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The implication and finite implication problems for embedded multi-
valued database dependencies are both shown to be algarithmically
undecidable. The proof is by an interpretation of semigroup word
problems via systems of permuting equivalence relations into database
dependencies. In contrast, it is shown that for each fixed premise H
one has a decision procedure for implications H = F. ¢ 1995 Academic

Press, Inc.

1. INTRODUCTION

In the context of lossless decompositions, multivalued
database dependencies (mvd’s) have been introduced by
Fagin (1977) and Zaniolo {1976) as a somehow weaker
variant of functional dependencies (fd’s). A sound and com-
plete (also with respect to finite databases) axiomatization
of mvd’s and of mvd’s and fd’s together has been given by
Beeri et al. (1977). In particular, the implication problem
and the finite implication problem coincide and have an
algorithmic solution. Here, the (finite) implication problem
for a given class of database dependencies refers to a proce-
dure deciding for any implication £, A --- A F, = F, with
dependencies F, F, from the class, whether it is valid 1n all
(finite) databases—where the attribute set of a database
(which i1s commonly supposed to be finite) includes all the
attributes occurring in the implication. The algorithm is
required to be uniform for all finite attribute sets and
antecedents F, A --- A F,. In contrast, the restricted
(finite) implication problem asks whether for each fixed
finite set F,, .., F, of dependencies the set of all depen-
dencies F with F, A --- A F,=F valid in all (finite)
databases is a recursive set. Implication problems are
closely related to first order logic decision problems. The
problems to be considered here can indeed be viewed as
instances of such.

Departing from a rather direct interpretation of groups or
semigroups into relations, unsolvability has been shown for
various classes of dependencies, in particular for the impor-
tant class of embedded template dependencies (Beeri and
Vardi, 1981; Chandra et al., 1981) and even the subclass of
projected join dependencies (Gurevich and Lewis, 1982;
Vardi, 1984). For typed template dependencies, Vardi
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{1984) obtained the unsolvability of the restricted (finite)
mmplication problem.

Embedded multivalued dependencies {emvd’s) are mvd’s
on a projection and a special case of projected join
dependencies. Emvd’s being so closely related to the natural
Jjoin, a positive solution of the implication problem would
have been appreciated. The nonexistence of an axiomatiza-
tion involving only a bounded number of attribute set
vartables has been shown by Parker and Parsaye-Ghomi
{1980) and Sagiv and Walecka (1982). Sagiv ef al. (1981)
pointed out that no translation into propositional logic is
possible. Day (1993) suggested an analogy with word
problems for modular lattices.

The crucial reduction, providing further evidence towards
unsolvability, was the result of Beeri and Vardi (1981) that
a solution of the (finite) implication problem for emvd’s
would also solve the corresponding problem for implica-
tions of the form “a conjunction of emvd’s and fd’s implies
an emvd.” Based on this and the unsolvability of the word
problem for (finite) semigroups { Markov, 1947; Post, 1947;
resp. Gurevich, 1966), one gets the following.

TueoreM 1. Implication and finite implication are
algorithmically  undecidable for embedded multivalued
dependencies.

COROLLARY 2. Implication and finite implication do not
coincide for embedded multivalued dependencies. There is no
sound and complete recursive axiomatization of embedded
multivalued dependencies with respect to finite databases.

THEOREM 3.  The restricted (finite) implication problem
is solvable for the class of functional and embedded multi-
valued dependencies.

The undecidability proof relies on an interpretation of
semigroups into certain systems of equivalence relations on
a set, translating semigroup relations first into meet and
sum relationships between subgroups of abelian groups and
then into meet and product relationships between equiv-
alence relations (Section 6). These in turn can be captured
by fd’s and emvd’s, associating databases with systems of
equivalences, canonically (Section 4); cf. Gurevich and
Lewis (1982}, Cosmadakis er al. (1986) and Rauszer (1987).
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The striking fact is that associativity does not come as a law
encoded into dependencies of sufficient expressive power
(which emvd’s are not). Rather, it is a by-product of a
coordinatization result (Section 7) for equivalence class
geometries requiring only a finite number of meet and
product relations for a finite system of “generating” equiv-
alence relations which include a “coordinate system.” It is
this result which connects the rather general database
methods of Section 4 with the special algebraic ones of
Section 6 to provide the undecidability proof in Section 8.

As in Gurevich and Lewis (1982), the universal Horn
theory of semigroups enters in a form where semigroups are
conceived as ternary relational structures. In this version,
the restricted decision problem has a “solution” —there is
only one Horn formula to be produced from a given antece-
dent. So it comes as no surprise that the restricted problem
is solvable for dependencies (Section 5). A primer on equiv-
alence relations is given in Section 3; a general concept of
interpretation of one theory in another is explained in Sec-
tion 2. Finally, in Section 9, we discuss related results in the
theory of lattices and relation algebras.

Quite a few techniques are borrowed from unsolvability
results in modular lattices (Hutchinson, 1973; Lipshitz,
1974). In particular, von Neumann’s (1960} concept of
frame 1s adapted to systems of equivalence relations to get
a coordinatization. Yet, the setting is definitely not a lattice
theoretic one. For more comments on this, see Section 9.
Most of the material is folklore in one context or other;
proofs are included to keep the paper self-contained.

The author is grateful to Alan Day, Achim Jung,
Bernhard Thalheim, and the referee for helpful comments.

2. THE METHOD OF INTERPRETATIONS

This method has been developed mainly by Tarski; cf.
Shoenfield (1967). Here, a rather elementary version is
needed. The framework is that of a class % of structures and
a language L related by a notion | of validity: S = Fto be
read as “the sentence F'is valid in the structure §” or “S
satisfies F.” If S does not satisfy Fwe also say that “S falsifies
F” The language L is built from atomic sentences each
involving finitely many of countably many individual con-
stants resp. relation symbols. Validity has to be defined for
the atomic sentences in such a manner that only the actually
occurring constants matter. The language is supposed to
consist of certain propositional combinations of the atomic
sentences and the concept of validity is extended, accord-
ingly. Thus, we may think of a structure as having only
finitely many constants interpreted, including those occur-
ring in the sentences under consideration. Saying that a
structure satisfies or falsifies a sentence always includes that
all the constants occurring in the sentence are interpreted in
the structure. The sentences to be considered will be mostly
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of the form H = F for which falsification means that H but
not Fis valid in the structure.

Now, a solution of the (finite) validity problem for L and
% consists in an algorithm deciding for each sentence in L
whether it is valid in all (finite) structures in €.

An interpretation of ¢, and L, into %, and L, associates
effectively with each Fin L, a sentence F” in L, such that for
each structure M in %, falsifying F there is structure M’ in
%, falsifying F' and, conversely, for each structure N in %,
falsifying F’ a structure N’ in %, falsifying F. Here, finite
structures are supposed to correspond to finite ones. There-
fore, F is (finitely) valid in %, if and only if F’ is (finitely)
valid in %, and if the (finite) validity problem is unsolvable
for L, and %, then the same takes place for L, and ..

If there is also an interpretation of %, and L, into ¥, and
L, then we speak of an equivalence.

3. EQUIVALENCE RELATIONS

We outline some basics of the theory of equivalence rela-
tions; cf. Dubreil and Dubreil-Jacotin (1939}, Ore (1942),
and Cohn (1981).

Let 7I(E) denote the system of all equivalence relations
on the set E—equivalently, one may think of the associated
partitions. For a in [I(E) and a, b in F we write aab if and
only if « is related to b under a (often written as (a, b) ea).
Let a/a = {be F | anb} denote the a-class of «. Any such set
will be called an (equivalence) class of «. The intersection
y=an f 1s defined by: ayb if and only if axb and afb. For
a, fin II{E) 1tis, of course, in [I{ E). o is finer than f, x =,
if axb implies afb, in other words if x =xn . We write
id = id,, for the identity relation and V =V for the total
relation,

Let =, be a countably infinite set of names (for equiv-
alence relations). A system of equivalences is a pair (E, h)
where E is a set and / a map from a finite set =< = into
IT{E). In other terms, we consider relational structures with
base set £ and family # of binary relations under axioms
requiring that these relations are equivalence relations. Let
IT denote the class of all (£, &) and 1, the subclass consist-
ing of those satisfying (). .z (&) =id.

An isomorphism between two systems (E, h) and (E', h')
of equivalences (having the same domain =) is given by a
bijection ¢: E— E' such that for all & e = the equivalence
#'(&) 1s the ¢-image of A(E).

For E' < E we can form the restriction (E', h | E') where
h|E (&)=hEVnE>

Given an equivalence relation g on E the quotient set Eju
consists of all u-classes a/u, a€ E. For x 2 i in [I( E) there is
an equivalence relation a/u on the quotient set E/u such that
two p-classes are related if and only if they lie in a common
a-class. In other words, for u-classes & and & we have da/ub
if and only axb. So, for p <= zh(&) we can form the
quotient system (£, b}y = (Efu, hju) where h/u(E) =M E) /.
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In particular, with =\, z#4(&) each (E, &) in [T has a
canonical quotient n 11,

Considering a direct product [],., 4, let 8, be the kernel
of the projection 7, onto 4, and 8, =), ., 0,, i.e. s0,¢ if and
only if s[i]=1¢[] and s0t if and only if s j ] =¢[j] for all
J#L

If E is a subset of the direct product of sets 4, { € =, and
if #(&)=0.]| E, then we call (E, h) a system of projection
kernels if the projections restricted to E are still onto:
n{E)= 4. for all £&. One also speaks of a subdirect decom-

position of E. Of course. such is in 1.

ProPOSITION 4.  FEach system ( E, h) of equivalences in Il
is isomorphic to a system of projection kernels.

Proof. Let 4. the quotient set E/A(<) of all A(Z)-classes.
Define ¢ from E into the direct product of the 4. by

dle)=(e/h(&) | e D).

Let £’ the image of E under ¢. Having (£, &) in 11, forces
¢ to be one-to-one. |

For two relations, x> ff is the relational product (which
may happen not to be an equivalence even if a, f are):
ala - f5) bif and only if there is ¢ with axc and ¢fb. If a, § are
reflexive then a, f =« f; also, x = fimplies f=a - f=f+x
Two equivalence relations «, f are said to permute if o f =
S «; see Fig. 1.

PROPOSITION 5. (a) a f in II(E) permute if and only if
x-Bell(E)ifand only if §-xe II(E).

(b) The products formed from finitely many factors of a
fixed set of pairwise permmuting equivalences are again equiv-
alences and give rise to a join semilattice; i.e., they satisfy the
associative, commutative, and idempotency (x-a =) laws,
andx S fiff a-f=4.

(c) Modular Law: For any x, B, y in II{(E)

ayimpliesan(f-y)=(anf):y.

[0
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Permutability.

Proof. (a) The product operation, applied to any
binary relations, is associative. Products of reflexive rela-
tions are reflexive. The transitivity of a reflexive relation y
amounts to y-y=y Now, for y=ax-f, symmetry is
equivalent to x-f=f-a and implies y y=o0 a-f f=
a=ff=y if « and B were supposed to be equivalence
relations.

(b) Follows, immediately.

(c) Letaann(fey)b, ie. axb and afcyb for some ¢. Then
cab since a2y and aac since « is an equivalence relation.
Thus axn feyb which proves an(f y)S(xnf)y. For
the converse inclusion observe that ax N feyb implies aab
and aff - yb, trivially. |

PROPOSITION 6. (a) (E, ay. a,) is isomorphic to some
(A, x A5, 01,05y if and only if o, "o, =id and o, o, = V.

(b) (E. x,. a5, ®3) is isomorphic to some (A, x A, x A,
0y, 05, 0%) if and only if the o, permute, o, 25 -a;=V and
a, N (- o) = id for any permutation i, j. k of {1, 2, 3}.

Proof. 1In (b) let a; the product of the «,, j#i By the
Modular Law, o} n & = a,, for distinct £, j. . So, the intersec-
tion of all a}’s 1s id and Proposition 4 yields a subdirect
decomposition into A,’s and one may assume that «; is the
restriction of (/; to E, whence 2;=0, | E. Leta,e A,,. b, € A5,
and ¢, e A; be given. Since the projection maps are onto,
there are {a,. @», as3), (b, b>, b3), and (¢;. ¢,. ¢;) in E. Due
to af~ah =V there is (x, y, £) in E with (¢, a1, ¢;3) 25(x, y,
z) ah(by, b,, b3). But, necessarily, z=c¢, and y=b,, so we
have (x, b,. ¢;) in E. By hypothesis, «, - «| =V, thus there is
{(u, v, w) in E such that (x, b,, ¢3) (s, v, w) &\(a,. a». a;).
Here, v =b,, w=c¢;, and u=a, whence (a,. h,, ¢;) isin E.
(a) is even simpler. Of course, this can be generalized to any
finite number of factors. [J

Combining Propositions 4 and 6 we arrive at a structural
understanding of permutability: Define the join « v f of two
equivalence relations as the smallest equivalence relation
containing both « and /8

avf={Jasfoas-. - p
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Now, two equivalence relations « and § permute if and only
if after factoring out a n f each class K of the join a v f is
directly decomposed by the restrictions o | K and | K.
The languages L, and L, associated with systems of
equivalences are defined in terms of atomic sentences having
one of the forms x = f§ (inclusion), y = 2~ B {meet sentence),
and y=a - f ( product sentence), respectively, with distinct
«, f,yin = . Let L, consist of all implications of the form
H A -  A"H,=Fi A - AF,,
where the H, and F; are atomic. Motivated by the special
fd + emvd implications considered in Lemma 4 of Beeri and
Vardi (1981), let L4, consist of those sentences in L,, where
m=1 and F, is a product sentence y =a~ f such that the
inclusion sentences « €y and f <y are among the H,. The
validity of an atomic sentence in a system (£, /) of equiv-
alences is defined in the obvious fashion: e.g., (E, h}) E 2 S §
if and only if A(a) = h(f)—provided that « and § are in the
domain of 4. Of course, this means that the corresponding

first-order sentences are valid in the relational structure
(E, h(é):ef)-

PROPOSITION 7. Let p S hEYSt for all E€ = Then for
any atomic sentence F the following are equivalent:

1. (E,h) = F.
2. (E.h)juE F
3. (T, 1| T) &= F for every equivalence cluss T of t.

Proof. Consider a sentence a - § =y and write a in place
of h(«). For any a, b, ¢ with u-classes @, b, & one has axcfb
if and only if dajuép/ub whence (x-B)/u=oju-piu.
Similarly, aab and afb if and only if da/ub and ap/ub whence
(. n )i = ofu ~ /. In particular, « = B if and only if
a/ie < B/u. This proves the equivalence of 1 and 2. The equiv-
alence of 1 and 3 follows from (a ) | T=a | T-F| T. 1

One concludes:

ProrosiTion 8. [T is equivalent to I, with regard to any
fragment of L, via passing to canonical quotients and leaving
sentences unchanged.

In Section 6 we will consider a certain structure on =,
and call certain finite subsets closed. For now, the only point
of interest is that for each finite £ < = there is at least one
closed 2= = Denote by /7¢ the subclass of [T consisting of
those (E, i) with domain of / being a closed set.

PROPOSITION 9. [1€ is equivalent to IT with regard to any
Sfragment of L, (leaving sentences unchanged).

Proof. Consider (E, k) in II falsifying H => F—in par-
ticular, all £ occurring in H = F are in the domain = of A.
Extend A to #’ with domain =° defining /(&) arbitrarily for
¢ = Then (E, /') is in [T¢ and falsifies H=F. |
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4. DATABASES

We recall some definitions following Kanellakis (1990);
cf. also Fagin and Vardi (1986) and Paredaens er al. (1989).
Fix a countably infinite attribute set U_ . Under the pure
universal relation assumption (which is quite appropriate
for implication problems), a database d is given by a finite
subset U of U, , for each 4 in U a domain A[ 4] of values
of the attribute A, and a subset (relation) » of the direct
product ] .. 4[A]. Fora tuple tinrand X < Ulet ¢[ X
be the restriction of ¢ to X.

The atomic sentences to be considered are the functional
dependencies (fd’s) X — Y and the embedded multivalued
dependencies (emvd’s) [X, Y] with finite X, Y< U, .
Validity is defined as follows: d = X' — Y if and only if for
all s, ter, if sS[X]=1[X] then s[ Y] =¢([ Y]—provided X
and Y are subsets of U, at all. d = [ X, Y] if and only if for
every f,, t,erwith {,[XnY]=t,[ X~ Y] thereexists rer
with [ X1=1,[ X] and ([ Y] =1¢,[ Y]: in other words, the
restriction of r to XY=Xu Y is the natural join of the
restrictions of X and Y. The original notion of an emvd
X — Y| Z amounts to [ XY, X{Z — Y)] and, conversely,
[X.Y]to: XA Y > (X—Y)| V.

Let L,,.q (and L,) consist of all implications H = F
where F is an emvd and H a conjunction of emvd’s (and
fd’s). Let Ly, .mva consist of all implications

HAn - A"H,=F A - AF

m

where the H, and F, are fd’s or emvd’s.

One could also consider a notion of fd or emvd and then
of implication, which also mentions the attribute set {/--to
be interpreted only in databases with attribute set U (an
mvd then isanemvd [ X, Y] with U= XY). A U-implication
of fd’s and emvd’s can be considered a V-implication for
every =2 U and the first holds for all databases with
attribute set U if the latter does for V. a U-database can be
turned into a V-database by adding singleton domains, the
converse being achieved by projection; this change of point
of view has no impact on the validity of dependencies with
attributes in U. Consequently, an implication is valid if and
only if so is the corresponding U-implication where U is the
set of attributes actually occurring in the implication.

Also, one might introduce typed and untyped versions of
the implication problem by considering only databases with
A[A] N A[B] = for all A # B resp. A[ A]=A[ B] for all
A, B. Again, for emvd’s this does not change the implication
problem. Each database can be turned into a untyped one
by replacing each A[A] by 4= ,.,4[A4] and into a
typed one by replacing the values v € Al 4] by pairs (v, 4).
Thus, the question of decidability does not depend on which
approach we take.
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For U-implications there is a well-known translation into
a language of first order logic based on one U-ary relation
symbol (Beeri and Vardi, 1981). Since there are complete
calculi working uniformly for all possible sets of relation
symbols the above considerations yield the following.

THEOREM 10. The set of valid fd + emvd-implications is
recursively enumerable. |

Now. consider a subset E of a direct product of sets 4 ,,
Ae U, ie., a database. Then one has projection maps
n, E—> A4, yielding for each re E its A-component
m4(t)y=t[ A]in 4 . With each of these maps one has its ker-
nel equivalence relation ;. For a set X of attributes write
Ov=N4cx b, Thus s0,¢1f and only if s[ X]=¢[ X]. The
following is obvious but fundamental and can be found in
Rauszer (1987), in principle, for the fd’s in Cosmadakis et al.
(1986).

LEmMMa 11.  For any database d, and sets X, Y, Z of its

attributes
Oy, iff d=X-Y
ff de XY>ZAZ->XY

ff di=[X. Y]

O0,=0,n80,
(),\'m )'=0x“())'

and. if X, Y. Z are pairwise disjoint, then

0,=0, 0, iff d=e[XZ, YZIANX—-ZAYZ

Proof. 0, <0, meansthat s[ X]=¢[ X]impless[ Y] =
t[ Y] for all s, ter, 1e., that X— Y holds in 4. In par-
ticular, #y =0, 1fand only if Y — Yand Y — Xholdind By
definition 0, =0, 0, yielding the second claim. The
third is a special case of the fourth. §,=0, ¢, implies
0y=60, and 0, <0,, whence the validity of X — Z and
Y — Z. Now, consider ¢,, t,er with ([ Z]=1,[Z] and
observe that Z=XZn~ YZ. Then 1,0,t,. so by hypo-
thesis there exists ter with ¢,0,t6,t, or, in other
words, 1;,[ X]=¢[X] and ¢[ Y] =1,[ Y] from which we get
H{XZ)=1{XZ] and ([ YZ] =1, YZ] using the fd’s
already derived. But this shows that d|= [XZ, YZ]. In
the converse direction, we have 8,<8, and 6,<6,
from the fd’s. Finally, consider ¢,0,¢, or t,[Z]=1¢,[Z].
Then the emvd yields a rer with (,[X]=¢X] and
t[ Y] =1t,[ Y]. which amounts to t,0, - 0,t,. |

THEOREM 2.
Lfd + emvd ( L.\ )

Proof. Choose a bijection ¢ of = onto U, writing the
images of x, f, y as A, B, C for convenience. Translate H = F
in L, into H' = F'in Ly, ...4. replacing each atomic sen-
tence by a conjunction of atomic sentences according to
Lemma 11. Given (E, 4) in /1. by Propositions 8 and 4 we

IT and L (L) are equivalent to & and
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TABLE 1

Example
A B C A (a4
a b ¢ a' ¢
a b ¢ a ¢
a, c ¢ a” a,
a b ¢ a” o
a b ¢ a” ¢
a, ' ¢ a” s

may assume it is a system of projection kernels. So, let
U=¢(5), A[¢(&)] =4, and r=FE to obtain a database.
Conversely, a database gives rise to a system of projection
kernels. So we have an interpretation.

When L, is concerned and Fis y =« f#, then form H’ as
before and let F' be the emvd [ AC, BC]. Observe that by
the definition of L, the conjunction H contains « =y and
f<y. so H has the fd’s 4 —» C and B — C as conjuncts.
Again, by Lemma 11 H holds in d if and only H' holds. But,
assuming H or H' we now have F equivalent to F’, too.

For the converse interpretation let X'+ o, be a bijection
from the set of all finite subsets of U, onto =, . Given
H=F in Ly, ..q add in H' the conjunction of all
ay Ny =0oy,,y Where X, Y are subsets of the attribute set
of H = F while translating the fd’s and emvd’s according to
Lemmall: X— YbyaySa,and [ X, Y]bya,, y=ayoa,.
The structures are again associated via Propositions 8
and 4. The additional hypotheses make sure that A(«,) is
associated with 6. |

ExaMpLE. We slightly modify example 23.12 in
Kanellakis (1990). Consider attributes 4, B, C, A', C' and
the relation r given by Table 1.

The fd AA4" — C is witnessed by a na’ =y and the emvd
[AB, AC] by a=f-3'. On the other hand, y' = x ~ 7 is wit-
nessed by the conjunction C' > AC A AC — C' of fd’s and
a=f -y by the conjunction [ 4B, AC'] AB—-+AAC' — A
of an emvd and fd’s.

Let a, ff, y, o', y" denote the associated partitions. Lis-
ting the tuples in r as 1, .., 6 we indicate the partitions
in the figure by encircling and labeling their equivalence

FIG. 2. Example in partition form.
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TABLE 2

Subdirect Decomposition

A B C A ’
1 1 1 1 1
I 2 1 1 1
3 3 3 3 3
1 2 3 3 4
1 1 3 3 4
6 6 3 3 6

classes—not caring about singletons and representing 2-ele-
ment classes by an edge; see Fig. 2.

Constructing a database from a system of equivalences
one has to list the classes of a 4, somehow, e.g., in the form
kY, .., ko where each k;, is the first element in its d-class. Of

m

course, the superscripts d may be omitted; see Table 2.

5. SOLVABILITY

In this section, we prove some positive results about
dependencies. In accordance with Lemma 11 we conceive a
database d as a set E together with a map 4+ f(A4) of U,
into fI(E). We write f(X)={),.y/(4). For the validity of
a dependency or implication, what matters is only the
values f({A) of attributes A actually occurring in it. A data-
base d = (E, #) is called monolithic if there is an equivalence
relation & on E such that ¢ < 8, for all 4 and all g-classes
are at least 2-element.

LemMMA 13, For each database there is a monolithic one
satisfying precisely the same fd’s and emvd’s (and preserving
finiteness).

Proof. Trivial set theory yields a database d = (£, f) and
an equivalence relation g € () 4. qu on £ having each class
2-element and d/u isomorphic to d. Now apply Proposition
7 and Lemma 11. §

Let H a finite conjunction of f{d’s and emvd’s and ¥V the set
of attributes occurring in H. We use H = F to mean that
H = Fholds in all databases—restricting to finite databases
claims and proofs are verbally the same. We write X — Y for
the difference set.

Lemma 14 HE X—- Y if and only if Y—V<EX—V
and HE XnV->Yn V.

Proof. Assume H | X — Y and consider a database d
satisfying H. Construct d' putting f"(4) =V for 4 ¢ V and
f(4)y=f(A) for AeV. Then in d' we have f'(Z)=
S (ZnV) for all Z Since d= X—> Y it follows that
dE XnV->YnV. Since d and d' coincide on V, this fd
holds in 4, too. Now, assume there is Ae¢ Y-V, A¢ X.
By Lemma 13, we may suppose that 4 is monolithic.
But, redefining f'(A4)=1id, we get d' satisfying H and
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S(Yy=idcu<f'(X), contradicting the validity of X — Y.
The converse implication is trivial. |

LEMMA 15, H = [ X, Y] if and only if one of the follow-

ing takes place:
. XYcVand HE= [X. Y].
2 X—V=Y—-VandHE X—-YVv Y- X
3 Y- VeXandHE XnYnVsYAV.
4 X—VeYandH= XnYAnVsXnV.

Proof. Assume H = [ X, Y] and consider monolithic d
satisfying H. If there were Ae X—V, A¢ Yand Be Y-V,
B¢ X we could redefine f(A)=f"(B)=id and f"(C) =f(C),
elsewhere, to obtain &' = H but f"(X)-f(Y)=idcuc
SXnY) Now, assume Y — V< X— V. Choosing
AeX—V, A¢ Y, and redefining f'(A4) = id we get d’ satis-
fying H and f'(X)=id whence f(Y)=f"(X) f(Y)=
f(XnY) Since f/(B)=f(B) for all BeY, it follows that
fIY)=f(XnY)andso HE Xn Y— Y. By the preceding
lemma, we get HE XnYnV—->YnV, ie, case 3.
Similarly, X— V< Y-V leads to case 4. So X— V=
Y—V# ¢ remains for us to consider. Assume that
SIXA WYX YA V)#£f(Yn V) Then there is a pair
(a,.bYeflIXn Y V) with (a,.b)¢ (X V) and (a, b)¢
S(Yn V). For all 4e X—V redefine f'(A4) as the equiv-
alence a consisting of the diagonal and («, b) and (b, a)
whereas f'(B)=f(B), else. Then d'&= H and f'(X)
U Y)y=idca=f'(XnY),acontradiction. So we arrive at
2 in this case. Again, the converse implication is trivial. J

Proof of Theorem 3. Let a conjunction H of fd’s and
emvd’s be given. Consider fd-consequences, first. By Lemma
14, the set {X— Y| H = X — Y} of fd-consequences is the
union of the sets {SZ - TW | W= Z< U, } where S, Tare
contained in the attribute set of H and H = S — T. Each of
these sets is recursive, obviously. And there are only finitely
many such S — T, so the union is recursive, too. For emvd’s
the reasoning is analogous using Lemma 15. |}

The following is, implicitly, in Lemma 4 in Beeri and
Vardi (1981). Tt allows, one to remove the fd’s from the
antecedent of an implication. From the authors point of
view, this is the crucial step in the undecidability result, so
it deserves that a proof be included here. The proof is
immediate by Lemmas 17 and 18, below.

THEOREM 16.  For the class % of all databases, there is an
equivalence between L.,,.4 and L.

Let U, a disjoint copy of U, and 4+ A a bijection.
Let Ut =U,uU,, L} and L}, , be the corresponding
languages, and & * be the corresponding class of databases.
For finite U let I, be the conjunction of all 4 — A and
A— A, Ain U ,andlet U* = Uu U. Let L the fragment of
L. consisting of = F where Fis an emvd over U and H

1s a conjunction of emvd’s over U™ and of /.
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LEMMA 17. & and L, can be interpreted into &~ and

+
L.

Proof. Given H= F let F'=F. One may assume that
the fd’s in H are of the form X— A4 with 4 not in X
Under the hypothesis /,. each such fd is equivalent to the
Ut-mvd [UT — 4, XA]. Namely, under this hypothesis,
FHUT —A)=s f(XA) whence fX=f(XA)-f(U" —A4)
implies fX<f(XA)-f(XA)=f(XA). The converse (that
the fd implies the mvd) is trivial: from fX = f(XA4) one gets
SX=f(XA) f(UT —A).

So let H' arise from H by replacing the fd’s by the corre-
sponding mvd’s and forming the conjunction with /.. For a
model (E, ) of H in & define (£, f7) in &~ such that
f~A=f*"A=fA. Conversely, from a model (E, f~) of H'
pass to (E. /) just by restricting /. |

LemMma 18.
L+

emvd*

&* and L can be interpreted into 4+ and

Proof. For X U™* let X 2 X be the smallest set con-
taining with A4 also A and conversely. Given H = Fin L let
H' = F' arise by omitting all {d’s and replacing [ X, Y] by
[X™, Y™ ]. Under the hypothesis I, H is equivalent to H’,
Fto F' (since fX=fX"). Thus any model of H not satis-
fying F is also a model of H' not satisfying F'. Conversely,
given a model (E, f) of H' not satisfying F’, define f'4 =
f'A=fAnfA to obtain a model of H not satisfying F. |

6. ABELIAN CONGRUENCE SYSTEMS

As a first step towards unsolvability, we interpret the
universal Horn theory of semigroups into subgroup systems
of abelian groups. The basic ideas are well known; cf
Lipshitz (1974). However, having the language L, in
mind, we have to a use a language for semigroups which
corresponds to viewing them is ternary relational structures;
cf. Gurevich and Lewis (1982). As a primer in (general)
algebra, we recommend Kurosh (1963).

To define the language L i, let X, be a countably infinite
set of generator symbols and consider atomic sentences of
the form - = xy and x=y. Let L consist of all sentences
H = F where H is a conjunction of atomic sentences and F
of the form x =y. Let & consist of all pairs (S, ) where S
is a semigroup and ¢ a map of a finite X< X, into S.
A semigroup is an algebraic structure with an associative
binary operation, usually written as multiplication. It is a
monoid if it has a neutral element e satisfying ae = ea for all
a. Any semigroup can be embedded into a monoid by just
adding a neutral element.

An abelian group M is a commutative monoid (written
additively with neutral element 0) having for each a a
(uniquely determined) inverse —a such that a +(—a)=0.
A subgroup is a subset containing 0 and closed under
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addition and inversion. With two subgroups N, K of M the
smallest subgroup containing both N and K is

N+K={n+k|neN keK} =K+ N.
For subgroups one has the Modular Law
A2C=ANn(B+C)=AnB+C.

Namely, if ¢ is in the left-hand side, i.e., « = b + ¢ withu e A4,
be B, ceC, thenb=a—ce A, whence be A~ B and a also
in the right-hand side. The converse is trivial. Products of
groups are direct products of the underlying sets with opera-
tions component wise. An homomorphism r of an abelian
group M into another, N, is a map a — ar (exceptionally, we
write application of maps on the right, in this context) of M
to N such that

a,be M.

(a+b)r=ar+ br for all

It easily follows that

0r=0 and (—a)r= —(ar).

A homomorphism s an embedding if it is one-to-one and
an endomorphism, if M = N as groups. Under composition,
the endomorphisms of M form a monoid End(M), the
endomorphism monoid, with neutral element ¢ = id,
a(rsy=(ar)s and ae=a forall aeM, r, se End(M).
These identities mean that End(M) acrs on M on the right
via a+> ar. The following is well known (cf. Kurosh, 1963,

10.5) and basic for the intended interpretation.

PROPOSITION 19.  Every ( finite) monoid can be embedded
into the endomorphism monoid of some { finite) abelian group.

Proof.
mal sums

Choose a finite field &, and let 4 consist of all for-

Y. A,s with 4 ek and all but finitely many J, =0

sES
with addition defined by
YoAs+ Y us=Y (A, +u,)s
se S8 yes s€S8

In particular, two sums are equal if and only if 2, = g, for all
their coefficients. In other words, A4 is a k-vector space with
basis S. With r € § associate the map ¢, given by

Y A,sn—e( Y )._\.s> r=73 < Y A,,) .
se 8 se s se S sr=1¢

teS
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Straightforward calculation shows that (a+b)r=ar +br
and (ars)=(ar)sforalla,be Aand r,seS. If ¢,=¢,, then
lr=(le)r={(le)s=1s, whence r=s5. Thus, r— ¢, is an
embedding of S into End(A4). |

Let 0 denote the one-element subgroup of the abelian
group A. With each endomorphism r of 4 we associate its
(negative) graph

I'={{a, —ar)|ae A}.

LEMMA 20. The graph I', of an endomorphism of A is a

subgroup of the abelian group A* and I', < I', if and only if

r=s. A subgroup B of A? is of the form I', if and only if

Bn(0xA4)=0? and B+(0xA)=4%

Proof. T, is a subgroup since (a, —ar)+ (b, —br)=
(a+b, —(a+b)r) and —(a, —ar)={(—a, —(—a)r.
Also, I, n(0x A)={(0,0r)} ={(0,0)} and I, + (0 x A) =
{(a, —ar)+(0,b) |a,be A} = A7 Conversely, given B
define @la)=54 if and only if (¢, —b)eB. ¢ is well
defined, since from (a, —c)e B it follows (0, b—c)=
(a., —¢)—(a, —b)e B, whence (0, b—c)e Bn (0 x A) and
so b—c¢=0 and b=c. ¢ is defined on all of 4 since for
any a € A by hypothesis there are (b, —br)e Band (0, ¢c)e
0xA with (a, 0Y=(b, —br)+(0, ¢), whence a=5b and
{a, —ar)€ B. Finally, if I, < I, then for all ¢ there is & with
{a, —ary= (b, —bs), ie., a=b and ar=bs, which means
that r and s are the same (being maps). J

In order to recapture the composition of endomorphisms,
too, we have to use the abelian group A% and its canonical
frame of subgroups consisting of the following subgroups:

A =Ax0%  A,=0xAx0, A,=0"x4
Ey,={{a, —a,0)|ae 4}, E:={(a,0, —a) |ae A}
E»y=1{(0,a, —a)|ae A}.

Observe that 4, + 4, 1s isomorphic to 4 x 4;e.g. (@, b, 0) >
(a, b) for i=1, j=2. Now, we associate with each

endomorphism r of 4 and ordered pair i #jin 3= {1, 2, 3}
the graph subgroup I',; of 4, + 4;, e g,

In={(a, —ar,0)|ae A}.

In particular, for the identity endomorphism ¢ we have
rt’ij = EU

LemMma 21, For any abelian group A, permutation i, j, k
of 3, and endomorphisms r, s, t of A,

L=+ Tg) 0 (A 4+ Ay) iff t=rs
(rrij+Ek_/)n(Ai+Ak)=rr1'ka
(r

rij

+E,k)ﬂ(A,\+A,)=F,,\/

CHRISTIAN HERRMANN

Proof. Consider i, j, k being 1, 2, 3. Then I, ;5 + T 5=
{(a,—ar,0)+((0,b,—bs) | a, be A} ={(a, —ar+b, —bs)
la,bed} =B and B (A, +A4;)={(a, —ar+b, —bs) |
a,bed, —ar+b=0} ={(a, 0, —ars) | ae A}. The second
claim follows using s=e resp. r=¢ (and renaming the
indices). |

The concept of a group with system of subgroups will be
based on the language L ,;, considered in Section 3. We have
some structure on the set =, of constants. Namely, we
assume that it includes particular names 9, a,, &, € &,
where I < 3 and /, j, k is a permutation of 3. Also, we assume
that for every x, y€ X, there are names p ;. pxs P ijim»
and p,,x, where /# m in 3. Of course, all these names are
supposed to be distinct; we also assume that every name in
= 1s one of these.

The basic names are the «; and ¢, referring to the frame
and the p , referring to endomorphisms r =r(x), as well as,
o for a special purpose. The remaining names are needed to
speak about the sums resp. relational products involved in
the definition of a frame, the characterization of graph con-
gruences (Lemma 31) corresponding to graph subgroups,
and the “geometric multiplication” of the latter (Lemma
21). Thus, for a given finite X < X, , we want all these to be
available and define

S(X)={o. e} ule, pyli#jed xeX}

U e P | 1 J, k a permutation of 3, x e X}

)

{
uie, [ I<3)

{p,\’(jlrrl i i#j,l?é’nez', .\‘EX}

{

U P |1, J, k a permutation of 3, x #y € X}.
Call a finite subset = closed if and only == Z(X) for some
finite X< X, .

Let .o/ consist of all quadruples (4%, f, r, X), called
systems of subgroups, where A is an abelian group, f'a map
from the closed subset Z( X) of = into the system of all sub-
groups of 4%, and r a map of X into End(A4) such that for all
x,yeX

fla,) = Z A,

iel
fe)=En+Ey, flep)=E;+ A,
f(p\‘ij):FrL\‘il_'/‘ f(p,YUk)=Ff|X)ij+Ak

f(pxijlm) = rr(,\‘) i + Elms f(pxyijk) = rr(xl l'j+ rr( yijk-

f(ag)=0s f(eij)=Eij

In other words, given 4, we have no choice implementing a
“frame-name.” For “p-names” implementation is deter-
mined by the map r. Only J can be interpreted, arbitrarily.
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=

For a, f, vy in =
defined as follows:

the validity of an atomic formula is

(A fornX)Eacp
(A frnX)Eanfi=y
(A for XV Ea f=y

it fla)s f(f)
it fl)n f(B)=1(y)
it fla) +/(f) =17}

THEOREM 22. % and Lg, can be interpreted into .of
and L, .

Proof. Given a formula H = Fin Lg; having generator
symbols in X, let H' be the conjunction of the following
sentences (the first two types of which encode the given
multiplicative relationships in H):

Peik = X O P i where z=xy occursin H
pu=p.;  where x=3  occursin H
0Sap,andd=p, 120 P12 where Fis x,=Y,.

Then choose F' as a,-J = a,,. Observe that for systems in
o satisfying H' the claim F' is equivalent to r(x,) =r( v,).
Indeed, if F' holds then by the Modular Law I, > =
T 0 (A + As) = (120 A2) + f(0) =0 + f(6) =
f1o)<= T, ., 2. whence r(x,) = r( yo) by Lemma 20. Conver-
sely, if r(xo) = 1 yo). then f(J3) = I, ,, 1> and F' follows from
I+ A,=4,+4,.

Given (S, o) embed S into End( A) according to Proposi-
tion 19. For xe X let r(x) the image of a(x) under this
embedding. Let (A%, /. r, X') be the associated structure in .o/
such that f(3)=/(p,,12 N P,i2)- By Lemma 21, if (S, o)
satisfies H then (A°, f, r, X) satisfies H' and a(x,) #a( y,)
amounts to F’ not being satisfied.

Conversely, let (4%, f, r, X) in ./ be a model of H' not
satisfying F'. Choose a(x)=r(x), xe X, and S as the sub-
semigroup these generate in End(A). If z=xy is in H then
Pk =%y O P 15 in H' and we get

rrl:) ik = (A: + AA) M (rr(.\‘) if + Fr(_rljk) = Frlx)r()')fk
by Lemma 21 whence r(z) =r(x) r(y) by Lemma 20 and so
o(z) = o(x) o{ v) by definition of ¢. Similarly, a(x} =a( y) if
x =y occurs in H. Hence, H is satisfied in (S, ¢). Moreover,
by the above remark the failure of F’ in (A% f. r, X) entails
that of Fin (S, o). |

From systems of subgroups we can pass to systems of
equivalence relations naturally. A congruence of the abelian
group M is an equivalence relation 6 on M such that

alb implies a+ctb+c.
Full compatibility with + and — follows, easily; cf. Kurosh
(1963, 18.5).
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ProOPOSITION 23.
tive correspondence

For an abelian group M there is a bijec-

Ny={aeM | a0}, allyb iff a—beN

between subgroups N of M and congruences 0 of M. Also

O n=0y00,

Onx=0x0r=04 0y

In particular, any two congruences of an abelian group
pernute.

Proof. N, is a subgroup since afl), H00O leads to
a+b6a+0=a) and ~a=—-a+00 —a+ua=0.
f, 1s a congruence since ¢ —b, b—ce N implies b —a=
—(a—b)eN, a—c=(a—b)+{(b—c)eN, and (a+d)—
(b+d)=a—beN. Moreover, alyb ff a—beN, iff
a—b00ifla=(a—b)+b00+b=bandaeN,,iff a0, 0iff
a=a—0eN. Finally, af, b implies a—b=n+4k for
some ne N and ke K, whence aflya—n=5b+k 0,.b, and,
conversely, alycfli b implies a—ceN, ¢c—bekK, and
a—b=(a—c)+{c—b)eN+K |

A system (A4°, h, r, X) is in /G (an abeliun congruence
system) if and only if there is (4%, f, r, X) in ./ such that f
and /1 have the same finite domain <5 and /(&) is the
congruence associated with the subgroup f(¢) for each
£ e = Then, from Theorem 22 we have, immediately

CoroOLLARY 24.  There is an interpretation of %" and L ¢;
into /G and Ly, |}

The congruences associated with the canonical frame of
subgroups of 4" form the canonical frame of congruences
of 4°. The congruence associated with a I ., 18 called an
ij-graph congruence.

7. COORDINATIZATION

Coordinatization can be understood as showing that
certain systems of equivalences are isomorphic to abelian
congruence systems. Since we have to work with the very
restricted language L,,, we cannot introduce any “axioms”

—besides those expressing the fact that we work with
equivalence relations. All we are allowed to do is to form
conjunctions of atomic sentences and make them part of an
antecedent, 1.€., to require some of the equivalence relations
to be meets or products of certain others, or some of them
to be comparable. This really is not much to work with. So
it may be a surprise that one arrives at an abelian group,
after all. As an introduction, we study the 2-dimensional
case; cf. Reidemeister (1968) or Denes and Keedwell (1974).
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FIG. 3. Coordinatization.

A 3-net is a set E together with 3 equivalence relations a ,
a5, &1, such that

0 MOy =0 N E =0 MNE,=Id

Ay ooy =y 2=y &2 =V.

A loop is an algebraic structure 4 with a binary operation +
and a constant O such thata+0=0+a=aforallae 4 and
such that for all a, & in A4 there are unique ¢, d in 4 such that
a+c=bandd+a=b.

PROPOSITION 25. For a loop A we get a 3-net on E= A
such that o, = 0, and a, = 0, are the kernels of the projections
and

(a, 0) ,5(0, b) ifand only if a=b

a+b=c if and only if  (a, b) &,5(c, 0).
Each 3-net is isomorphic to the 3-net associated with a
suitable loop.

Geometrically, think of a “plane.” say the real plane.
Choose an origin 0 and two “coordinate axes” g, g’ passing
through it. Using the parallels to g and g’, each point of the
plane is uniquely determined by its pair of coordinates on g
and g’. Thus, the plane can be understood as a direct
product 4, x A,, where A, corresponds to g and 4, to g".
Choosing units 1 and 1" on g and g’ one can establish a one-
to-one correspondence r « r' between g and g’ such that the
lines through r, # and 1, 1" are parallel. So, one can identify
the plane with a set A% and g with 4 x 0, g’ with 0 x 4. Now,
addition on A can be defined as in Fig. 3.

The system of equivalences considered here consists of the
plane E and 4 listing the three partitions into parallels given
by the two axes and the line through the two unit points.
For the proof we use the following:

LEMMA 26. Let y be an equivalence relation on A, x A,
such that y-05=idand y-05,=V and let 0, A,, 0,€ A, be
fixed. Then there is a (unique) map f> A, — A, with f(a)=b
iff (a, 0.) v(0,, &) and, in particular, f(0,)=0,. fis a bijec-
tion if, in addition, y " @, =id and y - 0, = V.

CHRISTIAN HERRMANN

Proof. f is well defined since (a,0,)(0,.5) and
(a,0,) (0., b") jointly imply (0,,b)7(0,.5') whence
(0,,b) yn0%0,, b') and b = b’ by hypothesis. On the other
hand, given e 4,, in view of y - 05 =V there is (x, b) with
(a, 0,) y(x, b) 65(0,, 0,) where, necessarily, x =0,, whence

J(a)=>5. The analogous reasoning establishes the inverse

map. |

Proof of Proposition 25.  Given a loop 4 define ¢,, on 4°
such that (a, b) ¢ {c. d) if and only if a+b=c+d. It is
easily seen that this yields a 3-net together with the projec-
tion kernels o;. Conversely, if we consider systems of equiv-
alences up to isomorphism only, by Lemma 6(a) we may
assume that E= A4, x 4, and a;=#;. Moreover, choosing
0,e A;, Lemma 26 provides us with a bijection f: 4, — 4,
with f(a)=05 if and only if (a4, 0) £)5(0. b). 1dentifying 4,
with 4 = 4, we have (a, 0) ¢,,(0, b) if and only if a = b while
retaining all other properties. Defining @ + b = ¢ if and only
if (a. b) £;5(c. 0) we have to show that this results into a
loop. First, from ¢,,«a, =V for any a, b we have ¢, d such
that (a, b) £,5(c, d) a5(0, 0), whence d = 0, which means that
a+ b is always defined. Having (a, b) ¢,5(¢’, 0), too, we get
from transitivity (¢, 0)¢,5(¢’, 0), whence (¢, 0) ;> N a,(c’, 0)
and so ¢ = ¢’. Therefore, addition is well defined. The other
properties (which are not needed later on) are proved in a
similar fashion. ||

In the planar case, one needs some kind of Desargues’
Law in order to obtain an abelian group. Geometers know
that this comes free in 3 dimensions but did not bother to
write that down for such rudimentary geometries as the
ones we have to consider. So we have to follow Herrmann
(1987). From the notions of the canonical frame of sub-
groups resp. congruences of A* we abstract the following
properties which a 3-dimensional analogue of a 3-net should
have. A permuting frame of equivalences on E is a family «;.
&;, (i#j€3) of equivalence relations on E such that every
two of them permute and

x; N (o) = id (1)

eyn o =id (2)
=0, 0 (3)

Eip =6 = (E5085) O {a;°0) (4)

for every permutation |, j, k of 3 and, in addition, o, - a, = a4
is the total equivalence relation on E.

Geometrically, we have 3 coordinate axes and a unit
point on each of them, resp. the 3 lines connecting the 3 unit
points—and all parallel classes determined by these lines.
In particular, restricting any equivalence class K of an
;o (which one might view as a coordinate plane) one
obtains a 3-net (K, a, | K. ;| K, ¢; | K). Whereas the loop
associated with a 3-net is not a really big deal, the heavenly
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gift of a third dimension turns frames of permuting equiv-
alences into easily understood algebraic objects. This has
been stated in slightly more general form as Thm.l of
Herrmann (1987).

THEOREM 27. The sets E with frames of permuting equiv-
alences are up to isomorphism exactly the abelian groups A*
with canonical frames of congruences.

The basic steps are the isomorphism from arbitrary E to
an E= A* with certain conditions on the frame including
that the «; are intersections of projection kernels (Lemma
29), the definition of an abelian group structure on A in that
situation (Lemma 30), and the characterization of those
equivalence relations which are graph congruences (Lemma
31). With (1,,) we quote the instance i=1, j=2 of (1), etc.

LEMMA 28. For a frame of permuting equiralences let ¢
be the product of all ¢, in arbitrary order and «;=a; o, for
i, j, k. a permutation of 3. Then

12 €3 =&y &3 = €23 €3 =8 (3)
a,Nne=id (6)
gljza;{m(clj'“k) (7)

Proof. (5) is immediate by Proposition 5 (b) and the
fact that ¢, Se,; - ¢, by (4). With (4) and (2) it follows
that x,ne S a, e, =id. Finally, since ¢, S« by (3), the
Modular Law applies and with (1) one gets aj N (e, a;) =

ey (e na)=¢, id=¢; |

Ap Hoc DEFINITION. Let 4 be a set and 0 e 4. A O-nice
frame of A% is a frame of permuting equivalences on 4 such
that for every permutation /, j, k of 3
a; = by

{a;,as, a;) %,(b,, by, b5) iff a,=b, (8)

if a,=b, (9)
T (ay b db) e, (B bh. BY)

(ay,as.az) x(by, by, by)
(a.az ay)e b, by by)

where dj=a, b;=b, dj=a; bj=b; a;,=b,=0,a,=b,

or di=a,.b;=0,a;=0,b;=b,,a,=a,=b,=b,,a,=b,
(10)

Every canonical frame of congruences is 0-nice.

LEMMA 29.  Every set E with frame of permuting equit-
alences is isomorphic to some set A* with O-nice frame.

Proof. By Proposition 6(c) we may assume that
E=4,xA,x A4, with (8) and (9). For each i choose an
element 0, in 4, and let 0 =(0, 0, 0)—not mentioning the
subscript where there is no need for doing so. Now, the
as-class of 0 can be identified with 4, x 4, (forgetting the
third component 0) and with the restrictions of «,, a,, and
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£,, Lemma 26 applies to provide a bijection f, of 4, onto
A,. More precisely,

Sfialx)y=v iff (x,0,0)¢,,(0, v, 0).

Similarly, we have f};. Let 4 =4, and identify A4, with 4
via f;' and A, with 4 via f;'. More formally, map
A, x A, x A4 bijectively onto 4*

(a, b, ¢) = (a, f5(b), £ )

and continue with the image of the old system under this
map using the old notations. Observe that all frame rela-
tions and (8), (9) remain in power and that

iff a=c.

(11)

(a,0,0)e,,(0,5,0) if a=b, (a,0,0)e0,0,c)

Now., (0,5,0)¢:5(0,0,c) implies (0,5,0)¢,,(x, p, z)
£3(0, 0, ¢) for some some (x, y, 2) by (4,;). Having ¢,, S«
and g, S a5 (cf. (4)) it follows that = =0 and y = 0, whence,
by (11), b=x=c. Conversely, (0, b, 0) £,5(5, 0, 0) £,5(0, 0, b)
whence (0, b, 0) &), ¢,:(0,0, b) and (0, b, 0} ¢2,(0, 0. b) by
{4,:). Summarizing,
(0, b, 0) £4,4(0, 0, ¢) if b=c

so no symmetry has been lost. Coming to the proof of (10),
first, a;=>b, is necessary since ¢, <Sa}. So we assume
ay=>5b,. Since 23 0£ 50030 a3 =&, 003 by permutability and
transitivity, the pair (a,, a,, 0), (b, #,,0)isine;, a5 ifand
only so is the pair (a;, a,, a,), (b, b1, a) is so. Both being
in a%, one of them is in ¢,, if and only the other is (in view
of (7,,). But, in the case @, =0 and b, =0, for the first pair
we already know by (11) that this happens if and only if
a,=b,. |

LemMa 30. Ifa,, €, is a O-nice frame on A°, then A is an

abelian group such that for all permutations i, j. k of 3,

a+b=c iff (ay,as,as) e,;(by. by, by)
where a;,=a,a;=b.b,=c,a,=b,=b,=0.

(12)
Proof. Define

a+,.b=c iff (a,b,0)e,5(c,0,0) and

a+, b=c il (a, b,0)e,,(0, ¢ 0)

and, similarly, ¢ +, b according to (12),,. Recall that ¢, =¢,
due to (4). That addition is well defined is seen as in the
proof of Proposition 25. By this definition and (10,,)

(a+12 b, 0, 0) Elz(a, b, 0) 821(0, b+21 a, 0) 812(b +21 da, 0, O),
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whence (a+,0,.0,0) e, nx(b+,,4,0,0), and in view
of (2,5)

@+, b=>b+, a and similarly a +,;b=5b+, a.
Again, by the definition and (10,-)
(a+,25,0,0) e5(a, b,0) ex3(a, 0, b)e,3(a+,35,0,0),
whence (a +,,5,0,0)ena;(¢+,35,0,0), and by (6,)

¢+, b=a+3b, and similarly a+,b=a+,0b.
Now, one easily gets that addition is commutative and does
not depend on the subscripts, e.g, ¢+ ,.b=a+;3b=
b+ a=b+typa=a+nb=a+,b=b+,,a Also, 0 is
neutral by definition. To get an inverse of ¢ observe that by
(3,,) there is (b, ¢, d) with 0¢5(h, ¢, d) a5(a, 0, 0) where
necessarily b=a and d=0 which then yields a+c=0
according to the definition of addition. Finally, by (12)
and (10)

(((a+b)+¢), 0,0 e la+b,0,¢)e5(a, b, c)
enla. 0 b+ ) eslat+(b+¢))0,0),

whence (({a + b) + ¢).0,0)enala + (b + ¢),0,0), which
results in the associative law (a+b)+c=a+(b+c¢) by
another use of (6,). |

LemMa 31, Let a,, &, be a O-nice frame on A, where A
is an abelian group with addition according to (12} (eg.,
a canonical frame of congruences). Then an equivalence
relation p of E corresponds to an ij-graph congruence of the
group A if and only if it permutes with x; and all x,, ¢, and
£y where k #1, j and if one has

(13)
(14)

po,=id

pow; =0

. 3
In particular, all o; and ¢; are congruences of A”.

Proof. Consider p €, - «,. Then from the Modular Law
and (1), (2) it follows that

p=Lprag)on(a-a) (15)
p=(peg) (), (16)
p=(preg)nilo ) (17)

For example, (16) i1s obtained from (pog, ) naf =pol(ex N
a,) and gy Ny =€, N N = ey Na, = id where we used
(2) and the fact that a} is a projection kernel.

Let i=1, j=2 Now, (x, y, ¢) pla, b, ¢) implies (x, y,
d)ay-poas(a, b, dy whence (x, y, d)(p - 23) nas(a, b, d) by
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permutability, and also (x, y, d) p{a, b, d) by (15,,). This
amounts to
(x,y,¢) pla, b, ¢) il (x,y.d)pla. b, d). (18)
Thus, (x,y,0)p(a, b,0) implies (x+u, y, 0)e:(x, y,u)
pla, b, u) ela+u, b,0). In view of (12,5), (10,5), and
(16,53) one has
{x,,0)pla, b,0)

implies  (x +u, v, 0) pla+u. b, 0).

(19)

Now, let (x, y, z) p(a, b, ¢). Since p S o in view of (14), we
have z=c¢ and (x,y,0)p(a, b,0) by (18}. Then, given
{u, v, w) application of (19) yields (x + u, ¥, 0) p(a +u, b, 0).
The analogue of (19) for addition in the second component
leads to (x +u, y+ v, 0) pla + u, b+ v, 0). Finally, (18) (and
c=c¢)results in (x+u, y+uv, 2+ w)pla+u, b+uv, c+w).
Summarizing,

(x,»,2) pla, b, ¢)

mplies (x+u, y+uv,z+w)pla+u, b+uv c+w).
But this means that p is a congruence of the abelian group
A°. Thus, the lemma is shown referring to Lemma 20 and
Proposition 23. |

Proof of Theorem 277. Let E be a set with arbitrary per-
muting frame «,, ¢, of equivalences. By Lemma 29 we may
assume that £ = 4" and that the frame is 0-nice. Then Lem-
mas 30 and 31 provide us with an abelian group structure
on A4 such that the frame equivalences are congruences of
A*. By (8), a, corresponds to the subgroup 4, = 4 x 0°. For
£, we have (a, b, ¢)e,,0 iff (a+b,0,0)¢,0 and ¢=0
(by (12)) iff a+b=c=0 (by (10)). So ¢,, corresponds to
E,,, similarly for the other indices, showing that we indeed
have the canonical frame of congruences. J

8. UNSOLVABILITY

Considering the language L ;. for systems ( E, i) of equiv-
alence relations, assume the set = to be structured as in
Section 6. In particular, we have the notion of a “closed set”
defined there. Let /7° be the subclass of 7 consisting of all
(E, i) with h having closed domain.

Observe that the relational product « is not an operation
symbol in our language—otherwise no interpretation into
databases and emvd’s would be possible. But the coor-
dinatization results involve some products of the basic
equivalence relations. The necessity to speak about these is
the very reason that we introduced the auxiliary names and
why we work with closed subsets of names: within such, for
any basic name we also have the associated auxiliary names
available.
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Given X X , let H, be the conjunction of the following
atomic sentences (splitting an identity into two inclusions, if
needed) where x, ye X, I =3, i, J, k a permutation of 3, and
I#min 3:

Xy Xp=%Lsg s AyONX =Xy~ g (20)

£ OV = Oy, £y =0y, e %=y (21)
Ey L =& Eip =Ep; =EM Ay (22)

Poij V%= P DX = R, Pryjr % =2y (23)
Prijie = Prij” Xges Pxijtrn = Pxij €im (24)

Pk O Xige = Prike» Prjie 7Y Xpp = Py (25)
Pxvijk = Pxij © Pyjk (26)

LEMMA 32. (E, h)in II€ is isomorphic to (A*, f°) for some

abelian congruence system (A%, [.r. X} in /G if and only if

it satisfies H ., h(ag) = id and h(a;) = V.

Proof. An abelian congruence system satisfies all the
claimed relations, obviously. Conversely, let (E, ) be given.
For convenience, we write & in place of #($). Equations
(20)+(22) together with x 5 = id and «,V ensure that we have
a permuting frame «,, ¢, on E. (In more detail: in view of
agy =1d. (1) and (2) are special cases of (20) and {21). From
(20) we have x; =, «;, 50 (3) follows from (21). Moreover,
&=¢&; ¢, from (22) and we obtain (4) from the second part
of (22). Finally, all of the «, and ¢; permute since their
products are again equivalence relations; cf. Prop.5:
x; a;=a, by (20), a, &;=a; by (21), &, o, =& by (21),
&, &4 =&by(22).) So Theorem 27 allows us to assume that
the given frame is the canonical frame of congruences of
some abelian group A°.

By (23). (24). and Lemma 3] the p,,, xe X, are graph
congruences. (Namely, (13) and (14) are special cases of
(23)-—~we already know a, = id and «, -, = a,. Moreover,
p.; permutes with o, @, £, and &, since the product with
each of these is again an equivalence relation: p, ;- o, = a;; by
(23), Py %= Py Y (24), Py €1y = Pryiam bY (24).) Thus,
by definition, there are endomorphisms r(/, j, x) of 4 such
that p,,; is the congruence associated with I, , ;.

Switching to subgroups via Proposition 23, by Lemma 21
we get that (I, ,,,;+Ex)n(A4,+A4;) equals I', ;4
and by (24),(25) that it equals I, ;4% (Namely,
Puy € = Py bY (24) and p Ny = p o by (25).) With
Lemma 20 it follows that r(x, i, j) =r(x, i, k). Similarly, we
get that r(x, i, j ) is independent of /, too. Then (24) and (26)
show that we indeed have an abelian congruence system
(A%, h, r, X) associated with the map x> r(x)=r(x,i,j) of
X into End(A). (Namely, denoting by f(&) the subgroup
associated with ¢ =h(¢) we have f(p,;)=T,,; by con-
struction and  f(pu) =Ty 5+ Ai by (24), f(pom) =

rri,\') i + Elm by (24)~f( p.\'yljk) = rr(,\')ij+ Fr( vijk by (26)) I
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Now, we are ready for the crucial

THEOREM 33.
into IT¢ and L.

Proof. Given H=>Fin L, let F'= F and

There is an interpretation of 4G and L,

H=HArHyn N\ a,sl<Say,

lewe

where ¥ 15 the set of all £ occurring in /= F and X a finite
subset of X such that ¥ .=5(X)2 V.

For any structure (4%, A, r, X) in &G we have (4°, h) in
ITI° and (by Lemma 32) H, satisfied as well as h(ay) =id
and /i(a;) = V. Therefore, (4°, h, r, X) I H= Fif and only
if (4% h)y = H' = F".

Conversely, let (E, &) in IT¢ with domain = 2 ¥* a model
of H' not satisfying F’. Redefine A(&) = h(¢) for & occurring
in H' = F’ and A(&) =h(ay), else. In (E, ) the sentence H'
1s valid but F" is not-—since the values of the constants
occurring in these sentences have not been changed.
Observe that due to H’' we have lf(a@) < (&) glf(o(“_ 2 )
for all £ € &. Hence by Proposition 7 we first may form the
quotient (E', i) =(E, lf)/f(a@) and stll have H’ valid but
not F’. By the same proposition, there is a class E” of
h' (%47 such that in the restriction (E”, 4" ) we have H' valid
but not £'. But now we have h"(a ) =id and h"(a,) = V.

Moreover, having H , satisfied, Lemma 32 applies and
there is (4%, £, r, X) in /G such that (£”, h”} is isomorphic
to (A%, ). In particular, this abelian congruence system
satisfies A’ but not F/. |

Proof of Theorem 1. Propositions 24, 33,9, and 12 com-
bine to an interpretation of & and L into & and L, via the
structure classes &/ G, [T, and /T and the language L .. The
crucial Theorem 16 of Beeri and Vardi (1981) then carries
the interpretation on to & and L,,,.,. Therefore, it suffices
to show that (finite) validity is algorithmically undecidable
for Ly, and . Given a finite collection of semigroup words
over X, choose a new generator symbol x,_for each subword
w{x,, .., X,) and form a conjunction H,. of atomic sentences
such that for any map o of X, into a semigroup S one has
w(o(x,), .., 6(x,))=0(x,) if and only if (S, o) &= H,-—this
is easily achieved inducting on the complexity of w. Now,
translate an implication

Wi=Up A -« AW, =1, =We=1U,
into
H"'l A Hf‘l A xw[ =X A N Hu',,, A Hl‘m A A
=x, ANH AH =x =x,

Shortly, there is an interpretation of semigroups as
algebraic structures into semigroups as ternary relational
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structures with regard to universal Horn formulas cf. Beeri
and Vardi (1981). Thus, a solution of the (finite) validity
problem for Lg; and & would provide a decision procedure
for the proper implications in the universal Horn theory of
(finite) semigroups, which is also referred to as the word
problem for (finite) semigroups. The problem and its finite
variant are known to be unsolvable according to the classi-
cal result of Markov (1947) and Post ( 1947), respectively to
Gurevich (1966). |

Proof of Corollary 2. The set of emvd-implications
falsified in some finite database is recursively enumerable.
So its complement cannot be recursively enumerable, in
particular not via an axiomatization. Also, implication and
finite implication cannot coincide in view of Theorem 10. |

9. DISCUSSION

We have carefully avoided mentioning lattices so far. Of
course, the system of all equivalence relations on a set forms
a lattice (with respect to m and v ) and so does the system
of all congruences of an abelian group. Also, our coor-
dinatization result arose in the context of von Neumann’s
(1960) coordinatization of complemented modular lattices,
and interpreting semigroups into modular lattices via
frames is the basic idea of Lipshitz (1974).

Yet it must be pointed out that in the present interpreta-
tion we do not refer to lattices of equivalence relations nor
to abstract lattices which would require a global modularity
assumption hardly to be satisfied by structures derived from
databases where the only restriction allowed is a finite set of
fd’s and emvd’s.

In contrast, we relied on local modularity which can be
finitely encoded. For a base set with the 15 equivalence rela-
tions given by a frame and the products to be formed from
it, this yielded the abelian group 4 and its endomorphism
monoid End(A). Then, for each element of End(A) we
wanted to speak about, we threw in another 30 and for each
pair of them another 12 equivalence relations and one more
for the conclusion. Thus, finitely many equivalence relations
and atomic statements about them sufficed to deal with the
subwords involved in a single finite semigroup presentation
and identity to be tested.

Our result carries over to representable relation algebras
having at least meet, product, and inversion among their
operations and the identity relation as a constant. For a vec-
tor space V' let R( V') denote the relation algebra generated
by the system of all congruences of V. For a class # of
algebras let #; denote the class of its finite members.

COROLLARY 34,  Let # a class of representable relation
algebras containing R(V') for some infinite dimensional vector
space resp. finite R(VY's of arbitrarily large dimension. Then
the quasivariety generated by A and H;., resp., contains a
finitely presented algebra with unsolvable word problem.
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In both case, the universal Horn theories of # and A, are
recursively inseparable.

For relation algebras in the sense of Tarski in this situa-
tion even the equational theory is undecidable—this is a
recent result of Andréka et al. (1993).

Proof. That p is an equivalence relation can be
expressed by the statements pnid=id, p '=p, and
pp=p. Given a semigroup presentation, again consider
the system of equivalences consisting of a permuting frame
and a graph congruence for each semigroup gener-
ator—which can be specified by finitely many relations in
terms of the relation algebra operations. Then the sublattice
generated in the partition lattice is in fact contained in the
congruence lattice of the associated abelian group, in par-
ticular joins are products. So one can translate semigroup
words via lattice words into relation algebra words. Finally,
recall that the results of Markov, Post, and Gurevich
actually provide a fixed antecedent such that the corre-
sponding universal Horn sentences are undecidable. Con-
cerning inseparability, let X9, £, and Xy, denote the
sets of universal Horn sentences valid in all cancellative
semigroups with zero, all groups with zero, and all finite
semigroups, respectively. Gurevich and Lewis (1984) have
shown that X', and the complement CX', are recursively
inseparable. Then so are X,, and CZy,. obviously. But
groups with zero (conceived as semigroups) can be inter-
preted into relation algebras, too, having with each gener-
ator also its inverse—using Lemuma 26 to establish inver-
tibility. ]

Lattices are in the background in another respect, too.
Namely, partition lattices have been introduced by
Cosmadakis ef al. (1986) in the study of database dependen-
cies. In particular, they created the concept of a partition
dependency (pd) given by an identity involving meet and
join (in the terminology of presentations one would speak of
a lattice relation): the pd holds for a list of attributes if and
only if the identity is satisfied for the corresponding list of
equivalence relations. Then the implication and the finite
implication problem for pd’s reduce to the uniform word
problem for lattices (since the quasivariety of all lattices is
generated by (finite) partition lattices). For the latter, an
efficient solution is already in Skolem (1920). Unfortun-
ately, even mvd’s cannot be expressed as a conjunction of
pd’s (Cosmadakis er al., 1986, Theorem 5).

On the other hand, Sagiv et al. (1981) translated fd’s and
mvd’s into propositional logic but showed that this would
not work for emvd’s. Day (1993) replaced the propositional
formulas by a conjunction of lattice identities and proved
that this works well for fd’s and mvd’s with respect to any
equationally defined class of lattices (reducing to the
propositional case when considering distributive lattices).
Yet, for emvd’s, this translation has not yet succeeded—in
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any case, according to Day, modularity would be a necessary
requirement.

What we used here are only rudiments of the above
approaches. also to be found in Rauszer (1987). In par-
ticular, we beware the general join in partition lattices.
However, the work of these authors was an incentive for the
present paper.

Received July 31, 1991; final manuscript received January 26, 1995
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By an implication for database dependencies we mean an expression H = F, where H is a con-
junction of dependencies and F a single dependency. Fixing a class of such implications, a solution
of the (finite) implication problem consists in an algorithmic procedure deciding for every implica-
tion in the class whether or not it holds in all (finite) databases (in which it is to be interpreted). In
[3] this problem was studied for dependencies which are functional (fd) or embedded multivalued
(emvd). As pointed out by Luc Segoufin, what was really shown is the following.

Theorem 1. The implication problem and the finite implication problem for implications H = F, where
F is an emvd and H a conjunction of emvds and fds, are unsolvable.

The claimed extension to emvds, alone, relied on an elimination of fds from the problem which
was attributed to Beeri and Vardi [1, Lemma 4]. However, this reference does not supply the elimi-
nation claimed in Theorem 16 of [3]. On the other hand, the arguments given in [3] do not provide a
proof—those for Lemma 18 are vacuous. Both facts have been observed by Luc Segoufin. The pur-
pose of this Corrigendum is to provide a proof for this elimination and so for the result stated in [3]:

Theorem 2. The implication problem and the finite implication problem for emvds are unsolvable.

The proof of Theorem 2 will be self contained but relying on Theorem I and on Theorem 4, below,
which recalls the result of Beeri and Vardi [2], crucial for the elimination of fds.
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A, B, C will be variables to denote pairwise distinct attributes (also the singleton sets), X, ¥
variables for sets of attributes and XY = X U Y. We refer to the relational database model with a
single relation / over a finite universe U of attributes (cf. Beeri and Vardi [2]). As such, we call a
U-database. By convention, U will always denote a finite set so that it makes sense to consider U the
attribute set of a database. Given ¢t € I and X C U we denote by ¢[X] the restriction of # to X. Fds
and emvds are written in the form X — Y and [X, Y], respectively. If X, Y C U, then [X, Y] holds in
I if and only if for all #,#, € I such that #/[X N Y] = »[X N Y] there is ¢ € I such that 1[X] = #[X]
and ¢[Y] = »[Y]. By a U-dependency, respectively, implication we mean one with all attributes in
U.A U-mvd is an emvd [X, Y] such that XY = U.

For conjunctions H and G of dependencies in the attribute set U we say that H U-implies G if G
holds in all U-databases in which H holds.

Given U# D U, we say that a U-implication H = F is U — U*-similar to the U* implication
H* = F provided that H = F holds in all U-databases if and only if H# = F holds in all U*-
databases and provided that the same takes place for finite databases. The following result relies
heavily on Beeri and Vardi [2] and has been known to them, yet we were not able to find an explicit
reference.

Theorem 3. With each U-implication H = F, where F is an emvd and H a conjunction of fds and
emuds, one can effectively associate U* D U and a U — U*-similar U*-implication H* = F, where
H*% is a conjunction of emuvds.

Actually, U* will depend on U, only, and H* will arise from H replacing the fds by conjunctions
of U#-mvds.

Proof of Theorem 2. Any decision procedure for the emvd implication problem could be convert-
ed into one solving the problem referred to in Theorem 1. Indeed, given an emvd F and conjunction
H of emvds and fds, choose U to comprise all attributes in H = F, form U #and H? according to
Theorem 3, and apply the decision procedure. [

It remains to prove Theorem 3. In [2], Beeri and Vardi associate with an fd B — 4 over the uni-
verse U the conjunction (B — 4)7; of two total tuple generating dependencies (ttgds). Let Cy,. .., Cy,
be a listing of U — AB with no repetitions. Choose pairwise distinct variables for values: a;, b;, c;;
fori =0,1,2and j =1,...,m. Let the two ttgds be given by Table 1. The first tuple stands for the
conclusion, the others for the premise.

By definition, the first ttgd is valid in a relation / over U if the statement described in Table 2 is
valid for each map / from the set of variables in the set of values of /. Similarly, for the second ttgd.

Table 1

Translating an fd into ttgds

A B (@] .. (™ A B @] .. (o™
ap by €21 . Com al by 1 e Com
ap by ol e Com ap by o1 e Com
aj by n e Clm al bo e e Clm

a by €21 . Com ap by 1 . Com
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Table 2
Semantics of ttgds

(h(ag), h(bo), h(coD), - . ., h(com)) €1

And (h(ap), h(bg), h(cr1), - .. h(cim)) €1
And (h(ap), h(b1). h(ea1), . .. h(cam)) € 1
Jointly imply (h(agp), h(b1), hica), - -, h(com)) €1

Given a conjunction  of U-dependencies, let /}; denote the conjunction arising from # if each
fd B — A4 is replaced by (B — A4)7;. As a special case of Theorem 7 in Beeri and Vardi [2], one
obtains the following.

Theorem 4. Let F be an emvd and H a conjunction of emvds and fds of the form B — A. Assume that
H = Fis a U-implication. Then H = F is U — U-similar to Hj; = F.

The idea of proof is now as follows. In Lemma 17 of [3] it was shown that fds can be replaced
by mvds if one uses a second copy of the attribute set. The equivalence of an attribute 4 and its
copy A can, of course, be captured by the fds 4 — A and 4 — A. In the context of similarity, the
latter can be replaced by ttgds according to Theorem 4. Moreover, the fds imply the ttgds. The key
is to interpolate such implications with mvds. In order to do so, we use a third copy of U. A similar
technique is used in the coordinatization of lattices and relation algebras and in commutator theory
of algebraic structures.

The following auxiliary definitions and results are formulated for all U-databases and pairwise
distinct 4,B,C € U. We write

A< B:=4A— BAB— A4
A< B« (Ci=4A<BANA< CAB<C

and consider the following conjunctions ny (4, B, C) of U-mvds:
[ACD,AB] A [BCD,AB] A [BCD,AC] where D = U — ABC.

Lemma 5. 4 < B < CU-implies ny (4, B, C).

Proof. A — B implies [4B,ACD]. Indeed, if #1[A] = £;[A4], then let ¢ = £,. Then remaining cases
follow by symmetry. [

Lemma 6. ny(4,B,C) U-implies (A — B)};, (A— B);;, (B— Ay, A— OF, (C— A,
(B — O)};, and (C — B)},.

Proof of (B — A4)}; by the tuple generating chases in Table 3. D stands for U — ABC, the d;
for corresponding parts of tuples. We name the mvds used and the tuples involved, first the
one which is kept except changing the value of a single attribute. The remaining cases follow by
symmetry. [

Preparing for the proof of Theorem 3, fix a countably infinite set U (think of its members as
possible original attributes). Let Uso and Uy, be disjoint copies of Us (providing the copy attri-
butes) and 4 — A4 and 4 — A4 bijections from Us, onto Uy, and Use, respectively. For U C Uy, let
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Table 3

Tuple generating chases
A B C D

1 ap bg co dy

2 a by a dy

3 al by c dr

4 al by ¢ dr 3,2,[ACD, AB]

5 ag by (9 d 4,1,[BCD, AB]
ap by c dr 3,5,[BCD, AC]
A B C D

1 ag bg co dy

2 al by 1 di

3 ag by c dr

4 ap bg c dr 3,1,[ACD, AB]

5 a bo c dr 4,2,[BCD, AB]
al by c dr 5,3,[BCD, AC)]

U and UA denote the images under these maps and U’ = U U U U U. Let Iy be the conjunction of
all4 <& 4 < 4,4Ac U.Foranfd X — 4,let (X — A4)7, be defined as the U’-mvd [U’ — 4, X4].

Lemma 7. Let F be an emvd and H a conjunction of emvds and fds of the form X — A with A not in X.
Assume that H = F is a U-implication and let H' arise from H by replacing X — A with (X — A)y,
and adding the conjunct Iyy. Then H = F and H' = F are U — U’-similar.

This is basically Lemma 17 in [3]. Proof. The dependencies X — 4 and (X — A4));, are equivalent
for all U’-databases which satisfy /;;. Namely, consider a U’-model J’ of Iy and [U’ — A4, XA] and
t,u € J' such that ¢[X] = u[X]. By the mvd one has w € J’ such that

WIXA] = u[XA], w[U —A]=tU —A].
In particular, w(4) = u(4) and w(4) = #(4), whence w(4) = 1(4) by Iy and #(4) = u(4). The con-
verse (that the fd implies the mvd) is trivial.

Now, given a U-model J of H, choose the domains for the new attributes such that for each
A € U there are bijections

é4 : DOM(4) - DOM(A), 4 : DOM(4) — DOM(A)
and define the U’ database J’ to consist of all # such that
UL e J, tA) = ¢ps(t(A)), t(A) = ¥4(t(A)) for all 4 € U.

Then J’ is a model of H'. Conversely, from a U’-model J’ of H' pass to J just by restricting J' to
U to obtain a model of H. In both directions, the status of the emvd F' remains unchanged. O
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Proof of Theorem 3. We may assume that the fds in A4 are of the form X — 4 with 4 not in
X, omitting the trivial ones. Form U’ and H' according to Lemma 7. Let U¥ = U’ and H* be the
conjunction of emvds which arises from H’ replacing 4 <> A< 4 by ny (4,4, 4). In view of Lemma
7 it suffices to show that H' = F and H# = F are U’ — U’-similar.

Now, applying Lemma 5 to the attribute set U’, we have that H' U’-implies H#. Hence, H# = FU'-
implies H' = F. In particular, if H# = F holds for all (finite) U’-databases, then so does H' = F.

To prove the converse, assume there is a U’-model J# of H# which is not a model of F. Since
H# arises from H'Y,, replacing (4 < A< ;I)"l‘]/, with nU/(A,,:I,;l), from Lemma 6 we have that
H*U'-implies H "Iy It follows that J # is also a model of H'};. Now, by Theorem 4 there is a
U’-model J’ of H' which is not a model of F. And J’ can be chosen finite if J# is finite. O

The author must thank Luc Segoufin and Moshe Vardi for pointing out the error and for support
in the repair effort.
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