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Chapter I Mathemat ica l  Theor ies  Assoc ia ted  w i th  R ings  and Modu les .

$1 .  I n t roduc t i on .

This  book  is  about  r ings  and modu les ,  bu t  i t  i s  no t  p r imar i l y  concerned

wi th  the  e lements ,  opera t ions ,  and s t ruc tu re  o f  par t i cu la r  r ings  or  modu les .

Most  o f  the  resu l ts  a re  expressed in  te rms o f  the  fo l low ing  theor ies :

m o d u l a r  l a t t i c e s ,

a b e l i a n  c a t e g o r i e s ,

a d d i t i v e  r e l a t i o n  c a t e g o r i e s ,

endomorph ism a lgebras  o f  add i t i ve  re la t ion  ca tegor ies ,  w i thout  cons tan ts ,

endomorph ism a lgebras  o f  add i t i ve  re la t ion  ca tegor ies ,  w i th  cons tan ts .

T h e s e  f i v e  d i v e r s e  t h e o r i e s  h a v e  a  c o m m o n  o v e r l a p ,  w h i c h  w i l l  b e  d i s p l a y e d

and deve loped here  as  a  un i f ied  theory .

ü r e  w i I I  b e  c o n c e r n e d  w i t h  a s s o c i a t i v e  r i n g s  w i t h  u n i t  1 ,  a n d  a l I  m o d u l e s

w i l l  s a t i s f y  1 x  =  x .  G i v e n  a  ( i e f t )  m o d u l e  M  o v e r  a  f i x e d  r i n g  R ,  c o n s i d e r

the  la t t i ces  Su(M)  o f  submodu les  o f  M and Con(M)  o f  congruences  o f  M.  For

any  M,  Su(M)  and Con(M)  are  isomorph ic  comple te  and a lgebra ic  Ia t t i ces  wh ich

s a t i s f y  t h e  m o d u l a r i t y  l a w .  S p e c i a l ,  c a s e s  o f  l a t t i c e s  o f  t h e  f o r m  S u ( M )

mot iva ted  the  or ig ina l  deve lopment  o f  modu lar  la t t i ce  theory .  For  example ,

S u ( M )  i s  a  p r o j e c t i v e  g e o m e t r y  ( i n  l a t t i c e  f o r m )  f o r  R  a  d i v i s i o n  r i n g  a n d  M

a  v e c t o r  s p a c e .

Cur ren t  modu le  theory  makes heavy  use  o f  abe l ian  ca tegory  methods ,  s ince

R-Mod is  an  abe l ian  ca tegory  i f  R  is  a  r ing .  Note  par t i cu la r ly  the

impor tance o f  the  weI I  known embedd ing  theorem fo r  smal I  abe l ian  ca tegor ies :

any such category has an exact embedding into the "r i"go"y of Z-modules

(abe l ian  groups)  and homomorph isms.  So,  a  smal l  abe l ian  ca tegory  can be

regarded as  an  abs t rac t ion  o f  a  subcategory  o f  the  ca tegory  o f  abe l ian

groups and homomorphisms, such that the subcategory admits kernels and

cokerne ls  o f  homomorph isms and d i rec t  sums o f  pa i rs  o f  ob jec ts .

L i k e  a b e L i a n  c a t e g o r y  t h e o r y ,  t h e  t h e o r y  o f  a d d i t i v e  r e l a t i o n  c a t e g o r i e s

in t roduced by  S.  Mac lane [1C]  and D.  Puppe l lB l  i s  par t l y  mot iva ted  by  the



s tudy  o f  modu les  over  a  f i xed  r ing  R w i th  un i t .  For  R-modu les  M and N,  a

r e l a t i o n  u  c  M x N  i s  c a l l e d  R - I i n e a r  i f  u  i s  a  s u b m o d u L e  o f  t h e  d i r e c t  s u m

M@N. E lements  u  o f  Su(M(EN)  are  in  one-one cor respondence w i th  R- I inear

isomorph isms ü :M,  /Mo-Nr /No such tha t  MO = , -1 t0 ]  S  n-11N1 =  M,  in  Su(M)

a n d  N o  =  u [ 0 ]  c  u [ M ]  =  N l , w h e r e  ü ( a + M o )  =  b + N o  i f f  ( a , b )  e  u '  G r a p h s  o f

R-l inear homomorphisms M-------N correspond exact ly to those isomorphisms with

M,  =  M and No =  0  (everywhere-de f ined and s ing le -va lued re la t ions) .  One can

def ine  the  ca tegory  R-ReI  o f  R-modu les  and R- I inear  re la t ions ,  where  the

morph isms M--N in  R-ReI  a re  the  e lements  o f  Su(MtEN) ,  and the  compos i te  o f

u:M.. . . ' . -N and v:N--- . . . -P in R-ReI is the usual composit ion of relat ions:

, r ' , ,  =  { ( a , c )  e  M @ P :  ( r b ) ( b  e  N ,  ( " , b )  e  u  a n d  ( b , c )  e  v ) } .

(We sha l l  fo l low th is  fo rward  no ta t ion  uv  fo r  u  fo l lowed by  , t ,  bo th  fo r

compos i t ion  o f  re la t ions  and fo r  compos i t ion  o f  func t ions  and func tors  in

general .  )  Each morphism u:M---rN in R-Rel has a converse u#'N--------- lM, given by:

s #  =  { ( b , a ) :  ( " , b )  €  u } .

The d iagona l .  re la t ion  i . s  a  un i t  fo r  mu l t ip l i ca t ion :

1 u = { ( a , a ) : a e M } .

T h e  H o m  s e t s  S u ( M @ N )  a r e  ( 0 , I )  m o d u l a r  l a t t i c e s  w h e n  o r d e r e d  b y  i n c l u s i o n ,

s o  t h a t  m e e t  u A v  i s  i n t e r s e c t i o n ,  j o i n  u v v  i s  ( s e t )  s u m  o f  s u b m o d u l e s ,

I M N  =  M I E N  a n d  O M N  =  { 0 }  =  { ( 0 , 0 ) } .  F o l l o w i n g  P .  H i l t o n  l 1 A ,  $ 5 1 ,  a  w e a k

a d d i t i v e  s t r u c t u r e  o n  S u ( M @ N )  i s  g i v e n ,  u s i n g :

u + v  =  { ( a , b + c ) :  a  e  M ,  b , c  e  N ,  ( a , b )  e  u ,  ( a , c )  e  v }

to  de f ine  re la t iona l  surn .  Now,  MCIO is  an  add i t i ve  0 ,  bu t  no t  every  e lement

o f  S u ( M < E N )  h a s  a  n e g a t i v e  f o r  r e l a t i o n a l  s u m .  .  H o w e v e r ,  t h e r e  i s  a

( g e n e r a l i z e d )  n e g a t i v e  o p e r a t i o n  s a t i s f y i n g  u +  ( - u )  + u  =  u ,  g i v e n  b y :

- n  =  { ( a , - b ) :  ( " , b )  e  u } .

The ca tegor ies  o f  fo rm R-Re l ,  p rov ided w i th  the  s t ruc tu res  descr ibed above,

are  the  pro to types  f rom wh ich  add i t i ve  re la t ion  ca tegory  theory  was deve loped.

The abe l ian  ca tegory  R-Mod is  i somorph ic  to  a  subcategory  o f  R-Re l .



The endomorph ism a lgebras  o f  R-ReI  a re  jus t  the  se ts  Su(MeM) prov ided

wi th  s t ruc tu res  induced by  R-Re l .  I t  i s  conven ien t  to  in t roduce two fo rms

of  endomorph ism a lgebras ,  w i th  and w i thout  cons tan ts .  The theory  o f  type  ro

has  jus t  the  compos i t ion ,  converse ,  meet ,  jo in ,  re la t iona l  sum and negat ive

opera t ions ,  bu t  no  cons tan ts .  The theory  o f  type  r ,  has  a l l  o f  the  above

opera t ions  p lus  the  cons tan ts  1 ,  0 ,  0  and I .  Computa t ion  w i th  these a lgebras

i s  s i m i l a r  t o  d i a g r a m - c h a s i n g  f o r  a d d i t i v e  r e l a t i o n  c a t e g o r i e s .  S i n c e

opera t ions  are  everywhere  de f ined fo r  the  a lgebras ,  compl ica t ions  assoc ia ted

wi th  par t ia lJ .y  de f ined opera t ions  can be  avo ided by  us ing  them.

F o r  e a c h  r i n g  R  w i t h  u n i t ,  t h e  a s s o c i a t e d  R - m o d u l e s  y i e l d  a n  a b e l i a n

category  R-Mod and an  add i t i ve  re la t ion  ca tegory  R-Re l .  For  the  a lgebra ic

theor ies  o f  modu lar  la t t i ces  and o f  add i t i ve  re la t ion  a lgebras ,  R-modu les

y i e l d  c l a s s e s  o f  m o d e l s :

?nL(R)  =  {Su(M) :  M an R-moduJ,e} ,

I l l A ( R )  =  { S u ( M @ M )  a s  a  r o - a l g e b r a :  M  a n  R - m o d u l e } .

f l B ( R )  =  { S u ( M @ M )  a s  a  r r - a l g e b r a :  M  a n  R - m o d u l e } .

T h e  p r i m i t i v e  e l e m e n t s  o f  t h e s e  t h e o r i e s  ( s u b m o d u l e s ,  a d d i t i v e  r e l a t i o n s ,

homomorph isms v iewed as  func t ion  graphs)  represent  modu les  as  a  who le .  The

cho ice  o f  the  r ing  R has  no  e f fec t  on  the  syn tax  o f  te rms and fo rmulas  in

these ex terna l .  theor ies .  However ,  such a  fo rmula  may represent  a  t rue

s ta tement  fo r  some cho ices  o f  R and a  fa lse  s ta tement  fo r  o thers .

F o r  m o d u l a r  I a t t i c e s  a n d  a d d i t i v e  r e l a t i o n  a l g e b r a s ,  w e  w i I I  i n v e s t i g a t e

f in i te ly -p resented  word  prob le rns .  In  a  typ ica l  such prob lem,  a  f in i te  l i s t

o f  po lynomia l  equat ions  are  assumed to  be  sa t is f ied  by  a  l i s t  o f  submodu les

of  a  modu le ,  and i t  i s  requ i red  to  de termine whether  another  g iven

p o l y n o m i a l  e q u a t i o n  i s  n e c e s s a r i l y  s a t i s f i e d  b y  t h e s e  s u b m o d u l e s .  L a t t i c e

po lynomia ls  a re  ob ta ined by  combin ing  var iab les  us ing  b inary  meet  and jo in

s y m b o l s ,  a s  u s u a l  F o r  a d d i t i v e  r e l a t i o n  a l g e b r a s ,  t h e  p o l y n o m i a l s  c o m b i n e

v a r i a b l e s  ( a n d  p o s s i b l y  c o n s t a n t s  0 ,  ! , 0  a n d  I )  u s i n g  u n a r y  c o n v e r s e  a n d



negat ive ,  and b inary  meet ,  jo in ,  compos i t ion  and sum symbols .  For  add i t i ve

re la t ion  a lgebras ,  the  submodu les  must  be long to  some Su(M@M),  wh ich  is  used

to compute the polynomials.  Each such word problem can be represented by a

bas ic  un iversa l  Horn  fo rmula  f ,  o f  fo rm:

( V x ' x 2 , . , . , " - ) ( ( n ,  =  { r  n  p a  =  ! [ 2  A  n  P r ,  =  9 r r )  -  ( n o  =  t o ) )

w h e r e  p .  =  p i ( X 1 ,  . , * . )  a n d  q .  =  Q i ( t ! , . . . , " r )  a r e  a l l  l a t t i c e  p o l y n o m i a l s

( o r  a r e  a l l  a d d i t i v e  r e l a t i o n  p o l y n o m i a l s  o f  t y p e  r A  o r  o f  t y p e  r r ) '  W h e n

n =  0 ,  we have a  f ree  word  prob lem

( V x '  x 2 , . . . , " . ) ( n o ( x ,  " . )  =  { o ( * ,  x . ) ) ,

wh ich  is  an  a lgebra ic  ident i t y  i f  t rue .  Here ,  f  i s  t rue  fo r  f t - rnodu les  i f  i t

i s  s a t i s f  i e d  f  o r  a I I  m e m b e r s  o f  l l l r ( R ) ,  f l n ( R )  o r  [ i l B ( R ) ,  r e s p e c t i v e l y .

For  abe l ian  ca tegory  theory ,  the  cor respond ing  concerns  are  usua l ly  ca11ed

d iagram-chas ing  prob lems (Noether  i somorph isms,  connect ing  homomorph ism,  f i ve

l e m m a ,  e t c . ) .  T y p i c a l l y ,  a  d i a g r a m  o f  m o d u l e s  a n d  I i n e a r  m a p s  i s  g i v e n ,  a n d

cer ta in  commuta t iv i t y ,  exac tness ,  add i t i v i t y  and o ther  re la t ionsh ips  are

assumed.  Then spec i f ied  d iagram re la t ionsh ips  are  showed to  be  necessary

consequences  o f  the  hypotheses .  Another  k ind  o f  d iagram-chas ing ,  us ing

r e l a t i o n  c a t e g o r y  s t r u c t u r e s ,  i s  a v a i l a b l e  f o r  a d d i t i v e  r e l a t i o n  c a t e g o r y

theory .  The in fo rmal  use  o f  d iagrams is  an  e f fec t i ve  means fo r  p resent ing

and organ iz ing  muI t i .p1e  hypotheses  and the i r  consequences  in  ca tegory -based

t h e o r i e s .  Q u r  a n a l y s i s  w i L l  b e  r e s t r i c t e d  t o  d i a g r a m  p r o b l e m s  i n v o l v i n g

f in i te ly  many e lementary  hypotheses ,  in  the  appropr ia te  sense '

V lo rd  p rob lems and d iagram-chas ing  prob lems can be  expressed as  t rue / fa lse

determihat ions  fo r  cer ta in  p ropos i t ions  in  the  ex terna l  theor ies  o f  modu les

descr ibed above.  To  make th is  p rec ise ,  we cons ider  fo rmula t ions  o f  the

f i r s t - o r d e r  p r e d i c a t e  c a l c u l u s  w i t h  e q u a l i t y  f o r  t h e s e  f i v e  t h e o r i e s .  F o r

t h e  a l g e b r a i c  c a s e s  (  I a t t i c e s  a n d  a d d i t i v e  r e l a t i o n  a l g e b r a s  w i t h  o u r  w i t h o u t

cons tan ts ) ,  s tandard  methods  are  used.  For  abe l ian  ca tegory  log ic  and

a d d i t i v e  r e l a t i o n  c a t e g o r y  l o g i c ,  w e  u s e  p u r e l y  r e l a t i o n a l  l o g i c s .  T h e s e

log ics  have no  cons tan ts  o r  p r im i t i ve  func t ions ;  the  on ly  te rms are  var iab les



The a tomic  p red ica tes  represent  var ious  par t ia l l y -de f ined opera t ions  and

re la t ionsh ips  appropr ia te  fo r  these ca tegor ies .  The un iversa l  sen tences

( t h a t  i s ,  c l o s e d  p r e n e x  f o r m u l a s  w i t h  o n l y  u n i v e r s a l  q u a n t i f i e r s )  i n  a I l

f i ve  log ics  w i l l  be  showed to  represent  the  same body  o f  knowledge about

modu les  over  a  f i xed  r ing .  In  Chapter  I ,  we deve lop  the  resu l ts  needed to

prec ise ly  s ta te  and prove th is  asser t ion .  Trans la t ion  func t ions  are

cons t ruc ted  wh ich  map un iversa l  bas ic  Horn  sentences  in  one theory  to  those

of  another .  G iven a  r ing  R w i th  un i t ,  the  t rans la ted  sentence must  be  t rue

for  R-modu les  i f  and on ly  i f  the  or ig ina l  sen tence was t rue .

In  Chapter  I ,  we a lso  beg in  the  s tudy  o f  inc lus ions  and equ ivaTences

of  our  theor ies  f  o r  d i f  f  e ren t  r ings .  We show tha t  S l l l r (R)  i s  a  guas  ivar ie ty

( o r  u n i v e r s a l  H o r n  c l a s s )  o f  l a t t i c e s  f o r  a n y  r i n g  R .  ( A s  u s u a l ,  S C  d e n o t e s

the  c lass  o f  i somorph ic  images o f  suba lgebras  o f  a lgebras  in  0 ,  where  0  i s

a n y  c l a s s  o f  a l g e b r a s  o f  a  g i v e n  t y p e . )  S o ,  S ? n L ( R )  i s  p r e c i s e l y  t h e  c l a s s

o f  l a t t i c e s  s a t i s f y i n g  a I l  t h e  u n i v e r s a l  s e n t e n c e s  t h a t  a r e  s a t i s f i e d  i n

S u ( M )  f o r  a l l  R - m o d u l e s  M .  T h i s  r e s u l t  l e a d s  t o  a  p r o o f  t h a t  S A A ( R )  i s  t h e

q u a s i v a r i e t y  o f  a d d i t i v e  r e l a t i o n  a l g e b r a s  g e n e r a t e d  b y  l l l o ( R ) ,  a n d  s i m i l a r l y

fo r  S?? l r (R)  and l I lB (R) .  For  r ings  R and S,  we wr i te  R J  S  i f  R  has  fewer

models than S, so that more universal sentences are true for R-modules than

for  S-modu les .  Us ing  the  t rans la t ion  func t ions ,  we can charac ter ize  re la t ions

R J  S  in  a l l  f i ve  o f  our  theor ies .  For  exarnp le ,  S?t lA(R)  c  S?I lo (S)  i s  one such

c h a r a c t e r i z a t i o n .  T h e  m o s t  u s e f u l  c h a r a c t e r i z a t i o n  i s  b y  a b e l i a n  c a t e g o r i e s :

R J S i f f  there exists an exact embedding functor R-Mod-S-Mod. l | Ie cal l  the

re la t ion  R J  S  d iagram inc lus ion ,  and there  is  a  cor respond ing  d iagram

equ iva lence re la t ion  R -  S ,  when R J  S  and S J  R.

I n  C h a p t e r  I I ,  t h e  c o r n p u t a b i l i t y  a n d  u n s o l v a b i l i t y  o f  d e c i s i o n  p r e d i c a t e s

i s  a n a l y z e d ,  w i t h  r e s p e c t  t o  t h e  u n i v e r s a l  s e n t e n c e s  d e s c r i b e d  a b o v e .  A  f i n i t e

presenta t ion  ( two genera tors  and one de f in ing  equat ion)  o f  t ype  r ,  i s  g iven

and proved to  be  genera l l y  unso lvab le .  (That  i s ,  th is  p resenta t ion  has  a

r e c u r s i v e l y  u n s o l v a b l e  w o r d  p r o b l e m  w i t h  r e s p e c t  t o  a I l  q u a s i v a r i e t i e s  S ? ? l r ( R ) ,



where  R is  a  nont r i v ia l  r ing .  )  Us ing  the  un iversa l  bas ic  Horn  sentence

t r a n s l a t i o n  f u n c t i o n s ,  s i m i l a r  R - u n s o l v a b i l i t y  r e s u l t s  f o l 1 o w  f o r  u n i v e r s a l

sentences  o f  the  o ther  four  log ics .  However ,  the  f ree  word  prob lems fo r

l a t t i c e s  a n d  a d d i t i v e  r e l a t i o n  a l g e b r a s  ( a l g e b r a i c  i d e n t i t i e s )  a r e  r e c u r s i v e l y

dec idab l .e  fo r  many r ings  R.  The ana lys is  revea ls  the  d is t inc t  var ie t ies  o f

add i t i ve  re la t ion  a lgebras  genera ted  by  c lasses  l l l ,  (R)  ,  R  a  r ing .  Essent ia l  l y

the  same ana lys is  ho lds  fo r  ?? lo (R) ,  and fo r  the  var ie t ies  o f  modu lar  la t t i ces

g e n e r a t e d  b y  t h e  c l a s s e s  n L ( R )  ( s e e  H u t c h i n s o n  a n d  C z 6 d I i  t l D l ) .

In  Chapter  I I I ,  we show tha t  the  s tudy  o f  genera l  d iagram equ ivaLence

can be reduced to the study of diagram equivalence of r ings R and S having

the  same pr ime power  charac ter is t i c  pk .  We deve lop  a  sys tem o f  c r i te r ia  fo r

t h i s  s p e c i a l  c a s e ,  b a s e d  o n  c e r t a i n  i d e n t i f i a b l e  r i n g  i d e a l s .  M o s t  o f  t h e

results depend upon the many known methods for construct ing exact functors

b e t w e e n  m o d u l e  c a t e g o r i e s  ( c h a n g e  o f  r i n g s ,  p r o j e c t i v e ,  i n j e c t i v e  a n d  f l a t

m o d u l e s ,  r i n g  i d e m p o t e n t s ,  e t c .  )  .

Ax iomat iza t ion  and representa t ion  prob lems are  cons idered in  Chapter  IV .

For  any  r ing  R,  a  cons t ruc t ive  process  is  g iven  in  Chapter  I  wh ich  genera tes

an in f in i te  ax iomaL izaL ion  o f  S I l lL (R)  by  un iversa l  bas ic  Horn  sentences  fo r

la t t i ces .  For  many r ings  R,  i t  i s  known tha t  no  f in i te  such ax iomat iza t ion

o f  S l ? l r ( R ) ,  S I | I A ( R )  o r  S ? ? 1 r ( R )  i s  p o s s i b l e .  F o r  o t h e r  n o n t r i v i a l  r i n g s ,  t h e

f in i te  bas is  p rob lem fo r  these quas ivar ie t ies  remains  open.  A  four -way sys tem

o f  d u a l i t i e s  i s  a l s o  s t u d i e d ,  b a s e d  o n  o r d e r  d u a l i t y  f o r  l a t t i c e s  ( e x c h a n g e

meet  and jo in )  and ca tegory  dua l i t y  ( reverse  the  ar rows) .

Some of our representat ion theorems have the form:

E a c h  a d d i t i v e  r e l a t i o n  a l g e b r a  s a t i s f y i n g  p r o p e r t y  i  i s

in  S l l lo (R) ,  and every  X  in  S l? lo (R)  i s  a  suba lgebra  o f  an  add i t i ve

r e l a t i o n  a l g e b r a  s a t i s f y i n g  i .

Here ,  such i  w i I I  a lways  be  express ib le  as  a  c losed prenex  sentence o f  our

f i r s t - o r d e r  a d d i t i v e  r e l a t i o n  a l g e b r a  l o g i c ,  h a v i n g  b o t h  e x i s t e n t i a l  a n d

un iversa l  quant i f ie rs .  Other  representa t ion  theorems have the  above fo rm



adapted  fo r  modu lar  la t t i ces .

embedding methods.

The proo fs  a re  based on  abe l ian  ca tegory

A subs tan t ia l  s imp l i f i ca t ion  o f  the  resu l ts  fo r  r ings  and modu les  occurs

i f  on ly  d iv is ion  r ings  and vec tor  spaces  are  cons idered.  In  Chapter  V ,  we

g i v e  t h e  a n a l y s i s  t h a t  a p p l i e s  i n  t h i s  s p e c i a l  c a s e .  T h e r e  a r e  a l s o  s p e c i a l

r e s u l t s  t h a t  i n v o l v e  l a t t i c e  c o m p l e m e n t a t i o n ,  s i n c e  S u ( M )  a n d  S u ( M @ M )  a r e

complemented modu lar  la t t i ces  i f  M is  a  vec tor  space.

Readers  un fami l ia r  w i th  un iversa l  a lgebra  and modu lar  la t t i ce  theory  w i l l

f ind  some bas ic  fac ts  and te rmino logy  descr ibed in  Append ix  A .  E lementary

in fo rmat ion  about  r ings  and modu les  has  been co l lec ted  in  Append ix  B .  Bas ic

i n f o r m a t i o n  a b o u t  c a t e g o r i e s ,  i n c l u d i n g  a b e l i a n  c a t e g o r i e s  a n d  a d d i t i v e

r e l a t i o n  c a t e g o r i e s ,  i s  i n  A p p e n d i x  C .  T h e r e  a r e  o t h e r  a p p e n d i c e s  w i t h

add i t iona l  ana l .vs is  o f  mater ia l  in  the  main  tex t .
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Modular  Lat t ices that  are Representable by Modules

I n  t h i s  s e c t i o n ,  w e  v e r i f y  t h a t  t h e  c l a s s e s  o f  l a t t i c e s  S f i r ( R )  a r e

q u a s i v a r i e t i e s ,  u s i n g  a  s p e c i a l i z e d  I o g i c a l  t e c h n i q u e .  I t  a l s o  f o l l o w s

tha t  on ly  countab le  r ings  need be  cons idered fo r  ana lys is  o f  these la t t i ce

c  l a s s e s  .

? , . 7 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e t  t ,  d e n o t e  t h e  a l g e b r a i c  t y p e  f o r

l a t t i c e s  ( b i n a r y  m e e t  a n d  j o i n )  t  r L  =  ( n , v ) ,  a r i t i e s  ( 2 , 2 > .

Suppose R is  a  r ing .  A  la t t i ce  L  i s  representab le  by  an  f t -modu le  i f

there  is  a  la t t i ce  embedd ing  ( tha t  i s ,  one-one r r -homomorph ism)  L+Su(M)

for  some R-modu le  M.  Le t  J (R)  denote  the  c lass  o f  a I I  la t t i ce  tha t  a re

representab le  by  R-modu les .  That  i s :

j ( R )  =  S t n L ( R )  =  S { S u ( M ) :  M  i n  R - M o d }  =  S { C o n ( M ) :  M  i n  R - M o d } .

2 . L a .  F o r  a n y  R ,  J ( R )  a d m i t s  i s o m o r p h i c  i m a g e s ,  s u b l a t t i c e s ,  a n d  a r b i t r a r y

p r o d u c t s  o f  l a t t i c e s  i n c l u d i n g  t h e  t r i v i a l  l a t t i c e .  (  I f  L . * S u ( M , :  )  i s  a

l a t t i c e  e m b e d d i n g ,  M .  a n  R - m o d u l e ,  f o r  a l l  j  i n  a n  i n d e x  s e t  J ,  t h e n  t h e r e  i s

an  obv ious  la t t i ce  embedd ing  o f  f ) ; . . t  L . t  in to  Su( f l ; .1  M;  ) ,  )

I n  v i e w  o f  2 . 1 a  a n d  A ? ,  i t  i s  s u f f i c i e n t  t o  s h o w  t h a t  J ( R )  a d m i t s

u l t r a p r o d u c t s  t o  c o n c l u d e  t h a t  J ( R )  i s  a  q u a s i v a r i e t y  o f  l a t t i c e s .  T h i s

can be  done by  methods  o f  mode l  theory ,  as  showed by  B.  Sche in  [2A]  and by

M. Makkai and G. McNuJ.ty [28].  Makkai and McNulty prove a number of

p r o p e r t i e s  o f  t h e  q u a s i v a r i e t i e s  t ( R ) ,  i n c l u d i n g  s e v e r a l  p r o p e r t i e s

d i s c u s s e d  b e l o w .

O u r  a p p r o a c h  y i e l d s  t h e s e  r e s u l t s  o f  [ 2 8 ] ,  a n d  w e  a l s o  o b t a i n  a

c o m p l e t e n e s s  t h e o r e m  f o r  o u r  s p e c i a l i z e d  I o g i c .  I n  [ 2 C ] ,  a  r e l a t e d  m e t h o d

w a s  u s e d  t o  g e n e r a t e  a n  i n f i n i t e  a x i o m a t i z a t i o n  o f  J ( R )  b y  u n i v e r s a l  b a s i c

Horn  sentences  when R is  commuta t ive .  There  is  a lso  a  c lose  connect ion  w i th

the  log ica l  methods  o f  [2D] .  An a l te rna t ive  method has  been cons idered by

c .  C z ö d I i  [ 2 E ] .

G iven a  r ing  R and la t t i ce  L  wh ich  is  no t  representab le  by  an  R-modu le ,



we f i rs t  show tha t  there  ex is ts  a  f in i te  sequence o f  cer ta in  e lementary

s teps  by  wh ich  th is  fac t  can  be  proved.  These sequences  resemble  fo rmal

proofs, in that they are generated by axioms (which can begin a sequence or

be added at the end of any already constructed sequence ) and rules of

in fe rence (by  wh ich  sequences  conta in ing  cer ta in  spec i f ied  premisses  can be

ex tended by  add ing  consequences  o f  these ru les) .  However ,  the  sequence

e lements  a re  no t  fo rmulas ,  bu t  a re  ins tead pa i rs  be long ing  to  a  Car tes ian

p r o d u c t  3 ( B )  v L ,  w h e r e  R ( B )  i s  a n  a p p r o p r i a t e  f r e e  R - m o d u l e .

2 . 2 .  D e f i n i t i o n s .  L e t  R  b e  a  r i n g  a n d  L  a  l a t t i c e .  L e t  R ( B )  d e n o t e  t h e

f ree  R-modu le  genera ted  by  a  se t  o f  var iab les  B,  where  B cons is ts  o f

p a i r w i s e  d i s t i n c t  v a r i . a b l e s  o f  t w o  s o r t s :  a  v a r i a b J . e  b *  f o r  e a c h  x  i n  L ,  a n d

a  v a r i a b l e  b .  f o r  e a c h  i  >  1 .  A n  ( L , R ) - s e g u e n c e  i s  a  f i n i t e  s e q u e n c e  o f

e l e m e n t s  o f  R ( B )  x L  w h i c h  i s  c o n s t r u c t e d  a c c o r d i n g  t o  t h e  a x i o m  s c h e m e  2 . 2 a

a n d  r u l e s  o f  i n f e r e n c e  2 . 2 b  t h r o u g h  2 . 2 e  b e l o w .  L e t t i n g  ü , V  d e n o t e

a r b i t r a r y  e l . e m e n t s  o f  R ( B )  a n d  x , y  a r b i t r a r y  e l e m e n t s  o f  L :

2 . 2 a .  ( b r , * )  i s  a n  a x i o m .

2 . 2 b .  P r e m i s s e s  ( u , x )  a n d  ( r , y )  y i e l d  t h e  c o n s e q u e n c e  ( u , x  n  y ) .

2 . 2 c .  A  p r e m i s s  ( u , x )  a n d  r  e  R  y i e t d  t h e  c o n s e q u e n c e  ( r u , x ) .

2 . 2 d .  P r e m i s s e s  ( u , x )  a n d  ( u , y )  y i e l d  t h e  c o n s e q u e n c e  ( u + v , x v y ) .

2 . 2 e .  F r o m  a  p r e m i s s  ( u , r v y ) ,  a n  ( L , R ) - s e q u e n c e  o f  n  t e r m s  c a n

be ex tended to  n  +  2  te rms by  add ing  (b" ,  x )  and (u  -  b , , ,  y )  .

Adapt ing  the  usua l  s ta tement ,  the  se t  l i l (L ,R)  (o r  jus t  1 { )  o f  a lJ .

( L , R ) - s e q u e n c e s  i s  d e f i n e d  a s  t h e  s m a l l e s t  s e t  o f  f i n i t e  s e q u e n c e s  o n

R ( B  )  x  L  s u c h  t h a t  ( 1 )  ( * 1 )  i s  i n  ü l  i f  w ,  i s  a n  a x i o m  2 . 2 a ,  ( 2 )  ( * r ,  .  .  .  , w , , * 1 )

i s  i n  t {  i f  ( w r , . . . , * r , )  i s  i n  ü l  a n d  w r , * ,  i s  e i t h e r  a n  a x i o m  2 . 2 a  o r  a

c o n s e q u e n c e  o f  a  r u l e  2 . 2 b , c , d  w h o s e  p r e m i s s e s  b e l o n g  t o  { * r , . . . , * r r } ,  a n d

( 3 )  ( * : . ,  .  .  . , w r , * a )  i s  i n  ü l  i f  ( w ,  , w z ,  . .  .  , * r )  i s  i n  l , t J  a n d  w n + 1 , w r , * z  ä r €

c o n s e q u e n c e s  o f  a n  i n s t a n c e  o f  2 . 2 e  w i t h  p r e m i s s  i n  { * r , . . . , * r , } .  A  p a i r

( b * , y )  i s  ( L , R ) - d e r i v a b - l e  i f  i t  i s  t h e  l a s t  t e r m  o f  s o m e  ( L , R ) - s e q u e n c e .



Rough ly  speak ing ,  the  pa i r  (u ,x )  represents  an  asser t ion  tha t  a  cer ta in

R-modu le  e lement  cor respond ing  to  u  be longs  to  a  cer ta in  submodu le

cor respond ing  to  x .  The genera tor  b*  i s  in tended to  represent  an  e lement  in

generaT pos i t ion  in  the  x -submodu le ,  so  tha t  2 .2a  is  the  on ly  assumpt ion

m a d e  a b o u t  b " .  T h e  r u l e s  o f  i n f e r e n c e  2 . 2 b , c , d  a r e  s t r a i g h t f o r w a r d .  R u l e

2 .2e  is  more  compl ica ted :  i t  i s  in tended to  express  the  fac t  tha t  any

e lement  u  in  xvy  is  the  sum o f  some e lement  b , ,  in  x  and (necessar i l y )

r - b '  i n  y .  H e n c e  b .  i m p l i c i t l y  h a s  a n  e x i s t e n t i a l  q u a n t i f i e r .  T o  a v o i d  a

conf l i c t  o f  var iab les  b .  in  cons t ruc t ion  o f  an  (L ,R) -sequence invo lv ing

s e v e r a l  u s e s  o f  2 . 2 e ,  w e  i m p o s e  t h e  r e s t r i c t i o n  t h a t  b _  b e  u s e d  i n  a p p l y i n g

2 . 2 e  l o  a n  ( L , R ) - s e q u e n c e  o f  n  t e r m s .

The fo l low ing  der ived  ru le  o f  in fe rence i . s  conven ien t  fo r  cons t ruc t ion  o f

(L ,  R) -sequences  .

2 . 3 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  r i n g ,  L  i s  a  I a t t i c e ,

*  -  ( * r , w 2 , . . . , * r )  i s  a n  ( L , R ) - s e q u e n c e ,

( r j , * j )  .  { * ,  , v 2 , , . . , * . }  f o r  j  =  7 , 2 , . . . , h ,

y  >  x l u * r u . . , v x m  i n  L ,  a n d  r r , t Z , , . , , f r  a r e  i n  R .

Then w can be  ex tended to  an  (L ,R) -sequence (n r , r ,  wr ,+a .+r )  such tha t

w r r + z - + z  =  ( r t t t  + r z u 2  +  " '  + 1 . ü . ,  Y ) '

P r o o f  :  A s s u m i n g  t h e  h y p o t h e s e s ,  e x t e n d  w  b y  ( b r , J r )  u s i n g  2 . 2 a ,  ( O , y )  u s i n g

2 . 2 c ,  ( r r r ' x r )  u s i n g  2 . 2 c ,  ( 0 + r r u .  I V x l )  =  ( " r r ' y )  u s i n g  2 . 2 d ,  a n d  t h e n

u s e  2 . 2 c  a n d  2 . 2 d  a l t e r n a t e l y .  r

The nex t  resu l t  i . s  the  appropr ia te  comple teness  theorem fo r  the

s p e c i a l i z e d  l o g i c  o f  ( L , R ) - d e r i v a b i l i t y .

2 . 4 .  T h e o r e m .  L e t  R  b e  a  r i n g  a n d  L  a  l a t t i c e .  F o r  x , y  i n  L ,  t h e  f o l l o w i n g

are  equ iva len t :

2  . 4 a .  ( b "  ,  v )  i  s  ( L ,  R ) - d e r i v a b l e  .

2 . 4 b .  I f  h : L - S u ( M )  i s  a  l a t t i c e  h o m o m o r p h i s m  f o r  s o m e  R - m o d u l e  M ,  t h e n



h ( x )  s  h ( y ) .

Proo f  :  Assume the  hypotheses ,  and suppose h 'L+Su(M)  is  a  homomorph ism

for  some M in  R- l tod .  Assuming 2 .4a ,  there  ex is ts  an  (L ,R) -sequence w =

( w r , . . . , * r , )  s u c h  t h a t  w r ,  =  ( b * , ) t ) .  L e t  w .  -  ( t i , x . )  f o r  i  s  n ,  a n d  a s s u m e

t h a t  v  e  h ( x ) .  B y  i n d u c t i o n ,  w e  d e f  i n e  R - l i n e a r  m a p s  g .  : R ( B  ) - M  f  o r  i  =

! , 2 , . . . , n  s u c h  t h a t  g . ( b r )  =  v ,  g r ( b r )  =  0  f o r  z  *  x  i n  L ,  g r ( b i ) =  0  f o r

a l l  j  >  i ,  a n d  g . ( r r . )  e  h ( x r )  f o r  a I I  i  <  i .  C l e a r l y ,  9 1  h a s  a l r e a d y  b e e n

def ined and has  the  requ i red  proper t ies .  Assume the  induc t ion  hypothes is ;

g ,  h a s  t h e  r e q u i r e d  p r o p e r t i e s ,  a n d  t h a t  ( w r , . . . , * i )  i s  a n  ( L , R ) - s e q u e n c e '

f o r  s o m e  i  (  n .  I f  t r * 1  *  b i ,  t h e n  w . * ,  i s  e i t h e r  a n  a x i o m  2 ' 2 a  o r  i s

o b t a i n e d  b y  o n e  o f  t h e  r u l e s  2 . 2 b , c , d .  T h e n  d e f  i n e  g . + 1  =  g i ,  a n d  n o t e  t h a t

g i * t  h " "  t h e  r e q u i r e d  p r o p e r t i e s .  F o r  t i * 1  =  b i ,  ( * ' , . . . , w i )  h a s  b e e n

e x t e n d e d  b y  r u l e  2 . 2 e ,  s o  t h e r e  e x i s t s  k  <  i  s u c h  t h a t :

w u  =  ( u u , X i + 1 u * r * r ) ,  w i * 1  =  ( b r , * r * r ) ,  * i * a  =  ( t r . - b r , * r * r ) .

B y  h y p o t h e s i s  g . ( u u )  e  h ( x i * r ) v h ( * r * e ) ,  s o  t h e r e  e x i s t s  v .  i n  h ( * i * r )  s u c h

t h a t  g . ( u u ) - v ,  i s  i n  h ( x r * r ) .  N o w  d e f i n e  g . * r  b y  B i * r ( b , )  =  v .  a n d

g i * t ( b . ,  )  =  g r ( b : )  f o r  i  +  i ,  a n d  g i * 2  =  g i * r .  s i n c e  t h e  v a r i a b l e  b .  h a s

c o e f f i c i e n t  0  i n  a l l  t e r m s  u . ,  i  s  i ,  g i * ,  a n d  g i * z  h " u "  t h e  r e q u i r e d

p r o p e r t i e s .  T h i s  c o m p l e t e s  t h e  i n d u c t i o n ,  a n d  w e  i m m e d i a t e l y  o b t a i n :

u  =  g n ( b * )  =  g r , ( r r , )  e  h ( " r , )  =  h ( y ) .

T h e r e f o r e ,  h ( x )  s  h ( y ) ,  w h i c h  p r o v e s  2 . 4 a  -  2 . 4 b .

We have shown the  cor recLness  o f  our  p roo fs :  the  der ivab i l i t y  o f  (b " ,V)

imp l ies  the  properLy  2 .4b  fo r  homomorph isms o f  L  in to  R-submodu le  la t t i ces .

The comple teness  o f  th is  method,  tha t  (b " ,y )  i s  (L ,R) -der ivab le  when x  and y

in  L  sa t is fy  2 .4b ,  i s  p roved by  a  lengthy  and complex  argument .  I t  has  been

separa ted  f rom the  main  tex t  (see  Append ix  D) .  I

2 . 5 .  C o r o l l a r y .  L e t  R  b e

equ iva len t :

2 . 5 a .  L  i s  r e p r e s e n t a b l e

a  r i n g  a n d  L  a  l a t t i c e . Then the  fo l low ing  are

b y  a n  R - m o d u l e ,  t h a t  i s ,  L  e  J ( R ) .



2 . 5 b .  F o r  a l l  x , y  i n  L ,  ( b * , I )  i s  ( L , R ) - d e r i v a b l e  *  x  =  y '

P r o o f  :  s u p p o s e  L  e  I ( R ) ,  w i t h  \ : L - S u ( N )  a  l a t t i c e  e m b e d d i n g  f o r  a n

R - m o d u l e  N .  I f  ( b " , v )  i s  ( L , R ) - d e r i v a b l e ,  t h e n  \ ( x )  e  } \ (  y )  b y  2 . 4 ,  s o

x  s  y  s i n c e  } r  i s  a  l a t t i c e  e m b e d d i n g .  T h e r e f o r e ,  2 ' 5 a  *  ? ' 5 b '

L e t  0  =  f l  { q  e  C o n ( L ) :  L / 9  e  t ( R ) } ,  s o  L / 0  i s  i n  J ( R )  b y  2 ' 1 a  a n d  A ? '

I f  2 . 5 a  f a i l s ,  t h e n  t h e r e  a r e  x , y  i n  L  w i t h  x  *  y  b u t  ( x , I )  e  0 '  N o w  2 ' 4 b

i s  s a t i s f i e d  f o r  x  a n d  y ,  s i n c e  h ( x )  =  h ( y )  f o r  a n y  s u c h  h '  S o ,  ( b ' ' l )  i s

( L , R ) - d e r i v a b l e  b y  2 . 4 ,  a n d  2 . 5 b  f a i I s .  T h e r e f o r e ,  2 . 5 b  a  2 . 5 a .  t

The fol lowing br ief  example shows that the standard argument that each

S u ( M )  s a t i s f i e s  l a t t i c e  m o d u l a r i t y  c a n  b e  e x p r e s s e d  u s i n g  ( L , R ) - s e q u e n c e s .

A  l o n g e r  e x a m p l e  o f  ( L , R ) - s e q u e n c e  c a l c u l a t i o n  i s  g i v e n  i n  A p p e n d i x  D .

2 . 6 .  E x a m p l e .  S u p p o s e  L  e  J ( R )  f o r  a n  a r b i t r a r y  r i n g  R .  T o  p r o v e  L  i s

m o d u l a r ,  w e  s h o w  t h a t  f o r  Y y , Y 2 , Y g  i n  L ,  Y r  <  Y s  i m p l i e s :

( y r u y ) n y g  =  p  s  q  =  I r u ( Y z ^ Y s ) .

An (L ,R) -sequence is  cons t ruc ted  as  fo l lows:

t .  ( b n , n )  b y  2 . 2 a .

5 ,  ( b n ,  y t ,  Y z )  b y  2 . 3  u s i n g  1  ( t e r m s  2 , 3 , 4  o m i t t e d )  '

6 .  ( b s ,  y 1 )  b y  2 . 2 e  u s i n g  5 .

7 .  ( b n  -  b u  ,  Y z )  b Y  2 . 2 e  c o n t i n u e d '

1 3 .  ( b n - b u , y s )  b y  2 . 3  u s i n g  1  a n d  6  ( t e r m s  8 - 1 2  o m i t t e d ) .

t 4 .  ( b p  - b 5 ,  Y z ^ Y s )  b y  2 . 2 b  f o r  7  a n d  1 3 .

1 5 .  ( b p ,  y 1  V  ( y ,  ^ V 3 ) )  b V  2 . 2 d  f  o r  6  a n d  1 4 .

S i n c e  ( b n , c )  i s  ( L , R ) - d e r i v a b l e  i f  Y r  s  Y s ,  i t  f o l l o w s  b y  2 ' 5  t h a t

p  s  q ,  h e n c e  L  i s  m o d u l a r '

B y  u s i n g  2 . 5 ,  w e  c a n  c o n f i r m  t h a t  e a c h . f ( R )  i s  a  q u a s i v a r i e t y ,  a n d  p r o v e

v a r i a n t s  2 . 8  a n d  2 . 1 0  o f  s o m e  u s e f u l  r e s u l t s  o f  M a k k a i  a n d  M c N u I t y  ( s e e  [ 2 B ,

T h m .  3 ,  p .  2 9 ,  a n d  c o r .  3 ,  c o r .  6 ,  p .  3 0 1 ) .  E a c h  ( L , R ) - s e q u e n c e  c o n s t r u c t i o n

can be  abs t rac ted  as  a  co l lec t ion  o f  re la t ions  be tween var iab les  represent ing



r ing  e lements  p lus  a  co l lec t ion  o f  re la t ions  be tween var iab les  represent ing

I a t t i c e  e l e m e n t s .

2 . 7 .  D e f i n i t i o n s .  L e t  r *  d e n o t e  t h e  a l g e b r a i c  t y p e  o f  r i n g s  w i t h  u n i t ,

with binary sum and product,  unary negat ion, and constants 0 and 1:

r *  =  ( + ,  - ,  0 ,  *  ,  1 )  ,  a r i t i e s  < 2 , 1 , 0 ,  2 ,  0 )  .

A  sys ten  o f  r ing  equat ions  fo rmula  is  a  sentence o f  f i r s t -o rder  r ing  theory

o f  the  fo rm be low,  fo r  some m,n  2  1 :

( = x r ) ( : x r ) . . . ( 3 x , n ) ( ( n ,  =  0 )  n  ( p ,  =  0 )  n  . . .  n  ( p , ,  =  0 ) ) ,

w h e r e  e a c h  p .  =  p t ( x 1 . , * 2 , . . . , x , n ) ,  i  s  n ,  i s  a  r r - p o l y n o m i a l

I f  L  i s  n o t  i n  J ( R ) ,  t h e n  b y  2 . 5  t h e r e  e x i s t  x  a n d  y  i n  L  s u c h  t h a t  x  *  y

b u t  ( b * , v )  i s  ( L , R ) - d e r i v a b l e .  L e t  w  d e n o t e  a n  ( L , R ) - s e q u e n c e  w i t h  l a s t

te rm (b* , ) r ) .  We can cons t ruc t  a  sys tem o f  r ing  equat ions  t  and a  bas ic

u n i v e r s a l  H o r n  s e n t e n c e  f  f o r  l a t t i c e s  c o r r e s p o n d i n g  t o  w .  M o r e  p r e c i s e l y ,

i f  t  i s  s a t i s f i e d  i n  a  r i n g  S  a n d  t h e  h y p o t h e s e s  o f  I  a r e  s a t i s f i e d  i n  a

la t t i ce  K ,  then we can de f ine  a  (K ,S) -sequence w i th  s tep  by  s tep  cons t ruc t ion

fo l low ing  the  same pat te rn  as  w.  The conc lus ion  o f  I  cor responds to  x  s  y ,

s o  t h a t  f  i s  n o t  s a t i s f i e d  i n  L .  H o w e v e r ,  f  i s  s a t i s f i e d  i n  e v e r y  l a t t i c e

i n . f ( S )  i f  V  i s  s a t i s f i e d  i n  S .  I n  p a r t i c u l a r ,  t  i s  s a t i s f i e d  i n  R ,  a n d  s o

f  i s  s a t i s f i e d  i n  e v e r y  l a t t i c e  i n  I ( R ) .

I n  e x a m p l e  2 . 6 ,  w e  g a v e  a n  ( L , R ) - s e q u e n c e  ( w ' w z , . . . , w r g )  i n v o l v i n g

e l e m e n t s  b n ,  b ,  a n d  b u  o f  B .  W e  c o u l d  i n t r o d u c e  r i n g  v a r i a b l e s  r . n ,  " i 3

a n d  r . u  a n d  I a t t i c e  v a r i a b l e s  x .  s u c h  t h a t  w .  i s  r e p r e s e n t e d  b y  ( u . , x . )

w i t h  u . , =  . i p b n  *  " r r b ,  *  " r u b u  f  o r  i  =  ! , 2 , . . . , 7 5 .  S i n c e  w 1  4  w a s  o b t a i n e d

b y  2 . 2 b  f o r  w ,  a n d  o 1 3 ,  * e  w o u l d  i n c l u d e  e q u a t i o n s  r r 4 , p  =  " ? , n  =  " r 3 , 0 ,

r r 4 , g  = ' 7 , g  =  r 1 3 , 3  a n d  r t 4 , b  = ' 7 , b  =  r 1 3 , 5  i n  t  t o  f o r c e  ü 1 4  =  ü ?  =  ü 1 g ,

a n d  e q u a t i o n  x r 4  =  x 7  A x l ,  a s  a  h y p o t h e s i s  o f  f .  I t  i s  s t r a i g h t f o r w a r d  t o

d e v e l o p  s u c h  e q u a t i o n s  f o r  a I I  t h e  r u l e s  o f  i n f e r e n c e  o f  2 . 2 ;  t h e  d e t a i l s

are  g iven in  Append ix  D.  The resu l t  s ta ted  be low is  then ob ta ined.

2 . 8 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  r i n g  a n d  L  i s  a  l a t t i c e  n o t  i n  J ( R ) .  T h e n



there  ex is t  a  sys tem o f  r ing  equat ions  f  and a  un iversa l  bas ic  Horn  sentence

f  f o r  L a t t i c e s  s u c h  t h a t  t  i s  s a t i s f i e d  i n  R ,  f  i s  n o t  s a t i s f i e d  i n  L ,  a n d  f o r

a n y  r i n g  S ,  *  s a t i s f i e d  i n  S  i m p l i e s  I  i s  s a t i s f i e d  i n  e v e r y  l a t t i c e  i n  J ( S ) .

The known fac t  tha t  each J (R)  i s  a  quas ivar ie ty  fo l lows now.

2 . 9 .  C o r o l l a r y .  F o r  e a c h

ax iomat izab le  by  a  se t  o f

l a t t i c e  t h e o r y .

Proof :  Suppose L  is  in

t ( R ) ,  t h e n  t h e r e  e x i s t s  a

b u t  f  i s  n o t  s a t i s f i e d  i n

J ( R )  i s  a  q u a s i v a r i e t y .  r

r i n g  R ,  I ( R )  i s  a  q u a s i v a r i e t y  o f  l a t t i c e s ,

un iversa l  bas ic  Horn  sentences  o f  f i r s t -o rder

t h e  q u a s i v a r i e t y  g e n e r a t e d  b y  J ( R ) .  I f  L  i s  n o t  i n

bas ic  un iversa l  Horn  sentence f  such tha t  J (R)  F  f

L ,  b y  2 . 8 .  T h i s  i s  a  c o n t r a d i c t i o n ,  p r o v i n g  t h a t

The nex t  resu l t ,  f rom [28 ] ,  shows tha t  on ly  countab le  r ings  need be

c o n s i d e r e d  w h e n  s t u d y i n g  t h e  q u a s i v a r i e t i e s  J ( R ) .

2 . 7 0 .  C o r o l l a r y .  F o r  e a c h  r i n g  R ,  t h e r e  e x i s t s  a  c o u n t a b l e  s u b r i n g  S  o f  R

s u c h  t h a t  J ( R )  =  i ( S ) .

Proo f :  For  any  r ing  T ,  Ie t  E ,  denote  the  se t  o f  fo rmulas  t  wh ich  are

sys tems o f  r ing  equat ions  sa t is f ied  in  T .  l { Ie  can assume tha t  such a  V is  a

sentence on  some f i xed  countab le  a lphabet ,  so  tha t  t ,  i s  a  countab le  se t .

G i v e n  R ,  e a c h  *  i n  E *  i s  s a t i s f i e d  i n  s o m e  f i n i t e l y  g e n e r a t e d  s u b r i n g  o f  R .

S o ,  t h e r e  e x i s t s  a  c o u n t a b l e  s u b r i n g  S  o f  R  s u c h  t h a t  t ,  =  E R .  B y  2 . 8 ,  a

I a t t i c e  L  i s  n o t  i n  J ( R )  i f f  i t  i s  n o t  i n  J ( S ) .  B u t  t h e n  t ( R )  =  J ( S ) '  I


