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O n  e l e m e n t a r y  A r g u e s i a n  l a t t i c e s  w i t h  f o u r  g e n e r a t o r s  

CHRISTIAN HERRMANN 

The investigation of modular lattices with four generators has proceeded on 
two lines. First, one may restrict attention to sufficiently small subvarieties. This 
was done by Freese [5] for the case of primitive breadth--<2 and in [7] for the 
variety generated by complemented Arguesian lattices (based on results from 
representat ion theory [6, 17, 11]). On the other hand one may assume relations 
on the generators as in Day, Wille, et al. [3], Sauer, Seibert, and Wille [20], and in 
[9]. The effect of forbidding the breadth two models as factors has been described 
by relations in Freese [5] (for the splitting ones) and in [10]. Here  we study the 
variety of "e lementary"  Arguesian lattices in which frame generated lattices are 
subdirect products of projective geometries. Our main result is 

T H E O R E M .  The subdirectly irreducible elementary Arguesian lattices gener- 

ated by four elements a, b, c, d such that a + b >- c + d and ab <- cd are precisely the 
breadth <-2 lattices listed in [3] and the n-dimensional projective geometries over 

prime fields, 2 <- n < ~o. 

We refer to Day [1] for any concepts not explained here. 

1. Frames in elementary Arguesian lattices 

Recall the definition of a frame in the sense of von Neumann [18]. A system 4) 
of elements o~, c~j (1 --< i, ] --< n; i 5k ]) of a modular lattice M is called a frame of 
order n in M (and of the sublattice [u, v]) if the following relations are satisfied 
for i(=]~k--/:i: 

a, = v, a, ~ (aj I ] #  i) = u, o~aj = a~c,j = u, 

t h + a i = ~ + c , ,  qk = (a~ + ak)(c,i + % )  

Cii = Cji , 
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Abstractly, a f rame can be viewed as a system of generators and relations which, 
as was shown by Huhn  [14], is projective for modular  lattices. In particular there 
are four variable terms 4 ,  dij (i, ]--<3) forming a f rame of order 3 for every 
substitution. Given a f rame ai, qi of order  -->3 of an Arguesian lattice M the set 

{x c M [ x + a2 = a l  + a2, xa2 = 0} 

carries the structure of a ring with unit c12 under 

p ~ q = (al + a2)((a2 + c13)(a3 + p) + (a2 + a3)(c13 + q)) 

p | q = ( a l  + a2)( (a l  + a3)(c23 + p) q- (a2 q- a3)(c13 q- q)). 

This is a highly nontrivial result of Day  and Pickering [4] extending von Neumann ' s  
work. 

For each pr ime p let us consider the identities 

0 = a~(p @ d~a)(((p@ d~2) + 6062+ 612) 

expressing that the ideal of elements of order  p and the ideal of multiples are 
complements  of each other. Then,  of course, the ring characteristic has to be 
square free or zero. Thus, we may call an Arguesian lattice "e lementa ry"  if it 

satisfies all of the above identities. 

L E M M A  1.1. The subdirectly irreducible Argues ian  lattices generated by a 

f r a m e  o f  order n -> 3 are exactly the n - 1-dimensional projective geometries over  
pr ime fields. 

Pro@ Let  ~b be the generating f rame of L and 

up = a1(p|  vp = a l ( ( ( p |  + aOa2+ q2)- 

Then upVp = 0 and up +vp = a l  by the above identities. Since L is subdirectly 
irreducible we have up = al  or vp = a l  according to [13; 2.2]. Now, if up = a~ then 
4~ has characteristic p and we are done by the theorem in Day  [2]. Thus, we may 

assume v o = a l for all p. I t  follows a l + p @c12 = a lq-a2 and aa(p@c12)= 0. This 
means that all primes are invertible in the coordinatizing ring of L and we have 
the rationals as a subring. With the same proof  as in Day  [2] we conclude that L is 
a projective geometry.  
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From this we get explicit descriptions of f lame generated elementary Ar- 
guesian lattices as in Cor. 8.4 in [12]. We just state 

C O R O L L A R Y  1.2. Let L be an elementary Arguesian lattice generated by a 

frame not having finite characteristic. Then L is the rational projective geometry 
L(Q~) or a subdirect product  of infinitely many L(7/~)'s and there is a homomorph- 

ism of L onto L(Q~) under which the preimages of 0 are just those sequences 
which are 0 on all but finitely many places. 

From the lemma it is clear that every elementary Arguesian lattice satisfies the 
identities expressing ,,p2 divides p"  from Hutchinson and Cz~dli [15]. Maybe the 
converse is true, too. 

2. Decomposition Methods 

A useful test for the centrality of elements in a modular lattice has been 
formulated in Poguntke [19]. 

P R O P O S I T I O N  2.1. Let M be a modular lattice with 0 and 1 and generating 

set E. Let u and v be complementary elements such that e = eu + ev for all e in E. 
Then u and v are central in M. 

For general neutral elements there is a method, too, see Proposition 2 in [9]. 
Besides proving the neutrality of u it yields an explicit description of the subdirect 
product  as a "glued sum" in the sense of Kurinnoi [16] (cf. [8]) of intervals which 
are direct products of a principal ideal of the upper factor and a principal filter of 
the lower factor. 

P R O P O S I T I O N  2.2. A n  element u of a modular lattice M is neutral provided 

there exists a lattice S and an order preserving map a of S into M such that the maps 

x ~ uax and x ~ u +ax  preserve joins and meets, respectively, and that M is 

generated by the union of all intervals [uax, ax], [uax, u], lax, u +ax], and 
[u, u + ax]. 

A powerful method for the analysis of subdirect products without neutral 
elements is the method of calculation of bounds and associated prime quotients 
due to Freese [5] and Wille [21]. In a quite general setting it can be formulated as 
follows. 
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P R OP OS I TION 2.3. Let S and M be modular lattices, 0 a homomorphism of 

M onto S, ~ and 3" right inverses of p preserving joins and meets, respectively. 

As sume  that o'x <<- 3"x for all x and that a generting set of M is contained in the union 

of all intervals [crx, 3"x]. Then there is a subdirect decomposition of M into factors 

M~, Me with projections ~rl, ~e such that M1 is a homomorphic image of S under 

7rlo- = 7r~3" and 7r2ap <<- r in Me for every prime quotient p/q of S. 

A mixture of both methods has been used in [12], Proposition 8.1. 

P R OP OS I TION 2.4. Let u <<- v be elements of a modular lattice M. Let  o- a join 

homomorphism and 3" a meet homomorphism of S into M such that u + ~rx = v3"x for 

all x in a generating subset of S. Assume  that x ~-~ u + o-x and x ~ v3"x are 

homomorphisms of S into M and that M is generated by the union of all intervals 

[o-x, 3"x], x in S. Then one has a subdirect decomposition of M into two factors in the 

first of which u = v holds and in the second o-x = 3"x for all x in S. 

Finally, we provide a method which works for elementary Arguesian lattices only. 
We say that a subset tO of a frame 4' determines q5 if it contains all a~ and the 
pairs (i, j) with c~j in tO define a connected graph on the index set {1 . . . . .  n}. Then, 
& is generated by tO in any modular lattice. 

P R O P O S I T I O N  2.5. Let M and S be elementary Arguesian lattices, S gener- 

ated by a frame 4', and u an element of M. Let o- and q~ be homomorphisms orS  into 

M such that M is generated by the image of q~ together with u and such that 

uq~ l = o-1 and uq~e = o'e for all e in a subset tO of ~b which determines ~b. Then u is 

neutral in M. 

Proof. Applying Proposition 2.4 in the form of Wille's D2-1emma [21] we get a 
subdirect decomposition of M into a distributive lattice M1 and a lattice M2 in 
which u--<q~l, i.e. u = o-1. In particular, M2 is generated by the two frames ~r2q~q5 
and ~r2o-~b. Therefore,  it will suffice to show that u = ~  af is neutral in an 
elementary Arguesian lattice M generated by two frames a~, c~j and a f, c~'j of order 
n with a~<a~, c~j-qj .  Assume that M is generated freely. Let  S be the 
elementary Arguesian lattice freely generated by a frame a~', c'/' i of order n and o- 
and 3' the homomorphisms mapping this frame onto a'~, c',j and oh, c,j, respectively. 
By Proposition 2.4 we get a subdirect decomposition of M into a homomorphic  
image  M 1 of S with r = 1 and a lattice M2 with ~r2a[(p | c[2) = 0 for all primes 
p since a~(p | c12) is an atom in S in view of Lemma 1.1. 

Thus, we may consider M freely generated under the relations a ~(r | c[2) = 0, 
r~  0. Again by Lemma 1.1 the sublattice generated by the frame a',, c'~i is either 
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the rational project ive geometry  L(Q~) or trivial. In the latter case u is neutral,  
obviously. If not, let S = L ( Q ~ )  and ~r the canonical isomorphism onto the 

sublattice of M generated by a'~, c~. The f rame a~, c,j cannot  have a finite 
characteristic since then so would the reduced f rame ar - cf. [12], Section 3. 
Therefore ,  there is a homomorph i sm 0 of the sublattice generated by a~, c~j onto 
S. Consider M as embedded  into its ideal lattice ~ ( M )  and let 3,x be  the ideal of 
M generated by p - l x .  Now, let M '  be  the sublattice of o~(M) generated by M and 
the image of ~. Again by Proposit ion 2.4 (even we need not check that  o- and -g 
are inverses of a homomorph i sm if we appeal to Proposit ion 7 in Wille [21]) we 
get a subdirect decomposi t ion of M '  into a homomorph ic  image M1 of S and a 

factor M 2 with 7r2a~ --< r By Corollary 1.2 this implies ~r2a[ --< qr2(r @ C12 ) for 
an r e  0 which means that  the f rame zr2a'i, zr2c~j has characteristic r and is trivial, 
indeed. Thus, in both  factors zr~u is neutral whence u is neutral in M, too. 

3. The neutral polynomials 

We have to recall some definitions and results f rom [10, 11]. The  inductive 
beginnings become easier if we add a new 0 and 1 to FM(4). The  lattice F 
obtained in this way is the modular  lattice with constants 0 and 1 freely generated 

by four elements. We  write a = el, b = e2, c = e3, d = e4 for the generators,  
E = {a, b, c, d}. With the notation n = {1 . . . . .  n} define for {i, j, k, l} = 4 

% = q# = qkl = q~k = (e, + ei)(e k + e~). 

Let 0~j = 0j, = Pk~ = t~k denote  the endomorphism of F with 1 ~ %, 0 ~ 0, and 
e ~ e% for e in E. Observe that 

OqX = x ( a % ,  d%,  c%, d%)<-  x = x(a ,  b, c, d)  

interpreting the elements  of F as polynomials. Write for i in 3 

qi = qi,i+l and Oi = Oi,~+l. 

Define by induction 

s 0 = l ,  s l = a + b + c + d  S ~ + l = ~ ( O i s n l i c 3 )  

t 0 = l ,  t l = ( a + b + c ) ( a + b + d ) ( a + c + d ) ( b + c + d ) ,  t n + l = ~ , ( p ~ t ~ l i c 3 )  

p l i = e i + t l ,  p , ~ + l . i = ~ ( p i j p ~ j l j c 4 , ] ~ i )  
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for  i in 4. Accord ing  to sections 1 and 3 in [11] we have  for  n -  1 and i ~ j #  k #  i 
in 3 and 4, respect ively,  

q~qi = o~qj and 0~ " 0j = Oi " O~ (3.1) 

s.+~ = O~S. + Ois., t.+~ = O& + oit., P.+I,~ = O~jP,~j + O~kP.k (3.2) 

~ S n + l = ~ S n ,  ~ + 1 = ~ ,  qliPn+l, i=PijPnj (3.3) 

% ( e k  +e~) = q~ek +qqer for  l ~ { i , j ,  k }  

e f  <- t .  for  all e ~ f in E 

q~s2 + qjse = s2 and Y. eq~js2 = es2 for  e in E 
i 

q~et2 + qiet2 = eta for  all e in E 

Def ine  r.r = Y. (P-i ] J ~ 4, j #  i). T h e n  

Fn+l,i = oijrnj -4- Dikrrt k 

% r .  +1,~ = piir,~i 

Proof.  L e t  {i, L k, l} = 4. (3.9) follows direct ly with (3.2): 

Piirni q- Pikrnk = Pij(Pni q-Pnk q- Pn/)  q- iOik (10hi q-Phi q- Pnl) 

= PjiDni -~ PlkDrtk ~t- OklPnl q- PkiPni -~ OlkDnk q- OilPnl 

= P,~+I,i + P~+l,k + P,,+l,t = r.+l,i. 

(3.10) is shown by  induction.  Le t  e.g. i = 1, j = 2, k = 3, l = 4. T h e n  

q12ral = q l ( q l a  + qed + q l d  + q2a + q l c  + qaa) (by (3.2)) 

= q l a  + q~d + q~c + (a + b)qed  + (c + d) (q2a  + q3 a)  

= q l a  + q~c + q l d  = P12r12 �9 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 

(by modular i ty)  
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Then for n > 2 by inductive hypothesis and (3.1) 

q,~o,k r.k = q~q~ko, kr.k = 0~ ( q~ir.k ) = O~k ( qk~r.k ) 

: PikPklr~--l.l = Pklplkr.-1.1 = PljPizr.-a.l 

= Oij(qitr.j) <- oiir.~ 

whence by (3.9) and modular i ty  

qiir,+l.i = % (o~jr, i + Oikrnk ) : o~jr, i + q~io~kr, k = o~jr, q. 

L E M M A  3.1. Let  M be a modular  lattice generated by a, b, c, d such that 

s . (a,  b, c, d)  = 1 and t~(a, b, c, d) = O. Then  

X I----) (XDn 1, X'~)n2, Xpn3, Xpn4) a n d  (xl, X2, X3, X4) I----) X1 q- X2 -I- X3 5- X 4 

are mutual ly  inverse isomorphisms between M and  the direct product o f  the intervals 

[0, P,~i] (i in 4) of  M. 

This is L e m m a  3.2 in [11]. 

L E M M A  3.2. Let  u,v, and w be any of  the elements O, 1, s,, t~, p,i, r,~ (n >- 1, i 

in 4) or ~ (p,~ i in I)  with I ~_ 4 such that u >_ w >- v. Then  

w ( a u  +v,  bu + v, cu +v,  du  + v ) =  w 

q i ( a u + v ,  b u + v ,  c u + v ,  d u + v ) = q j u + v  f o r j i n 3  

(eqj)(au + v, bu + v, cu + v, du  + v)  = eqiu + v for e in E, j in 3. 

For  the proof  we need some preparations.  Let  us say that three elements  of a 
modular  lattice distribute if x(y + z) = xy + x z  or x + yz = (x + y)(x + z) for a 

suitable labelling. Then,  these three elements  generate  a distributive sublattice. 

L E M M A  3.3. Le t  u be any e lement  o f  F such that q(au ,  bu, cu, du)  >- u. Then  

for {e, f, g, h} = E and ] in 3 the e lement  u distributes with e + f, g + h and  with 

e,g + h as well as with e, qi- I f  u is one of  s,, t~, ~ P,i then it distributes with e, f, too. 

Proof. We have by modular i ty  

u(e  + f )  + u(g + h) >- ue + u(g + h) >- ue + ug + uh >- q(au ,  bu, cu, du)  >-- u 

and with q~ = (e + f ) ( g  + h) 

uqj + ue = (e + f ) (u(g  + h) + ue) = (e + f ) u ( g  + h + e) = u(qj 4- e). 
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For  u = s , ,  t, the third claim is contained in [10; 2.3]. For u =}~p,~ the proof  
given there transfers due to (3.2) and (3.9). 

By [11; 5.1] we have 

L E M M A  3.4. The e lements  s,, t,, p,~,, a n d  r,, (n  <- 2, i in 4) are neutral  in F. 

Induc t i ve  proofs o f  f o rmulas  (for F or for  suitable homornorphic  images )  of ten fo l low 

the subsequent  scheme:  L e t  u >- v and  u'  >- v'  in F such  that  % u  = O, iU', % v  = p,jv', 

a n d  v distributes wi th  e and  % for  all e in E.  T h e n  for  all p in F 

(pqp)(au  + v . . . . .  du  + v)  = p i j (p(au '  + v' ,  . . . , du  ' + v '))  (3.11) 

Proof. 
(pi jp)(au + v . . . . .  du  + v)  

= (p i j p ) (u (a  + v )  . . . . .  u ( d  + v))  (by modularity) 

= p(q~ju(a + v)  . . . . .  % u ( d  + v))  (by definition of 0i~) 

= p ( q ~ u ( % a  + % v ) , . . . ,  %u(q~f l  + % v ) )  (by assumption) 

= p(oiiu'(oija +Oiiv') . . . . .  p~ju'(pifl + Oijv')) 

= p i i (p(u ' (a  + v ' ) , . . . ,  u ' (d  + v'))) (by homomorphy)  

= p o ( p ( u ' a  + v' ,  . . . .  u 'd  + v '))  (by modularity). 

Proof  o f  3.2. If w is one of the elements  listed in L e m m a  3.4 then so is u 

whence by neutrality 

w ( a u  + v . . . . .  du  + v ) =  u w ( a  + v . . . . .  d + v)  

w ( a + v , . . . ,  d + v ) < _ w ( a + w  . . . . .  d + w ) =  w. 

Since w < - w ( a + v  . . . . .  d + v )  by monotonicity,  the claim follows in this case. 
Now, we may proceed by induction. By (3.3) and (3.10) we can choose u ' -  > v '  and 
pj with Pi = Pi( au '  + v' ,  . . . .  du '  + v')  such that % u  = O~iu', % v  = O~jv', and w = Zi O*iPi. 

Due to L e m m a  3.3 we may apply (3.11) to obtain 

w ( a u  + v, . . . , du  + v) = ~., pij(pi(u' a + v' ,  . . . .  u'  a + v') 
i 

= ~. p~jpj = w. 
i 
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Finally, given e and j choose f, g, h such that  qi = ( e + f ) ( g + h ) .  By I_emma 3.3 

and modular i ty  we get 

qj ( au + v . . . . .  du  + v ) = (  eu + v + fu  )(gu + v + hu ) 

=( (e  + f ) u  + v)((g  + h )u  + v ) =  u(e  + f + v)(g  + h + v) 

= u(qj + v) = uq~ + v 

and 

(eqfl(au + v . . . .  , du  + v) = (eu + v)(gu + v + hu)  

= u(e  + v)(g + h + v) = u(e(g + h) + v) = ueqj + v. 

Remark .  In the sequel, given a modular  lattice with a quadruple of generators 
we use the names of elements  of F for the elements  in that lattice corresponding 
under  the canonical homomorphism.  

Obviously, F is symmetr ic  in a, b, c, d: every prermutat ion of the free 
generators extends to an automorphism.  This induces a permutat ion on the set 

{ql, q2, q3} or, if you like on the index set 3 = {1, 2, 3}. This symmetries substan- 
tially reduce the amount  of computat ion and we use them f r e e l y - l e a v i n g  the 
search for the actual symmetry  to be  applied to the reader,  mostly. 

4. Introducing parameters 

Trying to show that all e lements  sn, t~, p,, are neutral we may  assume without 
loss of generality that sN = 0 for a fixed N. This is due to the following result in 
[10]. 

L E M M A  4.1. Le t  M be a subdirectly irreducible modular  lattice with four 

generators which is none of  the breadth two lattices M4, S(n,  4), R~ -- F M ( J  4) or its 

dual  listed in [3] and [10]. Then  there is an N such that sn = 0 or s * =  1 ( s*  

denoting the dual o f  SN). 

To complete  the argument  recall f rom [11] that sm--> s* for all m and k and that 
sk = 1 for all k in any of the lattices listed above. Looking more  closely at the 
proof  we even get 

L E M M A  4.2. Let  M be a modular  lattice generated by a, b, c, d such that 
t~ = s3~+1. Then  t~ is neutral in M. 
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Pro@ We apply Proposition 2.2 to u = t~ with S being the lattice S, with 0 
adjoined and o~ the map ,/ defined in [10; w According to Claim 4 in [10] the 
map x ~ u a x  is a join homomorphism. For  x, y in S with x y ~ 0  we have 
otxoty = a x y  whence (u  + a x ) ( u  + o~y) = u + a x a y  = u + o~xy. Therefore,  it suffices to 
check that eo'~ql <- t ,  for e in E and i in 3. This is done by induction on n. eqi <- tl 

rt  _ n is obvious. Then,  for n > 1 we have eo, q~ - eq~o, qi = O, (eo'~-~qi) -- o,t~-a ---< t~. 
Therefore,  the lattices to be studied in the sequel may be thought of as 

subdirect products of finitely many factors of defect - 1  or - 2 .  Even not yet 
having established the neutrality of the sn and t, we know by Lemma 3.2 and [11; 
w 3] what the sublattices corresponding to a neighbouring pair look like: 

The sublattice generated by et~ + s.+a (e in E)  is also generated by a frame of 
order 2n + 1 (with the generating quadruple given in analogy to an indecomposa- 
ble quadruple of defect -2 ) .  

The sublattice generated by es,  + t~ (e in E)  is a direct product  of four 
sublattices generated by frames of order  n (with the generating quadruples given 
in analogy to indecomposable quadruples of defect - 1  - rang ing  through the four 
possible types). This decomposition is induced by the elements Phi (i in 4). 

For small n we give more details. Let  M be a nontrivial lattice satisfying the 
indicated relations. 

s~ = 0: M is the 2-element lattice D2 and E = 0. 
tl = 1, s2 -- 0: Any triple of elements in E is independent  with join 1. 
t2 = 1, s 3 = 0 : M  is generated by a frame of order 5 such that E = { a ~ + a 2 ,  

a 4 -F as, C2s -F C34 , C14 -~- C23 }. 
pli = 1, t l = O : M ~ - - D 2 ,  e l = l ,  and e i = 0  for jT t i .  

P2i = 1, ta = 0: M is the length 2 lattice M 3 with 3 atoms ej, ek, ez and e~ = 0. 
P3~ = 1, t3 = 0: Let  {i, ], k, l} = 4. Then ej, ek, ez are independent,  e i + ek + et = 1 = 

e~+ei, e~ej=O, and the sets {0, e~(ej+ek), ej, ek, ej+ek)}, {0, 
e~(ej + ek), e~(ei + et), e~(ek + el), ei} form sublattices M3. 

The following proposition enables us to reduce the neutrality problem to the 
case where only two different such factors may appear. Nevertheless we prefer the 
direct application of Proposition 2.2 wherever possible since it gives more insight 
into the structure of the subdirect product. 

P R O P O S I T I O N  4.3. Le t  Uo > - u 1 2~- U 2  ~ . �9 �9 a cha in  in F consis t ing o f  e lements  

s, ,  tn, and  F. {p,~ I i in I}  wi th  n < oo and  I ~ 4. L e t  R be any  set o f  integers and  o" a 

variety o f  m o d u l a r  lattices. A s s u m e  that  for  all k < m wi th  k, m not  in R and  all M 

in o" wi th  uk = 1, uk+l = u~, and  U~+l = 0 the element u~ is neutral in M. Then for 
all M in ~r satisfying u~ = u~+~ for all r in R all the elements uj(j <oo) are neutral  in 

M. 
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Proof .  In view of L e m m a  4.1 it suffices to consider M such that  uk = 1 and 

u,,+l = 0 for suitable k - - m .  We  proceed by induction on m -  k the case m = k 

being trivial. Let  k < m and S the modular  lattice freely generated by a, b, c, d 
such that  for every j the relations ui(x + y ) =  ujx + ujy with x, y ranging over  all 
terms in F are valid. This just means that u i is neutral in S. By L e m m a  3.2 we 

have 

u j ( a u k + l  . . . . .  duk+l )  = U]Uk+I 

for all j whence the inductive hypothesis applies to the sublattice of M generated 
by the euk§ e in E. Thus, all u~. are neutral therein and there exists a 
homomorph i sm "r of S into M such that "re = euk§ for e in E. Analogously,  we 

have a homomorph i sm 3, of S into M such that ~e = e + u~ for e in E. Now, by 
modular i ty  

u ~  + "re = u, .  + euk § l = uk + l ( u ~  + e) = uk +13~e. 

Moreover ,  again by L e m m a  3.2 o ~  = u ~  and ~/uk+x = uk+~. The  elements  Uk+l 
and u~ of S being neutral  we see that the maps 

x ~ u~ + o'x = o-(u~ + x) and x ~ Uk+l~/X = "Y(Uk+lX ) 

are homomorph isms  of S into M. Therefore ,  Proposit ion 2.3 yields a subdirect 
decomposi t ion of M into a factor  with u~ = uk+l and a homomorph ic  image of S. 
In the first the uq are neutral  by hypothesis and in the second by definition of S. 
Consequently,  the u i are neutral in M, too. 

Sections 5, 6, and 9 below are not needed for the proof  of the theorem. We  
include them here  since they deal with the same kind of question in a somewhat  
simpler setting. 

5. Auxiliary polynomials 

In the further  applications of the methods of Section 2 e lement  wise definition 
of the maps requested will not longer be  possible. Therefore ,  we take the lattices 
S freely generated under  certain relations and gain the maps by giving the values 
on the generators,  only. The  following auxiliary polynomials related to the Pn~ will 
serve for this purpose.  For i in 4 and n-----1 define by induction: 

f u  = e i + r 2 1 ,  f.+l.i = ~ (pif.i [ ] c 4 , ] ~ i ) .  
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Then ,  for  any n--> 1 and i5~ ]@ k ~ i  in 4 we have  

fni = oijf ,-l , j  + o~kf,-1,k if n --> 2 

qJn~ = OJ,-1 , j  if n --> 2 

rn+l,~<--fn~ <--s, and f,~ + t , = p , i  

f, ,(a&, bf,,, cf,,, af,,) = f,, 

t.(a&, bf~,, 4 . .  af.3-< r.+l., 

f.~ distr ibutes with e, g + h and e, qj 

r. + l.i ( a + f .i, b + f.,, c + f .,, d + f ., ) = f.~ 

s , , + ~ ( a  + f , . ,  . . . , d + s  = t ~ ( a  + f , .  . . . .  , d + f , . )  

t~ + ef,.~ = t. + ep,** for  e in E 

e f . ~ + g f , . + h f , . = f , ,  for  eg=g: / :h ,~e  i n E ,  n_>_2 

A L G E B R A  U N I V .  

for  n ->2 ,  e , ~ g z / = h ~ e c E  

(5.1) 

(5.2) 

(5.3) 

(5.4) 

(5.5) 

(5.6) 

(5.7) 

(5.8) 

(5.9) 

(5.10) 

Proof. A s s u m e  {i, ], k, l} = 4 and n = 1, first. (5.3) follows f rom the definit ion 

by  (3.4). Us ing  the  neutra l i ty  of r2i ( L e m m a  3.4) we get for  e in E 

e f l , =  e(ei + r2i) = ee~ + er2i, 

whence  

f l i (a f l i ,  bfli, cfli, dr1,) 

= eifli + r2i(afli, bfli, cfli, d f l i )  

>-ei + ra~(ar2i, br2i, cr2i, dr2i) 

= ei + r2i = fli  (by L e m m a  3.2). 

p rov ing  (5.4). Also,  it follows with (3.6) and (3.4) 

t l(  a f  ~i, b f  l~, c f  l~, d f  ~,) <- e,e i + eiek + e,e~ + r2, = r2, 

which is (5.5). For  (5.7) and (5.8) obse rve  tha t  the  e + f l ,  are conta ined  in the  
sublat t ice gene ra t ed  by  the  e + r2~ (e in E) .  In  view of the neutra l i ty  of r2~ ( L e m m a  
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3.3) we have to check the claims for the lattice with r2~ = 0, only, or even for its 

factors M given by the neutral e lements  P~i, tl, and s2. The  factors are listed in w 
If q = l  and s2 = 0  then there is a f rame ai, cik of order 3 such that E =  

{•1, C[3, C23, C12} and 1 together  with the e + f , ~  (e  in E)  form a length two 
sublattice M3 with smallest e lement  e~, If s2 = 1 then M ~ - M 3 ,  already, and if 
p~j = 1 and q = 0 then M has two elements,  only. In any case the claims are easily 
checked. (5.9) is obvious. For n = 2 one shows (5.1) as follows: 

oJ~i + O~d~k 

~- eiqli -t- ekq~a, + Piir2i + pikrzk 

= e j (ek  + e~) + ek(e~ + ez) + r3, (by (3.9)) 

= ez (ej + ek)  + O~r21 (by modularity) 

= etq~z + O~zrz~ = p~Ja~. 

Next,  we prove  for n-> 2: 

qi ioik fn- l ,k  ~-~ oi i fn- l , i  (5.1 1) 

= p~k(qli(ek +r2k)) = Plk(qijek +q,jrzk) (by L e m m a  3.4) 

= q~kq,iek +P~k(t~krx~) (by (3.10)) 

= pli(ek(e~ + e~)) + p~p~r~ (by (3.1)) 

"~ PiiPzi + Piiq~ff'Si ~ Plirzi (by (3.10)). 

F rom (5.1) and (5.11) follows (5.2), immediately:  

= O J , - a , i  + q~P~f , -~ ,~  = O J , - a , i  (by modularity).  

Thus, for n >- 2 we may proceed with a joint induction on (5.1), (5.2), and (5.11): 

qijP~s = C~jqikoikf,~k = Plk ( qJ,~k ) 

= Okzp~Cf,-1,~ = OijPjd,-1,1 

= m(qJ~.O <- oJ.i  

(induction on (5.2)) 

(by (3.1)) 

(induction on (5.2)); 
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whence with the inductive hypotheses (5.1) and (5.2) 

Oif.z = Oiz (qJ.t  + qlkf.l) 

= PilqZjPif.z + PilqlkPlt(.l 

<- qtiPitf.t + qtkPitf.l <- Pikf.k + PJ,  q. 

This proves (5.1), too. The remaining claims are shown by induction following the 
scheme (3.11) and appealing to (3.3), (3.10), and (5.2). For (5.3)-(5.5) this is 
obvious. Now, we have for n---2 by (5.3) and (3.4) f , ~ = t l  whence by (5.4) 
t l ( a f n  i . . . . .  dfni)  =f,~. This implies (5.10), (5.6). (5.7) and (5.8) follow with (3.11), 
easily. Finally, we prove (5.9) for n-> 2. 

t. + ef.~ >_ 
i 

= ~, O~j( t~- l+ef . -xa)  (by (3.3) and (5.2)) 

= ~ Oii(t ,~_l+ep._la) (by induction) 
i 

= t. + ~. %ep. i  (by (3.3)) 
i 

= t~ + ~ (eq~j)(ap.~ . . . . .  dp. i)  
J 

= t~ + e(ap.~ . . . . .  dp. i )  = t. + ep,~ 

(by Lemma 3.2) 

by (3.7) since in view of (3.4) and Lemma 3.2 

s2( ap.~ . . . . .  dp. i )  = P.i. 

From now on all lattices are supposed to be elementary Arguesian. 

6.  L a t t i c e s  w i t h  t .  = 1 a n d  t .+ l  = O. 

L E M M A  6.1.. Let M be a lattice generated by a, b, c, d such that t~ = 1 and 
t,+l = 0. Then s,+l is neutral in M and for i in 4 

s.+~f.~ = r.+l.i (6.1) 
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W e  need the following formulas valid in F (proved below): 

p,~(as,~ + t ~ , . . . ,  dsn + t~) = p,~ (6.2) 

f,a(a + s,+~ . . . . .  d + s,+~) = f,~ + s,+a (6.3) 

For  the proof  observe, first, that  by (3.2) the inductive hypothesis applies to the 

sublattice M~j of M generated by the e% (e in E).  In particular, s , ( a %  . . . . .  dq~) - 

which equals q~s,§ by (3.3) - distributes with any two elements  x, y of M~. Then,  

Sn+I(X --}- y )  = Sn+lqij( x -}- y )  = Sn+lqijx 4- Srt+lq/ iy = Srt+lX q- Sn+lY 

which means 

s.+~ distributes with any x and y in M~j (6.4) 

Now, consider for fixed i in 4 the elements  a+f~i  . . . . .  d +  f., of M. By 
monotonici ty we have tn(a +f.~ . . . . .  d +f.~) = 1, whence by (5.8) 

sn+l(a+f.~ . . . . .  d+f .~)  = 1, too. On the other hand r.+~.~(a+f.~ . . . . .  d + f , , ) = f . ~  

by (5.7). Thus, S~ being defined as the lattice freely generated by a, b, c, d such 

that  S.+x = 1 and r.+~.~ = 0  (i.e.P.+x,i = 1 and t~+~ = 0  in view of L e m m a  3.1) there 
exists a homomorph i sm q~i of S~ into M with 

q~e = e + f.i for e in E. 

We  want  to show that  Proposit ion 2.2 applies with u = s.+~, S = $1 • $2 x S 3 X 84 

and a(x~, x2, x3, X4)=(,~lXlq32X2q~3X3(~4X4 �9 This becomes easy ff we know what 
Sn+lq~x~ is. For that  something like Proposit ion 2.5 seems to be indispensable. Let  
3~ be the homomorph i sm of S~ into M such that  

T~e = e + s . + l + f . ~ ( a + s . + l  . . . .  , d+ S .+ l )  for e in E. 

which exists for the same reasons as q~ does. Also, by L e m m a  3.2 there exists a 
homomorph i sm o-~ of S~ into M such that  for e in N 

~r~e = S.+le + r.+l.i whence ~r~ l s i  = Sn+ 1-1- rn+13 : Sn+ 1. 

Recall that  according to [11; 3.3] Si is generated by a f rame ~b of order n. 
Moreover ,  there are ] and k in 4 such that r contains the frames ~i~b and ~k~b of 
order  n - 1 belonging to the sublattices Sij and S~k of S~ generated by the e% (e in 
E)  and eq~k (e in E) ;  respectively. Even,  ~b is determined by qt =4~i tO 4hk. We  
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have to show that 

s,+~ + q~ix = 3~x and s,~+lq~x = o'~x for x in qJ. 

Now, in view of 

ALGEBRA UNIV. 

% ( a  + f,~i . . . . .  d + f,~) <-f,, + q~i + s,~+l (6.5) 

(this and other formulas will be proved below) we have q~%-<q~0+%+s ,+ l  
whence the composition tO~x = (% + s,~+l)q~ix(x ~ Sij) of q)i I S~j and the transposition 
y ~-~ y (% + s,+l) is a homomorphism, too. We claim that r is contained in 
the image R~j of the interval [%r,+~,~, %] of M~j. under the transposition y 
y + r~+~,~. Namely, by (5.6) 

q~ ( eq~j ) = e% + f.~ for e in E 

and 

(% + Sn+l) fn i  = %f, .  + r,~+l,~ for n --> 2 (6.6) 

whence 0i(eq~)~ Rij by modularity and (5.2). Now, by modularity and (6.4) s.+l 
distributes with any two elements of Ri i. Thus, the map 

X ~ Sn+ll~i x = Sn+lq)iX (X E Sij ) 

is a homomorphism and so is the map 

X ~ Sn+ 1 4- qOiX (X E Sij ). 

To show that they coincide on S~j with o-~ and 3q, respectively, it suffices to check that 
this is the case on the generators eq~j (e in E),  i.e. 

sn+~q~, ( e%)  = (r, ( e%)  (6.7) 

s,+~ + r  = q~(e%) (6.8) 

Having the corresponding facts for Sik we proved the hypotheses on O- Also, 
S,+l+q~i0 = ~/~0 by (6.3). 

Therefore,  we can apply the dual of Proposition 2.5 to get the neutrality of 
s,+l in the sublattice generated by s.+~ and the image of qh- 
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Consequently,  the map  x ~ s,+~q~x is a homomorph i sm and coincides with (r~ 

since it does so on the generating set tO. On the other hand let us consider the 
sublattice U of M generated by the es,+~ (e in E).  By L e m m a  3.2 and (6.2) we 

have 

s,~+~(as.+~ . . . . .  ds .+O = S n + l ,  tn+l(asn+ 1 . . . . .  ds.+~) = O, 

P.  + l,i (as,+1 . . . . .  d s ,  + O = P~+l,i. 

Thus by L e m m a  3.1 the elements  p.+x,~ (i in 4) yield a direct decomposit ion of U. 
This means  that  the map  

(Yl, Y2, Y3, Y4)~+YlY2Y3Y4 

is an isomorphism of the direct product  of the in tervals  [r,+~,~, s,+a] of U (i ~ 4) 
onto U. Therefore ,  

g = (X1, X2, X3, X4) ~ O'1XlO'2X20"3X30"4X 4 = Sr~+lOlX 

is a homomorph i sm of S into U. Then,  Sn+ 1 distributes with a x  and ay  for all x 
and y in S since 

Sn+l(OtX + oty) ----- Sn+IOt(X + y)  ---- Sn+lOtX -b Sn+lOty. 

a being mee t  preserving it follows that x ~ Sn+l+OlX preserves meets,  too. 
Finally, observe that  

a ( e ,  e, e, e ) > - e  >- s ,+ la ( e ,  e, e, e)  

for e in E since in view of the direct decomposi t ion 

s . + l a ( e ,  e, e, e)  = l - I  o'ie = I-I ( s . §  +/'n+l.i) = s .+le-  
i i 

Thus, Proposit ion 2.2 yields the neutrality of s,+l in M. 

Still, we have to prove  the formulas referred to above. (6.2) and (6.3) are 
proved inductively using (3.11) the case n = 1 being obvious by the neutrality of 
Sl, h, and s2. In the remaining proofs we make  heavy use of the neutrality of 
%S,+a in M~j. For  (6.1) observe that  n = 1 means s2ei = r2i. Due  to the neutrality of 
s2 and r2, we have to check the case s2 = 1 and r2, = 0 only. In this case we have 
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p2~=l and t2=0 by Lemma 3.1 whence ei = 0 - c f  w Let n->2; we get 

Sn+lfni 

= Sn+lfni(qqSn+1-4- qikSn+l)(qqfni -4- qildfni) 

= Sn+lfni(qliSn+l q- qlkfni + q//qik)  

= f.i  (q,is,~+~ + s.+~(qikf.i + quqlk)) 

= f,~i (qljs,,+l + Pit (s.  ( f . -a ,k  + qii)) 

= f.~ (%s.+1 + qikr.+l,i) (by induction) 

= f.~q~js.+~ + qlkr.+l,i (by (5.3) and modularity) 

= q, ir,~+l,i + qikr.+l.i (by induction) 

= r.+~.i (by (3.9)) 

(by (3.2) and (5.1)) 

(by modularity) 

(by modularity) 

since, applying the inductive hypothesis to the e%, we have 

sn+~qJ.~ = ( s . f . - ~ . j ) ( a q l i , . . . ,  d % )  (by (3.3) and (5.2)) 

= rnj(aqli . . . .  , dqij) = qljr.+x,~ (by (3.10). 

In (6.5) the case n = 1 and e.g. i = 1, j = 2 amounts to 

(a + b ) (a  + c + d )  <- a + ( a  + b)(c  + d ) + s 2  

which is immediate by modularity. For n -> 2 we have e = e% + eqjk for e in E by 
(3.8) whence with % = (e +f) (g  + h) 

% ( a  +f . i  . . . . .  d +f.~) = (e + f + fn,)(g + h +f . , )  + % 

= %  + (qike + q J  + q~f~i)(g + h + f . , )  

(by (5.2) and modularity) 

= @ + Oik ((e + f+fn- l ,k)(g  + h + f~-l.~)) 

--- @ + P,k (fn-~,k + qkz + sn) (by induction) 

= % + f ~ + s ~ + l  (by (3.2) and (5.1)) 
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since with qik = (e + g)(f+ h) we have 

qlk(g + h +f.i) = (f+ h)(g + (e + g)(h +f.i)) (by modularity) 

= ( f + h ) ( g + ( e + g ) h + ( e + g ) f . ~ )  (by (5.6)) 

= hq~k + ( f+  h)(g + (e + g)f.i) (by modularity) 

= hq~k + q, Ag +s 

= h %  + gq, k + q~zf.i 

Concerning (6.6) we calculate 

(ql, + Sn+l)fni 

Moreover, 

(by modularity) 

(by (5.6)). 

= (qli + sn+l)(qijf,,i + q~Kf.i) 

=.qijfni 4- ( qij + Sn+ l)qikfni 

= qJ,~i + (q~N~k + Sn+lqik)qikfni 

= qijf.i + Oik (qJ.-1.k + Snfn-l,k) 

= q J . ,  +qikr.+la (by (6.1)) 

= qiif.i + r,,+l.i 

(by (5.1)) 

(by modularity) 

(by modularity and (3.2)) 

(by (6.4)) 

(by (5.3) and (3.9)). 

Sn+l~ i ( e q . )  = s .+ l ( e% + f,.)(s,,+l + % )  

= s . + , ( e q , j  +s + q,j)) 

= S.+l(eqii +f,,iq~i + r.+l,i) 

= s,,+le% + s,,+lf,,i% + r.+l,i 

= s.+~eq~ i + r.+~.~ = o'~(eq~i) 
and 

(by (5.6)) 

(by modularity) 

(by (6.6)) 

(by modularity and (6.4)) 

(by (6.1) and Lemma 3.2) 

S.+l+q~i(eqii) =eqij +fni +s.+1 (by (5.6)) 

= "y~(eq~j) (by (6.3) and Lemma 3.2) 
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7 .  L a t t i c e s  w i t h  r.i  = 1,  t .  = s . + 1 ,  a n d  r,, + l,i = O. 

LEMMA 7.1. For  i in 4 let M be a lattice generated  by a, b, c, d such  that  

r,u = 1, t, = s,+~, a n d  r,,+l,i = O. T h e n  t, is neutral  in M.  
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W e  need  the  po lynomia l s  g-ii ( n-> 1, i ( :]  in 4) def ined as follows: 

glii = e1 

g,ij = 0j~g,-1,1k + 0jzg,-1,kl (7.1) 

where  {i, ], k, l} = 4. W e  claim that  for  a latt ice M as above  

qikg.ij = Pjkgn-l,lk if n ~ 2 (7.2) 

g.ij + t. ---- P-i (7.3) 

g.ij(ag.li . . . . .  dg.lj) = g.ij (7.4) 

t . ( a g . , j , . . . ,  dg.~i) = 0 (7.5) 

t~ distr ibutes with eg.~j and gg~i + hg-~i 

f o r n - > 2  e ~ g v ~ h ~ e i n E a n d m i n 3  (7.6) 

t. + eg.ij = t~ + ep.j for  e in N (7.7) 

t~ dis tr ibutes  with gg-~i and hg.~j for  g ~  h in E (7.8) 

t.g.i i = g,~j(at~, bt., ct~, dt) (7.9) 

qik(gg.~j + hgnii) ~ Mik if qjk = (e + f ) ( g  + h) and n -> 2 (7.10) 

whe re  M/k is the  sublat t ice of M gene ra t ed  by the  eqjk (e in E) .  

T h e  p roof  is by  induct ion on n. For  n--< 2 the  neutra l i ty  of t, t oge the r  with 
L e m m a  3.1 allows a decompos i t i on  of M and we have  to check the  claims in the 
factors ,  only. Accord ing  to  w these  are: For  n -- 1: For  any  ] ~  i the  two e l emen t  
latt ice De  with ej = 1 and ek = 0 for  k ~ ]. T h e  length two latt ice M3 with th ree  

a toms  ej ( ]~  i) and ei = 0 .  
Fo r  n = 2 :  For  ] ~ i  the  latt ice M3 with ej = 0  and three  a toms  ek (k~] ) .  A 

lat t ice gene ra t ed  by  a f r a m e  ak, ckj of  o rder  3 such tha t  

{al, a2, a3}=E-{ei} a n d  el := c 1 2 + c 1 3  = c13-~-c23 = c12+.c23. 

Every th ing  is checked,  easily. Le t  e.g. i = 1, ] = 2, and k = 3. T h e n  

g 2 1 2 = c ( a + d ) + d ( a + c ) = ( a + d ) ( a + c ) ( c + d ) ,  q 2 3 = ( a + d ) ( b + c )  



qz3(ga12a 4- g212d) = 

q23(g212 b + g212 c) = 

Now, let n --> 3. In view 
lattice Mjk ( j#  k in 4) 
analogy to (6.4) 
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and, in particular, concerning (7.10) 

(b + c)(a(c + d) + d(a + c)) = (b + c)(c(a + d) + d(a + c)) 

c(a + d) + d(a + c)(b + c) = cq23 q- dq13q23 

P23(C 4- dql3) c M23 

(a + d)(b(a + d)(a + c)(c + d) + c(a + d)) 

P23(bq12q13 4- c) c M23. 
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of (3.3) and (3.10) the inductive hypothesis applies to the 
with generators  eqjk (e in E).  In particular, we have in 

t, distributes with any x and y in Mjk (7.11) 

Let  us delay the proof  of the formulas and use them to prove the neutrality of tn. 
For  simplicity of notation assume i =  1. For  j #  1 let S i be the lattice freely 
generated by a, b, c, d such that Pnj = 1 and t~ = 0 .  By (7.3)2(7.5) there is a 
homomorph i sm q~i of Sj into M such that 

r eg~ i for e in E. 

We  are going to show that Proposit ion 2.2 applies with S = S2• $3 • $4 and 

a (x2, x3, x4) = r + ~3x3 4- q4x4. In order  to do so we determine the t~ + r first. 
Again by (7.3)-(7.5) and (7.9) there is a homomorph i sm trj of Sj into M such that 

o-ie = etng~ii(at., bt., ctn, dt.) for e in E. 

By L e m m a  3.2 there is a homomorph i sm Vi of S i into M such that 

vie = ep.j + t. for e in E. 

We show 

t~q~jx=o-ix and tn+q~ix=vjx f o r x i n S i k  ( k # l , j )  

where Sik is the sublattice of S i generated by the eqi k (e in E).  Indeed,  observe 
that for e in E we have by (7.2) and (7.10) with qjk = ( e + f ) ( g + h )  

%eqi~ = eg.~i(gg.ii + hg.ii) = eg.iiqi~ (gg~i + hg.ii) ~- Mjk 
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whence q~(S~k)___ M~k and x ~ t~q~ix (x ~ S~) is a homomorphism by (7.11). Then 
so is x ~ t, + q~ix (x ~ Sik), too. Moreover  the first coincides on Sik with ~ and the 
second with y~- since they do so on the generators. Namely, by Lemma 3.3, (7.8), 
and (7.9) 

t.~oj(eq, k) = t~eg,,j(gg,~j + hg,~ii) 

= et, g,,j(gt, g,~j + ht ,  g,,i) = o'j(eq, k) 

and by (7.8) and (7.7) 

t~ + q~j(e%) = t, + eg,,~i (gg.~ i + hg,~j) = (t~ + eg,~j)(t~ + gg.,j + hg~j) 

= (t~ +ep , j ) ( t ,  + gp, q + hp, j)  = 3'j(eqjk). 

Since Os,~ = Os~ we get t ,  + q~iO = yiO. Also by (7.9) t,q~j 1 = o-j 1. Moreover,  given 
k and l such that {1, ], k , / } = 4  choosing the 7r in [11; 3.3] properly the generat ing 
f r a m e  o f  S~ will be such that it is determined by the union of the generating frames 
of Sjk and Sil. 

Therefore,  as in w we obtain the neutrality of t~ in the sublattice generated by 
t~ and the image of q~i applying Proposition 2.5. 

Consequently, the map x ~ t, + q~jx (x ~ S~) is a homomorphism and coincides 
with 3'/ since it does so on the generators eqjk (e in E, k ~ 1, j). Now, in view of 
Lemma 3.2 and 3.1 the sublattice generated by the e+t~  (e in E)  is a direct 
product of its intervals [t., p.j] ( j~  i). Thus the map 

X = ( X 2 ,  X3, X4)  ~ t n -~- (492X2 ~- q~3X3 -~- (~04X 4 = t n -~- ( IX 

is a homomorphism of S into M. a being a join homomorphism we conclude that 
x ~-~ t.otx is a join homomorphism, too. Finally, o~(e, e, e )<-e  <- t, + a ( e ,  e, e) = 
t, + e for e in E. Therefore,  Proposition 2.2 yields the neutrality of t~ in M. 

Coming to the proof of (7.2) we calculate 

qjkPilg.--1.kE = qjkqj~Pi*g,-l,k~ = Oj*(qjkg,-1.k~) (by (3.1)) 

= Pj~(qllg,-1,kZ) = PilPllg,-2,ii (by induction) 

= PUPitg.-2,ii = PikPkig.-2,ii (by (3.1) 

= Pik (qkig.-1,/k) ~ Pjkg.-1,Zk (by induction) 

and derive (7.2) from (7.1) by modularity. (7.3) is derived by (7.1), and (3.2), 
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immediately, (7.4) and (7.5) follow with (3.11). Concerning (7.7) we get 

t~ + eg.~ i ~ qjkt~ + qikeg.~ i + qjtt. + qiteg.~j 

= P~k (t,,_~ + eg,~-l .m) + Pg (t,~_l + eg,~-l,kt) 

(by (3.3) and (7.2)) 

= pik(t, ,-1 + ep.-1,k) + P i l ( ~ - i  + eP.-1,t) 

(by induction) 

= t,, + ep, q (as in the proof of (5.9)) 

the converse inclusion given by (7.3). Consequently 

(t~ + gg~j)(t, + hg,,~j) = (t, + gp,q)(t~ + hp,,j) = t ,  

by Lemma 3.2 and (3.6) proving (7.8). (7.9) is proved in analogy to (6.1): By 
(7.2), (7.11), (3.2) and (3.3) we get using modularity 

t .g. , j  = (q~kg.~j + q~zg.,~j)(qjkt~ + o~zt.) 

= g,,j(q~kt~ + q~t~ (qk + @g~)) = g~,j(qikt, + Pit (t~-i g,-1,kz)) 

= g.**(qikt. + (t,-lg,,-1,k~)(aq, t . . . . .  dqil)) 

= g,**(q, kt~ + g , , - 1 . k , ( a q i t t . , . . . ,  d@t~))  (by induction) 

= g.,j(q, kt. +qitg.,j(at~ . . . . .  dt~)) (by (7.2)) 

= g,~,jqikt~ +q, tg,,**(at. . . . . .  dt~) (by modularity) 

= q,~g,~i(at.  . . . . .  dr,.) + q i~g ,~ i (a t , , . . . ,  dt,,) 

(as above) 

= g,~s(at, . . . . .  dt~) (by (7.1) and (7.2)). 

Finally, concerning (7.10) we have te(ag.~ i . . . . .  dg.~j)-->g~, by (7.3) and (7.4) 
whence by (3.8) 

eg,~i = qikeg,~i + qiteg.~j for e in E. 

It follows by modularity 

q,k (gg,~/+ hg,~i) 

= qikggnii + qikhgni, + qik(qilggnii + qithgnii) ~ impik 
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since 

qj~gg.,j + %hg, . i  = Oik (gg,~-l,~k + hg,,-~.~k) 

by (7.2) and 

qjk(qitgg, q + qjlhg,~q) = Piz(qik(gg,-1.kl + hg,-1,kl) 

which belongs to p~(imo~k) by  the inductive hypothesis ,  i.e. to  imoi~Ojk = impikpiz c_ 

imo~k by (3.1). 
To  derive (7.6) via L e m m a  3.3 observe  that  by  (7.9) and (7.4) 

tl( at~g,,gi . . . . .  dt~g,,~j) >t g~ii( at~g,,q, . . . ,  dt~g,o ) 

= gn~j(at~ . . . . .  dt~) = g~J~. 

8. Lattices with Sn=l, t n = Sr~+l , and tn§ = 0 .  

L E M M A  8.1. Le t  M be a lattice generated by a, b, c, d such that  s~ = 1, 

t. = s,~+1, and  rn+l.~ = 0. T h e n  t. is neutral  in M a n d  

t~f.~ = 0 (8 .1)  

Proof  by induction.  For  n = 1 the neutral i ty of tl follows f rom L e m m a  3.4. 

(8.1) follows with the same p roof  as ( 6 . 1 ) - t h i s  is t rue for n---2,  too.  Conse-  

quently,  for  n-> 2 by (5.3) 

since p~r,~ = t~ in view of  L e m m a  3.1 and 3.2. Similarily, 

fn~ +r,r = f ~  + t, +r,~ =p,~ + r,~ = s~ = 1. 

Finally, by  (5.9) together  with L e m m a  3.1 and 3.2 for all e in E 

ef~ + er,, = e(ef , ,  + t, + rn~) = e(ep, ,  + t~ + r,,) 

= e(p~i(e + t~) 4- r~) = e(e + t~) = e. 

Thus,  by  Proposi t ion  2.1 M is a direct  p roduc t  of a factor  with r~ = 0 and another  
with r~ = 1. In  the first t, = 0 whereas  in the second t~ is neutral  in view of 

L e m m a  7.1. Hence ,  t~ is neutral  in M. 
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L E M M A  8.2. Let  M be a lattice generated by a, b, c, d such that s. = 1, 

t" = s.+~, and t.+a = O. Then  t" is neutral in M. 

Proof. Let T and U be the lattices freely generated by ~i,/~, ~, d and _a, _/2, _c, _d 
such that s~ = 1, t~ = 0 and s.+~ = 1, t~+~ = 0, respectively. Let  S be  the subdirect 
product  of T and U generated by the elements e = (~, e) (e in E).  Clearly, 
t~ = s.+~ and the r.+~,~ are neutral in S. Let  R~ be the sublattice of S generated by 

the e + r.+~,~ (e in E). By neutrality of t. and r.+l,~ the lattice R~ is a subdirect 
product  of T and the lattice freely generated by tha quadruple such that s.+~ = 1 
and r.+~,~ = 0. Thus in view of L e m m a  8.1 R~ is freely generated by the e + r.+a,~ (e 

in E)  with respect to the relations s. = I ,  t. = S.+x, and r.+x, ~ = 0 .  In particular, 
there exists a homomorph i sm q~ of R~ into M such that 

~i(e+r.+l , i )=e+r, ,+l , i  for e in E. 

By neutrality of r.+a,~ for all x in S the e lement  x + rn+l, i belongs to R~. Hence  we 
may  define a map  a f rom S into M by 

OlX =I-I(@i(X 4-rn+l,i) (i in 4). 

Now, by L e m m a  3.2 t. = t ,  (a+r,+l ,~ . . . . .  d+r,+l,~) =q~t". Thus by L e m m a  8.1 
the map x ~ t"q~,x is a homomorph i sm of R, into M. Then,  in view of L e m m a  3.1 

x ~ t .ax  = S,+xax is a homomorph i sm of S into M. a being a mee t  h o m o m o r p h -  
ism it follows that x ~ t. + ax  is a mee t  homomorphism,  too. Moreover ,  for e in 
E 

ae >-- e >- es,+l = I-I s,+l(e + r,+l.~) = t .ae  
i 

whence t. is neutral in M due to Proposit ion 2.2. 

9 .  L a t t i c e s  w i t h  s~ = 1 a n d  s .+~ = 0 

L E M M A  9.1. Let  M be a lattice with generators a, b, c, d such that s~ = 1 and 

S~+l = 0. Then  t" is neutral in M. Moreover, in M 

d .~  = f.~ (at.  . . . . .  dt . )  (9.1) 

q~k(gf~+hf~,)~Mik if n>-2  and qjk = ( e + f ) ( g + h )  (9.2) 

t. distributes with ef,~, gf~ + hf,,~ and g[.~, hf.~ (9.3) 

for e ~ g ~ h 7 ~ e in E where Mik is the sublanice generated by e %  (e e E) .  
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Proof.  For n --<2tn is neutral in M by Lemma 3.4 whence (9.1) and (9.3) follow 
immediately. (9.2) is shown in the same fashion as (7.10). Now, let be n-> 3. Due 
to (3.3) the inductive hypothesis applies for i5~ j in 4 to the sublattice /V/~ i. In 
particular, in analogy to (6.4) we have 

t, distributes with x, y for all x, y in M~i (9.4) 

Postponing the proof of (9.1)-(9.3) let S~ be the lattice freely generated by 
a, b, c, d such that p,, = 1 and t, = 0. According to (5.4) and (5.5) there exist 
homomorphisms q~ and tr~ of S~ into M such that 

q~e = efni and o'~e = et~,i = et,  f , , (a t~  . . . . .  dr , )  

for e in E whence by (9.3) t,q~ 1 =o-~ 1. By Lemma 3.2 there is a homomorphism 

3'~ of S~ into M such that 

3,~e = ep,~ + ~ for e in E 

Let  S~ i denote  the sublattice of S~ generated by the e %  (e in E).  By [11; 3.3] there 
are ], k ~ i in 4 and generating frames, ~4~, ~fl~, and ~k~b of Si, S~ i, and S~k, respectively, 

such that ~b is determined by ~i~b tO ~kqS. Now 

q~ (eqli) = e q J , .  ( g f  .,i + h f ,~, ) 

belongs to M~j due to (9.2) whence q~(Si~) is contained in N/~ i. Thus by (9.4) the 
map x ~ t~q~ix (x ~ S~j) is a homomorphism and so is x ~-~ t + q~x (x c S~j). Due  to 

(9.3) and (5.9) we have 

o's(e%) = ~q~i(e%) and 3'~(eqii) = t~ + q~i(eq~i) 

for e in E whence the first homomorphism coincides on S~j with o-~ and the second 

with % Finally, 

~0 ,0+  t .  = f . ,  + t~ = p. ,  = - / i0 

by (5.2). Again, using Proposition 2.5 we conclude that t~ is neutral in the 
sublattice generated by t~ and the image of ~i. 

Now, put  S = $1 x $2 x $3 x S 4 and O/(Xl, g2,  X3, X4) = ~ i  (4~iXt 

x = (xl, x2, x3, x4) ~ t, + ax  = Y. vix~ 
i 
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is a homomorphism of S into M in view of Lemma 3.1. a being a join 
homomorphism, x ~ t~ax is a join homomorphism, too. Moreover,  

a ( e ,  e, e, e)_<e___ t. + e  = ~ ep .~+t .  = t. + a e .  
i 

Consequently, t~ is neutral in M by Proposition 2.2. Finally, observe that the 
proofs of (7.9), (7.10), and (7.8) turn into proofs of (9.1), (9.2) and the second 
claim of (9.3) if one replaces g,~j by f,j. The  first is proved as follows: 

t . e f . .  + t .  ( gL ,  + hr . , )  >- t . e L ,  + t .g f . ,  + t . h f . ,  

= (e l . ,  + gf . ,  + h f . i ) ( a t .  . . . . .  a te )  (by (9.1)) 

= f . , ( a t .  . . . . .  d r . )  (by (5.10) 

= t.f,,~ >_ t~(ef,~, 4- gf,,~ + h f . , )  (by (9.1)). 

1 0 .  Lat t i ce s  w i t h  tg-1 = s~ for  al l  k. 

L E M M A  10.1. L e t  M be a lattice genera ted  by a, b, c, d such  tha t  tk-1 = sk for  

all  k. T h e n  all  e l e m e n t s  sk a n d  tk are neutra l  in M .  

The  proof is based on the following polynomials defined for {i, ], k, l} = 4 by 
induction; 

hlij = e~ + ej, h.~j = p jkhn_ l , l k  "q- pj lhn_l ,M.  

One has 

qikhnii = p ikhn_l , l k  for n -> 2 (10.1) 

(p., + p,.i)(al~,i . . . . .  dh . , , )  = / ~ , ,  ( 10 .2 )  

dh~i,) < f p=k + m - n odd 
tm-l(ahnq, �9 �9 m > n (10 .3 )  

' (P,,~ + Pmj m - n even, 

t, +h,lj =p,~ +p,j  (10.4) 

tn + e h ~  = t~ + e(p , i  + p , j )  for e in E (10.5) 

s,,,(ah,~,j . . . . .  dh,li) = t . , - l(ah,.•  . . . . .  dh,~ i) m > n (10.6) 
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Proof. Le t  n = l  and  e.g. i = 1 ,  j = 2 .  T h e n  h ~ 2 = a + b = f ~ + f ~ 2  whence  

(10.2) fol lows,  immed ia t e ly .  (10.3) is p r o v e d  by  induc t ion  o n  m. L e t  m = 2. D u e  

to  the  neu t ra l i ty  of q and  P23 + P24 and  m o n o t o n i c i t y  it  suffices to  cons ide r  the  

case t~ = 1 and  P23-t-P24 = 0. A g a i n  by  L e m m a  3.4 and  3.1 this  r educes  to the  cases 

q = l ,  s 2 = 0  and  (for h = 1 , 2 )  P 2 h = l ,  t 2 = 0 .  In  the  first we  have  c ( a + b ) =  
d(a + b) = 0. In  the  s econd  we have  (for h = 1 e.g.) a la t t ice  M3 wi th  a = 0 whence  

a = c(a + b) = d(a + b) = 0. In  b o t h  cases we ob t a in  

q(a, b, c(a + b), d(a + b)) = ab = O. 

F o r  m - > 2 w e  get  

tin(a, b, c(a + b), d(a + b)) = ~, tm-l(qha, qhb, qhc(a + b), qhd(a + b)) 
h 

= ~ ph(tm-l(a, b, c(a + b), d(a + b))) 
h 

with h rang ing  over  2, 3. By  induc t ion  this is con t a ined  in 

02(Pro3 + Pro4) + 03(Pro3 + Pm4) 

= P l 3 P m 3  -I- P l 4 P m 4  -[- 1924Ptn4 -~- 02 3P m 3  = Pro+l ,1  -~- Pro+l,2 

if m is even.  If m is o d d  the  a b o v e  is con t a ined  in 

O;(P,~I + P,~2) + P3(Pml + Pro2) 

= 031Pro 1 -t- P 3 2P m 2  -~ P 4 2 P m 2  ~- P41Pm I = Pro+l ,3  ~- Pro+l ,4-  

T o  p r o v e  (10.4) and  (10.5) for  n = 1 we  m a y  assume tl = 0 due  to t he  neu t ra l i ty  of 

t l -  in which  case the  cla ims are  checked ,  easi ly.  (10.6) is p r o v e d  by  induc t ion  on  

m with  induct ive  s tep  as in (10.3). F o r  m = 2 we use the  neu t r a l i t y  of  s2 and  t2 the  

case s2 = 0 be ing  cove red  by  (10.3), a l ready.  T h e  case s2 = 1 and t2 = 0 r educes  to  

P2h = 1 and  ta = 0 by  L e m m a  3.1. Then ,  e i the r  a + b = 1 and  

s2(a, b, c(a + b), d(a + b)) = s2 = 1 

or  a + b = 0  and by  (3.3) 

s2(a, b, c(a + b), d(a + b))=O= q(a, b, c(a + b), d(a + b)). 
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If  t2 = 1 then by (3.8) 

ei + ek + e,(e~ + ei) = ei + ek + e,q~k + e~% = e~ + ek + et = tl = 1. 

Consequently,  by modular i ty  

tl(a, b, c (a  + b), d (a  + b)) = (a + b)(a + c + d (a  + b))(b + c + d (a  + b) = a + b 

and by modular i ty  and (3.8) 

s2(a, b, c (a  + b ), d (a  + b)) = (02sl + p 3 S l ) ( a ,  b, c (a  + b), d (a  + b)) 

= a(b + d ) +  b(a + c ) + c ( a  + b ) (b+  d) 

+ d (a  + b)(a + c) 

+ a(b  + c) + b(a + d) + c(a  + b)(a + d) 

+ d(a  + b)(b + r 

- - a ( b + d ) + b ( a + c ) + a ( b + c ) + b ( a + d ) = a + b .  

Let  n = 2, k = 3, l =  4. Then by modular i ty  and (3.5) 

q23h212 = q23(P23(c q- d) + p24(c 4- d)) = q3(c -t- d) + q3(cq2-}- dq2) 

= q3(c q- d) q- cq2(a + d) + dq2(b + c) = q3(c q- d) = i0 2 3 h 1 4 3  

whence (10.1) follows for n-----3 by induction in analogy to (7.2). Now, (10.2)-  

(10.4) and (10.6) are easily derived with the inductive scheme (3.11). For  example 
in (10.3) we get for odd m - n  

t~ -  l ( ah~ij . . . . .  dh.ij ) 

<- tm- a( qikah.ii . . . . .  qikdh.ij ) + tm- 2( qi~ah,,o . . . . .  qjtdh.ij ) 

= tm 2(Oik(ah,-1,lk) . . . .  ) + tm-2(Ojz(ah,-l,kl) . . . .  ) 

= p j k ( t ~ - 2 ( a h ~ - l , ~ k  . . . .  ) ) + O j ~ ( t ~ - 2 ( a h ~ - l , ~  . . . .  ) )  

<- Oj~ (P,~- I,, + P,~- ~,i ) + oi~ (pm- l,, + P. , -  I,i ) 

= PaPm-l,i + O~jP,,-1,i + Ok~P,,-1,i + OkiP,,-1,j = Pml + Pn~k. 

In (10.5) we have to consider the case n = 2, first. But  P2~ +P2i is neutral by 
L e m m a  3.4 thus we may  assume that it equals 0 or 1. In both  cases the claim 
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follows trivially by  (10.2), (10.4) and  monotonic i ty .  For  n > 2  we get by  (10.1), 
(3.3) and induct ion 

tn + eh.~j >- a~kt. + %eh.~j  + qjlt. + qjlh.~ie 

= pik ( t . -1 + eh. -1 , lk)+ OjL(t.-1 + eh.-1,kl) 

= Ojk( t . - l+e(P. -1 ,1  + P . - 1 , k ) ) + P i l ( t . - ~ + e ( P . - 1 , k  + Pn- l j ) )  

= t. + eqjk (qjkP., + qjkP.j)+ eq~l (qilPn~ + qjlP.j) 

= t. +eqjk(pni +p . j )+eq i l ( p . i  +P. i )  (by L e m m a  3.3) 

= t. + (eqik)(a(p. i  + p . j ) , . . . )  + (eqjz)(a(p.i + p. i)  . . . .  ) 

= t. + e ( p . i  +P- i )  (by L e m m a  3.2 and (3.7)). 

Proof  o f  L e m m a  10.1. In  view of L e m m a  4.1 we m a y  assume that  sn = 1 and 
t , . - - 0  for  given m _> n. As  an addi t ional  hypothes is  we take  

t,~(ahn,i . . . . .  dhn~j) = t~hn~j if tn = t-n+ 1 (10.7) 

for  M as above.  T h e  p roof  is by  o rder  induct ion on the  pairs  (n, m - n). T o  p rove  

(10.7) in the  case n = 1 due to the neutra l i ty  of  t~ one  m a y  assume tl = t2---1. 
Then ,  as calculated in the p roof  of (10.6) e.g. for  i = 1, j = 2 

t l (a  , b, c (a  + b),  d ( a  + b)) = a + b = h112. 

T h e  neutra l i ty  of the  tk is trivial for  n = m and cont ined  in L e m m a  8.1 for  

m = n + l .  
Fo r  n-> 2 we p r o v e  (10.7) applying the  induct ive hypothes is  to the  sublat t ice 

Mjk gene ra t ed  by  the  eqjk (e in E )  - this is possible  in view of (3.3). In  par t icular ,  

qjkt. = t . - l (aq ik  . . . . .  dqjk) 

is neut ra l  in M/k whence  t. dis tr ibutes with all x, y in Mjk. Thus,  (10.7) follows in 
exact  ana logy with (7.9). Now,  to p rove  the  neutra l i ty  of the  tk we m a y  assume 

m > n + 1 and,  in view of Propos i t ion  4.3, tn = S~+l = tin-1 = sin. 

Le t  m - n  be  odd,  first. W e  s tudy two special  cases of  our  claim. In  bo th  we 
apply  Propos i t ion  2.2 with S be ing the  lat t ice f reely  gene ra t ed  by  a, b, c, d such 

that  sn - -1 ,  t i n - l=  0, and tk-1 = s k  for  all k > n. If Ping +PmZ = 0 then  by (10.2), 
(10.3), and (10.6) there  is a h o m o m o r p h i s m  ~ii of S into M such tha t  ~piie = eh, ,  i 
for  e in E. By  the  induct ive hypothes is  t, is neut ra l  in S. Thus,  by  (10.7) 
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t,h~ij =q~J~ is neutral in the image of q~i, i.e. the map x ~->t,+q~jx is a 
homomorphism of S into M - m o r e  precisely, into the interval Its, p,~ + p,j] of the 
sublattice of M which is generated by the e + t, (e in E).  This follows from (10.5). 
Recall that the P,,h (h  in 4) yield a direct decomposition of this sublattice (Lemma 
3.2 and 3.1). 

Now, if p , , i + p , j  = 1 and p m k + P , , l  = 0  we may choose o~ =q% Then by (10.5) 
a e  <--e <--t~ + a e  and Proposition 2.2 implies the neutrality of t, in M. 

Let  us assume r,~ = 1 and r,,, = 0 for a fixed i. Put 

o~x = q~ijx'+ q0ikx + qg~lx. 

Since p,, = t~ by assumption the p,, +P,~h (h = j, k, l) are independent  in [t., 1] and 
x ~ ~ + a x  is a homomorphism of S into M. Moreover ,  a is a joint homomorph-  
ism by definition and ae---e--- t .  + oLe by (10.5). Consequently, t~ is neutral in M 
due to Proposition 2.2. 

Next, let p,~ = 1 and p,.~ = 0 for a fixed i. Let  T be the abelian lattice freely 
generated by a, b, c, d such that Sn = 1, t. = Sin, tm = 0 ,  and t~(x+y)  = t~x + t.y for 
all x ,  y in F. Let  ] ~  i. Then  Pml ----- r,.j. By Lemma 3.2 we have 

r m i ( a + r m j  . . . . .  d + r , , , i ) = r m  j and p , , i ( a + r , , j  . . . . .  d + r m j ) = l .  

Thus, by the preceding step 

sm = t ,  = t~(a + rmi . . . . .  d + r . ,  i) 

is neutral in the sublattice generated by the e + rmj (e in E)  and there exists a 
homomorphism tOi of T into M such that tOje = e + r,,j and the map x ,---> s,,,qtjx is a 
homomorphism of T into the sublattice U of M generated by the esm (e in E).  
Define 

t3x = II(4,jx I J ~  i). 

N o w ,  

I-I ( r,,, i I ] 7 ~ i)  = p,,i ~ 0 

and the r , , i ( j7  ~ i) yield a dual direct decomposition of U (Lemma 3.1 and 3.2). 
Thus, the map x ~ s,,,13x is a homomorphism of S into M and 

(3e >_ e >- s , ,e  = s,,[3e 
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for  e in E. Since 13 is a m e e t  h o m o m o r p h i s m  P ropos i t i on  2.2 appl ies  and  we 

ob ta in  the  neu t r a l i t y  of t~ =sm in M. 

F o r  p~ -- 1 in gene ra l  the  p r o o f  is qui te  ana logous  wi th  T as a b o v e  and  /3 a 

m e e t  of a h o m o m o r p h i s m  such tha t  e ~-> e + rm~ (exist ing due  to  the  first s tep) and  

a h o r n o m o r p h i s m  such tha t  e ~ e +p ,~  the  ex i s tence  of  which  has jus t  b e e n  

shown.  

Final ly ,  to  get  the  whole  c la im for m - n be ing  o d d  t ake  the  s ame  T and /3  the  

jo in  (with i = 1, 2, 3, 4) of  h o m o m o r p h i s m s  such tha t  e ~ ep,,.  

If  m - n  is even  then  b y  (10.3) the  h o m o m o r p h i s m  ,~- of S (as above)  in to  M 

with  r  exists  p r o v i d e d  tha t  Pm~ + P m i - - 0 .  Thus ,  the  first s t ep  with  

P~ + P~i = 1 and  Pm~ + Pmj = 0 can b e  d o n e  wi th  a = ~P~i. In  the  case p~i = 1 and 

Pm~ = 0 = (Pm~ + Pmi)r,~i t ake  T as a b o v e  and /3  as a m e e t  of two h o m o m o r p h i s m s  of 

S in to  M such tha t  e ~ e + p ~  + p,,j and  e ~ e + r~i, respec t ive ly .  

L e t  r,~ = 1 and  rm~ = 0. L e t  S be  as a b o v e  and  a x  = ~ojkx + ~pilx. O b s e r v e  tha t  by  

L e m m a  3.1 for  h = k, l 

By def in i t ion  and  (10.5) 

P~i(tn + ~r = P~i(e + t~) = pnj(t ,  + ~r 

Thus,  the  m a p  x ~ t~ + a x  is the  jo in  of the  t h ree  h o m o m o r p h i s m s  

x ~ p , k ( t ~ + q ~ i k X ) ,  X ~ p n i ( t ~ + q ) j k X ) ,  x ~ p n z ( r ~ + ~ o i ~ x )  

and  itself a h o m o m o r p h i s m  b y  L e m m a  3.1. M o r e o v e r ,  a is a jo in  h o m o m o r p h i s m  

and by  (10.5) 

ae<- -e<-e  + t~ = t~ + ae.  

The re fo r e ,  due  to  P ropos i t i on  2.2 tn is neu t ra l  in M. Now,  the  case Phi = 1 fol lows 

with  T as a b o v e  and  /3 the  m e e t  of two h o m o m o r p h i s m s  of T into  M such tha t  

e ~ e + P,,i and  e ~ e + r.~i, respec t ive ly .  In  the  gene ra l  case,  again,  we t a k e / 3  as 

t he  jo in  of  the  four  h o m o m o r p h i s m s  of T in to  M such tha t  e ~-> ep,,,. 

L E M M A  10.2. L e t  M be a lattice generated  by a, b, c, d such  that  s ,  = 1 and  

t~ = t~+l. T h e n  t~ is neutral  in M .  

Proof.  A g a i n  we m a y  assume tha t  tm=  0 for  an m > n ( L e m m a  4.1). N o w  

p r o o f  by  induc t ion  on  n. (10.7) is e x t e n d e d  to la t t ices  of this  k ind  wi th  the  same  
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a r g u m e n t a t i o n  as above .  Now,  let  S b e  the  la t t ice  f ree ly  g e n e r a t e d  by  a, b, c, d 

such tha t  s ,  = 1, tm = 0, and  sk = tk-1 for  all  k > n. By  L e m m a  10.1 t,  is neu t r a l  in 

S. Because  of  (10.2) and  (10.6) t h e r e  exis t  h o m o m o r p h i s m s  q~ii of S in to  M such 

tha t  q~,je = eh,,j. By (10.7) q~it, = t~h,~ i is neu t r a l  in the  i m a g e  of q~j and  x 

t~ + q~,jx a h o m o m o r p h i s m  of  S in to  M. Pu t  a x  = q~12x + q~34x. T h e n  b y  (10.5) and  

L e m m a  3.2 and  3.1 x ~ t,  + a x  is a h o m o m o r p h i s m  of S into  M and  a e - < e  < - 

t~ + ae. W i t h  P r o p o s i t i o n  2 .2  we de r ive  the  neu t r a l i t y  of t~. 

11. Proof of the Theorem 

L E M M A  11.1. L e t  M be a modular  lattice generated by a, b, c, d such that 

a + b > - c + d .  Then  t,  = S , + l  for all n. 

Proof. This  is t r ivial  for  n = 0. L e t  n = 1. Since tl and  s2 are  neu t ra l  by  L e m m a  

3.4 we  m a y  assume ta = 1 and  Sa = 0. T h e n  any t h r e e  of a, b, c, d a re  i n d e p e n d e n t  

wi th  jo in  1 (cf. Sec t ion  4) w h e n c e  c = d = 0 and  t hen  1 = 0. F o r  n >- 1 we  p r o c e e d  

by  induc t ion .  F o r  i = 2, 3 we have  b y  m o d u l a r i t y  aq~ + bq~ = q~ whence  p~t, = O~S~+l 

and  t~+l = s~+2 b y  (3.2). 

T o  p r o v e  the  T h e o r e m  let  L be  a subd i r ec t ly  i r r educ ib le  e l e m e n t a r y  A r g u e s i a n  

la t t i ce  g e n e r a t e d  by  a, b, c, d such tha t  a + b >-- c + d and  ab <- cd which is not  of 

b r e a d t h - -  < 2. In  view of L e m m a  4.1 we  m a y  assume sm = 0 for  an m. By  L e m m a  

11.1 we  have  tk = sk+l for  all k whence  by  L e m m a  10.1 all tk = sk+l a re  neu t r a l  in 

L. T h e r e f o r e ,  t he re  is an n wi th  s ,  = 1 and t~ = 0. By  L e m m a  3.1 we  even  have  

Pn, = 1 for  an  i. Thus ,  L is g e n e r a t e d  by  a f r a m e  of o r d e r  n accord ing  to  Satz  3.3 

in [11]. T h e n  L e m m a  1.2 impl ies  tha t  L is a p ro j e c t i ve  g e o m e t r y  over  a p r i m e  

field. 

W e  has t en  to  p r o v i d e  an e x a m p l e  of a subd i rec t ly  i r r educ ib le  la t t ice  of 

subgroups  of  an abe l i an  g roup  which  is g e n e r a t e d  b y  e l e m e n t s  a, b, c, d wi th  

b + c - - a  + d and  bc -< ad but  ne i t he r  of  b r e a d t h - < 2  no r  g e n e r a t e d  b y  a f rame.  

C o n s i d e r  the  g roup  A = ~ 4 ~ 4 ( ~ 4 ( ~ Z 2  with  bas is  el ,  e2, e3, e 4. Le t  

a = ( e 2 - e 3 } ,  b =@1,  e2), C =@3,  e4}, d = @ l - - e 3 ,  2e2--e4)-  

T h e n  

a, c ( a + b ) = ( e 3 ) ,  d ( a  + b)  = @1 - e3), b ( a + c )  

= (e2), b ( c ( a + b ) + d ( a + b ) ) = ( e l )  

d e t e r m i n e  a f r a m e  of o r d e r  3 of the  in te rva l  [0, a + b] of  L ( A )  which  is the  

s u b g r o u p  la t t ice  of  (e l ,  e2, e3)~-7/43 and  t h e r e f o r e  g e n e r a t e d  b y  this f r a m e - s e e  
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[13; 3.2]. O n  the  o t h e r  h a n d  d ( a + c ) = ( 2 e 2 - e 4 )  whence  u = ( 2 e l ,  2e2 ,2e3 ,  e4) 

be longs  to  the  sub la t t i ce  L of L ( A )  g e n e r a t e d  b y  a, b, c, d, too.  Thus  all cyclic 

subgroups  of A be long  to L and  L = L ( A ) .  Tha t  L has  no  spann ing  f r ame  is 

obvious .  Also ,  obse rve  tha t  in L u = t 3 = s4 is no t  neut ra l .  

This  shows tha t  our  a p p r o a c h  m a y  no t  be  e x t e n d e d  much  b e y o n d  e l e m e n t a r y  

A r g u e s i a n  lat t ices.  O u r  p rog res s  f rom [7] is min imal :  E v e r y  r e a s o n a b l e  e l e m e n -  

t a ry  A r g u e s i a n  la t t ice  is con t a ined  in the  va r i e ty  g e n e r a t e d  by  A r g u e s i a n  com-  

p l e m e n t e d  la t t ices .  Jus t  th ings  l ike  one  d i m e n s i o n a l  g lueings  of p ro j e c t i ve  g e o m e t -  

r ies  of  d i f ferent  charac te r i s t i cs  a re  added .  Ne the r the l e s s ,  t he  p roof s  p r o v i d e  a 

basis  for  an analysis  of subd i r ec t  p r o d u c t s  of  four  g e n e r a t e d  la t t ices  which  e.g. 

inc lude  the  la t t ices  a ssoc ia ted  with  a pa i r  of l inea r  maps  b e t w e e n  two vec to r  

spaces .  Also ,  all the  n u m b e r e d  fo rmu la s  r e m a i n  t rue  in an a rb i t r a ry  m o d u l a r  

lat t ice.  O n e  has  to  r ep l ace  the  gene ra l  d i s t r ibu t iv i ty  c la ims b y  c la ims involving 

pa r t i cu la r  e l e m e n t s  only.  
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