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Computab i l i t y  and Unso lvab i l i t y  fo r  Modu le  Theor ies .

In  the  s tudy  o f  a  we l l -de f ined c lass  o f  mathemat ica l  p rob lems,  i t  i s

na tura l  to  hope fo r  a  genera l  comput ing  procedure  wh ich  reso lves  a I l

ques t ions  o f  the  g iven type .  In  the  nex t  sec t ion ,  i t  i s  shown tha t  no  such

procedure  ex is ts  fo r  the  fu l l  range o f  modu le  theory  ques t ions  cons idered

here .  That  i s ,  there  is  no  recurs ive  procedure  fo r  dec id ing  the  t ru th  o f

bas ic  un iversa l  Horn  sentences  as  in  $6 ,  w i th  respec t  to  any  f i xed

n o n t r i v i a l  r i n g .  T h i s  r e s u l t  i s  p r o v e d  b y  c o n s t r u c t i n g  a  f i n i t e l y - p r e s e n t e d

a d d i t i v e  r e l a t i o n  a l g e b r a  w i t h  a  r e c u r s i v e l y  u n s o l v a b l e  w o r d  p r o b l e m ,

For  add i t i ve  re la t ion  a lgebras  wh ich  are  f ree ,  the  cor respond ing  word

prob lems are  recurs ive ly  computab le  fo r  many r ings  R.  Essent ia l l y ,  the  f ree

word  prob lems are  computab le  i f  we can dec ide  when in tegers  d iv ide  o ther

in tegers  in  R,  where  these " in tegers"  a re  0  o r  add i t i ve  mul t ip les

1 + 1 + . . .  + 1  o f  t h e  r i n g  u n i t .  S u c h  i n t e g e r  d i v i s i b i i i t y  i s  a l w a y s

computab le  fo r  r ings  w i th  nonzero  charac ter is t i c ,  bu t  there  are  r ings  w i th

charaeter is t i c  zero  fo r  wh ich  i t  i s  no t  computab le .  In  the  Ia te r  sec t ions

of  th is  chapter ,  we demonst ra te  and app ly  these f ree  word  prob lem resu l ts .

$ 8 .  R e c u r s i v e l y  U n s o l v a b l e  W o r d  P r o b l e m s  a n d  D e c i s i o n  P r o c e d u r e s .

To prove a  prob lem recurs ive ly  unso lvab le ,  i t  su f f i ces  to  show tha t  a

so lu t ion  procedure  fo r  the  prob lem wou ld  a lso  so lve  a  p rob lem a l ready  known

to  be  recurs ive ly  unso lvab le .  l {e  use  such a  reduc t ion  here ,  based upon the

resu l t  o f  Nov iko f f  [  ]  and  Boone [  ]  tha t  the  word  prob lem fo r  g roups  is

r e c u r s i v e l y  u n s o l v a b l e .  T h a t  i s ,  t h e r e  i s  a  f i n i t e l y - p r e s e n t e d  g r o u p  G

wi th  a  recurs ive ly  unso lvab le  word  prob lem,  and we can suppose tha t  G has

two generators by the theorem of Higman, Neuman and Neuman [  ] .  By the

m e t h o d  o f  [  ] ,  * "  e a s i l y  o b t a i n  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  p r e s e n t a t i o n

t h a t  d e m o n s t r a t e s  t h e  d e s i r e d  r e c u r s i v e  u n s o l v a b i l i t i e s .

8 . 1 .  D e f i n i t i o n s .  L e t  r *  b e

w i t h  a r i t i e s  ( 2 , 1 , 0 )  .  L e t  S

t h e  a l g e b r a i c  t y p e  f o r  g r o u p s ,  t a k e n  a s  ( ' , - t , 1 )

denote  the  var ie ty  o f  g roups ,  as  rG-a lgebras .



Suppose G =  E{Y lV i }  i s  a  g roup presenta t ion  w i th  recurs ive ly  unso lvab le  word

p r o b l e m ,  w i t h  t w o  g e n e r a t o r s ,  s a y  Y  =  { x ' x 2 } ,  a n d  a  f i n i t e  s e t  W  o f  r e l a t i o n s ,

a s s u m e d  t o  h a v e  f o r m  w . ( r r , * 2 )  =  1  f o r  r a - p o l y n o m i a l s  * j ( t ' x 2 ) ,  j  =  1 , 2 , .  . , t .

D e f i n e  t : P ( Y , r . ) - P ( Y , r o )  r e c u r s i v e l y  b y  t ( x 1 )  =  X 1 ,  t ( * a )  =  x z ,  l ( 1 )  =  * r * r r

[ ( u v )  =  t ( u ) t ( v )  a n d  [ ( . . - 1 )  =  l ( , r ) # .  l l e  c o n s i d e r  a d d i t i v e  r e l a t i o n  a l g e b r a

presenta t ions  Uo{Y lÄ} ,  where  l /o  i s  a  quas ivar ie ty  conta ined in  the  var ie ty  Uo

o f  a I I  a d d i t i v e  r e l a t i o n  a l g e b r a s  a n d  A  i s  l e 1  =  e r l ,  w i t h

€ 1  =  " 1 * 1 0  n * r r * r n * z t e *  n x z x z #  n  t ( w r ) ^  t ( * a ) n . . .  , r  [ ( w t )  a n d

e z  =  x 1 x 1 #  u  * r * * r v  x z x ? #  u  " r " r #  v  t ( w r )  u  t ( * a )  v  . . .  v  ! ( w r ) .

N o t e  t h a t  e t  - -  e z  i s  e q u i v a l e n t  t o  e q u a l i t y  o f  a l l  t h e  t e r m s  " r " r u ,  t r # * r ,

* z * z # ,  r z # * 2 ,  [ ( * 1 ) ,  t ( * z )  ,  f  ( w t ) .

G iven a  su f f i c ien t ly  Large  quas ivar ie ty  Uo g  tJA,  the  ( two genera tor  and

one re la t ion)  p resenta t ion  above w i l l  have a  recurs ive ly  unso lvab le  word

p r o b l e m  f o r  U o .

8 . 2 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  n o n t r i v i a l  r i n g  w i t h  u n i t  a n d  M  i s  a  f r e e

R - m o d u l e  w i t h  i n f  i n i t e  f r e e  g e n e r a t i n g  s e t  B  =  { b ' b z , b s , . . . } .  I f  U 0  i s  a

q u a s i v a r i e t y  o f  a d d i t i v e  r e l a t i o n  a l g e b r a s  ( U o  q  U A )  s u c h  t h a t  R e I . ( M )  i s

i n  l l o ,  t h e n  U 0 { Y l A }  h a s  a  r e c u r s i v e l y  u n s o l v a b l e  w o r d  p r o b l e m .

Proof :  Assume the  hypotheses ,  and cons ider  the  d iagram:

P ( Y , r ^ )  t  , p ( Y , r ^ )
- l " l - ^1 l  l lo

G+A-_----.--.--..-.-ReI, (M)
l L v

H e r e ,  g : =  $ { Y l W } ,  A  =  U o { Y l A } ,  I  i s  t h e  c a n o n i c a l  t r - h o m o m o r p h i s m  o n t o  G ,

and r1o  is  the  canon ica l  ro -homomorph ism onto  A.  Def in ing  (  as  in  8 .1 ,

ca lcu la t ion  shows tha t  the  image o f  [ lo  i s  a  subset  o f  A  wh ich  is  a  g roup

g e n e r a t e d .  b y  Y  u n d e r  t h e  o p e r a t i o n s  ( ' , # , * r " r # ) ,  a n d  t h a t  t h e  r e l a t i o n s  o f

W are  sa t is f ied  in  th is  g roup.  There fore ,  there  ex is ts  a  un ique group

homomorph ism preserv ing  x ,  and x ,  f rom G in to  th is  image,  and th is

homomorph ism can be  regarded as  a  func t ion  p :G-A such tha t  lp  =  t1o .



Clear ly  G is  denumerab ly  in f in i te ,  saY w i th  enumera t ion  G =  {g ,

Cons ider  the  group monomorph ism uo:C- 'Aut (B)  de f ined by  uo(Su) (b ,

, 8 2

) =

t B g '

b .
J

i f f  g . B t  =  B j  f o r  i , i , k  >  1 ,  w h i c h  i s  a  C a y l e y  r e p r e s e n t a t i o n  o f  G  i n  t h e

permuta t ion  group o f  B .  S ince  B f ree ly  genera tes  M,  ,O(gr . )  de termines  a

un ique R- I inear  map M-M,  and we le t  u r (81)  denote  i t s  g raph in  ReI , (M) ,

k  :  1 .  F o r  t h e  r o - h o m o m o r p h i " t  I r : P ( Y , r o ) € R e t . ( M )  s u c h  t h a t  1 r ( * i  )

u r ( x r )  f o r  i  =  1 , 2 ,  w e  c a n  s h o w  t h a t  1 r ( " r )  =  r l r ( e r ) ,  s i n c e  b o t h  e q u a l  1

i n  R e l ( M ) .  N o w  R e I . ( M )  i s  i n  U o ,  s o  t h e r e  e x i s t s  a  r o - h o m o m o r p h i s m  u  f r o m  A

i n t o  R e l . ( M )  s u c h  t h a t  1 o u  =  l r .  C a l c u l a t i o n  s h o w s  t h a t  v ( p . ( g ) )  =  v r ( 8 )  f o r

aJ .J .  g  in  G,  and i t  f  o l lows tha t  pu  is  one-one '

S i n c e  p u  i s  o n e - o n e ,  s o  i s  p .  S o ,  l ( p )  =  l ( q )  i f f  r 1 o ( t ( p ) )  =  l o ( t ( q ) )

f o r  ( p , q )  i n  P ( Y , r . ) 2 .  B u t  I ( p )  =  l ( q )  i s  n o t  a  r e c u r s i v e l y  c o m p u t a b l e

p r e d i c a t e  o n  P ( Y , r a ) 2  s i n c e  G  h a s  r e c u r s i v e l y  u n s o l v a b l e  w o r d  p r o b l e m .

S i n c e  I  i s  r e c u r s i v e l y  c o m p u t a b l e ,  i t  f o l l o w s  t h a t  t h e  p r e d i c a t e  1 O ( u )  =

l o ( v )  f o r  ( u , v )  i n  P ( Y , r o ) 2  i s  n o t  r e c u r s i v e l y  c o m p u t a b l e '  T h e r e f o r e ,

U o { Y l A }  h a s  a  r e c u r s i v e l y  u n d e c i d a b L e  w o r d  p r o b l e m .  r

8 . 3 .  C o r o l l a r y .  F o r  a n y  n o n t r i v i a l  r i n g  R ,  t h e r e  i s  n o  r e c u r s i v e  d e c i s i o n

p r o c e d u r e  f  o r  m e m b e r s h i p  i n  a n y  o f  t l o ( R ) ,  U B ( R ) ,  U L ( R ) ,  U A c  ( R )  a n d  U R c  ( R ) .

That  i s ,  we can no t  recurs ive ly  dec ide  whether  an  arb i t ra ry  bas ic  un iversa l

Horn  sentence is  t rue  fo r  R-modu les  in  any  o f  these f i ve  theor ies '

P r o o f :  B y  P r o p o s i t i o n  8 . 2 ,  w e  c a n ' t  e v e n  r e c u r s i v e l y  c o m p u t e  t h e  p r e d i c a t e

o n  p a i r s  ( . r r , u )  i n  P ( Y , t o  ) 2  w h i c h  i s  t r u e  i f  f

( V x r , x r ) ( ( a !  =  e z )  -  ( u  =  v ) )

i s  s a t i s f i e d  f o r  a I l  a d d i t i v e  r e l a t i o n  a l g e b r a s  i n  0 ( R ) .  T h i s  p r o v e s  t h e

resu l t  fo r  l lo (R) ,  and the  remain ing  cases  fo l low immedia te ly  by  us ing  the

r e c u r s i v e  b a s i c  u n i v e r s a l  H o r n  s e n t e n c e  t r a n s l a t i o n  f u n c t i o n s  o f  6 . 4 .  I

T h e  a b o v e  r e s u l t  i s  t h e  m a i n  p o i n t  o f  t h i s  s e c t i o n .  T h e s e  u n s o l v a b i l i t y

resu l ts  can be  sharpened or  app l ied  in  a  number  o f  ways .  l l l e  conc lude w i th

two such improvements, f rom [ ]  and [  ] .



8 . 4 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  n o n t r i v i a l  r i n g  w i t h  u n i t  a n d  M  i s  a  f r e e

R-modu le  w i th  in f in i te ly  many f ree  genera tors .  Le t  Io  be  any  quas ivar ie ty

o f  l a t t i c e s  w h i c h  c o n t a i n s  S u ( M ) .  T h e n  t h e r e  i s  a  l a t t i c e  p r e s e n t a t i o n

wi th  f i ve  genera tors  and one re la t ion  wh ich  has  a  recurs ive ly  unso lvab le

word  prob lem fo r  fo .  Th is  p resenta t ion  is  de f ined independent ly  o f  the

c h o i c e  o f  R  a n d  I o .

8 . 5 .  P r o p o s i t i o n .  0 i v e n  a  f i n i t e  c o m m u t a t i v e  a b e l i a n  c a t e g o r y  d i a g r a m  w i t h

spec i f ied  exac tness  re la t ions ,  there  is  no  genera l  p roeedure  fo r  comput ing

whether a given pair  of  diagram maps must be exact (as a consequence of the

spec i f ied  commuta t ive  d iagram s t ruc ture  and exac tness  hypotheses) .
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9 9 .  D i v i s i o n  o f  E l e m e n t s  C o r r e s p o n d i n g  t o  I n t e g e r s  i n  a  R i n g .

For  each r ing  R,  there  is  a  un ique r ing  homomorph ism preserv ing  the  un i t

f rom the  r ing  o f  in tegers  in to  R.  E lements  in  the  image o f  th is

h o m o m o r p h i s m  a r e  e i t h e r  0 ,  o r  s u m s  t + I + . . .  + 1  o f  t h e  r i n g  u n i t  ( o n e  o r

more  te rms) ,  o r  negat ives  o f  such sums.  In  th is  sec t ion ,  we inves t iga te

t h e  p r o p e r t i e s  o f  t h e s e  e l e m e n t s ,  e s p e c i a l l y  t h e i r  d i v i s i o n  p r o p e r t i e s .

Our  t rea tment  i s  adapted  f rom [T ISL,  $2 ] .

9 . 1 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e L  Z  d e n o t e  t h e  r i n g  o f  i n t e g e r s ,  a n d

Ie t  ( r :Z+R denote  the  un ique r ing  homomorph ism preserv ing  1 ,  fo r  any

r i n g  R  w i t h  u n i t .  E l e m e n t s  o f  ( R [ Z ]  a r e  c a L I e d  Z - i n a g e s  i n  R .  F o r  n  i n  Z

a n d  r  i n  R ,  I e t  n . r  d e n o t e  ( * ( n ) r  i n  R .  F o r  i n t e g e r s  m  a n d  n  a n d  a  r i n g  R ,

D i v * ( m , n )  d e n o t e s  t h e  p r e d i c a t e

( = r ) ( r  e  R  &  m ' r  =  n ' 1 )

o n  Z x Z .  T h a t  i s ,  D i v * ( m , n )  h o l d s  t g  ( n ( m )  d i v i d e s  ( * ( n )  ( o n  t h e  l e f t )  i n  R .

LeL Z(d)  denote  the  r ing  o f  in tegers  modu lo  d  fo r  d  >  1 ,  as  usua1.  Note  tha t

w e  a l l o w  t h e  t r i v i a l  r i n g  Z ( 1 ) .

9 . 1 a .  F o r  e a c h  n  i n  Z ,  ( r ( n )  =  n ' 1  a n d  ( r ( n )  i s  a  c e n t r a l  e l e m e n t  o f  R ,  s o

d i v i s i o n  o n  t h e  l e f t  i s  e q u i v a l e n t  t o  d i v i s i o n  o n  t h e  r i g h t  f o r  Z - i m a g e s .

N o t e  a l s o  t h a t  ( * ( " ) - 1  i s  a  c e n t r a l  e l e m e n t  o f  R  i f  ( * ( n )  i s  i n v e r t i b l e  i n  R .

9 . 1 b .  R  i s  a  Z - a l g e b r a  u n d e r  t h e  s c a l a r  m u l t i p l i c a t i o n  n ' r ,  w i t h  0 ' r  =  0 ,

n . r  =  r + r + . . . + r  ( n  t i m e s )  i f  n  >  1 ,  a n d  n ' r  =  - ( r + r + . . . + r )  ( l n l  t i m e s )

i f  n  <  - 1 .  R e c a I I  t h e  u s u a l  i d e n t i t i e s :  m n ' r  =  m ' ( n ' r ) ,  ( m + n ) ' r  =  m ' r + n ' r '

m . ( r + s )  =  m ' r + m ' s ,  1 ' r  =  r  a n d  n ' r s  =  ( n ' r ) s  =  r ( n ' s ) ,  f o r  m  a n d  n  i n  Z  a n d

r  a n d  " ' i n  R .

9 . 1 c .  I f  R  h a s  z e r o  c h a r a c t e r i s t i c ,  t h e n  ( *  i s  o n e - o n e  a n d  a l l  t h e

Z - i m a g e s  n . 1  a r e  d i s t i n c t .  I f  R  h a s  n o n z e r o  c h a r a c t e r i s t i c  d  >  1 ,  t h e n

n ' 1  =  m ' 1  i n  R  i f f  n  =  m  ( m o d  d ) .

9 . 1 d .  F o r  R  a  r i n g  a n d  i n t e g e r s  m  a n d  n ,  D i v . ( m , n )  i s  t r u e  i f f  D i v * (  l m l , I n l )

i s  t r u e .  I f  m  d i v i d e s  n  i n  Z ,  t h e n  D i v * ( m , n )  i s  a l w a y s  t r u e .  I n  p a r t i c u l a r ,



D i v * ( m , 0 )  i s  a l w a y s  t r u e .  I f  n  *  0 ,  t h e n  D i v * ( 0 , n )  i s  t r u e  i f f  R  h a s  n o n z e r o

c h a r a e t e r i s t i c  d  s u c h  t h a t  d  d i v i d e s  n  i n  Z .

W h e n  R  h a s  a  n o n z e r o  c h a r a c t e r i s t i c  d  >  1 ,  t h e n  t h e  Z - i m a g e  d i v i s i b i l i t y

p r e d i c a t e  D i v * ( m , n )  i s  c o m p u t a b l e  f r o m  d '

g . 2 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  r i n g  w i t h  c h a r a c t e r i s t i c  d  >  1 '  F o r  m

a n d  n  i n  Z ,  m ' 1  d i v i d e s  n ' 1  i n  R  i f f  t h e  g . c . d .  o f  d  a n d  m  d i v i d e s  n  i n  Z '

P r o o f :  A s s u m e  t h e  h y p o t h e s e s ,  s o  d . 1  =  0 .  L e t  c  b e  t h e  g . c . d .  o f  d  a n d  m ,

so  there  are  x ,  y ,  z  and w in  Z  such tha t  cx  =  d ,  cY =  m and c  =  dz+mw'

s u p p o s e  m . 1  d i v i d e s  n . 1 ,  s a y  m . r  =  n . 1  f o r  s o m e  r  i n  R .  I f  c  d o e s n ' t

d i v i d e n ,  t h e n n =  s c * t f o r  s o m e  s  i n Z a n d t w i t h 0 ( t (  c .  T h e r e f o r e ,

0  (  t x  (  c x  =  d  a n d  t x ' 1  =  ( n - s c ) x ' 1  =  n x ' 1 - s d ' 1  =  n x ' 1  =  x m ' r  =  x c y ' r  =

d y . r  =  0 .  B u t  i f  t x . 1  =  0 ,  t h e n  d  i s  n o t  t h e  c h a r a c t e r i s t i c  o f  R .  T h i s

cont rad ic t ion  proves  tha t  c  d iv ides  n .

N o w  s u p p o s e  c  d i v i d e s  n ,  s a y  n  =  c v  i n  z .  T h e n  ( m ' 1 ) ( w v ' t )  =  m w v ' 1  =

( c  -  d z ) v ' 1  =  c v ' 1  =  n ' 1 ,  s o  m ' 1  d i v i d e s  n ' 1  i n  R .  I

9 . 3 .  C o r o l l a r y .  S u p p o s e  R  i s  a  r i n g  w i t h  c h a r a c t e r i s t i c  d

T h e n  D i v * ( t , . )  i s  e q u i v a l e n t  t o  D i v r ( m , n )  f o r  a l I  i n t e g e r s m

1 ,  a n d  S  - -  Z ( d )  .

and  n .

F o r  r i n g s  R  w i t h  c h a r a c t e r i s t i c  z e r o ,  d i v i s i b i l i t y  o f  Z - i m a g e s  c a n  b e

d e t e r m i n e d  f o r  a l l  i n t e g e r s  i f  i t  i s  k n o w n  w h e n  p k * 1 ' 1  d i u i d " "  p k ' 1 ,  f o r

a I I  p r imes p  and k  >  0 .  For  each pr ime p ,  we need on ly  de termine the

s m a l l e s t  n o n n e g a t i v e  i n t e g e r  k  s u c h  t h a t  D i v * ( p u * t , p u )  i s  t r u e ,  i f  t h e r e  i s

such a  k .

g . 4 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e t  N [ 0 , o ]  d e n o t e  t h e  c h a i n  ( t o t a l l y

ordered se t )  cons is t ing  o f  the  nonnegat ive  in tegers  {n :  n  >  0 } ,  o rdered

as  usuaL,  together  w i th  a  max imum e lement  denoted  by  - .  Note  tha t  N[0 , * ]  i s

a  c o m p l e t e  l a t t i c e ,  w i t h  s u p  Y  =  -  f o r  Y  c  N [ 0 , - ]  i f f  *  e  Y  o r  Y  i s  a n

i n f i n i t e  s e t .

I f  p  i s  a  p r i m e  a n d  R  i s  a  r i n g ,  I e t  t h e  p - d e g r e e  o f  R ,  d e n o t e d  b y  d g r * ( n )

o r  d g r ( p , R ) ,  b e  t h e  s m a l l e s t  i n t e g e r  k  i n  N [ 0 , * ]  s u c h  t h a t  D i v * ( p k * 1 , p k )  i s



t rue ,  w i th  dgr r (p )  =  -  i f  there  is  no  such k .

I f  p  i s  p r ime and n  *  0  in  Z ,  the  p-exponent  o f  n ,  denoted  by  exp t , . (p ) ,

i s  the  la rges t  in teger  k  such tha t  pk  d iv ides  n  in  Z .  Note  tha t  exp t - r , (p )  =

e x p t r r ( n ) .

9 . 4 a .  S u p p o s e  R  i s  a  r i n g  a n d  p  i s  p r i m e .  F o r  i , i  >  0  i n  Z ,  D i v * ( P i , P i )  i s

t r u e  i f f  i s i  o r d g r * ( p ) < i .  ( S i n c e D i v * ( P i , t i )  i s t r u e f o r  i  s i  b y 9 . 1 d ,

a s s u m e  i  >  j .  I f  p i ' "  =  p i ' 1  f o r  s o m e  s  i n  R ,  t h e n  p i * l ' t  =  p i ' 1  f o r  t  =

p t - i - 1 . " ,  s o  d g r r ( p )  <  j .  I f  d g r * ( p )  <  j ,  " r y  p k * l . "  =  p k . 1  i t t  R  f o r  k  =

d g r * ( l ) ,  t h e n  p i ' u  =  P i ' 1  f  o r  . . ,  =  t t - i .  )

9 . 4 b .  S u p p o s e  R  i s  a  r i n g ,  p  i s  p r i m e ,  a n d  d g r * ( p )  =  } <  (  o .  T h e n  t h e

max imum p-he igh t  poss ib le  fo r  an  R-modu le  e lement  i s  k .  (Note  tha t  1  in

n R / p k R  h a s  p - h e i g h t  k ,  s i n c e  p k - t ' 1  i n  p k R  i m p l i e s  d g r * ( p )  <  k .  I f  i  >  k

a n d  ( p i . f ) v  =  0  f o r  v  i n  * M ,  t h e n  ( p k . 1 ) v  =  0  b e c a u s e  p i ' t  d i v l d e s  p k ' 1

i n  R . )  I f  d g r * ( p )  =  - ,  t h e n  R - m o d u l e s  m a y  h a v e  e l e m e n t s  w i t h  a r b i t r a r i l y

l a r g e  p - h e i g h t s  j  ( s u c h  a s  1  i n  * n / p j n ) .

9 . 4 c .  I f  R  h a s  c h a r a c t e r i s t i c  d  >  1 ,  t h e n  d g r * ( p )  =  e x p t a ( P )  f o r  a l 1

p r i m e s  p  ( a p p l y  9 . 2 ) .  I n  t h i s  c a s e ,  d g r * ( P )  i s  0  e x c e p t  f o r  a t  m o s t

f i n i t e l y  m a n y  p r i m e s  p ,  a n d  d g r * ( p )  i s  n e v e r  c o .

9 . 4 d .  F o r  p  p r i m e ,  d g r R ( p )  =  0  i f f  p . 1  i s  a n  i n v e r t i b l e  e l e m e n t  o f  R .

F o r  r i n g s  R  w i t h  c h a r a c t e r i s t i c  z e r o ,  D i v * ( m , n )  i s  t r u e  i f  n  =  0  a n d

fa lse  i f  m =  0  and n  *  0 .  The o ther  cases  are  shown in  the  nex t  resu l t .

9 . 5 .  P r o p o s i t i o n .  S u p p o s e  R  i s  a  r i n g  w i t h  c h a r a c t e r i s t i c  z e r o ,  a n d  m  a n d

n are  nonzero  in tegers .  Then the  fo l low ing  cond i t ions  are  equ iva len t :

9 . 5 a .  D i v * ( m , n )  i s  t r u e ,  t h a t  i s ,  m ' 1  d i v i d e s  n ' 1  i n  R .

9 . 5 b .  F o r  e a c h  p r i m e  p  d i v i d i n g  m ,  e x p t . ( p ;  >  e x p t r , ( n )  i m p l i e s  t h a t

d g r * ( p ;  s  e x p t , , ( p ) .

9 . 5 c .  F o r  e a c h  p r i m e  p ,  i f  i  =  e x p t . ( p )  a n d  ;  =  e x p t , r ( P ) ,  t h e n  p i ' 1

d i v i d e s  p i . 1  i n  R .

P r o o f :  A s s u m e  9 . 5 a ,  s o  m ' r  =  n ' 1  f o r  s o m e  r  i n  R .  S u p p o s e  i  =  e x P t m ( p )  >

e x p t r r ( p )  =  j  f o r  p  p r i m e ,  s o  m  =  p i * 1 x  a n d  n  =  P i y  f o r  x  a n d  y  i n  Z ,  a n d  y  i s



n o t  d i v i s i b l e  b y  p .  T h e n  p a + y b  =  1  f o r  s o m e  a  a n d  b  i n  Z ,  s o  b m ' r  =  b n ' 1  =

p i y b . 1  =  p i ( 1 - p a ) . 1  =  p i . t - p i * 1 a . 1  i n  R .  T h e r e f o r e ,  p i * 1 . t  =  p i . 1  f o r

t  =  x b ' r + a ' 1  i n  R ,  a n d  j  >  d g r * ( n ) .  T h i s  p r o v e s  9 . 5 a  +  9 . 5 b '

A s s u m e  9 . 5 b ,  a n d  l e t  i  =  e x p t . ( p )  a n d  j  =  e x p t , , ( p )  f o r  p  p r i m e .  I f  p

d . o e s n ' t  d i v i d e  m ,  t h e n  i  =  Q  3  j  a n d  D i v * ( p i , p i  )  i s  t r u e  b y  9 . 4 a .  I f  p

d i v i d e s  m ,  t h e n  e i t h e r  i  <  j ,  o r  i  )  j  a n d  s o  d g r * ( p )  <  j  b y  9 . 5 b .  H e n c e

D i v * ( p i , p i )  i s  t r u e  i n  a l l  c a s e s  b y  9 . 4 a .  T h e r e f o r e ,  9 . 5 b  +  9 . 5 c .

A s s u m i n g  9 . 5 c ,  t h e r e  e x i s t s  r  s u c h  t h a t  m ' r  =  n ' 1  ( u s e  9 . 1 a  a n d  t h e

p r i m e  p o w e r  f a c t o r i z a t i o n s  o f  m  a n d  n ) ,  T h e r e f o r e ,  9 . 5 c  ä  9 ' 5 a .  r

B a s e d  o n  9 . 2  a n d  9 . 5 ,  w e  w i l l  d e v e l o p  a  u n i f i e d  a p p r o a c h  t o  Z - i m a g e

d i v i s i b i l i t y  c o n d i t i o n s  f o r  a l l  r i n g s .

9 . 6 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e t  P r  d e n o t e  t h e  s e t  o f  a l l  p r i m e s .  A

p - d e g r e e  f u n c t i o n  i s  a n y  f u n c t i o n  1 ' p r . - N [ O , - ] ,  a n d  N [ 0 , - ] P '  d e n o t e s  t h e

set  o f  a l l  p -degree func t ions .  Order  p -degree func t ions  po in tw ise :  f  s  g

i f f  f ( p )  s  g ( p )  f o r  a l l  p r i m e s  p .  A  p - d e g r e e  f u n c t i o n  g  s u c h  t h a t  g ( p )  *  o o

f o r  a l l  p r i m e s  p  a n d  g ( p )  =  0  f o r  a I I  b u t  f i n i t e l y  m a n y  p r i m e s  p  i s  s a i d  t o

have f in i te  he igh t .  A  p-degree func t ion  h  such tha t  h (p)  =  o  except  fo r  a t

m o s t  f i n i t e l y  m a n y  p r i m e s  p  i s  s a i d  t o  b e  - - c o f i n i t e .

For  n  *  0 ,  Ie t  exp t , ,  denote  the  p-degree func t ion  pä l : -exp t " (P) .  Def  ine

p-degree func t ions  d iu - , r ,  fo r  in tegers  m and n  as  fo l lows:  I f  n  =  0 ,  then

d i v . , r r ( p )  =  -  f o r  a I I  p r i m e s  p .  I f  n  *  0  a n d  m  =  0 ,  t h e n  d i u , n , r ,  =  e x p t ' , .

For  nonzero  m and n  and p  pr ime:

r
di,.,,,(P) = l"'nt"rn) :: ::::-::] = ""il:li]

L  
^  ' n ' ^

9 . 6 a .  U n d e r  p o i n t w i s e  o r d e r ,  N [ 0 , - ] P '  i s  a  c o m p l e t e  d i s t r i b u t i v e  l a t t i c e

( a  d e n u m e r a b l e  p r o d u c t  o f  c h a i n s  N [ 0 , - 1 ; .  A r b i t r a r y  m e e t s  a n d  j o i n s  a r e

a lso  computed po in tw ise .

9 . 6 b .  T h e  s e t  o f  a l l  p - d e g r e e  f u n c t i o n s  g  o f  f i n i t e  h e i g h t  i s  a n  i d e a l  o f

t h e  l a t t i c e  N [ 0 , - ] P ' .  A  p - d e g r e e  f u n c t i o n  g  h a s  f i n i t e  h e i g h t  i f f  t h e  s u b s e t



{ f  ,  f  s  g }  o f  N [ o , - ] P ' i s  f i n i t e  i f f  f p . r ,  g ( p )  i s  f i n i t e .  F o r  n  *  0 ,  e x p t , ,

i s  a  p - d e g r e e  f u n c t i o n  o f  f i n i t e  h e i g h t ,  h e n c e  s o  i s  d i u ' , r , .  T h e  f u n c t i o n

n$L-s:<p1r,  is a one-one correspondence between the posit ive integers and the

set  o f  p -degree func t ions  o f  f in i te  he igh t .  The rec ip roca l  func t ion  takes  g

t o  I I n . r "  p . ( n ) ,  a  f o r m  o f  t h e  p r i m e  p o w e r  f a c t o r i z a t i o n  o f  a n  i n t e g e r  n  i f  g

h a s  f i n i t e  h e i g h t .  I f  R  h a s  c h a r a c t e r i s t i c  d  >  1 ,  t h e n  d g r R  =  e x p t ,  b y  9 . 2 .

F o r  n o n z e r o  m  a n d  n ,  m  d i v i d e s  n  i n  Z  i f f  e x p t ,  <  e x p t '  i n  N [ 0 , - ] P " .

9 . 6 c .  T h e  s e t  o f  a l l  - - c o f i n i t e  p - d e g r e e  f u n c t i o n s  h  i s  a  d u a l  i d e a l  o f

N [ 0 , * ] P " .  T h e  f u n c t i o n s  d i v - , n  a r e  - - c o f i n i t e ,  e x c e p t  f o r  t h e  f i n i t e  h e i g h t

c a s e  m  =  0  a n d  n  *  0  o f  9 . 6 b .  F o r  e v e r y  - - c o f i n i t e  p - d e g r e e  f u n c t i o n  h ,

t h e r e  e x i s t  i n t e g e r s  ü , D  2 1 s u c h  t h a t  d i v n , , r ,  =  h .  ( A p p l y  9 ' 5 ,  u s i n g

r  -  
I I n . . ,  p n ( p ) + l  a n d  n  =  I I n r ,  p n ( n )  f o r  J  =  { p  e  P r :  h ( p )  <  - } '

I f  J  i s  e m p t y ,  I e t  m  =  n  =  1 . )

I t  i s  use fu l  to  de f ine  a  la t t i ce  incorpora t ing  a I I  the  pa t te rns  o f  Z- image

d i v i s i b i l i t y  t h a t  a r e  p o s s i b l e  f o r  a  r i n g .

9 . 7 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  S u p p o s e  R  i s  a  r i n g  w i t h  u n i t .  L e t  { 0 , I }

denote  the  two e lement  la t t i ce  w i th  0  (  I '  Ie t  zcharR =  0  i f  R  has  nonzero

c h a r a c t e r i s t i c ,  a n d  l e t  z c h a r R  =  I  i f  R  h a s  z e r o  c h a r a c t e r i s t i c '  D e f i n e

3  =  { ( x , f ) :  x  e  { O , I } ,  f  : P r - N [ O , - ] ,  x  =  0  *  f  h a s  f i n i t e  h e i g h t ] .

( U s i n g  9 . 7  t h r o u g h  9 . 1 0 ,  w e  w i l l  s e e  t h a t  J  i s  e x a c t l y  t h e  s e t  o f  p a i r s  o f

fo rm (zchar*  dgr* ) ,  and tha t  such a  pa i r  comple te ly  de termines  the  Z- image

d i v i s i b i l i t y  p a t t e r n  o f  R .  )

9 . 7 a .  J  i s  a  s u b l a t t i c e ,  i n  f a c t  a  l a t t i c e  i d e a 1 ,  o f  t h e  d i s t r i b u t i v e

p r o d u c t  l a t t i c e  { O , I }  x  N [ 0 , - ] P " ,  a n d  J  i s  c o m p l " e t e .  J o i n s  o f  i n f  i n i t e

s u b s e t s  o f  J  a r e  n o t  n e c e s s a r i l y  t h e  s a m e  i n  J  a s  i n  { 0 , I } x N [ O , - ] P "

( c o n s i d e r  { ( 0 , f ) :  f  h a s  f i n i t e  h e i g h t } ) .  I n f i n i t e  m e e t s  a r e  t h e  s a m e .

9 . 7 b .  I f  R  i s  a  r i n g  w i t h  u n i t ,  t h e n  ( z c h a r * ,  d g r r )  i s  i n  J  ( 9 . a c ) .  F o r

a I I  i n t e g e r s  m  a n d  n ,  D i v * ( m , n )  i s  t r u e  i f f :

d g . n .  d i v ' n , r ,  a n d  ( i f  m  =  0  a n d  n  *  0 ,  t h e n  z c h a r *  =  0 ) .



( U s e  9 . 1 d ,  9 . 2 , 9 . 4 c  a n d  9 . 5 . )

9 . 7 c .  S u p p o s e  R  a n d  S  a r e  r i n g s  w i t h  u n i t .

D i v * ( m , n )  f o r  a I I  i n t e g e r s  m  a n d  n  i f f

(zchar* ,  dgr* )  <  (zchar '  dg .s )  in  3 .

T h e n  D i v r ( m , n )  i m p l i e s

( A s  i n  7 . 1 ,  s r n a l l e r  r i n g s  s a t i s f y  m o r e  f o r m u l a s .  )

9 . 7 d .  R  h a s  n o n z e r o  c h a r a c t e r i s t i c  d  2  1  i f f  ( z c h a r '  d g r * )  =  ( 0 ,  e x p t o ) .

I f  z c h a r *  =  0  a n d  d g r *  =  f ,  t h e n  t h e  c h a r a c t e r i s t i c  o f  R  i s  I I p " t .  n f ( n ) ,

w h i c h  i s  a n  i n t e g e r  b y  9 . 6 b  b e c a u s e  f  h a s  f i n i t e  h e i g h t .

9 . 7 e .  S u p p o s e  R  i s  a  r i n g  w i t h  u n i t ,  M  i s  a n  R - m o d u l e ,  a n d  d g r a ( P )  =  k  <  *

f o r  a  p r i m e  p .  T h e n  I m  p i ' 1 u  -  l r n  p k ' 1 u  a n d  K e r  p i ' 1 u  =  K e r  p k ' 1 u  f o r  a l l

j  >  k .  i f  R  is  commuta t ive  and S is  the  r ing  o f  endomorph isms o f  M,  then

( z c h a r '  d g r s )  <  ( z c h a r * ,  d g r * ) .  ( I f  p k * t ' r  =  p k ' 1  i n  R ,  t h e n  p k * 1 ' s  =  p k ' 1

i n  S ,  w h e r e  s ( v )  =  r v  f o r  a l l  v  i n  M .  I f  z c h a r *  =  0 ,  t h e n  t h e  c h a r a c t e r i s t i c

o f  S  d i v i d e s  t h e  c h a r a c t e r i s t i c  o f  R ,  a n d  w e  c a n  u s e  9 . 6 b  a n d  9 ' 7 d . )

I n  C o r o l l a r y  9 . 3 ,  w e  s h o w e d  t h a t  t h e  p a r t i c u l a r  r i n g s  Z ( d )  d i s p l a y e d  a l l

t h e  p a t t e r n s  o f  d i v i s i b i l i t y  o f  Z - i m a g e s  p o s s i b l e  f o r  a r b i t r a r y  r i n g s  w i t h

nonzero  charac ter is t i c .  We can a lso  cons t ruc t  par t i cuLar  r ings  o f  zero

c h a r a c t e r i s t i c  w i t h  a l I  t h e  p o s s i b l e  p a t t e r n s  o f  Z - i m a g e  d i v i s i b i l i t y  f o r

a r b i t r a r y  r i n g s  w i t h  z e r o  c h a r a c t e r i . s t i c .

L B .  D e f i . n i t i o n s  a n d  P r o p e r t i e s .  L e t  Q  d e n o t e  t h e  f i e l d  o f  r a t i o n a l  n u m b e r s ,

and le t  Qn denote  the  subr ing  o f  Q cons is t ing  o f  f rac t ions  m/n  in  lowest  te rms

s u c h  t h a t  p  d o e s n ' t  d i v i d e  n .  R e c a l l  a l s o  t h e  r i n g s  Z ( d )  =  Z / d Z  f o r  d  >  1 .

9 . 8 a .  F o r a l l p r i m e s p a n d q ,  d g t ( p , Z ( q k ) )  i s k  i f  q = p a n d  i s  0  i f  q + p
:

( u s e  9  . 4 c )  .

9 , 8 b .  F o r a l l p r i m e s p a n d q ,  d g " ( p , Q p )  i s -  i f  q = p a n d  i s 0  i f  q + p .

N o t e  t h a t  d g " ( p , Z )  =  -  a n d  d g r ( p , Q )  =  0  f o r  a I I  p r i m e s  p '

9 . 8 c .  S u p p o s e  { R . :  j .  J }  i s  a  ( p o s s i b l y  i n f i n i t e )  s e t  o f  r i n g s  w i t h  u n i t ,

and R is  the  produc t  r ing  f f  . . . r  R j .  Then

d g " ( p , R )  =  s u p  { d g r ( p , R . ) :  j  e  J }  i n  N [ 0 , * 1



f o r  a l l  p r i m e s  p .

9 . 9 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  a  p - d e g r e e  f u n c t i o n  f  a n d  p  p r i m e ,

def ine  the  r ings

r
I  z ( p t , n ,  )  i f  f  ( p )  (  - ,

s r ( n )  =  i^  
l Q p  i r f ( P )  = - '
L

For  each pa i r  (x , f )  in  J ,  de f ine  the  produc t  r ing

I
'  I  I I p ' r '  s r ( P )  i f  x  =  o '

S ( x , f  )  =  {

l e " l l p , r . s r ( n ) i f x = I 'L

F o r  x  =  0 ,  f  h a s  f i n i t e  h e i g h t ,  s o  a I I  b u t  f i n i t e l y  m a n y  f a c t o r s  S r ( p )  a r e

t r i v i a l  r i n g s  Z ( t ) .

9 . 9 a .  S u p p o s e  ( x , f )  i s  i n  J  a n d  S  =  S ( x , f ) .  T h e n  S  i s  a  c o m m u t a t i v e  r i n g ,

w i t h  n o n z e r o  c h a r a c t e r i s t i c  J f n r r .  p t ( n )  i f  x  =  0  a n d  z e r o  c h a r a c t e r i s t i c  i f

x  =  I  ( t h e  f a c t o r  Q  f o r c e s  z e r o  c h a r a c t e r i s t i c  f o r  S ( I , f )  w h e n  f  h a s  f i n i t e

h e i g h t ) .  F o r  a l 1  p r i m e s  p ,  f ( p )  =  d g " ( p , S ( x , f ) )  ( u s e  9 . 8 a , b , c ) .  T h e r e f o r e ,

( z c h a r '  d g " s )  =  ( x , f ) .

By  9 .7b  and 9 .9a ,  there  is  a  one-one cor respondence be tween members  o f  J

a n d  Z - i m a g e  d i v i s i b i l i t y  p a t t e r n s  f o r  r i n g s .  T h e  s i g n i f i c a n c e  o f  t h e  o r d e r

i n  J  i s  s h o w n  b y  9 . 7 c .  N o t e  t h a t  S ( O , f )  i s  i s o m o r p h i c  t o  Z ( d )  i f  f  =  e x p t '

s o  t h a t  t h e  c a s e  x  =  0  b e l o w  i s  e s s e n t i a l l y  a  r e s t a t e m e n t  o f  9 . 3  u s i n g  9 . 7 d .

9 . 1 0 .  C o r o l l a r y .  F o r  e a c h  r i n g  R ,  ( z c h a r * ,  d g r * )  i s  t h e  u n i q u e  m e m b e r  ( x , f )

o f  J  s u c h  t h a t  f o r  S  =  S ( x , f ) ,  D i v * ( m , n )  i s  e q u i v a l e n t  t o  D i v r ( m , n )  f o r  a I I

in tegers  m and n .

F o r  R  w i t h  n o n z e r o  c h a r a c t e r i s t i . c ,  w e  k n o w  t h a t  D i v * ( m , n )  i s  r e c u r s i v e l y

c o m p u t a b l e  a s  a  p r e d i c a t e  o n  Z x Z  b y  9 . 2 .  F o r  c h a r a c t e r i s t i c  z e r o ,  t h e

a n a l y s i s  i s  g i v e n  n e x t .

9 . 1 1 .  P r o p o s i t i o n .  S u p p o s e  R  h a s  c h a r a c t e r i s t i c  z e r o .  T h e n  D i v * ( m , n )  i s

a  r e c u r s i v e l y  c o m p u t a b l e  p r e d i c a t e  o n  Z x Z  i t f  d g r * ( p )  s  k  i s  a  r e c u r s i v e l y

computab le  p red ica te  fo r  p r imes p  and in tegers  k  >  0 .  In  par t i cu la r ,



g.1 ,2 .  Example .  Def ine  a  recurs ive  func t ion  B on  the  nonnegat ive  in tegers

such tha t  the  se t  o f  p r imes in  Im p  is  no t  recurs ive .  Le t  f (p )  =  k  fo r  p

p r i m e  i f  k  i s  t h e  s m a l l e s t  i n t e g e r  s u c h  t h a t  p ( k )  =  p ,  w i t h  f 1 n ;  =  c o  i f

t h e r e  i s  n o  s u c h  k ,  a n d  l e t  R  =  S ( I , f ) .  T h e n  d g r * ( p )  =  k  i s  d e c i d a b l e ,

s i n c e  i t  i s  t r u e  i f f  o n e  o r  m o r e  o f  p ( 1 ) , p ( 2 ) , " ' ' p ( k )  i s  e q u a l  t o  p '

However ,  dgrR is  no t  a  recurs ive  func t ion  because the  inverse  image o f  { - }

con ta ins  p  i f f  i t  i s  in  the  complement  o f  the  image o f  p ,  and th is  se t  o f

p r imes is  no t  recurs ive ly  enumerab le  by  hypothes is '

There  are  two spec ia l  c lasses  o f  r ings  o f  some in te res t '

D i v * ( m , n )  i s  r e c u r s i v e l y  c o m p u t a b l e  i f  d g r *

P r o o f :  S i n c e  d g r * ( n )  s  k  i s  e q u i v a l e n t

imp l ica t ion  o f  the  f i rs t  par t  fo l lows '  The

par t  fo l lows f rom 9 .5 ,  and the  second par t

T h e  c r i t e r i a  o f  9 . 1 1  a r e  d i s t i n c t ,  s i n c e

func t ion  even i f  dgr * (n )  <  k  i s  a  recurs ive

9 . 1 3 .  C o r o l l a r y .  S u P P o s e

z e r o .  T h e n  D i v * ( m , . t )  i s

o f  p r imes p  such tha t  P '1

Proof :  For  each Pr ime

b y  h y p o t h e s i s .  S o ,  d g r * (

resu l t  then fo l lows f rom

9 . 7 4 .  C o r o l l a r y .  S u p P o s e  R  i s  a

recurs ive ly  computab le  p red ica te

i n v e r t i b l e  i n  R  i s  r e c u r s i v e .

P r o o f :  I f  k  =  d g r R ( p )  a n d  0  <

p k ' ( p ' t - 1 )  =  0  f o r  s o m e  t  i n  R ,

f a l s e .  S o ,  d g r n ( p )  e  { 0 , - }  i f  R

f o l l o w s  f r o m  9 . 4 d  a n d  9 ' 1 1 .  I

i s  a  recurs ive  P-degree func t ion

t o  D i v * ( p u * t , p k ) ,  t h e  f o r w a r d

r e v e r s e  i m p l i c a t i o n  o f  t h e  f i r s t

i s  c l e a r .  I

dgr*  may no t  be  a  recurs ive

p r e d i c a t e .

R is  a  von Neumann regu la r  r ing  o f  charac ter is t i c

a  r e c u r s i v e l y  c o m p u t a b l e  p r e d i c a t e  i f f  t h e  s e t

i s  i n v e r t i b l e  i n  R  i s  r e c u r s i v e '

p ,  t h e r e  e x i s t s  t  i n  R  s u c h  t h a t  ( p ' 1 ) t ( p ' 1 )  =  p ' 1 ,

p )  e  { 0 , 1 }  f o r  a l l  p r i m e s  p  b y  9 . 1 a , b ,  a n d  t h e

9 . 4 d  a n d  L  1 1 .  r

t o r s i o n - f r e e  r i n g .  T h e n  D i v * ( m , n )  i s

i f f  t h e  s e t  o f  p r i m e s  P  s u c h  t h a t  P ' 1

k  (  o ,  t h e n  D i v * ( p k * t , p u )  i m p l i e s  t h a t

a n d  p . t - 1  *  0  b e c a u s e  D i v * ( p t , p o )  i "

i s  t o r s i o n - f r e e ,  a n d  t h e  r e s u l t  a g a i n

a

i s



O b s e r v e  t h a t  S ( x , f )  i s  a  ( p o s s i b l y  t r i v i a l )  r e g u l a r  r i n g  i f f  f ( p )  e  { 0 , 1 }

f o r  a I I  p r i m e s  p .  S i m i l a r l y ,  S ( x , f )  i s  a  ( n o n t r i v i a l )  t o r s i o n - f r e e  r i n g  i . f f

x  =  I  a n d  f ( p ) .  { 0 , - }  f o r  a l I  p r i m e s  p .

From prev ious  ana lys is ,  we can show tha t  a  con junc t ion  o f  f in i te ly  many

Z- image d iv is ib i l i t y  cond i t ions  is  a lways  equ iva len t  to  a  s i .ng le  Z- image

d i v i s i b i l i t y  c o n d i t i o n .  T h i s  r e d u c t i o n  i s  r e c u r s i v e l y  c o m p u t a b l e ,  a n d  d o e s

not depend upon the choice of the r ing.

9 . 1 5 ,  P r o p o s i t i o n ,  S u p p o s e  h 1 , t 2  m u  a n d  . 1 , t p , . . .  ' n k  a r e  i n t e g e r s .

T h e n  t h e r e  e x i s t  m  2  0  a n d  n  >  1 ,  r e c u r s i v e l y  c o m p u t a b l e  f r o m  m r , f r z , . . . , h k

a n d  n r , [ ? , . . . , D k ,  s u c h  t h a t  f o r  a l 1  r i n g s  R ,

D i v * ( m , n )  i s  t r u e  i f f  D i v r ( t j , t j  )  i s  t r u e  f  o r  j  =  ! , 2 ,  . , k .

P r o o f  :  L e t  h .  =  U t u - r , r r ,  f o r  j  = 7 , 2 , . . . , k ,  a n d  I e t  h  =  h r A h 2 A . . . n h t

i n  N [ 0 , - ] P " .  S u p p o s e  m .  =  0  a n d  n .  *  0  f o r  s o m e  i  s  k .  B y  9 . 6 b ,  h .  h a s

f i n i t e  h e i g h t ,  s o  h  h a s  f i n i t e  h e i g h t  s i n c e  h  s  h . ,  s o  h  =  e x p t , ,  f o r  s o m e

n  >  1 .  I f  R  h a s  c h a r a c t e r i s t i c  d ,  i t  f o i l o w s  f r o m  9 . 7 b  t h a t  D i v * ( O , n )  i s

t r u e  i f f  ( d g r n  <  h  a n d  d  +  0 )  i f f  ( d g r *  <  h .  f o r  j  <  k  a n d  d  +  0 )  i f f

D i v r ( m ' n , )  i s  t r u e  f o r  j  s  k .

S u p p o s e  t h e r e  i s  n o  s u c h  i  s  k .  B y  9 . 6 c ,  h .  i s  - - c o f i n i t e  f o r  a I I  i  s  k ,

s o  h  i s  - - c o f i n i t e ,  a n d  s o  h  =  d i v , n , , . ,  f o r  s o m e  m , n  >  1 .  B y  9 . 7 b  a g a i n ,

D i v * ( m , n )  h o l d s  i f f  d g r *  s  h  i f f  d g r *  <  h .  f o r  j  <  k  i f f  D i v * ( t j , t j )  i s  t r u e

f o r j s k .

In  Append ix  F ,  we g ive  an  a lgor i thm fo r  comput ing  such an  m and n  f rom

h 1 , h 2  m u  a n d  t r 1 , D a , . . . , D k ,  b a s e d  o n  9 . 6 b , c  a n d  9 . 7 b '  !

Now consider nonhomogeneous systems of I inear equat ions with Z- image

c o e f f i c i e n t s  i n  a  r i n g  R .  T h a t  i s ,  g i v e n  i n t e g e r s  a .  .  a n d  v .  f o r  i  =

I , 2 , . . . , s  a n d  j  =  1 , 2 , .  . , L ,  w e  a s k  w h e t h e r  t h e r e  e x i s t  e l e m e n t s  ( n o t

n e c e s s a r i l y  Z - i m a g e s )  r '  t 2 , . .  . , r t  i n  R  s a t i s f y i n g  t h e  e q u a t i o n s :



1 0

" 1 1 ' r 1  *  ^ r Z ' t Z  *  +  a 1 t ' r t

a 2 7 ' . r t  *  " r ? . ' t z  +  " '  *  . ? a ' " ,

a " 1 ' t 1  *  t " z ' a z  *  " '  +  a s t ' r t

( R e c a l I  t h a t  t r j ' " j  =  ( n ( " , j ) t j  a n d  v . ' 1  =  ( n ( u i ) . )  N o w ,  t h e  s o l v a b i l i t y  o f

a  1  b y  1  s y s t e m  i s  j u s t  a Z - i m a g e  d i v i s i b i l i t y  c o n d i t i o n  D i v r ( ^ t r , u r ) .  I f

A  =  [ a , r J  i s  a n  s x t  d i a g o n a l  m a t r i x  a n d  k  =  m i n { s , t } ,  t h e n  t h e  s o l v a b i l i t y

o f  t h e  s y s t e m  i s  a  c o n j u n c t i o n  o f  t e r m s  D i v * ( " i i , v i )  f o r  i  s  k  a n d  D i v * ( O , v , )

fo r  k  (  i  s  s .  Us ing  s tandard  techn iques  o f  in teger  mat r ix  d iagona l iza t ion

and 9,15, we can reduce any nonhomogeneous system of l inear equat ions of the

f o r m  d i s p l a y e d  a b o v e  t o  a n  e q u i v a l e n t  s i n g l e  Z - i m a g e  d i v i s i b i l i t y  c o n d i t i o n

D i v * ( m , n ) .  W e  w i l l  s e e  t h a t  m  a n d  n  c a n  b e  r e c u r s i v e l y  c o m p u t e d  f r o m  t h e

in tegers  a .  .  and v . ,  independent ly  o f  the  cho ice  o f  the  r ing  R '

9 . 1 6 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  F o r  R  a  r i n g  w i t h  u n i t  a n d  p o s i t i v e

i n t e g e r s  s  a n d  t ,  f l " . t ( R )  d e n o t e s  t h e  s e t  o f  s x t  m a t r i c e s  w i t h  e o e f f i c i e n t s

in  R.  The se t  o f  s  x  s  mat r i . ces  on  R is  denoted  by  ??1" (R)  a lso .

I f  A  =  [ " i i ]  i s  a n  s x t  i n t e g e r  m a t r i x  ( i n  l l l " , r ( Z ) ) ,  l e t  A *  =  [ ( n ( a , r ) J

in  ??1" .  t  
(R) ,  an  s  x  t  mat r i x  o f  Z - images in  R.

9 . 1 6 a .  F o r  a n y  r i n g  R  w i t h  u n i t ,  f / l = ( R )  i s  a  r i n g  w i t h  u n i t  I "  =  [ ö , r  1

( K r o n e c k e r  d e l t a )  u n d e r  t h e  u s u a l  m a t r i x  s u m  a n d  p r o d u c t .  A L s o ,  f i " , t ( R )

is a lef  t - l | l ,  (R) ,  r ight- l l l .  (R) bimodule under matr ix sum and product.

9 . 1 6 b .  I f  A  a n d  B  a r e  i n  ? ? l = , 1 ( Z )  a n d  C  i s  i n  l l l t , , . , ( Z ) ,  t h e n  ( A + B ) .  =  A * + B *

a n d  ( B C ) R  =  B * C r .  A I s o ,  ( I " ) n  i s  t h e  r i n g  u n i t  o f  ? l l " ( R ) ,  s o  t h a t  A ä i i - l *

de termines  a  r ing  homomorph ism l l l=  (Z) -? l l "  (R)  p reserv ing  the  r ing  un i t .  I f

B  i s  a n ,  i n v e r t i b l e  e l e m e n t  o f  ? ? l  ( Z ) ,  t h e n  B ,  i s  i n v e r t i b l e  i n  ? ? 1 " ( R )  w i t h

( B n )  1  =  ( t - 1 ) n .

T h e  f o l l o w i n g  m a t r i x  d i a g o n a l i z a t i o n  r e s u l t  w a s  g i v e n  a t  l e a s t  a s  e a r l y

as  1879 by  Froben ius ,  and perhaps  even ear l ie r  in  a  fo rm l i ke  the  one be low.

9 . I 7 .  P r o p o s i t i o n .  G i v e n  a n  s x t  i n t e g e r  m a t r i x  A ,  t h e r e  e x i s t  a n  s x s

i n t e g e r  m a t r i x  B  a n d  a  t  x  t  i n t e g e r  m a t r i x  C  s u c h  t h a t  B - 1  e x i s t s  i n  n . ( Z ) ,

u  7 ' L ,
ur ' '  t '

t " ' 1 '



11.

C - 1  e x i s t s  i n  n / G ) ,  a n d  D  =  [ d i r J  =  B A C  i s  a n  s x t  d i a g o n a l  m a t r i x  ( t h a t  i s ,

d r j  =  0  i f  i  +  j ) .  F u r t h e r m o r e ,  s u c h  B ,  C  a n d  D  a r e  r e c u r s i v e l y  c o m p u t a b l e

f r o m  A .

The reduct ion of each nonhomogeneous system of I inear equat ions to a

s i n g l e  Z - i m a g e  d i v i s i b i l i t y  c o n d i t i o n  c a n  n o y r  b e  v e r i f i e d .

9 . 1 8 .  P r o p o s i t i o n .  S u p p o s e  A  =  [ a , r J  i n  l ? 1 , , 1 ( Z )  a n d  V  -  l v i ]  i n  f i "  , r ( Z ) ,  
f o r

s , t  2  1 .  T h e n  t h e r e  e x i s t  i n t e g e r s  m  2  0  a n d  n  )  1 ,  w h i c h  a r e  r e c u r s i v e l y

computab le  f rom A and V,  such tha t  fo r  a l l  r ings  R,  9 .18a is  equ iva len t  to

D i v *  ( m ,  n )  .

9 . 1 8 a .  T h e r e  e x i s t s  Y  i n  1 1 1 . , 1 ( R )  s u c h  t h a t  A r Y  =  V * .

P r o o f  :  B y  9 . 1 7 ,  t h e r e  e x i s t  B  i n v e r t i b l e  i n  n = ( Z )  a n d  C  i n v e r t i b l e  i n

n L Q )  s u c h  t h a t  B A C  =  D  =  [ d , r J  i s  a  d i a g o n a l  m a t r i x  i n  l l l " , r ( Z ) .  A I s o ,

B and C are  computab le  f rom A.  Le t  U =  [ r i  ]  =  BV in  l l l ,  . r (Z ) .  For  any  r ing

R ,  c o n s i d e r  t h e  c o n d i t i o n :

( x )  T h e r e  e x i s t s  Y o  i n  ? l l r , 1 ( R )  s u c h  t h a t  D * Y o  =  U *  =  B * V * .

S i n c e  D  i s  d i a g o n a l ,  ( * )  i s  t r u e  i f f  D i v * ( d r ' u r ) h o l d s  f o r  i  =  I , 2 2 . . . , s ,

d e f i n i n g d . .  t o b e 0  i f t (  i s s .  8 y 9 . 1 5 ,  t h e r e e x i s t m > 0 a n d n 2 1

s u c h  t h a t  ( x )  i s  t r u e  i f f  D i v r ( t , t )  h o l d s .  S i n e e  d . .  a n d  u .  f o r  i  <  s  a r e

recurs ive ly  computab le  f rom A and V,  so  are  m and n .

A s s u m i n g  ( x ) ,  l e t  Y  =  C n Y o .  t h e n  A r Y  =  B ; I B R A R C R Y o  =  B n t D n Y o  =

B ; 1 B R V R  =  V R , p r o v i n g  9 . 1 8 a .  C o n v e r s e l y ,  a s s u m e  9 . 1 8 a  a n d  l e t  Y o  =  C n l Y '

T h e n  D * Y o  =  B r A r C * C ; t Y  =  B R A R Y  =  B n V R ,  p r o v i n g  ( * ) .  T h e r e f o r e ,  ( * )

9 . 1 8 a  a n d  D i v * ( r , r )  a r e  a I I  e q u i v a l e n t .  r

In  Append ix  F ,  computer  p rograms are  descr ibed fo r  the  recurs ive ly

computab le  opera t ions  d iscussed here .  There  is  a  reasonab ly  e f f i c ien t

po lynomia l - t ime computa t ion  o f  m and n  f rom A and V as  in  9 .18 ,  wh ich  is

feas ib le  i f  the  d imens ions  s  and t  a re  no t  too  Ia rge .


