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Abstract. We show that the maximal ring of quotients of a finite AW ∗-algebra
A (which is also a ∗-regular ring and a C-algebra according to Berberian [4]) admits
a faithful representation in the ∗-C-algebra of endomorphisms of a closed subspace
of an elementary extension of a Hilbert space. We also show that any existence
variety generated by regular subalgebras of such ∗-C-algebras is either generated
by a single matrix C-algebra Cn×n or by all C-algebras Cn×n, n < ω. The latter
class NC has a decidable equational theory when considered as consisting of 2-
sorted structures with quasi-inverse. Using results of [31] it is shown that the
associated projection ortholattices form a variety whose equational theory has
decision problem in PSPACE. The latter result is transferred to the ∗-rings in NC
endowed with the Rickart relative inversion.

1. Introduction

Murray and von Neumann [48] constructed for any finite von Neumann algebra
factor A an extension to a ∗-regular ring of unbounded operators affiliated with
A. This ∗-ring has the same projections as A. For a recent exposition, see Reich
[53, 54]. In an abstract setting, this result was extended to finite AW ∗-algebras
by Berberian [4], who constructed for a finite AW ∗-algebra A a ∗-regular extension
QB(A) of A with the same projections. It was shown by Hafner [20] and Pyle
[52] that the resulting ring is the maximal ring of quotients QM(A) of A. Using
a different approach, Handelman [22] constructed for any finite Rickart C∗-algebra
A an extension to a ∗-regular subring of QM(A) again having the same projections
as A. Finally, it was shown by Ara and Menal [1] that the ring constructed by
Handelman is the classical ring of quotients QC(A) of A.

The purpose of the present paper is twofold: to find faithful representations of such
∗-rings within endomorphism rings of inner product spaces with (partial) involution
given by adjunction (as defined in §7) and to study the equational theory of such
∗-rings and their projection ortholattices.

It is shown in §17 that representation exists for ∗-regular rings of generalized
operators, a concept modeled after the approach of Murray, von Neumann, and
Berberian. Applying the GNS-construction, this yields a faithful representation for
the quotient ring QM(A) of a finite AW ∗-algebra A, see Theorem 57 in §19. The
representation is within a closed subspace of an elementary extension of a Hilbert
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space and yields a representation of the projection lattice of A (a concept defined in
§9). This extends the corresponding result from [26] for finite von Neumann algebra
factors.

Classes of ∗-regular rings representable in inner product spaces have been studied
by Micol [47] (based on Tyukavkin [57]). In particular, it has been shown that, for
an axiomatic class S of inner product spaces, the ∗-regular rings having a subdirect
decomposition into factors representable in spaces from S form an existence variety,
that is a class closed under direct products, regular ∗-subrings, and homomorphic
images. Moreover, this existence variety is generated by the endomorphism rings of
finite dimensional members from S. This is reviewed in §4, §7, and §8.

Here, our main concern is ∗-regular algebras representable over the field of reals R
and over the field of complex numbers C in particular. In order to obtain existence
varieties, we have to pass to the corresponding axiomatic classes of ∗-fields; that is,
real closed ordered fields and complexifications of those (§10-11).

The existence variety NC of ∗-C-algebras having a faithful representation over
some elementary extension of C is generated by the matrix algebras Cn×n, n <
ω, with canonical involution (§13). Moreover, using the relationship between von
Neumann n-frames and n-distributivity (§14) and the fact that in a finite Rickart
C∗-algebra perspectivity is equivalent to the existence of a partial isometry, we can
show in §20 that any existence variety generated by finite AW ∗-algebras is either
equal NC or generated by a single ∗-C-algebra Cn×n and an analogous result holds
for the associated variety of projection lattices.

The above and decidability of R resp. C imply that the equational theory of
the class LN of projection ortholattices of members from NC is decidable. With
a suitable choice of quasi-inverse, we will also prove decidability of the equational
theory of NC, considering scalars as constants or as elements of a second sort. The
fact that frames can be forced via terms and that the same applies to elements in
their coordinate domains (§15) leads to equivalence (via term interpretations) of the
decision problems for the equational theories of LN and N q, the variety generated
by members of NC considered as ∗-rings with Rickart relative inverse (§16).

For matrix ∗-algebras Rd×d and Cd×d and their projection ortholattices ‘weak
satisfiability’, i.e. t(x) > 0 for some x, for terms t(x) have been studied in [31]. In
particular, it was shown that for indefinite d, the weak satisfiability problem is in
PSPACE. Since the decision problem for identities in LN is the complement of weak
satisfiability in indefinite dimension, and since term interpretations are computable
in polynomial time, both above mentioned decision problems are in PSPACE, too.
§14-16 require only §1-2 as prerequisites, taking Theorems 36(i) and 37(ii) as

definitions, where Fn ∈ {R,C}. §17 and §19 require only §2, §6, and §7 and basic
definitions from §18.

Related results concerning tautologies (in the sense of  Lukasiewicz) ofMV -algebras
associated with certain AF C∗-algebras are due to Mundici [46] —in particular coNP-
completeness of the tautological theory of the free AF C∗-algebra.

Sincere thanks are due to Luca Giudici for abundance of helpful discussions on
the subject.
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2. ∗-regular rings

We refer to [50, 5, 7, 40, 18] for more details. We call a ring with involution a
∗-ring. Throughout this paper, let Λ be a commutative ring with involution λ 7→ λ.
A ∗-Λ-algebra is an associative (left) Λ-algebra R with unit 1R and involution ∗

such that (λr)∗ = λr∗ for all r ∈ R. Unless it is stated otherwise, we consider
∗-Λ-algebras in the signature σΛ = {+, ·,−,∗ , 0, 1}∪ {λ· | λ ∈ Λ}, while we consider
∗-rings in the signature σ = {+, ·,−,∗ , 0, 1}. In particular, a subring is always closed
under involution. An element e of a ∗-ring R is a projection, if e = e2 = e∗. Let
L(R) denote the set of all projections of R.

An ring R is [von Neumann] regular if for any a ∈ R, there is a quasi-inverse
x ∈ R such that axa = a. A ∗-ring R is ∗-regular if it is regular and aa∗ = 0
implies a = 0 for all a ∈ R. Equivalently, for any a ∈ R, there is a (unique)
projection e ∈ L(R) such that aR = eR (alternatively: for any a there is e ∈ L(R)
with Ra = Re). Those are called left and right projections of a and are denoted
by LP (a) and RP (a) respectively. By RΛ, we denote the class of all ∗-regular
∗-Λ-algebras.

Lemma 1. If R is a ∗-ring and e ∈ L(R), then the following statements hold.

(1) The corner eRe is a ∗-ring.
(2) eRe is a homomorphic image of S = eRe+(1−e)R(1−e) which is a subring

of R.
(3) If R is a ∗-regular ring, then eRe and S are also ∗-regular rings.

Proof. See [36, page 30] and [7, Chapter 2]. The claim about S follows from the fact
that S ∼= eRe× (1− e)R(1− e). �

Lemma 2. [7, 2.7] Let R be a ∗-regular ring, let a, b ∈ R, and let e, f be projections
such that aR = eR and Ra = Rf . Then

(1) there is a unique b ∈ fR such that ab = e;
(2) moreover, b ∈ fRe, ba = f , aba = a, and bab = b.

Within the notation of Lemma 2, b ∈ R from (i) is called the Rickart relative
inverse of a. It also follows from Lemma 2(ii) that if b is the Rickart relative inverse
of a, then a is the Rickart relative inverse of b.

For any ∗-Λ-algebra R, the Λ-algebra Rn×n of all (n× n)-matrices endowed with
the canonical involution

(rij)
∗
i,j6n = (r∗ji)i,j6n

is a ∗-Λ-algebra, which is regular according to [18, Lemma 1.6] if R is regular. But
Rn×n fails to be ∗-regular, in general.

Idempotents eij, (1 ≤ i, j ≤ n) form an n-system of ∗-matrix units in the ∗-Λ-
algebra R if e∗ij = eji for all i, j and

eijekl =

{
eil, if j = k;

0, if j 6= k.
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This system is nontrivial if some eij 6= 0. For the following, see [5, §16 Proposition
1].

Lemma 3. For any n > 0, Λn×n is a ∗-Λ-subalgebra of some corner of any ∗-Λ-
algebra R containing a nontrivial n-system of ∗-matrix units.

3. Modular ortholattices and projection lattices

We refer to [8, 9]. An algebraic structure 〈L; ·,+,′ , 0, 1〉 is an ortholattice if the
structure 〈L; ·,+, 0, 1〉 is a bounded lattice satisfying the condition

a 6 b iff b′ 6 a′.

It is a modular ortholattice (shortly, an MOL) if, in addition, a > c implies a(b+c) =
ab+ c. An element a of an MOL L resp. an interval [0, a] has height n (which is also
called the dimension of a and denoted by dim a), if [0, a] has (n+1)-element maximal
chains. Every interval [v, u] of an MOL is an MOL with induced orthocomplement
x 7→ x′u + v. In particular, [0, u] is a sectional sub-MOL of L. Intervals [0, u]
and [u′, 1] are anti-isomorphic as MOLs and they are homomorphic images of the
sub-ortholattice [0, u] ∪ [u′, 1].

Lemma 4. Let s = s(x) and t = t(x) be ortholattice terms. Then for any c in an
MOL, one has s(c) = t(c) if and only if 1 = u(c), where u = (s + s′t′)(t + s′t′), if
and only if 0 = v(c) where v = s(st)′ + t(st)′.

Proof. Observe that for b ≤ a in an MOL, one has a = b if and only b + a′ = 1, if
and only if ab′ = 0. �

For any ∗-ring R, the set L(R) of all projections of R can be partially ordered by

e 6 f iff ef = e.

If R is ∗-regular then L(R) is an MOL isomorphic to the lattice L(RR) of all prin-
cipal right ideals of R, matching a principal right ideal with its unique generating
projection, cf. [37, 50, 40]. The orthocomplement in L(R) is given by e′ = 1 − e.
Infimum and supremum of e, f ∈ L(R) will be denoted by e ∩ f and e ∨ f in order
to avoid a possible confusion with ring operations. For any e ∈ L(R), L(eRe) is
the interval [0, e] in L(R). If e ≤ f ′ then e and f are orthogonal to each other.
Equivalently, ef ∗ = 0.

Proposition 5. The operations of MOLs L(R), R any ∗-regular ring, can be ex-
pressed uniformly by terms in the signature σ ∪ {q}, where q is an operation q of
quasi-inversion, satisfying q(a∗a)∗ = q(a∗a) for all a in R. In particular this applies
to Rickart relative inversion.

Proof. Cf. [47, Proposition 1.2]. Define e = p(x) = xq(x∗x)x∗ ∈ xR. Clearly,
e∗ = e. For f = e − e2, one computes ff ∗ = 0, whence f = 0. Moreover, x = ex
since x∗(x−ex) = 0. Thus, p(x) = xq(x∗x)x∗ is a projection such that xR = p(x)R.

Now, for projections a, b ∈ R, according to [15, §3.2] one obtains the lattice
operations of L(R) as follows:

a ∨ b = p
(
a+ (b− ab)u

)
; a ∩ b = p

(
b− bu(b− ab)

)
, where u = q(b− ab).
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Considering the Rickart relative inverse b of a, we have by Lemma 2 that fR = a∗R,
Re = Ra∗, b∗ ∈ eRf ⊆ eR, and a∗b∗ = f , i.e. b∗ is the Rickart relative inverse of
a∗. �

Proposition 6. For any ∗-regular ring R, there is a canonical isomorphism between
the congruence lattice of R and the one of L(R). These lattices are distributive.

Proof. This is well known, see e.g. [30, Proposition 5] for the case of regular rings
and complemented modular lattices. Now, for ∗-regular R, one has I = I∗ for each
ideal of R since a∗ ∈ Re ⊆ I for any a ∈ I and e ∈ L(R) with aR = eR. On the
other hand, any lattice congruence θ of an MOL is an ortholattice congruence since
b ≤ a and a θ b imply ab′ θ bb′ = 0 and b′ = ab′ + a′ θ 0 + a′ = a′. �

Lemma 7. For a finite height MOL L and an ortholattice term t(x), if there is a
in L such that t(a) 6= 0, then there are u ∈ L such that dimu 6 |t| and b in [0, u]
such that t(b) 6= 0 in the sectional sub-MOL [0, u].

Here, |t| denotes the number of occurrences of variables in the term t.

Proof. Follows from [26, Lemma 2.2], see also [31, Theorem 24b]. �

4. Existence varieties of ∗-regular algebras

For a class K of algebraic structures of a fixed similarity type, by H(K), S(K),
P(K), Ps(K), Pω(K), and Pu(K), we denote the class of all homomorphic images, of
structures isomorphic to substructures, direct products, subdirect products, direct
products of finitely many factors, and ultraproducts of members of K, respectively.
For more details, we refer to [12, 19, 43]. A variety is a class definable by identities ;
that is, first-order sentences of the form

∀x A0(x) & . . .& An−1(x),

where Ai(x), i < n, are atomic formulas. Equivalently, a variety is a class closed
under operators H, S, and P. The smallest variety containing a class K is V(K) =
HSP(K).

An algebraic structure A is subdirectly irreducible if it has a least non-trivial
congruence. In particular, if A is subdirectly irreducible and A ∈ SP(K), then
A ∈ S(K). By Birkhoff’s Theorem, any algebraic structure is a subdirect product
of its subdirectly irreducible homomorphic images. For ∗-regular rings [∗-regular
algebras, respectively] congruence relations stay in one-to-one correspondence with
ideals, since all ideals are closed under involution, see Proposition 6.

It is obvious that the class RΛ of all ∗-regular ∗-Λ-algebras is closed under oper-
ators P, Pu, and S∃. Moreover, H(RΛ) ⊆ RΛ by [50, Theorem II.4.5].

For a class K ⊆ RΛ, the class S∃(K) [Ps∃(K)] consists of those members from S(K)
[from Ps(K), respectively] which are regular as rings.

A subclass K ⊆ RΛ which is closed under operators H, S∃, and , P is called an ∃-
variety. The proof of [30, Proposition 10] obviously extends to any class of algebraic
structures of a given similarity type and having regular ring reducts. Therefore, we
have the following
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Proposition 8. For any K ⊆ RΛ the following statements hold.

(1) The smallest ∃-variety V∃(K) containing K is HS∃P(K).
(2) If A ∈ V∃(K) is subdirectly irreducible, then A ∈ HS∃Pu(K).
(3) V∃(K) is generated by its finitely generated subdirectly irreducible members.

Lemma 9. A class K ⊆ RΛ is an ∃-variety if and only if it is closed under H, S∃,
Pu, and Pω.

Proof. Consider Ri ∈ K, i ∈ I, and their expansions Rα
i ∈ Vα, where α(x, y) is the

formula xyx = x, cf. §5. The direct product
∏

i∈I R
α
i belongs to SPuPω(Rα

i | i ∈ I)
according to [19, Corollary 2.3.4]. Hence the σΛ-reduct R of

∏
i∈I R

α
i belongs to

S∃PuPω(Ri | i ∈ I). Thus the desired conclusion follows from Proposition 8(i). �

Given a class K ⊆ RΛ, we define Mn(K) =
(
Rn×n | R ∈ K

)
.

Lemma 10. Let R ∈ RΛ and let n > 0. Then Rm×m ∈ HS(Rn×n) for any m 6 n.
If Rn×n is ∗-regular, then Rm×m is also ∗-regular.

Proof. Choose e as a diagonal matrix whose diagonal contains 1R m times, and the
rest elements are 0R. Then the corner eRn×ne is isomorphic to Rm×m. The claim
follows with Lemma 1. �

Lemma 11. Rn×n ∈ S∃(Cn×n) and Cn×n ∈ S∃(R2n×2n) for any n > 0.

Proof. The first claim is obvious, while the second follows by mapping a+ bi to the
matrix (

a −b
b a

)
∈ R2×2

and matrices from Cn×n to corresponding block matrices in R2n×2n. �

Lemma 12. Let K be a class of ∗-regular ∗-Λ-algebras and let R ∈ K. Then
L(S) ∈ S(R) for S ∈ S∃(R), L(S) ∈ O(R) for S ∈ O(R), O ∈ {H,P}, and

V
(
L(R) | R ∈ K

)
= V

(
L(R) | R ∈ V∃(K)

)
.

In particular, L(Rm×m) ∈ HS
(
L(Rn×n)

)
for any m 6 n < ω. Moreover, J = J∗ and

the map
L(R) → L(R/J), e 7→ e+ J

is a homomorphism for any (two-sided) ideal J ⊆ R.

Proof. Follows from [30, Lemma 30] and Lemma 10. The last statement is [47,
Theorem 1.4]. �

5. Equational definition of quasi-inverse

Consider formulas α(x, y) in the first-order language of ∗-Λ-algebras with free
variables x, y such that sentences

∀x∃y α(x, y);

∀x∀y α(x, y) −→ xyx = x
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hold in RΛ. Let q be a new unary operation symbol. For a class K ⊆ RΛ, let Kα

denote the class of all algebras R ∈ K endowed with a new unary operation q (also
denoted by Rα) such that

Rα |= ∀x α(x, q(x)).

We put σαΛ = σΛ ∪ {q}.

Lemma 13. V(Kα) ⊆
(
V∃(K)

)α
for any K ⊆ RΛ.

Proof. Since K ⊆ V∃(K), we have Kα ⊆
(
V∃(K)

)α
. Moreover, if A =

∏
i∈I Ai and

Ai ∈ Kα for all i ∈ I, then the σΛ-reduct A′i of Ai belongs to K, whence A′ ∈ P(K)
and therefore A ∈

(
P(K)

)α
due to the fact that Ai |= ∀x α(x, q(x)) for all i ∈ I

implies that A |= ∀x α(x, q(x)). Hence P(Kα) ⊆
(
P(K)

)α
.

Further, if B is a substructure of A ∈
(
P(K)

)α
, then its σΛ-reduct B′ is a

substructure of A′ ∈ P(K) and B |= ∀x α(x, q(x)), whence B′ ∈ S∃P(K). Thus
B ∈

(
S∃P(K)

)α
.

Finally, if C is a homomorphic image of B ∈
(
S∃P(K)

)α
, then C |= ∀x α(x, q(x)).

Now, its σΛ-reduct C ′ is a homomorphic image of the σΛ-reductB′ ∈ S∃P(K), whence
C ′ ∈ HS∃P(K). This implies that C ∈

(
HS∃P(K)

)α
=

(
V∃(K)

)α
and V(Kα) =

HSP(Kα) ⊆
(
V∃(K)

)α
. �

We call α(x, y) an equational definition of quasi-inverse, if V(Kα) =
(
V∃(K)

)α
for

any K ⊆ RΛ.

Lemma 14. Let α(x, y) be either the formula xyx = x or an existentially quantified
conjunction of atomic formulas such that sentences

∀x∃y α(x, y);

∀xy α(x, y) −→ xyx = x;

∀xyz α(x, y) & α(x, z) −→ y = z

hold in RΛ. Then α(x, y) is an equational definition of quasi-inverse. In particular,
the Rickart relative inverse arises from an equational definition of quasi-inverse.

Proof. If α(x, y) is the formula xyx = x, then the required statement follows from
[30, Proposition 10(i)]. We consider the second case. For any R ∈ RΛ, the structure
Rα is uniquely defined in this case. Let K ⊆ RΛ, let ϕ : B → C be a homomorphism
such that B ∈ K, and let b ∈ B. Since B |= α(b, q(b)), α(x, y) is an existential
formula, and ϕ is a homomorphism, we conclude that C |= α

(
ϕ(b), ϕ(q(b))

)
. As

we also have C |= α
(
ϕ(b), q(ϕ(b))

)
, we get by uniqueness that ϕ(q(b)) = q(ϕ(b)),

whence ϕ is a homomorphism from Bα into Cα. This implies that
(
H(K)

)α ⊆ H(Kα).

Uniqueness of expansions yields that
(
S∃(K)

)α ⊆ S(Kα) and
(
P(K)

)α ⊆ P(Kα), from

where we get that
(
V∃(K)

)α ⊆ V(Kα) for any K ⊆ RΛ. Now the desired statement
follows with Lemma 13. To the Rickart relative inverse Lemma 2 applies. �

If scalars are to be considered as variables too, then the following concept is
appropriate. Given an equational definition α of quasi-inverse in RΛ, a 2-sorted
conditional identity is a pair 〈ϕ, ψ〉, where ϕ(ξ) is a quantifier-free formula in the
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language of ordered ∗-fields or their complexifications (see §10) and ψ(ξ, x) is a
formula which is obtained from an atomic formula of signature σαΛ by replacing
unary operation symbols λ·, λ ∈ Λ, with variables ξ. The 2-sorted conditional
identity

〈ϕ(ξ1, . . . , ξn), ψ(ξ1, . . . , ξn, x1, . . . , xm)〉
holds in R ∈ Rα

Λ, if R |= ψ(λ1, . . . , λn, a1, . . . , am) for all a1, . . . , am ∈ R and all λ1,
. . . , λn ∈ Λ such that Λ |= ϕ(λ1, . . . , λn).

6. Inner product spaces

An inner product space is a (right) vector space VF over a division ∗-ring F
endowed with an anisotropic ∗-hermitean form Φ: VF × VF → F , that is for all
u, v, w ∈ V and all λ ∈ F , the following holds:

Φ(u, v + w) = Φ(u, v) + Φ(u,w);

Φ(u, vλ) = Φ(u, v)λ :

Φ(u, v) = Φ(v, u);

Φ(v, v) = 0 implies v = 0.

We write simply V sometimes, if the underlying division ∗-ring F is clear from the
context. We are mainly concerned with the case of commutative F , where we may
write λv = vλ. For U ⊆ VF , we define

U⊥ = {x ∈ V | Φ(u, x) = 0 for all u ∈ U}.
A subset U ⊆ VF is closed, if U = U⊥⊥. Given an endomorphism ϕ of VF , we say
that ϕ∗ is the adjoint of ϕ with respect to Φ, if

Φ
(
ϕ(x), y

)
= Φ

(
x, ϕ∗(y)

)
for all x, y ∈ V . We consider inner product spaces as 2-sorted structures with sorts
V and F . For an inner product space (VF ,Φ), where F is a ∗-Λ-algebra, let EndΛ(VF )
denote the Λ-algebra of all endomorphisms of VF , where (λϕ)(v) = ϕ(v)(λ1F ). Let
EndΛ(VF ,Φ) be the subalgebra of EndΛ(VF ) consisting of all endomorphisms having
an adjoint with respect to the form Φ. As EndΛ(VF ,Φ) is closed under ∗ it will be
considered as a ∗-Λ-algebra. If Λ = Z, then we write simply End(VF ) and End(VF ,Φ).
The following fact is well known.

Proposition 15. End(VF ,Φ) is a ∗-regular ring for any inner product space (VF ,Φ).
The Rickart relative inverse of ϕ is equal to χ ⊕ ψ, where χ : (imϕ)⊥ → 0 and
ψ : imϕ→ U = (kerϕ)⊥ is the inverse of ϕ|U : U → imϕ.

Proof. Observe that LP (ϕ) is the orthogonal projection onto imϕ = (kerϕ∗)⊥ and
RP (ϕ) is the orthogonal projection onto (kerϕ)⊥ = imϕ∗. �

For an inner product space (VF ,Φ), let Sub(VF ,Φ) denote the lattice of all sub-
spaces of VF , with 0 = {0}, 1 = V , and the map X 7→ X⊥. Observe that X ⊆ Y ⊥

if and only if Y ⊆ X⊥ for all X, Y ⊆ V ; that is, the map X 7→ X⊥ is self-adjoint.
Moreover, X ∩X⊥ = 0 for all X ⊆ V . Thus Sub(VF ,Φ) is an MOL (and of height
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n) if and only if n = dimVF < ∞. In this case, any endomorphism has an adjoint
and one has the isomorphism

ϕ : L
(
End(VF ,Φ)

)
→ Sub(VF ,Φ), e 7→ e(V ).

Moreover, for a subspace U of VF , the MOL Sub(UF ,Φ|U) is the interval [0, U ]
of Sub(VF ,Φ) and it is isomorphic to L

(
eEnd(VF ,Φ)e

)
, where e is the orthogonal

projection onto U .

7. Representations of ∗-algebras

A representation of a ∗-Λ-algebra R is a σΛ-homomorphism ε : R→ EndΛ(VF ,Φ).
In particular, ε(λ · 1R) = λ idV , whence ε(λ · r) = λε(r) for all λ ∈ Λ and all r ∈ R.
Our main concern will be faithful representations, that is, one-to-one representa-
tions.

In the sense of Mal’cev axiomatic correspondence [42], a representation of a ∗-
Λ-algebra ε : R → EndΛ(VF ,Φ) can be viewed as a 3-sorted structure (R, VF ,Φ, ε)
with sorts R, VF , and F and with the map ε captured by the ternary relation (also
denoted by ε)

{(a, v, w) | w = ε(a)(v)} ⊆ R× VF × VF .

Corollary 16. Let ε : R→ EndΛ(VF ,Φ) be a (faithful) representation considered as
a 3-sorted structure. If ε′ : R′ → EndΛ(V ′

F ′ ,Φ′) is elementary equivalent to ε, then ε′

is a (faithful) representation of R′.

The following statement elaborates on Micol [47, Theorem 3.8].

Proposition 17. If a regular ∗-Λ-algebra R admits a faithful representation ε : R→
EndΛ(VF ,Φ), then for any homomorphic image S of R, there are an elementary
extension (V ′

F ′ ,Φ′) of (VF ,Φ), a closed subspace U of (V ′
F ′ ,Φ′) invariant under the

induced action of R, and a faithful representation of S in EndΛ(UF ′ ,Φ′|U).

The proof of Proposition 17 relies on the following concept of saturation: Given a
first order structure A, we enrich the original signature of A with the set of constants
{ca | a ∈ A} (which are also called parameters) with the natural interpretation of
each constant symbol in A. Then we consider a set Σ = Σ(x1, . . . , xn) of first order
formulas with free variables among x1, . . . xn in this enriched signature. The set Σ
is said to be realized in A, if there are a1, . . . , an in A such that A |= σ(a1, . . . , an)
for all σ ∈ Σ. Call the set Σ finitely realized in A, if each of its finite subsets is
realized in A. Finally, call A ω-saturated over a subset B ⊆ A, if every set Σ of
formulas with parameters which is finitely realized in A and contains only finitely
many constants not in B is also realized in A.

Proposition 18. Every first order structure B has an elementary extension A which
is ω-saturated over B.

Proof. According to [33, Corollary 10.2.2], one may choose A as an elementary
extension of B which is κ-saturated for some infinite cardinal κ > |B|. �
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Proof. (Proposition 17) Let f : R → S be an onto homomorphism and let I be
the kernel of f . Consider an elementary extension (R′, V ′

F ′ ,Φ′, ε′) of the 3-sorted
structure (R, VF ,Φ, ε) which is ω-saturated over I. Then ε′ : R′ → EndΛ(V ′

F ′ ,Φ′) is
a faithful representation according to Corollary 16. Consider the subspace

U = {v ∈ V ′ | ε′(a)(v) = 0 for all a ∈ I}
of V ′ with the induced inner product Φ′|U . Now, for any a ∈ I, there is a projection
e ∈ I with Ra = Re. We obtain therefore that

U =
⋂
a∈I

ker ε′(a) =
⋂

e∈I∩L(R)

ker ε′(e) =
( ∑
e∈I∩L(R)

im ε′(1− e)
)⊥

is a closed subspace of V ′. Let r ∈ R and let v ∈ U . Then one has ar ∈ I for all
a ∈ I, whence

ε′(a)
(
ε′(r)(v)

)
= ε′(ar)(v) = 0 for all a ∈ I.

Therefore, ε′(r)(v) ∈ U . Thus, one obtains representations

ε′U : R→ EndΛ(UF ′ ,Φ′|U), ε′U(r) = ε′(r)|U ;

ξ : S → EndΛ(UF ′ ,Φ′|U), ξ(s) = ε′U
(
f−1(s)

)
.

It remains to show that ξ is a faithful representation. Let a /∈ I and let b0, . . . , bn−1 ∈
I. Since I is an ideal and R is regular, there is b ∈ R such that Rb =

∑
i<nRbi ⊆ I.

Again, by regularity of R, we conclude that b ∈ Rb ⊆ I and that a ∈ Ra * Rb.
Suppose that for all x ∈ V ′, ε′(b)(x) = 0 implies that ε′(a)(x) = 0. Consider any

c ∈ R such that bc = 0. For any y ∈ V ′ and x = ε′(c)(y), we have ε′(b)(x) = 0,
whence ε′(a)(x) = 0. Thus, ε′(ac)(y) = ε′(a)

(
ε′(c)(y)

)
= 0 for all y ∈ V ′ and ac = 0

since ε′ is one-to-one. Now, choose c = 1 − e, where e ∈ L(R) and Re = Rb.
Then bc = 0 whence a = ae ∈ Rb, a contradiction. Thus there is x ∈ V ′ such that
ε′(b)(x) = 0 but ε′(a)(x) 6= 0. Since Rbi ⊆ Rb for all i < n, there are c0, . . . , cn−1 ∈ R
such that bi = cib for all i < n, whence

ε′(bi)(x) = ε′(cib)(x) = ε′(ci)ε
′(b)(x) = 0.

By saturation, we get that for any a /∈ I there is x ∈ V ′ such that ε′(a)(x) 6= 0 and
ε′(b)(x) = 0 for all b ∈ I, which means that x ∈ U and ε′(a) 6= 0. �

8. Representable classes

Given a class FΛ of ∗-Λ-algebras which are division rings and a class S of inner
product spaces over division rings from FΛ, we denote by AS,Λ the class of all ∗-Λ-
algebras admitting a faithful representation in some inner product space in S. Let
RS,Λ denote the class of ∗-regular members of AS,Λ; that is, RS,Λ = RΛ ∩ AS,Λ.

Remark 19. If Λ′ is a subring of Λ, then FΛ′ consists of ∗-Λ′-algebras which are
σΛ′-reducts of ∗-Λ-algebras from FΛ.

Theorem 20. If S and FΛ are axiomatic classes, then the following statements
hold.

(1) AS,Λ is a universal class, while RS,Λ is an axiomatic class.
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(2) If the class FΛ is recursively axiomatizable, then both classes AS,Λ and RS,Λ
are also recursively axiomatizable.

(3) Given R ∈ RΛ, one has R ∈ AS,Λ [R ∈ RS,Λ] if and only if for any count-
able elementary substructure Λ′ of Λ and for any countable elementary ∗-Λ′-
subalgebra R′ of R, one has R′ ∈ AS,Λ′ [R′ ∈ RS,Λ′, respectively].

Proof. Obviously, AS,Λ is closed under substructures. If S and FΛ are axiomatic
classes, then for fixed Λ and F ranging over FΛ, the class A3

S,Λ of faithful represen-
tations, viewed as 3-sorted structures which arise from members of AS,Λ, forms an
axiomatic class too. In particular, it is closed under ultraproducts, which immedi-
ately implies that the class AS,Λ is also closed under ultraproducts. Thus AS,Λ is
a universal class according to [13, Theorem 3.2.2], see also [43, Corollary IV.8.3.4],
whence (i) follows.

Let Γ denote a set of first order axioms for A3
S,Λ and let Σ denote the set of all

universal sentences in the signature of ∗-Λ-algebras which are consequences of Γ. By
Gödel’s Completeness Theorem, Σ is recursively enumerable if Γ is recursive. By
Craig’s trick [33, Exercise 6.1.3], Σ is also recursive, whence (ii) follows.

To prove (iii), let {Xi | i ∈ I} denote the set of all finite subreducts of R. Then
for any i ∈ I, there is a countable elementary subalgebra Λi of Λ such that Xi can
be extended to a countable ∗-Λi-algebra Ri which is an elementary ∗-Λi-subalgebra
of the σΛi

-reduct of R. According to our assumption, Ri ∈ AS,Λi
. By Mal’cev’s

Theorem [43, Theorem IV.8.3.2], this provides a faithful representation of R in an
ultraproduct V of vector spaces Vi over Fi ∈ FΛi

. In particular, V is a vector space
over the corresponding ultraproduct F of division rings Fi, i ∈ I, while F is a
∗-algebra over the corresponding ultraproduct of rings Λi, i ∈ I. Since the latter
ultraproduct contains Λ as an elementary subring, F is a ∗-Λ-algebra. Moreover,
since FΛ is an axiomatic class, F ∈ FΛ, whence R ∈ AS,Λ.

Considering the case of regular algebras, in (i)-(iii) we have to consider R in the
signature σΛ∪{q}, where q(x) is some operation of quasi-inverse. Then the argument
repeats the one above. �

Theorem 21.
[
Tyukavkin [57], Micol [47]

]
Let FΛ be an axiomatic class, let S be

a universal class, and let K = {End(VF ,Φ) | (VF ,Φ) ∈ S, dimV <∞}.

(1) RS,Λ is closed under H, S∃, and Pu.
(2) For any subdirectly irreducible algebra R ∈ RΛ, one has R ∈ RS,Λ if and

only if R ∈ HS∃Pu(K).
(3) Ps∃(RS,Λ) = V∃(K).

Proof. (i) The class RS,Λ is closed under Pu according to Theorem 20(i) and it is
obviously closed under S∃. Moreover, RS,Λ is closed under H by Proposition 17.

Statements (ii) and (iii) are equivalent in view of Proposition 8(ii), thus it suffices
to prove (iii). According to (i), V∃(K) ⊆ Ps∃(RS,Λ). Therefore by Proposition 8(iii)
and Theorem 20(iii), it remains to show that R ∈ V∃(K) for any countable R ∈
RS,Λ. Following Tyukavkin [57] and Micol [47, Theorem 3.5], R has a faithful
representation over some (VF ,Φ) ∈ S, where VF has a countable basis, and R can
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be identified with a ring of row and column finite matrices over F . The latter ring
belongs to V∃(K) by [57] and [47, Theorem 3.15]. �

9. Representations of MOLs

A representation of an MOL L in an inner product space (VF ,Φ) is an (0, 1)-lattice
homomorphism ε : L → Sub(VF ,Φ) such that ε(x′) = ε(x)⊥ for all x ∈ L. Observe
that, by modularity, ε(x) = ε(x)⊥⊥ for all x ∈ L. A representation ε is faithful, if it
is one-to-one.

As in Section 7, a representation of an MOL ε : L → Sub(VF ,Φ) can be viewed
as a 3-sorted structure with sorts L, VF , and F and with the map ε being captured
by the binary relation (denoted by ε, again)

{(a, v) | v ∈ ε(a)} ⊆ L× VF .

The proof of [26, Corollary 3.4] given for unitary spaces generalizes to the setting of
Section 7 in an obvious way to provide the following

Proposition 22. If ε is a faithful representation of a ∗-regular ring R in an inner
product space (VF ,Φ), then e 7→ im ε(e) defines a faithful representation of the MOL
L(R) in (VF ,Φ).

The following statement is a version of [27, Theorem 1.1], cf. also [24, Theorem
13.1].

Proposition 23. Let (VF ,Φ) be an inner product space, let ε : L→ Sub(VF ,Φ, ]vep)
be a faithful representation of an MOL L, and let M ∈ H(L). Then there is an
elementary extension (ṼF̃ , Φ̃) of (VF ,Φ), there is a closed subspace U of (ṼF̃ , Φ̃),

and there is a faithful representation ξ : M → Sub(UF̃ , Φ̃|U).

Proof. Let ϕ : L → M be an onto ortholattice homomorphism, and let I = {x ∈
L | ϕ(x) = 0}. Then I is an ideal of L, and for x ≤ y in L one has ϕ(x) = ϕ(y)
if and only if x′y ∈ I (indeed, I is a ‘neutral’ ideal and y = x + xy′). Consider an
elementary extension (L̃, ṼF̃ , Φ̃, ε̃) of (L, VF ,Φ, ε) which is ω-saturated over I. Then

ε̃ : L̃ → Sub(ṼF̃ , Φ̃) is a faithful representation according to the lattice analogue of
Corollary 16. Consider the closed subspace

U =
(⋃
a∈I

ε̃(a)
)⊥

of Ṽ with the induced inner product Φ̃|U . We put

ξ
(
ϕ(x)

)
= ε̃(x) ∩ U.

It is straightforward that for any x ≤ y in L with ϕ(x) = ϕ(y), one has

ε̃(y) ∩ U =
(
ε̃(x) + ε̃(x′y)

)
∩ U = ε̃(x) ∩ U,

as ε̃(x′y) ⊆ U⊥. Thus ξ is well-defined. The arguments from [27, Section 4.2] (cf.
also [24, Claim 13.4]) show that ξ preserves joins: observe that v ∈ U if and only if
v ∈ ε̃(b) for all b belonging to the ‘neutral’ filter F = {a ∈ L | a′ ∈ I}. Obviously, ξ
preserves all the other operations and constants, whence it is a representation.
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We show that ξ is faithful. Let a /∈ I and let b0, . . . , bn−1 ∈ I. Since I is an
ideal, b = b0 + . . . + bn−1 ∈ I and a � b. Suppose that ε̃(b)⊥ ⊆ ε̃(a)⊥. Then
ε̃(a) = ε̃(a)⊥⊥ ⊆ ε̃(b)⊥⊥ = ε̃(b), whence a ≤ b as ε̃ is an embedding. This implies
that a ∈ I, a contradiction. Thus there is v ∈ Ṽ such that v ∈ ε̃(bi)

⊥ for all i < n
but v /∈ ε̃(a)⊥. By saturation, we get that for any a /∈ I there is v ∈ Ṽ such that
v /∈ ε̃(a)⊥ and v ∈ ε̃(b)⊥ for all b ∈ I, which means that v ∈ U and that ξ

(
ϕ(a)

)
6= 0.

Since M is complemented, this implies that ξ is faithful. �

Given a class F of division ∗-rings and a class S of inner product spaces over
members of F , we define LS as the class of all MOLs having a faithful representation
in some member of S. From Proposition 23 we get immediately

Corollary 24. For any class F of division ∗-rings and any class S of inner product
spaces over F , the following statements hold.

(1) The class LS is closed under S.
(2) If F is an axiomatic class and S is a universal class, then the class LS is

closed under H.
(3) If S is a universal class then Ps(LS) = V

(
Sub(VF ,Φ) | (VF ,Φ) ∈ S, dimV <

∞
)
.

Proof. (i) is obvious and (ii) follows from Proposition 23. To prove (iii), consider an
MOL L having a faithful representation over some (VF ,Φ) ∈ S. By [27, Proposition

3.12] (cf. also [24, Theorem 2.1]), there is an atomic extension L̂ of L which also
has a faithful representation over (VF ,Φ). Hence

L ∈ V
(
Sub(UF ,Φ|U) | U ∈ Sub(VF ,Φ), dimU <∞

)
by [28, Proposition 1.2]. Therefore,

Ps(LS) ⊆ V
(
Sub(VF ,Φ) | (VF ,Φ) ∈ S, dimV <∞

)
.

Since the class LS is closed under substructures and homomorphic images by (i)-(ii),
the class Ps(LS) is a variety, whence the reverse inclusion follows. �

The following will not be used later.

Theorem 25.
[
Niemann [51]

]
Let F be an axiomatic class, let S be a universal

class, and let R be a subdirectly irreducible ∗-regular ring. Then R ∈ RS,Z if and
only if L(R) ∈ LS .

Proof. If R ∈ RS,Z then L(R) ∈ LS by Proposition 22. Conversely, consider a
subdirectly irreducible R ∗-ring with a minimal ideal I and with a given faithful
representation of L(R) within S. Let e ∈ I be a projection. Then the corner
eRe is a simple ∗-regular ring with unit e, cf. [51, Lemma 4.5.18]. Now eRe ∈
HS∃(R) by Lemma 1, whence L(eRe) ∈ HS(L(R)) by Lemma 12. It follows from
Corollary 24(i)-(ii) that L(eRe) has a faithful representation in S. This replaces the
doubtful hypothesis of [51, Theorem 1.6.9] that faithful representations exist for all
subdirectly irreducible Arguesian MOLs. Based on results on frames in representable
MOLs, Niemann shows in the proof of [51, Corollary 4.5.12] that eRe has a faithful
representation in S. The ideal I is a simple ∗-regular ring (without unit) which has a
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faithful representation in Pu(S) = S according to [51, Proposition 4.5.13]. It follows
with [51, Lemma 4.5.15] and [51, Proposition 4.5.16] that R has a representation in
S. �

10. Real closed fields and complexifications

Let Λ be the ring of integers Z or a real closed ordered field. By RCΛ, we denote
the class of all ∗-Λ-algebras F which are real closed ordered fields endowed with the
identity involution. We consider algebras from RCΛ in the ∗-Λ-algebra signature σΛ

(cf. §2) endowed with a binary relation <; we denote this signature by σ<Λ .
Given an ordered field F0 with the identity involution, the complexification of F0

is a ∗-field extension F0(ι) = {a + bι | a, b ∈ F0} of F0 with ι2 = −1 and involution

defined by (a+ bι) = a−bι for all a, b ∈ F0. Observe that (a+bι)(a+ bι) = a2+b2 >
0 for all a, b ∈ F0.

If Λ0 = Z or Λ0 is a real closed ordered field with identity involution and Λ =
Λ0(ι) is its complexification, let RCΛ denote the class of all complexifications of
algebras F0 ∈ RCΛ0 ; that is, the class of ∗-Λ-algebras F considered in the signature
σΛ ∪ {i, P,<}, where i is a constant symbol such that i = ι1, F = F0(ι), and P is
a unary relation symbol which stands for the subfield F0 ∈ RCΛ0 ordered by <. For
any Λ0 ⊆ R, we have R ∈ RCΛ0 and C ∈ RCΛ0(ι). Observe that both Λ0 and Λ0(ι)
are recursive, if Λ0 consists of the algebraic reals.

In the sequel, Λ always denotes either the ring of integers Z, or a real closed
ordered field, or complexification of one of those, while RCΛ will always denote one
of the classes just defined.

We say that a class K of structures enjoys the joint embedding property, if for any
F0, F1 ∈ K, there is F ∈ K such that both F0 and F1 embed into F .

Proposition 26. (1) The class RCΛ is first-order axiomatizable.
(2) The ∗-Λ-algebra Λ is an elementary substructure of each member of RCΛ. In

particular, the first-order theory T of RCΛ is complete.
(3) If Λ is recursive, then RCΛ is recursively axiomatizable and the first-order

theory of RCΛ is decidable.
(4) RCΛ has the joint embedding property.

Proof. The class RCZ is the well known class of all real closed ordered fields which
satisfies all the claims (i)-(iv) and admits quantifier elimination, cf. Marker [44,
Corollaries 3.3.6, 3.3.15].

Now, suppose that Λ is a real closed field. Adding the atomic diagram of Λ to
the axioms of RCZ, one obtains an axiomatization T0 of T . Thus (i) holds.

Besides that, RCΛ admits quantifier elimination too. Indeed, given a formula ϕ,
replace any occurrence of a term λt (in other words, the term λ(t) considering λ a
unary operation symbol) by xλ · t, where xλ is a new free variable. For the resulting
formula ψ of signature σ<, there is a quantifier free formula χ having the same free
variables as ψ such that ψ and χ are equivalent in the theory of real closed ordered
fields. Replace in χ any occurrence of xλ by λ1 to obtain a quantifier free formula
of signature σ<Λ having the same free variables as ϕ and equivalent to ϕ within the
class RCΛ, as (λ1) · t = λt for any term t.
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Observe that the field Λ may be identified with the subfield {λ1 | λ ∈ Λ} of
any F ∈ RCΛ. Since Λ is real closed, this identification is also an order embedding:
λ > 0 implies λ = µ2 for some µ ∈ Λ, whence λ1 = (µ1)2 > 0. Thus considered as
a member of RCΛ, Λ is an elementary substructure of any member of RCΛ. In view
of quantifier elimination and [44, Propositions 3.1.14, 3.1.15], this proves (ii).

If Λ is recursive, T0 is also recursive, and decidability of T follows from complete-
ness and the Completeness Theorem. Thus (iii) holds.

Finally, according to [33, Theorem 8.4.1], the set T∀ of universal sentences belong-
ing to T possesses the amalgamation property. In particular, given F0, F1 ∈ RCΛ,
there is F |= T∀ such that Fi embeds into F for any i < 2. In particular, F is
an ordered integral domain. According to [44, Corollary 3.3.12], F embeds (as an
ordered integral domain) into an ordered field F ′ which, in turn, embeds into its
real closure F . Since λa = (λ1) · a for all a ∈ F and since λ1 ∈ F , the embedding
of F into F is also a σ<Λ -embedding, which proves (iv).

The case RCΛ(ι) follows using an obvious 2-dimensional interpretation RCΛ(ι) in
RCΛ, cf. [33, §5.1]. The proof is now complete. �

The following proposition summarizes some well known facts.

Proposition 27. Let F , F1 ∈ RCΛ, let R = F n×n, n > 0, and let (VF ,Φ) be an
n-dimensional vector space with scalar product Φ.

(1) R ∈ RΛ and R ∼= End(VF ,Φ).
(2) For any projection e ∈ R, one has eRe ∼= Fm×m, where m = dim e in L(R).
(3) ∗-Λ-algebras F n×n and F n×n

1 have the same first order theory.
(4) V∃(F

n×n) = V∃(F
n×n
1 ).

Proof. The first part of (i) refers to the well known fact that AA∗ is positive definite
for any A ∈ F n×n if F = R or C. By elementary equivalence which follows from
Proposition 26(ii), this extends to any F ∈ RCΛ. Moreover, with the canonical scalar
Φ-product on F n, we have F n×n ∼= End(F n

F ,Φ). Now, suppose that we are given two
n-dimensional inner product spaces (VF ,Φ) and (WF ,Ψ). Since F is quadratically
closed, we may choose an orthonormal basis in each of those and match these bases
so that (VF ,Φ) ∼= (WF ,Ψ). (ii) follows using the fact that projections correspond
to orthogonal projections in (VF ,Φ).

To prove (iii), we use the concept of interpretation, cf. Hodges [33, Chapter 5].
Let F0 = F . Clearly, F n×n

i , has an (n × n)-dimensional interpretation in Fi for
all i < 2. Furthermore, according to Proposition 26(ii), F0 and F1 are elementary
equivalent, whence F n×n

0 and F n×n
1 are also elementary equivalent. (iv) follows from

(iii) and the fact that existence varieties are axiomatic classes. �

Proposition 28. Let F ∈ RCΛ.

(1) If Λ is recursive, then there is an algorithm which on input n and sentence
ϕ in the language of ∗-Λ-algebras decides whether ϕ is valid in F n×n.

(2) There is an algorithm which on input n and sentence ϕ in the language of
ortholattices decides whether ϕ is valid in L(F n×n).
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Proof. (i) In view of Proposition 26(ii)-(iii), there is a decision algorithm for the
theory of F . Given ϕ and n, translate ϕ according to the (n × n)-dimensional
interpretation into a sentence in the language of F and apply this algorithm to the
translation. (ii) follows due to Lemma 5 (with Λ = Z). �

11. Existence varieties of representables

In what follows, we consider positive definite inner product spaces over F ∈ RCΛ;
that is, inner product spaces (VF ,Φ) such that Φ(v, v) > 0 for all 0 6= v ∈ V . By NΛ

and LNΛ
we denote the classes of all ∗-regular ∗-Λ-algebras resp. MOLs admitting

a faithful representation in some positive inner product space over some F ∈ RCΛ.

Theorem 29. The class NΛ is an existence variety, while LNΛ
is a variety. If Λ

is recursive and α(x, y) is an equational definition of quasi-inverse, then the variety
N α

Λ is recursively axiomatizable.

Proof. Given positive faithful representations εi : Ri → EndΛ(ViFi
,Φi), i < 2, we

may assume by Proposition 26(iv) that F0, F1 have a joint extension F . This yields

faithful representations ηi : R → EndΛ(Wi, Φ̂i), i < 2, where Wi = F ⊗Fi
Vi and Φi

lifts to Φ̂i on Wi canonically. The orthogonal sum provides a faithful representation

η1 × η2 : R1 ×R2 → EndΛ

(
(W0,Φ0)⊕⊥ (W1,Φ1)

)
.

Thus, the class NΛ is closed under Pω. An analogous reasoning applies to MOLs.
Closure of NΛ under S∃ and Pu is follows from Theorem 20(i) and closure under
H is granted by Proposition 17. It follows by Lemma 9 that NΛ is an ∃-variety.
Corollary 24 implies that LNΛ

is a variety. If Λ0 is recursive, then recursive axiom-
atizability follows from Theorem 20(ii) and Proposition 26(iii). �

Lemma 30. Let Λ be a real closed field or Λ = Z and let F ∈ RCΛ. A ∗-Λ(ι)-
algebra R admits a positive faithful representation over F (ι) ∈ RCΛ(ι) if and only if
R, considered as a ∗-Λ-algebra, admits a positive faithful representation over F .

Proof. Necessity follows when considering an F (ι)-vector space V as an F -vector
space and replacing Φ by its real part. Conversely, given a positive faithful repre-
sentation of the ∗-Λ-algebra R in a vector space (VF ,Φ0) over F , consider V as a
faithful R-module and form the R-module F (ι)⊗F V with Φ given by

Φ
(
(a+ bι)v, (c+ dι)w

)
= Φ0(av, cw) + Φ0(bv, dw) + Φ0(av, dw)ι− Φ0(bv, cw)ι

to obtain a faithful representation over F (ι). �

Corollary 31. Let Λ be a real closed field or Λ = Z and let R be a ∗-Λ(i)-algebra.
Then R ∈ NΛ(i) if and only the σΛ-reduct of R belongs to NΛ.

12. Generators and decidability

Theorem 32. Let F ∈ RCΛ, let N be an infinite set of positive integers, and let
α(x, y) be an equational definition of quasi-inverse in RΛ.

(1) NΛ = V∃
(
F n×n | n ∈ N

)
.

(2) R ∈ HS∃Pu
(
F n×n | n < ω

)
for any subdirectly irreducible algebra R ∈ NΛ.
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(3) N α
Λ = V

(
(F n×n)α | n ∈ N

)
.

(4) If Λ is recursive, then N α
Λ has a decidable equational theory.

(5) Rn×n ∈ NΛ for any R ∈ NΛ and any n < ω.

Proof. By Lemma 10, Theorem 21(iii), and Theorem 29, we have NΛ = V∃
(
F n×n |

F ∈ RCΛ, n ∈ N
)
. According to Proposition 27(iv), for a fixed n < ω and for any

F0, F1 ∈ RCΛ, the ∗-Λ-algebras F n×n
0 and F n×n

1 generate the same ∃-variety, whence
(i) follows. Statement (ii) follows with (i) and Proposition 8(ii), and statement
(iii) follows from (i) by the definition of an equational definition of quasi-inverse.
Statement (iv) follows from Theorem 29 and the Completeness Theorem.

Concerning (v), observe that (Fm×m)n×n ∼= Fmn×mn also as ∗-rings due to the
fact that matrix rings are endowed with the canonical involution. Moreover, one
easily verifies that MnO(K) ⊆ OMn(K) for any operator O ∈ {H, S∃,P}. �

Proposition 33. If Λ ∈ RCΛ1, then N α
Λ and N α

Λ1
have the same theory of 2-sorted

conditional identities.

Proof. Let 〈ϕ(ξ1, . . . , ξn), ψ(ξ1, . . . , ξn, x1, . . . , xm)〉 be a 2-sorted conditional identity.
To prove that N α

Λ |= 〈ϕ, ψ〉 implies that N α
Λ1
|= 〈ϕ, ψ〉, one simply considers algebras

from N α
Λ just as ∗-Λ1-algebras.

Conversely, assume that N α
Λ 6|= 〈ϕ, ψ〉. This means that there are R ∈ N α

Λ ,
λ1, . . . , λn ∈ Λ, and a1, . . . , am ∈ R such that Λ |= ϕ(λ1, . . . , λn), but R 6|=
ψ(λ1, . . . , λn, a1, . . . , am). Keeping λ1, . . . , λn fixed, we may assume by Theo-
rem 32(iii) that R = Λn×n and we consider it as a 2-sorted structure. Then ac-
cording to Proposition 26(i), as a 2-sorted structure, Λn×n

1 is an elementary sub-
structure of (the 2-sorted structure) Λn×n. Hence there are µ1, . . . , µn ∈ Λ1 and b1,
. . . , bm ∈ Λn×n

1 such that Λ1 |= ϕ(µ1, . . . , µn), but Λn×n
1 6|= ψ(µ1, . . . , µn, b1, . . . , bm),

whence N α
Λ1
6|= 〈ϕ, ψ〉. �

Corollary 34. For any equational definition α of quasi-inverse, the theory of 2-
sorted conditional equations of N α

Λ is decidable.

Proof. Let Λ1 be the set of algebraic reals [all algebraic numbers, respectively]. The
desired conclusion follows from Theorem 32(iv) and Proposition 33. �

13. The von Neumann variety

We write F ∈ RC if F is a real closed ordered field with identity involution or
complexification of such a field (with conjugation as involution). Thus F can be
considered a member of RCZ or RCZ(ι) respectively.

Let N resp. LN denote the class of all ∗-regular rings resp. ortholattices having
a faithful representation over some F ∈ RC. For a class Q ⊆ RZ, let Qq denote
the class of members of Q, endowed with Rickart relative inversion; its signature is
denoted by σq. N q shall be called the von Neumann variety.

Lemma 35. N = V∃
(
F n×n
n | n ∈ N

)
for any infinite set N of natural numbers and

any Fn ∈ RC, n ∈ N .
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Proof. Let Nr and Nc, respectively, denote the classes of those members of N which
have a faithful representation over some F ∈ RCZ resp. F ∈ RCZ(ι). By Theo-

rem 32(i), one gets Nr = V∃
(
Rn×n | n ∈ N

)
and Nc = V∃

(
Cn×n | n ∈ N

)
. By

Lemma 11, Nr = Nc = N and thus (ii) holds in view of Lemma 10 and Proposi-
tion 27(iv). �

Theorem 36. (1) N = V∃
(
Cn×n | n < ω

)
= V∃

(
Rn×n | n < ω

)
.

(2) The equational theory of N α is decidable for any equational definition α of
quasi-inverse. In particular, this applies to N q.

(3) R ∈ HS∃Pu
(
Cn×n | n < ω

)
for any subdirectly irreducible algebra R ∈ N .

(4) Rn×n ∈ N for any R ∈ N and any n < ω.

Proof. Follows from Lemma 35 and Theorem 32(i), (iv), (ii), and (v). �

Theorem 37. (1) LN is a recursively axiomatizable MOL variety.
(2) For any infinite set N of natural numbers and any Fn ∈ RC, n ∈ N ,

LN = V
(
L(R) | R ∈ N

)
= V

(
L(F n×n

n ) | n ∈ N
)
.

(3) Given any F ∈ RC, an ortholattice identity s = t is valid in LN if and only
if it is valid in F d×d, where d = 3|s|+ 3|t|.

(4) The equational theory of LN is decidable.
(5) For any ∗-regular ring R, R ∈ N if and only if L(R) ∈ LN .

Proof. By Corollary 24(iii), Lemma 12, and Lemma 35, one has LN ⊆ V
(
L(F n×n

n ) |
Fn ∈ RC, n ∈ N

)
. By Lemma 12, V

(
L(R) | R ∈ N

)
. This proves (ii) and allows to

consider in (i) representations over real closed ordered fields only and to conclude
with Theorem 29 that LN = LNZ is a recursively axiomatizable variety. (iii) follows
from Lemmas 4 and 7, considering the term s(st)′ + t(st)′. (iv) follows from (i) and
Proposition 28, see also [26, Theorem 5.1]. Theorem 25 proves (v) for subdirectly
irreducible R. The claim follows from Lemma 12, since N is closed under Ps∃ and
LN is closed under Ps. �

14. Frames and n-distributivity in MOLs

A system a = (aij | 1 6 i, j 6 n), n > 0, of elements of a modular ortholattice L
is an n-frame, if the following conditions are satisfied, where ai = aii:

(1) aij = aji for all i 6= j;
(2) ai

∑
k 6=i ak = aiaij = ajaij = 0L < ai for all distinct i, j 6 n;

(3) ai + aj = ai + aij for all distinct i, j 6 n;
(4) aij = (aik + akj)(ai + aj) for all pairwise distinct i, j, k 6 n.

It suffices to have ai, 1 6 i 6 n, and a1i, 1 6 i 6 n, satisfying (ii)-(iii) above. By
modularity, there are unique aij, i, j 6 n, completing these to an n-frame.

An n-frame a is orthogonal if ai ≤ a′j for all i 6= j; a is spanning if
∑

k6n ak = 1L;
a is trivial if aij = 0 for all i, j.

For any orthogonal basis v1, . . . , vn of an inner product space (VF ,Φ), there is an
associated spanning orthogonal n-frame of Sub(VF ,Φ) given by

ai = viF, aij = (vi − vj)F.
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For F ∈ RC and the canonical basis of F n
F , this is referred to as the canonical n-frame

of L(F n
F ,Φ) ∼= L(F n×n).

Lemma 38. Let n > 1.

(1) For any n-frame a in a modular lattice, dim ai = dim aj for all i, j. Moreover,
if ai > 0 for some i then the map (i, j) 7→ aij for i 6 j is injective and
dim

∑
i∈I ai =

∑
i∈I dim ai for any I ⊆ {1, . . . , n}.

(2) Let L be an MOL and dimL = n. Then every non-trivial n-frame is span-
ning. Moreover, L contains a spanning orthogonal n-frame if and only if L
is subdirectly irreducible.

Proof. (i) a1, . . . , an are independent and ai is perspective to aj via aij for i 6= j, cf.
[8, IV.6]. (ii) The first claim and ‘only if’ in the second from (i) follow immediately.
Conversely, any MOL of height n has n orthogonal atoms: choose a1 and proceed
with the MOL [0, a′1]. If L is subdirectly irreducible, then all atoms are perspective,
cf. [8, IV.7]. Choose a1i for i > 1 witnessing that a1 is perspective to ai and put
aij = (ai + aj)(a1i + a1j). �

An alternative approach to frames is due to Huhn [34]: define an (n−1)-diamond
in a modular (ortho)lattice L as a system d = (di | 0 6 i 6 n) such that

dj
∑

16i6n, i6=j

di = 0 for all j = 1, . . . , n;

d0 + dj =
n∑
i=1

di, d0dj = 0 for all j = 1, . . . , n.

and call it spanning if
∑n

i=1 di = 1 and orthogonal if di ≤ d′j for all distinct 1 6
i, j 6 n. Both concepts are equivalent in the following sense.

Lemma 39. If d is an (n− 1)-diamond in an MOL, then a with

ai = di, 1 6 i 6 n, aij = d0(ai + aj) for i 6= j

is an n-frame. Conversely, if a is an n-frame then

di = ai, 1 6 i 6 n, d0 =
n∑
i=2

a1i for i 6= j

defines an (n − 1)-diamond. In both cases, a is spanning resp. orthogonal if and
only if d is so.

Proof. This is well known and shown by easy calculations using modularity. E.g.
given an (n − 1)-diamond and pairwise distinct i, j, k > 1, one gets

(
d0(ai + aj) +

d0(aj+ak)
)
(ai+ak) = (d0(ai+aj)+aj+ak)d0(ai+ak) =

(
(d0+aj)(ai+aj)+ak

)
d0(ai+

ak) = (ai + aj + ak)d0(ai + ak) = d0(ai + ak). Conversely, given an n-frame, one has
e.g. for j > 1 d0dj = d0

∏
k 6=j

∑
l 6=k al =

∑n
j=2 a1j

∑
l 6=j al =

∑n
j=2 a1ja1 = 0. �



20 C. HERRMANN, M. S. RODDY, M. SEMENOVA, AND M. ZIEGLER

According to Huhn [34] a lattice is n-distributive if it satisfies the identity

x+
n∏
i=0

yi =
n∏
j=1

(
x+

n∏
i=0, i6=j

yi
)
.

For modular lattices, this identity is equivalent to its dual [35].

Theorem 40. [45] For each n > 1, there are ortholattice terms di(x), 0 6 i 6 n,
with variables x = (xi | 0 6 i 6 n) such that (di(c) | 0 6 i 6 n) is an orthogonal
(n− 1)-diamond for any MOL L and any substitution c in L that fails the (n− 1)-
distributive law and such that di(c) = ci, 0 6 i 6 n, if c is an orthogonal (n − 1)-
diamond. Moreover, L is (n− 1)-distributive if and only if it contains no nontrivial
orthogonal n-frame.

Proof. We provide a proof more accessible than [45]. Clearly, any (n− 1)-diamond
induces a failure of the (n − 1)-distributive law. Conversely, consider fixed but
arbitrary elements xi = ci, 0 6 i 6 n, in an MOL which fail the (n− 1)-distributive
law and put

zj = xj
∏

16i6n i6=j

x′i.

Then z′j ≥ x′j ≥ zk for all distinct j, k > 1. Following the approach of Huhn [34],
put

w0 = x0; yj =
∑

16i6n i6=j

zi; u0 =
n∏
i=1

(x0 + zi)

and observe that
n∏
i=1

yi = 0,
∏

16i6n i6=j

yi = zj.

Define

v =
n∑
i=1

w0zi; bi = (zi + v)u0, i > 0; u =
n∑
i=1

bi; b0 = uw0.

According to the proof of [34, Satz 2.1], u0 ≥ v and b = (bi | 0 6 i 6 n) is a spanning
(n − 1)-diamond in the interval sublattice [v, u] and it is nontrivial, if x0, . . . xn do
not satisfy the (n− 1)-distributive law. Now

zju = zj
( n∑
i=1

ziu0 + v
)

= zj
( n∑
i=1

(ziu0 + ziw0)
)

= zju0 + zjw0 +X,

where

X ≤ zj
∑

16i6n, i 6=j

zi ≤ zjz
′
j = 0.

It follows that

zju+ v = zju0 + zjw0 + v = zju0 + v = bj.
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On the interval [v, u], the induced orthocomplement is given by x 7→ x† = x′u + v.
In particular,

b†j = z′ju+ v ≥ zku+ v = bk for j 6= k, j, k > 0.

Thus, b is an orthogonal (n − 1)-diamond in [v, u]. With t = uv′ we get that
x 7→ xt is an ortholattice isomorphism of [v, u] onto [0, t], each with the induced
orthocomplement, taking b to the spanning (n−1)-diamond d in [0, t] where di = tbi.
But then d is orthogonal in L too. If c is an orthogonal (n−1)-diamond, then d = c,
obviously. �

Proposition 41. A subdirectly irreducible MOL L is n-distributive if any only if
dimL ≤ n. In particular, L(Fm×m), F ∈ RC, is n-distributive if and only if m ≤ n.

Proof. Cf. [45, Theorem 1.3]. As a lattice, L embeds into the subspace lattice M of
a projective space P with M ∈ V(L). Then M is the direct product of the subspace
lattices of the irreducible components of P ; since L is subdirectly irreducible we may
assume that P is irreducible. But then dimL 6 dimM ≤ n by Lemma 38 if L is
n-distributive. The converse follows from Lemma 38 and Theorem 40. �

15. Coordinates

The coordinate domain R12a associated with an n-frame a in a lattice L is defined
as {x ∈ L | xa2 = 0, x+ a2 = a1 + a2}.

Proposition 42. Let n > 3 and let z = (zij | 1 6 i, j 6 n) be a list of variables.

There are terms x ⊕z y, x ⊗z y, 	zx, x
~z , 0̂z, 1̂z, q̂z(x) in the signature of MOLs

such that for any F ∈ RC, for any k, and R = F k×k, if a is a spanning orthogonal
n-frame in L(R) with e1 = a1, then R12a with the operations x ⊕a y, x ⊗a y, 	ax,
x~a, 0̂a, 1̂a, q̂a(x) is isomorphic to the ∗-ring e1Re1 with Rickart relative inverse.

Proof. This is more generally true for MOLs with n > 4 resp. for Arguesian MOLs
with n > 3 and implicitly contained in proofs of (unique) coordinatization — we
refer to [9], [50], and [40, XII Satz 3.1]. As stated, the proposition can be proved
by elementary Linear Algebra cf. [51, §4.4-5] and [25]. In view of Proposition 27,
we consider R as the endomorphism ring of VF = F k

F with the involution given
as adjunction with respect to the scalar product Φ and L = L(R) ∼= Sub(VF ,Φ).
Then Vi = ai yields an orthogonal decomposition V = V1 ⊕⊥ . . . ⊕⊥ Vn. Clearly,
End(V1,Φ|V1)

∼= e1Re1. Furthermore, for i 6= j, the set Hom(Vi, Vj) is mapped
bijectively onto

Rij = {x ∈ L | x+ aj = ai + aj, xaj = 0}
by the map

φ 7→ Γ(φ) = {x− φ(x) | x ∈ Vi}
using the (negative) graph of φ. Observe that

Γ(ψ ◦ φ) = (ai + ak)(Γ(ψ) + Γ(φ)) for φ ∈ Hom(Vi, Vj), ψ ∈ Hom(Vj, Vk).
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In particular for each i 6= j, there is a linear isomorphism εij : Vi → Vj such that
aij = {x − εij(x) | x ∈ Vi} and due to (iv) in the definition of frames, one has
εjk ◦ εij = εik. Moreover, εji = ε−1

ij . Thus

πijk(x) = (x+ ajk)(ai + ak)

is a bijection from Rij onto Rik such that

πijkΓ(φ) = Γ(εjk ◦ φ) for φ ∈ Hom(Vi, Vj)

and also a bijection from Rji onto Rki such that

πijkΓ(φ) = Γ(φ ◦ εkj) for φ ∈ Hom(Vj, Vi).

It follows easily that

ι : End(V1) → R12, ι : φ 7→ Γ(ε12 ◦ φ)

is a bijection and a ring isomorphism if R12 is endowed with the following operations:

x⊕ y = (a1 + a2)
[
(x+ a3)(a13 + a2) + π123(y)

]
;

x⊗ y = (a1 + a2)
[
π213(x) + π213(y)

]
;

	x = (a1 + a2)
[
a3 + (a23 + a1)

(
a2 + π213(x)

)]
;

0̂ = a1;

1̂ = a12.

More generally, for pairwise distinct i, j, k put

	ijx = (ai + aj)
[
ak + (ajk + ai)

(
aj + πjik(x)

)]
to obtain

Γ(−φ) = 	ijΓ(φ) for φ ∈ Hom(Vi, Vj).

Concerning the involution, observe that for i 6= j, ψ ∈ Hom(Vj, Vi) is the adjoint of
φ ∈ Hom(Vi, Vj) if and only if

Γ(φ) ⊥ Γ(−ψ).

In particular,

Γ(ε∗ij) = (	ijaij)
′(ai + aj)

and

π∗ijk(x) = (x+ Γ(ε∗jk))(ai + ak)

is a bijection from Rki onto Rji such that

π∗ijkΓ(φ) = Γ(φ ◦ ε∗kj) for φ ∈ Hom(Vk, Vi).

Also εji ◦ εij = idVi
for all i, j implies ε∗ij ◦ ε∗ji = idVj

for all i, j. Now, by the above
observation, for any φ ∈ End(V1),

Γ(φ∗ ◦ ε∗12) = Γ((ε12 ◦ φ)∗) = (	Γ(ε12 ◦ φ))′(a1 + a2) ∈ R21,
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whence

Γ(ε13 ◦ (φ∗ ◦ ε∗12)) = π123(Γ(φ∗ ◦ ε∗12)) ∈ R23;

Γ(ε13 ◦ φ∗) = Γ
(
(ε13 ◦ (φ∗ ◦ ε∗12)) ◦ ε∗21

)
) = π∗312Γ(ε13 ◦ (φ∗ ◦ ε∗12)) ∈ R13;

Γ(ε12 ◦ φ∗) = Γ(ε32 ◦ ε13 ◦ φ∗) = π132Γ(ε13 ◦ φ∗) ∈ R12.

Thus, defining

x~ = π132π
∗
312π123(	x)′(a1 + a2),

we achieve that ι(φ∗) = (ι(φ))~, i.e. ι is a ∗-ring isomorphism.
Finally, for φ ∈ Hom(V1, V2) and x = Γ(φ), the kernel, the image, and the graph

of the relation inverse to φ are obtained as

ker x = xa1; im x = (x+ a1)a2; x−1 = π231π213π123(x).

Thus, in view of Proposition 15, with

q̂(x) = (im x)′a2 + x−1(a2 + (ker x)′a1)

we have ι(q(φ)) = q̂(ι(φ)). �

Lemma 43. Given variables x = (xi | 0 6 i 6 3), there are ortholattice terms aij(x)

and, for any new variable y, a term r(y, x) such that for any substitution b in an
MOL, L, a = (aij(b) | 1 6 i, j 6 3) forms an orthogonal 3-frame and, furthermore,

for any substitution c for y, one has r(c, b) ∈ R12a.

Proof. According to Lemma 39 and Theorem 40, the terms

ai(x) = di(x), aij(x) = d0(x)(di(x) + dj(x))

evaluate to an orthogonal 3-frame under any substitution b for x which fails 3-
distributivity. Now, consider the ortholattice term

l(x, z1, z2, z3) =
(
x′ + x

(
x′ + z1 + z3

))(
x+ x′(z1 + z3)

)(
z1 + z2

)
.

Observe that x̂ =
(
x′ + x(xz2)

′)(x+ (x+ z2)
′) is a complement of x in the interval

[x(xz2)
′, x + (x + z2)

′], whereas x(xz2)
′ is a complement of xz2 in the interval [0, x]

and x + (x + z2)
′ is a complement of x + z2 in the interval [x, 1]. Therefore, x̂ is a

complement of z2 and x̂(z1 + z2) is a complement of z2 in the interval [0, z1 + z2].
Thus for a given spanning orthogonal 3-frame a = (aij | 1 6 i, j 6 3), one has
l(x, a1, a2, a3) = x̂(a1 + a2), whence l(x, a1, a2, a3) ∈ R12a. One easily verifies that
l(x, a1, a2, a3) = x if x ∈ R12a. Using the above term for the 3-frame we put

r(y, x) = l
(
y
(
a1(x) + a2(x) + a3(x)

)
, a1(x), a2(x), a3(x)

)
.

�
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16. Equivalence of equational theories of N q and LN

A term interpretation Ψ for the equational theory of one class A1 of struc-
tures of signature σ1 into that of another, A2, of signature σ2 fixes a list z of
new auxiliary variables, associates with each each k-ary operation symbol f ∈ σ1

a σ2-term f̂(y1, . . . , yk, z), and then associates with any σ1-term t(x the σ2-term
Ψ(t(x) = t̂(x, z) according to the recursive definition Ψ(x) = x,

Ψ(f(t1, . . . , tk)) = f̂(Ψ(t1), . . . ,Ψ(tk), z)

such that an identity s = t is valid in A1 if and only if the identity Ψ(s) = Ψ(t)
is valid in A2. An equivalence of the equational theories of A1 and A2 via term
interpretations is given by a pair of term interpretations Ψ1 in one direction, Ψ2 in
the other. Recall that σq denotes the signature of ∗-rings with additional operation
symbol q for the Rickart relative inverse.

Lemma 44. There is a constant c1 and a term interpretation Ψ from terms t in
signature σq to ortholattice terms t̂ = Ψ(t) such that |t̂| 6 c1|t| and such that the
following holds for any ∗-regular ring S = F k×k, F ∈ RC, with Rickart relative
inverse q: the identity ŝ = t̂ is valid in L(S) if and only if the identity s = t is valid
in e1Se1 for any orthogonal 3-frame a in L(S) and e1 = a1.

Proof. Given MOL-variables z = (zi | 0 6 i 6 3), we choose the terms aij(z)
according to Lemma 43. Now, for any k-ary operation symbol f ∈ σq, we put

f̂(y1, . . . , yk, z) = f#(r(y1, a(z)), . . . , r(yk, a(z)), a(z))

with r(y, x) as in Lemma 43 and f#(y1, . . . , yk, z) as in Proposition 42. This
defines Ψ. Now, consider any substitution b ∈ L(S) for z. Then one has the
spanning orthogonal 3-frame ai(b), aij(b) of the interval L = [0, e] of L(S), where

e =
∑3

i=1 ai(b). Applying Proposition 42 to R = eSe (with L(R) = L), one has

L |= ∀x ŝ(x, b) = t̂(x, b) if and only if e1Se1 = e1Re1 |= ∀x s(x) = t(x), where
e1 = a1(b). �

Theorem 45. Let F ∈ RC.

(1) There is a constant c2 such that for any identity s = t in signature σq, if
s = t fails in some F n×n then it fails in Fm×m for some m 6 c2(|s|+ |t|) as
well as for m = c2(|s|+ |t|).

(2) The equational theories of N q and LN are equivalent via term interpretations.

Proof. Apply the term interpretation of Lemma 44. (i) If s = t fails in some F n×n,
then ŝ = t̂ fails in L(F 3n×3n) ∼= L

(
(F n×n)3×3

)
as witnessed by the canonical 3-frame

a and F n×n ∼= e1(F
3n×3n)e1. By Theorem 37(iii), ŝ = t̂ fails in L(F k×k) for some

k 6 3(|ŝ| + |t̂|). Again by Lemma 44, s = t fails in some e(F k×k)e ∼= Fm×m, cf.
Proposition 27(ii). Thus, c2 = 3c1 will do. The claim for m = c2(|s|+ |t|) follows by
Lemma 10.

(ii) Lemma 5 provides a term interpretation from ortholattice terms u to σq-terms
ũ such that, for any n > 0, u = 1 holds in L(F n×n) if and only if ũ = 1 holds in
F n×n. Apply Lemma 4. Conversely, Lemma 44 provides a term interpretation t 7→ t̂
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such that ŝ = t̂ holds in L(F k×k) for all k if and only if s = t holds in Fm×m for all
m. �

Corollary 46. The decision problems for the equational theories of N q and LN are
polynomial time equivalent and belong to the complexity class PSPACE.

Proof. Clearly, in any suitable encoding of terms, given a term interpretation Ψ, the
output Ψ(T ) can be computed from the input t in time polynomial in the length of
the input t. Thus by Theorem 45 the two problems are polynomial time equivalent.
On the other hand, the complement of validity of identities t = 0 in LN , the ‘weak
satisfiability’ of t in the class {L(Cd×d) | d < ω} (i.e. in “indefinite dimension”) has
been shown to be in PSPACE in [31, Theorem 25] cf. [3, 32]. Since PSPACE is
closed under complements and by Lemma 4, validity of arbitrary identities in LN is
in PSPACE too. �

17. Generalized rings of operators

The following is motivated by the construction, due to Murray and von Neu-
mann [48], of the ∗-regular ring of unbounded operators affiliated with a finite von
Neumann algebra factor and its generalization to AW ∗-algebras by Berberian [4].

For a vector space VF , by PEnd(VF ) we denote the set of all pairs (ϕ,U), where
U is a linear subspace of VF and ϕ : U → V is a linear map. We consider this set
endowed with partial operations (ϕ,U)+(ψ,W ) = (ϕ+ψ, U∩W ), (ϕ,U)◦(ψ,W ) =
(ϕ ◦ ψ, W ∩ ψ−1(U)), and λ(ϕ,U) = (λϕ, U), λ ∈ F . Since U = domϕ is uniquely
determined by ϕ we may use ϕ to denote the pair (ϕ,U). We also write ϕψ instead
of ϕ ◦ ψ.

Given a ∗-Λ-algebra F which is a division ring, an inner product space (VF ,Φ),
and a downward directed set D of linear subspaces of VF , consider an algebraic
structure 〈R;⊕,�,	, λ (λ ∈ Λ),~ , 0, 1〉 with a binary relation ≈ in the signature
of ∗-Λ-algebras σΛ which acts as a set of partial linear maps on VF ; that is, for
each ϕ ∈ R there is a linear subspace domϕ of VF such that the map x 7→ ϕ(x),
x ∈ domϕ, is F -linear. Thus, we associate with ϕ ∈ R a member of PEnd(VF ), also
denoted by ϕ. This association is well defined but it may not be one-to-one. We
shortly write R for this structure. We define Dϕ = {D ∈ D | D ⊆ domϕ∩ domϕ~},
and assume that the following holds for all ϕ, ψ ∈ R:

(1) D ⊆ domϕ for some D ∈ D;
(2) For any D ∈ D, there is D′ ∈ D such that D′ ⊆ ϕ−1(D);
(3) domϕ⊕ ψ ∈ Dϕ ∩ Dψ and (ϕ⊕ ψ)(v) = ϕ(v) + ψ(v) for all v ∈ domϕ⊕ ψ;
(4) 0(v) = 0 and 1(v) = v for all v ∈ V ;
(5) domϕ�ψ ⊆ ψ−1(domϕ)∩domψ∩domϕ~∩(ϕ~)−1(domψ~) and (ϕ�ψ)(v) =

ϕ(ψ(v)) for all v ∈ domϕ� ψ;
(6) domλϕ ∈ Dϕ and (λϕ)(v) = λ(ϕ(v)) for all λ ∈ Λ and v ∈ domλϕ;
(7) Φ(ϕ(v), w) = Φ(v, ϕ~(w)) for all v ∈ domϕ and w ∈ domϕ~;
(8) ≈ is a congruence relation on R, where ϕ ≈ ψ if and only if ϕ|D = ψ|D and

ϕ~|D = ψ~|D for some D ∈ Dϕ ∩ Dψ.
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Denoting the congruence class of ϕ by [ϕ], call R/≈ a ∗-Λ-algebra of generalized
operators on (VF ,Φ) if, in addition, R/≈ is a ∗-ring.

Theorem 47. Any ∗-regular ∗-Λ-algebra R/≈ of generalized operators on (VF ,Φ)
admits a faithful representation ε : R/≈ → EndΛ(UF ′ ,Φ′|U) for some elementary
extension (V ′

F ′ , F ′) of (VF , F ) and a closed subspace U of (V ′
F ′ ,Φ′).

Proof. Let L0 denote the lattice of finite dimensional linear subspaces of VF . For
any U ∈ L0, let πU : V → U denote the orthogonal projection onto U . We put

J = {πU | U ∈ L0};
JD = {πU ∈ J | U ⊆ D}, D ∈ D.

For any π ∈ J , Tπ = π EndΛ(VF ,Φ)π can be viewed as a regular ∗-Λ-subalgebra
(without unit) of EndΛ(VF ,Φ) according to Lemma 1. We put

T = {Tπ | π ∈ J } ∪ {idV }.

Then T is a regular ∗-Λ-subalgebra of EndΛ(VF ,Φ). Consider

〈VF ;FΛ; PEnd(VF );D;L0;J ;R〉

as a 7-sorted structure with PEnd(VF ) acting on VF as a set of partial maps, with
a unary predicate T on PEnd(VF ), with a binary operation Φ: VF × VF → F , and
with a binary relation dom = {(ϕ, v) | v ∈ domϕ} ⊆ PEnd(VF ) × VF . Choose an
elementary extension

(V̂ , F̂Λ, ̂PEnd(VF ), D̂, L̂0, Ĵ , R̂)

with predicate T̂ and operation Φ̂ which is ω-saturated over J . Then following
Mal’cev, this extension can be understood in terms of the algebra of generalized
operators on (V̂F̂ , Φ̂). Also T̂ may be considered as a regular ∗-Λ-subalgebra of

End(V̂F̂ , Φ̂) and L̂0 as an atomic modular sublattice of the lattice of closed subspaces

of (V̂F̂ , Φ̂). Denoting the embedding in the form x 7→ x̂, we have dom ϕ̂ = d̂omϕ for

all ϕ ∈ PEnd(VF ) and ϕ 7→ ϕ̂ is an embedding of PEnd(VF ) into PEnd(V̂F̂ ). Besides

that for any U ∈ L0, Û is a finite dimensional subspace of V̂F̂ with orthogonal

projection π̂, where π = πU . Moreover in this case, π̂T̂ π̂ = π̂ End(V̂F̂ )π̂ ∼= End(ÛF̂ ).

Observe that for any σ, τ ∈ End(V̂F̂ ), one has

σ|Û = τ |Û if and only if σπ̂ = τ π̂.

Put for σ ∈ T̂ and ϕ ∈ R:

σ ∼ ϕ ⇔ ∃D ∈ Dϕ ∀π ∈ JD σπ̂ = ϕ̂π̂ and σ∗π̂ = ϕ̂~π̂.

We claim that

S = {σ ∈ T̂ | σ ∼ ϕ for some ϕ ∈ R}
is a regular ∗-Λ-subalgebra of T̂ and that the map

G : S → R/≈; σ 7→ [ϕ] where σ ∼ ϕ
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is a ∗-Λ-algebra homomorphism from S onto R/≈. Then since T is represented in

(VF ,Φ), T̂ is represented in (V̂F̂ , Φ̂) by Corollary 16. Therefore, its substructure S is

also represented in (V̂F̂ , Φ̂). Then the claim of Theorem follows with Proposition 17.

So, we prove now that S is a ∗-Λ-subalgebra of T̂ and G is a ∗-Λ-algebra homo-
morphism. Observe that by (viii), σ ∼ ϕ ≈ ψ implies σ ∼ ψ and σ ∼ ϕ, σ ∼ ψ
imply ϕ ≈ ψ for any σ ∈ S and any ϕ, ψ ∈ R. Thus, the map G is well-defined
and does not depend on the representative ϕ of [ϕ]. Moreover, it is obvious that
σ ∼ ϕ implies σ∗ ∼ ϕ~ for any σ ∈ S and any ϕ ∈ R. Therefore, S is closed under
involution, and G preserves involution.

Let σ ∼ ϕ and τ ∼ ψ be witnessed by Dϕ and Dψ. Then there is D′ ∈ D
such that D′ ⊆ Dϕ ∩ Dψ. According to (ii), there is D ∈ Dψ�ϕ such that D ⊆
D′ ∩ ϕ−1(D′) ∩ (ψ~)−1(D′). Let π ∈ JD. Then π(V ) ⊆ D ⊆ D′ ⊆ Dϕ, while
ϕπ(V ) ⊆ ϕ(D) ⊆ D′ ⊆ Dψ. Similarly, π(V ) ⊆ Dψ, while ψ~π(V ) ⊆ Dϕ. Therefore,

one has τσπ̂ = τ ϕ̂π̂ = ψ̂ϕ̂π̂ = ψ̂ϕπ̂ = (ψ̂ � ϕ)π̂ by (v). Similarly, (τσ)∗π̂ = σ∗τ ∗π̂ =

( ̂ϕ~ � ψ~)π̂ = ̂(ψ � ϕ)~π̂. This implies that τσ ∼ ψ�ϕ. Simpler calculations yield
τ +σ ∼ ψ⊕ϕ with the help of any D ∈ Dϕ⊕ψ such that D ⊆ Dϕ∩Dψ and λσ ∼ λϕ
via any D ∈ Dλϕ such that D ⊆ Dϕ. Of course, 0 ∼ 0 and 1 ∼ 1. Thus S is a

subalgebra of T̂ and G is a homomorphism.
We prove surjectivity of G using saturation. It suffices to show that given ϕ ∈ R,

D ∈ Dϕ and π1, . . . , πn ∈ JD there is σ ∈ T̂ such that σπ̂i = ϕ̂π̂i and σ∗π̂i = ϕ̂~π̂i
for all i ∈ {1, . . . , n}. Put

U =
n∑
i=1

im πi, π = πU , W = U + ϕ(U) + ϕ~(U), and ρ = πW .

Now put W0 = W1 = Û , ϕ0 = ϕ̂|W0 , and ϕ1 = ϕ̂~|W1 . Taking into consideration
(vii), we may apply Lemma 48 below to W0,W1 and ϕ0, ϕ1 to get σ0 satisfying all

the conclusions of Lemma 48. Then for σ = σ0ρ̂, we have σ = ρ̂σρ̂ ∈ T̂ . Moreover,

σ∗ = ρ̂σ∗ρ̂ ∈ T̂ . By construction, σπ̂ = ϕ̂π̂ and σ∗π̂ = ϕ̂~π̂. It follows that

σπ̂i = ϕ̂π̂i and σ∗π̂i = ϕ̂~π̂i for all i ∈ {1, . . . , n}, as required.
Since imG = R/≈ is regular, to prove regularity of S, it suffices to show that

kerG is regular according to [18, Lemma 1.3]. The latter statement is immediate by
Lemma 49 below. �

Lemma 48. Let (W,Φ) be a finite dimensional inner product space. Consider
subspaces Wi and linear maps ϕi : Wi → W , i < 2, such that Φ

(
x0, ϕ1(x1)

)
=

Φ
(
ϕ0(x0), x1

)
for all xi ∈ Wi. Then there is σ ∈ End(W ) such that σ|W0 = ϕ0 and

σ∗|W1 = ϕ1.

Proof. Choose bases v1, . . . , vn and w1, . . . , wn of W extending bases v1, . . . , vk of
W0 and w1, . . . , wl of W1 respectively. There are unique σ, τ ∈ End(W ) such that

Φ
(
σ(vi), wj

)
= Φ

(
vi, τ(wj)

)
=


Φ

(
vi, ϕ2(wj)

)
for j 6 l;

Φ
(
ϕ1(vi), wj

)
for i 6 k;

0 otherwise.
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It follows that τ = σ∗, σ|W0 = ϕ0, and σ∗|W1 = τ |W1 = ϕ1. �

Lemma 49. Let R be a ∗-regular ring and let a ∈ R. Then there is b ∈ R such that
aba = a and for any projection p ∈ R, ap = a∗p = 0 implies bp = b∗p = 0.

Proof. Let e = LP (a), let f = RP (a), and let b be the Rickart relative inverse of a.
Then b ∈ fRe by Lemma 2(ii). Equalities ap = a∗p = 0 imply that p(1− e) = 1− e
and (1− f)p = 1− f , whence ep = fp = 0 and bp = bep = 0, b∗p = b∗fp = 0. �

Corollary 50. Let F ∈ RCΛ and let S = R/≈ be a ∗-regular ∗-Λ-algebra of general-
ized operators over a positive definite inner product space (VF ,Φ). Then S ∈ NΛ.

18. Finite Rickart C∗-algebras and their rings of quotients

A ∗-ring R is finite if xx∗ = 1 implies x∗x = 1 for all x ∈ R. R is Rickart if for
any a ∈ R, there is a projection e generating the right annihilator of any element of
R, that is {x ∈ R | ax = 0} = eR for all a ∈ R. It follows that aa∗ = 0 implies a = 0
cf. [7, 1.10]. Any ∗-regular ring is a finite Rickart ∗-ring [1]. R is a Baer ∗-ring if for
any S ⊆ R, there is a projection e such that {x ∈ R | sx = 0 for all s ∈ S} = eR.
This definition is equivalent to the one in Kaplansky [36], see also Berberian [5,
Exercise 7.1]. Of course, any Baer ∗-ring is Rickart.

A normed ∗-C-algebra A which is complete with respect to the norm is a Banach
algebra; A is a C∗-algebra if, in addition, ‖x∗x‖ = ‖x‖2 for all x ∈ A. A C∗-
algebra which is a Rickart resp. Baer ∗-ring is called a Rickart C∗-algebra resp. an
AW ∗-algebra. Every von Neumann algebra is an AW ∗-algebra, see [5, Proposition
4.9].

For a ring A, let QM(A) denote the maximal (or complete) ring of [right ] quotients
of A, cf. Lambek [38, §4.3]. Let QC(A) denote the classical ring of (right) quotients
of a ring A, cf. Lambek [38, §4.6]. If QC(A) exists, it can be considered as the
subring of QM(A) consisting of elements of the form ab−1, where a, b ∈ A and b is
neither right nor left zero divisor.

Theorem 51. For any finite AW ∗-algebra A, there is a ∗-regular ∗-C-algebra ex-
tension QB(A) of A having QM(A) as ring reduct such that L

(
QB(A)

)
= L(A). Any

finite Rickart C∗-algebra A admits a ∗-regular ∗-C-algebra extension QH(A) of A
having QC(A) as ring reduct such that L

(
QH(A)

)
= L(A). For a finite AW ∗-algebra

A, QB(A) embeds into QH(A) as a ∗-C-algebra.

Proof. For any finite AW ∗-algebra A, Berberian [4] has constructed QB(A) which
was later shown by Hafner [20] and Pyle [52] to have QM(A) as ring reduct. Han-
delman [22, Theorem 2.1] has constructed QH(A), which has QC(0) as ring reduct
according to Ara and Menal [1, Theorem 3.1]. �

Proposition 52. For any finite Rickart C∗-algebra A, the set L(A) is an MOL
ordered by e ≤ f . The orthocomplement is given by e′ = 1− e. As MOLs, L(A) =
L

(
QH(A)

)
and, if A is an AW ∗-algebra, then L(A) = L

(
QB(A)

)
.

Proof. L(QH(A)) is an MOL since QH(A) is ∗-regular. Modularity of L(A) also
follows from [22, Corollary 1.1]. �
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An MOL L is continuous if supX and inf X exist for any X ⊆ L and a supX =
sup{ax | x ∈ X} for any upward directed set X ⊆ L and a + inf X = inf{a + x |
x ∈ X} for any downward directed set X ⊆ L.

Theorem 53. Let A be a subdirectly irreducible finite Rickart C∗-algebra. Then A
is a simple AW ∗-algebra, L(A) a simple continuous MOL, and QH(A) = QB(A) is
a simple ∗-ring.

Proof. A is a simple finite AW ∗-algebra by [23, Theorem 3.1] and [22, Theorem
4.3]. Thus, by [36, Theorem 6.5] L(A) is a continuous MOL. By the proof of (3)
in [22, Theorem 4.3] QH(A) is simple. By Proposition 6 L(A) is simple too. [21,
Proposition 2.10 and Theorem 2.3] imply that QH(A) = QB(A). �

Theorem 54. For any finite Rickart C∗-algebra A and a natural number n > 0, the
following conditions are equivalent.

(1) There is a nontrivial n-system of ∗-matrix units of A.
(2) Cn×n is a ∗-C-subalgebra of some corner of A.
(3) L(Cn×n) is a sectional sub-MOL of L(A).
(4) L(A) is not (n− 1)-distributive.

Proof. (iii) and (iv) are equivalent by Theorem 40. If (iv)holds, then by Theorem 40,
there is a nontrivial orthogonal n-frame a in L(A), in particular ai∩aj = 0 for i 6= j.
By Handelman [22, Corollary 1.1], there are ‘partial isometries’ wi ∈ A such that
w∗iwi = a1 and wiw

∗
i = ai. Then wia1 = wi and aiw

∗
i = w∗i by [7, 6.2]. Thus, one

obtains a nontrivial n-system of ∗-matrix units in A (cf. [49, Lemma 2.6.2]

eii = aii, eij = wiw
∗
j .

Then (i) implies (ii) by Lemma 3 and (ii) implies (iii) by Lemma 12. �

Corollary 55. Any variety V generated by the projection MOLs of some class of
finite Rickart C∗-algebras is either n-distributive for some n > 0 or contains L(Cn×n)
for all n > 0. In particular, if V is not 2-distributive, then it contains a simple MOL
of height 3.

The latter verifies a conjecture of Gunter Bruns [11] for this particular kind of
MOL-varieties. Though, the approach fails in general: there are subdirectly irre-
ducible MOLs of infinite height which are generated by an orthogonal 3-frame [27,
Corollary 4.16].

19. Representation of the regular ring of a finite AW ∗-algebra

In this section, let A be a finite AW ∗-algebra. We refer to [5, 4, 6]. A strongly
dense domain (SDD, for short) is an ascending sequence (en | n < ω) of projections
in A such that sup en = 1A. Very often, we denote an SDD (en | n < ω) by e. If
f = (fn | n < ω) is another SDD, then e ∩ f = (en ∩ fn | n < ω) is also an SDD
according to [5, Lemma 47.1].

An operator with closure (OWC, for short) is a sequence (〈xn, en〉 | n < ω) of
pairs, where (en | n < ω) is an SDD and xn ∈ A, n < ω, are such that

xnem = xmem and x∗nem = x∗mem for all m < n.
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Again, very often, we denote an OWC (〈xn, en〉 | n < ω) just by 〈x, e〉. For a
projection e ∈ A and an element x ∈ A, let x−1(e) denote the projection g ∈ A such
that gA is the right annihilator of the element (1− e)x; in particular xg = exg.

On the set R(A) of all OWCs of A, operations are defined as follows, cf. [4, §2]
or [5, Lemmas 47.3, 47.6]:

〈x, e〉 ⊕ 〈y, f〉 = 〈x + y, e ∩ f〉,
where (x+ y)n = xn + yn and (e ∩ f)n = en ∩ fn;

〈x, e〉 ⊗ 〈y, f〉 = 〈xy,g〉,
where (xy)n = xnyn and gn = en ∩ y−1

n (en) ∩ fn ∩ (x∗n)−1(fn);

λ〈x, e〉 = 〈λx, e〉, where (λx)n = λxn;

〈x, e〉~ = 〈x∗, e〉, where (x∗)n = x∗n;

0 = 〈0,1〉, where 0n = 0A and 1n = 1A;

1 = 〈1,1〉.
According to [5, Lemma 47.1], e∩ f is an SDD, while according to [5, Lemma 47.3],
〈x + y, e ∩ f〉 is an OWC. We note also that g above is an SDD according to [5,
Lemma 47.5], while 〈x, e〉 ⊗ 〈y, f〉 = 〈xy,g〉 is an OWC according to [5, Lemma
47.6].

On the set R(A) of all OWCs, one can define a binary relation ≡ by

〈x, e〉 ≡ 〈y, f〉 ⇔ there is an SDD g such that

xngn = yngn and x∗ngn = y∗ngn for all n < ω.

According to [5, Lemma 7], ≡ is an equivalence relation on R(A). The equivalence
class of 〈x, e〉 is denoted by [x, e].

According to [5, Theorem 47.1] (see also [4, §2]), ≡ is a congruence relation on
R(A). Moreover, one can identify

QB(A) = {[x, e] | 〈x, e〉 is an OWC in A},
so QB(A) becomes a ∗-C-algebra. Besides that, the map x 7→ x, where xn = x for all
n < ω, defines an embedding of A into QB(A). Furthermore, QB(A) is a ∗-regular
ring according to [5, Theorem 52.1] (see also [4, Theorem 2.1 and Corollary 7.1]).

Theorem 56. For a finite AW ∗-algebra A and a faithful representation ε : A →
EndC(V,Φ), QB(A) is a ∗-regular ∗-C-algebra of generalized operators on (V,Φ).

Proof. For x, y ∈ A and a projection e ∈ A, one has

xe = ye ⇔ ε(x)(v) = ε(y)(v) for all v ∈ im ε(e).

Furthermore, for an SDD e in A, we put D(e) =
⋃
n<ω im ε(en); then D(e) ⊆ VF .

We put also
D = {D(e) | e is an SDD in A}.

Then the set D is downward directed by [5, Lemma 47.1]. For an OWC 〈x, e〉 ∈
R(A), we define a partial endomorphism (x, e) on VF by

dom(x, e) = D(e), (x, e)(v) = ε(xn)(v) for v ∈ im ε(en) ⊆ D(e).
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Let v ∈ im ε(em); without loss of generality, we may assume that m < n. Then
ε(en)(v) = v = ε(em)(v), whence according to the definition of an OWC and the
above,

ε(xm)(v) = ε(xm)ε(em)(v) = ε(xmem)(v) = ε(xnem)(v) =

= ε(xn)ε(em)(v) = ε(xn)(v).

Therefore, (x, e) is well-defined.
We prove now that the set {(x, e) | 〈x, e〉 ∈ R(A)} with the operations defined

as above satisfies conditions (i)-(viii) of §17. First of all, conditions (i) and (vi) are
obviously satisfied. Condition (iv) is also trivial as dom 0 = dom 1 = im ε(1A) =
im idV = V .

For (ii), let 〈x, e〉 be an OWC and let D ∈ D. Then there is an SDD f such that
D = D(f). We put gn = en ∩ x−1

n (fn); then g is an SDD according to [5, Lemma
47.5]. If v ∈ im ε(gn) ⊆ im ε(en), then ε(gn)(v) = v, whence

(x, e)(v) = ε(xn)(v) = ε(xn)ε(gn)(v) = ε(xngn)(v) = ε(fnxngn)(v) =

= ε(fn)ε(xngn)(v) ∈ im ε(fn) ⊆ D,

as (1 − fn)xngn = 0 implies xngn = fnxngn. Therefore, (x, e)
(
D(g)

)
⊆ D, and (ii)

holds.
To prove (iii), we assume that 〈x, e〉 and 〈y, f〉 are OWCs and we put ϕ = (x, e)

and ψ = (y, f). Therefore, dom(ϕ⊕ ψ) = D(e ∩ f) ⊆ D(e) ∩D(f) ∈ Dϕ ∩ Dψ, and
for all n < ω and all v ∈ im ε(en ∩ fn), one has

(ϕ⊕ ψ)(v) = ε(xn + yn)(v) = ε(xn)(v) + ε(yn)(v) = ϕ(v) + ψ(v).

To prove (v), let again ϕ = (x, e) and ψ = (y, f). If gn = en∩y−1
n (en)∩fn∩(x∗n)−1(fn),

then

im ε(gn) ⊆ im ε(en) ∩ im ε
(
fn ∩ y−1

n (en)
)
∩ im ε(fn) ∩ im ε

(
en ∩ (x∗n)−1(fn)

)
.

According to the definition of dom and the argument for (ii), one has

im ε(en) ⊆ domϕ = domϕ~;

im ε(fn) ⊆ domψ;

im ε
(
fn ∩ y−1

n (en)
)
⊆ ψ−1

(
domϕ

)
;

im ε
(
en ∩ (x∗n)−1(fn)

)
⊆ (ϕ~)−1

(
domψ

)
= (ϕ~)−1

(
domψ~

)
.

We get therefore:

dom(ϕ⊗ ψ) = D(g) ⊆ domϕ~ ∩ ψ−1
(
domϕ

)
∩ domψ ∩ (ϕ~)−1

(
domψ~

)
,

and for v ∈ im ε(gn) ⊆ im ε(fn), we also get

(ϕ⊗ ψ)(v) = ε(xnyn)(v) = ε(xn)ε(yn)(v) = ϕ
(
ψ(v)

)
.

To prove (vii), let ϕ = (x, e), let v ∈ domϕ, and let w ∈ domϕ~ = domϕ. Since e
is an SDD, there is n < ω such that v, w ∈ im ε(en). Then taking into consideration
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that ε is a faithful representation of A, we get

Φ
(
ϕ(v), w

)
= Φ

(
ε(xn)(v), w

)
= Φ

(
v, ε(xn)∗(w)

)
=

= Φ
(
v, ε(x∗n)(w)

)
= Φ

(
v, ϕ~(w)

)
.

Finally to prove (viii), it suffices to show that for any OWCs 〈x, e〉, 〈y, f〉 ∈ R(A),

〈x, e〉 ≡ 〈y, f〉 if and only if (x, e) ≈ (y, f).

Indeed, let 〈x, e〉 ≡ 〈y, f〉 be witnessed by an SDD g. Then h = e∩ f ∩g is an SDD
by [5, Lemma 47.1], and for any n < ω and any v ∈ im ε(hn) ⊆ im ε(en)∩ im ε(fn)∩
im ε(gn), we have

(x, e)(v) = ε(xn)(v) = ε(xn)ε(gn)(v) = ε(xngn)(v) = ε(yngn)(v) =

= ε(yn)ε(gn)(v) = ε(yn)(v) = (y, f)(v);

(x, e)~(v) = ε(x∗n)(v) = ε(x∗n)ε(gn)(v) = ε(x∗ngn)(v) = ε(y∗ngn)(v) =

= ε(y∗n)ε(gn)(v) = ε(y∗n)(v) = (y, f)~(v).

Therefore, (x, e) ≈ (y, f) is witnessed by D(h) ∈ D. Conversely, let (x, e)|D(g) =
(y, f)|D(g) and (x, e)~|D(g) = (y, f)~|D(g) for OWCs 〈x, e〉, 〈y, f〉 and an SDD g.
Again, we consider the SDD h = e ∩ f ∩ g and take n < ω and v ∈ im ε(hn) ⊆
im ε(en) ∩ im ε(fn) ∩ im ε(gn). Then we get

ε(xn)(v) = (x, e)(v) = (y, f)(v) = ε(yn)(v),

ε(x∗n)(v) = (x, e)~(v) = (y, f)~(v) = ε(y∗n)(v),

whence xnhn = ynhn and x∗nhn = y∗nhn. Therefore, 〈x, e〉 ≡ 〈y, f〉 is witnessed by h,
and the proof is complete. �

Theorem 57. For any finite AW ∗-algebra A, the ∗-regular ∗-C-algebra QB(A) and
the projection lattice L(A) admit faithful representations in a closed subspace of some
ultrapower of a Hilbert space.

Proof. First, let A be a finite AW ∗-algebra. Due to the GNS-construction, cf. [55,
Theorem 1.16.6], there is a Hilbert space (V,Φ) and a faithful representation ε of
A in the algebra of bounded operators of (V,Φ). Application of Theorem 47 and
Theorem 56 proves the claim for algebras. With Propositions 52 and 22, the claim
for MOLs follows. �

Proposition 58. If A is a finite Rickart C∗-algebra such that the projection lattice
L(A) satisfies the ascending chain condition, then A is isomorphic as a C∗-algebra

to
∏k

i=1 Cni×ni, where dim L(A) = n =
∑k

i=1 ni. Moreover, A ∼= QH(A) ∼= QB(A).

Proof. According to [41, Lemma 1.3], A is an AW ∗-algebra, cf. also [7, Proposition
1.21]. Thus for any SDD e in A, there is n < ω such that em = 1 for all m > n.
Due to the definition of OWCs we obtain a well defined map

ϕ : R(A) → A, ϕ〈x, e〉 = xm ⇔ em = 1.

The map ϕ is onto as witnessed by the OWC 〈x, e〉, where en = 1 and xn = x ∈ A
for all n < ω. Moreover, one easily sees that ϕ is a homomorphism of R(A) onto
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A. Finally, 〈x, e〉 ≡ 〈y, f〉 if and only if ϕ〈x, e〉 = ϕ〈y, f〉. Therefore, the induced
map ϕ/≡ is an isomorphism of QB(A) onto A with (ϕ/≡)−1 being the canonical
embedding of A into QB(A). Thus A ∼= QH(A) ∼= QB(A), canonically.

In particular, A is an artinian regular ring, and by the Wedderburn-Artin theorem,
A ∼=

∏k
i=1D

ni×ni
i , where Di = eiAei is a division ring, cf. [38, Proposition 3.5.2 and

Proposition 3.4.6]. But Di is also a C-algebra inheriting the norm from A. By
the Mazur-Gelfand theorem [17, 2], it follows that Di

∼= C. Thus, A is a finite-
dimensional C-algebra and the claim follows with [56, Theorem I.11.2]. �

20. The von Neumann variety revisited

Theorem 59. Let C consist of ∗-regular rings such that for any R ∈ C there is a
finite AW ∗-algebra A such that R ∈ S∃

(
QB(A)

)
. Put Q = V∃(C) and L = V

(
L(R) |

A ∈ C
)
. Then

Q ⊆ N = V∃
(
Cn×n | n < ω

)
, Qq ⊆ N q = V

(
Cn×n | n < ω

)
and

L ⊆ LN = V
(
L(Cn×n) | n < ω

)
.

Moreover, the following conditions are equivalent for any n > 0:

(i) Q = V∃(Cn×n); (ii) Q 6= N ;
(iii) Qq = V(Cn×n); (iv) Qq 6= N q;
(v) L = V

(
L(Cn×n)

)
; (vi) L 6= LN ;

(vii) L is (n+ 1)-distributive but not n-distributive.

Analogous results hold for NC when considering ∗-C-algebras.

Proof. The first claims follow from Theorems 57, 32, and 37 and Proposition 22. The
equivalence of statements (i)-(vii) is then immediate by Theorem 54 and Proposi-
tion 41. �

Call a finite Rickart C∗-algebra A a type II1 algebra if it is subdirectly irreducible
and L(A) not n-distributive for any n. By Theorem 53, A is an AW ∗-algebra,
QH(A) = QB(A) simple, and L(A) is simple.

Corollary 60. (1) Any finite von Neumann algebra factor A of type II1 is a
type II1 finite Rickart C∗-algebra.

(2) N = V∃
(
Q(A)

)
for any type II1 finite Rickart C∗-algebra.

(3) LN = V
(
L(A)

)
for any type II1 finite Rickart C∗-algebra.

(4) Q(A2) ∈ HS∃Pu
(
Q(A1)

)
for any finite Rickart C∗-algebras Ai, i < 2, of type

II1.
Analogous results hold for NC when considering ∗-C-algebras.

Proof. (i) follows from Theorem 53. On the other hand, if A is a type II1 von
Neumann algebra factor then QH(A) is an indecomposable (cf. [40, VI Satz 3.5])
continuous regular ring which is even simple, see e.g. [18, Corollary 13.26]. Now,
let M be a maximal ideal of A and let J be the ideal of QH(A) generated by the
projections of M . Again by the proof of (3) in [22, Theorem 4.3] J is a maximal
ideal of QH(A) whence J = 0 and from [58, Lemma 2.1] it follows that M = J .
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Thus, A is simple. Finally, by [49, Theorem XIII] and Theorem 54 L(A) is not
n-distributive for any n. This proves (ii). (iii) and (iv) follow from (ii), Lemma 12,
and Proposition 8(ii). �

An analogue of Theorem 59 would hold forQH(A), A is a finite Rickart C∗-algebra,
if the following problem had a positive answer.

Problem 61. Is it true that L(A) ∈ LN for any finite Rickart C∗-algebra A?

Indeed, by Proposition 22 and Theorem 25 this is equivalent to QH(A) ∈ N . The
subdirect decomposition of A into finite AW ∗-factors and the embedding of A into
a finite AW ∗-algebra given by Handelman, Higgs, and Lawrence [23, Theorem 3.1]
might be considered as a kind of positive evidence. Though, even representability
in any inner product space is still an open problem.
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