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$ 3 .  A d d i t i v e  R e l a t i o n  A l g e b r a s .

I n  t h i s  s e c t i o n ,  w e  b e g i n  t h e  a x i o m a t i c  s t u d y  o f  a d d i t i v e  r e l a t i o n

a l g e b r a s .  I t  i s  u s e f u l  t o  i n t r o d u c e  t w o  v a r i e t i e s  o f  a d d i t i v e  r e l a t i o n

a lgebra ,  w i th  and w i thout  cons tan ts .  The fo rm wi th  cons tan ts  i s  s im i la r  to

tha t  descr ibed in  [3A,  38 ] ,  and is  c lose ly  re la ted  to  the  endomorph ism

algebras  ob ta ined f rom the  add i t i ve  re la t ion  ca tegory  theor ies  o f  S .  Mac lane,

D .  P u p p e ,  P .  H i L t o n  a n d  H . - B .  B r i n k m a n n  [ 3 C , 3 D , 3 E , 3 F , 3 G , 3 H ] .  T h e  n e w  f o r m

wi thout  cons tan ts  i s  even more  c lose ly  connected  to  ca tegory  theory ,  as  w i l l

be showed in later chapters. Some of the computat ions here are adapted from

t h i s  p r e v i o u s  w o r k ,  b u t  w e  w i l l  o m i t  i n d i v i d u a l  r e f e r e n c e s  i n  m o s t  c a s e s .

3 . 1 .  D e f i n i t i o n s .  T h e  a l g e b r a i c  t y p e s  f o r  a d d i t i v e  r e l a t i o n  a l g e b r a s

wi thout  and w i th  cons tan ts  a re  g iven as  fo l lows:

r o  =  ( +  , - ,  .  , # , n , v ) ,  a r i t i e s  ( 2 , ! , 2 , I , 2 , 2 >  ,

r ,  =  ( + , - , 0 , , , ! , # , n , v , 0 , I ) ,  a r i t i e s  ( 2 , 1 , 0 , 2 , 0 , ! , 2 , 2 , 0 , 0 ) .

T h e  v a r i e t y  U n  c o n s i s t s  o f  a l J .  t o - a l g e b r a s  s a t i s f y i n g  3 . 1 a - h ,  a n d  m e m b e r s

o f  Uo are  ca l led  add i t i ve  re la | ion  a lgebras .  The var ie ty  Ur  cons is ts  o f  a l l

r r - a l g e b r a s  s a t i s f y i n g  3 . 1 a - i ,  a n d  m e m b e r s  o f  U ,  a r e  c a l l e d  a d d i t i v e

r e l a t i o n  a l g e b r a s  w i t h  u n i t  ( s e e  3 . 1 2 ) .

3 . 1 a .  A l L  m o d u l a r  l a t t i c e  i d e n t i t i e s  a r e  s a t i s f i e d  b y  n  a n d  v .  ( L e t  s

d e n o t e  t h e  l a t t i c e  o r d e r ,  a n d  l e t  f  <  g  d e n o t e  t h e  e q u a t i o n  f A g  =  f ,  i n  t h e

u s u a l  w a y . )

3 . 1 b .  S u m  i s  a s s o c i a t i v e  a n d  c o m m u t a t i v e ,  a n d  i s  m o n o t o n i c  i n  b o t h

a r g u m e n t s  ( t h a t  i s ,  ( f  n  e )  +  ( h  ̂  k )  <  f  +  h ) .

3 . 1 c .  M u l t i p l i c a t i o n  i s  a s s o c i a t i v e ,  a n d  i s  m o n o t o n i c  i n  b o t h  a r g u m e n t s

( t h a t  i s ,  ( f  n  g ) ( h  n  k )  s  f h ) .

3 . 1 d .  C o n v e r s e  ( w r i t t e n  f # )  i s  a n  i n v o l u t i o n  a n d  g e n e r a T i z e d  i n v e r s e  f o r

m u l t i p L i c a t i o n ,  t h a t  i s ;

( f # ) #  =  f ,  ( f g ) #  =  g # f #  a n d  f f # f  =  f .

I t  p r e s e r v e s  m e e t  a n d  j o i n :



( f n g ) *  =  f #  n g #  a n d  ( f v g ) #  =  f # v g # .

3 .1e .  Negat ion  is  an  invo lu t ion  and genera l i zed  negat ive  fo r  sum,  tha t  i s :

- ( - f )  =  f ,  - ( f + g )  =  ( - f ) + ( - g )  a n d  f + ( - f ) + f  =  f ,

Negat ion  preserves  meet  and jo in :

- ( f n e )  =  ( - f ) n ( - g )  a n d  - ( f v e )  =  ( - f ) v ( - g ) .

I t  commutes  w i th  converses  and mul t ip l i ca t ion :

- ( f # )  =  ( - f ) #  a n d  - ( f g )  =  ( - f ) g  =  f ( - e ) .

3 . 1 f .  f  +  ( - f )  i s  a  n u I I  e l e m e n t ,  t h a t  i s :

( f  +  ( - f ) ) g ( f  +  ( - f ) )  =  f  +  ( - f ) .

I t  a l s o  s a t i s f i e s :

( f  +  ( - f ) ) # ( f  +  ( - f ) )  s  ( f  + e ) # ( t  + e ) ,  a n d

( f  +  ( - f ) ) ( f  +  ( - f ) ) #  >  ( f  + e ) ( f  + g ) # .

3 . 1 g .  f g n h  <  f f # h  a n d  h f # f  <  g f v h .

3 . 1 h .  ( f  + g ) h  >  f h + g h  a n d  f ( e + h )  s  f g + f h .

The add i t iona l  ax iom group fo r  the  cons tan ts  in  r ,  i s :

3 . 1 i .  1  i s  a  u n i t  ( t f  =  f I -  f ) ,  0  =  1 + ( - 1 ) ,  0  i s  a  z e r o  ( f + 0  =  f ) ,

0  =  0 # 0 ,  I  -  0 0 #  a n d  0  <  f  s  I .

F rom the  above,  we see tha t  Uo is  ax iomat ized  by  32  ro - ident i t ies  and U,

b y  4 0  r r - i d e n t i t i e s .  A s  p r e v i o u s l y  o b s e r v e d ,  . A  i s  t h e  r e d u c t  o b t a i n e d  f r o m

tn  by  omi t t ing  the  cons tan ts  (nu l la ry  opera t ions) .  Note  tha t  the  f i rs t  f i ve

o p e r a t i o n s  o f  r ,  a r e  p r e c i s e l y  t h e  r *  o p e r a t i o n s  u s e d  f o r  r i n g s  w i t h  u n i t .

However i ,  add i t i ve  re la t ion  a lgebras  are  no t  add i t i ve  g roups  fo r  sum in

g e n e r a l  ( u n l e s s  B  i n  U ,  i s  t r i v i a l ,  f + ( - f )  =  0  i s  n o t  s a t i s f i e d  e v e r y w h e r e

i n  B ) ,  a n d  w e  h a v e  o n l y  t h e  h a l f - d i s t r i b u t i v i t i e s  3 . 1 h ,  n o t  f u l I

d is t r ibu t iv i t y  as  in  r ing  theory .  The las t  four  opera t ions  o f  r ,  a re  the

( 0 , I )  I a t t i c e  o p e r a t i o n s ,  a n d  B  i n  U ,  i s  i n d e e d  a  m o d u l a r  L a t t i c e  w i t h

smal les t  e lement  0  and la rges t  e lement  I .

Most  o f  the  ax ioms are  fami l ia r  f rom r ing  theory  o r  la t t i ce  theory .  The



p r o p e r t i e s  o f  r e l a t i o n a l  s u m s  w e r e  s t u d i e d  i n  [ 3 C ] ,  [ 3 D ]  a n d  [ 3 E ] .  L e s s

f a m i l i a r  a x i o m s  s u c h  a s  3 . 1 f , g  c a n  b e  u n d e r s t o o d  m o r e  r e a d i l y  a s  t h e  t h e o r y

i s  d e v e l o p e d ,  I n  p a r t i c u l a r ,  a x i o m s  3 . 1 9  a r e  m o d i f i c a t i o n s  ( r e m o v i n g  t h e

c o n s t a n t s )  o f  t h e  a x i o m s  f I n g .  f f # g  <  f Q v g  o f  [ 3 A ] ,  a n d  a r e  r e l a t e d  t o

the  ax ioms KZa and KZb o f  [3C]  and [3D] .

I l te  have no t  c lose ly  s tud ied  the  dependence re la t ionsh ips  among these

ax i .oms.  However ,  i t  i s  c lear  tha t  on ly  one o f  the  ident i t ies  invo lv ing  n

a n d  v  i n  3 . 1 d  i s  n e c e s s a r y ,  a n d  s i m i l a r l y  f o r  3 . 1 e .  W e  w i l l  e v e n t u a l l y  s e e

t h a t  p a r t s  o f  3 . 1 i  c o u l d  b e  o m i t t e d  a l s o .

The r r -a lgebras  ob ta ined f rom modu les  by  the  opera t ions  descr ibed in  $1

( tha t  i s ,  endomorph ism a lgebras  fo r  R-Re l )  a re  members  o f  U '  and the i r

reduc ts  to  type  rA  are  members  o f  Uo:

3 . 2 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  F o r  a n y  r i n g  R  a n d  R - m o d u l e  M ,  I e t  R e I ( M )

d e n o t e  S u ( M e M )  r e g a r d e d  a s  a  r r - a l g e b r a ,  a n d  l e t  R e l , ( M )  d e n o t e  S u ( M e M )  a s

a  r o - a l g e b r a .  F o r  R  a  r i n g  w i t h  u n i t ,  l e t

0 ( R )  =  s | I l A ( R )  =  S { R e I . ( M ) :  M  a n  R - m o d u l e } ,

ß ( R )  =  s l n i t B ( R )  =  S { R e I ( M ) :  M  a n  R - m o d u l e } '

We say that a ro-algebra A is representable by an R-module i f

o r  equ iva len t ly  i f  there  ex is ts  a  rA-monomorph ism f rom A in to

The same te rmino logy  is  used fo r  members  o f  E(R) .

3 . 2 a .  R e I ( M )  i s  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t ,  a n d

a d d i t i v e  r e l a t i o n  a l g e b r a .  ( P r o o f  b y  d i r e c t  v e r i f i c a t i o n  o f

i t  i s  i n  0 ( R )

s o m e  R e l . .  ( M )  .

R e l . ( M )  i s  a n

t h e  d e f i n i n g

p r o p e r t i e s  i s  o m i t t e d .  )

3 . 2 b .  F o r  a n y  r i n g  R  w i t h  u n i t ,  0 ( R )  c  U o  a n d  ß ( R )  g  U r .

W e  w i l l  s h o w  i n  t h e  n e x t  s e c t i o n  t h a t  0 ( R )  a n d  E ( R )  a r e  q u a s i v a r i e t i e s  o f

a lgebras  o f  types  ro  and t '  respec t ive ly .

Throughout  the  remainder  o f  $3 ,  we w i l l  assume tha t  A  is  an  arb i t ra ry

a d d i t i v e  r e l a t i o n  a l g e b r a ,  a n d  t h a t  B  i s  a n  a r b i t r a r y  a d d i t i v e  r e l a t i o n

a l g e b r a  w i t h  u n i t .



3 . 3 .  P r o p o s i t i o n .  I f  p ( " 1 , " a , . . . , * r , )  i s  a n y  r A - p o l y n o m i a l  a n d  f .  s  B i  i n  A

f o r  i  =  1 , 2 , . . . , D ,  t h e n  p ( f  , , f  ,  f , r )  s  p ( g r , g z , . . . , g r r ) .  S i m i l a r l y ,

r r -po l ]nomia ls  a re  monoton ic  in  a l l  a rguments  on  B.

The proo f  i s  by  induc t ion  on  ro -po lynomia l  o r  r r -po lynomia l  leng th ,

u s i n g  3 . 1 a , b , c , d , e .

3 . 4 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  A n  e l e m e n t  f  o f  A  ( o r  o f  B )  i s  c a l l e d

symmet r ic  i f  f  =  f# ,  i s  ca l led  an  idempotent  i f  f  =  f f ,  and  is  ca l led  nu l l

i f  f g f  =  f  f o r  a I I  g .

3 . 4 a .  F o r  a l l  f  i n  A ,  f f #  a n d  f # f  a r e  s y m m e t r i c  i d e m p o t e n t s  ( 3 . 1 d ) .  A I s o ,

e  i n  A  i s  a  s y m m e t r i c  i d e m p o t e n t  i f f  "  =  " " *  i f f  e  =  " * "  i f f  e #  =  " " #  i f f

a #  =  " t " .

3 . 4 b .  I f  z  i s  n u l 1 ,  t h e n  f z ,  z g  a n d  f z g  a r e  n u l l  f o r  a l l  f  a n d  g  i n  A .  I f

a n y  o f  t h e  f o u r  m a p s  z ,  , # ,  z z #  a n d  z # z  i s  n u l l ,  t h e n  a l l  f o u r  a r e  n u 1 l  ( 3 . 1 d ) .

3 . 4 c .  I f  y  a n d  z  a r e  n u l l ,  t h e n  y f z  =  y z  f o r  a I I  f  ( y f z  =  y f z y z  =  y z ) .  I n

p a r t i c u l a r ,  a  n u l l  e l e m e n t  i s  a n  i d e m p o t e n L  ( z  =  z z # z  =  z z ) .

3 . 4 d .  I f  z  i s  n u I I ,  t h e n  z  =  - z  - -  z +  z .  ( C l e a r l y  - z  =  - ( z z # z )  =  z ( - z # ) z  =  z

u s i n g  3 . 1 e .  S o ,  z +  z +  z  =  z +  ( - z )  +  z  =  z .  T h e n

z  =  z ( z + z + z ) .  z z + z ( z + z )  =  z + z ( z z + z z ) .  z + z ( z + z ) z  =  z + 2 ,

u s i n g  3 . 1 h ,  3 . 3  a n d  3 . 4 c ,  s o  z  <  z + z  <  z + z + z  =  z . )

3 . 4 e .  I f  y  a n d  z  a r e  n u l l ,  t h e n  y n z ,  y v z  a n d  y + z  a r e  n u l l .  ( l l l e  h a v e

y  A z  3  ( y  ̂ " ) y # ( y  n r )  =  y y # y  n r y # "  =  y  A z ,  s o  y ^  z  i s  n u l l  u s i n g  3 . 4 b .

S i m i l a r 1 y ,  y Y z  i s  n u 1 l .  B y  3 . 4 d  a n d  3 . 1 b , e , f ,  ! * z  =  y + ( - y ) + z + ( - z )  =

( y + z ) + - ( y + z )  i s  n u l l . )

3 . 4 f .  I f  y s f  f o r y s y m m e t r i c a n d n u l l ,  t h e n y f + y = y f .  I f  f s  z f o r z

s y m m e t r i c  a n d  n u J . I ,  t h e n  f z + z  =  f z .  ( F o r  h  -  y f + y r  w e  h a v e  h  =  y f + y y  3

y f  +  y f  =  y f  s i n c e  y f  i s  n u I I  ( 3 . 4 b , d ) .  A I s o ,

y f  =  y f ( y t ) # y f  s  y f h # h  <  y f h # y f  + y f h # y  -  y f + y  =  h ,

u s i n g  3 . 1 d , f , h ,  s i n c e  y f  =  y f  +  ( - y f ) .  T h e  s e c o n d  p a r t  i s  s i m i l a r .  )

3 . 4 g .  I f f s g ,  f f # >  g g # a n d  f * f r g * g ,  t h e n f = g ( g = g g # g . f f # g s



f g # g  s  f f # f  =  f  b y  3 . 1 d  a n d  3 . 3 ) .

3 .4h .  Suppose e  is  in  Re l . (M)  fo r  some R-modu le  M.  Then e  is  a  symmet r ic

idempotent  i f f  there  ex is t  C  s  B  in  Su(M)  such tha t :

s  =  { ( a , b ) :  a , b  e  B ,  a - b  e c i .

i f f  there  ex is t  B  and C in  Su(M)  such tha t

a n d  n u l l  i f f  z  =  B ( E B  f o r  s o m e  B  i n  S u ( M ) .

Fur thermore ,  z  in  Re l (M)  i s  nu l l

z  =  B @ C .  A l s o ,  z  i s  s y m m e t r i c

(Proof  omi t ted .  )

The theory  o f  add i t i ve  re la t ion  a lgebras  has  two s imp le  dua l i t y

p r i n c i p l e s ,  w h i c h  w e  d e s c r i b e  n e x t .

3 . 5 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  L e t  A " o ' ,  c a l l e d  t h e  c o n v e r s e  d u a l  o f  A ,

denote  the  ro -a lgebra  w i th  the  same e lements  and ro -s t ruc tu re  as  A,  except

t h a t  f o r  a l l  u  a n d  v ,  u v  i n  A " o ' e q u a l s  v u  i n  A  a n d  u + v  i n  A " o t  e q u a l s  t h e

c o n v e r s e  s u m  ( u #  + u * ) #  i n  A .  F o r  B " o t ,  t h e  r o - o p e r a t i o n s  a r e  t h e  s a m e  a s

f o r  A " o t ,  a n d  t h e  c o n s t a n t s  1 ,  0 ,  0  a n d  I  o f  B " o t  a r e  t h e  e l e m e n t s  1 ,  O # ,  O

a n d  I  o f  B ,  r e s p e c t i v e l y .

Le t  Ao"d ,  the  order  dua l  o f  A ,  denote  the  ro -a lgebra  w i th  the  same

elements  as  A and ro -s t ruc tu re  ob ta ined f rom A by  exchang ing  meet  and jo in

( I a t t i c e  d u a l i t y ) ,  r e p l a c i n g  s u m  b y  c o n v e r s e  s u m ,  a n d  k e e p i n g  m u l t i p l i c a t i o n ,

converse ,  and negat ion  as  in  A .  For  Botd ,  the  ro -opera t ions  are  the  same as

f o r  A o t d ,  a n d  t h e  c o n s t a n t s  1 ,  0 , 0  a n d  I  o f  B o t d  a r e  r e s p e c t i v e l y  e q u a l  t o

t h e  e l e m e n t s  1 , 0 # , a n d  ( e x c h a n g i n g )  I  a n d  0 ,  i n  B .

L e t  A ' d e n o t e  ( A o " d ) " o t ,  t h e  o r d e r - c o n v e r s e  d u a l  o f  A ,  w h i c h  e q u a l s

( A " o " ) o t d .  I n  A * ,  l a t t i c e  o p e r a t i o n s  a r e  e x c h a n g e d ,  m u l t i p l i c a t i o n  i s

reversed,  and converse ,  sum and negat ion  are  the  same as  in  A .  For  B*  =

( B o t t ) c o n  -  ( B " o " ) o " d ,  1  a n d  0  a r e  t h e  s a m e  a s  i n  B ,  a n d  0  a n d  I  a r e

exchanged.

3 . 5 a .  F o r  C  i n  U o  o r  U *  C  =  ( c " o " ) " o ' =  ( C o ' a ) o ' d  =  ( c ' ) - .

3 . 5 b .  F o r  C  i n  U o  ( r e s p e c t i v e l y ,  U ,  ) ,  u i ! } i - u #  d e t e r m i n e s  r e c i p r o c a l

ro - isomorph isms ( respec t ive ly ,  r r - i somorph isms )  C"o^ ' - - - - - -C and C- . *Cco '  .



3 . 5 c .  I f  c  i s  i n  l / o  ( r e s p e c t i v e l y ,  U r ) ,  t h e n  C " o ' ,  C o ' d  a n d  C *  a r e  i n  U o

( r e s p e c t i v e l y ,  U r ) .  ( F o r  C " o ' ,  u s e  3 . 5 b .  V e r i f y  3 . 1 a - h  o r  3 . 1 a - i  f o r  C '

d i r e c t l y ,  a n d  t h e n  u s e  C o ' d  =  ( C * ) " o "  b y  3 . 5 a .  )

Symmet r ic  nu l1  e lements  charac ter ize  s ing le ton  ro -suba lgebras '

3 . 6 .  P r o p o s i t i o n .  A n  e l e m e n L  z  o f  A  i s  s y m m e t r i c  a n d  n u l l  i f f  { z }  i s  a

ro-suba lgebra  o f  A .

P r o o f :  I f  { z }  i s  a  r o - s u b a l g e b r a ,  t h e n  ,  =  r #  =  z + ( - z ) ,  s o  z  i s

symmet r ic  and nu l l  (3 .1 f ) .  Suppose z  i s  symmet r ic  and nu l l .  We have z  =

, #  =  r t z  =  z v z ,  a n d  z  -  z z  b y  3 . 4 c ,  a n d  z  =  - z  =  z + z  b y  3 . 4 d '

T h e r e f o r e ,  { r }  i s  a  r o - s u b a l g e b r a  o f  A .  I

3 . 7 .  C o r o l I a r y .  S u p p o s e  p ( x r , 1 2 , . . . , * r )  i s  a  r o - p o l y n o m i a l ,  a n d  z  i s

s y m m e t r i c  a n d n u l l  i n A .  I f  f i  s ,  s  g i  f o r  i  = 1 , 2 , . . . , r ,  t h e n

p ( f r , f r , . . . , f r , )  3  z  3  p ( g 1 ,  E z , . . . , g r r ) .

P r o o f :  B y  3 . 3  a n d  3 . 6 .  I

F rom 3  .7 ,  we see tha t  the  in te rva ls  { f  i  y  <  f  =  z }  a re  rA-suba lgebras  o f

A ,  fo r  symmet r ic  nu l l  y  and z  in  A  w i th  y  <  z .  We nex t  g ive  a  techn ica l

resu l t ,  fo l lowed by  in t roduc t ion  o f  some conven ien t  no ta t ion ,  to  p repare  fo r

the  ana lys is  o f  such in te rva ls .

3 . 8 .  P r o p o s i t i o n .  I f  y  i s  a  s y m m e t r i c  n u l l  e l e m e n t  o f  A  s u c h  t h a t  y  S  f n g ,

t h e n  y ( f * g )  =  y f v y g .  I f  z  i s  a  s y m m e t r i c  n u l l  e l e m e n t  o f  A  s u c h  t h a t  z  >

f v g ,  t h e n  ( f + g ) z  -  f z A g z .

Proof :  Assume tha t  y  i s  symmet r ic  nu I l  and y  <  f ^g ,  and le t  h  denote

y f v y g . '  U s i n g  3 . 1 d , h ,  3 . 4 b , c , d ,  3 . 3  a n d  3 . 7 ,  w e  h a v e

y ( f  + e )  s  y f  + y g  =  y y f  +  y y g  <  y h + y h  =  y h  <  h h # h  =  h .

N o w  y ( f + g )  =  y ( f f # f  + g )  >  y ( y f +  y )  =  y y f  =  y f ,  u s i n g  3 . 7  a n d  3 . 4 c , e .  S i n c e

y ( f  + g )  >  y g  s i m i l a r J . y ,  w e  h a v e  h  =  y f  v y g  s  y ( f  + g )  <  h .  T h e  s e c o n d  r e s u l t

i s  d u a l .  r

Reca l l  f rom $1 tha t  f  in  ReI (M)  cor responds to  an  isomorph ism



f  : c r /co-DL/Do fo r  appropr ia te  co  =  c ,  and Do <  D,  in  Su(M) .  l l l e  can

def ine  symmet r ic  nu lL  e lements  cor respond ing  to  C '  Co,  D,  and Do in  any

a d d i t i v e  r e l a t i o n  a l g e b r a .

3 . 9 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  f  i n  A ,  d e f i n e :

p ( f )  =  ( f + ( - f ) ) # ( f + ( - f ) )  a n d  q ( f )  =  ( f + ( - f ) ) ( f + ( - f ) ) # .

3 . 9 a .  F o r  a l l  f  i n  A ,  p ( f )  a n d  q ( f )  a r e  n u l 1  s y m m e t r i e  i d e m p o t e n t s ,  b y  3 . 1 f

a n d  3 . 4 a , b , c .  A l s o ,  q ( f ) p ( f )  =  f + ( - f ) ,  s o  f + q ( f ) p ( f )  =  f .

3 . 9 b .  p ( f )  <  ( f  + e ) # ( r * g )  a n d  q ( f )  >  ( f  + g ) ( f  + g ) #  ( 9 . 1 f  ) .  S o ,  p ( f )  <  f # f

a n d  q ( f )  >  f f t t ,  t a k i n g  g  =  ( - f ) + f  a n d  u s i n g  3 . 1 e .  T h e r e f o r e ,  p ( f # ;  s  q ( f )

a n d  p ( f )  s  q ( f # ) .

3 . 9 c .  I f  f  <  g ,  t h e n  p ( f )  <  p ( g )  a n d  q ( f )  <  q ( s )  ( 3 . 3 ) .

3 . 9 d .  p ( f g )  >  p ( e )  a n d  q ( f g )  s  q ( f ) .  I n  p a r t i c u l a r ,  p ( f )  =  p ( t # r )  a n d

q ( f )  =  q ( f f # ) .  ( F o r  h  =  g +  ( - g ) ,  w e  h a v e

p ( f g )  =  ( f s +  ( - f g ) ) # ( r g +  ( - f g ) )  >  ( f h ) # f h  =  h # f # f h  =  h # h  =  p ( s ) ,

u s i n g  3 . 1 d , e , f , h  a n d  3 . 4 c .  T h e  s e c o n d  p a r t  i s  d u a l ,  a n d  t h e  r e m a i n i n g

p a r t s  f o l l o w  f r o m  f  =  f f # f . )

3 . 9 e .  I f  z  i s  n u 1 l , p ( z )  =  z # z  a n d  q ( z )  =  z z #  ( 3 . 4 d ) .  I n  p a r t i c u l a r ,

p ( p ( f ) )  =  q ( p ( f ) )  =  p ( f )  a n d  p ( q ( f ) )  =  q ( q ( f ) )  =  q ( f )  f o r  a l l  f  ( 3 , 9 a ) .

3 . 9 f .  L e t  e  b e  a  s y m m e t r i c  i d e m p o t e n t  o f  A .  T h e n  p ( e )  s  "  s  q ( e ) ,  p ( e )  =

e p ( e )  =  p ( e ) e  a n d  9 ( e )  =  e q ( e )  =  q ( e ) e .  ( l { e  h a v e  p ( e )  =  e  <  q ( e )  b y  3 . 9 b ,

a n d  p ( e )  =  p ( e ) ( e + ( - e ) )  =  p ( e ) e + p ( e ) ( - e )  =  p ( e ) e  u s i n g  3 . 4 c , d ,  3 . 9 b ,  3 . 8

a n d  3 . 1 e .  T h e n  p ( e )  =  e p ( e )  b y  t a k i n g  c o n v e r s e s ,  a n d  t h e  o t h e r  p a r t s  a r e

dua l . .  )

3 .9g .  S l - ,ppo"e  f  e  Re l .  (M)  f  o r  some R-modu le  M.  Then

q ( f  )  =  C r  * C ,  f o r  C ,  =  { v  e  M :  ( : w )  ( u , * )  e  f } ,

p ( f # )  -  C o  t C o  f o r  C o  =  { v  e  M :  ( v , 0 )  .  f } ,

q ( f # )  =  D ,  @ D ,  f o r  D ,  =  { v  e  M :  ( 3 " )  ( r - r , u )  .  f } ,  a n d

p ( f  )  =  D o  t D o  f o r  D o  =  { v  e  M :  ( 0 , u )  €  f } .

( P r o o f  o m i t t e d .  )



3 . 1 0 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  S u p p o s e  y  a n d  z  a r e  s y m m e t r i c  n u l I

e l e m e n t s o f A w i t h  y < z .  T h e n  l y , " l  d e n o t e s { f :  y = f t " } ,  w h i c h i s

cal led an interval  subalge.bra of A.

3 . 1 0 a .  l y , z l  i s  a  r o - s u b a l g e b r a  o f  A  ( 3 . 7 ) .

3 . 1 0 b .  I f  f s g  i n  [ y , z ]  s u c h t h a t  y f > y g  a n d f z 2 g z ,  t h e n f  = 8 .  ( l t l e

h a v e  g  =  f z A g  =  f f # g  =  f g # g  <  y g v f  =  f ,  u s i n g  3 . 7 ,  3 . 1 g ,  e t c . )

3 . 1 0 c .  I f  f  e  [ y , z ) ,  t h e n  y f  =  y p ( f )  a n d  9 7  =  q ( f ) 2 .  ( I I e  h a v e  y P ( f )  =

y ( f + ( - f ) )  -  y f + ( - y ) f  =  y f  b y  3 . 4 c , d ,  3 . 1 e  a n d  3 . 8 ,  a n d  t h e  s e c o n d  p a r t  i s

s i m i l a r .  )

3 . 1 0 d .  I f  f  e l y , z l ,  t h e n  f  + ( - f )  = q ( f ) p ( f )  = f z y f  ( 3 . 4 c ,  3 . 1 0 c ) .  S o ,  f  -

f + z y  =  f +  f r y  -  f + z y f  =  f +  f z y f .  ( l 4 r e  h a v e  f  =  f  + f z y f  b y  3 . 1 e ,  t h e n

a p p l y  3 . 1 0 b  t o  f + f z y .  f + z y f  u s i n g  3 . 8 ,  a n d  f i n a l l y  n o t e  t h a t  f + f z y  <

f + z y  <  f + z y f  a n d  f + f z y  <  f + f z y f  =  f + z y f . )

3 . 1 0 e .  i f  e  i s  a  s y m m e t r i c  i d e m p o t e n t  o f  A  a n d  f  e  l y , z J ,  t h e n  e f  =

e y v ( f  n e z )  a n d  f e  =  y e v ( f  n z e ) .  ( B y  l a t t i c e  m o d u l a r i t y ,

e f  s  l e y v f )  n e ,  -  e y v  ( f  n e z )  '  " f ,

u s i n g  3 . 1 g .  T h e  s e c o n d  p a r t  i s  o b t a i n e d  b y  t a k i n g  c o n v e r s e s .  )

3 . 1 0 f .  L e t  e  b e  a  s y m m e t r i c  i d e m p o t e n t .  T h e n  f  =  e f  =  f e  f o r  a l l  f  i n

l y , r l  i f f p ( e )  s y  3 z <  q ( e ) .  ( I f  y =  e y e ,  t h e n p ( e )  = p ( e ) y n 1 e )  s e y e  = y ,

a n d  s i m i l a r l y  z  <  q ( e ) .  I f  f  s  z  s  q ( e ) ,  t h e n  f  =  e g ( e )  n f  .  e e # f  =  e f  b y

3 . 1 9  a n d  3 . 9 f ,  a n d  s i m i l a r l y  e f  s  f  i f  f  >  p ( e ) . )

3 . 1 0 g .  I f  f  , , f  ,  f , . ,  a r e  i n  ^ A ,  t h e n  t h e r e  e x i s t  s y m m e t r i c  n u l l  e l e m e n t s  y

a n d  z  o f  A  s u c h  t h a t  f i  €  [ y , z l  f o r  i  =  1 , 2 , . . . , \ .  ( L e t  y  =  p ( h n h # )  f o r  h  =

f r n f r t . . . ^ f , , .  F o r  i  < n ,  y =  y h y s h h # h h # h - h =  f . .  L e l  z  =  q ( k v k # )

f o r  k  =  f r t f  z u . . . u f r , ,  s o  f  i  3  z  f o r  i  s  n  s i m i l a r l y ' )

3 .10h.  I f  d  and e  are  symmet r ic  idempotents  such tha t  ed  =  d ,  then d  =

( d n e ) d  =  d ( d n e )  =  ( d v e ) d  =  d ( d v s ) .  ( C h o o s e  l y , r l  c o n t a i n i n g  d  a n d  e

b y  3 . 1 0 9 ,  s o  ( d n e ) d  =  y d v  ( d n e n z d )  =  ( y d v e ) n d  =  d  b y  3 . 1 0 e  a n d

m o d u l a r i t y ,  s i n c e  y d v e  t  e d # d  =  d  b y  3 . 1 g .  T h e  r e m a i n i n g  e q u a t i o n s  a r e

o b t a i n e d  d u a I I y .  )



3 . 1 0 i .  I f  d  a n d  e  a r e  s y m m e t r i c  i d e m p o t e n t s ,  t h e n  d e  =  d  i f f  e d  =  d  i f f

p ( e )  < d s q ( e )  i f f p ( e )  s p ( d )  s q ( d )  s q ( e ) .  ( N o t e d e  = d  i f f  e d = d

b y  c o n v e r s e s ,  t h e n  u s e  3 . 9 d , f  a n d  3 . 1 0 f .  )

3 . 1 0 j .  I f  y  a n d  z  a r e  s y m m e t r i c ,  t h e n  y n z  a n d  y v z  a r ' e  s y m m e t r i c .  I f  y

a n d  z  a r e  n u l l ,  t h e n  y A z ,  y v z  a n d  y + z  a r e  n u I I .  ( T h e  f i r s t  p a r t  i s

b y  3 . 1 d .  S u p p o s e  y , z  a r e  i n  t h e  i n t e r v a l  s u b a l g e b r a  [ x , w ]  b y  3 ' 1 0 g .  T h e n

y  A z  3  ( y  ̂ z ) w ( y n  z )  =  W y  A z v z  =  y A  z  i m p l i e s  y n  z  i s  n u I I  b y  3 . 4 b '  D u a l l y ,

y + z  i s  n u l l ,  a n d  y + z  <  ( y + " ) * ( y +  z )  s  ( y r s n z w ) ( y + z )  s  y " y + z w z  -  y + z

b y  3 . 8  a n d  3 . 1 h ,  p r o v i n g  t h a t  y + z  i s  n u l l . )

By  3 ,10g,  any  f in i te ly -genera ted  ro -suba lgebra  o f  A  is  conta ined in  some

in terva l  suba lgebra  ly ,z f .  Now,  a  symmet r ic  idempotent  in  A  de termines  an

in te rva l  suba lgebra  wh ich  is  an  add i t i ve  re la t ion  a lgebra  w i th  un i t .

3 .11 .  Propos i t ion .  Suppose y  and z  a re  symmet r ic  nu I I  e lements  o f  A  w i th

y  =  z .  Then the  fo l low ing  are  equ iva len t :

3 . t t a .  T h e r e  e x i s t  u n i q u e  e l e m e n t s  1 ,  0 ,  0  a n d  I  o f  l y , r l  s u c h  t h a t  l y , " l  i s

a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t  ( a  m e m b e r  o f  U r ) .

3 . 1 1 b .  T h e r e  e x i s t s  a n  e l e m e n t  u  o f  l y , r l  s u c h  t h a t  f  =  u f  =  f u  f o r  a l l  f

i n  I y ,  z ]  .

3 .11c .  There  ex is ts  a  symmet r ic  idempotent  d  o f  A  such tha t  y  =  p (d)  and

,  =  q ( d ) .

3 .11d.  There  ex is ts  a  symmet r ic  idempotent  e  o f  A  such tha t  y  >  p (e)  and

z  s  q ( e ) .

P r o o f :  Q b v i o u s l y  3 . 1 1 a  +  3 . 1 1 b  a n d  3 . 1 1 c  +  3 ' 1 1 d '  A s s u m i n g  3 . 1 1 b ,  w e

s e e  t h a t , r #  =  r # r ,  s o  u  i s  a  s y m m e t r i c  i d e m p o t e n t  ( 3 . 4 a )  a n d  p ( u )  s  y  =  z  s

q ( u )  b V  3 . 1 0 f  .  B u t  P ( u )  a n d  q ( u )  a r e  i n  [ y , z ] ,  s o  w e  h a v e  3 . t t b  -  S . I I c '

A s s u m e  3 . 1 1 d ,  a n d  n o t e  t h a t  f  =  e f  =  f e  f o r  f  i n  [ y , z ]  b y  3 . 1 0 f .  L e t  d  =

yVe,  so  d  =  d#  and d  <  dd  <  ddd =  d .  Then d  is  a  symmet r ic  idempotent ,  and

9 ( d )  =  q ( e )  b y  3 . 7  a n d  3 . 9 c .  A I s o ,

y  <  y d  =  ( y p ( e ) v y v e ) n y q ( e )  =  y v ( e n y i t ( e ) )  s  y v y e  =  y



1 0

b y  3 . 1 0 e ,  m o d u l a r i t y  a n d  3 . 1 g .  S o ,  y  =  p ( y )  =  p ( y d )  >  p ( d )  >  p ( y ) ,  p r o v i n g

p ( d )  =  y .  T h e n  f  =  f d  =  d f  f o r  f  i n  [ y , z ]  b y  3 . 1 0 f .  A  s i m i l a r  a r g u m e n t

shows tha t  c  =  dnz  is  a  symmet r ic  idempotent  in  [y ,z ]  such tha t  p (c )  =  y  and

g ( c )  =  z .  N o w  d e f i n e  1  =  c ,  0  =  c + ( - c )  =  q ( c ) p ( c ) ,  0  =  p ( c )  a n d  1  =  q ( c ) .

A I I  t h e  a x i o m s  o f  3 . 1 i  a r e  s a t i s f i e d  f o r  l y , r l ,  b y  t h e  a b o v e  a n d  3 . 1 0 d , f .

S o ,  l y , z l  i s  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t .  T h e  u n i q u e n e s s  f o l l o w s

f r o m  t h e  u n i q u e n e s s  o f  a  m u ) . t i p l i c a t i v e  u n i t  f o r  l y , z l  a n d  3 . 1 i .  r

3 . 1 2 .  C o r o l l a r y .  A n  a d d i t i v e  r e l a t i o n  a l g e b r a  A  i s  t h e  r e d u c t  t o  r o  o f  a n

add i t i ve  re la t ion  a lgebra  w i th  un i t  (a  member  o f  Ur )  i f f  i t  has  a

m u l t i p l i c a t i v e  u n i t  u .

P r o o f :  T h e  f o r w a r d  i m p l i c a t i o n  f o l l o w s  f r o m  3 . 1 i .  A  m u l t i p l i c a t i v e  u n i t

u  i s  a  s y m m e t r i c  i d e m p o t e n t  ( r r #  - , l # u ) ,  s o  A  =  [ p ( u ) , q ( u ) ]  b y  3 . 1 0 f , g .  T h e n

A  i s  i n  1 / ,  f o r  u n i q u e l y  d e t e r m i n e d  1 ,  0 ,  0  a n d  I  b y  3 . 1 1 .  I

G iven the  mul t ip l i ca t i ve  un i t ,  we show nex t  some o f  the  add i t iona l

e lementary  p roper t ies  tha t  can  be  ob ta ined fo r  B  in  Ur .

3 . 1 3 .  P r o p e r t i e s  o f  A d d i t i v e  R e l a t i o n  A l g e b r a s  w i t h  U n i t .

3 . 1 3 a .  I n  B ,  0  a n d  I  a r e  s y m m e t r i c  a n d  n u I I  ( 3 . 1 0 g ) ,  a n d  1  i s  a  s y m m e t r i c

i d e m p o t e n t  $ #  =  ( t ) .

3 . 1 3 b .  F o r  f  j . n  B ,  f  + ( - f )  =  f I O f  ( 3 . 1 0 d ) ,  s o  p ( f  )  =  f # O f  a n d  q ( f  )  =  f l f #

( 3 . 1 3 a )  .

3 . 1 3 c .  F o r  f  i n  B ,  O f # f  =  0 f  =  0 l n f  ,  f f # O  =  f 0  =  I O n f  , I f # f  =  I f  =  I O v f

a n d  f f # I  =  f I  =  0 l v f  ( o f  <  O f # f  <  o f f # f  =  0 f  a n d  O l n f  s  o o # f  <  o f # f  <

0 I  n  f f # f  =  0 I  n  f  b y  3 . 1 d , g  a n d  3 . 3 ,  e t c .  ) .

3 . 1 3 d .  
' T h "  

e l e m e n t s  { O , O I , I O , 1 , I }  f o r m  a  ( O , I )  s u b l a t t i c e  o f  B  w i t h  f i v e

e l e m e n t s  a n d  l e n g t h  t w o ,  u n l e s s  B  i s  t r i v i a l .  ( W e  h a v e  0 I n 1  =  0 1  =  0  -

1 0  =  I 0 A 1  a n d  0 I n I O  =  0 I 0  =  0 .  D u a I I y ,  0 I v t  =  I 0 v 1  =  0 I v I O  =  I . )

3 . 1 3 e .  F o r  f  , g  i n  B ,  0 ( f  + e )  =  0 f  v Q g  a n d  ( f  + g ) I  =  f I n g I  ( 3 . 8 ) .

3 . 1 3 f .  F o r f  i n B ,  ( - 1 ) f = f ( - 1 ) .  A l s o , 0 = 0 ( - 1 )  = ( - 1 ) 0 ,  I = I ( - 1 )  =

( - 1 ) I ,  ( - ! ) ( - t 1  =  1  a n d  ( - I ) #  -  - L  ( T h e  f i r s t  p a r t  i s  b y  3 . 1 e , f , i .  A l s o ,



r1.

0  =  0 I 0  =  0 ( t + ( - 1 ) )  =  0 1 + 0 ( - 1 ) ,  s o  0 ( - 1 )  =  0 ,  e t c .  F i n a l l y ,  ( - 1 ) ( - t )  =  t

b y  3 .  ! e , f  ,  a n d  (  - ! ) #  =  - 1  b y  3 .  1 e .  )

3 . 1 3 9 .  I f  f  <  g ,  0 f ' 0 g  a n d  f I  >  g I  i n  B ,  t h e n  f  =  g  ( 3 . 1 0 b ) .

3 . 1 3 h .  F o r  e , f  i n  B  w i t h  e  a  s y m m e t r i c  i d e m p o t e n t ,  Q f  =  ( e O v f ) n e l  a n d

f e  =  ( 0 e v f ) n I e  ( 3 . 1 0 e ) .

3 . 1 3 i .  I f  e  i s  a  s y m m e t r i c  i d e m p o t e n t ,  t h e n  e  =  e ( e n 1 )  =  ( e n 1 ) e  =

e ( e v 1 )  =  ( e v 1 ) e  ( 3 . 1 0 h ) .  A I s o ,  1 n e  -  1 ^ e I  =  l A I e  a n d  1 v e  =  1 v e 0  =

1 v O e  ( e I n 1  s  e  b y  3 . 1 g ,  e t c . ) .  F i n a I I y , 0 ( 1 v e )  =  0 e  a n d  ( 1 n e ) I  =  e I

( 0 e . 0 ( 1 v e )  <  0 e ( 1 v e )  =  0 e  a n d  d u a l l y ) .

3 . 1 3 j .  S u p p o s e  c , d , f  a r e  i n B w i t h c  < 1  < d .  T h e n c  a n d  d a r e  s y m m e t r i c

i d e m p o t e n t s ,  c f  =  c I a f ,  f c  -  I c A f ,  d f  =  d 0 v f  a n d  f d  =  O d v f .  I f  b , c  s  1 ,

t h e n  b c  =  c b  =  b n c .  I f  d , e  >  1 ,  t h e n  d e  =  e d  =  d v e .  ( N o t e  t h a t  c  =

" " # "  >  " " # 1 -  >  c ! # !  =  c ,  s o  c  =  c c # ,  a n d  d u a l l y .  S i n c e  c 0  s  0 ,  e t c . ,  3 , 1 3 h

l e a d s  t o  t h e  n e x t  f o u r  e q u a t i o n s .  F i n a I I y ,  b n c  =  ( b n c ) ( b n c )  <  b e  <  b A c ,

a n d  d u a l l y .  )

3 . 1 3 k .  T h e  s e t  S  o f  s y m m e t r i c  n u l l  e l e m e n t s  o f  B  i s  a  s u b l a t t i c e  o f  B  w h i c h

i s  l a t t i c e  i s o m o r p h i c  t o  e a c h  o f  t h e  i n t e r v a l  s u b l a t t i c e s  [ 0 , 0 I ] ,  [ 0 , I 0 ] ,

[ 0 , 1 ] ,  [ 0 I , I ] ,  I I 0 , I ]  a n d  [ 1 , I ]  o f  B .  ( B y  3 . 1 d  a n d  3 . 4 e ,  S  i s  a  s u b l a t t i c e

o f  B ,  a n d  b y  3 . 1 3 c ,  y ü i r - Q y  i s  a  l a t t i c e  i s o m o r p h i s m  f r o m  S  i n t o  [ 0 , 0 I ]  w i t h

rec ip roca l  z l ' l l - -z *2 .  The s ix  in te rva ls  above are  pro jec t i ve  in te rva ls  o f  B

a s  a  m o d u l a r  l a t t i c e  b y  3 . 1 3 d ,  a n d  s o  a r e  l a t t i c e  i s o m o r p h i c  b y  c o m p o s i t e s

o f  t ranspose isomorph isms such as  z f i l= . -1  V  z  f rom [0 ,0 I ]  in to  [1 , I ]  and i t s

r e c i p r o c a l  e i } } ! O l n e  =  0 e . )

We now re tu rn  to  cons idera t ion  o f  add i t i ve  re la t ion  a lgebras  w i thout  un i t .

I t  i s  p o s s i b l e  t o  m a k e  s u c h  a n  a l g e b r a ,  c o n s i s t i n g  o n l y  o f  n u l l  e l e m e n t s ,

f rom any  modu lar  la t t i ce .

g . 1 , 4 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  S u p p o s e  L  i s  a  m o d u l a r  l a t t i c e ,  a n d  L 2

denotes  the  ro -a lgebra  on  L  x  L  de f ined by :

( y , r )  + ( w , x )  =  ( y A w ,  z v x ) ,
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- ( y , r )  =  ( y , r )  ,

( Y , r ) ( * , * )  =  ( Y , * ) ,

( y , r ) *  -  ( r , v ) ,

( y , r )  n  ( w ,  x )  =  ( y  A  w ,  z  n  x ) ,  a n d

( y , r )  v ( w , x )  =  ( y v w ,  z v x ) .

3 . 1 4 a .  L 2  i s  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  s u c h  t h a t  e v e r y  e l e m e n t  o f  L z  i s

n u l l .  A n  e l e m e n t  ( y , z ' )  o f  L z  i s  s y m m e t r i c  i f f  y  =  z .  ( P r o o f  b y  d i r e c t

c a l c u l a t i o n .  )

3 . 1 5 .  P r o p o s i t i o n .  T h e  s u b s e l  f , f  =  { z :  z  i s  n u l l }  o f  A  i s  a  r o - s u b a l g e b r a

of  A .  The subset  S  =  {y :  y  i s  symmet r ic  and nu I I }  o f  A  is  a  (modu lar )

s u b l a t t i c e  o f  A ,  a n d  r c ' 5 2 - 1 1  s u c h  t h a t  r c ( y , z )  =  y z  i s  a  t o - i s o m o r p h i s m .

P r o o f :  S u p p o s e  y  a n d  z  a r e  n u l l .  B y  3 . 4 b , d . , e ,  - ! ,  Y # ,  Y z ,  y A z ,  I v z  a n d

y v  z  a r e  n u I I .  T h e r e f o r e ,  N  i s  a  r A - s u b a l g e b r a  o f  A .

F o r  y  a n d  z  s y m m e t r i c  a n d  n u l J . ,  y A z  a n d  y v z  a r e  s y m m e t r i c  b y  3 . 1 d  a n d

a r e  n u l l  b y  t h e  a b o v e .  S o ,  S  i s  a  s u b l a t t i c e  o f  A .

Def  in ing  \ :N- - . - . -Sz  by  \ (  z )  =  (zz* ,2*z l ,  i t  i s  eas i l y  checked tha t  rc  and \

a re  rec ip roca l  b i jec t ions  wh ich  preserve  order .  There fore ,  rc  and \  a re

Ia t t i ce  i somorph isms.  We observe  tha t  rc  p reserves  negat ion  by  3 .4d ,

p r e s e r v e s  p r o d u c t s  b y  3 . 4 c ,  a n d  p r e s e r v e s  c o n v e r s e s  b y  3 . 1 d .

T o  p r o v e  r  p r e s e r v e s  s u m s ,  i t  s u f f  i c e s  t o  s h o w  t h a t  w x + y z  -  ( w n y ) ( z  v x )

fo r  symmet r ic  nu IJ .  w ,  x ,  y  and z .  By  3 .10g,  choose an  in te rva l  suba lgebra

[ s , t ]  c o n t a i n i n g  w ,  x ,  y  a n d  z .  F o r  u  =  ( w A I ) ( x + z )  a n d  v  =  ( t + y ) ( x v z ) ,

we have

u  S  w x + y z  3  v  a n d  u  .  ( w A y ) ( x v z )  <  v ,

u s i n g  3 . 1 h ,  3 . 3  a n d  3 . 4 d .  N o w  s u  =  s x v s z  S  s ( x v z )  =  " u  a n d  u t  =  ( w A y ) t  s

w t  n y t  =  v t  b y  3 . 8  a n d  3 . 4 c .  A p p l y i n g  3 . 4 c , g r  w e  o b t a i n  s u  =  s v  a n d  u t  -  V t ,

h e n c e  u  =  v  b y  3 . 1 0 b .  T h i s  p r o v e s  t h a t  r c  i s  a  r o - i s o m o r p h i s m .  t

By  3 .15 ,  we see tha t  fo r  symmet r ic  nu l . I  e lements  y  <  z  in  A ,  there  may

not  ex is t  a  symmet r ic  idempotent  e  such tha t  y  =  p (e)  and s  =  q (e)



( c o m p a r e  3 . 1 1 c ) .  I f  A  i s  i n  U '  h o w e v e r ,  s u c h  a n  e  a l w a y s  e x i s t s  b y  3 ' 1 1 .

We now indicate the method by which category structures can be recovered

f rom an add i t i ve  re la t ion  a lgebra  A.  The ob jec ts  o f  the  ca tegory  a re  the

symmet r ic  idempotents  o f  A .  Two k inds  o f  morph isms are  cons idered,  one

cor respond ing  to  add i t i ve  re la t ion  ca tegor ies  and the  o ther  to  abe l ian

c a t e g o r i e s .  T h i s  m e t h o d  i s  c l o s e l y  r e l a t e d  t o  c a t e g o r y  c o n s t r u c t i o n s  g i v e n

i n  [ 3 I ]  a n d  b y  R .  V e s c a n  i n  [ 3 J ] .

3 .16 .  Def in i t ions  and Proper t ies .  For  any  symmet r ic  idempotents  c  and d

o f  A ,  l e t  r e l ( c , d )  d e n o t e  t h e  s e t

{ f e A : c f = f = f d } ,

and le t  hom(c ,d)  denote  the  subset

{ f  e  A :  c f  =  f  =  f d ,  f f #  ,  c ,  f # f  s  a } .

3 . 1 6 a .  f  i s  i n  r e I ( c , d )  i f f  p ( c ) p ( d )  s  f  <  q ( c ) q ( d )  i f f :

p ( c )  <  p ( f f # )  <  q ( t t # )  =  q ( c )  a n d  p ( d )  s  p ( f # f )  s  q ( t # t )  s  q ( d ) .

( U s e  3 . 1 0 i ,  p l u s  p ( c ) p ( d )  =  p ( c ) f p ( d )  s  f f # f  f # f  =  f  b y  3 . 4 c ,  e t c .  )

3 . 1 6 b .  f  i s  i n  h o m ( c , d )  i f f :  p ( c )  s  p ( f f # )  s  q ( f f # 7  =  q ( c )  a n d  p ( d )  =

p ( r # g )  s  q ( r # r ;  s  p 1 a ;  ( 3 . 1 6 a ,  3 . 9 c ) .

3 . 1 6 c .  F o r  a n y  s y m m e t r i c  i d e m p o t e n t s  c , d  a n d  e ,  f  e  r e l ( c , d )  a n d  g  e

r e l ( d , e )  i m p l i e s  f g  e  r e l ( c , e ) ,  a n d  f g  e  h o m ( c , e )  w h e n  f  e  h o m ( c , d )  a n d  g  e

h o m ( d , e ) .  A I s o ,  d  i n  h o m ( d , d )  i s  l i k e  a  c a t e g o r y  u n i t  f o r  t h e  o b j e c t  d :

f d  =  f  f o r  f  i n  r e l ( c , d )  a n d  d g  =  g  f o r  g  i n  r e l ( d , e ) .

3 . 1 6 d .  T h e r e  a r e  n o  p r o p e r  i n c l u s i o n s  i n  h o m  s e t s :  i f  f  <  g  i n  h o m ( c , d ) ,

t h e n f = g ( g . a g ) .

3 . 1 6 e .  F o r  a n y  s y m m e t r i c  i d e m p o t e n t  d ,  r e l ( d , d )  i s  a n  a d d i t i v e  r e l a t i o n

a l g e b r a  w i t h  u n i t ,  w h e r e  t h e  c o n s t a n t s  1 ,  0 ,  0  a n d  I  a r e  d ,  q ( d ) p ( d ) ,  P ( d )

a n d  q ( d ) ,  r e s p e c t i v e l y .

3 . 1 6 f .  F o r  a n y  s y m n e t r i c  i d e m p o t e n t  d ,  h o m ( d , d )  i s  c l o s e d  f o r  s u m ,  p r o d u c t

and negat ion ,  and under  these opera t ions  i t  i s  a  r ing  w i th  un i t  d  and zero

q ( d ) p ( d ) '
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3 . 1 6 9 .  F o r  a n y  s y m m e t r i c  i d e m p o t e n t s  c  a n d  d  o f  A ,  r e l ( c , d )  i s  t h e  i n t e r v a l

s u b l a t t i c e  [ p ( c ) p ( d ) ,  q ( c ) q ( d ) ]  o f  A ,  a n d  f #  i s  i n  r e I ( d , c )  f o r  e a c h  f  i n

r e L ( c , d ) .  A I s o ,  r e l ( c , d )  i s  c l o s e d  f o r  s u m  a n d  n e g a t i o n ,  a n d  h a s  t h e  z e r o

q ( c ) p ( d )  f o r  s u m .

3 . 1 6 h .  F o r  a n y  s y m m e t r i c  i d e m p o t e n t s  c  a n d  d  o f  A ,  h o m ( c , d )  i s  a n  a b e l i a n

g r o u p  w i t h  z e r o  q ( c ) p ( d ) .  I t  i s  a  l e f t - R ,  r i g h t - S  b i m o d u l e  f o r  R  =  h o m ( c , c )

a n d  S  =  h o m ( d , d ) .  M o r e  g e n e r a l l y ,  ( f  + g ) h  =  f h + g h  a n d  g ( h + k )  =  g h + g k  f o r

f , g  i n  h o m ( c , d )  a n d  h , k  i n  h o m ( d , e ) .

3 .16 i .  Suppose c  and d  are  symmet r ic  idempotents  in  ReI (M)  fo r  some

R-modu le  M,  and c  and d  cor respond to  subquot ien ts  C =  Cr /Co and D =  Dr /Do

o f  M  r e s p e c t i v e l y ,  a s  i n  3 . 4 f .  T h e n

a " o ( f )  =  { ( a + C o , b + D o ) :  ( a , b )  e  f }

d e f i n e s  a  b i j e c t i o n  c " ,  f r o m  r e l ( c , d )  o n t o  S u ( C e D )  s u c h  t h a t  f o r  f , g  i n

r e l ( c , d )  w e  h a v e :

f < g i f f a " d ( f ) < a " . ( B ) ,

a " r ( f  +  g )  =  a " r ( f ;  + a " o ( g ) ,

a " o ( - f )  =  - q " d ( f ) ,

a u " ( f # )  =  0 " d ( f ) # ,

o " " ( 1 )  =  7 ,  a n d

o " " ( B h )  =  o " 6 ( s ) 4 . " ( h )  f o r  h  i n  r e 1 ( d , e ) .

I n  p a r t i c u l a r ,  o " d  i s  a  ( 0 , I )  I a t t i c e  i s o m o r p h i s m  p r e s e r v i n g  s u m  a n d

n e g a t i o n  b e t w e e n  r e l ( c , d )  a n d  S u ( C @ D ) ,  w h i c h  i n d u c e s  b y  r e s t r i e t i o n  o f

the  domain  and codomain  an  abe l ian  group isomorph ism between hom(c ,d)  and

H o m ( C , D )  f o r  R - M o d .  F u r t h e r m o r e ,  o " "  i s  a  r r - i s o m o r p h i s m  b e t w e e n  r e l ( c , c )

a n d  R e I ( C ) ,  w h i c h  i n d u c e s  b y  r e s t r i c t i o n  o f  t h e  d o m a i n  a n d  c o d o m a i n  a  r i n g

isomorph ism preserv ing  1  be tween hom(c ,c )  and the  r ing  o f  endomorph isms

H o m ( C , C ) .

F r o m  3 . 1 6 ,  w e  s e e  h o w  t o  r e c o v e r  f r o m  R e l ( M )  a  c a t e g o r y  e q u i v a l e n t  t o  t h e

fu l l  subcategory  o f  R-ReI  (o r  o f  R-Mod)  de termined by  the  se t  o f  subquot ien ts
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of  M,  and tha t  an  abs t rac t ion  o f  th is  p rocess  can be  used fo r  an  arb i t ra ry

a d d i t i v e  r e l a t i o n  a l g e b r a .


