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Free Word Problerns for  Addi t ive Relat ion Algebras of  Modules

We are  now ready  to  deve lop  the  a lgor i thm fo r  f ree  word  prob lems w i th

r e s p e c t  t o  J ( R ) ,  0 ( R )  a n d  ß ( R ) .  F r o m  a n y  r B - p o l y n o m i a l s  d  a n d  e ,  w e  w i I I

recurs ive ly  compute  in tegers  m >  0  and n  >  1  such tha t  d  s  e  i s  sa t is f ied

i n  e v e r y  a d d i t i v e  r e l a t i o n  a l g e b r a  o f  ß ( R )  i f  a n d  o n l y  i f  m ' 1  d i v i d e s  n ' 1

i n  R .  u s i n g  t h e  a n a l y s i s  o f  z - i m a g e  d i v i s i b i l i t y  c o n d i t i o n s  i n  $ 9 ,  i t

then  fo l lows tha t  ß(R)  has  so lvab le  f ree  word  prob lems i f f  the  pred ica te

d g r * ( n )  <  k  i s  r e c u r s i v e l y  d e c i d a b l e  f o r  a I I  p r i m e s  p  a n d  k  >  0 .  T h i s  i s

a lways  t rue  i f  R  has  nonzero  charac ter is t i c .  Essent ia l l y  the  same ana lys is

h o l d s  f o r  J ( R )  a n d  0 ( R ) .  T h e  v a r i e t i e s  o f  a d d i t i v e  r e l a t i o n  a l g e b r a s  ( o r

Ia t t i ces)  genera ted  by  the  quas ivar ie t ies  above are  un ique ly  de termined by

t h e  Z - i m a g e  d i v i s i b i l i t y  p a t t e r n  ( z c h a r * ,  d g r * )  o f  R  i n  J ,  a s  i n  9 ' 1 0 .

T h i s  f r e e  w o r d  p r o b l e m  a n a l y s i s  w a s  o r i g i n a l l y  g i v e n  f o r  I a t t i c e s  i n  I T I S L ] ,

and fo r  add i t i ve  re la t ion  a lgebras  in  [F I I IPARAM] .

I 0 . 7 .  D e f  i n i t i o n s  a n d  P r o p e r t i e s .  T h e  v a r i a b l e s  X  =  { x ' X a , X s , . .  ' }  w i i l

r e p r e s e n t  a d d i t i v e  r e l a t i o n  a l g e b r a  e l e m e n t s .  A s  i n  3 . 1 ,  P ( X , r r )  d e n o t e s

t h e  r r - a l g e b r a  o f  a l l  r r - p o l y n o m i a l s  o n  X .  S u p p o s e  d  =  d ( X 1 , X 2 , . . . , * r , )  i s

in  P(X, r r ) .  Le t  l ld l l  denote  the  number  o f  symbols  in  d  (count  x .  as  one

symboJ. ,  supp ly  any  omi t ted  produc t  symbols  ( ' ) ,  and  exc lude parentheses) .

S e t s  B  =  { b t , b z , b g , . . . }  a n d  C  =  { c ' c a , c g , . . . }  c o n t a i n  v a r i a b l e s  t h a t

w i l l  represent  modu le  e lements .  Le t  Z ,  denote  the  f ree  Z-modu le  o f

Z- l inear  combina t ions  o f  e lements  o f  B ,  and s imi la r ly  fo r  Z ,  and C.

A  r e c u r s i v e  d e c o m p o s i t i o n  o f  d  i s  g i v e n  n e x t ,  u s i n g  f i n i t e  s e q u e n c e s  o f

e l e m e n t s  o f  W ,  -  2 " "  Z ,  x  P ( X , t r ) .  T h e  m - t u p l e  * s , u ( d )  =  ( u r , ü 2 , . . . , t * )

o f  t r ip les  u .  in  l l l ,  i s  de f ined by  induc t ion  on  k  >  0 ,  where  m is  a  func t ion

o f  k  a n d  d .  F o r  e a c h  d ,  * s , o ( d )  =  ( u r )  f o r  u ,  =  ( b ' b a , d ) .  A s s u m e  w r , u ( d )  =

( r r , r 2  u . )  h a s  b e e n  d e f i n e d .  I f  m  s  k ,  t h e n  w r , j ( d )  =  w B , u ( d )  f o r  a l l

i  >  k  a n d  w e  a l s o  w r i t e  w r ( d )  =  w r , k ( d ) .  O t h e r w i s e ,  w e  s u p p o s e  t h a t  u u * ,  =

( p u * r ,  g k + 1 ,  d u * r )  a n d  d e f i n e  w r , L * r ( d )  b y  a d d i n g  z e r o ,  o n e  o r  t w o  t r i p l e s

t o  t h e  e n d  o f  w r . u ( d ) ,  a s  d e s c r i b e d  b e l o w .  l l l e  a l s o  n e e d  t o  k n o w  t h e  f i r s t



u n u s e d  v a r i a b l e  b . ,  t h a t  i s ,  t h e  s m a l l e s t  v a l u e  o f  j ,  i  2  3 ,  s u c h  t h a t  b .

has  zero  coef f i c ien t  in  the  f i rs t  and second coord ina tes  o f  a l l  o f  the

t r i p l e s  , 1 , r a , . . . , ü m .  D e f i n e  * B , k * r ( d )  b f  c a s e s  a s  f o l l o w s :

I f  d k + ,  i s  0 ,  1 ,  0 ,  I  o r  a  v a r i a b l e  x .  i n  X ,  t h e n  w r , t * r ( d )  =  w s , t ( d ) .

I f  d k + ,  i s  f + g  f o r  r B - p o l y n o m i a l s  f  a n d  g ,  t h e n  a d d  t h e  t w o  t r i p l e s :

ü . + 1  =  ( p u * r ,  b j ,  f )  a n d  ü . + a  =  ( p u * r ,  g k * r - b j ,  g ) .

I f  d k + ,  i s  - f ,  t h e n  a d d  t h e  t r i p l e :

ü . * 1  =  ( P u * r '  - 9 1 1 1 '  f )  '

I f  d k + ,  i s  f g ,  t h e n  a d d  t h e  t w o  t r i p l e s :

ü - + 1  =  ( p u * r ,  b j ,  f )  a n d  u . * z  =  ( b j ,  9 k * 1 '  g ) '

I f  d k + ,  i s  f # ,  t h e n  a d d  t h e  t r i p l e :

ü - *  1  
=  ( q u *  r '  P 1 *  1 '  f )  '

I f  d k + ,  i s  f  n g ,  a d d  t h e  t w o  t r i p l e s :

ü . + 1  =  ( p u * r ,  ! [ 1 1 1 ,  f )  a n d  ü r n + 2  =  ( p u * r '  9 1 1 1 '  g ) '

I f  d k + ,  i s  f v g ,  t h e n  a d d  t h e  t w o  t r i p l e s :

ü . + 1  =  ( b i , b i * r , f )  a n d  u . * z  =  ( P t * r  - b j ,  { k * r  - b ; + r ,  g ) '

T h i s  c o m p l e t e s  t h e  i n d u c t i v e  d e f i n i t i o n  o f  w r . k ( d )  f o r  k  >  0 .

G i v e n  e  i n  P ( X , r r ) ,  w e  d e f i n e  * c , r , ( e )  a n d  w r ( e )  s i m i l a r l y ,  e x c e p t  t h a t

e lements  o f  Z ,  a re  used ra ther  than e lements  o f  Z '  That  i s ,  the  f i rs t

t r i p l e  i s  ( c ' c a , e ) ,  a n d  w e  u s e  e l e m e n t s  c .  r a t h e r  t h a n  b .  i n  t h e  c a s e s

a b o v e ,  s o  t h a t  a L l  t r i p l e s  o f  * c , r , ( d )  b e l o n g  t o  l l / ,  =  Z c r Z r x P ( X , r r ) .

L e t  0 ( d )  e q u a l . 2  p l u s  t h e  n u m b e r  o f  o c c u r r e n c e s  o f  r e l a t i o n a l  s u m  ( + )

p r o d u c t  ( ' )  s y m b o l s  i n  d  p l u s  t w i c e  t h e  n u m b e r  o f  j o i n  ( v )  s y m b o l s  i n  d ,

s i m i  l a r l y  f  o r  ! . (  e  )  a n d  e .

1 0 . 1 a .  F o r  a l t  d  a n d  e  i n  P ( X , r r ) ,  w r ( d )  i s  d e f i n e d  a n d  i s  a  l l d l l - t u p l e  o f

e lemen ts  o f  1 { '  and  s im i l a r l y  w r (e )  i s  de f  i ned  and  i s  an  l l e l l - t up le  on  Wr .

A lso ,  w r (d )  and  0 (d )  a re  recu rs i ve l y  compu tab le  f rom d ,  and  s im i l a r l y  w r (e )

and  0 (e )  a re  recu rs i ve l y  compu tab le  f rom e .  A  va r iab le  b .  occu rs  (w i th

and

and



n o n z e r o  c o e f f i c i e n t )  i n  t h e  f i r s t  o r  s e c o n d  c o o r d i n a t e  o f  a  t r i p l e  i n  w r ( d )

i f f  j  <  C ( d ) ,  a n d  s i m i l a r l y  f o r  c . ,  * c ( e )  a n d  f . ( e ) .

G i v e n  a d d i t i v e  r e l a t i o n  a l g e b r a  p o l y n o m i a l s  d  a n d  e  i n  P ( X , r r ) ,  w e  w i I I

cons ider  f ree  word  prob lems o f  fo rm d  s  e .  (Obv ious ly ,  we can so lve  fo r  a I I

equat ions  d  =  e  i f f  we can so lve  a l l  such  inc lus ions . )  Our  word  prob lem

p r o c e d u r e  b e g i n s  w i t h  t h e  c o m p u t a t i o n  o f  w r ( d )  a n d  w r ( e ) .  T o  a s s i s t  t h e

reader ,  a  sample  computa t ion  is  shown be low.

1 0 . 2 .  E x a m p l e .  L e t  d  =  ( - x r ) 0  n x r l  i n  P ( X , r r ) .  T h e n  w r ( d )  -  ( t r , ü 2 , .  . . , t 8 )

as shown below:

u ,  =  ( b ,  ,  b z ,  ( - x ,  ) 0  n  x r l )  u u  =  ( b ,  ,  b z ,  0 )

u ,  =  ( b ,  ,  b z ,  ( - x ,  ) o )  u u  =  ( b ,  ,  b 4 ,  * z )

u ,  =  ( b '  b z ,  " z I )  u ,  =  ( b n ,  b z ,  I )

u n  =  ( b '  b g ,  - " r )  u u  =  ( b r ,  - b r ,  " r )

S e c o n d l y ,  l e t  e  -  ( x r  + x r ) 0  v  1 ! + x r # )  i n  P ( X , r r ) ,  s o  w c ( e )  =  ( v t , u 2 , . . . , u ' 0 )

as shown below:

v ,  =  ( c ,  ,  c z ,  ( x ,  + x r ) O v  ( ! + x r # ) )  v ,  =  ( c ,  -  c '  c 6 ,  1 )

v ,  =  ( c '  c 4 ,  ( x r  +  x r  ) 0 )  v ,  =  ( c r  -  c '  c a  -  c 4  -  c 6 ,  " r u )

v ,  =  ( c r  - c '  c z - c . - ,  ! + x r * )  v u  =  ( c '  c 7 ,  * r )

v n  =  ( c '  c b ,  x 1  + x 1 )  v e  =  ( c s ,  c u  -  c 7 ,  t r )

v u  =  ( c u ,  c n ,  0 )  t 1 o  =  ( c ,  - c n  - c u ,  c r  - c a ,  * r )

T h e s e  t w o  d e c o m p o s i t i o n s  s h o w  a p p l i c a t i o n s  o f  a l l  t h e  r u l e s  i n  1 0 . 1 .  N o t e

t h a t  c ( d )  =  4  a n d  . Q . ( e )  =  7 .

Obv ious ly ,  the  decompos i t ions  o f  10 .1  a re  re la ted  to  the  s t ruc tu re  o f

unary  and b inary  rB-opera t ions  fo r  Re l (M) ,  M an R-modu le .  Nex t ,  we

recover  in fo rmat ion  f rom wr (d)  re la t ing  to  the  occur rences  o f  cons tan ts  and

v a r i a b l e s  i n  d .  T h e n  w a ( e )  a n d  e  a r e  t r e a t e d  s i m i l a r l y .

1 0 . 3 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  S u p p o s e  d  =  d ( * 1 , X a , . . . , t r , )  i n  P ( X , t r )

a n d  w r ( d )  =  ( r r , ü 2 , . . . , ü k )  w i t h  u .  =  ( p j , g 5 , d i )  i n  w ,  f o r  j  s  k ,

D e f i n e  V B ( d )  =  V 1  ,  V z  ,  V s  I  Z "  b y :



V ,  =  { n ; :  j  s  k  a n d  d .  =  O } u { q . :  j  s  k  a n d  d .  -  0 } ,

V ,  =  { 9 ; :  i  s  k  a n d  d .  =  0 }  a n d

V ,  =  { t r ,  - C r '  i  s  k  a n d  d .  -  1 } .

S i n c e  I  c o n t a i n s  a l l  p a i r s  o f  R e l ( M ) ,  n o  r e s t r i c t i o n  c o n d i t i o n s  i n  V B ( d )

a r e  n e e d e d  f o r  t h e  c a s e s  d .  -  I .

F o r  i  =  1 , 2 , . . . , D ,  d e f  i n e  s u b s e t s  U r , , ( d )  o f  Z r x Z ,  b y :

U r , , ( d )  =  { ( n ' e r ) ,  j  s  k  a n d  d .  =  " i } .

A s s u m i n g  t h a t  e  -  e ( x t , x z , . . . , X r )  i s  i n  P ( X , t r )  a l s o ,  s i m i l a r l y  d e f i n e

s u b s e t s  V r ( e )  o f  Z ,  a n d  U r ,  r ( e )  o f  Z r x Z ,  f  o r  i  =  1  , 2 ,  .  .  . , \ ,  u s i n g  w r ( e ) .

1 0 . 3 a .  F o r  d  a s  a b o v e ,  V B ( d )  a n d  U r . t ( d )  f o r  i  =  ! , 2  n  a r e  f i n i t e  s e t s

w h i c h  a r e  r e c u r s i v e l y  c o m p u t a b l e  f r o m  d .  S i m i l a r l y ,  V r ( e )  a n d  U r ,  r ( e )  f o r

i  =  1 , 2 , . . . , n  a r e  f i n i t e  s e t s  w h i c h  a r e  r e c u r s i v e l y  c o m p u t a b l e  f r o m  e .

1 0 . 4 .  E x a m p l e .  D e f  i n i n g  d  a n d  e  a s  i n  ! 0 . 2 ,  w e  o b t a i n :

V B ( d )  =  { b r }
U r , r ( d )  =  { ( b r ,  - b , ) }

U r , r ( d )  =  { ( b '  b n ) }

V r ( e )  =  { c l ,  c s ,  c r  -  c a  -  " u }

u , ,  r ( e )  =  { ( c r ,  . r ) ,  ( " s ,  c u  -  c r ) }

u r ,  r ( e )  =  { ( c ,  -  c n  -  c '  c ,  -  c r ) }

Since on ly  x ,  and x ,  occur  in  d  and e ,  we take  n  =  2 .

Our  decompos i t ion  procedure  was cons t ruc ted  to  sa t is fy  the  nex t  resu l t .

1 0 . 5 .  P r o p o s i t i o n .  S u p p o s e  d  =  d ( X 1 , X a , . . . , * r , )  i s  i n  P ( X , r r ) .  L e t  M  b e  a n

R - m o d u l e ,  w i t h  a ,  a n d  a ,  i n  M  a n d  , L , r z , . . . , z n  i n  R e I ( M ) .  T h e n  ( a ' a r )  i s

i n  d (  " 7 , 2 2 , . . . , r n )  i f f  t h e r e  e x i s t s  a  Z - I i n e a r  m a p  g : Z r - M  s a t i s f y i n g

c o n d i t i o n s  1 0 .  5 a , b , c , d  b e I o w .

1 0 . 5 a .  i F o r  a l l  j  >  o ( d ) ,  9 ( b ,  )  =  0 .

1 0 . 5 b .  F o r  i  =  1  a n d  2 ,  a .  =  g ( b , ) .

1 0 . 5 c .  F o r  a l l  x  i n  V r ( d ) ,  q ( x )  =  0 .

1 0 . 5 d .  F o r  e a c h  i  =  n ,  ( " , y )  i n  U r , i ( d )  i m p l i e s  ( q ( * ) ,  p ( y ) )  i s  i n  2 . .

P r o o f :  A s s u m e  t h e  h y p o t h e s e s ,  s u p p o s e  w r ( d )  -  ( r t , ü 2 , . .  , ü k )  w i t h

r j  =  ( p j , ! I i , d 1 )  f o r  j  s k =  l l d l l ,  a n d  I e t s = L ( d ) .  I f  g : Z s - _ M  i s Z - l i n e a r

a n d  s a t i s f  i e s  1 0 . 5 b , c , d ,  t h e n  ( g ( p .  ) ,  f  ( A ,  ) )  i s  i n  4 . ( z r  2 , , )  b ) ,



i n d u c t i o n  b a c k w a r d s  t h r o u g h  w r ( d ) ,  f r o m  u u  t o  u r .  ( U s e  1 0 . 5 c  i f  d .  i s  a

c o n s t a n t  0 ,  1 ,  0  o r  I ,  a n d  1 0 . 5 d  i f  d .  i s  a  v a r i a b l e  x r  '  )  B u t  t h e n  ( a ' a r )

i s  i n  d ( z r ,  .  .  .  , z n )  v i a  u ,  a n d  1 0 . 5 b .

C o n v e r s e l y ,  i f  ( a ' a r )  i s  i n  d (  r ! , , , . , r n ) ,  t h e n  w e  u s e  i n d u c t i o n  f  o r w a r d

t h r o u g h  w r ( d ) ,  f r o m  u ,  t o  u u ,  t o  d e f i n e  g ( l r ) , f ( b r ) , . . . , 9 ( b . )  i n  M  w h i c h

u n i q u e l y  d e t e r m i n e  a  Z - I i n e a r  m a p  g : 2 " - M  s a t i s f y i n g  1 0 . 5 a , b , c , d  a n d  s u c h

t h a t  ( 9 ( p ,  ) ,  r ( e ,  ) )  i s  i n  d r ( 2 ,  2 , , )  f  o r  j  s  k .  r

P r o p o s i t i o n  1 0 . 5  r e m a i n s  t r u e  i f  w e  r e l a b e l  s o  t h a t  d  i s  r e p l a c e d  b y  e ,

B  by  C,  and b .  by  c i  th roughout .

l | Ie  a re  now ready  to  make the  f i rs t  d i rec t  connect ion  be tween our  ana lys is

and f ree  add i t i ve  re la t ion  a lgebra  word  prob lems.  Our  p rocedure  here  was

or ig ina l l y  mot iva ted  by  the  method o f  R.  Wi I Ie  fo r  cons t ruc t ing  Malcev

cond i t ions  charac ter iz ing  cer ta in  un iversa l  a lgebra  congruence Horn

f o r m u l a s  ( [ K G ,  S a t z  6 . 1 6 ,  p . 7 6 ] ;  a l s o  s e e  I T I S L ,  T h m . 1 ,  p . 2 7 6 ] ) ,

1 0 . 6 .  D e f  i n i t i o n s .  S u p p o s e  R  i s  a  r i n g ,  a n d  r e c a l l  t h e  Z - i n a g e  m a P  ( n : Z  ' R

f r o m  9 . 1 .  L e t  d  -  d ( x ' x z , . . . , X r r )  b e  i . n  P ( X , r r ) ,  a n d  s  =  s ( d ) .  T h e n  d e f  i n e :

f :Z r - f t s  to  be  the  Z- ] . inear  map such tha t  { (b ' j  )  =  0  i f  j  )  s  and

[ ( m r b r  + m r b ,  +  . . .  + * = b " )  =  ( ( n ( m 1 ) ,  ( s ( r r ) , . . . , ( . ( r " ) ) ,

N  t o  b e  t h e  R - s u b m o d u l e  o f  R "  g e n e r a t e d  b y  { [ ( v ) :  v  e  V r ( d ) ]

w i t h N = 0 i f V r ( d ) = d ,

1 :R" -R" /N to  be  the  canon ica l  R- l inear  ep imorph ism,  and

r c : Z r - R s / N  t o  b e  t h e  ( Z - l i n e a r )  c o m p o s i t e  f u n c t i o n ,  r c  =  1 1 .

F o r  e a c h  i  s  n ,  l e t  y .  d e n o t e  t h e  e l e m e n t  o f  R e l ( R " / N )  w h i c h  i s  g e n e r a t e d

as  a  submodu le  o f  R" /N CI  R" /N by  the  se t  o f  pa i rs :

{ ( r ( u ) , r ( v ) ) :  ( , t , . ' )  .  U s , . ( d ) } ,

w i t h  y .  =  0  i f  U r ,  r ( d )  
=  Q .

I 0 . 7 ,  P r o p o s i t i o n .  L e t  R  b e  a  r i n g  w i t h  u n i t ,  a n d  s u p p o s e  d  =  d ( * 1 , ' . . , * . )

a n d  e  -  e ( x t  x r , )  a r e  r B - p o l y n o m i a l s .  D e f i n e  s  =  0 ( d ) ,  t ,  N , 1 ,  r c  a n d  y .



f o r  i  3  n  f r o m  d  a s  i n  1 0 . 6 .  T h e n  t h e  f o l l o w i n g  c o n d i t i o n s  a r e  e q u i v a l e n t :

7 0 . 7 a .  d  <  e  i s  s a t i s f i e d  i n  a I I  a d d i t i v e  r e l a t i o n  a l g e b r a s  i n  E ( R ) .

1 0 . 7 b .  ( r ( b r ) ,  r ( b r ) )  i s  i n  e ( r ' y 2 , . . . , y , , ) .

t0 .7c .  There  ex is ts  a  Z- I inear  map V:Zr -Aa 1N such tha t  { ( " j  )  =  0  fo r

a l l  j  )  l . ( e ) , , r l ( c 1 )  =  r ( b r ) , , l ( c r )  -  r c ( b r ) ,  t l ( x )  =  0  f o r  a 1 l  x  i n  V r ( e ) ,

a n d  f o r  e a c h  i  s  n ,  ( " , y )  i n  U r ,  r ( e )  i m p l i e s  ( ' t ( x ) ,  , t ( y ) )  i s  i n  y .  .

P r o o f :  A s s u m e  t h e  h y p o t h e s e s ,  a n d  c h e c k  t h a t  r  a n d  y ' Y 2 , . . . , Y .  s a t i s f y

t h e  c o n d i t i o n s  1 0 . 5 a , c , d  f o r  d ,  a n d  s o  ( r ( b r ) ,  r ( b r ) )  i s  i n  d ( y r , . . . , y , , )

b y  1 0 . 5 .  B u t  t h e n  L 0 . 7 a  i m p l i e s  1 0 . 7 b .  O b v i o u s l y ,  1 0 . 7 b  a n d  1 0 . 7 c  a r e

e q u i v a l e n t  b y  t h e  r e l a b e l l e d  v e r s i o n  o f  1 0 . 5 .

Assuming 10 .7b ,  10 .7a  can be  proved by  showing tha t  fo r  any  R-modu le  M,

d ( 2 r , " 2 , , . . , r n )  .  e ( 2 , 2 2 , . . . , " n )

f o r  a n y  z r , " z , .  .  . , z n  i n  R e I ( M ) .  ( T h e  q u a s i v a r i e t y  ß ( R )  i s  g e n e r a t e d  b y

{ R e I ( M ) :  M  i n  R - M o i l } .  )  L e t  ( a ' a r )  e  d ( 2 r , . . . , r n ) .  B y  1 0 . 5 ,  t h e r e  e x i s t s

a  Z- I inear  map g  :Zr -M sa t  i  s f  y ing  10  .  5a ,  b ,  c  ,  d .  Def  ine  p :  Rs . *M by

p (  ( r r  , r z ,  . .  .  , r " r ,  = , l r r i g ( b i  ) .

C I e a r I y  p  i s  R - l i n e a r ,  a n d  V  =  t p  b y  1 0 . 5 a .  T h e n  p ( t ( x ) )  =  9 ( x )  =  0  f o r  x

i n  V r ( d )  b y  1 0 . 5 c .  S o ,  N  e  K e r  t r 1 ,  a n d  t h e r e  e x i s t s  a n  R - l i n e a r  m a p

u:R'/N-y such that p = lu.  We have the homomorphism diagram

f r v
Z B . + R ' . , R " / N - - - - M ,

w i th  r  =  [ I ,  p  =  r lu  and g  =  [ lu .  By  induc t ion  on  rB-po lynomia l  leng th  l l f l l

u s i n g  1 0 . 5 d ,  w e  c a n  s h o w  t h a t  ( " , y )  i n  f  ( y t , . . . , y , , )  i m p l i e s  ( u ( x ) ,  v ( y ) )  i s

i n  f  ( t r i . . . , " n )  f o r  a n y  f  =  f  ( x r , . . . , X , )  i n  P ( X , r r ) .  B y  1 0 . 5 b  a n d  1 - 0 . 7 b ,

( a , a r )  =  ( q ( b r ) ,  v $ z ) )  =  ( v ( r c ( b r ) ) ,  u ( r ( b r ) ) )  e  e ( 2 , 2 2 , . . . , " n ) '

S o ,  d ( z r ,  . . . , 2 n )  <  e ( r t , . . . , r n ) ,  p r o v i n g  t h a t  1 0 . 7 b  i m p l i e s  1 0 . 7 a .  I

Our  nex t  ob jec t ive  is  to  recurs ive ly  cons t ruc t  a  nonhomogeneous sys tem o f

l i n e a r  e q u a t i o n s  w i t h  Z - i m a g e  c o e f f i c i e n t s  w h i c h  i s  s a t i s f i e d  i n  R  i f f  t h e

c r i t e r i o n  1 0 . 7 c  i s  t r u e .  l l e  c a n  t h e n  a p p l y  9 . 1 4  a n d  1 0 . 7  t o  c o n n e c t  t h e



f r e e  w o r d  p r o b l e m  f o r  E ( R )  w i t h  t h e  Z - i m a g e  d i v i s i b i l i t y  a n a l y s i s  o f  $ 9 '

F i rs t ,  we examine our  spec ia l  case.

1 0 . 8 .  E x a m p l e .  F o r  d  a n d  e  a s  i n  1 0 . 2  a n d  l A . 4 ,  V B ( d )  =  { b z } ,  s o

N = R ( 0 , 1 , 0 , 0 ) s n 4

S i n c e  U r , r ( d )  =  { ( b r ,  - b r ) } ,  y 7  i s  g e n e r a t e d  b y  o n e  e l e m e n t :

( ( r , o , o , o )  + N ,  ( 0 , 0 , - 1 , 0 )  + N ) .

U s i n g  U r , r ( d )  =  { ( b i l  b n ) }  s i m i l a r l y ,  y ,  i s  g e n e r a t e d  b y  o n e  e l e m e n t :

( ( 1 , 0 , 0 , 0 )  + N ,  ( 0 , 0 , 0 , 1 )  + N ) .

F u r t h e r m o r e ,  7 0 . 7 c  i s  s a t i s f i e d  i n  t h i s  c a s e  i f  a n d  o n l y  i f  t h e r e  e x i s t

e l e m e n t s  , r l ( c 1 ) , , 1 ( c e ) , . . . , , 1 ( c z )  o r  R 4 / X  s u c h  t h a t :

{ ( c 1 )  =  ( ! , 0 , 0 , 0 )  + N ,  , r l ( c z )  =  ( 0 , 1 , 0 , 0 )  + N  a n d

, l ( c n )  =  , l ( c s )  =  , l ( " r )  - . r 1 ( c r ) - . r 1 ( c e )  =  0  i n  R 4 l N ,

( , 1 ( c s ) ,  , r l ( c 7 ) )  a n d  ( , 1 ( " s ) ,  , r l ( c 5 ) - . r 1 ( c z ) )  a r e  t t t  Y '  a n d

( , 1 ( c z )  - . . 1 ( " r ) - , 1 ( c r ) ,  , l ( " r ; - r 1 ( c r ) )  i s  i n  y '

0 f  course ,  0 ,  1  and -1  represent  Z- images in  R above.

Assume 10.7c  fo r  the  example  d  and e ,  and ]e t  a .  .  fo r  i  <  7  and j  <  4  be

var iab les  represent ing  e lements  o f  R such tha t :

, l ( c ,  )  =  ( a i r ,  ^ i z ,  " i 3 ,  " r n )  * N  i n  R 4 / N ,  f o r  i  s  7 .

l l e  c a n  t a k e  ( a .  
r , a i z , ä i g , a . r )  t o  b e  ( 1 , 0 , 0 , 0 )  f o r  i  =  l  a n d  ( 0 , 1 , 0 , 0 )

f o r  i  =  2 .  S o ,  t h e  f i r s t  p a r t  o f  t h e  s y s t e m  e q u i v a l e n t  t o  1 0 . 7 c  c o n s i s t s  o f

I i n e a r  e q u a t i o n s  a . .  =  ö r j  ( K r o n e c k e r  d e l t a )  f o r  i  =  1 , 2  a n d  i  =  4 '

N o w  N  i s  g e n e r a t e d  b y  ( 0 , 1 , 0 , 0 ) ,  s o  ( w ' v l 2 , r f , 3 , w 4 )  i s  i n  N  i f f  t h e r e

ex is ts  ro  in  R such tha t

( * ,  , r e  , w 3 , w 4 )  =  r o  ( 0 , 1 , 0 , 0 )  i n  R a  .

Then fo r  the  source  equat ions  r l ( " t )  =  r l (cu)  =  0 ,  we have l inear  equat ions

, l j  =  " s j  =  0  f o r  j  =  1 , 3 , 4 ,  p l u s  a n 2  =  € 0  a n d  a u  2  
=  E !  f o r  a u x i l i a r y

v a r i a b l e s  e o  a n d  e r .  S i m i l a r l y ,  , r l ( c r  )  - , r 1 ( " s  )  -  t ( c ,  )  =  0  i n  R 4 / N  i s

e q u i v a l e n t  t o  e q u a t i o n s  o f  f o r m  " r j  - t s j  - . e j  =  0  f o r  i  =  1 , 3 , 4 , p l u s  o n e



e q u a t i o n  ^ r A -  t g Z  -  ^ 6 2  =  e Z .  T h e s e  e q u a t i o n s  a r e  l i n e a r  w i t h  Z - i m a g e

coef f i c ien ts ,  and fo rm the  second par t  o f  the  sys tem equ iva len t  to  10 .7c .

T h e  p r o c e s s  i s  s i m i l a r  f o r  c o n d i t i o n s  o f  t h e  f o r m  ( r 1 ( x ) ,  , l ( V ) )  .  I i .

Th is  cond i t ion  is  equ iva len t  to  two source  equat ions ,  one fo r  each

coord ina te  o f  the  pa i r .  S ince  y ,  i s  genera ted  by

( t ( b r )  + N ,  - ( ( b s )  + N )  =  ( ( 1 , 0 , 0 , 0 )  + N ,  ( 0 , 0 , - 1 , 0 )  + N ) ,

membersh ip  o f  ( r f  (c ,  ) ,  , r l ( cb  )  -  t (c ,  ) )  t t r  y r  i s  equ iva len t  to  ex is tence o f  f  ,

i n  R  s u c h  t h a t  r l ( " r )  =  f l t ( b l )  + N  a n d  , l ( c u )  - t l ( c z )  =  f ' ( - t ( b s ) )  + N .  A g a i n

we in t roduce aux i l ia ry  var iab les ,  Säy  g1  and h1 ,  fo r  the  genera t ing  e lement

o f  N ,  a n d  w e  a l s o  c o n s i d e r  f ,  t o  b e  a n o t h e r  k i n d  o f  a u x i l i a r y  v a r i a b l e .  T h e n

the  f i rs t  source  equat ion  is  equ iva len t  to  the  l inear  equat ions  a3r .  =  f1 ,

^ g z  =  g r  " t d  " s j  =  0  f o r  j  =  3 , 4 .  T h e  s e c o n d  s o u r c e  e q u a t i o n  i s  e q u i v a l e n t

t o  a u 2 - a 7 z  =  h t ,  ä b 3  - " 2 3  =  - f ,  a n d  " s j  - . r j  =  0  f o r  i  =  7 , 4 .  C o n d i t i o n s

( , r 1 ( c r ) ,  . r l ( c s ) )  i n  y r  a n d  ( 1 ( " 2 ) - t ( c n ) - . r 1 ( c 6 ) ,  , r l ( c 1 ) - , 1 ( c r ) )  t t r  ) ' a  c a n  b e

t r e a t e d  s i m i l a r l y  u s i n g  f u r t h e r  a u x i l i a r y  v a r i a b l e s .  T h i s  w i l l  c o m p J . e t e

the  sys tem o f  l inear  equat ions  equ iva len t  to  10 .7c .

In  genera l ,  the  le f t  s ide  o f  each source  equat ion  is  a  Z- l inear

c o m b i n a t i o n  o f  [ ( d ) - t u p l e s  r e p r e s e n t i n g  e l e m e n t s  t ( c r ) .  T h e  r i g h t  s i d e  o f

each equat ion  is  an  R- l inear  combina t ion  o f  0 (d) - tup les  w i th  Z- image

c o o r d i n a t e s .  A I I  s o u r c e  e q u a t i o n  r i g h t  s i d e s  h a v e  [ ( d ) - t u p l e s  r e p r e s e n t i n g

genera tors  o f  N,  and some a lso  have [ (d ) - tup les  represent ing  f i rs t  o r

s e c o n d  c o o r d i n a t e s  o f  p a i r s  g e n e r a t i n g  o n e  o f  t h e  a d d i t i v e  r e l a t i o n s  y . ,

S i n c e  Z - i m a g e s  a r e  c e n t r a l  e l e m e n t s  o f  R  b y  9 . 1 a ,  e a c h  s o u r c e  e q u a t i o n  i s

e q u i v a l ä n t  t o  a  s y s t e m  o f  0 ( d )  I i n e a r  e q u a t i o n s  w i t h  Z - i m a g e  c o e f f i c i e n t s .

The genera l  case may be  be t te r  unders tood by  fo rmula t ing  mat r ix  equat ions

e q u i v a l e n t  t o  t h e  c r i . t e r i o n  t 0 . 7 c .

10 .9 .  De f i n i t i ons  and  P roper t i es .  Le t  R  be  a  r i ng  w i th  un i t .  Fo r  k  r -  2 ,

I e t  Y u  =  l y r r J  d e n o t e  t h e  2 x k  m a t r i x  o n  R  w i t h  y . .  =  ö , j  ( K r o n e c k e r  d e l t a ) .

L e t  s  =  0 ( d )  a n d  t  =  g ( e ) .  D e f i n e  t s  =  t : Z r - * s  a s  i n  1 0 . 6 ,  a n d  d e f i n e



[ r : Z , - R t  s i m i l a r J . y ,  t h a t  i s ,  [ c  i s  Z - t i n e a r ,  t r ( " j  )  =  0  f  o r  j  >  g ( e ) ,  a n d

[ r ( i r c 1  +  i  2 c 2 ] . . . *  i . " . )  =  ( t r { i r ) ,  ( * ( i r ) , . . . ,  ( r ( i r ) ) .

L e t  p  d e n o t e  I V B ( d ) l * ,  * h e r e  p  =  1  i f  V B ( d )  =  Q  a n d  p  i s  e q u a l  t o  t h e

c a r d i n a l i t y  o f  V B ( d )  o t h e r w i s e .  S i m i l a r l y ,  I e t  q  d e n o t e  l V r ( e )  l * .  F o r

e a c h  i  s  n ,  l e t  m .  =  l U s , i ( d ) l *  a n d  n .  =  l U c , r ( " ) l * .

Number  the  e lements  o f  VB(d)  sys temat ica l l y ,  and le t  V ,  denote  the  p  x  g

mat r ix  on  R such tha t  i f  x  i s  the  j - th  e lement  o f  VB(d) ,  then the  j - th  row o f

V B  i s  t h e  s - v e c t o r  t r ( x ) .  I f  V B ( d )  i s  e m p t y ,  I e t  V ,  b e  a  1 x s  m a t r i x  o f

z e r o s .  S i m i l a r l y ,  n u m b e r  V c ( e )  a n d  l e t  V ,  b e  t h e  q x t  m a t r i x  w h i c h  h a s

j - t h  r o w  [ r ( l )  i f  y  i s  t h e  j - t h  e l e m e n t  o f  V r ( e ) .  A g a i n ,  V ,  i s  a  1 x t

z e r o  m a t r i x  i f  V r ( e )  =  l .

N o w  n u m b e t  U s , r ( d )  a n d  U r , r ( e )  s y s t e m a t i c a l l y  f o r  e a c h  i  <  n .  F o r  e a c h

s u c h  i ,  d e f i n e  m .  x s  m a t r i c " "  U s t , i  t t d  U r n , i  o n  R  b y :

U r r , ,  h a s  j - t h  r o w  t r ( l t o )  i f  ( u o , v o )  i s  t h e  j - t h  p a i r  o f  U r , i ( d ) ,

U r * , ,  h a s  j - t h  r o w  I r ( r r o )  i f  ( u o , v o )  i s  t h e  j - t h  p a i r  o f  U r , i ( d ) ,

a n d  n .  x t  m a t r i c " =  U c r , i  r . d  U c n , i  o n  R  b y :

U r r , ,  h a s  j - t h  r o w  t , ( r r ,  )  i f  ( u ' v r )  i s  t h e  j - t h  p a i r  o f  U , ,  i ( d ) ,

U r . , ,  h a s  j - t h  r o w  [ r ( v r )  i f  ( u ' v r )  i s  t h e  j - t h  p a i r  o f  U r , . ( d ) ,

L " t  U r r , ,  a n d  U r * , ,  b "  1 x s  z e r o  m a t r i c e s  i f  U B , r ( d )  =  l .  S i m i l a r l y ,  U B L , i

r r d  U c R ,  i  a r e  1 x  t  z e r o  m a t r i c e s  i f  U c  
, r ( e )  

- -  Q .

1 0 . 9 a .  T h e  m a t r i c e s  Y " ,  Y a , V '  V ,  a n d  U r r , r , U B R , i , U r r , ,  " . d  U c R , ,  f o r

i  s  n  a re  recurs ive ly  computab le  f rom d  and e ,  as  a re  the i r  d imens ion

p a r a m e t e r s  s ,  t ,  p ,  q  a n d  m .  a n d  n .  f o r  i  s  n .

1 0 . 1 0 .  P r o p o s i t i o n .  L e t  R  b e  a  r i n g  w i t h  u n i t ,  a n d  s u p p o s e  d  =  d ( * ! , . . . , * , )

a n d  e  =  e ( x r  x , ,  )  a r e  r r - p o l y n o m i a l s .  D e f  i n e  s ,  t ,  Y " ,  Y '  P ,  { ,  V i l  V , ,

a n d  f o r  e a c h  i  s  n ,  h i , r i ,  U r r , r , U B R , i ,  U r r , ,  " t d  U c R , i  a s  i n  1 0 . 9 .  T h e n

d  s  e  i s  s a t i s f i e d  i n  e v e r y  a d d i t i v e  r e l a t i o n  a l g e b r a  o f  ß ( R )  i f f  t h e r e  e x i s t

m a t r i c e s  o n  R ,  c o n s i s t i n g  o f  a  t x s  m a t r i x  A ,  a  p x q  m a t r i x  E ,  a n d  a n  * i  " t i

m a t r i x  F .  a n d  m .  x  q  m a t r i c e s  G .  a n d  H .  f o r  e a c h  i  s  n ,  s a t i s f y i n g  m a t r i x



1 0

e q u a t i o n s  1 0 .  1 0 a , b ,  c ,  d  b e l o w '

1 0 . 1 0 a .  Y . A  =  Y " ,  d i m e n s i o n s  ( 2  x  t ) ( t  x  s )  =  |  x  5 '

1 0 . 1 0 b .  V . A  -  E V '  d i m e n s i o n s  ( q x t ) ( t x s )  =  ( q x p ) ( p x s ) '

1 0 . 1 0 c .  U c r , r A  =  F r U r r , ,  *  G r V n  f o r  i  s  n ,  d i m e n s i o n s :

( n .  x t ) ( t x  s )  =  ( r i  x m .  ) ( m ,  x  s )  +  ( t i  " p ) ( p t  " ) .

1 0 . 1 0 d .  U r * , i A  =  F r U r * , i  +  H i V s  f o r  i  s  n ,  s a m e  d i m e n s i o n s  a s  1 0 ' 1 0 c '

l l e  o m i t  t h e  r o u t i n e  c a l c u l a t i o n s  v e r i f y i n g  1 0 . 1 0 ,  w h i c h  f o l l o w  t h e

m e t h o d s  p r e v i o u s l y  d e s c r i b e d .  T h e  m a t r i x  A  =  [ t i . i ]  h a s  b e e n  d i s c u s s e d ,

and the  mat r ix  en t r ies  o f  E ,  G.  and H.  cor respond to  the  aux i l ia ry  var iab les

for  genera tors  o f  N above.  The en t r ies  o f  F .  cor respond to  the  aux i l ia ry

v a r i a b l e s  o f  t h e  s e c o n d  k i n d ,  t i k e  f ,  a b o v e .  c o n d i t i o n  1 0 . 1 0 a  c o r r e s p o n d s

t o  t h e  c o n d i t i o n s , l ( c r )  = , c ( b r )  a n d , r l ( c z )  =  r c ( b z ) ,  a n d  1 0 ' 1 0 b  c o r r e s p o n d s

t o  t h e  c o n d i t i o n s  t ( x )  =  0  f o r  x  l n  V r ( e ) '  C o n d i t i o n s  ( r 1 ' ( x ) '  ' l ( y ) )  ' t t  
Y i

f o r  ( x , y )  i n  U r , r ( e )  c o r r e s p o n d  t o  1 0 . 1 0 c  a n d  1 0 ' 1 0 d ,  t r e a t i n g  f i r s t

and second coord ina tes  o f  the  pa i rs  in  separa te  mat r ix  equat ions '

t o . t 1 , .  E x a m p l e .  A g a i n ,  c o n s i d e r  d  a n d  e  a s  i n  ! 0 . 2 ,  1 0 . 4  a n d  1 0 .  B .  N o t e

t h a t  s  =  4 ,  L  =  7 ,  p  =  1 ,  {  =  3 ,  * 1  =  1 ,  n 1  =  2  a n d  h z  =  t r a  =  1 '  M a t r i x

equat ion  10 .10a is  shown be low:

f ' r ,  
' r z  a rs  " rn l  

=  | - t  o  o  q .

f 'ar 
"z z azs az+) 

Lo 1 o oi

G i v e  n a m e s  t o  t h e  a u x i l i a r y  v a r i a b l e s  a s  f o l l o w s :

f"rl [r^'l r- I lnrlf ,  =  1 " , 1 ,  F ,  =  l ; : 1 ,  G ,  =  l : ' l  a n d  H r  =

L"rl 
' 

Lt rl 
' 

Ltt-l 
arrs ̂ '1 - 

Lntl 
'

t o g e t h e r  w i t h  F ,  =  l f r l , G ,  =  [ 8 2 ]  a n d  H ,  =  [ h r 1 '  N o w ,  o b s e r v e  t h a t :

[ o o o l o o o l
t _ lvc = 
lo  o  o  o  1  o  o l  and vB = io  1  o  o ] ,

I t  o - 1  o  o - 1  o l

so tha t  10 .10b is  the  mat r ix  equat ion
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o o l
o  o l
0 0 j

Io= lo
L0

e o

e 1

e ?4 6 4

I  t n  I  a 4 z  " 4 s  a 4
I

I  
t u  t  a l z  a 5 s  a 5

L ' r r - t g 1 - a 6 1  a r 2 - a 3  z - a 6 z  a r s - a g g - a 6 g  t 1 4 - a g

From the  de f in i t ions ,  we have

f o o l o o o o ' lu r r , , = l i  o  1  o  o  r ; l  
a n d  u r r , , = [ 1

L "  
- - J

U r r , ,  =  [ o  1  o  - 1  o  - 1  o ]  a n d  U r r , ,  =  [ 1

There fore ,  the  two mat r ix  equat ions  o f  10 .10c  are :

| - " r ,  " rz  ass asr l  l to  8e o o l
|  |  =  l ^  0  0 l  

a n c l

I t s r  
t s z  a s s  a s l l  

L t t  
g t  

I

L . z r - . a 1 - a 6 1  u z z - ^ 4 2 - a 6 z  " 2 3 - a 4 g - a 6 g  a z 4 - ^ 4

F ina l Iy ,  we have

l o o o o o o l ' l
u r * , r = l i  

o  o  o  1 r - ; l  
a n d  u r * , , = [ o

L "  " - l

U , * , r = [ 1  o - 1  o  o  o  o ]  a n d  u r * , r = [ o

Then 10.10d may be  g iven by  the  two mat r ix  equat ion

|  " r  a .z  a7r  azr  j  -  fo  
ho

f"ur - t r r  
a5 z-a.z  abs-azs  ̂ se-^ te)  

-  
L0 

h l

[ t r r - t r 1  a 1  z - ^ s 2  " 1 3 - " 3 3  a 1 r - t r n ]  =  
[ 0  h a

The above sys tem o f  equat ions  is  sa t is f ied  in  R

has charac ter is t i c  1  o r  2 .  To  prove th is ,  suppose

T h e n  a r 4  =  0  b y  1 0 . 1 0 a  a n d  " 3 4  =  0  b y  1 0 . 1 0 c ,  s o  f ,

T h e r e f o r e ,  ? 2 L -  a 4 7 -  " 6 1  =  f z  =  0  b y  1 0 . 1 0 c .  B u t  a

ä 4 1  =  0  b y  1 0 . 1 0 b ,  s o  a 6 1  =  0 .  N o w  t 1 1  - a 3 1  - t 6 1  =

ä r !  =  1  b y  1 0 . 1 0 a .  B u t  t h e n  f o  =  f ,  =  ä g 1  =  1  u s i n

a z 3  =  - f o  a n d  " 5 s  - ä 2 3  =  - f ,  b y  1 0 ' 1 0 d ,  s o  1 + 1  =  f

a b o v e  a n d  1 0 . 1 0 b .

C o n v e r s e l y ,  s u p p o s e  R  h a s  c h a r a c t e r i s t i c  I  o r  2 .

so lu t ion  o f  the  above sys tem o f  l inear  equat ions  w i

ol

ol ,

rl

= lf.- sz o

ol ,

1l

0 0

0 0

1ae aJ

0 0

-ro ol
- f 1  o l '

o  f r ]

i f f  D i v * ( 0 , 2 )  i f f  R

w e  h a v e  a  s o l u t i o n .

=  4 1 4  - ä 3 4  =  0  b Y  1 0 ' 1 0 d '

z r  
=  0  b Y  1 0 ' 1 0 a  a n d

0  b y  1 0 . 1 0 b ,  s o  a t 1  =

g  1 0 . 1 0 c .  F i n a l I y ,

o + f r  
-  - a s 3  =  0  b Y  t h e

Then there  is  a

t h e  f o l l o w i n g
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v a r i a b l e s  s e t  t o  1 :

" 1 1 ,  a z 1 ,  ä 3 1 ,  a S Z ,  " 2 3 ,  € A ,  f O ,  f r ,  g 0 , 9 1 , g ,  a n d  h a '

A I 1  o t h e r  v a r i a b l e s  a r e  s e t  t o  0 ,  i n c l u d i n g :

€ 0 ,  € 1 ,  f ,  h o ,  h ,  a n d  t h e  v a r i a b l e s  a . .  n o t  l i s t e d  a b o v e .

Th is  comple tes  the  ana lys is  o f  the  example .

As  prev ious ly  descr ibed,  we now obta in  the  genera l  reduc t ion  o f  f ree

w o r d  p r o b l e m s  f o r  ß ( R )  t o  Z - i m a g e  d i v i s i b i l i t y  c o n d i t i o n s .

t } . t 7 .  T h e o r e m .  L e t  R  b e  a  r i n g  w i t h  u n i t  a n d  s u p p o s e  d  =  d ( X 1 , X 2 , . . . , * , , )

a n d  e  -  e ( x ' x 2 , . . . , X r , )  a r e  r r - p o l l n o m i a l s '  T h e n  t h e r e  e x i s t  i n t e g e r s  m  )  0

and n  2  1 ,  recurs ive ly  computab le  f rom d  and e ,  such tha t  d  s  e  i s  sa t is f ied

in  every  add i t i ve  re la t ion  a lgebra  representab le  by  an  R-modu le  i f  and  on ly

i f  m ' 1  d i v i d e s  n ' 1  i n  R .

P r o o f  :  l { e  h a v e  ß ( R )  F  d  <  e  i f f  t h e  m a t r i x  e q u a t i o n s  1 0 . ! } a , b , c , d  h a v e  a

s o l u t i o n  i n  R .  S y s t e m a t i c a l l y  a r r a n g e  a l l  t h e  m a t r i x  e n t r i e s  o f  A ,  E ,

a n d  F . ,  G ,  a n d  H .  f o r  e a c h  i  s  n ,  i n t o  a  s i n g l e  v e c t o r  Z  =  ( z t , z z , . '  . , r t )

o f  var iab les .  Then recurs ive ly  compute  a  mat r ix  M,  in  ??1 'n  .k (Z)  säY,  and

a  v e c t o r  V  i n  1 l l . , J Z )  s u c h  t h a t  t h e  e q u a t i o n s  1 0 , 1 0 a , b , c , d  a r e  s o l v a b l e

f o r  R  i f f  t h e r e  e x i s t s  Z  i n  1 ? 1 u , 1 ( R )  s u c h  t h a t  M * Z  =  V * .  A p p l y i n g  9 . I 4 ,

recurs ive ly  compute  in tegers  m >  0  and n  >  1  so  tha t  M*Z =  V*  fo r  some such

Z  i f  f  D i v * ( m , n )  i s  t r u e .  T h e n  ß ( R )  F  d  s  e  i f f  D i v * ( m , n ) .  r

Computer  p rograms fo r  the  f ree  word  prob lem a lgor i thm are  in  Append ix  F .

There  are  a lso  many theore t ica l  consequences  o f  Theorem 10.12 .  Us ing  4 .10

w i t h  1 0 : 1 2  e x t e n d s  t h e  r e s u l t  t o  t h e  q u a s i v a r i e t i e s  0 ( R )  a n d  J ( R ) .

1 0 . 1 3 .  C o r o l l a r y .  L e t  R  b e  a  r i n g  w i t h  u n i t .  F o r  a n y  r A - p o l y n o m i a l s  d  a n d

e,  there  ex is t  m >  0  and n  2  1 ,  recurs ive ly  computab le  f rom d  and e ,  such

t h a t  0 ( R )  t s  d  <  e  i f f  D i v * ( t , t ) .  S i m i l a r  r e s u l t s  h o l d  f o r  f ( R )  i f  d  a n d

e  a r e  l a t t i c e  p o l y n o m i a l s .

Reca l l  tha t  fo r  any  quas ivar ie ty  o f  a lgebras  U,  the  c lass  HU o f
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homomorph ic  images o f  a lgebras  in  U is  the  smal les t  var ie ty  conta in ing  U '

S ince  a  var ie ty  i s  de termined by  a lgebra ic  equat ions ,  i t  fo l lows f rom

9 . 7 b ,  t O . ! 2  a n d  1 0 . 1 3  t h a t  H S ( R ) ,  H 0 ( R )  a n d  H l ( R )  a r e  c o m p l e t e l y  d e t e r m i n e d

b y  t h e  Z - i m a g e  d i v i s i b i l i t y  p a t t e r n  f o r  R ,  t h a t  i s  b y  ( z c h a r * ,  d g r * )  i n  J ,

fo r  each r ing  R.  i {e  show nex t  tha t  the  c lass  o f  such var ie t ies  HE(R)  fo rms

a  l a t t i c e  i s o r m o r p h i c  t o  J ,  a n d  s i m i l a r l y  f o r  t h e  v a r i e t i e s  H O ( R )  a n d  H J ( R ) '

In  par t i cu la r ,  H f (R)  +  HJ(S)  fo r  r ings  R and S such tha t  (zchar* ,  dgr* )  and

( z c h a r '  d g r r )  a r e  d i f f e r e n t .  ( B y  4 . 1 0 ,  H t ( R )  +  H J ( S )  i m p l i e s  H 0 ( R )  +  H 0 ( S )

a n d H ß ( R )  + H ß ( S ) . )  G i v e n a n y m > 0  a n d n >  1 ,  w e  c o n t r u c t  a  l a t t i c e

equat ion  sa t is f ied  th roughout  Ht (R)  i f f  D iv* (m,n)  i s  t rue .  C '  Her rmann and

A .  H u h n  [  ]  g a v e  s u c h  L a t t i c e  i d e n t i t i e s  d i s c r i m i n a t i n g  r i n g  c h a r a c t e r i s t i c

a n d  i n v e r t i b l e  p r i m e s  ( a s  i n  9 . 4 d ) .  T h i s  m e t h o d  w a s  e x t e n d e d  i n  t w o  w a y s

in  IT ISL]  to  ob ta in  a I I  the  needed equat ions ;  we s imp l i f y  one o f  these ways

t o  o b t a i n  t h e  v e r s i o n  b e l o w .

7 0 . t 4 .  D e f i n i t i o n s .  S p e c i f y  l a t t i c e  p o l y n o m i a l s  o n  x L , x Z , X g , X 4  a s  f o l l o w s :

d  =  ( * 1 v * 2 ) n ( * s v x n ) ,

and by  recurs ion  on  k ,  fu  fo r  k  >  0  g iven by

f o = x |

f k * 1  =  ( ( ( f l  v d ) n  ( x 1  v x s ) ) v r l ) ^  ( x ,  v x r ) .

For  m >  0  and n  >  1 ,  de f ine  the  la t t i ce  equat ion

A r ( m , n ) :  d  =  * ,  v  ( ( f . v d )  n  ( t r  v t s ) )  v f r , .

( T h e  i n c l u s i o n  d  s  e  r e p r e s e n t s  t h e  e q u a t i o n  d  =  d A e  h e r e . )

I n  s ä m e  c a s e s ,  f r e e  w o r d  p r o b l e m s  d  s  e  a r e  m o s t  e f f i c i e n t l y  s o l v e d  b y

d i r e c t  c o m p u t a t i o n  o f  1 0 . 7 b .  W e  u s e  t h i s  m e t h o d  b e l o w .

1 0 . 1 5 .  P r o p o s i t i o n .

A r ( m , n )  i s  s a t i s f i e d

Proof :  Assuming

L e t  a .  =  r c ( b i  )  f  o r  i

Suppose R is  a  r ing  w i th  un i t ,  m >  0  and n  >  1 .  Then

t h r o u g h o u t  H J ( R )  i f f  D i v * ( m , n )  i s  t r u e .

t h e  h y p o t h e s e s ,  c o m p u t e  w r ( d )  f o r  d  -  ( x r v * . ) n ( x r v x r ) '

<  s ( d )  =  6 .  S i n c e  N  =  0 ,  R 6 / N  i s  a  f r e e  R - m o d u l e  o n



4 A
a a

{ " r , " e , 8 g , ä 4 , a u , a 6 } .  F u r t h e r m o r e ,  w e  h a v e :

y 1  =  R ( a '  a 4 ) ,  1 3  =  R ( a u , . u ) ,

y ,  =  R ( a ,  - a '  a ,  - a n ) ,  ) r n  =  R ( a ,  - a u ,  t ,  - a u ) '

F o r  e a c h  e l e m e n t  o f  d ( y 1 , y 2 , 1 3 , y 4 ) ,  t h e r e  e x i s t  r ! , t z , r s , t 4  i n  R  s u c h  t h a t

" 1 " g  *  r r ( a ,  - . g )  =  r 3 " 5  *  . l ( " ,  -  a u ) ,

h e n c e  T 2  =  t 4 ,  1 1  - . 2  =  0  a n d  r ,  - r 4  =  0 ,  s i n c e  a r ,  a ,  a n d  a U  a r e  f r e e

genera tors  o f  R6/N.  There fore ,

d (  ) t '  Y  2 , Y  s , Y  4 )  
=  R ( a '  a r  )  '

By  induc t ion  on  k  >  0 ,  s im i la r  a rguments  show tha t :

r u ( 1 1  , Y 2 , Y s , Y n )  =  R ( a r  - a ,  - k a u ,  2 2 -  a n  - k a u )  a n d

( f k ( y 1  , y 2 , y s , y 4 ) v d ( y ' y 2 , y s , y 4 ) ) n  ( r r  v y s )  =  R ( a ,  + k a u ,  a n  + k a u ) .

B y  4 . 1 0  a n d  L 0 . 7 ,  H J ( R ) l  a  =  e  i f f  ( ^ r , ^ z ) .  "  =  1 1  v ( ( f , n t d ) n ( y r v Y g ) ) , r f , , .

B u t  ( a ' a r )  e  e ( I '  y 2 , y s , y a )  i m p l i e s  t h a t

a ,  e  R a ,  +  R ( a ,  + r a r )  +  R ( a ,  - a s  - n a u ) .

H e n c e  a ,  =  t r a ,  + t r ( a ,  + r " u ) + t r ( a ,  - a 3  - n a u )  f o r  s o m e  t ' t a , t 3  i n  R ,  f r o m

w h i c h  i t  f o l l o w s  t h a t  t g  =  1 ,  t r * t r - t ,  =  0  a n d  * t z - n t ,  -  0 .  B u t  s u c h

t ,  t ,  a n d  t ,  e x i s t  i n  R  i f f  D i v * ( m , n )  i s  t r u e ,  a n d  t h e n  ( a ' a r )  e q u a l s

t r ( a ' a n )  +  t r ( a r * f i 1 ä 5 ,  a 4 + m a 6 )  *  t g ( t r - . s - n ä 5 ,  ^ ? - ^ 4 - t t u ) ,

a n d  s o  i s  i n  e ( y r , y 2 , y s , y s ) .  T h e r e f o r e ,  A r ( m , n )  i s  s a t i s f i e d  i n  a I l  m e m b e r s

o f  H J ( R )  i f f  D i v * ( m , n )  i s  t r u e .  r

1 0 . 1 5 .  C o r o l l a r y .  S u p p o s e  R  a n d  S  a r e  r i n g s  w i t h  u n i t .  T h e n  H t ( R )  g  H J ( S )

i f f  H 0 ( R )  s  H 0 ( S )  i f f  H ß ( R )  q  H S ( S )  i f f  ( z c h a r * ,  d g r * )  =  ( z c h a r '  d g r r ) .

I n  p a r t i c u l a r ,  H J ( R )  =  H J ( S )  i f f  H 0 ( R )  =  H 0 ( S )  i f f  H E ( R )  =  H ß ( S )  i f f

(zchar*  dgr* )  -  (zchar '  dgr r ) .

I d e n t i t i e s  s i m p l e r  t h a n  Ä r ( r , r )  a r e  a v a i l a b l e  t o  d i s c r i m i n a t e  Z - i m a g e

d i v i s i b i l i t y  c o n d i t i o n s  f o r  v a r i e t i e s  o f  a d d i t i v e  r e l a t i o n  a l g e b r a s .

1 0 . 1 6 .  D e f i n i t i o n s  a n d  P r o p e r t i e s ,  F o r  f  i n  a n y  a d d i t i v e  r e l a t i o n  a l g e b r a
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( w i t h  o r  w i t h o u t  u n i t ) ,  r e c u r s i v e l y  d e f i n e  n . f  f o r  i n t e g e r s  n  b y  0 ' f  =

f  + ( - f  ) ,  ( n + 1 ) ' f  =  n ' f  + f  i f  n  )  0  a n d  n ' f  =  - l " l ' f  i f  n  <  0 '

Suppose m >  0  and n  >  1 .  Def ine  equat ions  o f  r r -po lynomia ls  as  shown

b e l o w .  ( A g a i n ,  d  <  e  r e p r e s e n t s  d  =  d n e . )

A r ( m , n ) :  n ' 1  s  I ( m ' 1 )  ( c o n t a i n s  o n l y  c o n s t a n t s ) '

N o w  l e t  e  =  x , L x t #  a n d  z  =  ( e  +  ( - e ) ) ( e  +  ( - e ) ) # ,  a n d  d e f  i n e  e q u a t i o n s  o f

rA-po lynomia ls  as  shown be low.

A o ( m , n ) :  n ' e  3  z ( m ' e )  ( c o n t a i n s  o n l y  x r ) .

1 0 . 1 6 a .  F o r  i n t e g e r s  j  a n d  k ,  ( i  + k ) ' f  =  j ' f  + k ' f '

1 0 . 1 6 b .  A B ( m , n )  i s  s a t i s f i e d  t h r o u g h o u t  H ß ( R )  i f f  D i v . ( m , n )  i s  t r u e .  ( C h e c k

t h a t  D i v * ( m , n )  i m p l i e s  t h a t  A r ( * , n )  i s  s a t i s f i e d  i n  R e l ( M )  f o r  M  a n  R - m o d u l e ,

a n d  t h a t  A r ( m , n )  s a t i s f i e d  i n  R e I ( * R )  i m p l i e s  D i v * ( m , n ) . )

1 0 . 1 6 c .  A A ( m , n )  i s  s a t i s f i e d  t h r o u g h o u t  0 ( R )  i f f  D i v * ( m , t ) .  ( T a k e  * 1  =  1

i n  R e l ( M ) ,  t h e n  a p p l y  3 . 1 1  a n d  1 0 ' 1 6 b .  )

To  conc lude the  ana lys is ,  we compare  the  la t t i ce  opera t ions  in  J  w i th

t h e  c o r r e s p o n d i n g  l a t t i c e  o p e r a t i o n s  i n  t h e  l a t t i c e s  o f  a l I  v a r i e t i e s  o f

a l g e b r a i c  t y p e s  r '  t o  a n d  r , .

7 0 . t 7 .  D e f i n i t i o n s .  R o u g h l y  s p e a k i n g ,  L ( r )  d e n o t e s  t h e  l a t t i c e  o f  a l l

v a r i e t i e s  o f  a l g e b r a s  o f  a  f i x e d  a l g e b r a i c  t y p e  r ,  o r d e r e d  b y  i n c l u s i o n .

( I n  o r d e r  t o  a v o i d  f o u n d a t i o n a l  d i f f i c u l t i e s ,  t ( r )  i s  f o r m a l l y  d e f i n e d  t o  b e

t h e  o r d e r  d u a l  o f  t h e  l a t t i c e  o f  a l l  f u l l y  i n v a r i a n t  c o n g r u e n c e s  o n  P ( X , r ) ;

s e e  [  ] . )

L e t  - J r  c  L ( r r ) ,  J o  !  L ( r o )  a n d  J B  s  L ( r r )  b e  g i v e n  b y :

J ,  =  { H f ( R ) :  R  a  r i n g  w i t h  u n i t } ,

J o  =  { H 0 ( R ) :  R  a  r i n g  w i t h  u n i t } ,

J ,  =  { H E ( R ) :  R  a  r i n g  w i t h  u n i t } .

Note  tha t  J*  J  o  and J ,  a re  par t ia l l y  o rdered by  inc lus ion .

1 0 . 1 8 .  P r o p o s i t i o n .  T h e r e  i s  a  l a t t i c e  i s o m o r p h i s m  b e t w e e n  J ,  a n d  J  g i v e n
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by H l (R)$ [ - (zchar* ,  dgr* ) ,  and Jo  and J ,  a re  comple te  d is t r ibu t ive  ] .a t t i ces

i s o m o r p h i c  t o  J  s i m i l a r l y .  I n  L ( r r ) ,  J ,  i s  a  s u b s e m i l a t t i c e  a d m i t t i n g

f i n i t e  a n d  i n f i n i t e  j o i n s ,  a n d  s i m i l a r l y  f o r  J o  i n  L ( t o )  a n d  J ,  i n  L ( r r ) .

H o w e v e r ,  J ,  i s  n o t  a  m e e t  s u b s e m i l a t t i c e  o f  L ( r r ) ,  a n d  s i m i l a r l y  f o r  J o

a n d  L ( r o  ) .

P r o o f :  T h e  f i r s t  p a r t  f o l l o w s  f r o m  1 0 . 1 5 .  G i v e n  a  f a m i l f  { R ; } i . . 1  o f

r ings  w i th  un i t ,  J .e t  *  =  I I ie  . l  R j .  F rom 1 ,0 .12 ,  we can eas i l y  ver i f y  tha t

H S ( R )  i s  t h e  j o i n  o f  a l l  t h e  v a r i e t i e s  H ß ( R j ) ,  i  e  J ,  s i n c e  t h e  i d e n t i t i e s

s a t i s f i e d  t h r o u g h o u t  H E ( R )  a r e  j u s t  t h o s e  i d e n t i t i e s  s a t i s f i e d  i n  H E ( R ,  )

f o r  a I I  j  e  J .  T h e r e f o r e ,  J ,  i s  a  c o m p l e t e  j o i n  s u b s e m i l a t t i c e  o f  L ( r r ) .

B y  1 0 . 1 3 ,  J A  i s  a  c o m p l e t e  j o i n  s u b s e m i l a t t i c e  o f  L ( r o ) ,  a n d  s i m i l a r l y  f o r

J ,  a n d  L ( r r ) .

C l e a r l y  ( 0 , e x p t r )  =  ( 0 , e x p t r )  n  ( 0 , e x p t r )  i n  J .  H o w e v e r ,  S ( 0 , e x p t r )  i s

a  t r i v i a l  r i n g ,  s o  H J ( S ( 0 , e x p t r ) )  i s  t h e  v a r i e t y  o f  t r i v i a l  l a t t i c e s .

B u t  H J ( S ( 0 , e x p t ,  )  )  "  t l f ( S ( 0 , e x p t ,  )  )  c o n t a i n s  n o n t r i v i a l  L a t t i c e s ,  f o r

e x a m p l e ,  a l l  d i s t r i b u t i v e  l a t t i c e s .  T h i s  p r o v e s  t h a t  J ,  i s  n o t  a  m e e t

s u b s e m i l a t t i c e  o f  L ( r r ) .  U s i n g  D 2  a s  i n  3 . 1 4  a n d  3 . 1 5  f o r  D  a n y  n o n t r i v i a l

d i s t r i b u t i v e  l a t t i c e ,  w e  c a n  s h o w  s i m i l a r l y  t h a t  t h e  m e e t  o f  H 0 ( S ( 0 , e x p t r ) )

a n d  H 0 ( S ( 0 , e x p t r ) )  i n  L ( r o )  i s  n o t  i n  J o ,  r

I t  i s  unknown whether  o r  no t  J ,  i s  a  meet  subsemi la t t i ce  o f  L ( r r )


