hf.; and gf,., hf.; 9.3)

for e# g# h+ e in E where My, is the sublattice generated by eqy (e € E).
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Proof. For n<2t, is neutral in M by Lemma 3.4 whence (9.1) and (9.3) follow
immediately. (9.2) is shown in the same fashion as (7.10). Now, let be n=3. Due
to (3.3) the inductive hypothesis applies for i#j in 4 to the sublattice M;;. In
particular, in analogy to (6.4) we have

t, distributes with x, y for all x, y in M;; (9.4)

Postponing the proof of (9.1)-(9.3) let S; be the lattice freely generated by
a, b, c, d such that p,;, =1 and t, =0. According to (5.4) and (5.5) there exist
homomorphisms ¢; and g; of S; into M such that

pe=ef, and o= eLf, =etf(at, ..., dt,)

for e in E whence by (9.3) t,¢;1=0;1. By Lemma 3.2 there is a homomorphism
v; of S; into M such that

ve=ep,+t, forein E

Let S; denote the sublattice of S; generated by the eq; (e in E). By [11; 3.3] there
are j, k# i in 4 and generating frames.;®, ;¢, and ¢ of S, S;;, and S, respectively,
such that ;¢ is determined by ;¢ U ;.. Now

‘Pi(e%‘) = eqijfni(gfni + hfu)

belongs to M;; due to (9.2) whence ¢;(S;) is contained in M. Thus by (9.4) the
map x> t,@x (xe€S;) is a homomorphism and so is x > t+¢@x (x € S;). Due to
(9.3) and (5.9) we have

o;(eq;) = t.pi(eq;) and y(eq;)=t, + ¢;(eqy)

for e in E whence the first homomorphism coincides on S; with o; and the second
with ;. Finally,

(Pi0+tn z.fni+tn =P = 'YIO

by (5.2). Again, using Proposition 2.5 we conclude that t, is neutral in the
sublattice generated by f, and the image of ¢;.

Now, put S=8;%S,x8;X8, and a(xy, X2, X3, X5) =2 @:%;

X = (%X, Xz, X3, Xg) > 1, tax = Z YiXi
i
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is a homomorphism of S into M in view of Lemma 3.1. a« being a join
homomorphism, x > t,ax is a join homomorphism, too. Moreover,

ale, e, e,e)SeStn+e=Zepni+t,,:tn+ae.

1

Consequently, ¢, is neutral in M by Proposition 2.2. Finally, observe that the
proofs of (7.9), (7.10), and (7.8) turn into proofs of (9.1), (9.2) and the second
claim of (9.3) if one replaces g,; by f,. The first is proved as follows:
tnefni + tn(gfni + hfni) = tnefni + tngfni + tnhfni
= (efni + gfni + hfni)(atn: cen dtn) (by (9-1))
=fulat,, ..., dt,) (by (5.10)
= bfrs Z ty(ef + &fu + Bf)  (by (9.1)).

10. Lattices with #,_, = s, for all k.

LEMMA 10.1. Let M be a lattice generated by a, b, ¢, d such that t,_, = s, for
all k. Then all elements s, and t, are neutral in M.

The proof is based on the following polynomials defined for {i, j, k, [} =4 by
induction;

hy=e+e P = Pachn—1,5 + Pta—1, 1t

One has
Qicheii = ppch—1uc for n=2 (10.1)
(Pni +pni)(ah'nij: e dh'nij) = h'nij (10.2)

mk + Prm —n odd
tos (@ . .., gy P TPm RO m>n (10.3)
Wi ¥ Pmj m—n even,

tw + Ry = Dyi + Duj (10.4)
t,+eh; =t +e(py +p,) forein E (10.5)

Sm(ahy, . . ., dhy) = tu—1(ahy, . . ., dh,) m>n (10.6)
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Proof. Let n=1 and e.g. i=1,j=2. Then hy;,=a+b=f;+f, whence
(10.2) follows, immediately. (10.3) is proved by induction on m. Let m =2. Due
to the neutrality of ¢; and p,3+ p,, and monotonicity it suffices to consider the
case t; = 1 and py3+pos = 0. Again by Lemma 3.4 and 3.1 this reduces to the cases
t,=1, 5,=0 and (for h=1,2) p,,=1,t,=0. In the first we have c(a+b)=
d(a+b)=0. In the second we have (for h =1 e.g.) a lattice M; with a =0 whence
a=c(a+b)=d(a+b)=0. In both cases we obtain

t.(a, b, c(a+b),d(a+b))=ab=0.

For m =2 we get

t.{a, b, cla+b),dla+b))= ; tn—1(Gua, qnb, quc{a+b), qud(a+b))
= ; or(tn—1(a, b, c(a+b), d(a+Db)))
with h ranging over 2, 3. By induction this is contained in
02(Pm3+ Pma) + P3(Pm3 + Pma)
= P13Pm3 T P14Pma T P24Pma T P23Pm3 = Pm+1,1 T Pm+12
i#f m is even. If m is odd the above is contained in

P2(Pm1+ Pm2) + P3(Pm1+ Pm2)

= P31Pm1 T 032Pm2 7+ Pa2Pm2 T Pa1Pm1 = Pm+1,3 7+ Pmri 4
To prove (10.4) and (10.5) for n =1 we may assume t; =0 due to the neutrality of
t, —in which case the claims are checked, easily. (10.6) is proved by induction on
m with inductive step as in {10.3). For m =2 we use the neutrality of s, and t, the

case s, =0 being covered by (10.3), already. The case s, =1 and t, =0 reduces to
pon =1 and t, =0 by Lemma 3.1. Then, either a+b=1 and

so{a, b, c{la+b),dla+b))=s,=1

or a+b=0 and by (3.3)

so(a, b, cla+b),da+b))=0=1ta, b, cla+b), d(a+Db)).
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If t,=1 then by (3.8)

ete telete)=ete teqteq,=ete+e=t=1
Consequently, by modularity

ty(a, b, c(a+b),dla+b))=(a+b)a+tc+dla+b)}b+c+d(a+b)=a+b
and by modularity and (3.8)

sy(a, b, c(a+Db), d(a+b))={(p,s:+pss1)(a, b, c(a+b), d(a+b))
=a(b+d)+bla+c)+c(a+b)b+d)
' +d(a+b)a+c)
+ab+c)+bla+d)+cla+b)a+d)
+d(a+b)b+c)

=a(b+d)+bla+c)+alb+c)+blatd)y=a+b.
Let n=2, k=3, | =4. Then by modularity and (3.5)

23212 = q23(p2s(c + d) + posc + d)) = qs(c +d) + qs(cqr +dgy)
= gs(c+d)+cqr(a+d)+dg,(b+c)=qs(c+d) = pazhias
whence (10.1) follows for =3 by induction in analogy to (7.2). Now, (10.2)-

(10.4) and (10.6) are easily derived with the inductive scheme (3.11). For example
in (10.3) we get for odd m—n

t—1(a@hs, . . ., )
=tm 2GR, - - - 5 Qb)) + b o(Gpahy, . . ., qudhy;)
= tm2(pc(@hy_14), . - )+ ta(pp(ah,_1 ), . . )
= ppc (bm—2(@P_1 o - - N+ 0 (be—2(@hr 1 435 - . )
= P (Pm—1i + Pm—1.1) + P (Pr—1,6 + Prm1.)
= PiPm—1i T PyPm—1,i T PriPm—1,i T PiPm—1,j = Dent T P

In (10.5) we have to consider the case n =2, first. But p,; +p,; is neutral by
Lemma 3.4 thus we may assume that it equals 0 or 1. In both cases the claim
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follows trivially by (10.2), (10.4) and monotonicity. For n>2 we get by (10.1),
(3.3) and induction

t, + ehi = Gt + Gehy; + gty + qihie

= ppc(ta—1+ el g )+ pj(tar + €M1 )
= pitc(ta—1+€(Du1 + Pac1a ) P (i +€(Pri i + Pa—1.1)

= t, + €qiu(qeDni + GcPoi) + €Git (GiPui + GiiDry)

= t, + e (P + Do) + € (Pni + D)  (by Lemma 3.3)
= t, +(equ (A (Ppi + Pu)> - - )+ (€g)(@(Pni +Dri)s - - )
=t,+e(p, +p,) (byLemma 3.2 and (3.7)).

Proof of Lemma 10.1. In view of Lemma 4.1 we may assume that s, =1 and
t, =0 for given m=n. As an additional hypothesis we take

to(ahy, . . ., dhyg) = thy i 6 =1t (10.7)

for M as above. The proof is by order induction on the pairs (n, m —n). To prove
(10.7) in the case n=1 due to the neutrality of ¢, one may assume t;=1t,=1.
Then, as calculated in the proof of (10.6) e.g. for i=1,j=2

tl(a, b, C(a +b), d(a + b)) =qa-+ b= h‘112'

The neutrality of the . is trivial for n=m and contined in Lemma 8.1 for
m=n+1.

For n=2 we prove (10.7) applying the inductive hypothesis to the sublattice
M, generated by the eqy (e in E) - this is possible in view of (3.3). In particular,

Qitn = to1(AGik, - - - , Q)

is neutral in M, whence t, distributes with all x, y in M. Thus, (10.7) follows in
exact analogy with (7.9). Now, to prove the neutrality of the f, we may assume
m>n-+1 and, in view of Proposition 4.3, t, = S,+1 = tn—1= Sm-

Let m—n be odd, first. We study two special cases of our claim. In both we
apply Proposition 2.2 with S being the lattice freely generated by a, b, ¢, d such
that s, =1, t,_1=0, and t,_,=s; for all k>n. If p +pm =0 then by (10.2),
(10.3), and (10.6) there is a homomorphism ¢; of S into M such that g;e = eh,;
for e in E. By the inductive hypothesis t, is neutral in S. Thus, by (10.7)
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t.hy = @yt, is neutral in the image of ¢; ie. the map x—>t,+¢ux is a
homomorphism of S into M - more precisely, into the interval [, p,; + p,;] of the
sublattice of M which is generated by the e +t, (e in E). This follows from (10.5).
Recall that the p,,;, (h in 4) yield a direct decomposition of this sublattice (Lemma
3.2 and 3.1).

Now, if p,; +py =1 and p,y +pm =0 we may choose o = ¢;. Then by (10.5)
ae=e=t,+ae and Proposition 2.2 implies the neutrality of ¢, in M.

Let us assume r,; =1 and r,; =0 for a fixed i. Put

ax = ‘Pi]‘x\'!- Py X + @yX.
Since p,; =t, by assumption the p,; + p.. (h =], k, l) are independent in [t,, 1] and
x +>t, +ax is a homomorphism of S into M. Moreover, « is a joint homomorph-

ism by definition and ae <e=<t, +ae by (10.5). Consequently, t, is neutral in M
due to Proposition 2.2.

Next, let p,; =1 and p,,; =0 for a fixed i. Let T be the abelian lattice freely
generated by a, b, ¢, d such that s, =1, ¢, =s,, 1, =0, and ¢, (x +y)=t.x +1t,y for
all x,y in F. Let j#1i. Then p,; =r,;. By Lemma 3.2 we have

Ti{@ + Ty .., d+ 1) =1y and pu(a+rg...,d+r,)=1.

Thus, by the preceding step

Sm =tn Ztn(a+rmjs e ,d+rmi)
is neutral in the sublattice generated by the e+r,; (e in E) and there exists a
homomorphism ¢; of T into M such that se = e +r,,; and the map x +> s, Y;x is a

homomorphism of T into the sublattice U of M generated by the es,, (¢ in E).
Define

Bx =Tlyx | j# ).
Now,
H(rmj ]]7é i)=pmi =0

and the r,,;(j# i) yield a dual direct decomposition of U (Lemma 3.1 and 3.2).
Thus, the map x> s,,8x is a homomorphism of S into M and

Be=e=s,.e=5,Be
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for e in E. Since B is a meet homomorphism Proposition 2.2 applies and we
obtain the neutrality of t, =s,, in M.

For p,; =1 in general the proof is quite analogous with T as above and B8 a
meet of a homomorphism such that e —> e +r,,; (existing due to the first step) and
a homomorphism such that e+ e+p,,; the existence of which has just been
shown.

Finally, to get the whole claim for m —n being odd take the same T and B the
join (with i =1, 2, 3,4) of homomorphisms such that e — ep,,;.

If m —n is even then by (10.3) the homomorphism ¢; of S (as above) into M
with ¢ e =eh,; exists provided that p,;+p,; =0. Thus, the first step with
Pni +Po =1 and p,,; +pm; =0 can be done with a=¢;. In the case p,; =1 and
Pri = 0= (D + Dmj) T take T as above and B as a meet of two homomorphisms of
S into M such that e+>e+p,,; +p,; and e e+r,,;, respectively.

Let r,; =1 and r,; = 0. Let S be as above and ax = ¢p.x + @px. Observe that by
Lemma 3.1 for h=k,1

tn + ‘Pjhx = pnj(tn + (Pjhx) + pnh(tn + (pjhx)‘
By definition and (10.5)

Do (tn + @i€) = ppi (e + 1,) = Py (8, + @pe).

Thus, the map x — t, +ax is the join of the three homomorphisms

X > P (L + 0pcx), X > P (8, + i), x +> pa(t, + @px)

and itself a homomorphism by Lemma 3.1. Moreover, « is a join homomorphism
and by (10.5)

ae=e=e+t,=t,+ae

Therefore, due to Proposition 2.2 t, is neutral in M. Now, the case p,; = 1 follows
with T as above and B the meet of two homomorphisms of T into M such that
e—>e+p,; and e — e+r,,, respectively. In the general case, again, we take § as
the join of the four homomorphisms of T into M such that e — ep,;.

LEMMA 10.2. Let M be a lattice generated by a, b, ¢, d such that s, =1 and
t, =t,+1. Then t, is neutral in M.

Proof. Again we may assume that t, =0 for an m>n (Lemma 4.1). Now
proof by induction on n. (10.7) is extended to lattices of this kind with the same
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argumentation as above. Now, let S be the lattice freely generated by a, b, ¢, d
such that s, =1, t,, =0, and s, = t,_, for all k>n. By Lemma 10.1 ¢, is neutral in
S. Because of (10.2) and (10.6) there exist homomorphisms ¢; of S into M such
that ¢ e = eh,;. By (10.7) @;t, = t,h,; is neutral in the image of ¢; and x+>
t, + @;x a homomorphism of S into M. Put ax = ¢,X + ¢3,x. Then by (10.5) and
Lemma 3.2 and 3.1 x+—>1t, +ax is a homomorphism of S into M and ae<e=
t, +ae. With Proposition 2.2 we derive the neutrality of ¢,.

11. Proof of the Theorem

LEMMA 11.1. Let M be a modular lattice generated by a, b, c, d such that
a+b=c+d. Then t,=s,., for all n.

Proof. This is trivial for n =0. Let n = 1. Since t; and s, are neutral by Lemma
3.4 we may assume t; =1 and s, = 0. Then any three of a, b, ¢, d are independent
with join 1 (cf. Section 4) whence ¢ =d =0 and then 1=0. For n=1 we proceed
by induction. For i = 2, 3 we have by modularity aq; + bq, = q; whence p;t,, = p;S,+1
and t,.;=S8,., by (3.2).

To prove the Theorem let L be a subdirectly irreducible elementary Arguesian
lattice generated by a, b, ¢, d such that a+b=c+d and ab =<cd which is not of
breadth=2. In view of Lemma 4.1 we may assume s,, =0 for an m. By Lemma
11.1 we have t = s, for all k whence by Lemma 10.1 all ¢ = s, are neutral in
L. Therefore, there is an n with s, =1 and t, =0. By Lemma 3.1 we even have
P =1 for an i. Thus, L is generated by a frame of order n according to Satz 3.3
in [11]. Then Lemma 1.2 implies that L is a projective geometry over a prime
field.

We hasten to provide an example of a subdirectly irreducible lattice of
subgroups of an abelian group which is generated by elements a, b, ¢, d with
b+c=a+d and bc =ad but neither of breadth=2 nor generated by a frame.
Consider the group A =Z,B52,PDZ,DZ, with basis ey, e,, e;, e,. Let

a= <eZ - e3>a b = <e1: 62>> Cc= <e3, e4>, d = <61 — €3, 262— e4>.

Then
a, c(a+b)={(ey), dla+b)={e;~e3), b(a+c)
={ex),  blcla+b)+d(a+b))=(e)

determine a frame of order 3 of the interval [0, a+b] of L{A) which is the
subgroup lattice of (ey, e,, e3)=73 and therefore generated by this frame —see
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[13; 3.2]. On the other hand d(a+c)=2e,—e,) whence u=2e;, 2e,, 2es, e4)
belongs to the sublattice L of L(A) generated by a, b, ¢, d, too. Thus all cyclic
subgroups of A belong to L and L =L(A). That L has no spanning frame is
obvious. Also, observe that in L u = t; = s, is not neutral.

This shows that our approach may not be extended much beyond elementary
Arguesian lattices. Our progress from [7] is minimal: Every reasonable elemen-
tary Arguesian lattice is contained in the variety generated by Arguesian com-
plemented lattices. Just things like one dimensional glueings of projective geomet-
ries of different characteristics are added. Nethertheless, the proofs provide a
basis for an analysis of subdirect products of four generated lattices which e.g.
include the lattices associated with a pair of linear maps between two vector
spaces. Also, all the numbered formulas remain true in an arbitrary modular
lattice. One has to replace the general distributivity claims by claims involving
particular elements only.
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