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$ 5 .  R e l a t i o n  C a t e g o r i e s  a n d  F u n c t o r s .

In  th is  sec t ion ,  we in t roduce an  e lementary  ax iomat iza t ion  o f  add i t i ve

re la t ion  ca tegory  theory .  Our  approach par t l y  fo l lows the  ax iomat iza t ions

of  Mac lane [  ]  and Puppe [  ] .  The d i f fe rences  are  in t roduced to  ob ta in

techn ica l  advantages  in  the  t rea tment  o f  fu l l  subcategor ies  and in  compar ing

t h e  c a t e g o r i e s  w i t h  a d d i t i v e  r e l a t i o n  a l g e b r a s .

Just as the abel ian category R-l lod was regarded as a subcategory of R-Rel

in  $1 ,  we ident i f y  an  exac t  subcategory  o f  p roper  morph isms wh ich  are

f o r m a l l y  a n a l o g o u s  t o  R - I i n e a r  m a p s ,  b y  t h e  m e t h o d  o f  P u p p e  [  , $ ? ] .  A l s o ,

the  re la t ionsh ips  be tween homomorph isms o f  add i t i ve  re la t ion  a lgebras  and

s t ruc ture-preserv ing  func tors  o f  re la t ion  ca tegor ies  and exac t  subcategor ies

a r e  d e s c r i b e d .

5 . 1 , .  D e f i n i t i o n .  S u p p o s e  a  s y s t e m  e  i s  p r o v i d e d  w i t h  c a t e g o r y  s t r u c t u r e s

( o b j e c t s ,  m o r p h i s m s  w i t h  d o m a i n  a n d  c o d o m a i n ,  c o m p o s i t i o n ,  u n i t  m o r p h i s m s ) ,

a  converse  opera t ion  #  wh ich  de termines  a  morph ism f# :B-A cor respond ing  to

e a c h  m o r p h i s m  f  : A - B  o f  0 ,  a n d  f o r  a I I  o b j e c t s  A  a n d  B ,  e ( A , B )  i s  p r o v i d e d

wi th  b inary  opera t ions  no*  VAB and +0,  and a  unary  opera t ion  -o '  and

d e s i g n a t e d  m o r p h i s m s  0 o '  I I B  a n d  0 0 ,  i n  8 ( A , B ) .  I f  0  s a t i s f i e s  c o n d i t i o n s

5 . 1 a - i  b e l o w ,  i t  i s  c a l l e d  a  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y .  I f  e

s a t i s f i e s  5 . 1 a - h ,  i t  i s  c a l l e d  a n  a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y .

( A s  u s u a l ,  w e  w i l l  o m i t  m a n y  s u b s c r i p t s .  T o  a v o i d  a m b i g u i t y , 0 ,  I  a n d  0  w i l l

a b b r e v i a t e  o n l y  e q u a l  s u b s c r i p t  c a s e s  0 A A ,  I r r ,  0 r '  e t c . ,  n o t  0 o '  I I B  o r

0 0 ,  i f  A  +  B  i s  p o s s i b l e .  )

5 . 1 a .  e i s a c a t e g o r y .

5 . 1 b .  F o r  a l l  A  a n d  B  i n  0 ,

w i th  smal les t  e lement  0o ,  and

par t ia l  o rder  induced by  th is

5 . 1 c .  S u m  + o ,  i s  c o m m u t a t i v e

I A B 0  i s  a  z e r o  f o r  a d d i t i o n :

5 . 1 d .  F o r f c g a n d h c k i n

e ( A , B )  i s  a  m o d u l a r  l a t t i c e  u n d e r  n o ,  a n d  v o s ,

l a r g e s t  e l e m e n t  I o r .  ( L e t  s o ,  d e n o t e  t h e

l a t t i c e .  )

a n d  a s s o c i a t i v e  o n  8 ( A , B ) ,  a n d  0 0 ,  =  I 0 o B  =

f  + 0 0 ,  =  f  f o r  f  : A + 8 .

e ( A , B ) ,  f  + h  s  g + k .  F o r  f  .  g  i n  e ( A , B )  a n d



h  s  k  i n  0 ( B , C ) ,  f h  s  g k .

5 . te .  The converse  opera t ion  is  an  invo lu t ion  tha t  p reserves  the  la t t i ce

o p e r a t i o n s .  T h a t  i s ,  f o r  f  , g : A - B  a n d  h : B  , C  i n  0 ,  w e  h a v e  f # #  =  f  ,

( e h ) #  -  h * g # ,  ( f n  g ) #  =  f #  n g *  a n d  ( f t g ) #  -  f r u g # .

5 . 1 f  .  F o r  f  : A - B  i n  0 ,  - f  =  ( - 1 A ) f  =  f ( - 1 r ) ,  a n d  - 1 o  i s  a  n e g a t i v e  u n i t :

1 r  +  ( - 1 0 )  =  0 o o .

5 . 1 g .  F o r  f  , g : A - B  i n  8 ,  f I  n g  s  f f * g  a n d  g f # f  s  0 f  v g .

5 . 1 h .  F o r  f  , g : A - B  a n d  h , k : B  ' C ,  ( f  + g ) h  >  f h + g h  a n d  g ( h + k )  s  g h + g k .

5 . 1 i .  I f  e : A - A  i s  i n  I  s u c h  t h a t  e  =  " *  =  e e ,  t h e n  t h e r e  e x i s t s  f  : B  , A

for  some B in  I  such tha t  f f#  =  1 ,  and f# f  =  e .

In  $1 ,  we descr ibed such s t ruc tu res  fo r  R-Re l ,  the  ca tegory  o f  R-modu les

and add i t i ve  re la t ions  be tween them.  l {e  omi t  the  proo f  o f  the  nex t  resu l t .

5 . 2 .  P r o p o s i t i o n .  F o r  a n y  r i n g  R  w i t h  u n i t ,  R - R e I  i s  a  s t r o n g l y  e x a c t

re la t ion  ca tegory .  A  fu l l  subcategory  o f  R-Re l  wh ich  admi ts  subob jec ts  and

quot ien t  ob jec ts  i s  a  s t rong ly  exac t  re la t ion  ca tegory .  Any  fu l l

subcategory  o f  an  a lmost  s t rong ly  exac t  re la t ion  ca tegory  i s  an  a lmost

s t rong ly  exac t  re la t ion  ca tegory .  In  par t i cu la r ,  any  fu ) . I  subcategory  o f

R-ReI  i s  an  a lmost  s t rong ly  exac t  reLat ion  ca tegory .

O b v i o u s l y ,  t h e  c a t e g o r y  d e f i n i t i o n s  a r e  c l o s e l y  r e l a t e d  t o  o u r  a x i o m s  f o r

a d d i t i v e  r e l a t i o n  a l g e b r a s  (  3 . 1  )  .

5 . 3 .  P r o p o s i t i o n .  I f  e  i s  a n  a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y ,  t h e n

e a c h  e n d o m o r p h i s m  a l g e b r a  e ( A , A )  i s  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t .

I f  B  i s , a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t ,  t h e n  t h e r e  i s  a n  a l m o s t

s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y  0 ,  w i t h  o n e  o b j e c t  X  a n d  8 r ( X , X )  =  3 .

P r o o f :  F o r  f : A - B  i n  0 ,  f  =  f I  n f  <  f f # f  =  0 f  v f  =  f  u s i n g  5 . 1 g .  S o ,

3 . 1 a , b , c , d , g , h  c a n  b e  s h o w n  t o  h o l d  i n  e ( A , A )  f o r  A  i n  e .  A I s o ,

f  =  ( 1 r +  ( - 1 o )  + 1 A ) f  >  f +  ( - f )  + f  >  f ( 1 r +  ( - 1 s )  + 1 r )  =  f ,

b y  5 . 1 f , h .  T a k i n g  f  =  - 1 1 ,  - ( - 1 1 )  =  1 o  f o l l o w s ,  a n d  h e n c e  - ( - f )  =  f ,  u s i n g

5 . 1 f  .  T h e n  - 1 0  -  - r ^ ( - t ) # - t o  =  ( - 1 0 ) # ,  a n d  s o  - ( f # )  =  ( - f  ) #  b y  5 . ! e , f  .



S o m e  c o m p u t a t i o n  t h e n  s h o w s  t h a t  e ( A , A )  s a t i s f i e s  3 . 1 e .

I n  8 ( A , A ) ,  w e  h a v e  b y  5 . 1 b , d , f , h  t h a t

0  <  0 I 0  =  0 ( 1 +  ( - 1 ) )  s  0 1  + 0 ( - 1 )  =  0 +  ( - 1 ) 0  s  0 +  I 0  =  0 .

I t  f o l l o w s  t h a t  0  i s  n u l l  i n  0 ( A , A ) ,  a n d  s i m i l a r l y  I  i s  n u l l .  A J ' s o ,  0  a n d

are  symmet r ic  by  app ly ing  5 .1b ,e .  Now 0g =  0g+0 by  the  arguments  p rov ing

3 , 4 b , c , d , e ,  s o  0 g  s  g + h  u s i n g  5 . 1 d ,  f o r  g , h : A - A .  S i m i l a r l y ,  g + h  s  g I .

A l s o  g I 0  =  g ( 1 + ( - 1 ) )  s  g + ( - g ) ,  a n d  s o

g l 0 g  .  g l 0 g # g  .  O g v g I O  <  g +  ( - g ) ,

u s i n g  5 . 1 d , g .  D u a I  a r g u m e n t s  s h o w  t h a t  g l 0 g  =  g + ( - g ) ,  a n d  i t  f o l l o w s  t h a t

e ( A , A )  s a t i s f i e s  3 . 1 f .  T h e n  0 ( A , A )  i s  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h

un i t  by  3 . !2 ,  p rov ing  the  f i rs t  par t .  l { Ie  omi t  the  ca lcu la t ions  prov ing  the

second par t .  I

Much o f  the  e lementary  theory  o f  a lmost  s t rong ly  exac t  re la t ion

c a t e g o r i e s  c a n  b e  a d a p t e d  f r o m  s i m i l a r  r e s u l t s  f o r  a d d i t i v e  r e l a t i o n

a l g e b r a s .  I m p l i c i t l y  u s i n g  5 . 3 ,  w e  c a n  a p p l y  r e s u l t s  o f  $ 3  b e l o w .

5 . 4 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  f  : A + B  i n  8 ,  f  i s  n u . l l  i f  f g f  =  f  f o r

a l l  g ' B  + A  i n  8 .  F o r  d : A - A  i n  0 ,  d  i s  s y m m e t r i c  i f  d  =  d # ,  a n d  d  i s

i d e m p o L e n t  i f  d  =  d d .  ( C o m p a r e  3 . 4 . )

5 . 4 a .  I f  f : A - B , t h e n f  = f f # f  = f + ( - f ) + f  ( s e e 5 . 3 ) .

5 . 4 b .  I f  f  : A - 8 ,  x : B - C  a n d  g : C  n D  s u c h  t h a t  x  i s  n u l l ,  t h e n  f x g  i s  n u l l .

I f  y : A  , B  a n d  z : C  ' D  a r e  n u I I ,  t h e n  y h z  -  y k z  f o r  a L l  h , k : B - C .  I f

w : A - B  i s  n u l l ,  t h e n  w  =  - w  =  w + w .  ( S e e  3 . 4 b , c , d ,  a n d  n o t e  t h a t  w  =

, * # *  =  i r y ( w # w + w # w )  <  w + w  b y  5 . 1 h . )

5 . 4 c .  F o r  a l l  A  a n d  B , O l s  a n d  I o ,  a r e  n u 1 l ,  a n d  a r e  s y m m e t r i c  i f  A  =  B .

F o r  a l l  A ,  B  a n d  C ,  0 o r 0 r B  =  O n t ,  I l c I c B  =  I o B ,  I o r 0 r B  =  0 l B  a n d  O o r l c B  =

0 o r u .  ( N o t e  0 o B  =  I 0 o ,  s  I o A c o c n  <  I l c O c s  <  I A c 0 c l o l n  s  I o A B ,  e t c .  u s i n g

5 . 4 b  a n d  3 . 1 3 a , 0 1 8  =  0 0 0 ,  a n d  I o ,  =  I I o ,  a r e  n u l l ,  a n d  a r e  s y m m e t r i c  i f

A  =  B .  )

5 . 4 d .  F o r  f  : A - B ,  0 f  =  o A B f # f  =  O o s l n f  a n d  f I  =  f f # I l s  =  O l l s v f  s i n c e



0 f  s  0 o r f # f  =  o f f * f  =  0 f ,  0 o r l n f  <  o A B o A B # f  =  0 f ,  e t c . )

5 , 4 e ,  F o r  a I I  A  i n  0 ,  ( - 1 0 ) ( - 1 0 )  =  1 o  a n d  ( - t ) r  -  - 1 A .  A I s o ,  0 ( - 1 0 )  =

0 =  ( - 1 A ) O a n d I ( - 1 o ) = I =  ( - 1 A ) I .  ( N o t e  ( - ! ) z  = - ( - 1 )  = t a s  i n 5 ' 3 .  T h e n

- 1  =  ( - 1 ) ( - 1 ) # ( - l )  =  (  1 ) * .  F o r  t h e  r e s t ,  u s e  5 . t f  a n d  5 . 4 b , c .  )

5 .4 f  .  Suppose f  :A  ,8 .  I f  d :A-A is  a  symmet r ic  idempotent ,  then d f  =

( d 0 l n  v f  )  ^ d l o r .  I f  e : B - B  i s  a  s y m m e t r i c  i d e m p o t e n t ,  t h e n  f e  =

( O l s e  v  f )  ^  I n s " .  ( N o t e  d I  n  f f #  <  d f f # ,  s o  d f  >  ( d I A B f #  ̂  f f # ) f  >

( d l l s n f ) t # f  >  h h # h  =  h  f o r  h  =  d l o s ^ f .  P r o v e  d f  s  d O o r v f  s i m i l a r l y ,  t h e n

u s e  m o d u l a r i t y  a s  i n  3 . 1 0 e .  T a k e  c o n v e r s e s  t o  o b t a i n  t h e  s e c o n d  f o r m u l a . )

5 . 4 e .  I f  f  , g : A - 8 ,  t h e n  0 ( f  + g )  =  0 f  v 0 g  a n d  ( f  + g ) I  =  f I n g I .  S i n c e

O r o f + 0  =  O r o f  b y  3 . 4 e ,  w e  h a v e  0 f  =  O o r ( O s o f + O s l g )  <  0 f v O g  s  f + g

u s i n g  5 . 4 c .  N o w  0 g  <  f  + g  s i m i l a r l y ,  s o  h  <  0 ( f  + g )  f o r  h  =  0 f  v O g

u s i n g  5 . 4 d .  B u t  0 ( f  + e )  <  0 f  + 0 g  s  0 h + 0 h  =  0 h  s  h  b y  5 . 4 b , c ,  p r o v i n g

t h e  f i r s t  p a r t .  T h e  s e c o n d  p a r t  i s  d u a l .  )

5 . 4 h .  I f  f  , g : A - B  s a t i s f y  f  s  g ,  0 f  ' 0 g  a n d  f I  >  g I ,  t h e n  f  =  B .  ( B y  5 . 1 g

a n d  t h e  h y p o t h e s e s ,  I  =  f I A g  <  f f # g  =  f g # g  = O g v f  =  f . )

5 .4 i .  Suppose A and B are  R-modu les .  Then w 'A+B is  nu l1  in  R-Ret  i f f

there  ex is t  submodu les  Ao o f  A  and Bo o f  B  such tha t  w =  Ao@Bo.  (For

symmet r ic  idempotents  and symmet r ic  nu l1  e lements ,  see  3 ,4h .  )

We g ive  some fu r ther  e lementary  resu l ts  here ,  go ing  beyond the  ana lys is

o f  $ 3 .

5 . 5 .  P r o p e r t i e s  o f  A l m o s t  S t r o n g l y  E x a c t  R e l a t i o n  C a t e g o r i e s .

5 . 5 a .  S u p p o s e  f  , g : A - B  w i t h  d  =  l o n f f *  n g g #  a n d  "  =  l B v f # f  , g # g .  T h e n

d f e l  =  d l o n  =  d g e l ,  O d f e  =  O a B "  =  O d g e  a n d  f + g  -  d ( f + B )  =  d f + d g  -

( f + e ) e  =  f e * g e  =  d f e + d g e .  ( N o t e  t h a t  d l o ,  >  d f e l  >  d f l  =  d f f # I l s  >

d d I A B  =  d l o ,  u s i n g  5 ' 4 c  a n d  3 ' 1 3 j .  S o ,  d f e l  =  d l o *  a n d  d g e l  =  d l o ,  a n d

O d f e  =  0 l B "  =  O d g e  s i m i l a r l y .  F o r  h  =  f + g ,

1 o  n h h #  <  l  n h I I B A  =  1 n  ( f I  n g I ) I s l  <  1 n  f f # I  n g g # I  =  d ,

u s i n g  5 . 4 c , g  a n d  3 . 1 3 i .  T h e n  h  =  ( 7 n h h * ) h h # h  <  d h  b y  3 . 1 3 i ,  a n d  h e  s  h



s i m i l a r l y .  S o ,  h  S  d h  <  d f  + d g ' d f e + d g e  s  f e + g e  S  h e  =  h ,  u s i n g  5 . 1 d , h ' )

5 . 5 b .  F o r  f , g : A - B ,  ( f  n g ) 0  =  f 0 + g 0  a n d  I ( f  v g )  =  I f  + I g .  ( F o r  h  =

f 0 n g 0  a n d  k  =  f 0 + g 0 ,  ( f  n g ) 0  =  h  =  h + h  s  k  =  f 0 I 0 + g 0 I 0  <  k I O  =

( f O I  n g 0 I ) 0  s  n ,  u s i n g  5 . 4 b , c , d , 8  a n d  5 . 1 h .  T h e  s e c o n d  p a r t  i s  d u a l .  )

5 . 5 c .  I f  f  , g : A - B  a n d  h , k : A - C ,  t h e n  ( f  +  g ) # ( t  *  t )  s  f # t r  v  g # k .  I f

f  , g : B . _ A  a n d  h , k : C - A ,  t h e n  f h # n g k # .  ( f  + g ) ( h + k ) # .  ( G i v e n  f  , g : A - B

a n d  h , k : A - C ,  l e t  c  =  1 A  n f f #  n g g #  a n d  d  =  1 A  ̂ h h #  n k k # .  T h e n  c  a n d  d  a r e

s y m m e t r i c  i d e m p o t e n t s  w i t h  c d  =  d c  =  c A d  b y  3 . 1 3 i ,  a n d  c ( f + g )  =  f + g  a n d

d ( h + k )  =  t r + k  b y  5 . 5 a .  L e t  f o  =  c d f ,  g g  =  e d g ,  h o  =  c d h  a n d  k o  =  c d k .  N o w

c d l  =  c d ( 1 n  f f #  n e e # ) I  s  c d f f # I  =  f o r r o  =  f 0 f 0 # I  S  c d l ,

a n d  c o n t i n u i n g  w e  o b t a i n  c d l  =  f ' f o # I  =  B o B o # I  =  h ' h o # I  =  k 0 k 0 # I .  L e t  s  =

( f o  + B o ) # ( h o  + k o ) ,  t  =  f o # h o  v g o # k o  a n d  e  =  ( f o  * g o ) # ( f o  + B o ) .  N o t e  t h a t

s  <  e t  b e c a u s e  b y  5 . 4 b , f  a n d  t h e  a b o v e ,

h o  + k o  <  f ' f o # h '  + g o g o # k o  .  ( f o  + g 0 ) t .

A l s o  e t  s  t  b y  5 . 4 f  ,  s i n c e  " O l c  =  ( f o  + g o ) # 0 r ,  =  ( 0 c r f o  v O r r e o ) #  =

f u O r r v g # 0 n c  <  t  u s i n g  5 . 4 c , d , g .  T h e n

( f  + g ) # ( f t * k )  =  [ c d ( f  + g ) ] # c d ( h + k )  <  s  s  e t  <  t  s  f # h u g # k

u s i n g  5 . 1 e , h ,  p r o v i n g  t h e  f i r s t  p a r t .  T h e  s e c o n d  p a r t  i s  d u a l .  )

5 . 5 d .  S u p p o s e  f  : A  , B  a n d  g , h : B - C .  i f  O f # f  s  g g #  o r  O f # f  s  h h # ,  t h e n

f  ( g  ̂ h )  =  f g  n  f h  a n d  f  ( g  v h )  =  f g  v  f h .  I f  k : C  , D  s u c h  t h a t  g # g  =  k k # I  o r

h # h  <  k k # I ,  t h e n  ( g v h ) k  -  g k v h k  a n d  ( g + h ) k  =  g k + h k .  ( G i v e n  f , g , h  a n d

o f # f  <  h h # ,  l e t  e  =  l r v f # f .  T h e n  e 0 r ,  =  g # f o o s s  s  h h # o B c  s  h ,  b y  3 . 1 3 i

a n d  5 . 4 c .  S o ,  e h  =  h  u s i n g  5 . 4 f  a n d  e  >  1 ,  a n d  s i m i l a r l y  f  =  f e .  T h e n

e ( g ^ h )  =  e O r . v ( g ^ h )  =  e g n h  b y  m o d u l a r i t y  a n d  5 . 4 f  .  F o r  r  =  f g A f h ,

f f # r  =  r  u s i n g  5 . 4 f  ,  s o  f ( g ^ h )  =  f e ( g ^ h )  =  f ( e g n e h )  >  f ( f # f g n f # f h 1  >

f f # r =  r > f ( g n h ) .  F o r s = f ( g + h )  a n d t = f g + f h ,  s s t b y 5 ' 1 h ,  a n d

s I  =  f ( g l n h l )  =  f g l n f h l  =  t I  b y  5 . 4 g  a n d  t h e  a b o v e .  F i n a I I y ,  0 s  =

O f ( g + h ) ( 1 + I O ) #  >  O f ( g n h O I )  =  O f g n O f h 0 l  =  O f g  b y  5 . 5 c  a n d  t h e  a b o v e .

S i m i l a r l y  0 s  >  0 f h ,  s o  0 s  >  O f g v O f h  =  0 t .  B y  5 . 4 h ,  s  =  t .  T h e  r e m a i n i n g



p a r t s  a r e  s i m i l a r  o r  d u a l .  )

5 . 5 e .  S u p p o s e  f  , g : A - B .  T h e n  0 ( f  v  B )  =  Q I ( f  +  ( - g ) )  a n d  ( f  n  g ) I  =

( f + ( - g ) ) 0 I .  ( F o r  h  =  O I ( f + ( - g ) )  a n d  k  =  f + 9 ,  w e  h a v e  h  =

( 1 + ( - L ) ) # ( f  + ( - e ) )  s  7 * f  v ( 1 ) * ( - g )  =  k  b y  5 . 5 c  a n d  5 . 4 e ,  s o  h  <  0 k

b y  5 . 4 d .  U s i n g  5 . 5 d ,

o k  s  o A B g * ( f u g )  =  o l r ( g # f u g # g )  s  0 A B ( 1  u g * f r g # g )  =  O l s ( 1 v g # f ) ,

s i n c e  t v g t t g  =  1 v g # g 0  <  t v g # f  b y  3 . 1 3 i .  F o r  t  =  g t f  + ( - 1 )  t h e n ,

0 k  s  0 o r ( 1  v  ( 1  +  r 0 ) * ( t +  t ) )  s  o A B ( 1  v  L # !  v o l t )  <  o A B I t

b y  5 . 5 d  s i n c e  0 ( 1 v t # I t )  =  O I t  b y  3 . 1 3 i  a n d  3 . 4 c .  N o w  t  <  t I  <  g # f l  s

g # I l r  =  g # g l  b y  5 . 4 d , g ,  s o

r o r t  =  r o r E # g t  =  r o r ( g # f *  ( - g # g ) )  =  I n s E # ( t * ( - g ) )  <  I ( f + ( - g ) ) ,

u s i n g  5 . 4 e , f  a n d  5 . 5 d .  T h e n  0 k  s  h  f o t l o w s ,  a n d  t h e  r e s t  s i m i l a r l y .  )

Nex t ,  we cons ider  func tors  p reserv ing  add i t i ve  re la t ion  ca tegory

s t ruc tures .

5 . 6 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  S u p p o s e  e  a n d  D  a r e  a l m o s t  s t r o n g l y  e x a c t

re la t ion  ca tegor ies .  A  re la t ion  func tor  F :0  'D  is  a  func tor  such tha t  fo r

f  , g  i n  e ( A , B ) ,  F ( f # )  =  ( F f  ) # ,  F ( f  n g )  =  F f  n F g ,  F ( f  v g )  =  F f  v F g ,  F ( f  +  g )  =

F f + F g  a n d  F ( - f )  =  - F f ,  a n d  f o r  C  =  F ( A )  a n d  D  =  F ( B ) ,  F ( Q a s )  =  Q c l ,

F ( I l s )  =  I c o  a n d  F ( O l s )  =  0 c o .

5 . 6 a .  C o m p o s i t e s  o f  r e l a t i o n  f u n c t o r s  a r e  r e l a t i o n  f u n c t o r s ,  a n d  t h e

i d e n t i t y  f u n c t o r  i s  a  r e l a t i o n  f u n c t o r .  I n c l u s i o n  f u n c t o r s  o f  f u l L

subcategor ies  a re  reLat ion  func tors .

5 . 6 b .  S u p p o s e  F : 8 - D  i s  a  r e l a t i o n  f u n c t o r .  T h e n  F  i n d u c e s  a

r r - h o m o m o r p h i s m  e ( A , A ) - - - - - - - D ( f  ( A ) , F ( A ) )  f  o r  e a c h  A  i n  0 .  I f  F  i s  a n

embedding functor,  then F induces a one-one rr-homomorphism.

5 .6c .  A  r r -homorph ism f  :B- - - - - - -C o f  add i t i ve  re la t ion  a lgebras  w i th  un i t  can

be regarded as  a  re la t ion  func tor  0 r -8 ,  (  see  5 .3  )  .

T h e  f o l l o w i n g  r e s u l t  i s  a d a p t e d  f r o m  I R A R A M ,  2 . I 9 ,  p .  7 3 ] .  I t  g i v e s  a



conven ien t  tes t  fo r  re la t ion  func tors .

5 . 7 .  P r o p o s i t i o n .  S u p p o s e  F : 0  ' D  i s  a  f u n c t o r  o f  a l m o s t  s t r o n g l y  e x a c t

re la t ion  ca tegor ies  such tha t  F  p reserves  converses  and order ,  tha t  i s ,

F ( f # )  =  F ( f ) #  a n d  f  <  g  i m p l i e s  F ( f )  s  f ( e ) ) .  A l s o ,  s u p p o s e  t h a t  F ( f * g )  =

F ( f  ) + F ( g )  o r  F ( f  + g )  >  F ( f ) +  F ( g )  i f  0 f  =  0 g  a n d  f I  =  B I ,  f o r  a l l  f  , g : A - B

i n  8 .  T h e n  F  i s  a  r e l a t i o n  f u n c t o r .

Proo f :  Assume the  hypotheses ,  and suppose F(A)  =  C and b  =  F(Ooo) .  By

5 . 1 b , c , d  a n d  t h e  h y p o t h e s e s ,  b + b  <  b  o r  b + b  >  b .  U s i n g  3 . 1 e , f ,  b + b  s  b

i m p l i e s  b  <  b + ( - b )  s  - b ,  h e n c e  b  =  b + ( - b )  i s  n u l l .  S i m i l a r l y ,  b  i s  n u I I

i f  b + b  >  b ,  s o  b  =  b O b  s  0  b e c a u s e  b  s  1 r .  T h i s  p r o v e s  F ( 0 o o )  =  0 r ,  i n  a l l

c a s e s ,  a n d  F ( I l l )  =  I c ,  d u a l l y .  I t  f o l l o w s  t h a t  F ( 0 l r )  =  O c o , F ( I r s )  =  I c o

a n d  F ( 0 l s )  =  O c D  f o r  D  =  F ( B ) ,  u s i n g  5 . 4 b , c  a n d  5 . 1 c .

S u p p o s e  f  , g : A - B  a n d  c  =  1 ,  v  f # f  .  B y  3 . 1 3 i  a n d  5 . 4 c , d ,  0 f  =  O o r c .  S o ,

0 f  v g  =  0 l l " V g  =  g c  b y  5 . 4 f  ,  a n d

F ( 0 f  v B )  =  F ( e ) F ( c )  =  0 c n F ( c )  v F ( s )  =  0 F ( r ) v r ( e ) .

S i m i l a r l y ,  F ( f I  ^ g )  =  F ( f  ) I  n F ( g ) .  B y  5 . 4 9  a n d  t h e  a b o v e ,

0 F ( f  + B )  =  F ( O r  v 0 e )  =  0 r ( f  ) v 0 F ( e )  =  0 ( F ( f  ) + r ( g ) ) .

S i m i l a r l y ,  F ( f  +  s ) I  =  ( F ( f )  +  F ( e ) ) I .  I f  f o l l o w s  b y  5 . 4 h  t h a t  F ( f  +  g )  =

r ( f  )  + r ( g )  i f  F ( f  + e )  s  F ( f  ) + F ( s )  o r  F ( f  + g )  >  F ( f  ) + r ( g ) .  B y  5 . 5 a ,  t h e r e

e x i s t  d . 1 o  a n d  e  >  1 ,  s u c h  t h a t  d f e l  =  d l o l  =  d g e l ,  O d f e  =  O n B "  =  O d g e  a n d

f + g  -  d f + d g  =  d f e + d g e .  U s i n g  t h e  f i n a l  h y p o t h e s i s  o f  5 . 7 ,  F ( d f e + d g e )  =

F ( d f e ) + F ( d g e ) .  S i n c e  e  >  1 ,  F ( d f + d g )  =  F ( d f e ) + f ( d g e )  >  f ( d f ) + F ( d g ) ,  s o

F ( d f + d g )  =  F ( d f ) + F ( d g ) .  F i n a l I y ,  F ( f + B )  =  F ( d f ) + f ( d g )  <  F ( f ) + F ( g ) ,  s o

F ( f  + s ) ' =  F ( f  ) + F ( g ) .

N o w  F ( - 1 0 )  =  - 1 r t o ,  u s i n g  5 . 1 f  a n d  t h e  a b o v e ,  a n d  t h e n  F ( - f )  =  F ( f )  f o l l o w s .

C l e a r l y ,  F ( f n g )  s  F ( f ) n r ( g ) .  S i n c e  0 ( f n g )  =  ( f # O + e # O ) #  b y  5 . 5 b  a n d

5 . ! c ,  w e  h a v e  O F ( f  n g )  =  O ( F ( f  ) n r ( g ) )  b y  t h e  a b o v e .  s i m i l a r l y ,  ( f  n g ) I  =

( f  +  ( - s ) ) 0 I  b y  5 . 5 e ,  l e a d i n g  t o  F ( f  n g ) I  =  ( f  ( f  ) n F ( e ) ) I .  T h e n  F ( f  n g )  =

F ( f  ) n F ( g )  b y  5 . 4 h .  S i n c e  F ( f  v B )  =  F ( f  ) v F ( g )  d u a l l y ,  F  i s  a  r e l a t i o n



func tor .  I

l l le now show that almost strongly exact relat ion categories can be

charac ter ized  as  fu l I  subcategor ies  o f  s t rong ly  exac t  re la t ion  ca tegor ies .

G iven an  a lmost  s t rong ly  exac t  re la t ion  ca tegory  0 ,  we cons t ruc t  a  s t rong ly

exac t  re la t ion  ca tegory  ö  ex tend ing  0 ,  where  ö  i s  min ima l  up  to  equ iva lence

o f  r e l a t i o n  c a t e g o r i e s .  S i m i l a r  c o n s t r u c t i o n s  a r e  i n  I G H ] ;  t h e  f i r s t

journa l  pub l i ca t ion  o f  such a  cons t ruc t ion  is  by  R.  Vescan [Ve] .

Essent ia l l y ,  we genera l i ze  the  use  o f  symmet r ic  idempotents  and the  se ts

r e l ( c , d )  o f  3 . 1 6 .

5 . 8 .  D e f i n i t i o n s .  S u p p o s e  e  i s  a n  a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y .

D e f i n e  0  a s  f o l l o w s :

The ob jec ts  o f  ä  " . "  the  symmet r ic  idempotents  c :A-A o f  ts .

T h e  m o r p h i " r "  ö ( c , d )  f o r  s y m m e t r i c  i d e m p o t e n t s  c : A  , A  a n d  d : B  , B

o f  0  a r e  t r i p l e s  ( c , f , d )  s u c h  t h a t  f  : A - B  a n d  c f  =  f  =  f d  i n  e .

The ca tegory  s t ruc tu res  and converses  are  g iven by :

( c , f  , d ) ( d , g , e )  =  ( c , f g , e )  f r o m  0 ( c , d )  r e ( d , e )  t o  8 ( c , e ) ,

( c , f , d ) #  =  ( d , f # , c )  f r o m  ö ( " , u 1  t o  ö ( d , c ) ,  a n d

1 "  =  ( c , c , c )  i r ,  ö ( c , c )  f o r  e a c h  o b j e c t  c .

T h e  ( 0 , I )  l a t t i c e  o p e r a t i o n s  a r e  d e f i n e d  l r ,  ö t c , d )  b y :

( c , f , d ) v ( c , g , d )  =  ( c , f  v g , d ) ,  ( c , f , d ) n ( c , g , d )  =  ( c , f  n g , d ) ,

0 " d  =  ( c , c 0 o r d , d )  a n d  I " d  =  ( c , c l o r d , d ) .

R e l a t i o n a l  s u m  s t r u c t u r e s  a r e  d e f i n e d  i r ,  ö t c , d )  b y :

( " ' , f , d ) + ( c , g , d )  =  ( c , f  + g , d ) ,  - ( c , f , d )  =  ( c , - f , d )  a n d

0 "  d  
=  ( c  ,  c 0 o r d ,  d )  .

D e f i n e  1 1 . g - !  b y  H ( A )  =  1 l  a n d  H ( f  )  =  ( 1 0 , f , 1 8 )  f o r  f  : A ' - - . - - B  i n  0 .

5 . 9 .  P r o p o s i t i o n .  S u p p o s e  0  i s  a n  a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y .

Then I  i s  a  s t rong ly  exac t  re la t ion  ca tegory ,  and H is  an  embedd ing  re la t ion

functor which induces an isomorphism between 0 and the ful l  subcategory of I



d e t e r m i n e d  b y  t h e  c l a s s  o f  o b j e c t s  { 1 0 :  A  i n  0 } .  I f  F : C  ' D  i s  a  e m b e d d i n g

re la t ion  func tor  f rom I  in to  a  s t rong ly  exac t_re la t ion  ca tegory  D,  then

there  ex is ts  an  embedd ing  re la t ion  func tor  F :C 'D  such tha t  f  =  H i '

Proo f :  c lear ly ,  the  ca tegory  s t ruc tu res  and converses  i r ,  ö  t . "

w e l l - d e f i n e d .  F o r  ( c , f , d )  i n  c ( c , d ) ,  f  =  c f d  i m p l i e s  c o o r d  <  f  <  c l o r d '

c o n v e r s e l y ,  c O o r d  <  f  <  c l o r d  i m p l i e s  c f  =  f  =  f d  ( b e c a u s e  c I  >  f f #  i m p l i e s

c f f #  >  t f #  U y  g . 1 B h ,  a n d  s o  o n ) .  S o ,  t h e  ( 0 , I )  l a t t i c e  s t r u c t u r e s  f o r

0 ( c , d )  a r e  w e l l - d e f i n e d .  F o r  ( c , f , d )  a n d  ( c , 8 , d )  i n  0 ( c , d ) '  s u m  i s  w e l l

d e f i n e d  b e c a u s e  c O o r d  =  c 0 o r d + c O o r d  <  f + g  b y  5 . 4 b  a n d  5 ' 1 d ,  e t c .  N e g a t i o n

i s  w e l l - d e f i n e d  u s i n g  5 . 1 f ,  a n d  0 " ,  i s  w e l l - d e f i n e d '

C a l c u l a t i o n s  s h o w  t h a t  5 . 1 a , b , d , e , g , h  a r e  s a t i s f i e d  i n  ö ,  a s  a r e

c o m m u t a t i v i t y  a n d  a s s o c i a t i v i t y  o f  s u m  f r o m  5 . 1 c .  N o w  c f  =  f  =  f d  i m p l i e s

f  =  f * o o g  s  f + o o r d  s  ( f + o A B ) d  =  f d  =  f  b y  5 . 1 f , h  f o r  0 ,  a n d  s o  f  =

f + O o r d  >  f + c O o r d  >  c ( f + O A B d )  =  f ,  p r o v i n g  5 . 1 c  f o r  0 .

C l e a r l y  - ( c , f , d )  =  ( - 1 " ) ( c , f , d )  =  ( c , f , d ) ( - 1 u )  f r o m  5 . 1 f .  A I s o ,  0 " d  =

I O " d  =  I c d O  i s  e a s i l y  s e e n  ( c O o r d  =  c l 0 o r d  =  c l c c l O o r d ,  e t c '  ) '  T o  c o m p l e t e

t h e  v e r i f i c a t i o n  o f  5 . 1 f  f o r  8 ,  n o t e  t h a t  1 " + ( - 1 " )  =  0 " "  b e c a u s e  c + ( - c )  =

c l 0 c  b y  3 . 1 3 b

N o w  s u p p o s e  e  =  ( c , d , c )  i s  a  s y m m e t r i c  i d e m p o t e n t  o f  0 ,  s o  d  i s  a

s y m m e t r i c  i d e m p o t e n t  o f  0 .  T h e n  f  =  ( d , d , c )  i n  ö ( a , " )  s a t i s f i e s  f f #  =  1 a

a n d  f # f  =  e ,  p r o v i n g  5 . 1 i  f o r  0 .  S o , 8  i s  a  s t r o n g l y  e x a c t  r e l a t i o n

caregory .

v e r i f i c a t i o n  o f  t h e  p r o p e r t i e s  o f  H  i s  r o u t i n e .  A s s u m e  F : 8  ' D

sat is f  ies  the  hypotheses  above.  For  each symmet r ic  idempotent  c :A-A o f  e  ,

d e f  i n e  F ( c )  i n  D  b y  u s i n g  5 . 1 i  t o  s e l e c t  s o m e  h " : F ( c ) - t ( [ )  i n  E  s u c h  t h a t

h " h " u  =  1 r ( " )  a n d  h . u n "  =  F ( c ) .  I f  c  =  1 0 ,  c h o o s e  F ( c )  =  F ( A )  a n d  h "  =

1 r ( o ) .  T o  d e f  i n e  i  f  o "  a  m o r p h i s m  ( c , f  , d )  i r ,  ö t c , d ) ,  . r r " "  i ( " , f  , d )  =

h c F ( f ) h . u .  C o m p u t a t i o n  u s i n g  5 . 7  s h o w s  t h a t  i  i s  a  w e l l - d e f i n e d  e m b e d d i n g

re la t ion  func tor  hav ing  the  des i red  proper t ies '  I

I l l e  omi t  the  proo f  o f  the  fo l low ing  resu l t ,  wh ich  is  suggested  by  the



1 0

r e s u l t s  o f  5 . 2 .

5 . 1 0 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  r i n g  a n d  0  i s  a  f u l l  s u b c a t e g o r y  o f  R - R e l

w i th  inc lus ion  func tor  F .  f f ren  i  can  be  chosen to  be  a  re la t ion  func tor

equ iva lence f rom ä  in to  the  fu l l  subcategory  o f  R-ReI  de termined by  the

c lass  o f  subquot ien ts  o f  ob jec ts  o f  0 .

l {e now turn to considerat ion of proper morphisms and the subcategories

assoc ia ted  w i th  them.

5 . 1 7 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  A  m o r p h i s m  f  : A - B  i n  0  i s  c a l l e d  p r o p e r

i f  f f #  >  1 o  a n d  f # f  s  1 , .

Suppose f  :A  )B  in  0 ,  and y :A  'A  and z 'B  +B are  symmet r ic  nu l l

morph isms o f  e .  Then f#y f  i s  ca l led  the  image o f  y  under  f ,  and '  f z f#  i s

ca l led  the  pre image o f  z  under  f .

F o r  f  : A - B  a n d  g : B - C  i n  8 ,  ( f  , g )  i s  c a l l e d  e x a c t  i f  f # I f  =  g 0 g #  ( t h a t

is ,  the  image o f  I  under  f  equa ls  the  pre image o f  0  under  g ) .

5 . t l a .  F o r  f  : A - B ,  f  i s  p r o p e r  i f f  O f  =  0 o B  a n d  f I  =  I u B .  ( N o t e  f f #  >  t A

i m p l i e s  f l  t  f f # I l s  >  I A B ,  a n d  f I  =  I o ,  i m p l i e s  f f # I  =  I ,  h e n c e  1 o  s  f f #  b y

5 . 1 g ,  e t c .  )

5 . 1 , 1 b .  I f  f  , g : A - B  a r e  p r o p e r  a n d  f  <  g ,  t h e n  f  =  g  ( 5 . 4 h ) .

5 .11c .  For  any  A and B,  7A,  -1o  and 0o ,  a re  p roper .  For  p roper  f  ,g :A- - - . . . *8 ,

- f  a n d  f  +  g  a r e  p r o p e r .  I f  h : B - C  i s  a l s o  p r o p e r ,  t h e n  g h  i s  p r o p e r .  I f

z : A - B  i s  n u l l  a n d  p r o p e r ,  t h e n  "  =  } t B .  ( U s e  5 , 4 b , c , € , g  a n d  5 . 1 1 a .  )

5 . 1 1 d .  I m a g e s  a n d  p r e i m a g e s  a r e  s y m m e t r i c  a n d  n u l l .  I f  f  : A  , B  a n d  g ; B - C ,

the  image o f  y :A+A under  fg  i s  the  image o f  the  image s j .nce  g#( f#y f lg  =

( f  g ) # y f ' g ,  a n d  s i m i l a r l y  f  o r  p r e i m a g e s  o f  z : C  n C  u n d e r  f g .

5 . 7 t e .  I f  ( f , e )  i s  e x a c t ,  t h e n  f g  i s  n u l l  ( f g  s  t t # I t g  =  f g O g # g  s  f g ) .

5 . t l f .  In  R-ReI ,  f  :A- - *B is  p roper  i f f  i t  i s  the  graph o f  an  R- l inear

homomorph ism.  A  pa i r  ( f ,g )  o f  p roper  maps is  exac t  in  R-Re l  i f f  the

cor respond ing  R- I inear  homomorph isms are  exac t  in  R-Mod.  I f  h :A  ,B  in

R-ReI  and y :A-A is  symmet r ic  and nu l l ,  so  tha t  y  =  Ao @A0 fo r  some
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submodu le  Ao o f  A ,  then the  image fy f#  equa ls  Bo@Bo fo t

B o  =  { b  e  B :  t h e r e  e x i s t s  a  i n  A o  s u c h  t h a t  ( t , b )  €  f } ,

a n d  s i m i l a r l y  f o r  p r e i m a g e s .

5 . 1 2 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  I f  e  i s  a  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y ,

Ie t  P(0)  denote  the  sys tem o f  a l i  ob jec ts  and a l l  p roper  morph isms o f  8 .  I f

F :0  'D  is  a  re la t ion  func tor  fo r  some s t rong ly  exac t  re la t ion  ca tegory  D,

I e t  P ( f ) ( A )  d e n o t e  F ( A )  f o r  A  i n  0 ,  a n d  P ( F ) ( f  )  d e n o t e  F ( f  )  i f  f  : A  ' B  i s

proper  in  8 .

5 . I Z a .  P ( e )  i s  a  s u b c a t e g o r y  o f  8 .

5 . 7 2 b .  P ( F ) ( A )  a n d  P ( F ) ( f  )  d e t e r m i n e  a  f u n c t o r  P ( F ) : P ( e ) - p 1 g ;  ( a I s o

s e e  5  . I 4 ) .

5 . I Z c .  F o r  R  a  r i n g ,  R - M o d  i s  i s o m o r p h i c  t o  P ( R - R e l ) ,  b y  t h e  u s u a l

i d e n t i f i c a t i o n  o f  R - l i n e a r  h o m o m o r p h i s m s  w i t h  t h e i r  g r a p h s  ( 5 . 1 1 f ) .

5 . 1 3 ,  D e f i n i t i o n s  a n d  P r o p e r t i e s .  A  c a t e g o r y  i s  e x a c t  i f  i t  h a s  n u l l

morph isms,  kerne ls ,  cokerne ls ,  normal  monomorph isms and conormal

ep imorph isms,  and every  morph ism fac tors  as  an  ep imorph ism fo l lowed by  a

monomorph ism.  An add i t i ve  s t rucLure  on  a  ca tegory  0  i s  g iven  by  (add i t i ve ly

wr i t ten)  abe l ian  group s t ruc tu res  on  0(A,B)  fo r  a l l  A  and B in  0 ,  such tha t

compos i t ion  d is t r ibu tes  over  sum on the  le f t  and r igh t  whenever  the

a p p r o p r i a t e  e o m p o s i t e s  a r e  d e f i n e d .  ( T h i s  h a s  b e e n  c a l 1 e d  a  p r e a d d i t i v e

s t ruc ture  by  some authors . )  An exac t  add i t i ve  caLegory  i s  an  exac t  ca tegory

wi th  an  add i t i ve  s t ruc tu re .  I f  0  and E are  exac t  add i t i ve  ca tegor ies ,  then

a func tor  F :0 - - - -ß  i s  exac t  i f  i t  p reserves  exac t  sequences  and is  add i t i ve

i f  i t  p r e s e r v e s  s u m s .

0 f  course ,  an  abe l ian  ca tegory  has  a  un ique add i t i ve  s t ruc tu re  fo r  wh ich

i t  i s  an  exac t  add i t i ve  ca tegory ,  and an  exac t  func tor  o f  abe l ian  ca tegor ies

i s  a d d i t i v e  ( s e e  C ? ) ,

5 . I 4 .  P r o p o s i t i o n .  I f  e  i s  a  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y ,  t h e n  P ( e )  i s

an  exac t  add i t i ve  ca tegory .  I f  F :0 - - - - - - -D is  a  re la t ion  func tor  o f  s t rong ly
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e x a c t  r e l a t i o n  c a t e g o r i e s ,  t h e n  P ( F ) : P ( 0 ) + P ( D )  i s  a n  e x a c t  a n d  a d d i t i v e

func tor .  I f  F  i s  an  embedd ing  re la t ion  func tor ,  then P(F)  i s  a lso  an

embedding functor.

Proof :  Assuming e is nonempty, choose C in I  and z:X-C such that " t# =

1 *  a n d  , * ,  =  O  b y  5 . 1 i .  S i n c e  0  i s  n u I I  a n d  ! *  =  z O z # ,  ! *  i s  n u l l .  B y

5 . L t c ,  X  i s  a  z e r o  o b j e c t  o f  P ( 0 )  w i t h  r e s p e c t  t o  m o r p h i s m s  0 o ,  a n d  0 r '  a n d

o a B  =  o o * o * r '

G i v e n  f  : A + B  i n  p ( C ) ,  u s e  b . 1 i  t o  s e l e c t  k : K  , A  s u c h  t h a t  k k #  =  1 *  a n d

k # k  =  l o n f O f # ,  a n d  t o  s e l e c t  h : C  , B  s u c h  t h a t  h h #  =  1 ,  a n d  h # h  =  l B v f # I f .

Then k is a proper monomorphism and hf is a proper epimorphism. Some

c a l c u l a t i o n  s h o w s  t h a t  k  i s  a  k e r n e l  o f  f  a n d  h #  i s  a  c o k e r n e i  o f  f  i n  P ( 0 ) .

W e  c a n  v e r i f y  t h a t  ( f , g )  i s  e x a c t  i n  P ( 0 )  i f f  f # I f  =  g 1 g #  i n  0 .  R o u t i n e

computat ion then shows that monomorphisms are normal and epimorphisms are

conormal  in  P(e) .  Aga in ,  choose m:D-B such tha t  t t#  =  1O and *#*  =  f# f  Vy

5.1 i .  Then m is  a  p roper  monomorph ism and e  =  fm# is  a  p roper  ep imorph ism

s u c h  t h a t  f  =  e m  i n  P ( 0 ) ,  p r o v i n g  t h a t  P ( 8 )  i s  a n  e x a c t  c a t e g o r y .

S i n c e  t h e  s u m  o f  p r o p e r  m o r p h i s m s  i s  p r o p e r  b y  5 . 1 1 c ,  P ( C ) ( A ' B )  i s  a

c o m m u t a t i v e  s e m i g r o u p  w i t h  z e r o  0 0 ,  u n d e r  * o S  b Y  5 . ! c .  A I s o ,  c o m p o s i t i o n

d i s t r i b u t e s  o v e r  a d d i t i o n  o n  t h e  l e f t  a n d  r i g h t  i n  P ( e )  b y  5 . 1 h  a n d  5 ' 1 1 b .

F i n a l l y ,  f + ( - f )  i s  n u l l  a n d  p r o p e r ,  s o  - f  i s  a  n e g a t i v e  f o r  f  i n  P ( e ) ( A , B )

b y  5 . t l c .  T h e r e f o r e ,  P ( e )  i s  a n  a d d i t i v e  c a t e g o r y .

Suppose F :0-D is  a  re la t ion  func tor  o f  s t rong ly  exac t  re la t ion

c a t e g o r i e s ,  a n d  G  =  P ( F ) .  C l e a r l y  G  i s  a n  a d d i t i v e  f u n c t o r ,  a n d  G  p r e s e r v e s

exac tness  by  the  charac ter iza t ion  f *T f  =  g0g# above.  F ina I Iy ,  G is  an

embedd ing  i f  F  i s  an  embedd ing .  I

Br inkmann and Puppe [BP]  showed tha t  a  type  o f  re la t ion  ca tegory  K(0)

cou ld  be  cons t ruc ted  f rom any  exac t  ca tegory  0 .  The i r  ana lys is  shows tha t

P ( K ( 0 ) )  a n d  0  a r e  i s o m o r p h i c  c a t e g o r i e s ,  a n d  K ( P ( e ) )  a n d  I  a r e  i s o m o r p h i c  a s

r e l a t i o n  c a t e g o r i e s ,  i f  I  i s  s u c h  a  r e l a t i o n  c a t e g o r y .  A l s o ,  t h e y  c o n s t r u c t

a  func tor  K(G) :K(0) - - - . - .K(ß)  p reserv ing  appropr ia te  re la t ion  ca tegory



s t ruc tures  f rom any  exac t  func tor  G:A )B  o f  exac t  ea tegor ies .

In  Chapter  IV ,  the  abs t rac t  P  and K cons t ruc t ions  w i l l  be  s tud ied  fo r

s t rong ly  exac t  re la t ion  ca tegor ies .  In  th is  sec t ion ,  we cons t ruc t  on ly  the

re la t ion  func tor  K(G) :R-Re l+S-ReI  f  rom an exac t  func tor  G:R-Mod-S-Mod.

The bas is  o f  the  K cons t ruc t ion  is  the  observa t ion  tha t  an  add i t i ve  re la t ion

f :A  ,B  in  R-Re l  can  be  un ique ly  ident i f ied  w i th  an  R- I inear  homomorph ism

h:Ao-B/Bo fo r  su i tab le  submodu les  Ao o f  A  and Bo o f  B .

5 . 1 , 5 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  R  a  r i n g ,  i d e n t i f y  R - M o d  w i t h  P ( R - R e l )

a s  i n  5 . 7 2 c .  F o r  a n  a d d i t i v e  r e l a t i o n  f  : A + B  i n  R - R e l ,  t h e r e  e x i s t  A o  i n

S u ( A )  a n d  B o  i n  S u ( B )  s u c h  t h a t  f I f #  =  A o  * A o  a n d  f # 0 f  =  B o  @ B o  ( 5 . 1 1 f  ) .

Le t  r :Ao-A be  the  inc lus ion  map and 1 :B-B/B '  be  the  canon ica l  quot ien t

map.  Def ine  h :Ao*B/Bo in  R-Re l  by  h  =  r f1 .  Some ca lcu la t ion  shows tha t  h

i s  p r o p e r ,  w i t h  h ( a )  =  b + B o  i f f  ( a , b )  e  f ,  a n d  f  =  n # h \ # .  T h e  t r i p l e

( rc ,  h ,  r l )  ,  cor respond ing  to  the  d iagram

A B
T I' l  l 1

An..------------_B/Bo' h

in  R-Mod,  i s  ca l led  the  s tandard  representa t ion  o f  f  in  R-Mod.

Let  G:R-Mod-S-Mod be an  exac t  func tor  fo r  r ings  R and S.  For  R-modu les

A ,  I e t  K ( C ) ( A )  =  G ( A )  i n  S - R e l .  F o r  f  : A - . - - - - B  i n  R - R e l ,  d e f  i n e

K ( c ) ( f  ) : K ( G ) ( A ) - K ( G ) ( B )  i n  s - R e I  b y

K ( G ) ( f  )  =  G ( r c ) # c ( r ' ) c ( l ) # ,

where  ( rc ,h , r l )  i s  the  s tandard  representa t ion  f  o r  f  in  R-Mod.

5 . 1 5 a .  I f  f : A  , B  i n  R - R e l ,  t h e n  f  i s  p r o p e r  i f f  ( 1 0 , f , 1 r )  i s  t h e  s t a n d a r d

representa t ion  o f  f  .  ( t t te  ident i f  y  l :B-B/0  w i th  1 ,  '  )

5 . 1 5 b .  S u p p o s e  f  : A - B  i n  R - R e l  h a s  s t a n d a r d  r e p r e s e n t a t i o n  ( r , h , r l ) .  I f  f  =

gr# for g proper and m a monomorphism of R-Mod, then r l  = 1s, I f  f  = e#g for

g proper and e an epimorphism of R-Mod, then rc = 1A.

T o  v e r i f y  t h a t  K ( G )  i s  a  r e l a t i o n  f u n c t o r ,  w e  f i r s t  g i v e  s o m e  p r e p a r a t o r y
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mater ia l .  The mater ia l  on  exac t  squares  be low is  adapted  par t l y  f rom

s t a n d a r d  a b e l i a n  c a t e g o r y  t h e o r y  ( s e e  [ F r ,  p p .  3 7 - 3 8 ] ) ,  a n d  p a r t l y  f r o m

a n a l y s i s  o f  a d d i t i v e  r e l a t i o n  c a t e g o r i e s  ( s e e  I H i ,  g 3 ]  a n d  I B P ,  $ 5 ] ) '  A I I

these resu l ts  a re  eas i l y  p roved by  e lementary  ca lcu la t ions  fo r  R-Re l .

5 . 1 6 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  S u p p o s e  f g  =  h k  f o r  t h e  d i a g r a m  b e l o w

in R-Mod.

f
A.------.---.---B

h l  I
r l e
C----r-D

l(

T h e n  ( f , g , h , k )  i . s  c a l l e d  a n  e x a c L  s g u a r e  i f  f # h  =  g k #  i n  R - R e l .  ( O f  c o u r s e ,

( h , k , f , g )  i s  t h e n  a l s o  a n  e x a c t  s q u a r e  b y  5 , 1 e .  )

5 . 1 6 a .  I f  ( f  , g , h , k )  i s  a n  e x a c t  s q u a r e ,  t h e n  A o  =  A ,  v A ,  i n  S u ( A )  f o r  A o  =

Ker  fg  =  Ker  hk ,  Ar  =  Ker  f  and Az  =  Ker  h .

5 . 1 6 b .  I f  ( f  , g , h , k )  i s  a n  e x a c t  s q u a r e ,  t h e n  D o  =  D ,  n D ,  i n  S u ( D )  f o r  D o  =

I m  f g  =  I m h k ,  D ,  =  I m  g  a n d  D a  =  I m  k .

5 . 1 6 c .  I f  f g  =  h k  f o r  m o n o m o r p h i s m s  f  a n d  k ,  t h e n  ( f , g , h , k )  i s  a n  e x a c t

s q u a r e  i f f  f  i s  a  k e r n e ]  f o r  t h e  c o m p o s i t e  g ( c o k e r  k ) .

5 . 1 6 d .  I f  f g  =  h k  f o r  e p i m o r p h i s m s  f  a n d  k ,  t h e n  ( f , g , h , k )  i s  a n  e x a c t

s q u a r e  i f f  k  i s  a  c o k e r n e l  f o r  ( k e r  f ) h .

5 . 1 7 .  P r o p o s i t i o n .  S u p p o s e  G : R - M o d - S - M o d  i s  a n  e x a c t  ( a d d i t i v e )  f u n c t o r

fo r  r ings  R and S.  Then K(G) :R-Re l -S-ReI  i s  a  re la t ion  func tor ,  and

P ( K ( C ) )  =  G .  I f  G  i s  a n  e x a c t  e m b e d d i n g  f u n c t o r ,  t h e n  K ( G )  i s  a l s o  a n

embedding functor.

P r o o f :  A s s u m e  t h e  h y p o t h e s e s ,  a n d  l e t  F  d e n o t e  K ( G ) .  B y  5 . 1 5 a ,  F ( f )  =

C ( f )  i f  F  i s  p r o p e r ,  a n d  s o  F ( 1 0 )  =  1 . ( o )  f o r  A  a n  R - m o d u l e .

Suppose fr :A-B and fr :B.------C in R-Rel.  Assume that f  .  has standard

r e p r e s e n t a t i o n  ( r c . , h i , l i ) ,  f  o r  i  =  ! , 2 .  F a c t o r  K a l l  a s  a n  e p i m o r p h i s m

f o l l o w e d  b y  m o n o m o r p h i s m ,  s a y  r r l 2  =  € 3 h g .  B y  5 . 1 5 b ,  w e  c a n  o b t a i n  s t a n d a r d

r e p r e s e n t a t i o n s  ( r c r , h r , 1 )  f o r  l r r r u  a n d  ( 1 , h 4 , 1 ) 3 )  f o r  " r u 1 , r .  T h i s  I e a d s  t o
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t he  d iag ram o f  p rope r  maps  be low .

1 n
A N . - B C
l t T l* r  
l  h ,  ln t  

* r l  h ,  ln ,

tr l 1,,
h' ^3 t h n

Now rc r#h ,  =  h lmg#,  and rc rh ,  t  r rh rmr#mg =  ra ,caohr r ,  =  h3 t3  imp l ies  ß3h1 =

h r m ,  b y  5 . 4 ? ,  s o  ( r c ' h 1 , h 3 , 1 3 )  i s  a n  e x a c t  s q u a r e .  S i m i l a r l y ,  ( " r , h n , h ' r l r )

i s  an  exac t  square .  We can suppose tha t  1 r1 ,  i s  a  canon ica l  map C-C/Co by

us ing  a  Noether  i somorph ism,  so  tha t  ( ts rc r ,  hsh l ,  ? '121)s )  i s  the  s tandard

r e p r e s e n t a t i o n  f o r  f r f r .  S i n c e  G  i s  e x a c t ,  G ( t t r ) # C (  r c r ) #  =  G ( m 3 ) # G (  e r ) #  b y

5 . 1 e ,  G ( h r ) G ( m r ) #  =  G ( 1 3 ) # c ( h 3 )  b y  5 . 1 6 c  a n d  c { e r ) # G ( h r )  =  G ( h 4 ) G ( l r ) #  b v

5 . 1 6 d ,  s o :

F ( f  1 f  2  )  =  G ( , c ,  ) # c { r c a  ) # G ( h s  ) G ( h n  ) G ( t s  ) # c ( n z ) #

-  G ( K r  ) # c ( h r  ) G ( r t 1  ) # c ( * z ) # c ( h z  ) c ( t z  ) #  =  F ( f  1 ) F ( f  z  ) ,

by  the  d iagram above.  There fore ,  F  i s  a  func tor  and P(F)  =  G.

Suppose f :A  ,B  in  R-Re l  has  s tandard  representa t ion  ( t ,g , t l ) ,  and  le t  g  =

em fo r  an  ep imorph ism e  and a  monomorph ism m in  R-Mod.  App ly ing  5 .15b,

t h e r e  a r e  s t a n d a r d  r e p r e s e n t a t i o n s  ( 1 , h , I g )  f o r  e # k  a n d  ( r o , k , 1 )  f o r  h m # .

S i n c e  * o # k h 1 o #  -  , 1 ^ # " # r c  -  ( r c # e m 1 # ) #  =  f # ,  ( * o , k h , T l o )  i s  t n e  s t a n d a r d

r e p r e s e n t a t i o n  f o r  f # .  B y  5 . 1 e  a n d  5 . 1 6 c , d  a g a i n ,  w e  h a v e :

F ( f # )  =  G ( r c 0 ) # c ( r r t ) G ( t o ) #  =  G ( l ) G ( m ) # G ( e ) # G 1 r c ;  =

=  ( G ( r c ) # G ( e m ) G (  T ) * ) *  =  F ( f ) # ,

p rov ing  tha t  F  p reserves  converses .

Suppose tha t  0 f  =  0g  and f I  =  g I  fo r  f ,g :A-B in  R-ReI .  Then there  are

ß,  I ,  k  and h  such tha t  ( rc ,h , r l )  and ( rc ,k , r l )  a re  the  s tandard  representa t ions

f o r  f  a n d  g ,  r e s p e c t i v e l y ,  a n d  ( r c ,  h + k ,  1 )  i s  t h e  s t a n d a r d  r e p r e s e n t a t i o n

f  o r  f  +  g .  N o w  G ( r ) # ( C ( h )  +  G ( k ) )  =  G ( , c ) # C ( t t )  +  C ( r c ) # G ( k )  b e c a u s e  G ( r c )  i s  a

monomorphism, so

l'. ", I
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F ( f  +  e )  =  G ( r ) # ( c ( r r )  +  G ( k ) ) c ( r r ) *  =  ( c ( r c ) # c ( r r )  +  G ( r c ) # c ( t  ) ) G ( r r ) #

>  G ( r c ) # c ( n ) G ( r r ) #  +  G ( r c ) # c ( t  ) G ( r r ) #  =  F ( f  )  +  F ( g ) .

S u p p o s e  f  ,  =  f  ,  f o r  f  , , f  , : A - B  i n  R - R e l .  L e t  ( r c . , h i , l r )  b e  t h e  s t a n d a r d

r e p r e s e n t a t i o n  f o r  f  , ,  w i t h  h . : A . - B / B ' ,  f o r  i  =  1 , 2 .  C l e a r l y  A r  s  A ,  a n d

B ,  =  B a ,  s o  t h e r e  e x i s t  t c r  r : A r - A ,  a n d  r ; r  r : B / B r - B / 8 ,  s u c h  t h a t  r ,  =  K L . K . ,

* r z h z  =  h r t l *  a n d  \ t \ t z  =  r i t z '  S i n c e  G ( r r a )  i s  a  m o n o m o r p h i s m  a n d  G ( r r )  =

G ( r c r z  ) G ( K z  ) ,  * e  h a v e  G ( , c ,  ) # c { t r a  )  =  c ( r c 2 ) t t ,  a n d  s i m i l a r l y  c ( l r  ) #  s

G ( r t r a ) c ( l a ) # .  T h e n

r ( f  1 )  s  G ( r ,  ) # c ( h r  ) G ( r r ,  ) G ( 1 ,  ) #  =  G ( , c ,  ) # c { r r ,  ) G ( h .  ) c ( t e  ) #  s  F ( f  e  ) .

T h e r e f o r e ,  F  p r e s e r v e s  o r d e r .  T h e n  F  i s  a  r e l a t i o n  f u n c t o r  b y  5 . 7 .

S u p p o s e  G  i s  a n  e m b e d d i n g  f u n c t o r  a n d  F ( B r )  =  F ( g z )  f o r  g r , B a : A - B  i n

R - R e l .  L e t  f r  =  g r n g ,  a n d  f 2  =  g 1 v g 2 ,  s o  F ( f r )  =  f ( f 2 )  a l s o .  U s i n g  t h e

cons t ruc t ion  o f  the  above paragraph,  we see tha t  G( rc r r )  and G( r l rz )  must  be

i s o m o r p h i s m s .  S i n c e  G  i s  a n  e x a c t  e m b e d d i n g ,  ß l z  a n d  1 r ,  m u s t  b e

isomorph isms,  and so  f ,  =  fz ,  hence Bt  =  Ez .  There fore ,  F  i s  an  embedd ing

func tor .  r

The resu l ts  above lead to  the  nex t  coro l la ry ,  wh ich  is  another  s tep  in

our  un i f i ca t ion  o f  ex te rna l  theor ies  fo r  modu les .

5 . 1 8 .  C o r o l l a r y .  F o r  r i n g s  R  a n d  S ,  t h e  f o l l o w i n g  a r e  e q u l v a l e n t :

5 . 1 8 a .  T h e r e  e x i s t s  a n  e m b e d d i n g  r e l a t i o n  f u n c t o r  F : R - R e l - S - R e l ,

5 .  1Bb .  There exi  sts an exact embeddi.ng f  unctor G:R-Mod-S-Mod.

P r o o f :  U s e  5 . 1 4  w i t h  G  =  P ( F )  a n d  5 . 1 7  w i t h  F  =  K ( G ) .  I

B y  5 " 6 b ,  w e  s e e  t h a t  5 . 1 8 a  i m p l i e s  ß ( R )  S  ß ( S ) .  W e  w i l l  p r o v e  i n  $ 7  t h a t

ß ( R )  c  ß ( S )  i m p l i e s  5 . 1 8 b .  S o ,  t h e s e  t h r e e  c o n d i t i o n s  a r e  e q u i v a l e n t  t o

e a c h  o t h e r ,  t o  J ( R )  c  f ( S ) ,  a n d  t o  0 ( R )  s  0 ( S ) ,  b y  4 . 7 7 .


