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$ 1 1 .  E x t e n s i o n s  o f  S o l v a b i l i t y  b y  C o r e t r a c t s  o f  F r e e  A l g e b r a s .

B y  8 . 3 ,  t h e r e  i s  n o  r e c u r s i v e  s o l u t i o n  f o r  a I l  f i n i t e l y  p r e s e n t e d  w o r d

p r o b l e m s ,  f o r  a n y  n o n t r i v i a l  q u a s i v a r i e t y  J ( R ) ,  0 ( R )  o r  E ( R ) .  H o w e v e r ,

there  migh t  s t i l l  be  recurs ive  so lu t ions  fo r  use fu l  subsets  o f  the  genera l

p rob lem,  ex tend ing  beyond the  methods  a l ready  g iven.  In  th is  sec t ion ,  we

descr ibe  a  known s tandard  method us ing  core t rac ts  o f  f ree  a lgebras

( s o m e t i m e s  c a I I e d  p r o j e c L i v e  a l g e b r a s )  t o  e x t e n d  w o r d  p r o b l e m  s o l v a b i l i t y .

I f  t h e  d i v i s i b i l i t y  o f  Z - i m a g e s  i s  c o n p u t a b l e  f o r  R ,  t h e s e  e x t e n s i o n s  y i e l d

c l a s s e s  o f  s o l v a b l e  f i n i t e l y  p r e s e n t e d  w o r d  p r o b l e m s  f o r  J ( R ) ,  0 ( R )  a n d

ß ( R ) ,  b a s e d  o n  t h e  s o l v a b i l i t y  o f  f r e e  w o r d  p r o b l e m s .  U s i n g  m e m b e r s  o f  0 ( R )

c a l l e d  t o w e r  a l g e b r a s ,  f r e e  a l g e b r a  c o r e t r a c t s  a l s o  p r o v i d e  s o l u t i o n s  o f

cer ta in  d iagram-chas ing  prob lems fo r  the  add i t i ve  re la t ion  ca tegory  R-Re l .

t t . I .  E x a m p l e .  L e t  R  b e  a  n o n t r i v i a l  r i n g  w i t h  D i v * ( m , n )  a  c o m p u t a b l e

pred ica te ,  and le t  t  be  the  open con junc t ive  fo rmula

( " r A " e  =  " 1  A x g )  A  ( " r A r z  =  x z A x r )  a  ( * t u x z  =  x L v x r )  , t

( x 1  v x z  =  x ? v x r )  , r  ( " r A r e  s  x n )  r  ( x +  <  x r v x r ) .

Note  tha t  *  i s  equ iva len t  to  asser t ing  tha t  x '  x ,  and x3  genera te  an  M,

s u b l a t t i c e  s p a n n i n g  [ a , b ]  f o r  "  =  * 1  A x z  A x ,  a n d  b  =  * ,  u * z  u " 3  ( e x c e p t

i n  t h e  t r i v a l  c a s e  a  -  b ) ,  a n d  t h a t  x n  i s  i n  [ a , b ] .  S u p p o s e  t h a t  w e  w a n t e d

to  s tudy  the  consequences  o f  t  fo r  the  quas ivar ie ty  o f  add i t i ve  re la t ion

a lgebras  0(R) .  For  ro -po lynomia ls  p  and q  on  the  se t  o f  var iab les  Xn =

{ * r , * 2 , x 3 , x 4 } ,  t h e  u n i v e r s a l  H o r n  s e n t e n c e s  Ä ( p , q )  w i t h  t h e  f i x e d  s e t  o f

hypotheses * has the form

( v x 1 , X 2 , X g , x n ) ( t  *  ( p ( * ! , * 2 , X 3 , X 4 )  =  q ( x L , x z , x g , x 4 ) ) ) .

Now le t  A  be  the  f ree  0(R) -a lgebra  on  the  genera t ing  se t  Xn,  and de f ine  a

unique ro-homomorphism X:A-.-A by

. o  =  ( " 1  A r a )  v  ( x r  n x r )  v  ( x ,  A x r ) ,

b o  =  ( r 1  t " z ) n  ( x r  v x r ) n  ( x z  v x r )  a n d

\ ( x , )  -  ( " o v x . ) n b o  f o r  i  =  1 , 2 , 3 , 4 .



Using  on ly  modu lar  Ia t t i ce  p roper t ies ,  we can ver i f y  tha t  *  i s  equ iva len t

t o  t h e  c o n j u n c t i o n  o f  t h e  f o r m u l a s  x .  -  \ ( x t )  f o r  i  <  4 ,  s o  t h a t  A ( p , q )  i s

equ iva len t  fo r  0 (R)  to  the  un iversa l  c l .osure  0(p ,q)  o f  the  open fo rmula

( x 1  =  x ( x r ) )  &  ( x z  =  \ ( x a ) )  &  ( x s  =  \ ( x r ) )  &  ( x r  =  \ ( t n ) )  -

( p ( x ' X z , X 3 , * n )  =  { ( x r , * 2 , X 3 , x n )  ) .

Now \  has  a  conven ien t  spec ia l  p roper ty :  \  =  \ \  can  be  shown by  ca lcu la t ions

p r o v i n g  \ ( \ ( x . ) )  =  \ ( x , )  f o r  i  s  4 .  U s i n g  \  =  \ \ ,  w e  s e e  t h a t  6 ( p , q )  i s

t rue  in  A  i f f  the  un iversa l  c losure  o f  the  ident i t y

p ( \ ( x r  ) , \ ( * z  ) , \ ( * s  ) , X ( " a  )  )  =  q ( x 1 x ,  ) , ) t ( " 2  ) , X ( x g ; , x ( x n  ) )

i s  t rue  in  A .  But  an  ident i t y  in  A  eor responds to  a  f ree  word  prob lem fo r

0(R) ,  wh ich  we know how to  so lve  by  $10.  There fore ,  we can compute  whether

o r  n o t  Ä ( p , q )  i s  s a t i s f i e d  t h r o u g h o u t  0 ( R )  f o r  a n y  r o - p o l y n o m i a l s  p  a n d  q

o n  t h e  v a r i a b l e s  o f  X r .

The argument above can be put into a general  f ramework using coretracts

o f  f r e e  a l g e b r a s .

7 1 . 2 .  D e f i n i t i o n  a n d  P r o p e r t i e s .  S u p p o s e  r  i s  a n  a l . g e b r a i c  t y p e ,  a n d  r e c a l l

tha t  P(X, r , r )  denotes  the  r -a lgebra  o f  a I I  r -po lynomia ls  on  the  genera t ing  se t

X r ,  =  { x '  x 2 , . .  . , * r } ,  n  2  1 .  L e t  l t l  b e  a  q u a s i v a r i e t y  o f  r - a l g e b r a s ,  W  a  f r e e

l , t l -a lgebra  on  the  genera t ing  se t  X , r ,  and 1 :P(Xr r , r ) -W the  r -homomorph ism

s u c h  t h a t  1 ( x ,  )  =  x .  f o r  i  <  n .  A n  n - t u p l "  ( u r , ü 2 ,  . . , r r , )  o f  e l e m e n t s  o f

P(Xr r , r )  i s  ca I led  a  f ree  core t racL  sequence fo r  l t t l  i f  the  un ique r -homorph ism

} r : l l l  - 1 {  s u c h  t h a t  \ ( x r ) =  l ( u t )  f o r  i  s n  i s  i d e m p o t e n t :  \  =  \ \ .  l { e  s a y

t h a t  ( u r , ü 2 ,  .  .  .  , r r )  d e t e r r n i n e s  \ .

I f  t  i s  an  open con junc t ive  fo rmula  such tha t  each te rm o f  t  i s  an

e q u a t i o n  p  =  q  f o r  p  a n d  q  i n  P ( X , , , r ) ,  S ä y  t h a t  t  i s  c o n p a t j b l e  w i t h  \  ( o r

w i t h  ( u r , ü a , . . . , r r , )  d e t e r m i n i n g  \  a s  a b o v e )  i f  f o r  a n y  a s s i g n m e n t  o f  t h e

v a r i a b l e s  i n  X .  t o  a  m e m b e r  o f  ü 1 ,  *  i s  s a t i s f i e d  i f  a n d  o n l y  i f  x .  =  X ( x , )

f o r  i  =  1 , 2 , . . . , r 1  .

Reca l l  tha t  X  is  a  coreLrac t  o f  l { I  i f  there  ex is t  r *homomorph isms l :X  .W



and r:W-X such that l rc = 1x. Note that r  must be onto and I  must be

one-one,

t7 .2a .  I f  X  i s  any  core t rac t  o f  W v ia  rc :W-X and u :X- l { ,  then \  =  ru  i s

an idempotent r-homomorphism W-W, and a r- isomorphism of X to \ [ l i | ]  is

induced by  u .  I f  \ : l I -W is  any  idempotent ,  then } t [ l l l ]  i s  a  core t rac t  o f

W v ia  t ' tg - \ [ l l ]  induced by  \  and the  inc lus ion  map r , : \ [ l [ l ] - y .  For  such

a  X ,  a n y  n - t u p l e  ( u t , ü 2 , . . . , t . )  o n  P ( X r r , r )  s u c h  t h a t  u ( u .  )  =  ) . ( x ,  )  f o r

i  s  n  i s  a  f r e e  c o r e t r a c t  s e q u e n c e .  I f  ( u ' u r , . . . , t r r )  i s  a n y  f r e e  c o r e t r a c t

sequence fo r  ü1 ,  then the  se t  { ry (u ,  ) :  i  s  n }  genera tes  a  core t rac t  o f  the

free ül-algebra 1{.

t t . z b .  A n  n - t u p l e  ( t r , t a  u r , )  o n  P ( X r r , r )  i s  a  f  r e e  c o r e t r a c t  s e q u e n c e

for  ü l  i f f

l ( u i  (  1 L , * z  " r ,  ) )  =  l ( u i  ( u r ( x ,  , x 2 , , .  .  , X . ) ,  .  .  .  , r , r ( * 1  , x z ,  .  '  '  , x , .  ) )  )

f o r  i  =  7 , ? , . . . , [ .

I L Z c .  A  c o r e t r a c t  o f  a  c o r e t r a c t  o f  I {  i s  a  c o r e t r a c t  o f  W .  I f  \ : W - W

and p:\ [1{]-Lf tr I ]  are idempotent r-homomorphisms and an n-tuple u =

( r r , r z  u r , )  o n  P ( X r , , r )  s a t i s f i e s  1 ( u i )  =  p ( \ ( x , ) )  f o r  i  s  n ,  t h e n  u  i s  a

f ree  core t rac t  sequence fo r  ü t r ,  w i th  assoc ia ted  core t rac t  p t \ [ I { I ] ]  o f  W.

17.2d .  Suppose ü l  and ü t '  a re  quas ivar ie t ies  o f  t -a lgebras ,  w i th  ü t r '  g  UJ .

I f  u  =  ( t r , t r , . . . , t r r )  i s  a  f r e e  c o r e t r a c t  s e q u e n c e  f o r  W ,  t h e n  i t  i s  a  f r e e

core t rac t  sequence fo r  ü l ' .  I f  *  i s  an  open con junc t ion  o f  r -equat ions

which  is  compat ib le  w i th  u  fo r  ü t r ,  then *  i s  compat ib le  w i th  u  fo r  ü l ' .

I L Z e .  S u p p o s e  u  =  ( r r , r r , . . . , r r r )  i s  a  f r e e  c o r e t r a c t  s e q u e n c e  f o r  a

quas ivar ie ty  o f  r -a lgebras  ü1 ,  and t  i s  an  open con junc t ive  fo rmula

c o m p a t i b l e  w i t h  u .  F o r  a n y  p  a n d  q  i n  P ( X r , , r ) ,  t h e  u n i v e r s a l  H o r n  s e n t e n c e

( v x 1  , x 2 , . . . , r r , ) ( *  -  p ( x ! , x z  r , r )  =  q ( x ' x 2 , . , . , x r , ) )

i s  s a t i s f i e d  i n  a I I  m e m b e r s  o f  ü l  i f f  t h e  i d e n t i t y

p ( u 1  ( X 1  ,  . , " r )  r , r ( r ,  * , r ) )  =  q ( u 1  ( x r , . . . , * r )  t r , ( * r , .  ' . , * , . ) )

i  s sat i  sf  i  ed in al  I  members of l , t l .



Given t  and ül  as in t t .Ze such that al l  f ree word problems for ül  are

so lvab le ,  we can seek  a  f ree  core t rac t  sequence u  fo r  ü l  such tha t  *  i s

compat ib le  w i th  u .  I f  we f ind  such a  u ,  then we can so lve  a l l  word  prob lems

wi th  hypothes is  t  and conc lus ion  an  arb i t ra ry  equat ion  p  =  {  on  P(Xr , , r ) '

T h e  r e s u l t s  1 1  . Z a , b , c , d  m a y  a s s i s t  i n  v e r i f y i n g  t h e  h y p o t h e s e s  o f  7 ! . 2 e .

tL .3 .  (Techn iques  and examples  fo r  f ree  core t rac t  method.  )

In  o rder  to  ex tend our  methods  to  d iagram-chas ing  prob lems fo r  R-Re l ,

we make use o f  the  f l .ex ib i l i t y  o f  ro -suba lgebras .  Suppose MO and M,  a re

d i s t i n c t  R - m o d u l e s ,  a n d  M  =  M o O M r .  I d e n t i f y  M o  w i t h  M 0 e 0  a n d  M ,  w i t h

0 @ M r  i n  S u ( M ) ,  a s  u s u a l .  O b v i o u s l y ,  R e I ( M o )  i s  r r - i s o m o r p h i c  t o  t h e

i n t e r v a l  I 0 o  =  [ 0 ,  M 0 @ M 0 ]  o f  R e 1 ( M ) ,  a s  i s  R e l ( M r )  t o  1 0 ,  M 1 o M 1 l '

However ,  we can a lso  take  M,  above MO in  Re l (M)  by  us ing  the  t r - i somorph ism

o f  R e I ( M r )  t o  1 1 ,  =  [ M o  @ M 0 ,  M @ M ] ,  s i n c e  M / M o  =  M r .  T h e n  e l e m e n t s  o f  I o o

cor resPond to  morph isms Mo_Mo in  R-ReI ,  and s imi la r ly  e lements  o f  I , ,

correspond to morphisms Mr-Mr. Furthermore, morphisms MO-M, in R-Bel

c a n  b e  r e g a r d e d  a s  e l e m e n t s  o f  I 0 r  =  [ 0 @ M 0 ,  M 0 @ M ] ,  a n d  s i m i l a r l y  f o r

m o r p h i s m s  M r - M o  a n d  I r 0  =  [ M o  @ 0 ,  M O M ' ] .  T h e r e f o r e ,  t h e  f u l l  s u b c a t e g o r y

0 0 , ,  o f  R - R e I  f o r  t h e  o b j e c t s  { M 0 , M 1 }  c o r r e s p o n d s  t o  t h e  s e t  u n i o n  u  =

I o o  r I r r  r I o r  r I r o .  T h e  k e y  p o i n t :  U  i s  a  r A - s u b a l g e b r a  o f  R e l ( M ) ,  a n d  t h e

opera t ions  o f  U ex tend those o f  0o . ,  '

I t  i s  s o m e t i m e s  c o n v e n i e n t  t o  f o r c e  t h e  i n t e r v a l s  I . .  t o  b e  d i s j o i n t .

Th is  can be  done us ing  a  nonzero  modu le  K  fo r  spac ing :  Redef ine  M =

M o  * M ,  t g K  a n d  l e t  N  -  M o  t O e K ,  s o  M / N  =  M '  T h e n  r e d e f  i n e  U  t o  b e  t h e  s e t

u n i o n  o f  [ 0 ,  M o  o M o ] ,  [ N @ N ,  M O M ] ,  [ O O N ,  M o  @ M ]  a n d  [ N e 0 ,  M @ M o ] ,  w h i c h

a r e  p a i r w i s e  d i s j o i n t  i n t e r v a l s .  A g a i n  U  i s  a  r o - s u b a l g e b r a  o f  R e I ( M ) ,  w i t h

opera t ions  ex tend ing  those o f  U.

In  genera l ,  the  fu l l  subcategory  o f  R-Re l  de termined by  an  indexed se t

{M; } ; r t  o f  R-modu les  can be  rea l i zed  as  an  appropr ia te  ro -suba lgebra  A o f

R e l ( M ) ,  w h e r e  M  i s  a  d i r e c t  s u m  o f  t h e  m o d u l e s  M . ,  i  €  J ,  p l u s  s p a c i n g

modu les  as  needed.  l l l e  ca l l  A  a  t tower t  a lgebra ,  because a  to ta l  o rder ing  o f



{ M . } , ^ ,  m u s t  b e  p r o v i d e d  i n  o r d e r  t o  d e f i n e  i t .  T h e  f o r c e d  c h o i c e  o f  s u c h
.  J ,  J  E J

an order ing  can lead to  cer ta in  i r re levant  compl ica t ions .  0n  the  o ther

hand,  th is  who l ly  a lgebra ic  approach e l im ina tes  the  need fo r  mode l  theory

pred ica tes  to  t rea t  the  par t ia l  opera t ions  o f  an  add i t i ve  re la t ion  ca tegory ,

l i ke  the  type  r *  o f  $6 .  In  par t i cu la r ,  cer ta in  d iagram-chas ing  proper t ies

o f  R-ReI  can be  computed by  the  f ree  a lgebra  core t rac t  method fo r  0 (R) .

t t . 4 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  L e t  A  b e  a n  a d d i t i v e  r e l a t i o n  a l g e b r a .

Symmet r ic  idempotents  d  and e  o f  A  are  sa id  to  be  separa ted  i f  q (d )  <  p (e)

o r  q ( e )  <  p ( d )  ( 3 . 9 ) ,  a n d  t o  b e  s t r i c t l y  s e p a r a t e d  i f  q ( d )  <  p ( e )  o r  q ( e )  <

p(d) .  A  Lower  o f  A  is  a  se t  T  o f  symmet r ic  idempotents  o f  A  such tha t  any

two d is t inc t  e lements  o f  T  a re  separa ted ;  T  i s  a  s t r j c t  tower  i f  any  two

e l e m e n t s  a r e  s t r i c t l y  s e p a r a t e d .  A n  e l e m e n t  f  o f  A  i s  c a l l e d  T - a d m i s s i b l e

i f  there  ex is t  e lements  d  and e  in  T  such tha t  f  =  d f  =  fe .  (Reca l l  tha t

r e l ( d , e )  i n  3 . 1 6  d e n o t e s  t h e  s e t  o f  f  i n  A  s u c h  t h a t  f  =  d f  =  f e ,  s o  f  i s

T - a d m i s s i b l e  i f f  f  i s  i n  r e l ( d , e )  f o r  s o m e  d  a n d  e  i n  T .  )  I f  T  i s  a  t o w e r

o f  A  and every  e lement  o f  A  is  T-admiss ib le ,  then A is  ca l led  a  tower

a lgebra ,  w i th  spann ing  tower  T .  I f  A  has  a  s t r i c t  spann ing  tower ,  then i t

i s  ca1 led  a  s t r ie t  tower  a lgebra .

t 7 . 4 a .  I f  T  i s  a  t o w e r  o f  A ,  t h e n  T  i s  a  c h a i n  ( t o t a l l y  o r d e r e d  s u b s e t )

o f  A .  ( B y  3 . 9 f , p ( e )  <  e  <  g ( e )  f o r  e  a  s y m m e t r i c  i d e m p o t e n t . )

1 , t . 4 b .  I f  f  i s  T - a d m i s s i b l e  f o r  a  s t r i c t  t o w e r  T  o f  A ,  t h e n  t h e r e  e x i s t

u n i g u e  e l e m e n t s  d  a n d  e  o f  T  s u c h  t h a t  f  i s  i n  r e l ( d , e ) .  ( S u p p o s e  c f  =  f  =

d f  f o r  c  a n d  d  i n  T .  I f  c  *  d ,  w e  c a n  s u p p o s e  q ( c )  <  P ( d ) .  U s i n g  3 . 9 a , f :

f f l  =  c f f # c  <  q ( c ) f f # q ( c )  =  q ( c )  <  p ( d )  =  p ( d ) f f # p ( d )  s  d f f # d  =  f f # ,

wh ich  is  a  cont rad ic t ion .  The un iqueness  o f  e  i s  dua l .  )

t l 4 e .  A  s t r i c t  t o w e r  a l g e b r a  h a s  a  u n i q u e  s t r i c t  s p a n n i n g  t o w e r .  ( I f  T

a n d  T ' a r e  s t r i c t  s p a n n i n g  t o w e r s  f o r  A  a n d  c  i s  i n  T ,  t h e n  t h e r e  e x i s t s  d

i n  T '  s u c h  t h a t  c  =  c d ,  a n d  e  i n  T  s u c h  t h a t  d  =  e d .  I t  f o l l o w s  f r o m  3 . 1 0 i

tha t  c  and e  are  no t  s t r i c t l y  separa ted ,  hence c  =  d  =  e . )

1 , t .4d .  A  tower  a lgebra  has  a  un i t  i f f  i t  has  a  s ing le ton  s t r i c t  spann ing



t o w e r .  ( C l e a r 1 y ,  u  i s  a  u n i t  i f f  { " }  i s  a  s t r i c t  s p a n n i n g  t o w e r . )

1 7 . 5 .  P r o p o s i t i o n .  S u p p o s e  T  i s  a  t o w e r  o f  a n  a d d i t i v e  r e l a t i o n  a l g e b r a  A .

Then the  se t  U o f  T-admiss ib le  e lements  o f  A  is  a  rA-suba lgebra  o f  A

conta in ing  T ,  and u  is  a  tower  a lgebra  w i th  spann ing  tower  T .

Proof :  Assume the  hypotheses ,  and suppose f  and g  are  in  U.  Obv ious ly ,

f #  i s  i n  U  b y  3 . 1 d ,  - f  i s  i n  U  b y  3 . 1 e ,  a n d  f g  i s  i n  U  b y  a s s o c i a t i v i t y .

s u p p o s e f  = b f  a n d g = c g f o r b a n d c  i n T ,  a n d b c c .  c h o o s e  s y m m e t r i c

n u l l  y  a n d  z  s u c h  t h a t  b ,  c ,  f  a n d  g  a r e  i n  [ y , z ]  b y  3 . 1 0 9 .  T h e n  b y  s  b f  =

f  < b z  a n d b y s  c g  =  g ,  s o  b y <  f  n g ' b z .  T h e n b ( f  n B )  =  f  n g b y  3 ' 1 0 e ,

a n d  w e  c a n  f i n d  d  i n  T  w i t h  ( f n g ) d  =  f n g  s i m i l a r l y .  T h e r e f o r e ,  f n g  i s

T - a d m i s s i b l e ,  a n d  d u a l  a r g u m e n t s  s h o w  t h a t  f v g  i s  T - a d m i s s i b l e .  U s i n g

3 . 4 d ,  3 . 7  a n d  3 . 8 ,

b y  =  b y + b y  .  b f + c g  =  f + g  <  ( f  + g ) z  =  f z A g z  s  f z  =  b f z  =  b z .

B u t  t h e n  b ( f + g )  =  f + g ,  a n d  d u a l  a r g u m e n t s  s h o w  t h a t  ( f + g ) e  =  f + g

f o r  a  s u i t a b l e  e  i n  T .  T h e n  f + g  i s  i n  U ,  a n d  U  i s  a  r o - s u b a l g e b r a  o f  A .

C lear ly  T  g  U,  so  U is  a  tower  a lgebra  w i th  spann ing  tower  T .  r

I {e now construct an almost strongly exact relat ion category from any

ro-suba lgebra  A,  w i th  symmet r ic  idempotents  as  ob jec ts  and morph ism se ts

i s o m o r p h i c  t o  r e l . ( d , e ) .  ( S e e  3 . 1 6 ,  a n d  c o m p a r e  ö  i n  5 . 8  a n d  5 . 9 . )

I I . 6 .  D e f i n i t i o n s  a n d  P r o p e r t i e s .  S u p p o s e  A  i s  a n  a d d i t i v e  r e l a t i o n

a lgebra  and V is  a  nonempty  se t  o f  symmet r ic  idempotents  o f  A '  Le t  Cu(A)

denote  the  sys tem wi th  add i t i ve  re la t ion  ca tegory  s t ruc tu res  such tha t  V

i s  t h e  S e t  o f  o b j e c t s  o f  C u ( A ) ,  m o r p h i s m s  d - e  a r e  t r i p l e s  ( d , f , e )  s u c h

t h a t  f  i s  i n  r e l ( d , e ) ,  a n d  c o m p o s i t i o n ,  c o n v e r s e ,  s u m '  n e g a t i v e ,  m e e t  a n d

j o i n  a r e  d e f i n e d  a s  i n  5 . 8 ,  a n d  1 .  =  ( d , d , d ) ,  0 r "  =  ( d ,  q ( d ) p ( e ) ,  e ) ,

0 0 "  =  ( d ,  p ( d ) p ( e ) ,  e )  a n d  l o "  =  ( d ,  q ( d ) q ( e ) ,  e ) .

1 1 . 6 a .  C v ( A )  i s  a n  a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y .  I f  h ' A + B

is  a  ro -homomorph ism and 1 t1  =  {h (d) :  d  e  V} ,  then l {  i s  a  se t  o f  symmet r ic

idempotents  o f  B  and h  induces  "  rRc- func tor  H:Cu(A) -_C"(B)  g iven  by



H ( b )  =  h ( b )  a n d  H ( b , f , c )  =  ( h ( b ) , h ( f ) , h ( c ) ) .

1 1 . 6 b .  I f  e  i s  i n  V ,  t h e n  e  i s  a  z e r o  o b j e c t  o f  C u ( A )  i f f  e  i s  n u l 1  i n

11.6c .  I f  A  has  a  un i t  u  and V is  the  se t  o f  a l l  symmet r ic  idempotents

A ,  t h e n  C u ( A )  e q u a l s  Ä .

71 .7 .  Propos i t ion .  Suppose T  is  a  to ta l l y  o rdered se t  o f  R-modu les ,  fo r  R a

n o n t r i v i a l  r i n g .  T h e n  t h e r e  e x i s t s  a  s t r i c t  t o w e r  a l g e b r a  A  i n  0 ( R ) ,  w i t h

s t r i c t  spann ing  tower  V  tha t  i s  o rder  i somorph ic  to  T ,  such tha t  Cu(A)  i s

tnc- isomorph ic  to  the  smal l  fu l l  subcategory  0 ,  o f  R-Re l  de termined by  the

R-modu les  in  T .

Proof :  Assume the  hypotheses ,  and le t  M be the  d i rec t  sum o f  R-modu les

N @ R N  ( R x  =  
* R  i s  a  s p a c i n g  m o d u l e )  f o r  a l l  N  i n  T .  F o r  e a c h  N  i n  T ,  d e f i n e

N o  i n  S u ( M )  t o  b e  t h e  j o i n  o f  a l l  K @ R *  f o r  K  <  N  i n  T ,  i n t e r p r e t i n g  K @ R *

a s  a  s u b m o d u l e  o f  M  a s  u s u a l .  S i m i l a r l y ,  d e f i n e  N ,  =  N o v N  i n  S u ( M ) ,  s o

Nr /No =  N,  and le t  e*  be  the  symmet r ic  idempotent  o f  ReI (M)  conta in ing  pa i rs

( " , y )  s u c h  t h a t  x  a n d  y  a r e  i n  N ,  a n d  x - y  i s  i n  N o  ( 3 . 4 h ) .  V e r i f y  t h a t  V  =

{ " x ' N  e  T }  i s  a  s t r i c t  t o w e r  o f  R e l ( M )  o r d e r  i s o m o r p h i c  t o  T  b y  N l - e *  a n d

C v ( A )  i s  i s o m o r p h i c  t o  0 ,  f o r  A  t h e  s e t  o f  V - a d m i s s i b l e  e l e m e n t s  o f  R e l ( M ) .  !

I f  two R-modu les  o f  T  a lways  have a  nonzero  modu le  o f  T  s t r i c t l y  be tween

them,  then the  spac ing  modu les  may be  omi t ted  above.

I | le  may be  unab le  to  de termine the  s t ruc tu re  o f  A  f rom Cv(A) ,  even i f  V

conta ins  a l l  the  symmet r ic  idempotents  o f  A .

1 1 . 8 .  E x a m p l e .  S u p p o s e  A  c o n t a i n s  o n l y  n u l l  e l e m e n t s ,  s o  A  =  L 2  w h e r e  L  i s

t h e  l a t t i c e  o f  s y m m e t r i c  ( n u l l )  i d e m p o t e n t s  o f  A ,  b y  3 . 1 5 .  T h e n  C r ( A )  i s  a n

a l m o s t  e x a c t  a d d i t i v e  r e l a t i o n  c a t e g o r y  w i t h  l L l  z e r o  o b j e c t s  b y  1 1 . 6 b .  B u t

L  m a y  b e  a n y  l a t t i c e  o f  J ( R )  ( o r  e v e n  a n y  m o d u l a r  l a t t i c e )  b y  3 . 1 4 a ,  s o  t h a t

the  la t t i ce  s t ruc tu re  o f  L  i s  no t  recoverab le  f rom the  r * , -s t ruc tu re  o f

c L  ( A )  .

I f  A  h a s  a  u n i t  u ,  t h e n  A  i s  r e c o v e r a b l e  f r o m  C u ( A )  i f  u  i s  i n  V ,  s i n c e

A  =  r e l ( u , u ) .  M o r e  g e n e r a l l y ,  s u p p o s e  A  i s  a  t o w e r  a l g e b r a  w i t h  s p a n n i n g

A .

o f



tower  T .  l {e  show nex t  tha t  the  s t ruc tu re  o f  A  can be  recovered f rom CT(A)

p lus  the  to ta l  o rder  on  the  cha in  T ,  us ing  the  recovery  fo rmulas  be low.

11.9 .  Def  in i t ions .  Suppose A is  a  tower  a l .gebra  w i th  spann ing  tower  T ,

w i t h  f  i n  r e l ( b , c )  a n d  g  i n  r e l ( d , e )  f o r  b ,  c ,  d  a n d  e  i n  T .  L e t  f  e q u a l

( b , f , c )  a n d  g  =  ( d , g , e )  b e  t h e  m o r p h i s m s  o f  C T ( A )  c o r r e s p o n d i n g  t o  f  a n d  g .

In  the  tabLes  be low,  each tab le  en t ry  i s  a  morph ism o f  Cr (A) ,  wh ich  can be

used to  de termine a  rA-opera t ion  in  A  when the  e lements  o f  T  a re  o rdered as

shown above the table entry.  The pair  below the table entry shows the

domain  and codomain  o f  the  tab le  en t ry  in  Gr (A) .  For  example ,  the  f i rs t

e n t r y  i n  t h e  s u m  t a b l e  r e p r e s e n t s  t h e  e q u a t i o n  ( b , h , e )  =  f 0 " " * 0 r a g  i n  C t ( A )

i f h = f + g  i n A a n d b <  d a n d c  (  e  i n T .  E a c h r o - o p e r a t i o n o f  A  i s

ca l led  T-s tandard  i f  i t  agrees  w i th  the  g iven tab le .

t 1 , . 9 a .  S u m  i s  T - s t a n d a r d  i n  A  i f  f + g  i s  s p e c i f i e d

b <
c (

d  b < d  b < d  b = d  b = d  b = d  b
e  c = e  c ) e  c ( e  c = e  c ) e  c

by t h e  t a b l e :

d  b > d  b > d
e  c = e  c ) e

f 0 c e  +  0 b d g f  +  0 b d g f f o c e  +  g f + g f  +  8 0 " " g 0 . o f  +  g 0 r r f  +  g 0 "  "

( 1 ,  e )

1 1 . 9 b .  N e g a t i v e

a l l  c a s e s

( b ,  " )  ( b ,  c )  ( b ,  e )  ( b ,  c )

i s  T-s tandard  in  A  i f  - f

( b ,  c )  ( d ,  e )

i s  s p e c i f i e d  b y

( d ,  c )  ( d ,  c )

t h e  t a b l e :

1 1 . 9 c .  C o m p o s i t i o n  i s  T - s t a n d a r d

c ( d  c = d  c ) d

r o c d s l  t *  l r o l " e

i n  A  i f  f g  i s  s p e c i f i e d  b y  t h e  t a b l e :

( b ,  " )  ( 1 ,  e )

1 1 . 9 d .  C o n v e r s e  i s

a l I  c a s e s

( 1 ,  e )

T-standard in  A i f  f#

( b ,  c )

( c ,  b )

i s  s p e c i f i e d  b y  t h e  t a b l e :



1 1 . 9 e .  M e e t

b < d  b
c ( e  c

is  T-standard in

< d  b < d
= e  c ) e

spec i f i ed  by  the  tabLe :

b = d  b > d  b >
c ) e  c ( e  c =

I S

- J

= g

A i f

t ^ -

c (

f ^ g

d b
e c

b > d
c ) e

d
e

f f  ^  0 b d g f 0# "  n  0 r rg f  n  g 0 # " f n g i f o # " n g0uo f  n  g0#" o o r f  ̂  g g

( b ,  c )  ( 1 ,  c )  ( 1 ,  " )

ILg f  .  Jo in  i s  T-s tandard

b < d  b < d  b < d
c ( e  c = e  c ) e

( b ,  c )  ( 1 ,  c )

i n  A  i f  f v g  i s

b = d  b = d
c ( e  c = e

( 1 ,  e )

s p e c i f i e d

b = d
c ) e

( a , c )

by the

b > d
c ( e

( d ,  e )  ( a ,  e )

t a b l e :

b > d  b > d
c = e  c > e

g of. r  v  g 0 f . f  v  go " " f O c e  v g f v g f  v  B O e cro " "  v  o joBf  v  o lbs f

( d , e )  ( d , c )  ( a , " )  ( b , e )  ( b , c )  ( b , c )

Th is  comple tes  the  T-s tandard  opera t ion  tab les .

( t ,  e )  ( b ,  c )  ( b ,  " )

1 , t , t0 .  Propos i t ion .  Suppose A is  a  tower  a lgebra  w i th  spann ing  tower  T '

Then a l l  the  opera t ions  o f  A  are  T-s tandard .  There fore ,  the  ro -s t ruc tu re

o f  A  is  un ique ly  de termined f rom Cr (A)  and the  order ing  o f  T .

P r o o f :  A s s u m e  t h e  h y p o t h e s e s ,  a n d  s u p p o s e  f  i s  i n  r e l ( b , c )  a n d  g  i s  i n

r e l ( d , e )  f o r  b ,  c ,  d  a n d  e  i n  T .  L e t  f  =  ( b , f  , d )  a n d  g  =  ( d , g , e )  i n  C r ( A ) .

C l e a r l y ,  ( b , - f , c )  =  - f  a n d  ( " , f # , b )  =  f #  i n  a l l  c a s e s ,  p r o v i n g  t h a t  n e g a t i v e

and converse are T-standard.

S u p p o s e  c  (  d ,  s o  q ( c )  <  p ( d )  b e c a u s e  c  a n d  d  a r e  s e p a r a t e d .  U s i n g  3 . 9 a

a n d  3 . 1 6 a ,

f g  =  f s s # g  >  f p ( d ) e  >  f q ( " ) p ( d ) s  >  f q ( " ) g ' -  f f # f s  -  f g .

S i n c e  0 " u  =  ( c ,  l ( c ) p ( d ) ,  d ) ,  ( b , f g , e )  =  f 0 c d g  i n  C r ( A ) .  I f  c  )  d ,  t h e n

g # f #  =  g # q ( d ) p ( " ) f #  b y  t h e  s a m e  a r g u m e n t ,  s o  ( b , f g , e )  -  f 0 .  " # e b y  t a k i n g

c o n v e r s ö s .  S i n c e  ( b , f g , € )  =  f g  i . f  c  =  d ,  c o m p o s i t i o n  i s  T - s t a n d a r d '

For  sum,  meet  and jo in ,  observe  tha t  the  cases  w i th  b  =  d  and c  =  e

f o l l o w  f r o m  t h e  d e f i n i t i o n  o f  C r ( A ) .  F u r t h e r m o r e ,  t h e  c a s e s  w i t h  b  )  d

or  w i th  b  =  d  and c  )  e  can be  ob ta ined f rom o ther  cases  by  re labe l l ing ,

exchang ing  f  w i th  g ,  b  w i th  d  and c  w i th  e .  l {e  g ive  some sample  cases

for  the  twe lve  remain ing  equat ions .  By  3 .10g,  we choose symmet r ic  nu l l

y  a n d  z  s u c h  t h a t  f ,  g ,  b ,  c ,  d  a n d  e  a r e  i n  [ y , z ] .



1 0

S u p p o s e  b  <  d  a n d  c  )  e ,  " o  q ( b )  s  p ( d )  a n d  q ( e )  s  p ( c ) .  N o w  f z y  s

q ( b ) q (  c ) z y  -  q ( b ) y  s  p ( d ) n ( e )  b y  3 . 1 6 a  a n d  3 . 4 c ,  a n d  q ( d ) q ( e )  =  z y f

s i m i l a r l y ,  s o  b y  3 . 1 0 d  a n d  3 . 1 6 a  w e  h a v e

f  =  f  + f z y  <  f + p ( d ) p ( e )  <  f + g  s  f + q ( d ) q ( e )  s  f  + z y f  =  f .

T h i s  p r o v e s  t h e  t h i r d  e q u a t i o n  ( b , f  + B , c )  =  ( b , f , c )  o f  1 1 . 9 a .

S u p p o s e b < d a n d c = e ,  " o q ( b )  s p ( d ) .  T h e n f  = f f t f  s q ( b ) 2 ,  s o

f  n g  -  f ^ q ( b ) z n g  s  f  ^ q ( l ) s  s  f  n q ( b ) p ( d ) s  <  f  n p ( d ) g  s  f  n g ,

u s i n g  3 . 9 a ,  3 . 1 0 e  a n d  3 . 1 6 a .  S i n c e  0 r .  =  ( b ,  q ( b ) p ( d ) ,  d ) ,  t h i s  v e r i f i e s

t h e  s e c o n d  e q u a t i o n  ( b , f  A B , c )  =  ( b ,  f  ^ q ( b ) p ( d ) g ,  c )  =  f  n 0 u a g  f o r  1 1 . 9 e .

A g a i n  s u p p o s e  b  <  d  a n d  c  )  e .  T h e n  f  >  y p ( c )  a n d  g  >  p ( d ) 1 ,  s o

f  v g  =  f  v y p ( c ) v g v p ( a ) y  >  p ( d ) f  v g p ( c )  >  f  v g ,

u s i n g  a r g u m e n t s  s i m i l a r  t o  t h e  m e e t  c a s e  a b o v e .  B u t  P ( d ) f :  P ( d ) q ( b ) f  >

p ( d ) f f # f  =  p ( d ) f  a n d  s i m i l a r l y  e p ( c )  =  g q ( e ) p ( c ) .  T h e n  t h e  t h i r d  e q u a t i o n

( d , f  v B , c )  =  O f r r v g 0 " "  =  ( d ,  p ( d ) q ( b ) f  v g q ( e ) p ( c ) ,  c )  o f  t t . 9 f  f o l ' l o w s .

Rout ine  ca lcu la t ions  prov ing  the  remain ing  n ine  cases  w i l l  be  omi t ted ;

they  comple te  the  ver i f i ca t ion  tha t  sum,  meet  and jo in  a re  T-s tandard .

C lear ly ,  every  ro -opera t ion  o f  A  is  un ique ly  de termined by  the  to ta l  o rder

on T  and the  t * r -s t ruc tu re  o f  Cr (A) .  t

1l |e showed above that smalI  ful l  subcategories of R-ReI can be represented

b y  s t r i c t  t o w e r  a l g e b r a s  i n  0 ( R ) .  M o r e  g e n e r a l l y ,  t h e r e  i s  a  c o n n e c t i o n

between smaI l  fu I1  subcategor ies  0  o f  s t rong ly  exac t  re la t ion  ca tegor ies  and

s t r i c t  tower  a lgebras .  Suppose we have such a  8 ,  wh ich  may be  any  smal l

a l m o s t  s t r o n g l y  e x a c t  r e l a t i o n  c a t e g o r y  b y  5 . 2  a n d  5 . 9 ,  a n d  w e  c h o o s e  a

to ta l  o rder ing  T  o f  the  se t  o f  ob jec ts  o f  0 .  In  Chapter  IV ,  we w i I I  show

that  the  se t  o f  a I I  morph isms o f  0  can be  made in to  a  s t r i c t  tower  a lgebra  A

wi th  spann ing  tower  T ,  iden t i f y ing  each ob jec t  B  o f  C w i th  i t s  un i t  1 ,  and

us ing  the  T-s tandard  fo rmulas  o f  t1 , .9  to  de f ine  the  opera t ions  o f  A .  Th is

c o n s t r u c t i o n  i s  e s s e n t i a l l y  r e c i p r o c a l  t o  t h e  c o n s t r u c t i o n  o f  T  a n d  C T ( A )

f r o m  A .



t t

(Use o f  tower  a lgebras  to  do  d iagram-chas ing  in  R-ReL )


