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96.  Category  Log ic  and Horn  Sentence Trans la t ions .

l {e  now def ine  two f i rs t -o rder  log ica l  languages fo r  ca tegor ies .

By  tak ing  con junc t ions  o f  the  a tomic  fo rmulas  o f  these languages,

we can imp l ic i t l y  fo rm ca tegory  d iagrams w i th  var iab les  represent ing

ob jec ts  and morph isms.  Us ing  the  f i rs t  language,  commuta t iv i t y

and exac tness  re la t ions  can be  imposed in  exac t  add i t i ve  ca tegor ies ,

and Z- I inear  combina t ions  o f  morph isms in  each Hom set  can  be

const ruc ted  ind i rec t l y .  In  the  second Ianguage,  the  a tomic  p red ica tes

express  d iagram proper t ies  fo r  the  s t ruc tu res  o f  a lmost  s t rong ly  exac t

r e l a t i o n  c a t e g o r i e s .

By  de f in ing  our  log ica l  J .anguages fo r  ca tegor ies ,  we de termine

the  se t  l lo .  o f  a l l  bas ic  un iversa l  Horn  sentences  fo r  exac t  add i t i ve

ca tegor ies  and the  se t  Ua,  o f  a l l  bas ic  un iversa l  Horn  sentences  fo r

a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r i e s .  G i v e n  a  r i n g  R ,  l e t

UAc(R)  denote  the  se t  o f  jus t  those sentences  in  t lo ,  wh ich  are

s a t i s f i e d  f o r  R - M o d .  S i m i l a r l y ,  I e t  U R c ( R )  d e n o t e  t h e  s u b s e t  o f  U * ,

o f  s e n t e n c e s  w h i c h  a r e  s a t i s f i e d  f o r  R - R e l .  E s s e n t i a l J . y ,  t h e s e

formal iza t ions  a l low cer ta in  d iagram-chas ing  proper t ies  o f  R-Mod and

R-ReI  to  be  represented  by  fo rmulas .  S ince  sentences  are  f in i te ,  we

are  res t r i c ted  to  d iagräms w i th  f in i te ly  many e lementary  hypotheses .

I n  $ 4 ,  u n i v e r s a l  H o r n  s e n t e n c e s  f o r  t h e  a l g e b r a i c  t y p e s  r ,  ( i a t t i c e s )

r A  ( a d d i t i v e  r e l a t i o n  a l g e b r a s )  a n d  r ,  ( a d d i t i v e  r e l a t i o n  a l g e b r a s  w i t h

un i t )  were  a l ready  d iscussed.  Le t  l l '  l l o  and U,  denote  the  se ts  o f  a l l

bas ic  un iversa l  Horn  sentences  fo r  each o f  these a lgebra ic  types .  Here ,

the  sentences  sa t is f ied  fo r  R-modu les  are  de termined by  the  a lgebra ic

q u a s i v a r i e t i e s .  T h a t  i s ,  U L ( R )  d e n o t e s  t h e  s u b s e t  o f  1 1 ,  c o n s i s t i n g

o f  e x a c t l y  t h o s e  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e s  w h i c h  a r e  s a t i s f i e d  i n  e v e r y

m e m b e r  o f  J ( R ) ,  a n d  s i m i J . a r l y  f o r  l . l o ( R )  a n d  0 ( R ) ,  a n d  f o r  U B ( R )  a n d  E ( R ) .

O u r  o b j e c t i v e  i n  t h i s  s e c t i o n  i s  t o  c o n s t r u c t  a  c l o s e d  I o o p  o f  r e c u r s i v e

Horn  sentence t rans la t ion  func t ions
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wh ich  are  to  be  de f ined independent ly  o f  the  cho ice  o f  any  r ing .  For  each

nont r i v ia l  r ing  R,  however ,  the  se t  o f  bas ic  un iversa l  Horn  sentences

s a t i s f  i e d  f o r  R  w i l l  b e  p r e s e r v e d .  T h a t  i s ,  f  e  t l r ( R )  i f f  T .  ( f  )  e  l l r ( R )  f o r

i  =  0 , ! , 2 , 9 , 4 ,  s u b s t i t u t i n g  t h e  a p p r o p r i a t e  l a b e l s  f o r  Y  a n d  Z  i n  e a c h  c a s e .

To exp l i c i t l y  cons t ruc t  recurs ive  t rans la t ion  func t ions ,  we must

prec ise ly  de f ine  our  log ica l  languages fo r  ca tegor ies .  These languages are

cumbersome,  and no t  very  use fu l  fo r  work ing  w i th  ca tegory  d iagrams d i rec t l y .

By  examin ing  the  fo rmal iza t ions ,  however ,  we can see wh ich  d iagram-chas ing

prob lems cor respond to  bas ic  un iversa l  Horn  sentences .

We beg in  w i th  the  log ica l  language fo r  exac t  add i t i ve  ca tegor ies .

6 . 1 .  D e f i n i t i o n s .  L e t  r o .  d e n o t e  t h e  s t r u c t u r e  t y p e  h a v i n g  a  u n a r y

p r e d i e a t e  O b j e c t o '  b i n a r y  p r e d i c a t e s  e q u a l i t y  ( = )  a n d  U n i t o '

te rnary  p red ica tes  Morph ismo,  and Zeroo,  a  p red ica te  Negat iveo ,  o f

a r i t y  four ,  p red ica tes  Sumo,  and Exac tAc  o f  a r i t y  f i ve ,  and a

p r e d i c a t e  C o m p o s i t i o n o ,  o f  a r i t y  s i x .  L e t  L ( r o ,  )  d e n o t e  t h e

) .anguage o f  a  f i rs t -o rder  p red ica te  ca lcu lus  w i th  equa l i t y  w i th

a t o m i c  p r e d i c a t e s  o f  t y p e  r o r .  N o t e  t h a t  L ( r l c  )  i s  a  p u r e l y

re la t iona l  f i r s t -o rder  language,  w i thout  any  cons tan ts  o r  func t ions .

T h e  o n l y  t e r m s  o f  L ( r o r )  a r e  v a r i a b l e s .  F i x  a  d e n u m e r a b l y  i n f i n i t e

s e t  o f  v a r i a b l e s  X  =  { * r , X 2 , X 3 , . . . }  f o r  L ( t o c ) .  T h e  o n l y  a t o m i c  f o r m u l a s

for  L ( ro r )  a re  cons t ruc ted  by  prov id ing  an  argument  l i s t  o f  var iab les  in  X

for  one o f  the  n ine  a tomic  p red ica tes  g iven above.

I f  0 ,  i s  an  exac t  add i t i ve  ca tegory ,  then each var iab le  o f  X  may

r e p r e s e n t  e i t h e r  a n  o b j e c t  o r  a  m o r p h i s m  o f  0 .  ( T o  a v o i d  c o m p l i c a t i o n s ,

we w i l l  assume tha t  no  e lement  i s  bo th  an  ob jec t  and a  morph ism o f  0 ,

T h i s  i s  e a s i l y  a r r a n g e d  f o r  m o d u l e  c a t e g o r i e s .  )  A  f u n c t i o n

d : X - O b j e c t s ( 0 )  u M o r p h i s m s ( 0 )  ( d i s j o i n t  u n i o n )

is  in te rpre ted  as  t rue  fo r  an  a tomic  fo rmula  accord ing  to  the  spec i f i ca t ions

b e l o w .  L e t  A ,  B ,  C ,  f ,  B ,  h ,  x  a n d  y  d e n o t e  a r b i t r a r y  e l e m e n t s  o f  X .



x = y

Ob jec to ,  (A )

M o r p h i s m o r ( f , A , B )

U n i t o r ( f , A )

Compos i t i ono ,  (  f  ,  g ,  h ,A ,  B ,  C  )

S u m o r ( f , g , h , A , B )

N e g a t i v e o r ( f , g , A , B )

Z e r o o r ( f , A , B )

E x a c t o r ( f , g , A , B , C )

d ( x )  =  4 1 t ;  ( a n Y  v a r i a b l e s )

d ( A )  i s  a n  o b j e c t  o f  0

d ( f )  i s  a  m o r p h i s m  f r o m  d ( A )  i n t o

d ( B )  i n  0

d ( f )  =  1 a ( o l  i n  0

d ( f  )  =  d ( e ) d ( h )  f o r  d ( e ) : d ( A ) - - - _ d ( B )

and d(h) :  d( B ) . . . . -d( C ) in 0

d ( f )  =  d ( g )  + d ( h )  f o r  d ( e )  a n d  d ( h )

f r o m  d ( A )  i n t o  d ( B )  i n  0

d ( f  )  =  - d ( e )  f o r  d ( g ) : d ( A ) * d ( B )

i n 0

d ( f )  i s  t h e  z e r o  m o r p h i s m  f r o m  d ( A )

i n t o  d ( B )  i n  0

( d ( f ) , d ( g ) )  i s  a n  e x a c t  p a i r  o f  m o r p h i s m s  f o r

d ( f ) : d ( A ) - 6 1 8 )  a n d  d ( e ) , d ( B ) - d ( c )  i n  0

Any argument  labe l led  A,  B  or  C above is  in tended to  represent  an  ob jec t ,

and is  ca l led  an  ob jec t  a rgument  o f  the  a tomic  p red ica te  in  ques t ion .  A lso ,

arguments  labe l led  f ,  g  o r  h  above are  in tended to  represent  morph isms,  and

are  ca l led  morph ism arguments .  Note  tha t  a tomic  p red ica tes  hav ing  one or  more

morphism arguments also have object arguments corresponding to the domain and

codomain  o f  each morph ism argument .  Spec i f i ca l l y ,  each morph ism argument  x .

f o r  a n  a t o m i c  f o r m u l a  h a s  a  c o r r e s p o n d i n g  m o r p h i s m  t r i p l e  ( x . , x . i , x 1 ) ,  w h e r e

" j  and xo  represent  the  domain  and codomain  ob jec ts  fo r  x . .  For  example ,

N e g a t i v e o c ( x g , X ? , * 1 , x n )  h a s  t h e  o b j e c t  a r g u m e n t s  x ,  a n d  x n ,  m o r p h i s m

argument  x ,  w i th  morph ism t r ip le  (x 'x r ,x4) ,  and morph ism argument  x ,  w i th

m o r p h i s m  t r i p l e  ( x ' x r , " n ) .  I f  a n  i n t e r p r e t a t i o n  d  i s  t r u e  f o r  t h i s  f o r m u l a ,

t h e n  d ( x r )  a n d  d ( x r )  m u s t  b e  m o r p h i s m s  w i t h  d o m a i n  d ( x r )  a n d  c o d o m a i n  d ( x n ) .

I f  f  i s  a  s e n t e n c e  ( c l o s e d  f o r m u l a )  o f  t h e  l a n g u a g e  L ( r o r ) ,  w e  w r i t e

0  F  f  i f  f  i s  s a t i s f i e d  i n  0  a c c o r d i n g  t o  t h e  a b o v e  i n t e r p r e t a t i o n s .  I t



i s  c lear  tha t  a  f i rs t -o rder  theory  fo r  exac t  add i t i ve  ca tegor ies  cou ld  be

a x i o m a t i z e d  u s i n g  s e n t e n c e s  o f  L ( t o r ) .

l l le now introduce our second logical  language, apPropriate for almost

s t rong ly  exac t  re la t ion  ca tegor ies .

6 .2 ,  Def in i t ions .  Le t  r * ,  denote  the  s t ruc tu re  type  hav ing  a  unary

p r e d i c a t e  O b j e c t * r ,  b i n a r y  p r e d i c a t e s  e q u a l i t y  ( = )  a n d  U n i t * r ,  t e r n a r y

p r e d i c a t e s  M o r p h i " r R c ,  Z e r o * r ,  S m a I l e s t * r ,  L a r g e s t * r ,  L e f t p r o p e r * ,  a n d

Rightprop€rR. ,  p red ica tes  Negat ive* r ,  Converse* ,  and Inc lus ionRC o f  a r i t y

four ,  p red ica tes  Sum*r ,  Meet* r ,  Jo in* ,  and Exac t ' c  o f  a r i t y  f i ve ,  and a

p r e d i c a t e  C o m p o s i t i o n r ,  o f  a r i t y  s i x .  L e t  L ( r * r )  d e n o t e  t h e  l a n g u a g e  o f

a  f i r s t - o r d e r  p r e d i c a t e  c a l c u l u s  w i t h  e q u a l i t y  w i t h  a t o m i c  p r e d i c a t e s  o f

t y p e  r * r .

Note  tha t  each a tomic  p red ica te  in  L ( r l c  )  has  a  cor respond ing  a tomic

p r e d i c a t e  i n  L ( r * r )  ( O b j e c t o ,  c o r r e s p o n d i n g  t o  O b j e c t * r ,  e t c .  ) .  L i k e

L ( r o r ) ,  L ( r n c )  i s  a  p u r e l y  r e l a t i o n a l  s t r u c t u r e ,  w i t h  v a r i a b l e s  o f  X

t h e  o n l y  t e r m s .  E a c h  a t o m i c  f o r m u l a  f o r  L ( r * r )  i s  o b t a i n e d  b y  p r o v i d i n g

var iab les  o f  X  as  arguments  fo r  one o f  the  seventeen a tomic  p red ica tes .

I f  e  i s  an  a lmost  s t rong ly  exac t  re la t ion  ca tegory ,  then each

var iab le  may represent  e i ther  an  ob jec t  o r  a  morph ism o f  0 ,  bu t  no t  bo th .

Us ing  the  se t  o f  var iab les  X,  a  func t ion

d : X + 0 b j e c t s ( 0 )  u M o r p h i s m s ( 0 )  ( a i s j o i n t  u n i o n )

is  a  t rue  in te rpre ta t ion  fo r  each a tomic  fo rmula  o f  L ( r * r )  accord ing  to  the

s p e c i f i c a t i o n s  b e l o w .  A g a i n ,  A ,  B ,  C ,  f ,  g ,  h ,  x  a n d  y  a r e  i n  X .

x  =  I  d ( x )  =  4 1 t ;  ( a n Y  v a r i a b l e s )

O b j e c t * r ( A )  d ( A )  i s  a n  o b j e c t  o f  0

M o r p h i s m * c ( f , A , B )  d ( f )  i s  a  m o r p h i s m  f r o m  d ( A )  i n t o

d ( B )  i n  I

U n i t * r ( f , A )  d ( f )  =  1 u ( o )  i n  e

C o m p o s i t i o n * . ( f  , g , h , A , B , C )  d ( f  )  =  d ( g ) d ( h )  f  o r  d ( g ) : d ( A ) - d ( B )



a n d  d ( h )  :  d (  B  ) - d (  C  )  i n  I

C o n v e r s e * r ( f , e , A , B )  d ( f )  =  d ( g ) #  f o r  d ( g ) : d ( A ) . . - _ d ( B )

i n B

I n c l u s i o n n c ( f , B , A , B )  d ( f )  s  d ( g )  f o r  d ( f )  a n d  d ( g )

f r o m  d ( A )  t o  d ( B )  i n  0

M e e t * r ( f , g , h , A , B )  d ( f )  =  d ( g )  n d ( h )  f o r  d ( g )  a n d  d ( h )

f r o m  d ( A )  i n t o  d ( B )  i n  0

J o i n * r ( f  , g , h , ^ A , B )  d ( f  )  =  d ( e )  v  d ( h )  f o r  d ( g )  a n d  d ( h )

f r o m  d ( A )  i n t o  d ( B )  i n  0

S m a I I e s t " c ( f , A , B )  d ( f )  =  0 0 ,  f o r  D  =  d ( A )  a n d  E  =  d ( B )  i n  e

L a r g e s t r r ( f , A , B )  d ( f )  =  I *  f o r  D  =  d ( A )  a n d  E  =  d ( B )  i n  I

S u m * r ( f  , g , h , A , B )  d ( f  )  =  d ( g )  +  d ( h )  ( r e l a t i o n a l  s u m )

f o r  d ( e ) , d ( h ) : d ( A ) - 6 1 3 ;  i n  0

N e g a t i v e * r ( f , g , A , B )  d ( f )  =  - d ( g )  ( r e l a t i o n a l  n e g a t i v e )

f  o r  d ( e ) : d ( A ) - d ( B )  i n  0

Z e r o * r ( f , A , B )  d ( f )  =  0 0 ,  f o r  D  =  d ( A )  a n d  E  =  d ( B )  i n  0

E x a c t o r ( f  , g , A , B , c )  d ( f  ) : d ( A ) - d ( B )  a n d  d ( g ) : d ( B ) - 4 1 9 ;

s a t i s f y  d ( f  ) # I d ( f  )  =  d ( s ) 0 d ( g ) #  i n  e

L e f t p r o p e r r r ( f  , A , B )  d ( f  ) : d ( A ) - d ( B )  a n d  d ( f  ) d (  f  ) #  >  l r r o l  i n  e

R i g h t p r o p e r r r ( f , A , B )  d ( f ) : d ( A ) - d ( B )  a n d  d ( f ) # d ( f )  =  l o r r l  i n  I

N o t e  t h a t  d ( f  ) : d ( A ) - d ( B )  i s  a  p r o p e r  m a p  o f  I  i f f  L e f t p r o p e r * r ( f  , A , B )  a n d

R i g h t p r o p e r r r ( f , A , B )  a r e  s a t i s f i e d  f o r  d .

As  be fore ,  a rguments  labe l led  A,  B  or  C above are  ca l led  ob jec t  a rguments ,

and arguments  labe l Ied  f ,  g  o r  h  a re  ca l led  morph ism arguments .  Aga in ,  each

atomic  p red ica te  conta ins  domain  and codomain  ob jec t  a rguments  fo r  each o f

i ts morphism arguments, so that each morphism argument has a norphism tr iple

a s  i n  6 . 1 .

I f  f  i s  a  s e n t e n c e  f o r  L ( r * r ) ,  t h e n  I  t s  f  i f  f  i s  s a t i s f i e d  i n  I  f o r  a l l



the  in te rpre ta t ions  above.  Aga in ,  a  f i rs t -o rder  theory  fo r  a lmost

s t rong ly  exac t  re la t ion  ca tegor ies  cou ld  be  fo rmal ized  us ing  sentences

i n  t h e  l a n g u a g e  L ( r r ,  ) .

6 . 3 .  D e f i n i t i o n s .  F o r  r  a  s t r u c t u r e  t y p e  w i t h  a s s o c i a t e d  f i r s t - o r d e r  l o g i c a l

language L( r ) ,  we cons ider  öas ic  un iversa l  Horn  sentences  f  hav ing  the  spec ia l

fo rm

( V " r , x 2 , . . . , x , r ) ( l | l ) ,

where  W is  ca l led  the  open fo r rnu la  fo r  f .  Here ,  l {  must  e i ther  be  an  a tomic

fo rmula  PO,  o r  an  imp l ica t ion  Q +  PO fo r  Q an  (open)  con junc t ive  fo rmula

P r ^ P z A . . . A P .  ( m  >  1 ) ,  w h e r e  P .  =  P r ( t 1  , X a , . . . , * r , )  i s  a n  a t o m i c  f o r m u l a

o f  L ( r )  f o r  i  =  0 , 1 , .  , ß .  ( B y  c o n v e n t i o n ,  t a k e  m  =  0  w h e n  l l l  e q u a l s  P o . )

A s  b e f o r e ,  I e t  e a c h  o f  t l o . ,  U * r , ü r ,  l l o  a n d  t l ,  d e n o t e  t h e  s e t  o f  b a s i c

u n i v e r s a l  H o r n  s e n t e n c e s  f o r  L ( r ) ,  w h e r e  r  i s  t o '  T R c ,  T L ,  T A  o r  r B ,

r e s p e c t  i v e  1 y .

G i v e n  a  r i n g  R  w i t h  u n i . t ,  w e  c a n  r e s t a t e  p r e v i o u s  d e f i n i t i o n s  a s  f o l l o w s :

u A c ( R )  =  { r  e  t l o r :  R - M o d  F  f } ,

u R c ( R )  =  { f  e  U * r :  R - R e I  F  r } ,

u L ( R )  =  { f  e  t l r :  J ( R )  F  r } ,

u A ( R )  =  { f  e  U o :  o ( R )  F  f } ,

U B  ( R )  =  { f  e  l l ,  :  ß ( R )  F  l } .

That  is ,  each set  above conta ins the basic  universal  Horn sentences which are

sat is f ied for  the corresponding external  theory of  R-modules.

We now state our  t rans lat ion theorem for  bas ic  universal  Horn sentences.

6.4.  Theorem. There ex is t  recurs ive funct ions To :  t lo- t l '  T ,  :Ur-U,  ,

T r :U r * l l o '  T r :Uor - - - - . - l l r ,  and  Tn :U* r - l l o  such  tha t  6 '4a 'b ' c ' d ' e  a re

sa t i s f i ed  fo r  a l I  non t r i v i a l  r i ngs  R  w i th  un i t .

6 . 4 a .  f  e  t l o ( R )  i f f  T 0 ( f )  e  U B ( R )  f o r  a l l  f  i n  t l o .

6 . 4 b .  f  e  t l r ( R )  i f f  T 1 ( f )  e  U L ( R )  f o r  a l l  f  i n  U '



6 . 4 c .  f  e  ü r ( R )  i f f  T a ( f )  e  U A c ( R )  f o r  a I I  f  i n  l l '

6 . 4 d .  f  e  t l o r ( R )  i f f  T s ( f  )  €  U R . ( R )  f o r  a I I  f  i n  t l o r  '

6 . 4 e .  f  e  t l * r ( R )  i f f  T 4 ( f  )  €  U A ( R )  f o r  a l l  f  i n  U * ,  '

We have a l ready  d iscussed the  t rans la t ion  func t ions  To (  inc lus ion ;  see

4 . 1 0 )  a n d  T ,  ( s e e  4 . 8 ) .  T h e  t r a n s l a t i o n  T ,  i s  b a s e d  o n  s t a n d a r d  m e t h o d s  f o r

represent ing  subob jec ts  by  monomorph isms and Ia t t i ce  opera t ions  by  exac tness

c o n d i t i o n s  i n  a n  a b e l i a n  c a t e g o r y  ( s e e  [ G H , $ 3 ] ) .  F o r  T '  w e  u s e  t h e

i d e n t i f i c a t i o n  o f  R - M o d  w i t h  P ( R - R e l )  a s  i n  5 . 1 2 c .  F i n a l l y ,  T 4  i s  o b t a i n e d

b y  a d a p t i n g  3 . 1 6  a n d  t h e  c o n s t r u c t i o n  o f  0  i n  5 . 8  a n d  5 ' 9 .  W e  d e s c r i b e  T ,

T ,  and Tn in  the  fo l low ing ;  add i t iona l  ana lys is  o f  the  t rans la t ion  func t ions

i s  g i v e n  i n  A p p e n d i x  E .

To cons t ruc t  Tr :Ur - l lo '  cons ider  shor t  exac t  sequences  in  R-Mod as  be low:

.  
f r , ,  f r , ,  

^  
f r , r * , '  

^  
f r * t , ,

^ z - " h - " t - - - h +  1 -  ' '

where  h  i s  an  even number ,  h  >  4 ,  and A,  and A,  represent  zero  ob jec ts '  I f  A1

represents  an  R-modu le  M,  then f r ,1  represents  a  monomorph ism whose image is

a n  e l e m e n t  o f  s u ( M ) ,  a n d  f r , h * 1  r e p r e s e n t s  a n  e p i m o r p h i s m  w h o s e  k e r n e l  i s  t h e

same e lement  o f  su(M) .  In  o rder  to  de f ine  Tr ( f )  fo r  f  in  l l '  we  must  make

la t t i ce  po lynomia ls  occur r ing  in  f  cor respond to  shor t  exac t  sequences  as  above.

These in te rconnected  shor t  exac t  sequences  fo rm a  commuta t ive  d iagram in  R-Mod,

in the strong sense that there is a most one diagram morphism f .  ,  j 'Ar. . . -----Aj

f o r  e a c h  p a i r  ( A . , A r )  o f  d i a g r a m  o b j e c t s ,  w i t h  f . , '  a l w a y s  t h e  u n i t  f o r  A "

Suppose f  i s  (Vx ,  ,x2 , .  '  ,Xr , ) ( l | l ) ,  1 l l  an  open fo rmula .  For  some m 2  Q,  Vr I  equa ls

( P ,  =  9 r  ^  P a  
-  

{ e  ^  " '  ^  P , '  =  { , n )  -  P g  =  9 g ,

f o r  l a t t i c e  p o l y n o m i a l s  p .  =  P i ( x ! , x z

0  <  i  < m .  ( I f  m =  0 ,  t h e n W  t "  p o  =  { 0 . )  l l J e  b e g i n  t h e  d e f i n i t i o n  o f  T z ( f )

b y  r e c u r s i v e l y  c o n s t r u c t i n g  f r o m  f  a  l i s t  r ' t 2 , . . . , r "  ( s  >  n )  o f  l a t t i c e

p o l y n o m i a l s ,  r i  =  a i ( x ! , x z , . . . , x r r ) ,  s u c h  t h a t

{ P o , P ,  P . } u { { e , { ,  q . }  q  { " r , " 2 , " ' , r " } ,



r i  i s  t h e  v a r i a b l e  x .  f o r  i  S  n ,  a n d  f o r  e a c h  i ,  I  (  i  S  s ,  t h e r e  e x i s t  j

a n d  k ,  !  3  j , k  (  i ,  s u c h  t h a t  r .  i s  r .  A r k  o r  i s  r .  v r k .  l { e  i n t e n d  t o  m a k e

each La t t i ce  po lynomia l  r .  cor respond to  a  shor t  exac t  sequence w i th  h  =  2 i  +  2

i n  t h e  f o r m a t  a b o v e  ( m o n o m o r p h i s m  f ,  i + z . t  a n d  e p i m o r p h i s m  f , , r r * r ) .  S u p p o s e

s y m b o l s  A .  ^ r d  f j , u  ( i , i , k  >  1 )  r e p r e s e n t  s y s t e m a t i c a l l y  c h o s e n  d i s t i n c t

v a r i a b l e s  i n  X  =  { * r , * a , . . . } .  T h e  o p e n  f o r m u l a  W ,  f o r  T a ( f )  h a s  t h e  f o r m :

U ,  n U ,  A  . . .  ^ U . n V ,  n V ,  n  . . .  ^ V .  -  U o ,

w i t h  t e r m s  U ' U r , . . . , U .  o m i t t e d  i f  m  =  0 .  F o r  R - m o d u l e s  i n  o u r  c o n t e x t ,  t h e

e q u a t i o n  r .  =  r k ,  1  <  i , k  s  s ,  i s  e q u i v a l e n t  t o  t h e  e x a c t n e s s  o f

^  
' r i + 2 , L  

^  
t r , z k + 3  

^A z 5 * e + A t + A z k * a '

For  0  .  i  3  m,  there f  o re ,  J .e t  U .  denote  the  a tomic  f  o rmula :

E x a c t o ,  ( f r i * r , r , '  f r , r u * r '  A r 5 * r '  A 1 '  A r u * r ) '

where  j  i s  the  smal les t  in teger  such tha t  r .  =  p i  and k  i s  the  smal les t  in teger

s u c h  t h a t  r k  =  { i .  ( N o t e  t h a t  U .  c o r r e s p o n d s  t o  p .  =  g i  b y  t h e  d i s c u s s i o n

above.  )  The hypotheses  V 'V ,  V ,  descr ibe  the  commuta t ive  d iagram o f

in te rconnected  shor t  exac t  sequences .  F i rs t ,  le t  V '  V '  V ,  and Vn be

U n i t o r ( f r . r , A 2 ) ,  Z e r o o r ( f r , r , A 2 , A 2 ) ,  U n i t o r ( f , , r , A r )  a n d  Z e r o o r ( f r , r , A 3 , A 3 ) ,

r e s p e c t i v e l y .  T h e s e  f o u r  c o n d i t i o n s  f o r c e  A ,  a n d  A ,  t o  b e  z e r o  o b j e c t s .  N e x t ,

f o r  i  =  7 , 2

E x a c t o ,  ( f  r , r r * r ,  f  r r * r , r ,  A y  A r r t y  A ,  ) ,

E x a c t o ,  ( f r r * r , r '  f r , r r * r '  A r r * r '  A 1 '  A r r * r ) '

E x a c t o r ( f r , r r * r '  f r r * r , r '  A 1  A r , * r '  A r ) '

F ina l l y ,  we must  add morph ism var iab les  and cond i t ions  to  the  d iagram

c o r r e s p o n d i n g  t o  t h e  s e q u e n c e  o f  l a t t i c e  p o l y n o m i a l s  r r , r z , . .  , r " .  F o r

1  s  i  s  n ,  r i  i s  j u s t  a  v a r i a b l €  " i ,  a n d  n o t h i n g  f u r t h e r  i s  n e e d e d .  S u p p o s e

n (  i S s ,  s o r .  i s r . A r k  o r " j u . u  f o r s o m e  j  a n d k ,  1 s i , k <  i .  T h e n

w e  u s e  t h e  d i a g r a m s  b e l o w ,  w i t h  a  =  2 i  + 2 ,  b  =  2 j  +  2  a n d  c  =  2 k +  2 .



A  
f  t ' o  , A ,

"  
l o

I r o , '
Ä" 

r 
-;r- 

*,-'c 
* t

-  
c , 7  

-  
1 ,  c + 1

A  
f " ' '  

, A .
"  l 'l r , r * r l

f  1 ,  " * 1
A " * 1

A .  - + A- - b + 1  
f  

- - a + 1

t b + 1 ,  
a + 1

0 n  t h e  l e f t ,  a s s u m e  t h a t  r . ,  r ,  a n d  r o  c o r r e s p o n d  t o  t h e  i m a g e s  o f  f . , 1 ,  f o , ,

a t d  f " , r ,  r e s p e c t i v e l y ,  a n d  i n t r o d u c e  f . , ,  w h i c h  i s  r e q u i r e d  t o  b e  a  k e r n e l  o f

f o , r f r , " * 1  a n d  t o  s a t i s f y  f . , 1  =  f . , r f r , r .  F o r  R * m o d u l e s ,  w e  s e e  t h a t  r .  w i l l

then  cor respond to  r .  Aru .  Th is  can be  expressed in  the  log ica l  Ianguage

L( r lc  )  by  the  th ree  cond i t ions  beLow:

c o m p o s i t i o n o r  ( f 1 ,  
" * t ,  f r ,  r ,  f 1 ,  " + 1 ,  A '  A '  A " * t  ) ,

C o m p o s i t i o n o ,  ( f " ,  r ,  f " ,  o ,  f o ,  r ,  A . ,  A o ,  A ,  ) ,

E x a c t o r ( f . , r ,  f b , c + 1 ,  4 " ,  A o ,  A " * r ) .

D u a l l y  o n  t h e  r i g h t ,  r .  =  t j  t " u  i f  r . ,  r . ,  a n d  r U  c o r r e s p o n d  t o  t h e  k e r n e l s  o f

f 1 , " * 1 ,  f r , r * l .  a n d  f t , " * t '  r e s p e c t i v e l y ,  f b * 1 , . * 1  i s  a  c o k e r n e l  o f  f " , r f 1 , b + 1 '

a n d  f r ,  a + 1  
=  f r ,  r * r f r * r ,  a + 1 '  T h i s  y i e l d s  j o i n  c o n d i t i o n s :

c o m p o s i t i o n o r ( f c , b + 1 ,  f " , 1 ,  f r , o * r ,  A " ,  A 1  A o * r ) '

c o m p o s i t i o n o r ( f 1 ,  " + 1 ,  f r ,  r * r ,  f b * 1 , . * 1 ,  A '  A r * r ,  A " * r  ) '

E x a c t o r ( f " , b * t '  f b + 1 , " + 1 '  A " '  A r * r '  A . * r ) '

T h e  c o m p l e t e  l i s t  V ' Y 2 , . . . , V .  c o n s i s t s  o f  t h e  4  +  6 s  -  3 n  a t o m i c  f  o r m u l a s

g i v e n  a b o v e .  S o ,  W ,  h a s  b e e n  d e f  i n e d ,  a n d  T r ( f  )  i s  ( V x ' x a , . . . , X . ) ( W a ) ,

w i t h  u  c h o s e n  m i n i m a l  s o  t h a t  T 2 ( f )  i s  c l o s e d .  T h i s  c o m p l e t e s  o u r

d e s c r i p t i o n  o f  T r .

The t rans la t ion  Tr :Uor . - - - - - - t la ,  f rom exac t  add i t i ve  ca tegory  fo rmulas  to

add i t i vb  re la t ion  ca tegory  fo rmulas  is  s t ra igh t fo rward .  Suppose Ä is

( V x r , " e , , , . x r , ) ( l l l )  i n  l l o ,  w i t h  o p e n  f o r m u l a  I l  e q u a l  t o

P ,  n P , l r . . .  A P m  +  P o ,

f o r  a t o m i c  f o r m u l a s  P o , P r , . . . , P .  o f  L ( r o r ) .  ( I f  m  =  0 ,  W  i s  P o . )  T h e  o p e n

f o r m u l a  W ,  f o r  T 3 ( ^ )  w i l l  h a v e  t h e  f o r m

U , n U , A , . .  A U , , ' n V , n V , n . . . n V r a  t  U o .



,1 n

( I f  m  =  t  =  0 ,  t h e n  W ,  i s  U o . )  R e c a l l  t h a t  e a c h  a t o m i c  p r e d i c a t e  f o r  L ( t o r )

h a s  a  c o r r e s p o n d i n g  a t o m i c  p r e d i c a t e  f o r  L ( r r r ) .  D e f i n e  U .  t o  b e  t h e  a t o m i c

f o r m u l a  c o r r e s p o n d i n g  t o  P '  w i t h  t h e  s a m e  a r g u m e n t  l i s t ,  f o r  i  =  0 , 1 , . ' . , h .

( F o r  e x a m p l e ,  U 0  i s  S u m * r ( " r , " 5 , x 2 , x g , x g )  i f  P 0  i s  S u m o r ( x ' x u , X z , X B , x n ) . )

T h e  t e r m s  V ' V a  V r .  c o r r e s p o n d  t o  t h e  l i s t  f '  f 2 , . . . , f r  o f  m o r p h i s m

a r g u m e n t s  a p p e a r i n g  i n  t h e  t i s t  P 0 , P 1 , . . . , P ,  o f  a t o m i c  f o r m u l a s .  S u p p o s e

t h a t  ( f u , A k , B k )  i s  t h e  m o r p h i s m  t r i p l e  c o r r e s p o n d i n g  t o  f u ,  k  <  t .  T h e n

V r , . - ,  i s  L e f t p r o p e r R c ( f k , A k , B u )  a n d  V r u  i s  R i g h t p r o p e r * c ( f ' A l , B k ) ,  f o r

k  =  1 , 2 , , . . , L .  F o r  e x a m p l e ,  i f  P o  i s  E x a c t o c ( " z , X g , X 3 , x n , x g ) ,  t h e r e  a r e

f o u r  a t o m i c  f o r m u l a s  f r o m  t h e  t w o  t r i p l e s  ( x ' x ' x n )  a n d  ( " 8 , * q , t s ) .  T r e a t i n g

P ,  t o  P .  s i m i l a r l y ,  w e  o b t a i n  V r . , V r , . . ' , V 2 ,  ( t  >  0 ) '  T h i s  d e f i n e s  t h e  o p e n

f o r m u l a  W '  a n d  T r ( Ä )  i s  t h e n  ( V * r , x 2 , . . . , * , ) ( W r ) .  N o t e  t h a t  T 3 ( ^ )  i s  a

c l o s e d  s e n t e n c e ,  h e n c e  i s  i n  U * r ,  s i n c e  n o  n e w  v a r i a b l e s  w e r e  i n t r o d u c e d .

T h i s  c o m p l e t e s  o u r  d e s c r i p t i o n  o f  T , .  A s  p r e v i o u s l y  n o t e d ,  i t s  p r o p e r t i e s

are  based on  the  isomorph ism between R-Mod and P(R-Re l ) .

To  de f ine  Ta:U*r - - - - *Uo,  we f i rs t  iden t i f y  cer ta in  sentences  A o f  1 l * ,  wh ich

a r e  c a l l e d  s u p e r f i c i a l  s e n t e n c e s .  E a c h  s u p e r f i c i a l  s e n t e n c e  i s  e i t h e r  t r u e

f o r  a l t  R - R e I  o r  i s  f a l s e  f o r  a l l  R - R e l ,  R  n o n t r i v i a l ,  a n d  w e  c a n  d e t e r m i n e

r e c u r s i v e J . y  w h i c h  c a s e  h o 1 d s .  F o r  A  s u p e r f i c i a l ,  d e f i n e  T n ( A )  i n  U o  b y :

t '  ( V x ,  ) ( x ,  =  x r  )  i f  A  i s  t r u e  f o r  a l l  R - R e l '
T n ( a )  =  j'  

L  ( V x ' x r ) ( x ,  =  t z )  i f  A  i s  f a l s e  f o r  a l l  R - R e I .

S u p e r f i c i a l  s e n t e n c e s  a r e  o f  s i x  t y p e s .  A t t y  A  o f  f o r m  ( V x ' x 2 , . . . , * r ) ( P O )  f o r

Po an  a tomic  fo rmula  is  ca l led  super f ie ia l  o f  t ype  7 .  Note  tha t  such a  Ä is

f a l s e  f o r  a I I  R - R e l  e x c e p t  w h e n  P o  i s  o f  t h e  f o r m  x .  =  t j .  H e r e a f t e r ,  s u p p o s e

A  i s  o f  f o r m  ( V x ' x 2 , . .  , X r , ) ( Q  -  P o ) ,  w h e r e  Q  e q u a l s  P r n P r n . . . n P . ,  f o r  a t o m i c

f o r m u l a s  P 0 , P r , . . . , P . .  T h e n  Ä  i s  s u p e r f i c i a l  o f  t y p e  2  i f  t h e r e  i s  a

var iab le  x .  such tha t  d ( * .  )  must  be  bo th  an  ob jec t  and a  morph ism under  any
J -

i n t e r p r e t a t i o n  d  s a t i s f y i n g  Q A P o .  S u c h  a  s e n t e n c e  i s  e s s e n t i a l l y  m e a n i n g l e s s

for  us ,  because o f  the  requ i rement  tha t  no  e lement  o f  R-ReI  be  bo th  an  ob jec t

and a  morph ism.  Ca lcu la t ion  shows tha t  A  is  then fa lse  fo r  a I I  R-Re l  o r



t1,

vacuous ly  t rue  fo r  a l l .  R-ReI .  For  example ,  the  fo l low ing  vacuous ly  t rue

sentence is  super f i c ia l  o f  t ype  2  because o f  x ,  and x r :

( V x r ,  t z ,  .  . . , * s ) ( ( N e g a t i v " n c ( * r , X s , X o , " r )  ^  X B  =  X s )  +  U n i t * c ( x 4 , * u ) ) .

Exc lud ing  types  1  and 2 ,  say  tha t  A  is  super f i c ia l  o f  t ype  3  i f  P0  has  the

f o r m  O b j e c t * r ( x i ) ,  a n d  i s  s u p e r f i c i a l  o f  t y p e  4  i f  P o  h a s  t h e  f o r m

M o r p h i s m r r ( x i , x j , r u ) .  S o m e  c a l c u L a t i o n  w i t h  o b j e c t  a r g u m e n t s  a n d  m o r p h i s m

t r i p l e s  o f  P ' P 2 , . . . , P . ,  t o g e t h e r  w i t h  c o n s i d e r a t i o n  o f  t e r m s  P .  w h i c h  a r e

equat ions ,  shows tha t  Tn(A)  can be  recurs ive ly  computed fo r  super f i c ia l

sen tences  o f  these two types .  Exc lud ing  types  t  lo  4 ,  sa l  tha t  A  is

super f i c ia i  o f  t ype  5  i f  there  is  an  ob jec t  var iab le  x .  fo r  Po such tha t

( V x ' x z ,  .  . . , " . ) ( Q  =  O b i e c t * , ( x ,  ) ) ,

w h i c h  i s  s u p e r f i c i a l  o f  t y p e  3 ,  i s  f a l s e  f o r  a I I  R - R e l .  F i n a l I y ,  e x c l u d i n g

types  1  to  5 ,  A  is  super f ie ia l  o f  t ype  6  i f  there  is  a  morph ism t r ip le

( * r , * j , x u )  f o r  P o  s u c h  t h a t

( V x '  x ? ,  .  . . , * , ) ( Q  =  M o r p h i s m * r ( " r , * j , x u ) ) ,

w h i c h  i s  s u p e r f i c i a l  o f  t y p e  4 ,  i s  f a l s e  f o r  a l l  R - R e I .  0 b v i o u s l y ,  e a c h

super f i c ia l  sen tence o f  type  5  o r  6  i s  fa lse  in  a l l  R-ReL

I | le  a re  f ina l l y  p repared to  de f ine  T4(A)  in  the  genera l  case,  when A is  no t

s u p e r f i c i a l .  B a s e d  o n  3 . 1 6  a n d  5 . B f f ,  w e  w i l l  d e f i n e  b e l o w  a n  e q u a t i o n  o f

r A - p o l y n o m i a l s  c o r r e s p o n d i n g  t o  e a c h  a t o m i c  f o r m u l a  P  f o r  L ( r * r ) ,  c a l I e d  t h e

pr imary  equat ion  fo r  P .  A lso ,  P  may have add i t iona l  cor respond ing  equat ions

of  ro -po lynomia ls  tha t  a re  ca1 led  s t ruc tu ra l  equat ions .  There  is  one s t ruc tu ra l

equat ion  A =  AA# cor respond ing  to  each ob jec t  a rgument  A  fo r  P .  (Category

: -
ob jec ts  o f  Y  cor respond to  symmet r ic  idempotents  o f  the  add i t i ve  re la t ion

a lgebra  Y, )  There  are  two s t ruc tu ra l  equat ions ,  f  =  A f  and f  =  fB ,

c o r r e s p o n d i n g  t o  e a c h  m o r p h i s m  t r i p l e  ( f , A , B )  f o r  P .  ( T h e  H o m  s e t  i n  i

cor respond ing  to  symmet r ic  idempotents  A  and B in  Y  cons is ts  o f  t r ip les

( A , f , B )  w i t h  A f  =  f  =  f B . )  T h e  p r i m a r y  r A - p o l y n o m i a l  e q u a t i o n s  c o r r e s p o n d i n g

to  each P are  shown be low,  together  w i th  the  number  o f  assoc ia ted  s t ruc tu ra l



t 2

e q u a t i o n s .  ( R e c a l 1  t h a t  p ( x )  d e n o t e s  ( x + ( - x ) ) # ( t + ( - x ) ) ,  q ( x )  d e n o t e s

( x + ( - x ) ) ( " + ( - " ) ) # ,  a n d  b o t h  x  <  y  a n d  y  >  x  d e n o t e  x  =  x ^ y . )

x = y  X = I , n o s t r u c t u r a l e q u a t i o n s

Objec t ra  (A)  .A ,  =  A ,  1  s t ruc tu ra l  equat ion

M o r p h i s m * r ( f , A , B )  f = f , 2 s t r u c t u r a l e q u a t i o n s

U n i t * r ( f , A )  f = A , S s t r u c t u r a l e q u a t i o n s

C o m p o s i t i o n * r ( f , B , h , A , B , C )  f  =  B h ,  9  s t r u c t u r a l  e q u a t i o n s

C o n v e r s e r r ( f , g , A , B )  f = g # , 6 s t r u c t u r a l e q u a t i o n s

I n c l u s i o n R c ( f , g , A , B )  f s g , 6 s t r u c t u r a l e q u a t i o n s

M e e t * r ( f  , g , h , A , B )  f  =  g A h ,  B  s t r u c t u r a l  e q u a t i o n s

J o i n * r ( f , g , h , A , B )  f  -  g v h ,  B  s t r u c t u r a l  e q u a t i o n s

S m a l l e s t * c ( f , A , B )  f = P ( A ) p ( B ) , 4 s t r u c t u r a l e q u a t i o n s

L a r g e s t * r ( f , A , B )  f = { ( A ) q ( B ) , 4 s t r u c t u r a l e q u a t i o n s

S * * r ( f  , g , h , A , B )  f  -  g + h ,  B  s t r u c t u r a l  e q u a t i o n s

N e g a t i v e * r ( f , g , A , B )

Z e r o * r ( f , A , B )

E x a c t * r ( f , g , A , B , C )

L e f t p r o p e r * r ( f , A , B )

R igh tp rope r r ,  (  f ,  A ,  B  )

F o r  e x a m p l e ,  Z e r o * r ( " s , * 5 , x r )  h a s  t h e  p r i m a r y  e q u a t i o n  x 3  =  i [ ( x s ) p ( * e )  a n d

t h e  s t r u c t u r a l  e q u a t i o n s  x u  =  x u x u # ,  x ,  =  x r x r # ,  x 3  =  x 5 x g  a n d  x r '  =  X g X 6 .

Note that the pr imary equat ions correspond to the morphism graph formulas

in  i  to "  Y  an  add i t i ve  re la t ion  a l .gebra .

For  A  no t  super f i c ia l ,  the  open fo rmula  1{ ,  fo r  Tn(Ä)  has  the  fo rm

U ,  n U ,  A  . . .  A U . n V ,  n V ,  n  . . .  n V .  *  U o .

H e r e ,  U .  i s  t h e  p r i m a r y  e q u a t i o n  c o r r e s p o n d i n g  t o  P . ,  f o r  i  =  0 , ! ,  , f r .

T h e  l i s t  V . Y z , , . . , V t  ( t  >  0 )  i s  o b t a i n e d  b y  a g g r e g a t i n g  a l l  t h e  s t r u c t u r a l

f  =  -g ,  6  s t ruc tu ra l  equat ions

f  =  q ( A ) p ( B ) ,  4  s t r u c t u r a l  e q u a t i o n s

f # q ( l ) f  =  g p ( B ) g # ,  7  s t r u c t u r a l  e q u a t i o n s

f f#  >  A ,  4  s t ruc tu ra l  equat ions

f# f  .  B ,  4  s t ruc tu ra l  equat ions
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f o r m u l a s  c o r r e s p o n d i n g  t o  t h e  a t o m i c  f o r m u l a s  P ' P r , . ' , , P r .  F i n a 1 l y ,  T 4 ( A )

i s  ( V x ' x 2 , . . . , X r , ) ( W l ) ,  w h i c h  i s  a  c l o s e d  s e n t e n c e ,  h e n c e  i s  i n  i n  U o ,

because no  new var iab les  were  in t roduced.

The a tomic  fo rmula  Po o f  Ä  fo r  i  "o " " " "nonds  to  a  con junc t ion  o f  i t s

pr imary  equat ion  and i t s  s t ruc tu ra l  equat ions .  I f  ^  i s  no t  super f i c ia l ,  the

s t ruc tura l  equat ions  fo r  Po are  consequences  o f  Q,  because types  5  and 6  are

e x c l u d e d .  I n  t h a t  c a s e ,  P O  i s  t r u e  i f f  i t s  p r i m a r y  e q u a t i o n  i s  t r u e .  T o

see why th is  approach is  necessary ,  suppose A is

( V x r , * a , " 3  ) ( L e f t p r o p e t R c ( t r , * a , * ,  )  -  L e f t p r o p e " n c  ( " r , x z , x z ) ) '

T h i s  s e n t e n c e  i s  s u p e r f i c i a l  o f  t y p e  6 ,  h e n c e  f a l s e  f o r  a l l  R - R e l .  I f  w e

computed by  the  procedure  fo r  non-super f i c ia l  sen tences ,  Tn(A)  wou ld  be  a

t r i v i a l l y  t r u e  s e n t e n c e ,  w i t h  b o t h  U o  a n d  U ,  e q u a l  t o  x r x r u  =  " r .

T h i s  c o m p l e t e s  t h e  d e s c r i p t i o n  o f  T n ,  c l o s i n g  t h e  l o o p  o f  r e c u r s i v e

t rans la t ion  func t  ions  .
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57.  Equ iva lence and Inc lus ion  o f  R ings  fo r  Modu le  Theor ies .

In  the  in t roduc t ion ,  we asser ted  tha t  our  f i ve  ex terna l  theor ies  fo r  modu les

determined a  un i f ied  theory  fo r  un iversa l  sen tences .  l t le  have showed tha t  bas ic

un iversa l  Horn  sentences  can be  t rans la ted  be tween these theor ies ,  w i th  t ru th

preserved re la t i ve  to  any  r ing .  We can compare  two r ings  R and S accord ing  to

the  un i f ied  theory :  we say  tha t  R is  s rna l le r  than S i f  i t  has  fewer  mode ls ,

s a y  ß ( R )  c  ß ( S ) ,  o r  m o r e  t r u e  u n i v e r s a L  b a s i c  H o r n  s e n t e n c e s ,  S a Y  U B ( R )  :  U r ( S ) .

(  I t  seems natura l  to  make t r i v ia l  r ings  min ima l ,  and the  r ing  Z  o f  in tegers

max imal ;  Z  cor responds to  the  most  genera l  modu le  theory ,  tha t  o f  abe l ian

groups . )  In  the  fo l low ing ,  we w i I l  show tha t  these r ing  compar isons  can be

charac ter ized  by  the  ex is tence o f  exac t  embedd ing  func tors .  Th is  makes many

abe l ian  ca tegory  techn iques  ava i lab le  fo r  ana lys is  o f  such compar isons .

7 . 7 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  r i n g s  R  a n d  S  w i t h  u n i t ,  s a y  t h a t  R  i s

d iagram-smal le r  than S,  wr i t ten  R J  S ,  i f  there  ex is ts  an  exac t  embedd ing

functor R-l lod+S-l lod. I f  R J S and S J R, say that R is diagram-equivalent

t o  S ,  a n d  w r i t e  R  -  S .  T h e  r e l a t i o n  J  i s  c a l t e d  d i a g r a m  i n c l u s i o n ,  a n d  t h e

re la t ion  -  i s  ca l led  d iagram equ iva fence.

7 . I a .  D i a g r a m  i n c l u s i o n  i s  a  s y m m e t r i c  a n d  t r a n s i t i v e  r e l a t i o n  ( q u a s i o r d e r )

o n  t h e  c l a s s  o f  a l I  r i n g s .  D i a g r a m  e q u i v a l e n c e  i s  a n  e q u i v a l e n c e  r e l a t i o n  o n

t h e  c l a s s  o f  a l l  r i n g s .

I t  i s  conven ien t  to  s ta te  the  un i f i ca t ion  resu l ts  a t  th is  po in t ,  a l though

par t  o f  the  proo f  must  be  de fer red ,

7 . 2 .  T h e o r e m .  S u p p o s e  R  a n d  S  a r e  r i n g s  w i t h  u n i t .  T h e n  t h e  f o l l o w i n g  a r e

a l l  e q u i v a l e n t :

7 .2a .  R J  S ,  tha t  i s ,  there  ex is ts  an  exac t  embedd ing  func tor  R-Mod+S-Mod.

7 .2b .  There  ex is ts  an  embedd ing  re la t ion  func tor  R-Re l  'S -ReI .

7 . 2 c .  J ( R )  s  f ( S ) .  ( E v e r y  l a t t i c e  w h i c h  i s  r e p r e s e n t a b l e  b y  a n  R - m o d u l e  i s

representab le  by  an  S-modu le .  )

7 . 2 d .  0 ( R )  S  0 ( S ) .  ( E v e r y  a d d i t i v e  r e l a t i o n  a l g e b r a  w h i c h  i s  r e p r e s e n t a b l e



by an R-module is representable by an S-module'  )

7 . 2 e .  ß ( R )  c  ß ( S ) .  ( E v e r y  a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  u n i t  w h i c h  i s

representab le  by  an  R-modu le  i s  representab le  by  an  S-modu le .  )

7 . 2 f .  U A c ( R ) :  t l o r ( S ) .  ( E v e r y  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  o f  t y p e  r o ,  w h i c h

i s  s a t i s f i e d  f o r  S - M o d  i s  s a t i s f i e d  f o r  R - l l o d .  )

7 , 2 g .  U R c ( R ) :  l l * r ( S ) .  ( E v e r y  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  o f  t y p e  r R c  w h i c h

i s  s a t i s f i e d  f o r  S - R e I  i s  s a t i s f i e d  f o r  R - R e L  )

7 . 2 h .  U L ( R )  :  t l r ( S ) .  ( E v e r y  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  o f  t y p e  r ,  w h i c h

i s  s a t i s f i e d  i n  e v e r y  S u ( M ) ,  M  a n  R - m o d u l e ,  i s  s a t i s f i e d  i n  e v e r y  S u ( N ) ,  N  a n

S-modu le .  )

7 . 2 i .  U A ( R ) :  t l o ( S ) .  ( E v e r y  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  o f  t y p e  r o  w h i c h

i s  s a t i s f i e d  i n  e v e r y  S u ( M e M ) ,  M  a n  R - m o d u l e ,  i s  s a t i s f i e d  i n  e v e r y  S u ( N @ N ) ,

N an S-modu le .  )

7 . 2 i .  U B ( R )  2  U B ( S ) .  ( E v e r y  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  o f  t y p e  r ,  w h i c h

i s  s a t i s f i e d  i n  e v e r y  S u ( M e M ) ,  M  a n  R - m o d u l e ,  i s  s a t i s f i e d  i n  e v e r y  S u ( N @ N ) ,

N an S-modu le .  )

We have a l ready  proved many par ts  o f  th is  theorem.  We know tha t  7 .Za ,b

a r e  e q u i v a l e n t  b y  5 . 1 8 ,  a n d  t h a t  7 . 2 c , d , e  a r e  e q u i v a l e n L  b y  4 . I t .  F r o m  t h e

l o o p  o f  t r a n s l a t i o n  f u n c t i o n s  ( T h e o r e m  6 . 4 ) ,  i t  f o l l o w s  t h a t  7 . 2 f  , g , h , i , i

a r e  a l l  e q u i v a l e n t .  C l e a r l y  7 . 2 c , h  a r e  e q u i v a l e n t  b y  2 . 9 .  A l s o ,  7 . 2 b  -  7 . 2 e

b y  5 . 6 b .  l { e  w i l l  s h o w  7 . 2 e  +  7 . 2 a  l a L e r  i n  t h i s  s e c t i o n ,  t o  c o m p l e t e  t h e  p r o o f

l{e give several  immediate consequences of Theorem 7 .2 nexL '

7 . 3 .  C o r o l l a r y .  I f  R  a n d  S  a r e  r i n g s  w i t h  u n i t ,  t h e n  R  -  S  i f f  t h e r e  e x i s t

embedd ing  re la t ion  func tors  R-ReI+S-Re l  and 5-p"1+R-ReI  i f f  8 (R)  =  9151

i f f  0 ( R )  =  0 ( S )  i f f  ß ( n )  =  6 1 5 ;  i f f  U A c ( R )  =  U A c ( S )  i f f  U R c ( R )  =  t l * r ( S )  i f f

U L ( R )  =  U L ( S )  i f f  U A ( R )  =  U A ( S )  i f f  U B ( R )  =  U B ( S ) '

7 . 4 .  C o r o l l a r y .  E a c h  r i n g  i s  d i a g r a m - e q u i v a l e n t  t o  s o m e  c o u n t a b l e  r i n g  ( 2 . I 0 ) .

7 . 5 .  C o r o l l a r y .  S u p p o s e  R  a n d  S  a r e  r i n g s  w i t h  u n i t ,  a n d  f  i s  a  ( c l o s e d ,

p r e n e x )  u n i v e r s a l  s e n t e n c e  i n  o n e  o f  t h e  l a n g u a g e s  L ( t o r ) , L ( r * , ) ,  L ( r r ) ,



L ( r o )  o r  L ( r r ) .  I f  f  i s  s a t i s f i e d  f o r  R - m o d u l e s  ( t h a t  i s ,  t h r o u g h o u t  R - M o d ,

R - R e l ,  J ( R ) ,  0 ( R )  o r  ß ( R ) ,  r e s p e c t i v e l y ) ,  t h e n  t h e r e  e x i s t  b a s i c  u n i v e r s a l

H o r n  s e n t e n c e s  f r , l ,

f ,  s u c h  t h a t  f  i s  a  l o g i c a l  c o n s e q u e n c e  o f  l r n f a n . . .  ^ l '  I f  R  J  S  a n d  f

i s  s a t i s f i e d  f o r  S - m o d u l e s ,  t h e n  i t  i s  s a t i s f i e d  f o r  R - m o d u ] e s .

S i n c e  J ( R ) ,  0 ( R )  a n d  ß ( R )  a r e  q u a s i v a r i e t i e s  b y  2 . 9  a n d  4 . 9 ,  7 . 5  f o l l o w s

i m m e d i a t e l y  f o r  f  i n  . 8 ( r r ) ,  I ( t o )  o r  f ( r r ) .  S e e  A p p e n d i x  E  f o r  f  i n  J ( r u ,  )

o r  J ( t n c  ) .

l le  w i l l  p rove  Theorem 7 .2  us ing  the  methods  o f  Fu l le r  and Hutch inson [ *x ] ,

w h i c h  e x p l o i t  t h e  s p e c i a l  p r o p e r t i e s  o f  e n d o m o r p h i s m  r i n g s  E n d ( * R ( F ) ) ,  w h e r e

B is  a  su f f i c ien t ly  la rge  in f in i te  card ina l  number .  An abbrev ia ted  t rea tment

i s  g i v e n  b e l o w ;  c o n s u l t  [ x x ]  f o r  t h e  m o t i v a t i n g  i d e a s  f r o m  t h e  t h e o r y  o f  l e f t

coherent  r ings .

7 . 6 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e t  R  b e  a  r i n g ,  I e t  p  b e  a  c a r d i n a l

n u m b e r  w i t h  B  >  x o  +  l R l  ,  a n d  l e t  T  d e n o t e  t h e  e n d o m o r p h i s m  r i n g  E n a ( r R ( B ) ) .

L e t  B  b e  a  s e t  o f  f r e e  g e n e r a t o r s  f o r  * R ( p ) ,  w i t h  l B l  =  F .

7 . 6 a .  I f  M  i s  a  s u b m o d u l e  o f  R R ( P ) ,  t h e r e  i s  a n  e n d o m o r p h i s m  t  i n  T  s u c h

t h a t  I m  t  =  M  ( s i n c e  l * R ( p ) l  
-  p  b e c a u s e  p  >  x o +  l R l ,  a n d  * R ( F )  i s  f r e e  o n  p

generators )  .

7 . 6 b .  F o r  t  a n d  u  i n  T ,  u  i s  i n  T t  i f f  I m  u  s  I m  t .

7 . 6 c .  T h e  p r i n c i p a l  l e f t  i d e a l s  { T t :  t  e  T }  o f  T  f o r m  a  s u b l a t t i c e  o f  t h e

l a t t i c e  S u ( r T )  o f  l e f t  i d e a l s  o f  T ,  a n d  t h i s  s u b l a t t i c e  i s  i s o m o r p h i c  t o

S u ( * R ( F ) ;  v i a  t h e  m a p  T t l l l i - I m  t  ( 7 . 6 a , b ) .  S i m i l a r l y ,  S u ( r T )  i s  i s o m o r p h i c

t o  t h e  l a t t i c e  o f  l a t t i c e  i d e a l s  o f  S u ( R R (  p  )  ) .

7 . 6 d .  I f  P  =  
R R ( B ) ,  t h e n  f o r  e a c h  n  >  1 ,  P  =  P ( n )  i n  R - M o d .  ( P a r t i t i o n

B  i n t o  s u b s e t s  B ' B r , . . . , B n ,  e a c h  o f  c a r d i n a l i t y  F ,  a n d  l e t  P .  d e n o t e  t h e

s u b m o d u l e  o f  P  g e n e r a t e d  b y  B i .  T h e n  P r * P r t . . .  * P n  i s  a n  i n t e r n a l  d i r e c t

sum fo r  P  such tha t  P  =  P i  fo r  each i  s  n .  )

7 . 7 .  P r o p o s i t i o n .  I f  R  i s  a  r i n g  w i t h  u n i t  a n d  p  >  1 ,  t h e n  R  -  E n d ( n R ( F ) ) .



P r o o f :  S u p p o s e  B  i s  a  f r e e  g e n e r a t i n g  s e t  f o r  * R ( F ) a n d  T  =  E n d ( R R ( p ) ) .

N o t e  t h a t  * R , l p )  i s  a  b i m o d u l e  a n d  R R ( p )  i s  a  p r o j e c t i v e  g e n e r a t o r .  S o ,  G  =

Hom*(*R[F  ) , - )  i s  an  exac t  embedd ing  func tor  R- l lod-T-Mod,  and R J  T .  A lso ,

g : R - T  g i v e n  b y  p ( r ) ( b )  =  r b  f o r  r  i n  R  a n d  b  i n  B  i s  a  r i n g  h o m o m o r p h i s m

preserv ing  1 .  So,  g  induces  an  exac t  embedd ing  func tor  Hn:T-Mod-R-Mod by

c h a n g e  o f  r i n g s  ( r v  =  q ( r ) v  f o r  v  i n  r M  a n d  r  i n  R ) .  T h i s  p r o v e s  R  -  T .  I

S o m e  s p e c i a l  d e f i n i t i o n s  a r e  g i v e n  n e x t .

7 . 8 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  M  i n  R - M o d  a n d  N  i n  S - M o d ,  a  r i n g

homomorph ism r | :End(nM)-End(sN)  i s  sa id  to  p reserve  exaetness  i f  f  o r  f  and

g  i n  E n d ( * M )  s u c h  t h a t  ( f  , g )  i s  e x a c t  i n  R - l l o d ,  ( V t f  ) , r l ( g ) )  i s  e x a c t  i n  S - M o d .

We say  tha t  r f  re f lec ts  ep imorph isms i f  whenever  { ( f )  i s  an  ep imorph ism (on to) ,

then f  must be an epimorphism.

7 . 9 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  A  r i g h t  T - m o d u l e  N ,  i s  c a l l e d  1 - f l a t  i f

f o r  a n y  l r , l r , . . . , t '  i n  T  ( n  >  1 ) ,  t h e r e  e x i s t  5 1 , s a , . . . i " .  i n  T  s u c h  t h a t

U r = ,  " i t i  =  0 ,  a n d  f o r  a n y  v 1  , Y z , ' .  ' , v ,  i n  N  s u c h  t h a t  [ J . = 1  v i t i  =  0 ,  t h e r e

e x i s t s  u  i n  N  s u c h  t h a t  u s .  =  v i  f o r  i  <  n .  N o t e  t h a t  s 1 , " 2 t . . . , s r ,  d e p e n d

o n l y  u p o n  t ' t r , . . . , t r r ,  a n d  n o t  o n  a n y  p a r t i c u l a r  c h o i c e  o f  , ! , Y 2 , . . . , v n ,

7 . 9 a .  I f  N T  i s  l - f l a t ,  t h e n  i t  i s  f l a t .

We are  now prepared to  comple te  the  proo f  o f  Theorem 7 .2 ,  and a lso

obta in  two more  techn ica l  charac ter iza t ions  o f  d iagram inc lus ion .

7 . 1 0 .  T h e o r e m .  S u p p o s e  R  a n d  S  a r e  r i n g s  w i t h  u n i t ,  a n d  T  =  E n d ( R R ( p ) )  f o r

s o m e  c a r d i n a l .  p  >  x o + l n l .  T h e n  R J  S  i f f  ß ( R )  g ß ( S )  i f f  7 . 1 0 a  i f f  7 . t 1 b .

7 . I }a .  :For  some S-modu le  N,  there  ex is ts  a  (un i t -p reserv ing)  r ing  monomorph ism

{ :T-End(  rN)  wh ich  preserves  exac tness  and re f  lec ts  ep imorph isms.

7 . 1 0 b .  T h e r e  e x i s t s  a  b i m o d u l "  s N r  s u c h  t h a t  N ,  i s  1 - f l a t  a n d  N t  +  N  f o r  e a c h

t  in  T  wh ich  is  no t  an  ep imorph ism.

P r o o f :  A s  p r e v i o u s l y  n o t e d ,  R  J  S  i m p l i e s  ß ( R )  S  ß ( S )  b y  5 . 1 8  a n d  5 . 6 b .

A s s u m e  ß ( R )  g  ß ( S ) ,  s o  t h e r e  e x i s t s  a  r r - e m b e d d i n g  [ : R e l ( r R t  
F ) ; * R " 1 1 r N 1

for  some S-modu le  N.  By  3 .16 i ,  the  r ing  o f  endomorph isms o f  any  modu le  M is



i s o m o r p h i c  t o  h o m ( ! , ! ) ,  t h e  r i n g  o f  p r o p e r  m a p s  i n  R e I ( M ) .  R e s t r i c t i n g  t  t o

proper  morph isms produces  an  r f  sa t i s fy ing  7 .10a.  Th is  p roves  tha t  ß(R)  g  ß(S)

i m p l i e s  7 . 1 . 0 a .

Assume tha t  r f  :  T -End(  rN)  sa t is f  ies  7  .70a.  I t  i s  conven ien t  to  wr i te

cer ta in  func t ion  eva lua t ions  us ing  a  b inary  in f i x  symbol  and reverse  order :

x x f  d e n o t e s  f ( x ) .  A  b i m o d u l e  s t r u c t u r e  r N ,  c a n  b e  d e f i n e d  u s i n g  v t  =  v * r J i ( t )

f o r  v  e  N  a n d  t  e  T .  S u p p o s e  t ' L r , . . . , t '  a r e  i n  T ,  n  >  1 .  S i n c e  * P  
=  

* P ( " )

b y  7 . 6 d  i f  , P  d e n o t e "  * R (  
F  ) ,  w e  c a n  s e l e c t  i n s e r t i o n s  t c .  a n d  p r o j e c t i o n s  n .

i n  T  f o r  i  s  n  s u c h  t h a t  r c . n .  =  1  f o r  i  s  n ,  t r t j  =  0  f o r  i  +  j ,  t  3  i , i  =  n ,
n n

a n d  [ J . = r  T j r c j  -  7 .  L e t  t  =  U j = ,  t j t j ,  s o  t h a t  r . t  =  t .  f o r  i  <  n '  B y  7 ' 6 a ,

t h e r e e x i s t s  s  i n T  s u c h t h a t  I m s = K e r t .  D e f i n e  s i  =  s f i i  f o r  i  < n .  S o ,

n n n

U r = ,  " r t i  =  U r = 1  s r i * r t  =  " ( U i = r  * i K ,  ) t  =  s 1 t  =  0 '

N o w  s u p p o " "  U : = ,  t i t i  =  0  f  o r  v ,  , y 2 , . . . , v '  i n  N .  L e t  v  =  U ; = 1  V i K i ,  s o

v  * , . 1 ( t )  =  ( U l = 1  v i  * , ' 1 ( r i  ) )  * . r | ( t )  =  U l = 1  v i  *  9 ( t c i t )  =  U l = r  v i t i  =  0 '

S i n c e  r f  p r e s e r v e s  e x a c t n e s s ,  I r , r l ( s )  =  K e r  t ( t ) ,  a n d  s o  t h e r e  e x i s t s  u  i n  N

such tha t  u  *  { (s )  =  v .  But  then
n

r " i  =  u s r T .  =  ( u x r l ( " ) ) x V ( n i ) =  u * , | ( r i ,  -  t U . i = l  v j  * , i ( r j ) ) * r l ( n . )  =  v , ,

f o r  i  =  ! , 2 , . . . , D .  T h e r e f o r e ,  N ,  i s  1 - f  l a t .  I f  t  i n  T  i s  n o t  o n t o ,  t h e n  r J i ( t )

i s  n o t  o n t o  b y  h y p o t h e s i s ,  s o  N t  =  I m , l ( t )  +  N .  T h e r e f o r e ,  7 . t } a  i m p l i e s  7 . 1 0 b '

Assume 7 .10b,  and le t  F  denote  the  compos i te  func tor

R-Mod+T-Mod+s-Mod,

w h e r e  G  i s  H o m ( * * | U , , - )  a n d  H  i s  r N e r - .  S i n c e  G  i s  e x a c t  b y  7 . 7  a n d  H  i s

e x a c t  b o c a u s e  N ,  i s  f l a t  ( 7 . 9 a ) ,  F  i s  e x a c t  a 1 s o .

Le t  K  be  a  p roper  le f t  idea l  o f  R .  Suppose B is  a  f ree  genera t ing  se t  fo r

R P ,  a n d  b o  i s  i n  B ,  L e t  K o  =  K b o v P o  i n  S u ( * P ) ,  w h e r e  P o  i s  g e n e r a t e d  b y  t h e

s e t  B - { b o } .  B y  7 . 6 a ,  t h e r e  e x i s t s  t  i n  T  s u c h  t h a t  I m  t  =  K o .  S i n c e  w  e  T t

i f f  I m  w  s  I m  t  b y  7 . 6 b ,  t h e r e  i s  a  T - l i n e a r  m o n o m o r p h i s m  \ : T / T I - G ( R / K ) ,

g i v e n  b y  \ ( 1 + T t )  =  \ o  i n  H o m ( R P , R R / K ) ,  w h e r e  \ 0 ( b 0 )  =  1 + K  a n d  \ 0 ( b )  =  0  f o r

a I I  b  i n  B - { b o } .  S i n c e  t  i s  n o t  o n t o ,  N T t  =  N t  +  N  b y  h y p o t h e s i s ,  a n d  s o



sNsr  (T/Tt )  = N/NTI  + 0.  But  then

F ( R / K )  =  H ( G ( R / K ) )  =  , l l s T  G ( R / K )  +  0 ,

v ia  the monomorphi" t  NSr\ .  Then F is  an exact  embedding functor ,  and so

7 . 1 0 b  i m p l i e s  R  J  S .  I


