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✭❙✉❜♠✐tt❡❞ ❜② ▼✳ ▼✳ ❆rs❧❛♥♦✈✮
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❆❜str❛❝t✖❚❤❡ ❞✐❛♠♦♥❞ ✐s ❛ ✜✈❡✲❡❧❡♠❡♥t ❧❛tt✐❝❡ ✇❤✐❝❤ ✐s t❤❡ s♠❛❧❧❡st ♥♦♥✲❞✐str✐❜✉t✐✈❡ ♠♦❞✉❧❛r
❧❛tt✐❝❡✳ ❲❡ ❡st❛❜❧✐s❤ t❤❡ ❞✉❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ ❝❛t❡❣♦r② ✇✐t❤ ♦❜❥❡❝ts ❜❡✐♥❣ ❜✐✲❛❧❣❡❜r❛✐❝
❧❛tt✐❝❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✈❛r✐❡t② ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞✐❛♠♦♥❞ ❛♥❞ ✇✐t❤ ♠♦r♣❤✐s♠s ❜❡✐♥❣ ❝♦♠♣❧❡t❡
❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡ ❝❛t❡❣♦r② ✇✐t❤ ♦❜❥❡❝ts ❜❡✐♥❣ ♦r❞❡r❡❞ s♣❛❝❡s ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥
❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ❛♥❞ ✇✐t❤ ♠♦r♣❤✐s♠s ♣r❡s❡r✈✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ t❤❡s❡ s♣❛❝❡s✳ ❆ s✐♠✐❧❛r
r❡s✉❧t ❢♦r t❤❡ ♣❡♥t❛❣♦♥✱ ❛ ✜✈❡✲❡❧❡♠❡♥t ❧❛tt✐❝❡ ✇❤✐❝❤ ✐s t❤❡ s♠❛❧❧❡st ♥♦♥✲♠♦❞✉❧❛r ❧❛tt✐❝❡✱ ✇❛s
❡st❛❜❧✐s❤❡❞ ❡❛r❧✐❡r ❜② ❲✳ ❉③✐♦❜✐❛❦ ❛♥❞ t❤❡ s❡❝♦♥❞ ❛✉t❤♦r✳ ❚❤❡ ❞✉❛❧ s♣❛❝❡s t❤❡r❡ ❛♥❞ ❤❡r❡ ❛r❡
❝♦♠♣❧❡t❡❧② ❞✐✛❡r❡♥t✳ ❍♦✇❡✈❡r✱ ♠♦r♣❤✐s♠s ❛r❡ ✐♥ ❡❛❝❤ ❝❛s❡ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ❛♥ ♦❧❞ ❝♦♥❝❡♣t✖t❤❡
♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r r❡✜♥❡♠❡♥t ♣r♦♣❡rt② ❢♦r ❥♦✐♥ ❝♦✈❡rs ♦❢ ❛♥ ❡❧❡♠❡♥t ✐♥ ❛ ❧❛tt✐❝❡✳
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❑❡②✇♦r❞s ❛♥❞ ♣❤r❛s❡s✿ ▲❛tt✐❝❡✱ ❱❛r✐❡t②✱ ❉✐❛♠♦♥❞✱ ❉✉❛❧✐t②

✶✳ ✉♣♣❡r■♥tr♦❞✉❝t✐♦♥

❆s ❛♥♥♦✉♥❝❡❞ ✐♥ t❤❡ ❛❜str❛❝t✱ ✇❡ ❡st❛❜❧✐s❤ ❤❡r❡ t❤❡ ❞✉❛❧ ❝❛t❡❣♦r✐❝❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ t❤❡ t✇♦
❝❛t❡❣♦r✐❡s✿ t❤❡ ❝❛t❡❣♦r② B3 ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ✈❛r✐❡t② ❣❡♥❡r❛t❡❞
❜② M3 ✭✇❤✐❝❤ ❡q✉❛❧s SP(M3)✮ ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❛r❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡
❝❛t❡❣♦r② M3 ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ ♦r❞❡r❡❞ s♣❛❝❡s ❡♥❞♦✇❡❞ ✇✐t❤ ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ✭t❤❡ s♦✲❝❛❧❧❡❞
M3✲s♣❛❝❡s✮ ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❛r❡ t❤❡ s♦✲❝❛❧❧❡❞ M3✲♠♦r♣❤✐s♠s ♣r❡s❡r✈✐♥❣ t❤❡ str✉❝t✉r❡ ♦❢ M3✲

s♣❛❝❡s✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶ ❜❡❧♦✇✳ ✭❘❡❝❛❧❧ t❤❛t ❛ ❧❛tt✐❝❡ L ✐s ❜✐✲❛❧❣❡❜r❛✐❝ ✐❢ ❜♦t❤✱ L ❛♥❞ ✐ts ❞✉❛❧ L∂ ✱ ❛r❡
❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡s✳✮

❚❤✐s ❞✉❛❧ ❡q✉✐✈❛❧❡♥❝❡ ✐s ❡st❛❜❧✐s❤❡❞ ❜② ❝♦♥str✉❝t✐♥❣ t✇♦ ❢✉♥❝t♦rs✿ ❛ ❢✉♥❝t♦r F : M3 → B3 ✇❤✐❝❤
❛ss✐❣♥s t♦ ❡❛❝❤ M3✲s♣❛❝❡ t❤❡ ❧❛tt✐❝❡ ♦❢ ✐ts ✐❞❡❛❧s ❛♥❞ ❛ ❢✉♥❝t♦r G : B3 → M3 ✇❤✐❝❤ ❛ss✐❣♥s t♦ ❡❛❝❤
❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡ L ❢r♦♠ SP(M3) ❛♥ M3✲s♣❛❝❡ ❜✉✐❧t ♦♥ t❤❡ s❡t CJ(L) ♦❢ t❤❡ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲
✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ L ✇❤♦s❡ str✉❝t✉r❡ ❝❛♣t✉r❡s ❛❧❧ t❤❡ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡rs ✐♥ L✳ ❚❤❡ ❞✉❛❧✐t②
♣r❡s❡♥t❡❞ ❤❡r❡ ❡①t❡♥❞s t❤❡ ❇✐r❦❤♦✛ ❞✉❛❧✐t② ❢♦r t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐✲❛❧❣❡❜r❛✐❝ ❞✐str✐❜✉t✐✈❡ ❧❛tt✐❝❡s ✇✐t❤
❝♦♠♣❧❡t❡ ❤♦♠♦♠♦r♣❤✐s♠s ❛♥❞ t❤❡ ❝❛t❡❣♦r② ♦❢ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡ts ✇✐t❤ ♦r❞❡r✲♣r❡s❡r✈✐♥❣ ♠❛♣s ❛s
♠♦r♣❤✐s♠s✳

❲❡ ♥♦t❡ t❤❛t t❤❡ ✜rst ❞✉❛❧✐t② r❡s✉❧t ❢♦r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♥♦♥✲❞✐str✐❜✉t✐✈❡ ✈❛r✐❡t② ♦❢ ❧❛tt✐❝❡s
✇❛s ❡st❛❜❧✐s❤❡❞ ✐♥ ❬✶✱ ✷❪✖✐t ✇❛s ♣r♦✈❡❞ t❤❡r❡ t❤❛t t❤❡ ❝❛t❡❣♦r② ♦❢ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡s ❜❡❧♦♥❣✐♥❣ t♦
t❤❡ ✈❛r✐❡t② SP(N5) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ♣❡♥t❛❣♦♥ N5 ✐s ❞✉❛❧❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ N5✲s♣❛❝❡s✱
♦r❞❡r❡❞ s♣❛❝❡s ✇✐t❤ ❛❞❞✐t✐♦♥❛❧ str✉❝t✉r❡✳ ❇❛s❡❞ ♦♥ ❬✶✱ ✷❪✱ s✐♠✐❧❛r ❞✉❛❧✐t② r❡s✉❧ts ✇❡r❡ ❡st❛❜❧✐s❤❡❞
✐♥ ❬✸✱ ✹❪ ❢♦r t❤❡ ✈❛r✐❡t② SP(L6)✳

■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ ❞✉❛❧✐t② ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ✇❡ ✜♥❞ ✜rst ❛ ❝♦♥✈❡♥✐❡♥t ❡q✉❛t✐♦♥❛❧ ❜❛s✐s ❢♦r
t❤❡ ✈❛r✐❡t② SP(M3) ♦❢ (0, 1)✲❧❛tt✐❝❡s ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞✐❛♠♦♥❞ M3✳ ❲❡ ♥♦t❡ t❤❛t ❛♥ ❡q✉❛t✐♦♥❛❧
❜❛s✐s ❢♦r t❤❡ ✈❛r✐❡t② V(M3) ❣❡♥❡r❛t❡❞ ❜② M3 ✇❛s ❢♦✉♥❞ ❡❛r❧✐❡r ❜② ▼✳ ❙❝❤☎✉t③❡♥❜❡r❣❡r ❬✺❪✱ s❡❡ ❛❧s♦

✯ ❊✲♠❛✐❧✿ ❛✳✐③②✉r♦✈❛❅❣✳♥s✉✳r✉
✯✯ ❊✲♠❛✐❧✿ ♠✳s❝❤✇✐❞❡❢s❦②❅❣✳♥s✉✳r✉
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❇✳ ❏✁♦♥ss♦♥ ❬✻❪ ❛♥❞ ❙✳❉✳ ❈♦♠❡r ❛♥❞ ❉✳❳✳ ❍♦♥❣ ❬✼❪✳ ❖✉r ❡q✉❛t✐♦♥❛❧ ❜❛s✐s ✐s ❞✐✛❡r❡♥t ❢r♦♠ t❤❡ ♦♥❡
❢♦✉♥❞ ✐♥ ❬✻✱ ✼❪✳

❚❤❡ ❝♦♥❝❡♣t ♦❢ M3✲s♣❛❝❡ ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛s ❢r♦♠ ❬✶✱ ✷❪✳ ■♥ ♦✉r ♣r♦♦❢s✱ ✇❡ ❛❧s♦ ✉s❡ ♠❡t❤♦❞s
❞❡✈❡❧♦♣❡❞ ✐♥ ❬✶✱ ✷❪✳ ❖✉r ❧❛tt✐❝❡ t❡r♠✐♥♦❧♦❣② ❝♦rr❡s♣♦♥❞s t♦ ❘✳ ❋r❡❡s❡✱ ❏✳ ❏❡✞③❡❦✱ ❛♥❞ ❏✳❇✳ ◆❛t✐♦♥ ❬✽❪✳

✷✳ ✉♣♣❡r❉❡✜♥✐t✐♦♥s ❛♥❞ ♥♦t❛t✐♦♥

❋♦r ❛♥ ❡❧❡♠❡♥t a ♦❢ ❛ ❧❛tt✐❝❡ L✱ ❧❡t M(a) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ✜♥✐t❡ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡rs
♦❢ a✳ ❲❡ ❛❧s♦ ♣✉t ↓a = {x ∈ L | x ≤ a}✳

▲❡t J(L) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ ❛ ❧❛tt✐❝❡ L✳ ❚❤❡♥✱ L ✐s ❛ J✲❧❛tt✐❝❡ ❢♦r
s♦♠❡ s❡t J ⊆ L ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞✿

✭✐✮ ❢♦r ❡❛❝❤ a ∈ L✱ t❤❡r❡ ✐s Ja ⊆ J s✉❝❤ t❤❛t a =
∨

Ja❀

✭✐✐✮ ❢♦r ❡❛❝❤ a ∈ J ❛♥❞ ❡❛❝❤ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r a ≤
∨

F ✇✐t❤ F ✜♥✐t❡✱ t❤❡r❡ ✐s G ∈ M(a) s✉❝❤
t❤❛t G ≪ F ✳

▲❡t L ❜❡ ❛ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L) ❛♥❞ ❧❡t S ⊆ J ✳ ❲❡ ♣✉t

〈S〉0 = S;

〈S〉n+1 =
⋃

a∈〈S〉n

{

X ⊆ J | X ∈ M(a)
}

∪ 〈S〉n ❢♦r ❛❧❧ n < ω;

〈S〉 =
⋃

n<w

〈S〉n.

❆ s❡t S ⊆ J ✐s ❝❧♦s❡❞ ✐❢ S = 〈S〉✳

❋♦r ❛ s❡t S ⊆ J(L)✱ ❧❡t ΓS ❞❡♥♦t❡ t❤❡ ❜✐♥❛r② r❡❧❛t✐♦♥ ♦♥ L ❞❡✜♥❡❞ ❛s ❢♦❧❧♦✇s

(u, v) ∈ ΓS ✐❢ ❛♥❞ ♦♥❧② ✐❢ ↓u ∩ S = ↓v ∩ S.

❚❤❡ ♥❡①t st❛t❡♠❡♥t ✐s ❞✉❡ t♦ ▼✳❊✳ ❆❞❛♠s ❛♥❞ ❲✳ ❉③✐♦❜✐❛❦❀ ✐t ✐s ❛❧s♦ t♦ ✜♥❞ ✐♥ ❬✶✱ ✷❪✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ▲❡t L ❜❡ ❛ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L) ❛♥❞ ❧❡t S ⊆ J ❜❡ ❛ ❝❧♦s❡❞ s❡t✳ ❚❤❡♥✱
ΓS ✐s ❛ ❝♦♥❣r✉❡♥❝❡ ♦♥ L✳

❋♦r ❛ ❧❛tt✐❝❡ L✱ ❧❡t J(L) ❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ✭♥♦♥③❡r♦✮ ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ L✱ ❧❡t CJ(L)
❞❡♥♦t❡ t❤❡ s❡t ♦❢ ❛❧❧ ✭♥♦♥③❡r♦✮ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ L✱ ❧❡t CJP (L) ❞❡♥♦t❡ t❤❡
s❡t ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ L ✇❤✐❝❤ ❛r❡ ❥♦✐♥✲♣r✐♠❡✱ ❛♥❞ ❧❡t CJNP (L) ❞❡♥♦t❡
t❤❡ s❡t ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts ♦❢ L ✇❤✐❝❤ ❛r❡ ♥♦t ❥♦✐♥✲♣r✐♠❡✳ ■t ✐s ❝❧❡❛r t❤❛t
CJP (L) ∪ CJNP (L) = CJ(L) ⊆ J(L)✳

✸✳ ✉♣♣❡r❚❤r❡❡ ✐❞❡♥t✐t✐❡s

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ✐❞❡♥t✐t✐❡s✳ ❚❤❡ ✜rst ♦♥❡ ✐s t❤❡ ✐❞❡♥t✐t② ♦❢ 2✲❞✐str✐❜✉t✐✈✐t②
✐♥tr♦❞✉❝❡❞ ❜② ❆✳P✳ ❍✉❤♥ ❬✶✵❪ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❜② (D2)✿

x ∧ (y0 ∨ y1 ∨ y2) =
[

x ∧ (y0 ∨ y1)
]

∨
[

x ∧ (y0 ∨ y2)
]

∨
[

x ∧ (y1 ∨ y2)
]

.

❚❤❡ s❡❝♦♥❞ ♦♥❡ ✇❤✐❝❤ ✇❡ ❞❡♥♦t❡ ❤❡r❡ ❜② (C1) ✇❛s ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶❪✳ ❚❤✐s ✐❞❡♥t✐t② ✐s ❛ ♣❛rt✐❝✉❧❛r
❝❛s❡ ♦❢ t❤❡ ✐❞❡♥t✐t② (Cn)✱ 0 < n < ω✱ ✐♥tr♦❞✉❝❡❞ ✐♥ ❬✶✶❪✿

x ∧ (y0 ∨ y1) ∧ (z0 ∨ z1) =
∨

i<2

(

x ∧ yi ∧ (z0 ∨ z1)
)

∨
∨

i<2

(

x ∧ zi ∧ (y0 ∨ y1)
)

∨
∨

i<2

[

x ∧
(

(y0 ∧ zi) ∨ (y1 ∧ z1−i)
)]

.

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✸

❚❤❡ t❤✐r❞ ✐❞❡♥t✐t② ✐s t❤❡ ✐❞❡♥t✐t② ♦❢ ♠♦❞✉❧❛r✐t② (M)✿

x ∧ (y ∨ z) = x ∧
(

(

y ∧ (x ∨ z)
)

∨ z
)

.

❲❡ ♣✉t Σ =
{

(C1), (D2), (M)
}

✳ ❋♦r t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❡❧❧✲❦♥♦✇♥ st❛t❡♠❡♥t ✇❡ r❡❢❡r✱ ❢♦r ❡①❛♠♣❧❡✱
t♦ ❬✶✱ ✾❪✳ ■♥ t❤❡ ♣r❡s❡♥t ❢♦r♠✱ ✐t ✐s st❛t❡❞ ✐♥ ❬✸❪✳

▲❡♠♠❛ ✶✳ ❬✸✱ ❈♦r♦❧❧❛r② ✷❪ ▲❡t L ❜❡ ❛ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ (D2) ❤♦❧❞s ✐♥ L✳

✭✐✐✮ ■❢ a ≤ b0 ∨ . . . ∨ bm ✐s ❛ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r ❢♦r s♦♠❡ ❡❧❡♠❡♥ts a, b0, . . . , bm ∈ J,
t❤❡♥ m = 1✳

▲❡♠♠❛ ✷✳ ❬✸✱ ❈♦r♦❧❧❛r② ✺❪ ▲❡t L ❜❡ ❛ 2✲❞✐str✐❜✉t✐✈❡ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ (C1) ❤♦❧❞s ✐♥ L✳

✭✐✐✮ ❊❛❝❤ ❡❧❡♠❡♥t a ∈ J ❤❛s ❛t ♠♦st ♦♥❡ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳

Pr♦♣♦s✐t✐♦♥ ✷✳ ▲❡t L ❜❡ ❛ ❧❛tt✐❝❡ ❛♥❞ ❧❡t J ⊆ J(L) ❜❡ s✉❝❤ ❛ s❡t t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ L ✐s ❛ ❥♦✐♥
♦❢ s♦♠❡ ❡❧❡♠❡♥ts ♦❢ J ✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ■❢ a ≤ b ∨ c ❢♦r s♦♠❡ a ∈ J t❤❡♥ a ≤
(

b ∧ (a ∨ c)
)

∨ c✳

✭✐✐✮ (M) ❤♦❧❞s ✐♥ L✳

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✜rst t❤❛t ✭✐✮ ✐♠♣❧✐❡s ✭✐✐✮✳ ■t ✐s ❝❧❡❛r t❤❛t a ∧
[(

b ∧ (a ∨ c)
)

∨ c
]

≤ a ∧ (b ∨ c) ❢♦r ❛❧❧

a, b, c ∈ L✳ ❚♦ ♣r♦✈❡ t❤❡ r❡✈❡rs❡ ✐♥❡q✉❛❧✐t②✱ ✐t s✉✣❝❡s t♦ ❡st❛❜❧✐s❤ t❤❛t u ≤ a ∧
[(

b ∧ (a ∨ c)
)

∨ c
]

✇❤❡♥❡✈❡r u ≤ a ∧ (b ∨ c) ❢♦r ❡❛❝❤ u ∈ J ✳ ■♥❞❡❡❞✱ ✐❢ u ∈ J ✐s s✉❝❤ t❤❛t u ≤ a ∧ (b ∨ c) t❤❡♥ u ≤ a
❛♥❞ u ≤ b ∨ c✳ ❆♣♣❧②✐♥❣ ✭✐✮ t♦ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t u ≤ a✱ ✇❡ ♦❜t❛✐♥
t❤❛t u ≤

(

b ∧ (u ∨ c)
)

∨ c ≤
(

b ∧ (a ∨ c)
)

∨ c✳ ❍❡♥❝❡✱ u ≤ a ∧
[(

b ∧ (a ∨ c)
)

∨ c
]

❛♥❞ ✭✐✐✮ ❢♦❧❧♦✇s✳

❈♦♥✈❡rs❡❧②✱ ✐❢ ✭✐✐✮ ❤♦❧❞s ❛♥❞ a ≤ b ∨ c ❢♦r s♦♠❡ a, b, c ∈ L, t❤❡♥ a = a ∧ (b ∨ c) = a ∧
[(

b ∧ (a ∨

c)
)

∨ c
]

≤
(

b ∧ (a ∨ c)
)

∨ c ❜② t❤❡ ✐❞❡♥t✐t② ♦❢ ♠♦❞✉❧❛r✐t②✳ ❚❤❡r❡❢♦r❡✱ ✭✐✐✮ ✐♠♣❧✐❡s ✭✐✮✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ▲❡t L ❜❡ ❛ 2✲❞✐str✐❜✉t✐✈❡ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s
❛r❡ ❡q✉✐✈❛❧❡♥t✿

✭✐✮ ■❢ a ≤ b ∨ c ✐s ❛ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r ❢♦r s♦♠❡ a, b, c ∈ J, t❤❡♥ b ≤ a ∨ c✳

✭✐✐✮ (M) ❤♦❧❞s ✐♥ L✳

Pr♦♦❢✳ ❲❡ s✉♣♣♦s❡ ✜rst t❤❛t ✭✐✮ ❤♦❧❞s ❛♥❞ ♣r♦✈❡ t❤❛t st❛t❡♠❡♥t ✭✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ❛❧s♦ ❤♦❧❞s✳
■♥❞❡❡❞✱ ❧❡t a ≤ b ∨ c ❢♦r s♦♠❡ a ∈ J ❛♥❞ s♦♠❡ b, c ∈ L✳ ■❢ a ≤ b, t❤❡♥ a ≤ b ∧ (a ∨ c) ≤

(

b ∧ (a ∨

c)
)

∨ c✳ ■❢ a ≤ c, t❤❡♥ a ≤
(

b ∧ (a ∨ c)
)

∨ c✳ ■❢ t❤❡ ❥♦✐♥ ❝♦✈❡r a ≤ b ✐s ♥♦♥tr✐✈✐❛❧✱ t❤❡♥ t❤❡r❡ ✐s ❛
✜♥✐t❡ s❡t F ⊆ J s✉❝❤ t❤❛t F ≪ {b, c} ❛♥❞ F ∈ M(a)✳ ❇② ▲❡♠♠❛ ✶✱ F = {d, e} ❢♦r s♦♠❡ d, e ∈ J ✳
❲✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t d ≤ b ❛♥❞ e ≤ c✳ ❆♣♣❧②✐♥❣ ✭✐✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t
d ≤ a ∨ e ≤ a ∨ c, ✇❤❡♥❝❡ a ≤ d ∨ e =

(

d ∧ (a ∨ c)
)

∨ e ≤
(

b ∧ (a ∨ c)
)

∨ c✳ ❚❤✉s✱ st❛t❡♠❡♥t ✭✐✮ ♦❢
Pr♦♣♦s✐t✐♦♥ ✷ ❤♦❧❞s✳ ❍❡♥❝❡✱ (M) ❤♦❧❞s ✐♥ L ❜② Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ ✭✐✮ ✐♠♣❧✐❡s ✭✐✐✮✳

❲❡ ♣r♦✈❡ t❤❛t ✭✐✐✮ ✐♠♣❧✐❡s ✭✐✮✳ ■♥❞❡❡❞✱ ✐❢ (M) ❤♦❧❞s ✐♥ L ❛♥❞ a ≤ b ∨ c ✐s ❛ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧
❥♦✐♥ ❝♦✈❡r ❢♦r s♦♠❡ a, b, c ∈ J, t❤❡♥ a ≤

(

b ∧ (a ∨ c)
)

∨ c ❜② st❛t❡♠❡♥t ✭✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❆s

b′ = b ∧ (a ∨ c) ≤ b✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t {b′, c} ≪ {b, c}✳ ❇② t❤❡ ♠✐♥✐♠❛❧✐t② ♦❢ {b, c}✱ ✇❡ ♦❜t❛✐♥ t❤❛t
b ∈ {b, c} ⊆ {b′, c}, ✇❤❡♥❝❡ b = b′ ≤ a ∨ c✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙
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a c

❋✐❣✉r❡ ✶✳ ▲❛tt✐❝❡ M3✱ t❤❡ ❞✐❛♠♦♥❞

Pr♦♣♦s✐t✐♦♥ ✹✳ ▲❡t L ❜❡ ❛ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L) ❛♥❞ ❧❡t L |= Σ✳ ■❢ {b, c} ∈ M(a) ❢♦r
s♦♠❡ a, b, c ∈ J, t❤❡♥

{

{a, c}
}

= M(b)✳

Pr♦♦❢✳ ❆s L |= (M)✱ ✇❡ ♦❜t❛✐♥ ❜② Pr♦♣♦s✐t✐♦♥ ✸✭✐✮ t❤❛t b ≤ a ∨ c✳ ❋✐rst✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ❛
♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳ ■♥❞❡❡❞✱ ✐❢ b ≤ c, t❤❡♥ a ≤ b ∨ c = c ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t
{b, c} ∈ M(a)✳ ❋✉rt❤❡r♠♦r❡✱ ✇❡ ❤❛✈❡ ❜② Pr♦♣♦s✐t✐♦♥ ✸✭✐✮ t❤❛t c ≤ a ∨ b✳ ❚❤❡r❡❢♦r❡✱ ✐❢ b ≤ a,
t❤❡♥ c ≤ a ∨ b = a✱ ✇❤❡♥❝❡ b ∨ c ≤ a ≤ b ∨ c ❛♥❞ a = b ∨ c✳ ❙✐♥❝❡ a ✐s ❛ ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥t✱
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t a ∈ {b, c} ✇❤✐❝❤ ❛❧s♦ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t {b, c} ∈ M(a)✳ ❚❤✉s✱ ✇❡
❡st❛❜❧✐s❤❡❞ t❤❛t b ≤ a ∨ c ✐s ❛ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳

❆s L ✐s ❛ 2✲❞✐str✐❜✉t✐✈❡ J✲❧❛tt✐❝❡✱ b ≤ a′ ∨ c′ ✐s ❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ❢♦r s♦♠❡ a′ ≤ a ❛♥❞ c′ ≤ c
❜② ▲❡♠♠❛ ✶✳ ❲❡ ♣r♦✈❡ t❤❛t a′ = a ❛♥❞ c′ = c✳ ■♥❞❡❡❞✱ ✇❡ ❤❛✈❡ b ≤ a′ ∨ c′ ≤ a′ ∨ c✳ ❍❡♥❝❡✱
a ≤ b ∨ c ≤ a′ ∨ c ∨ c = a′ ∨ c✳ ■❢ a ≤ a′ ∨ c ✐s ❛ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✱ t❤❡♥ {b, c} ≪ {a′, c}✱ s✐♥❝❡
{b, c} ✐s t❤❡ ♦♥❧② ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r ♦❢ a ❜② ▲❡♠♠❛ ✷ ❛♥❞ L ✐s ❛ J✲❧❛tt✐❝❡✳ ❚❤✉s✱ b ≤ a′

✇❤✐❝❤ ✐s ✐♠♣♦ss✐❜❧❡ ❛s b ≤ a′ ∨ c′ ✐s ❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r✳ ❚❤✐s ❝♦♥tr❛❞✐❝t✐♦♥ ♠❡❛♥s t❤❛t a ≤ a′ ∨ c
✐s ❛ tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳ ❚❤❡ ✐♥❡q✉❛❧✐t② a ≤ c ✇♦✉❧❞ ❝♦♥tr❛❞✐❝t ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t {b, c} ∈ M(a)✳
❚❤❡r❡❢♦r❡✱ a ≤ a′, ✇❤❡♥❝❡ a = a′✳

❚❤✉s✱ ✇❡ ❤❛✈❡ t❤❛t b ≤ a ∨ c′ ✐s ❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r✳ ❇② Pr♦♣♦s✐t✐♦♥ ✸✭✐✮✱ a ≤ b ∨ c′✳ ❆s c′ ≤ c✱
✇❡ ♦❜t❛✐♥ t❤❛t {b, c′} ≪ {b, c}✳ ❙✐♥❝❡ {b, c} ∈ M(a)✱ t❤✐s ②✐❡❧❞s t❤❡ ✐♥❝❧✉s✐♦♥ c ∈ {b, c} ⊆ {b, c′}❀
t❤❛t ✐s✱ c = c′✳ ❚❤❡r❡❢♦r❡✱ b ≤ a ∨ c ✐s ❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r✱ ❛♥❞ ✐t ✐s t❤❡ ♦♥❧② ♦♥❡ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛
✷✳

❈♦r♦❧❧❛r② ✶✳ ❚❤❡ ❧❛tt✐❝❡ M3 s❛t✐s✜❡s ❛❧❧ t❤❡ ✐❞❡♥t✐t✐❡s ❢r♦♠ Σ✳

Pr♦♦❢✳ ❚❤❡ ♦♥❧② ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡rs ✐♥ M3 ❛r❡ ✭s❡❡ ❋✐❣✳ ✶✮✿

a ≤ b ∨ c, b ≤ a ∨ c, c ≤ a ∨ b.

❚❤❡r❡❢♦r❡✱ M3 s❛t✐s✜❡s ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✶✳ ❇② ▲❡♠♠❛ ✶✱ M3 ✐s 2✲❞✐str✐❜✉t✐✈❡✳ ▼♦r❡♦✈❡r✱ M3 s❛t✐s✜❡s
❛❧s♦ ✭✐✐✮ ♦❢ ▲❡♠♠❛ ✷ ❛♥❞ ✭✐✐✮ ♦❢ Pr♦♣♦s✐t✐♦♥ ✸✳ ❍❡♥❝❡✱ M3 s❛t✐s✜❡s t❤❡ ✐❞❡♥t✐t✐❡s (C1) ❛♥❞ (M) ❜②
▲❡♠♠❛ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✱ r❡s♣❡❝t✐✈❡❧②✳

✹✳ ✉♣♣❡r❆♥ ❡q✉❛t✐♦♥❛❧ ❜❛s✐s

Pr♦♣♦s✐t✐♦♥ ✺✳ ▲❡t L ❜❡ ❛ J✲❧❛tt✐❝❡ ❢♦r s♦♠❡ s❡t J ⊆ J(L) ❛♥❞ ❧❡t L |= Σ✳ ❚❤❡♥✱ L ∈ SP(M3)✳

Pr♦♦❢✳ ❲❡ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❡❧❡♠❡♥t a ∈ J ✳ ■❢ a ✐s ❛ ♣r✐♠❡ ❡❧❡♠❡♥t✱ t❤❡♥ t❤❡ s❡t S = {a} ✐s
♦❜✈✐♦✉s❧② ❝❧♦s❡❞✳ ■❢ a ✐s ♥♦t ❛ ♣r✐♠❡ ❡❧❡♠❡♥t✱ t❤❡♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ J✲❧❛tt✐❝❡ ❛♥❞ ▲❡♠♠❛ ✶✱
t❤❡r❡ ❛r❡ b, c ∈ J s✉❝❤ t❤❛t a ≤ b ∨ c ✐s ❛ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥
t❤❛t t❤❡ s❡t S = {a, b, c} ✐s ❝❧♦s❡❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ▲❡♠♠❛ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹ ❛s ✇❡❧❧ ❛s t❤❡
❢❛❝t t❤❛t L ✐s ❛ J✲❧❛tt✐❝❡✳ ❚❤✉s✱ t❤❡ s❡t J ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❝❧♦s❡❞ s❡ts Si✱ i ∈ I✱ s✉❝❤ t❤❛t✱ ❢♦r
❡❛❝❤ i ∈ I✱ ❡✐t❤❡r Si ✐s ❛ s✐♥❣❧❡t♦♥ ♦r Si = {a, b, c} ❛♥❞ a ≤ b ∨ c✱ b ≤ a ∨ c✱ c ≤ a ∨ b ❛r❡ ♠✐♥✐♠❛❧
♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡rs✳

❋♦r ❡❛❝❤ ❝❧♦s❡❞ s❡t S ⊆ J ✱ ❧❡t LS ❞❡♥♦t❡ ❢♦r ❜r❡✈✐t② t❤❡ ❢❛❝t♦r ❧❛tt✐❝❡ L/ΓS ❛♥❞ ❧❡t

τS : L → LS ; τS : x 7→ x/ΓS

❜❡ t❤❡ ❝❛♥♦♥✐❝❛❧ ❤♦♠♦♠♦r♣❤✐s♠✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✺

❈❧❛✐♠ ✶✳ ■❢ S = 〈S〉 ⊆ J ✐s ❛ s✐♥❣❧❡t♦♥✱ t❤❡♥ LS ✐s ❛ t✇♦✲❡❧❡♠❡♥t ❧❛tt✐❝❡✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ▲❡t S = {a} ❢♦r s♦♠❡ a ∈ J ✳ ❆s a ✐s ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡✱ a ✐s ♥♦t ❛ ❧❡❛st ❡❧❡♠❡♥t ♦❢ L✳
❚❤❡r❡❢♦r❡✱ t❤❡r❡ ✐s a′ ∈ L s✉❝❤ t❤❛t a′ < a✳ ❋♦r ❛♥ ❡❧❡♠❡♥t u ∈ L✱ t✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ ↓u ∩ S = ∅✳ ■♥ t❤✐s ❝❛s❡✱ ↓u ∩ S = ↓a′ ∩ S ❛s a � a′✳ ❍❡♥❝❡✱ τS(u) = u/ΓS = a′/ΓS =
τS(a

′)✳

❈❛s❡ ✷ ✿ ↓u ∩ S = {a}✳ ■♥ t❤✐s ❝❛s❡✱ ↓u ∩ S = ↓a ∩ S✳ ❚❤✉s✱ τS(u) = u/ΓS = a/ΓS = τS(a)✳

❚❤❡r❡❢♦r❡✱ LS =
{

τS(a
′), τS(a)

}

✐s ❛ t✇♦✲❡❧❡♠❡♥t ❧❛tt✐❝❡✳

❈❧❛✐♠ ✷✳ ■❢ S = {a, b, c} = 〈S〉 ⊆ J, t❤❡♥ LS
∼= M3✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ❆s S = {a, b, c} ✐s ❛ ❝❧♦s❡❞ s❡t✱ t❤❡ ✐♥❡q✉❛❧✐t✐❡s a ≤ b ∨ c✱ b ≤ a ∨ c✱ ❛♥❞ c ≤ a ∨ b
❛r❡ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡rs✳ ■♥ ♣❛rt✐❝✉❧❛r✱ S ✐s ❛♥ ❛♥t✐❝❤❛✐♥✳ ❲❡ ♣✉t o = a ∧ b ∧ c ❛♥❞
i = a ∨ b ∨ c❀ t❤❡♥ o < a, b, c < i ✐♥ L✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ t❤r❡❡ ♠✐♥✐♠❛❧ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡rs ❧✐st❡❞
❛❜♦✈❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡ ❢♦r ❛♥ ❡❧❡♠❡♥t u ∈ L✳

❈❛s❡ ✶ ✿ ↓u∩ S = ∅✳ ■♥ t❤✐s ❝❛s❡✱ ↓u∩ S = ↓o∩ S ❛s o < a, b, c✳ ❍❡♥❝❡✱ τS(u) = u/ΓS = o/ΓS =
τS(o)✳

❈❛s❡ ✷ ✿ ↓u ∩ S ✐s ❛ s✐♥❣❧❡t♦♥❀ ❤❡♥❝❡✱ ↓u ∩ S = {d} ❢♦r s♦♠❡ d ∈ {a, b, c}✳ ■♥ t❤✐s ❝❛s❡✱
↓u ∩ S = ↓d ∩ S ❛♥❞ τS(u) = u/ΓS = d/ΓS = τS(d)✳

❈❛s❡ ✸ ✿ ↓u∩S = {a, b, c}✳ ■♥ t❤✐s ❝❛s❡✱ ↓u∩S = ↓i∩S ❛s a, b, c < i ❛♥❞ τS(u) = u/ΓS = i/ΓS =
τS(i)✳

❲❡ ❝♦♥❝❧✉❞❡✱ t❤❡r❡❢♦r❡✱ t❤❛t LS =
{

τS(o), τS(a), τS(b), τS(c), τS(i)
}

∼= M3 ❛s t❤❡ s❡t
{

τS(a), τS(b), τS(c)
}

❢♦r♠s ❛♥ ❛♥t✐❝❤❛✐♥✳

❈❧❛✐♠ ✸✳ ❚❤❡ ♠❛♣♣✐♥❣

τ : L →
∏

S=〈S〉⊆J

LS ; τ : x 7→
(

τS(x) | S = 〈S〉 ⊆ J
)

✐s ❛♥ ✐s♦♠♦r♣❤✐❝ ❡♠❜❡❞❞✐♥❣✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ■t ✐s ❝❧❡❛r t❤❛t τ ✐s ❛ ❤♦♠♦♠♦r♣❤✐s♠✳ ❲❡ ♣r♦✈❡ t❤❛t τ ✐s ♦♥❡✲t♦✲♦♥❡✳ ■♥❞❡❡❞✱ ❧❡t
a � b ✐♥ L✳ ❆s a ✐s ❛ ❥♦✐♥ ♦❢ ❡❧❡♠❡♥ts ❢r♦♠ J ✱ t❤❡r❡ ✐s x ∈ J s✉❝❤ t❤❛t x ≤ a ❛♥❞ x � b✳ ❚❤✉s✱

x ∈ ↓a ∩ 〈x〉\↓b ∩ 〈x〉 ❛♥❞ τ〈x〉(a) = a/Γ〈x〉 * b/Γ〈x〉 = τ〈x〉(b)✱ ✇❤❡♥❝❡ τ(a) � τ(b)✳

❖✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠s ✶✕✸✳ ❚❤❡ ♣r♦♦❢ ✐s ❝♦♠♣❧❡t❡✳

❈♦r♦❧❧❛r② ✷✳ ❚❤❡ q✉❛s✐✈❛r✐❡t② SP(M3) ♦❢ (0, 1)✲❧❛tt✐❝❡s ✐s ❛ ✈❛r✐❡t② ❛♥❞ Σ ❢♦r♠s ❛♥ ❡q✉❛t✐♦♥❛❧
❜❛s✐s ♦❢ t❤✐s ✈❛r✐❡t②✳

Pr♦♦❢✳ ❆s M3 |= Σ ❜② ❈♦r♦❧❧❛r② ✶✱ ✇❡ ❤❛✈❡ SP(M3) |= Σ✳ ❈♦♥✈❡rs❡❧②✱ ❧❡t L |= Σ❀ ✇❡ ♣r♦✈❡ t❤❛t
L ∈ SP(M3)✳ ■♥❞❡❡❞✱ ✐❢ M ❞❡♥♦t❡s t❤❡ ❞✉❛❧ ✜❧t❡r ❧❛tt✐❝❡ ♦❢ L, t❤❡♥ M |= Σ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ M
✐s 2✲❞✐str✐❜✉t✐✈❡✳ ❇② ❏✳❇✳ ◆❛t✐♦♥ ❬✾✱ ❚❤❡♦r❡♠s ✸✳✶✕✸✳✷❪✱ M ✐s ❛ J(M)✲❧❛tt✐❝❡✳ ❇② Pr♦♣♦s✐t✐♦♥ ✺✱
M ∈ SP(M3)✳ ❙✐♥❝❡ L ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ (0, 1)✲s✉❜❧❛tt✐❝❡ ♦❢ M ✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t L ∈ SP(M3)✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



✻ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

✺✳ ✉♣♣❡r❚❤❡ ❝❛t❡❣♦r② M3

✺✳✶✳ ❉❡✜♥✐t✐♦♥ ♦❢ M3✲s♣❛❝❡s ❛♥❞ M3✲♠♦r♣❤✐s♠s

❆s ✉s✉❛❧✱ ❢♦r t✇♦ s✉❜s❡ts A,B ✐♥ ❛ ❧❛tt✐❝❡ L✱ ❜② A ≪ B✱ ✇❡ ♠❡❛♥ ❛s ✐♥ ❬✽❪ t❤❡ ❢❛❝t t❤❛t✱ ❢♦r ❡❛❝❤
a ∈ A✱ t❤❡r❡ ✐s b ∈ B s✉❝❤ t❤❛t a ≤ b✳ ❲❡ s❛② ✐♥ t❤✐s ❝❛s❡ t❤❛t A r❡✜♥❡s B✳

❉❡✜♥✐t✐♦♥ ✶✳ ❈♦♥s✐❞❡r ❛ str✉❝t✉r❡ S = 〈S,≤, R〉 ✇❤❡r❡ S ✐s ❛ s❡t ❛♥❞ ≤ ❛♥❞ R ❛r❡ t✇♦ ❜✐♥❛r②
r❡❧❛t✐♦♥s✳ ❚❤❡♥ S ✐s ❛♥ M3✲s♣❛❝❡ ✐❢

✭s✶✮ ≤ ✐s ❛ ♣❛rt✐❛❧ ♦r❞❡r ♦♥ S❀

✭s✷✮ R ⊆ S2 ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥ ♦♥ S s✉❝❤ t❤❛t t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞ ❢♦r ❛❧❧ ❡❧❡♠❡♥ts
a, b, c, d, e, f ∈ S✿

✭❛✮ [a]R ✐s ❛♥ ❛♥t✐❝❤❛✐♥❀ ♠♦r❡♦✈❡r✱ ❡✐t❤❡r [a]R ✐s ❛ s✐♥❣❧❡t♦♥ ♦r [a]R ❝♦♥t❛✐♥s t❤r❡❡ ❡❧❡♠❡♥ts❀

✭❛✮ ✐❢ [a]R = {a, b, c} ❛♥❞ a, b ≤ d t❤❡♥ c ≤ d❀

✭❜✮ ✐❢ [a]R = {a, b, c}✱ [d]R = {d}✱ ❛♥❞ d ≤ a t❤❡♥ d ≪ {b, c}❀

✭❝✮ ✐❢ [a]R = {a, b, c}✱ [d]R = {d, e, f}✱ ❛♥❞ d ≤ a t❤❡♥ ❡✐t❤❡r d ≪ {b, c} ♦r {e, f} ≪ {b, c}✳

❲❡ ♣✉t X(S) =
{

s ∈ S | [s]R ✐s ❛ s✐♥❣❧❡t♦♥
}

❛♥❞ Y (S) = S\X(S)✳

▲❡t S = 〈S,≤, R〉 ❛♥❞ S′ = 〈S′,≤, R〉 ❜❡ M3✲s♣❛❝❡s✳ ❚❤❡♥ ϕ : S → S′ ✐s ❛♥ M3✲♠♦r♣❤✐s♠ ✐❢ t❤❡
❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭♠✶✮ ϕ ♠❛♣s S ✐♥t♦ S′ ∪
{

{a, b} | a, b ∈ X(S′)
}

❀

✭♠✷✮ ✐❢ u, v ∈ S ❛r❡ s✉❝❤ t❤❛t ϕ(u), ϕ(v) ∈ S′ ❛♥❞ u ≤ v t❤❡♥ ϕ(u) ≤ ϕ(v)❀

✭♠✸✮ ❢♦r ❛❧❧ x ∈ X(S)✱ ϕ(x) ∈ X(S′)❀

✭♠✹✮ ❢♦r ❛❧❧ a ∈ Y (S) ✇✐t❤ [a]R = {a, b, c}✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

✭❛✮ ✐❢ ϕ(a) ∈ X(S′) t❤❡♥ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s✿

✕ ϕ(b) =
{

ϕ(a), ϕ(c)
}

⊆ X(S′)❀

✕ ϕ(c) =
{

ϕ(a), ϕ(b)
}

⊆ X(S′)❀

✕ ϕ(a) ≤ ϕ(b) = ϕ(c) ∈ X(S′)❀

✕ ϕ(b) ≤ ϕ(a) = ϕ(c) ❛♥❞ ϕ(b), ϕ(c) ∈ X(S′)❀

✕ ϕ(c) ≤ ϕ(a) = ϕ(b) ❛♥❞ ϕ(b), ϕ(c) ∈ X(S′)❀

✭❜✮ ✐❢ ϕ(a) ∈ Y (S′) t❤❡♥
[

ϕ(a)
]

R
=

{

ϕ(a), ϕ(b), ϕ(c)
}

⊆ Y (S′)❀

✭❝✮ ✐❢ ϕ(a) /∈ S′ t❤❡♥ ϕ(a) =
{

ϕ(b), ϕ(c)
}

⊆ X(S′) ✐s ❛♥ ❛♥t✐❝❤❛✐♥❀ ♠♦r❡♦✈❡r✱ ϕ(a) ≪ ϕ(u)
❢♦r ❡❛❝❤ u ∈ S s✉❝❤ t❤❛t a ≤ u✳

▲❡t S0, S1, S2 ❜❡ M3✲s♣❛❝❡s ❛♥❞ ❧❡t ϕ0 : S0 → S1✱ ϕ1 : S1 → S2 ❜❡ M3✲♠♦r♣❤✐s♠s✳ ❲❡ ❞❡✜♥❡ ❛
❝♦♠♣♦s✐t✐♦♥ ϕ0 ◦ ϕ1 : S0 → S2 ♦❢ ϕ0 ❛♥❞ ϕ1 ❛s ❢♦❧❧♦✇s✳ ▲❡t a ∈ S0✳

✭❝✶✮ ■❢ ϕ0(a) ∈ S1 t❤❡♥ ϕ0 ◦ ϕ1(a) = ϕ1ϕ0(a)✳

✭❝✷✮ ■❢ ϕ0(a) /∈ S1 t❤❡♥ [a]R = {a, b, c} ✐♥ S0 ❛♥❞

ϕ0 ◦ ϕ1(a) =











ϕ1ϕ0(b), ✐❢ ϕ1ϕ0(c) ≤ ϕ1ϕ0(b);

ϕ1ϕ0(c), ✐❢ ϕ1ϕ0(b) ≤ ϕ1ϕ0(c);

{ϕ1ϕ0(b), ϕ1ϕ0(c)}, ✐❢ {ϕ1ϕ0(b), ϕ1ϕ0(c)} ✐s ❛♥ ❛♥t✐❝❤❛✐♥.

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✼

✺✳✷✳ ❈♦♠♣♦s✐t✐♦♥ ♦❢ M3✲♠♦r♣❤✐s♠s

▲❡♠♠❛ ✸✳ ▲❡t S0, S1, S2 ❜❡ M3✲s♣❛❝❡s ❛♥❞ ❧❡t ϕ0 : S0 → S1✱ ϕ1 : S1 → S2 ❜❡ M3✲♠♦r♣❤✐s♠s✳ ❚❤❡♥
ϕ0 ◦ ϕ1 ✐s ❛♥ M3✲♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ♣✉t ϕ = ϕ0 ◦ ϕ1✳ ❲❡ ❤❛✈❡ t♦ ❡st❛❜❧✐s❤ t❤❛t ❝♦♥❞✐t✐♦♥s ✭♠✶✮✕✭♠✹✮
♦❢ ❉❡✜♥✐t✐♦♥ ✶ ❤♦❧❞ ❢♦r ϕ✳ ■♥❞❡❡❞✱ ✐t ✐s ❝❧❡❛r t❤❛t ✭♠✶✮ ❛♥❞ ✭♠✸✮ ❤♦❧❞ ❢♦r ϕ✳

❈❧❛✐♠ ✶✳ ✭♠✷✮ ❤♦❧❞s ❢♦r ϕ✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ▲❡t u, v ∈ S0 ❜❡ s✉❝❤ t❤❛t u ≤ v ❛♥❞ ϕ(u), ϕ(v) ∈ S2✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡
♣♦ss✐❜❧❡ ❛❝❝♦r❞✐♥❣ t♦ ✭❝✶✮✕✭❝✷✮✳

❈❛s❡ ✶ ✿ ϕ0(u), ϕ0(v) ∈ S1✳ ❚❤❡♥ ϕ0(u) ≤ ϕ0(v) ❜② ✭♠✷✮ ❛♣♣❧✐❡❞ t♦ ϕ0 ❛♥❞ ϕ(u) = ϕ1ϕ0(u) ≤
ϕ1ϕ0(v) = ϕ(v) ❜② ✭♠✷✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳

❈❛s❡ ✷ ✿ ϕ0(u) ∈ S1✱ ϕ0(v) /∈ S1✳ ❚❤✐s ♠❡❛♥s ❜② ✭♠✹✲❝✮ ❛♥❞ ✭❝✷✮ t❤❛t ϕ0(v) =
{

ϕ0(a), ϕ0(b)
}

⊆

X(S1) ✐s ❛♥ ❛♥t✐❝❤❛✐♥✱ ✇❤❡r❡ [v]R = {v, a, b} ✐♥ S0✱ ❛♥❞ ϕ(v) = max
{

ϕ1ϕ0(a), ϕ1ϕ0(b)
}

=

max
{

ϕ(a), ϕ(b)
}

✳ ❆♣♣❧②✐♥❣ ✭s✷✲❝✮ ❛♥❞ ✭s✷✲❞✮ t♦ t❤❡ ✐♥❡q✉❛❧✐t② u ≤ v✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❡✐t❤❡r
u ≪ {a, b} ♦r [u]R = {u, c, d} ✐♥ S0 ❛♥❞ {c, d} ≪ {a, b}✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ❛♣♣❧②✐♥❣ ✭♠✷✮✕✭♠✸✮ t♦
ϕ0 ❛♥❞ ϕ1✱ ✇❡ ♦❜t❛✐♥ t❤❛t ϕ0(u) ≪

{

ϕ0(a), ϕ0(b)} ❛♥❞ ϕ(u) = ϕ1ϕ0(u) ≪
{

ϕ1ϕ0(a), ϕ1ϕ0(b)
}

=
{

ϕ(a), ϕ(b)
}

✳ ❍❡♥❝❡✱ ϕ(u) ≤ max
{

ϕ(a), ϕ(b)
}

= ϕ(v) ✇❤✐❝❤ ✐s ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❝❛s❡ ✇❤❡♥ {c, d} ≪ {a, b}✳ ❚❤❡r❡ ❛r❡ t✇♦ ♣♦ss✐❜✐❧✐t✐❡s✿ ϕ0(u) ∈ X(S1) ❛♥❞
ϕ0(u) ∈ Y (S1)✳ ❲❡ ❝♦♥s✐❞❡r t❤❡♠ s❡♣❛r❛t❡❧②✳

❈❛s❡ ✷✳✶ ✿ ϕ0(u) ∈ X(S1)✳ ❲❡ ♣r♦✈❡ t❤❛t ϕ0(u) ≪
{

ϕ0(a), ϕ0(b)
}

✐♥ t❤✐s ❝❛s❡✳ ■♥❞❡❡❞✱ ❛❝❝♦r❞✐♥❣
t♦ ✭♠✹✲❜✮ ❛♣♣❧✐❡❞ t♦ ϕ0✱ ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜❝❛s❡s ♠❛② ♦❝❝✉r✳

✕ ϕ0(c) =
{

ϕ0(u), ϕ0(d)
}

⊆ X(S1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✹✲❝✮ t♦ ϕ0 ❛♥❞ t❤❡ ❢❛❝t t❤❛t
c ≪ {a, b} ❛♥❞ ♦❜t❛✐♥ t❤❛t

ϕ0(u) ≪ ϕ0(c) ≪
{

ϕ0(a), ϕ0(b)
}

✇❤✐❝❤ ✐s ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

✕ ϕ0(d) =
{

ϕ0(u), ϕ0(c)
}

⊆ X(S1)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

✕ ϕ0(u) ≤ ϕ0(c) = ϕ0(d) ∈ X(S1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮✕✭♠✸✮ t♦ ϕ0 ❛♥❞ t❤❡ ❢❛❝t t❤❛t
{c, d} ≪ {a, b} ❛♥❞ ❝♦♥❝❧✉❞❡ t❤❛t

ϕ0(u) ≤ ϕ0(c) ≪
{

ϕ0(a), ϕ0(b)}

❛♥❞ ♦❜t❛✐♥ ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

✕ ϕ0(c) ≤ ϕ0(u) = ϕ0(d) ∈ X(S1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮✕✭♠✸✮ t♦ ϕ0 ❛♥❞ ♦❜t❛✐♥ t❤❛t
ϕ0(u) = ϕ0(d) ≪

{

ϕ0(a), ϕ0(b)} ✇❤✐❝❤ ✐s t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

✕ ϕ0(d) ≤ ϕ0(u) = ϕ0(c) ∈ X(S1)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

❍❡♥❝❡✱ ✇❡ ✇❡ ❤❛✈❡ t❤❛t ϕ0(u) ≪
{

ϕ0(a), ϕ0(b)
}

✐♥ ❡❛❝❤ ❝❛s❡✳ ❆s ❛❜♦✈❡✱ ❛♣♣❧②✐♥❣ ✭♠✷✮✕✭♠✸✮ t♦ ϕ1

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ϕ(u) = ϕ1ϕ0(u) ≤ max
{

ϕ1ϕ0(a), ϕ1ϕ0(b)
}

= ϕ(v)✳

❈❛s❡ ✷✳✷ ✿ ϕ0(u) ∈ Y (S1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ✭♠✹✲❜✮ ❛♣♣❧✐❡❞ t♦ ϕ0 t❤❛t [ϕ0(u)]R =
{

ϕ0(u), ϕ0(c), ϕ0(d)
}

⊆ Y (S1) ❛♥❞
{

ϕ0(c), ϕ0(d)
}

≪
{

ϕ0(a), ϕ0(b)
}

❜② ✭♠✷✮ ❛♣♣❧✐❡❞ t♦ ϕ0 ❛♥❞ t❤❡
❢❛❝t t❤❛t {c, d} ≪ {a, b}✳ ❙✐♥❝❡ ϕ(u) ∈ S2 ❜② ♦✉r ❛ss✉♠♣t✐♦♥✱ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✷✳✷✳✶ ✿ ϕ(u) = ϕ1ϕ0(u) ∈ X(S2)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✹✲❛✮ t♦ ϕ1 ❛♥❞ ♦❜t❛✐♥ t❤❡
❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



✽ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

✕ ϕ(c) =
{

ϕ1ϕ0(u), ϕ1ϕ0(d)
}

=
{

ϕ(u), ϕ(d)
}

⊆ X(S2)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✹✲❝✮ t♦ ϕ1 ❛♥❞

t❤❡ ❢❛❝t t❤❛t ϕ0(c) ≪
{

ϕ0(a), ϕ0(b)
}

❛♥❞ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣✿

ϕ(c) = ϕ1ϕ0(c) ≪
{

ϕ1ϕ0(a), ϕ1ϕ0(b)
}

=
{

ϕ(a), ϕ(b)
}

≪ max
{

ϕ(a), ϕ(b)
}

= ϕ(v).

■♥ ♣❛rt✐❝✉❧❛r✱ ϕ(u) ≤ ϕ(v) ✇❤❡♥❝❡ ✭♠✷✮ ❤♦❧❞s ❢♦r ϕ✳

✕ ϕ(d) =
{

ϕ1ϕ0(u), ϕ1ϕ0(c)
}

=
{

ϕ(u), ϕ(c)
}

⊆ X(S2)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s
♦♥❡✳

✕ ϕ(u) = ϕ1ϕ0(u) ≤ ϕ1ϕ0(c) = ϕ1ϕ0(d) ∈ X(S2)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮✕✭♠✸✮ t♦ ϕ1 ❛♥❞
♦❜t❛✐♥ t❤❛t

ϕ(u) = ϕ1ϕ0(u) ≤ ϕ1ϕ0(c) ≤ max
{

ϕ1ϕ0(a), ϕ1ϕ0(b)} = ϕ(v)

✇❤❡♥❝❡ ✭♠✷✮ ❤♦❧❞s ❢♦r ϕ✳

✕ ϕ(c) = ϕ1ϕ0(c) ≤ ϕ1ϕ0(u) = ϕ1ϕ0(d) ∈ X(S2)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮✕✭♠✸✮ t♦ ϕ1 ❛♥❞
♦❜t❛✐♥ t❤❛t

ϕ(u) = ϕ1ϕ0(u) = ϕ1ϕ0(d) ≤ max
{

ϕ1ϕ0(a), ϕ1ϕ0(b)} = ϕ(v)

✇❤❡♥❝❡ ✭♠✷✮ ❤♦❧❞s ❢♦r ϕ✳

✕ ϕ(d) = ϕ1ϕ0(d) ≤ ϕ1ϕ0(u) = ϕ1ϕ0(c) ∈ X(S2)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ❝❛s❡✳

❍❡♥❝❡✱ ✇❡ ♦❜t❛✐♥ ✐♥ ❡❛❝❤ ❝❛s❡ t❤❡ ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥ ϕ(u) ≤ ϕ(v)✳

❈❛s❡ ✷✳✷✳✷ ✿ ϕ(u) = ϕ1ϕ0(u) ∈ Y (S2)✳ ❆♣♣❧②✐♥❣ ✐♥ t❤✐s ❝❛s❡ ✭♠✷✮✕✭♠✸✮ ❛♥❞ ✭♠✹✲❜✮ t♦ ϕ1✱ ✇❡
♦❜t❛✐♥ t❤❛t [ϕ(u)]R =

{

ϕ(u), ϕ(c), ϕ(d)
}

⊆ Y (S2) ❛♥❞
{

ϕ(c), ϕ(d)
}

≪
{

ϕ(a), ϕ(b)
}

✳ ❇② ✭s✷✲❜✮✱ ✇❡

❤❛✈❡ t❤❛t ϕ(u) ≪
{

ϕ(a), ϕ(b)
}

✇❤❡♥❝❡

ϕ(u) ≤ max
{

ϕ(a), ϕ(b)
}

= ϕ(v)

✇❤✐❝❤ ✐s ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

❈❛s❡ ✸ ✿ ϕ0(u) /∈ S1✳ ❲❡ ❛♣♣❧② ✭♠✹✲❝✮ t♦ ϕ0 ✐♥ t❤✐s ❝❛s❡ ❛♥❞ ♦❜t❛✐♥ t❤❛t ϕ0(u) ≪ ϕ0(v) ✇❤❡♥❝❡
ϕ(u) = maxϕ1ϕ0(u) ≤ ϕ1ϕ0(v) = ϕ(v) ❜② ✭♠✷✮✕✭♠✸✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳

❈❧❛✐♠ ✷✳ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r ϕ✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ▲❡t [a]R = {a, b, c} ❛♥❞ ❧❡t ϕ(a) ∈ X(S2)✳ ❇② ✭♠✹✮ ❛♣♣❧✐❡❞ t♦ ϕ0✱ t❤❡ ❢♦❧❧♦✇✐♥❣
t❤r❡❡ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ ϕ0(a) ∈ X(S1)✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ♠❛② ♦❝❝✉r ❜② ✭♠✹✲❛✮ ❛♣♣❧✐❡❞ t♦ ϕ0✿

✕ ϕ0(b) =
{

ϕ0(a), ϕ0(c)
}

⊆ X(S1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ♦❜t❛✐♥ ❜② ✭♠✸✮ ❛♣♣❧✐❡❞ t♦ ϕ1 t❤❛t
{

ϕ(a), ϕ(c)
}

=
{

ϕ1ϕ0(a), ϕ1ϕ0(c)
}

⊆ X(S2)✳ ❋✉rt❤❡r♠♦r❡✱ ❛♣♣❧②✐♥❣ ✭❝✷✮✱ ✇❡ ♦❜t❛✐♥ t❤❛t
❡✐t❤❡r

ϕ(b) = ϕ1ϕ0(b) =
{

ϕ1ϕ0(a), ϕ1ϕ0(c)
}

=
{

ϕ(a), ϕ(c)
}

⊆ X(S2)

✇❤❡♥❝❡ t❤❡ ✜rst ❝♦♥❝❧✉s✐♦♥ ✐♥ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r ϕ✱ ♦r

ϕ(b) = ϕ1ϕ0(b) = max
{

ϕ1ϕ0(a), ϕ1ϕ0(c)
}

= max
{

ϕ(a), ϕ(c)
}

∈ X(S2)

✇❤❡♥❝❡ ♦♥❡ ♦❢ t❤❡ ❧❛st t❤r❡❡ ❝♦♥❝❧✉s✐♦♥s ✐♥ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r ϕ✳

✕ ϕ0(c) =
{

ϕ0(a), ϕ0(b)
}

⊆ X(S1)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

✕ ϕ0(a) ≤ ϕ0(b) = ϕ0(c) ∈ X(S1)✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮✕✭♠✸✮ t♦ ϕ1 ❛♥❞ ♦❜t❛✐♥ t❤❛t
ϕ(a) = ϕ1ϕ0(a) ≤ ϕ1ϕ0(b) = ϕ1ϕ0(c) = ϕ(b) = ϕ(c) ∈ X(S1) ✇❤❡♥❝❡ t❤❡ t❤✐r❞ ❝♦♥❝❧✉s✐♦♥ ✐♥
✭♠✹✲❛✮ ❤♦❧❞s ❢♦r ϕ✳
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✕ ϕ0(b) ≤ ϕ0(a) = ϕ0(c) ❛♥❞ ϕ0(b), ϕ0(c) ∈ X(S1)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ t❤✐r❞ ❝❛s❡✳

✕ ϕ0(c) ≤ ϕ0(a) = ϕ0(b) ❛♥❞ ϕ0(b), ϕ0(c) ∈ X(S1)✳ ❚❤✐s ❝❛s❡ ✐s ❛❧s♦ s②♠♠❡tr✐❝ t♦ t❤❡ t❤✐r❞
❝❛s❡✳

❚❤✉s ♦♥❡ ♦❢ t❤❡ ✜✈❡ ❝♦♥❝❧✉s✐♦♥s ✐♥ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r ϕ ✐♥ ❡❛❝❤ ♦❢ t❤❡ ♣♦ss✐❜❧❡ ❝❛s❡s✳

❈❛s❡ ✷ ✿ ϕ0(a) ∈ Y (S1) ❛♥❞ [ϕ0(a)]R =
{

ϕ0(a), ϕ0(b), ϕ0(c)
}

✳ ■♥ t❤✐s ❝❛s❡✱ ❛♣♣❧②✐♥❣ ✭♠✹✲❛✮ t♦
ϕ1✱ ✇❡ ♦❜t❛✐♥ t❤❛t ♦♥❡ ♦❢ t❤❡ ✜✈❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r ϕ✳

❈❛s❡ ✸ ✿ ϕ0(a) =
{

ϕ0(b), ϕ0(c)
}

⊆ X(S1)✳ ■♥ t❤✐s ❝❛s❡✱

ϕ(a) = ϕ1ϕ0(a) = max
{

ϕ1ϕ0(b), ϕ1ϕ0(c)
}

= max
{

ϕ(b), ϕ(c)
}

❜② ✭♠✷✮✕✭♠✸✮ ❛♥❞ ✭❝✷✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳ ❍❡♥❝❡✱ ♦♥❡ ♦❢ t❤❡ ❧❛st t✇♦ ❝♦♥❝❧✉s✐♦♥s ♦❢ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r
ϕ✳

❈❧❛✐♠ ✸✳ ✭♠✹✲❜✮ ❤♦❧❞s ❢♦r ϕ✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ▲❡t ϕ(a) ∈ Y (S2) ❢♦r s♦♠❡ a ∈ S0 s✉❝❤ t❤❛t [a]R = {a, b, c}✳ ❇② ✭♠✸✮✕✭♠✹✮ ❛♥❞
✭❝✷✮ ❛♣♣❧✐❡❞ t♦ ϕ0✱ t❤✐s ♠❡❛♥s t❤❛t ϕ0(a) ∈ Y (S1) ❛♥❞ [ϕ0(a)]R =

{

ϕ0(a), ϕ0(b), ϕ0(c)
}

✳ ❇② ✭♠✹✲❜✮
❛♣♣❧✐❡❞ t♦ ϕ1✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

[ϕ(a)]R = [ϕ1ϕ0(a)]R =
{

ϕ1ϕ0(a), ϕ1ϕ0(b), ϕ1ϕ0(c)
}

=
{

ϕ(a), ϕ(b), ϕ(c)
}

✇❤✐❝❤ ✐s ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

❈❧❛✐♠ ✹✳ ✭♠✹✲❝✮ ❤♦❧❞s ❢♦r ϕ✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ❙✉♣♣♦s❡ t❤❛t a ∈ S0 ✐s s✉❝❤ t❤❛t ϕ(a) /∈ S2✳ ❇② ✭♠✸✮ ❛♥❞ ✭❝✷✮ ❛♣♣❧✐❡❞ t♦ ϕ0 ❛♥❞ ϕ1✱
t❤✐s ♠❡❛♥s t❤❛t a ∈ Y (S0)❀ ❧❡t [a]R = {a, b, c} ✐♥ S0✳ ■♥ ✈✐❡✇ ♦❢ ✭♠✸✮✕✭♠✹✮ ❛♥❞ ✭❝✷✮✱ t❤❡ ❢♦❧❧♦✇✐♥❣
t✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ ϕ0(a) ∈ Y (S1) ❛♥❞ [ϕ0(a)]R =
{

ϕ0(a), ϕ0(b), ϕ0(c)
}

⊆ Y (S1)✳ ■♥ t❤✐s ❝❛s❡✱

ϕ(a) = ϕ1ϕ0(a) =
{

ϕ1ϕ0(b), ϕ1ϕ0(c)
}

=
{

ϕ(b), ϕ(c)
}

⊆ X(S2)

✐s ❛♥ ❛♥t✐❝❤❛✐♥ ❜② ♦✉r ❛ss✉♠♣t✐♦♥ ❛♥❞ ✭♠✹✲❝✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳ ❙✉♣♣♦s❡ t❤❛t a ≤ u ✐♥ S0✳ ❚✇♦ ❝❛s❡s
❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶✳✶ ✿ ϕ0(u) ∈ S1✳ ■♥ t❤✐s ❝❛s❡✱ ϕ0(a) ≤ ϕ0(u) ❜② ✭♠✷✮ ❛♣♣❧✐❡❞ t♦ ϕ0✳ ❚❤✉s✱ ϕ(a) =
ϕ1ϕ0(a) ≪ ϕ1ϕ0(u) = ϕ(u) ❜② ✭♠✹✲❝✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳

❈❛s❡ ✶✳✷ ✿ ϕ0(u) /∈ S1✳ ■♥ t❤✐s ❝❛s❡✱ u ∈ Y (S0) ❛♥❞ ϕ0(u) =
{

ϕ0(d), ϕ0(e)
}

⊆ X(S1) ❜② ✭♠✹✲❝✮
❛♣♣❧✐❡❞ t♦ ϕ0 ✇❤❡r❡ [u]R = {u, d, e} ✐♥ S0✳ ❇② ✭s✷✲❝✮ ❛♥❞ ✭s✷✲❞✮ ❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥❡q✉❛❧✐t② a ≤ u ✐♥
S0✱ ✇❡ ♦❜t❛✐♥ t❤❛t ❡✐t❤❡r a ≪ {d, e} ♦r {b, c} ≪ {d, e}✳ ■♥ t❤❡ ❢♦r♠❡r ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮ t♦ ϕ0 ❛♥❞
♦❜t❛✐♥ t❤❛t ϕ0(a) ≪

{

ϕ0(d), ϕ0(e)
}

✇❤❡♥❝❡

ϕ(a) = ϕ1ϕ0(a) ≪
{

ϕ1ϕ0(d), ϕ1ϕ0(e)
}

≪ ϕ1ϕ0(u) = ϕ(u)

❜② ✭♠✸✮ ❛♥❞ ✭♠✹✲❝✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳ ■♥ t❤❡ ❧❛tt❡r ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮✕✭♠✸✮ t♦ ϕ0 ❛♥❞ ♦❜t❛✐♥ t❤❛t
{

ϕ0(b), ϕ0(c)
}

≪
{

ϕ0(d), ϕ0(e)
}

✇❤❡♥❝❡

ϕ(a) = ϕ1ϕ0(a) =
{

ϕ1ϕ0(b), ϕ1ϕ0(c)
}

≪
{

ϕ1ϕ0(d), ϕ1ϕ0(e)
}

≪ ϕ1ϕ0(u) = ϕ(u)

❜② ✭♠✸✮ ❛♥❞ ✭♠✹✲❝✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳

❈❛s❡ ✷ ✿ ϕ0(a) /∈ S1✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❤❛✈❡ ❜② ✭♠✹✲❝✮ ❛♣♣❧✐❡❞ t♦ ϕ0 t❤❛t ϕ0(a) =
{

ϕ0(b), ϕ0(c)
}

✳
❚❤❡♥

ϕ(a) = ϕ1ϕ0(a) =
{

ϕ1ϕ0(b), ϕ1ϕ0(c)
}

=
{

ϕ(b), ϕ(c)
}

⊆ X(S2)

✐s ❛♥ ❛♥t✐❝❤❛✐♥ ❜② ✭❝✷✮ ❛♥❞ ✭♠✸✮ ❛♣♣❧✐❡❞ t♦ ϕ1✳ ❙✉♣♣♦s❡ t❤❛t a ≤ u ✐♥ S0✳ ❲❡ ❛♣♣❧② ✭♠✹✲❝✮ t♦ ϕ0

❛♥❞ t❤❡ ✐♥❡q✉❛❧✐t② a ≤ u ❛♥❞ ♦❜t❛✐♥ t❤❛t ϕ0(a) ≪ ϕ0(u) ✇❤❡♥❝❡ ϕ(a) = ϕ1ϕ0(a) ≪ ϕ1ϕ0(u) = ϕ(u)
❜② ✭♠✷✮ ❛♣♣❧✐❡❞ t♦ ϕ1 ❛♥❞ ✭❝✷✮✳
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✶✵ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

❚❤❡ ❛ss♦❝✐❛t✐✈✐t② ♦❢ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ◦ ♦❢ M3✲♠♦r♣❤✐s♠s ✐s ❡st❛❜❧✐s❤❡❞ ❡①❛❝t❧② ❛s ✐♥ ❬✷✱ ❈♦r♦❧❧❛r②
✺✳✷❪✱ s❡❡ ❛❧s♦ ❬✷✱ ❘❡♠❛r❦ ✷✳✸❪✳ ❚❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✸ ✐s ❝♦♠♣❧❡t❡✳

✺✳✸✳ ❚❤❡ ❝❛t❡❣♦r✐❡s M3 ❛♥❞ B3

❇② M3✱ ✇❡ ❞❡♥♦t❡ t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ M3✲s♣❛❝❡s ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❛r❡ M3✲
♠♦r♣❤✐s♠s ✇❤✐❧❡ B3 ❞❡♥♦t❡s t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ ❝♦♠♣❧❡t❡ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡s ❜❡❧♦♥❣✐♥❣
t♦ t❤❡ ✈❛r✐❡t② SP(M3) ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❞✐❛♠♦♥❞ ✭❝❢✳ ❈♦r♦❧❧❛r② ✷✮ ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❛r❡
❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠s✳

✻✳ ✉♣♣❡r■❞❡❛❧s ✐♥ M3✲s♣❛❝❡s✿ ❆ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r ❢r♦♠ M3 t♦ B3

✻✳✶✳ ❋✉♥❝t♦r F ♦♥ ♦❜❥❡❝ts

❉❡✜♥✐t✐♦♥ ✷✳ ▲❡t S = 〈S,≤, R〉 ❜❡ ❛♥ M3✲s♣❛❝❡✳ ❆ s✉❜s❡t I ⊆ S ✐s ❛♥ ✐❞❡❛❧ ♦❢ M3✲s♣❛❝❡ S ✐❢ I ✐s
❛ ❧♦✇❡r ❝♦♥❡ ✇✐t❤ r❡s♣❡❝t t♦ ≤ ✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt②✿

✐❢ [a]R = {a, b, c} ✐♥ S ❛♥❞ a, b ∈ I t❤❡♥ c ∈ I.

■t ✐s ❝❧❡❛r t❤❛t t❤❡ s❡t F(S) ♦❢ ❛❧❧ ✐❞❡❛❧s ♦❢ S ✐s ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ⊆✳ ▼♦r❡♦✈❡r✱ ∅
✐s ❛ ❧❡❛st ✐❞❡❛❧ ❛♥❞ S ✐s ❛ ❣r❡❛t❡st ✐❞❡❛❧ ✐♥ S✳

▲❡♠♠❛ ✹✳ ▲❡t S = 〈S,≤, R〉 ❜❡ ❛♥ M3✲s♣❛❝❡✳ ❋♦r ❛♥ ❛r❜✐tr❛r② ❧♦✇❡r ❝♦♥❡ Z = ↓Z ⊆ S✱ t❤❡ s❡t

Z = Z ∪
{

c ∈ S | [c]R = {a, b, c} ❛♥❞ a, b ∈ Z
}

✐s ❛ ❧❡❛st ✐❞❡❛❧ ✐♥ S ✇❤✐❝❤ ❝♦♥t❛✐♥s Z✳

Pr♦♦❢✳ ❲❡ ♣✉t Z ′ =
{

c ∈ S | [c]R = {a, b, c} ❛♥❞ a, b ∈ Z
}

❀ t❤❡♥ Z = Z ∪Z ′✳ ■t ✐s ❝❧❡❛r t❤❛t Z ⊆ W

❢♦r ❡❛❝❤ ✐❞❡❛❧ W ✐♥ S s✉❝❤ t❤❛t Z ⊆ W ✳ ■t r❡♠❛✐♥s t♦ s❤♦✇ t❤❡r❡❢♦r❡ t❤❛t Z ✐s ❛♥ ✐❞❡❛❧ ✐♥ S✳
■♥❞❡❡❞✱ ❧❡t u ∈ S ❜❡ s✉❝❤ t❤❛t u ≤ c ∈ Z✳ ■❢ c ∈ Z t❤❡♥ u ∈ Z ⊆ Z ❛s Z ✐s ❛ ❧♦✇❡r ❝♦♥❡✳ ▲❡t

c ∈ Z ′❀ t❤❡♥ c ∈ Y (S)✱ [c]R = {a, b, c} ✐♥ S ❛♥❞ a, b ∈ Z✳ ❲❡ ❤❛✈❡ ❜② ✭s✷✲❝✮ ❛♥❞ ✭s✷✲❞✮ ✐♥ ❉❡✜♥✐t✐♦♥
✶ t❤❛t ❡✐t❤❡r u ≪ {a, b} ♦r u ∈ Y (S)✱ [u]R = {u, d, e}✱ ❛♥❞ {d, e} ≪ {a, b}✳ ❙✐♥❝❡ a, b ∈ Z = ↓Z✱

t❤✐s ②✐❡❧❞s t❤❡ ✐♥❝❧✉s✐♦♥ u ∈ Z ⊆ Z ✐♥ t❤❡ ✜rst ❝❛s❡ ❛♥❞ d, e ∈ Z ❛♥❞ t❤✉s u ∈ Z ✐♥ t❤❡ s❡❝♦♥❞ ♦♥❡✳
❚❤✉s✱ Z ✐s ❛ ❧♦✇❡r ❝♦♥❡✳

❙✉♣♣♦s❡ ♥♦✇ t❤❛t u ∈ Y (S) ✐s s✉❝❤ t❤❛t [u]R = {u, a, b} ✐♥ S ❛♥❞ a, b ∈ Z✳ ■❢ a, b ∈ Z t❤❡♥

u ∈ Z ′ ⊆ Z✳ ■❢✱ s❛②✱ a ∈ Z ′ t❤❡♥ u, b ∈ Z ⊆ Z✳ ❍❡♥❝❡✱ u ∈ Z ✐♥ ❛♥② ❝❛s❡✳ ❚❤✐s ♣r♦✈❡s t❤❛t Z ✐s ❛♥
✐❞❡❛❧ ✐♥ S ❛♥❞ ✇❡ ❛r❡ ❞♦♥❡✳

❋r♦♠ ▲❡♠♠❛ ✹✱ ✇❡ ♦❜t❛✐♥

▲❡♠♠❛ ✺✳ ❋♦r ❛ ❢❛♠✐❧② {Ik ∈ F(S) | k ∈ K} ♦❢ ✐❞❡❛❧s ✐♥ ❛♥ M3✲s♣❛❝❡ S✱ ✇❡ ❤❛✈❡

✭✐✮
∧

k∈K Ik =
⋂

k∈K Ik❀

✭✐✐✮
∨

k∈K Ik =
⋃

k∈K Ik =
⋃

k∈K Ik ∪
{

c ∈ S | [c]R = {a, b, c} ❛♥❞ a, b ∈
⋃

k∈K Ik
}

❀

✭✐✐✐✮ ✐❢ {Ik ∈ F(S) | k ∈ K} ✐s ✉♣✲❞✐r❡❝t❡❞ ✇✐t❤ r❡s♣❡❝t t♦ ⊆ t❤❡♥
∨

k∈K Ik =
⋃

k∈K Ik✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t ✐s q✉✐t❡ str❛✐❣❤t❢♦r✇❛r❞ ❛♥❞ ✉s❡s ▲❡♠♠❛ ✺❀ t❤❡ ❛r❣✉♠❡♥t
✐s s✐♠✐❧❛r t♦ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✱ ❈❧❛✐♠ ✸✳✸❪✳

▲❡♠♠❛ ✻✳ ▲❡t S = 〈S,≤, R〉 ❜❡ ❛♥ M3✲s♣❛❝❡✱ ❧❡t a ∈ S✱ ❛♥❞ ❧❡t I ❜❡ ❛♥ ✐❞❡❛❧ ✐♥ S✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣
st❛t❡♠❡♥ts ❤♦❧❞✳

✭✐✮ ↓a ✐s ❛ ❝♦♠♣❛❝t ❡❧❡♠❡♥t ✐♥ F(S)✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✶✶

✭✐✐✮ I ✐s ❛ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥t ✐♥ F(S) ✐❢ ❛♥❞ ♦♥❧② ✐❢ I = ↓b ❢♦r s♦♠❡ b ∈ S✳

✭✐✐✐✮ I ✐s ❛ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲♣r✐♠❡ ❡❧❡♠❡♥t ✐♥ F(S) ✐❢ ❛♥❞ ♦♥❧② ✐❢ I = ↓b ❢♦r s♦♠❡ b ∈ S s✉❝❤ t❤❛t
[b]R = {b}✳

✭✐✈✮ ↓a ✐s ❛ ❥♦✐♥✲♣r✐♠❡ ❡❧❡♠❡♥t ✐♥ F(S) ✐❢ ❛♥❞ ♦♥❧② ✐❢ [a]R = {a}✳

❚❤❡♦r❡♠ ✶✳ ■❢ S = 〈S,≤, R〉 ✐s ❛♥ M3✲s♣❛❝❡ t❤❡♥ F(S) ✐s ❛ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡ ❛♥❞ F(S) ∈ SP(M3)✳

Pr♦♦❢✳ ❙✐♥❝❡ I =
⋃

a∈I ↓a ❢♦r ❡❛❝❤ I ∈ F(S)✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ ▲❡♠♠❛ ✺✭✐✮✕✭✐✐✮ ❛♥❞ ▲❡♠♠❛ ✻✭✐✮ t❤❛t
F(S) ✐s ❛♥ ❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡✳ ❊①❛❝t❧② ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✱ ❈❧❛✐♠ ✸✳✸❪✱ ✇❡ ♦❜t❛✐♥ t❤❛t F(S) ✐s ❛ ❧♦✇❡r
❝♦♥t✐♥✉♦✉s ❧❛tt✐❝❡✳ ❍❡♥❝❡✱ F(S) ✐s ❛ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡✳

❈❧❛✐♠ ✶✳ F(S) ✐s ❛ J✲❧❛tt✐❝❡ ✇❤❡r❡ J = CJ
(

F(S)
)

✐s t❤❡ s❡t ♦❢ ❛❧❧ ❝♦♠♣❧❡t❡❧② ❥♦✐♥✲✐rr❡❞✉❝✐❜❧❡ ❡❧❡♠❡♥ts
♦❢ F(S)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ❋✐rst ♦❢ ❛❧❧✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✻✭✐✐✮ t❤❛t ❡❛❝❤ ❡❧❡♠❡♥t ♦❢ F(S) ✐s ❛ ❥♦✐♥ ♦❢ s♦♠❡
❡❧❡♠❡♥ts ❢r♦♠ J ✳ ❋✉rt❤❡r♠♦r❡✱ ❧❡t I ⊆ I0 ∨ . . . ∨ Ik ❜❡ ❛ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r ♦❢ s♦♠❡ I ∈ J ❀ t❤❡♥
I = ↓a ❜② ▲❡♠♠❛ ✻✭✐✐✮ ❛♥❞ a ∈ I0 ∪ . . . ∪ Ik ❜② ▲❡♠♠❛ ✺✭✐✐✮✳ ❙✐♥❝❡ t❤❡ ❥♦✐♥ ❝♦✈❡r ↓a ⊆ I0 ∨ . . . ∨ Ik
✐s ♥♦♥tr✐✈✐❛❧✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t a /∈ I0 ∪ . . . ∪ Ik✳ ❍❡♥❝❡✱ [a]R = {a, b, c} ✐♥ S ❛♥❞ b ∈ Im✱ c ∈ In
❢♦r s♦♠❡ m,n 6 k✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ↓a ⊆ ↓b ∨ ↓c ✐s t❤❡ ♦♥❧② ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ♦❢ ↓a ❛♥❞
{↓b, ↓c} ≪ {I0, . . . , Ik}✳

❋r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣

❈❧❛✐♠ ✷✳ ❋♦r ❡❛❝❤ a ∈ Y (S) s✉❝❤ t❤❛t [a]R = {a, b, c}✱ ↓a ⊆ ↓b ∨ ↓c ✐s t❤❡ ♦♥❧② ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r
♦❢ ↓a✳

❋r♦♠ ❈❧❛✐♠s ✶✕✷ ❛♥❞ ▲❡♠♠❛ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t✳

❈❧❛✐♠ ✸✳ ▲❛tt✐❝❡ F(S) ✐s 2✲❞✐str✐❜✉t✐✈❡✳

❚❤❡ ♥❡①t ❝❧❛✐♠ ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠s ✶✕✸ ❛❜♦✈❡✱ ▲❡♠♠❛ ✻✭✐✈✮✱ ❛♥❞ ▲❡♠♠❛ ✷✳

❈❧❛✐♠ ✹✳ ■❞❡♥t✐t② (C1) ❤♦❧❞s ✐♥ F(S)✳

❋r♦♠ ❈❧❛✐♠s ✶✕✸ ❛❜♦✈❡ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✸✱ ✇❡ ♦❜t❛✐♥

❈❧❛✐♠ ✺✳ ▲❛tt✐❝❡ F(S) ✐s ♠♦❞✉❧❛r✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠s ✸✕✺ ❛❜♦✈❡ ❛♥❞ ❈♦r♦❧❧❛r② ✷ t❤❛t F(S) ∈ SP(M3)✳

✻✳✷✳ ❋✉♥❝t♦r F ♦♥ ♠♦r♣❤✐s♠s

▲❡t S = 〈S,≤, R〉 ❛♥❞ S′ = 〈S′,≤, R〉 ❜❡ M3✲s♣❛❝❡s ❛♥❞ ❧❡t ϕ : S → S′ ❜❡ ❛♥ M3✲♠♦r♣❤✐s♠✳ ■❢
Z ′ ⊆ S′✱ t❤❡♥ ✇❡ ♣✉t ❛s ✐♥ ❬✷❪✿

ϕ−1(Z ′) = {z ∈ S | ϕ(x) ∈ Z ′} ∪ {z ∈ S | ϕ(z) ⊆ Z ′}.

❲❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✿

F(ϕ) : F(S′) → F(S), F(ϕ) : Z ′ 7→ ϕ−1(Z ′).

Pr♦♣♦s✐t✐♦♥ ✻✳ ■❢ S ❛♥❞ S′ ❛r❡ M3✲s♣❛❝❡s ❛♥❞ ϕ : S → S′ ✐s ❛♥ M3✲♠♦r♣❤✐s♠ t❤❡♥ F(ϕ) : F(S′) →
F(S) ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t F(ϕ) ✐s ✇❡❧❧✲❞❡✜♥❡❞✳

❈❧❛✐♠ ✶✳ F(ϕ)(I ′) ∈ F(S) ❢♦r ❡❛❝❤ I ′ ∈ F(S)✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



✶✷ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ♣✉t I = F(ϕ)(I ′) = ϕ−1(I ′)✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t
I ∈ F(S)✳ ❋✐rst✱ ✇❡ ♣r♦✈❡ t❤❛t I ✐s ❛ ❧♦✇❡r ❝♦♥❡ ✐♥ S✳ ▲❡t b ≤ a ∈ I ✐♥ S✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡
♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ ϕ(a) ∈ I ′ ❛♥❞ ϕ(b) ∈ S′✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡ ❛♣♣❧② ✭♠✷✮ ❛♥❞ ♦❜t❛✐♥ t❤❛t ϕ(b) ≤ ϕ(a) ∈ I ′

✇❤❡♥❝❡ ϕ(b) ∈ I ′ ❛s I ′ ✐s ❛ ❧♦✇❡r ❝♦♥❡✳ ❚❤❡r❡❢♦r❡✱ b ∈ I✳

❈❛s❡ ✷ ✿ ϕ(a) ∈ I ′ ❛♥❞ ϕ(b) /∈ S′✳ ■♥ t❤✐s ❝❛s❡✱ b ∈ Y (S) ❛♥❞ [b]R = {b, c, d} ⊆ Y (S)✳ ❲❡ ❤❛✈❡
❜② ✭♠✹✲❝✮ t❤❛t ϕ(c), ϕ(d) ∈ X(S′) ❛♥❞ ϕ(b) =

{

ϕ(c), ϕ(d)
}

≪ ϕ(a) ∈ I ′✳ ❙✐♥❝❡ I ′ ✐s ❛ ❧♦✇❡r ❝♦♥❡✱

ϕ(b) =
{

ϕ(c), ϕ(d)
}

⊆ I ′ ❛♥❞ b ∈ ϕ−1(I ′) = I✳

❈❛s❡ ✸ ✿ ϕ(a) ⊆ I ′ ❛♥❞ ϕ(b) ∈ S′✳ ❲❡ ❤❛✈❡ ❜② ✭♠✹✲❝✮ t❤❛t a ∈ Y (S)✱ [a]R = {a, c, d} ❢♦r s♦♠❡
c, d ∈ S ❛♥❞ ϕ(a) =

{

ϕ(c), ϕ(d)
}

⊆ X(S′)✳ ❚✇♦ s✉❜❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✸✳✶ ✿ [b]R = {b}✳ ❆s b ≤ a✱ ✇❡ ❤❛✈❡ ❜② ✭s✸✲❝✮ t❤❛t b ≪ {c, d}✳ ❚❤✉s✱ ϕ(b) ≪
{

ϕ(c), ϕ(d)
}

⊆

I ′✳ ❙✐♥❝❡ I ′ ✐s ❛ ❧♦✇❡r ❝♦♥❡✱ ϕ(b) ∈ I ′ ❛♥❞ b ∈ I✳

❈❛s❡ ✸✳✷ ✿ [b]R = {b, e, f} ⊆ Y (S)✳ ❆s b ≤ a✱ ✇❡ ❤❛✈❡ ❜② ✭s✸✲❞✮ t❤❛t ❡✐t❤❡r b ≪ {c, d} ♦r
{e, f} ≪ {c, d}✳ ■♥ t❤❡ ✜rst ❝❛s❡✱ ✇❡ ❛r❣✉❡ ❛s ✐♥ ❈❛s❡ ✸✳✶ ❛❜♦✈❡ ❛♥❞ ♦❜t❛✐♥ t❤❛t b ∈ I✳ ❙✉♣♣♦s❡
t❤❡r❡❢♦r❡ t❤❛t {e, f} ≪ {c, d}✳ ❆❣❛✐♥✱ t✇♦ s✉❜❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✸✳✷✳✶ ✿ ϕ(b) ∈ X(S′)✳ ❖♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❤♦❧❞s ❜② ✭♠✹✲❛✮✳

✕ ϕ(e) =
{

ϕ(b), ϕ(f)
}

⊆ X(S′)✳ ❆s e ≪ {c, d}✱ ✇❡ ❤❛✈❡ ❜② ✭♠✹✲❝✮ t❤❛t ϕ(e) =
{

ϕ(b), ϕ(f)
}

≪
{

ϕ(c), ϕ(d)
}

= ϕ(a) ⊆ I ′✳ ❚❤❡r❡❢♦r❡✱ ϕ(b) ∈ I ′ ❛♥❞ b ∈ I✳

✕ ϕ(f) =
{

ϕ(b), ϕ(e)
}

⊆ X(S′)✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

✕ ϕ(e) ≤ ϕ(b) = ϕ(f) ≪
{

ϕ(c), ϕ(d)
}

= ϕ(a) ⊆ I ′✳ ❆s I ′ ✐s ❛ ❧♦✇❡r ❝♦♥❡✱ ✇❡ ❤❛✈❡ t❤❛t ϕ(b) ∈ I ′

❛♥❞ b ∈ I✳

✕ ϕ(f) ≤ ϕ(b) = ϕ(e) ≪
{

ϕ(c), ϕ(d)
}

= ϕ(a) ⊆ I ′✳ ❚❤✐s ❝❛s❡ ✐s s②♠♠❡tr✐❝ t♦ t❤❡ ♣r❡✈✐♦✉s ♦♥❡✳

✕ ϕ(b) ≤ ϕ(e) = ϕ(f) ≪
{

ϕ(c), ϕ(d)
}

= ϕ(a) ⊆ I ′✳ ❚❤❡ ❛r❣✉♠❡♥t ✐s s✐♠✐❧❛r t♦ t❤❡ ♦♥❡ ❛❜♦✈❡✳

❈❛s❡ ✸✳✷✳✷ ✿ ϕ(b) ∈ Y (S′)✳ ❲❡ ❛♣♣❧② ✭♠✹✲❜✮ ✐♥ t❤✐s ❝❛s❡ ❛♥❞ ♦❜t❛✐♥ t❤❛t [ϕ(b)]R =
{

ϕ(b), ϕ(e), ϕ(f)
}

⊆ Y (S′)✳ ❙✐♥❝❡
{

ϕ(e), ϕ(f)
}

≪
{

ϕ(c), ϕ(d)
}

= ϕ(a) ⊆ I ′ ❜② ✭♠✷✮✱ ϕ(e), ϕ(f) ∈

I ′ ❛♥❞ ϕ(b) ∈ I ′ ❛s I ′ ✐s ❛♥ ✐❞❡❛❧✳ ❚❤✉s✱ b ∈ I✳

❈❛s❡ ✹ ✿ ϕ(a) ⊆ I ′ ❛♥❞ ϕ(b) /∈ S′✳ ❚❤✐s ♠❡❛♥s t❤❛t b ∈ Y (S) ❛♥❞ [b]R = {b, e, f} ⊆ Y (S) ✐♥ S✱
❛♥❞ ϕ(b) =

{

ϕ(e), ϕ(f)
}

⊆ X(S′) ❜② ✭♠✹✲❝✮✳ ▼♦r❡♦✈❡r✱ ϕ(b) =
{

ϕ(e), ϕ(f)
}

≪ ϕ(a) ⊆ I ′ ❜② ✭♠✹✲❝✮

❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥❡q✉❛❧✐t② b ≤ a✳ ❙✐♥❝❡ I ′ ✐s ❛ ❧♦✇❡r ❝♦♥❡✱ ϕ(b) ⊆ I ′ ❛♥❞ b ∈ I✳

❚❤❡ ♣r♦♦❢ t❤❛t t❤❡ s❡❝♦♥❞ ❝♦♥❞✐t✐♦♥ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ✐❞❡❛❧ ✐♥ M3✲s♣❛❝❡ ✐s ❛❧s♦ s❛t✐s✜❡❞ ✐s
str❛✐❣❤t❢♦r✇❛r❞✳

❈❧❛✐♠ ✷✳ F(ϕ) ✐s ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ■t ✐s ❝❧❡❛r t❤❛t F(ϕ)(∅) = ϕ−1(∅) = ∅ ❛♥❞ F(ϕ)(S′) = ϕ−1(S′) = S✳ ■t r❡♠❛✐♥s t♦
♣r♦✈❡ t❤❛t F(ϕ) ♣r❡s❡r✈❡s ❛r❜✐tr❛r② ♠❡❡ts ❛♥❞ ❥♦✐♥s✳ ❚♦ t❤✐s ❡♥❞✱ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ♥♦♥❡♠♣t②
❢❛♠✐❧② {Ik | k ∈ K} ⊆ F(S′) ♦❢ ✐❞❡❛❧s ✐♥ S′✳ ❚❤❡♥ ✇❡ ❤❛✈❡

F(ϕ)
(

⋂

k∈K

Ik
)

= ϕ−1
(

⋂

k∈K

Ik
)

=
⋂

k∈K

ϕ−1(Ik) =
⋂

k∈K

F(ϕ)(Ik)

✇❤❡♥❝❡ F(ϕ) ♣r❡s❡r✈❡s ❛r❜✐tr❛r② ♠❡❡ts ✇❤❡♥❝❡ ♣r❡s❡r✈❡s t❤❡ ♦r❞❡r✐♥❣✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t
∨

k∈K F(ϕ)(Ik) ⊆ F(ϕ)
(
∨

k∈K Ik
)

✳ ■♥ ♦r❞❡r t♦ ❡st❛❜❧✐s❤ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥✱ ✇❡ ❝♦♥s✐❞❡r ❛♥

❛r❜✐tr❛r② ❡❧❡♠❡♥t a ∈ F(ϕ)
(
∨

k∈K Ik
)

= ϕ−1
(
∨

k∈K Ik
)

✳ ❚❤r❡❡ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ a ∈ X(S)✳ ❚❤✐s ♠❡❛♥s ✐♥ ✈✐❡✇ ♦❢ ✭♠✸✮ ❛♥❞ ▲❡♠♠❛ ✺✭✐✐✮ t❤❛t ϕ(a) ∈ X(S′) ❛♥❞
ϕ(a) ∈

⋃

k∈K Ik✳ ❚❤✉s✱ ϕ(a) ∈ Ij ❢♦r s♦♠❡ j ∈ K ❛♥❞ a ∈ ϕ−1(Ij) = F(ϕ)(Ij) ⊆
∨

k∈K F(ϕ)(Ik)✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✶✸

❈❛s❡ ✷ ✿ a ∈ Y (S) ❛♥❞ ϕ(a) ∈ S′✳ ■♥ t❤✐s ❝❛s❡✱ [a]R = {a, b, c} ⊆ Y (S) ✐♥ S✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

❛♣♣❧②✐♥❣ ✭♠✹✲❜✮ t❤❛t [ϕ(a)]R =
{

ϕ(a), ϕ(b), ϕ(c)
}

⊆ Y (S′) ❛♥❞ ϕ(a) ∈
∨

k∈K Ik✳ ■❢ ϕ(a) ∈
⋃

k∈K Ik
t❤❡♥✱ ❛r❣✉✐♥❣ ❛s ✐♥ ❈❛s❡ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t a ∈

∨

k∈K F(ϕ)(Ik)✳ ❖t❤❡r✇✐s❡✱ ϕ(b), ϕ(c) ∈
⋃

k∈K Ik ❜②

▲❡♠♠❛ ✺✭✐✐✮ ✇❤❡♥❝❡ b, c ∈
⋃

k∈K ϕ−1(Ik) =
⋃

k∈K F(ϕ)(Ik)✳ ❙✐♥❝❡
∨

k∈K F(ϕ)(Ik) ✐s ❛♥ ✐❞❡❛❧ ❛♥❞

❝♦♥t❛✐♥s ❡❧❡♠❡♥ts b ❛♥❞ c✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t a ∈
∨

k∈K F(ϕ)(Ik)✳

❈❛s❡ ✸ ✿ a ∈ Y (S) ❛♥❞ ϕ(a) /∈ S′✳ ■♥ t❤✐s ❝❛s❡✱ [a]R = {a, b, c} ⊆ Y (S) ✐♥ S✳ ❚❤✉s✱ ✇❡ ♦❜t❛✐♥

❜② ✭♠✹✲❝✮ t❤❛t ϕ(a) =
{

ϕ(b), ϕ(c)
}

⊆ X(S′) ❛♥❞
{

ϕ(b), ϕ(c)
}

= ϕ(a) ⊆
⋃

k∈K Ik ❜② ▲❡♠♠❛ ✺✭✐✐✮✳

❍❡♥❝❡✱ b, c ∈ ϕ−1
(
⋃

k∈K Ik
)

=
⋃

k∈K ϕ−1(Ik) =
⋃

k∈K F(ϕ)(Ik)✳ ❙✐♥❝❡
∨

k∈K F(ϕ)(Ik) ✐s ❛♥ ✐❞❡❛❧ ❛♥❞

✐t ❝♦♥t❛✐♥s b ❛♥❞ c✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t a ∈
∨

k∈K F(ϕ)(Ik)✳

■♥ ❛♥② ❝❛s❡✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❝❧✉s✐♦♥
∨

k∈K F(ϕ)(Ik) ⊆ F(ϕ)
(
∨

k∈K Ik
)

✇❤✐❝❤ ♣r♦✈❡s t❤❡ r❡✈❡rs❡
✐♥❡q✉❛❧✐t②✳

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻ ✐s ♥♦✇ ❝♦♠♣❧❡t❡✳

❆s ✐♥ ❬✷❪✱ ✇❡ ♦❜t❛✐♥ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✻ t❤❡ ❢♦❧❧♦✇✐♥❣

❈♦r♦❧❧❛r② ✸✳ F : M3 → B3 ✐s ❛ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r✳

✼✳ ✉♣♣❡r❆ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r ❢r♦♠ B3 t♦ M3

✼✳✶✳ ❋✉♥❝t♦r G ♦♥ ♦❜❥❡❝ts

❋♦r ❛ ❧❛tt✐❝❡ L ∈ B3✱ ❧❡t

G(L) = 〈G(L),≤, R〉,

✇❤❡r❡ G(L) = CJ(L)✱ ≤ ✐s t❤❡ ♣❛rt✐❛❧ ♦r❞❡r ♦♥ G(L) ✐♥❤❡r✐t❡❞ ❢r♦♠ L ❛♥❞ R ✐s ❛♥ ❡q✉✐✈❛❧❡♥❝❡
r❡❧❛t✐♦♥ ♦♥ G(L) s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ a ∈ G(L)✱ ✇❡ ❤❛✈❡

[a]R = {a}, ✐❢ a ∈ CJP (L);

[a]R = {a, b, c}, ✐❢ a ∈ CJNP (L) ❛♥❞ a ≤ b ∨ c ✐s ❛ ✭✉♥✐q✉❡✮ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ♦❢ a ✐♥ L.

▲❡♠♠❛ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✹ ✐♠♣❧② t❤❛t t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ❛❜♦✈❡ ✐s ❝♦rr❡❝t✳ ▼♦r❡♦✈❡r✱ X
(

G(L)
)

=

CJP (L) ❛♥❞ Y
(

G(L)
)

= CJNP (L)✳

❘❡♠❛r❦ ✶✳ ■t ♠❛② ❤❛♣♣❡♥ t❤❛t G(L) = ∅ ✭t❤✐s ❤❛♣♣❡♥s ✇❤❡♥ L ✐s ❛ tr✐✈✐❛❧ ❧❛tt✐❝❡✮✳ ❲❡ ❞♦ r❡❣❛r❞
t❤❡ ❡♠♣t② s❡t ❛s ❛♥ M3✲♦❜❥❡❝t✱ s❡❡ ❉❡✜♥✐t✐♦♥ ✶✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ■❢ L ∈ B3 t❤❡♥ G(L) ∈ M3✳

Pr♦♦❢✳ ❲❡ r❡❢❡r t♦ ♣r♦♣❡rt✐❡s ✭s✶✮✕✭s✷✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✳ ❚❤❡ ♣r♦♣❡rt② ✭s✶✮ ❤♦❧❞s tr✐✈✐❛❧❧②✳ ❚❤❡
♣r♦♣❡rt✐❡s ✭s✷✮✲✭❛✮ ❛♥❞ ✭s✷✮✲✭❜✮ ❤♦❧❞ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ R ♦♥ G(L) ❛❜♦✈❡✳ ■❢ [a]R = {a, b, c} ❛♥❞
[d]R = {d} ✐♥ G(L) t❤❡♥ a ≤ b ∨ c ✐s ❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ❛♥❞ d ✐s ❛ ❥♦✐♥✲♣r✐♠❡ ❡❧❡♠❡♥t✳ ❚❤✉s✱ ✐❢
d ≤ a t❤❡♥ d ≤ b ∨ c ❛♥❞ d ≪ {b, c} ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❥♦✐♥✲♣r✐♠❛❧✐t② ♦❢ d✳ ❍❡♥❝❡✱ ✭s✷✮✲✭❝✮ ❤♦❧❞s✳

■❢ [a]R = {a, b, c} ❛♥❞ [d]R = {d, e, f} ✐♥ G(L) t❤❡♥ a ≤ b ∨ c ❛♥❞ d ≤ e ∨ f ❛r❡ ♠✐♥✐♠❛❧ ❥♦✐♥
❝♦✈❡rs✳ ❚❤✉s✱ ✐❢ d ≤ a t❤❡♥ d ≤ b ∨ c✳ ❚❤❡ ❧❛st ❥♦✐♥ ❝♦✈❡r ✐s ❡✐t❤❡r tr✐✈✐❛❧ ♦r ♥♦♥tr✐✈✐❛❧✳ ■♥ t❤❡ ✜rst
❝❛s❡✱ d ≪ {b, c}✳ ❇② ❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✽✳✺❪✱ L ✐s ❛ J✲❧❛tt✐❝❡ ❢♦r J = CJ(L)✳ ❚❤❡r❡❢♦r❡✱ {e, f} ≪ {b, c}
✐♥ t❤❡ s❡❝♦♥❞ ❝❛s❡ ❜② ▲❡♠♠❛ ✷✳ ❍❡♥❝❡✱ ✭s✷✮✲✭❞✮ ❤♦❧❞s✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



✶✹ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

✼✳✷✳ ❋✉♥❝t♦r G ♦♥ ♠♦r♣❤✐s♠s

❋♦❧❧♦✇✐♥❣ ❬✷❪✱ ❢♦r ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s L,M ❛♥❞ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠ g : M → L✱
❝♦♥s✐❞❡r t❤❡ ♠❛♣✿

βg : L → M, βg : a 7→
∧

{b ∈ M | a ≤ g(b)}.

▲❡♠♠❛ ✼✳ ❬✷✱ ▲❡♠♠❛ ✹✳✷❪ ▲❡t L,M ❜❡ ❜✐✲❛❧❣❡❜r❛✐❝ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡s ❛♥❞ ❧❡t g : M → L ❜❡ ❛
❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠✳

✭✐✮ a ≤ gβg(a) ❢♦r ❛❧❧ a ∈ L ❛♥❞ βgg(b) ≤ b ❢♦r ❛❧❧ b ∈ M ✳

✭✐✐✮ gβgg(b) = g(b) ❢♦r ❛❧❧ b ∈ M ✳

✭✐✐✐✮ βggβg(a) = βg(a) ❢♦r ❛❧❧ a ∈ L✳

✭✐✈✮ βg
(
∨

i∈I ai
)

=
∨

i∈I βg(ai) ❢♦r ❛❧❧ ai ∈ L✱ i ∈ I✳

✭✈✮ ■❢ x ∈ CJP (L) t❤❡♥ βg(x) ∈ CJP (M)✳

✭✈✐✮ ❋♦r ❡❛❝❤ b ∈ L ✇✐t❤ βg(b) ∈ CJ(M)✱ t❤❡r❡ ✐s y ∈ CJ(L) ✇✐t❤ βg(b) = βg(y)✳ ▼♦r❡♦✈❡r✱
y ∈ CJNP (L) ✇❤❡♥❡✈❡r βg(b) ∈ CJNP (M)✳

✭✈✐✐✮ ■❢ g ✐s ♦♥❡✲t♦✲♦♥❡ t❤❡♥✱ ❢♦r ❡❛❝❤ b ∈ CJ(M)✱ t❤❡r❡ ✐s a ∈ CJ(L) s✉❝❤ t❤❛t βg(a) = b✳

✭✈✐✐✐✮ ■❢ g ✐s ♦♥t♦ t❤❡♥ t❤❡ ♠❛♣♣✐♥❣ βg : CJ(L) → CJ(M) ✐s ♦♥❡✲t♦✲♦♥❡✳

❚❤❡ ♥❡①t t✇♦ st❛t❡♠❡♥ts ❢♦❧❧♦✇ ❢r♦♠ ▲❡♠♠❛ ✷ ❛♥❞ ❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷❪✳

▲❡♠♠❛ ✽✳ ▲❡t L,M ∈ SP(M3) ❜❡ ❝♦♠♣❧❡t❡ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡s ❛♥❞ ❧❡t g : M → L ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧❛t✲
t✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠✳ ■❢ a ∈ CJNP (L) ✐s s✉❝❤ t❤❛t βg(a) ∈ CJ(M)✱ t❤❡♥

{

βg(b), βg(c)
}

∈ MM

(

βg(b)
)

✇❤❡r❡ {b, c} ∈ ML(a)✳ ■♥ ♣❛rt✐❝✉❧❛r✱
{

βg(a), βg(b), βg(c)
}

⊆ CJNP (M)✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✷ ❛♥❞ ❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✭✐✐✐✮❪✱
{

βg(b), βg(c)
}

∈ MM

(

βg(b)
)

❀ ♠♦r❡♦✈❡r✱ t❤✐s

♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ✐s ✉♥✐q✉❡ ❜② ▲❡♠♠❛ ✷✳ Pr♦♣♦s✐t✐♦♥ ✹ ✐♠♣❧✐❡s t❤❛t
{

βg(a), βg(b), βg(c)
}

⊆
CJNP (M)✳

▲❡♠♠❛ ✾✳ ▲❡t L,M ∈ SP(M3) ❜❡ ❝♦♠♣❧❡t❡ ❜✐✲❛❧❣❡❜r❛✐❝ ❧❛tt✐❝❡s ❛♥❞ ❧❡t g : M → L ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧❛t✲
t✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠✳ ■❢ a ∈ CJ(L) ✐s s✉❝❤ t❤❛t βg(a) /∈ CJ(M)✱ t❤❡♥ a ∈ CJNP (L)✱ {βg(b), βg(c)} ⊆
CJP (M) ✐s ❛♥ ❛♥t✐❝❤❛✐♥✱ ❛♥❞ βg(a) = βg(b) ∨ βg(c)✱ ✇❤❡r❡ {b, c} ∈ ML(a)✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ {a, c} ∈ ML(b) ❛♥❞ {a, b} ∈ ML(c) ❜② Pr♦♣♦s✐t✐♦♥ ✹✳ ❙✐♥❝❡ βg(a) /∈ CJ(M)✱
✇❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✷ ❛♥❞ ❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✶✵✳✷✭✐✐✐✮❪ t❤❛t βg(a) = βg(b) ∨ βg(c)❀ ♠♦r❡✲
♦✈❡r✱ {βg(b), βg(c)} ⊆ CJ(M)✳ ❚❤✐s s❡t ✐s ❛♥ ❛♥t✐❝❤❛✐♥❀ ❢♦r ♦t❤❡r✇✐s❡ ✇❡ ✇♦✉❧❞ ❤❛✈❡ βg(a) ∈
{βg(b), βg(c)} ⊆ CJ(M) ✇❤✐❝❤ ✇♦✉❧❞ ❝♦♥tr❛❞✐❝t ♦✉r ❛ss✉♠♣t✐♦♥ ❛❜♦✉t βg(a)✳ ■❢ βg(b) ∈ CJNP (M)
t❤❡♥ ✇❡ ❛♣♣❧② ▲❡♠♠❛ ✽ t♦ t❤✐s ❡❧❡♠❡♥t ❛♥❞ ♦❜t❛✐♥ t❤❛t

βg(a) ∈
{

βg(a), βg(b), βg(c)
}

⊆ CJ(M)

✇❤✐❝❤ ✐s ♥♦t t❤❡ ❝❛s❡ ❜② ♦✉r ❛ss✉♠♣t✐♦♥ ❛❜♦✉t βg(a)✳ ❚❤✉s✱ βg(b) ∈ CJP (M)✳

❆s ✐♥ ❬✷❪✱ ❢♦r L,M ∈ B3 ❛♥❞ ❢♦r ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠ g : M → L✱ ✇❡ ❞❡✜♥❡ ❛ ♠❛♣
G(g) : G(L) → G(M) ❛s ❢♦❧❧♦✇s✳ ❋♦r a ∈ CJ(L)✱ ✇❡ ♣✉t

G(g)(a) =

{

βg(a), ✐❢ βg(a) ∈ CJ(M);

{βg(b), βg(c)}, ✐❢ βg(a) /∈ CJ(M) ❛♥❞ [a]R = {a, b, c}.

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✶✺

Pr♦♣♦s✐t✐♦♥ ✽✳ ▲❡t L,M ∈ B3 ❛♥❞ ❧❡t g : M → L ❜❡ ❛ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠✳ ❚❤❡♥
G(g) : G(L) → G(M) ✐s ❛♥ M3✲♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❲❡ r❡❢❡r t♦ ❉❡✜♥✐t✐♦♥ ✶✳ Pr♦♣❡rt② ✭♠✶✮ ❢♦❧❧♦✇s str❛✐❣❤t ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G(g) ❛♥❞
▲❡♠♠❛ ✾✳ Pr♦♣❡rt② ✭♠✷✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✼✭✐✈✮✱ ✇❤✐❧❡ ✭♠✸✮ ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✼✭✈✮✳ ❲❡
❡st❛❜❧✐s❤ t❤❛t ✭♠✹✮ ❛❧s♦ ❤♦❧❞s✳ ■♥❞❡❡❞✱ ❧❡t a ∈ CJNP (L) = Y

(

G(L)
)

❜❡ s✉❝❤ t❤❛t [a]R = {a, b, c}
✐♥ G(L)✳ ❚❤✐s ♠❡❛♥s ❜② ♦✉r ❞❡✜♥✐t✐♦♥ t❤❛t a ≤ b ∨ c ✐s ❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ✐♥ L✳ Pr♦♣♦s✐t✐♦♥ ✹
✐♠♣❧✐❡s t❤❛t b ≤ a ∨ c ❛♥❞ c ≤ a ∨ b ❛r❡ ❛❧s♦ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡rs ✐♥ L✳

❈❧❛✐♠ ✶✳ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r G(g)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ❙✉♣♣♦s❡ t❤❛t G(g)(a) ∈ X
(

G(M)
)

= CJP (M)✳ ❋♦r t❤❡ ❡❧❡♠❡♥ts G(g)(b) ❛♥❞
G(g)(c)✱ t❤r❡❡ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ G(g)(b),G(g)(c) ∈ G(M)✳ ■♥ t❤✐s ❝❛s❡✱ G(g)(b) = βg(b) ∈ CJ(M) ❛♥❞ G(g)(b) = βg(c) ∈
CJ(M)✳ ■❢ G(g)(b) ∈ CJNP (M) ♦r G(g)(c) ∈ CJNP (M) t❤❡♥ ✇❡ ❛♣♣❧② ▲❡♠♠❛ ✽ t♦ b ♦r t♦ c
r❡s♣❡❝t✐✈❡❧② ❛♥❞ ♦❜t❛✐♥ t❤❛t

{

βg(a), βg(b), βg(c)
}

⊆ CJNP (M) ✇❤✐❝❤ ❝♦♥tr❛❞✐❝ts ♦✉r ❛ss✉♠♣t✐♦♥
❛❜♦✉t t❤❡ ❡❧❡♠❡♥t a✳ ❚❤✉s✱

{

βg(a), βg(b), βg(c)
}

⊆ CJP (M).

❙✐♥❝❡ a ≤ b ∨ c✱ b ≤ a ∨ c✱ ❛♥❞ c ≤ a ∨ b ✐♥ L✱ ✇❡ ❝♦♥❝❧✉❞❡ ❜② ▲❡♠♠❛ ✼✭✐✈✮ t❤❛t

βg(a) ≤ βg(b) ∨ βg(c), βg(b) ≤ βg(a) ∨ βg(c), βg(c) ≤ βg(a) ∨ βg(b).

❆s ❡❛❝❤ ❡❧❡♠❡♥t ❢r♦♠ t❤❡ s❡t
{

βg(a), βg(b), βg(c)
}

✐s ❥♦✐♥✲♣r✐♠❡✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

βg(a) ≪
{

βg(b), βg(c)
}

, βg(b) ≪
{

βg(a), βg(c)
}

, βg(c) ≪
{

βg(a), βg(b)
}

.

❚❤✐s ✐♠♣❧✐❡s t❤❛t ♦♥❡ ♦❢ t❤❡ ❧❛st t❤r❡❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r G(g)✳

❈❛s❡ ✷ ✿ G(g)(b) /∈ G(M)✳ ■♥ t❤✐s ❝❛s❡✱

G(g)(b) =
{

βg(a), βg(c)
}

=
{

G(g)(a),G(g)(c)
}

⊆ CJP (M)

❜② ▲❡♠♠❛ ✾✳ ❍❡♥❝❡✱ t❤❡ ✜rst ❝♦♥❝❧✉s✐♦♥ ♦❢ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r G(g)✳

❈❛s❡ ✸ ✿ G(g)(c) /∈ G(M)✳ ■♥ t❤✐s ❝❛s❡✱

G(g)(c) =
{

βg(a), βg(b)
}

=
{

G(g)(a),G(g)(b)
}

⊆ CJP (M)

❜② ▲❡♠♠❛ ✾✳ ❍❡♥❝❡✱ t❤❡ s❡❝♦♥❞ ❝♦♥❝❧✉s✐♦♥ ♦❢ ✭♠✹✲❛✮ ❤♦❧❞s ❢♦r G(g)✳

Pr♦♣❡rt② ✭♠✹✲❜✮ ❢♦r G(g) ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✽✳

❈❧❛✐♠ ✷✳ ✭♠✹✲❝✮ ❤♦❧❞s ❢♦r G(g)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ■❢ G(g)(a) /∈ G(M)✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ✾ t❤❛t G(g)(a) =
{

βg(b), βg(c)
}

=
{

G(g)(b),G(g)(c)
}

⊆ X
(

G(M)
)

❀ ♠♦r❡♦✈❡r✱ βg(a) = G(g)(b) ∨ G(g)(c)✳ ▲❡t u ∈ G(L) ❜❡ s✉❝❤ t❤❛t
a ≤ u ✐♥ L✳ ❚✇♦ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ G(g)(u) ∈ G(M)✳ ■♥ t❤✐s ❝❛s❡✱ G(g)(u) = βg(u)✳ ❇② ▲❡♠♠❛ ✼✭✐✈✮✱ ✇❡ ❤❛✈❡

G(g)(u) = βg(u) ≥ βg(a) = G(g)(b) ∨ G(g)(c).

❍❡♥❝❡✱ G(g)(a) =
{

G(g)(b),G(g)(c)
}

≪ G(g)(u) ✇❤✐❝❤ ✐s ♦✉r ❞❡s✐r❡❞ ❝♦♥❝❧✉s✐♦♥✳

❈❛s❡ ✷ ✿ G(g)(u) /∈ G(M)✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡r❡ ❛r❡ v, w ∈ CJ(L) s✉❝❤ t❤❛t u ≤ v ∨ w ✐s
❛ ♠✐♥✐♠❛❧ ❥♦✐♥ ❝♦✈❡r ✐♥ L✳ ❚❤✉s✱ [u]R = {u, v, w} ✐♥ G(L)✱ G(g)(u) =

{

G(g)(v),G(g)(w)
}

✱ ❛♥❞
βg(u) = G(g)(v) ∨ G(g)(w) ❜② ▲❡♠♠❛ ✾✳ ❋✉rt❤❡r♠♦r❡✱ ▲❡♠♠❛ ✼✭✐✈✮ ✐♠♣❧✐❡s t❤❛t

G(g)(b),G(g)(c) ≤ G(g)(b) ∨ G(g)(c) = βg(a) ≤ βg(u) = G(g)(v) ∨ G(g)(w).

❙✐♥❝❡ G(g)(b) ❛♥❞ G(g)(c) ❛r❡ ❥♦✐♥✲♣r✐♠❡ ❡❧❡♠❡♥ts✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t G(g)(a) =
{

βg(b), βg(c)
}

≪
{

βg(v), βg(w)
}

= G(g)(u) ❛s ❞❡s✐r❡❞✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



✶✻ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽ ✐s ❝♦♠♣❧❡t❡✳

Pr♦♣♦s✐t✐♦♥ ✾✳ G : B3 → M3 ✐s ❛ ❝♦♥tr❛✈❛r✐❛♥t ❢✉♥❝t♦r✳

Pr♦♦❢✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥s ✼ ❛♥❞ ✽ t❤❛t G ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ▲❡t L0, L1, L2 ∈ B3 ❛♥❞ ❧❡t
g0 : L0 → L1✱ g1 : L1 → L2 ❜❡ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠s✳ ❋♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✱ ✇❡ ♣✉t
g = g1g0❀ t❤❡♥ βg = βg0βg1 ❜② t❤❡ ♣r♦♦❢ ♦❢ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✹✳✻❪✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽ t❤❛t
G(g0) ❛♥❞ G(g1) ❛r❡ M3✲♠♦r♣❤✐s♠s✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t G(g)(z) = G(g0 ◦ g1)(z) = G(g0)G(g1)(z)
❢♦r ❛❧❧ z ∈ G(L2)✳ ❲❡ ♣✉t ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②✿

X0 = CJP (L0), Y0 = CJNP (L0);

X1 = CJP (L1), Y1 = CJNP (L1);

X2 = CJP (L2), Y2 = CJNP (L2).

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳
❈❛s❡ ✶ ✿ G(g1)(z) ∈ G(L1) ❛♥❞ G(g0)G(g1)(z) ∈ G(L0)✳ ■♥ t❤✐s ❝❛s❡✱

G(g0)G(g1)(z) = G(g0)βg1(z) = βg0βg1(z) = βg(z) = G(g)(z).

❈❛s❡ ✷ ✿ G(g1)(z) ∈ G(L1) ❛♥❞ G(g0)G(g1)(z) /∈ G(L0)✳ ■♥ t❤✐s ❝❛s❡✱ G(g1)(z) ∈ Y1 ❜② ✭♠✸✮
❛♣♣❧✐❡❞ t♦ G(g0) ❛♥❞ z ∈ Y2 ❜② ✭♠✸✮ ❛♣♣❧✐❡❞ t♦ G(g1)✳ ❚❤✉s✱ [z]R = {z, a, b} ❢♦r s♦♠❡ a, b ∈ Y2 ❛♥❞

[G(g1)(z)]R =
{

G(g1)(z),G(g1)(a),G(g1)(b)
}

=
{

βg1(z), βg1(a), βg1(b)
}

❜② ❝♦♥❞✐t✐♦♥ ✭♠✹✲❜✮ ❛♣♣❧✐❡❞ t♦ G(g1)✳ ❍❡♥❝❡✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ♦✉r ❛ss✉♠♣t✐♦♥ ❛♥❞ ❛♣♣❧②✐♥❣
✭♠✹✲❝✮ t♦ G(g0)✱ ✇❡ ♦❜t❛✐♥ t❤❛t

G(g0)G(g1)(z) = {βg0βg1(a), βg0βg1(b)} = {βg(a), βg(b)} ⊆ X0

✐s ❛♥ ❛♥t✐❝❤❛✐♥✳ ❇② ✭♠✹✲❛✮ ❛♥❞ ✭♠✹✲❜✮ ❛♣♣❧✐❡❞ t♦ G(g0)✱ βg(z) /∈ S0✳ ❍❡♥❝❡✱ βg(z) = βg(a) ∨ βg(b)
✐s ❛♥ ✐rr❡❞✉♥❞❛♥t ❥♦✐♥ ❜② ▲❡♠♠❛ ✾✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t G(g)(z) /∈ S0 ❛♥❞ t❤✉s✱

G(g0)G(g1)(z) = {βg(a), βg(b)} = G(g)(z).

❈❛s❡ ✸ ✿ G(g1)(z) /∈ G(L1) ❛♥❞ G(g0)G(g1)(z) /∈ G(L0)✳ ■♥ t❤✐s ❝❛s❡✱ z ∈ Y2 ❜② ✭♠✸✮
❛♣♣❧✐❡❞ t♦ G(g1)✳ ❚❤✉s✱ [z]R = {z, a, b} ❢♦r s♦♠❡ a, b ∈ Y2 ❛♥❞ G(g1)(z) = {βg1(a), βg1(b)} =
{

G(g1)(a),G(g1)(b)
}

⊆ X1 ✐s ❛♥ ❛♥t✐❝❤❛✐♥✳ ❚❤❡r❡❢♦r❡✱

G(g0)G(g1)(z) =
{

G(g0)G(g1)(a),G(g0)G(g1)(b)
}

=
{

βg0βg1(a), βg0βg1(b)
}

=

=
{

βg(a), βg(b)
}

❛♥❞ {βg(a), βg(b)} ⊆ X0 ✐s ❛♥ ❛♥t✐❝❤❛✐♥ ❜② ✭❝✷✮ ❛♥❞ ✭♠✸✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶ ❛♣♣❧✐❡❞ t♦ G(g0)✳ ❚❤✐s
✐♠♣❧✐❡s t❤❛t βg(z) /∈ S0 ❜② ✭♠✹✲❛✮ ❛♥❞ ✭♠✹✲❜✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶ ✇❤❡♥❝❡

G(g)(z) = {βg(a), βg(b)} = G(g0)G(g1)(z).

❈❛s❡ ✹ ✿ G(g1)(z) /∈ G(L1) ❛♥❞ G(g0)G(g1)(z) ∈ G(L0)✳ ❆s ✐♥ ❈❛s❡ ✸✱ ✇❡ ❤❛✈❡ ✐♥ t❤✐s ❝❛s❡ t❤❛t
[z]R = {z, a, b} ❢♦r s♦♠❡ a, b ∈ Y2 ❛♥❞ G(g1)(z) = {βg1(a), βg1(b)} =

{

G(g1)(a),G(g1)(b)
}

⊆ X1 ✐s ❛♥
❛♥t✐❝❤❛✐♥ ❛♥❞ βg1(z) = βg1(a) ∨ βg1(b) ❜② ▲❡♠♠❛ ✾✳ ❇② ♦✉r ❛ss✉♠♣t✐♦♥ ❛♥❞ ❜② ❝♦♥❞✐t✐♦♥s ✭♠✸✮

❛♥❞ ✭❝✷✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶✱ ✇❡ ♦❜t❛✐♥ t❤❛t
{

G(g0)G(g1)(a),G(g0)G(g1)(b)
}

⊆ X0 ✐s ❛ ❝❤❛✐♥ ❛♥❞

G(g0)G(g1)(z) =max
{

G(g0)G(g1)(a),G(g0)G(g1)(b)
}

= max
{

βg0βg1(a), βg0βg1(b)
}

=

=max
{

βg(a), βg(b)
}

⊆ X0.

❆♣♣❧②✐♥❣ ▲❡♠♠❛ ✼✭✐✈✮ t♦ βg0 ✱ ✇❡ ♦❜t❛✐♥ t❤❛t

βg(z) =βg0βg1(z) = βg0
(

βg1(a) ∨ βg1(b)
)

= βg0βg1(a) ∨ βg0βg1(b) = βg(a) ∨ βg(b) =

=max
{

βg(a), βg(b)
}

= G(g0)G(g1)(z) ∈ X0.

❆s βg(z) ∈ X0✱ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t G(g)(z) = βg(x) = G(g0)G(g1)(z)✳
❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾ ✐s ♥♦✇ ❝♦♠♣❧❡t❡✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✶✼

✽✳ ✉♣♣❡r❚❤❡ ♠❛✐♥ r❡s✉❧t

Pr♦♣♦s✐t✐♦♥ ✶✵✳ ❋✉♥❝t♦rs GF : M3 → M3 ❛♥❞ 1M3
❛r❡ ✐s♦♠♦r♣❤✐❝✳

Pr♦♦❢✳ ■❢ S = 〈S,≤, R〉 ✐s ❛♥ M3✲s♣❛❝❡✱ ✇❡ ❤❛✈❡ ❜② ▲❡♠♠❛ ✻✭✐✐✮ t❤❛t t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ s♣❛❝❡
GF(S) ❛r❡ ❡①❛❝t❧② t❤❡ ✐❞❡❛❧s ↓z ✇✐t❤ z ∈ S✳ ❆s ✐♥ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✶❪✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣
♠❛♣✿

ξS : GF(S) → S, ξS : ↓z 7→ z.

■t ✐s ❝❧❡❛r t❤❛t ξS ✐s ✇❡❧❧✲❞❡✜♥❡❞✳ ❲❡ ♣r♦✈❡ t❤❛t ξ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs GF ❛♥❞ 1M3
✳

❈❧❛✐♠ ✶✳ ξS ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ M3✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ■t ✐s ❝❧❡❛r t❤❛t ξS ✐s ❛ ❜✐❥❡❝t✐♦♥ ✇❤✐❝❤ ♣r❡s❡r✈❡s ≤✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ❝♦♥❞✐t✐♦♥s ✭♠✶✮
❛♥❞ ✭♠✷✮ ✐♥ ❉❡✜♥✐t✐♦♥ ✶ ❛r❡ s❛t✐s✜❡❞✳ ❇② ▲❡♠♠❛ ✻✭✐✈✮✱ ❝♦♥❞✐t✐♦♥ ✭♠✸✮ ✐s s❛t✐s✜❡❞✳ ❈♦♥❞✐t✐♦♥s ✭♠✹✲
❛✮ ❛♥❞ ✭♠✹✲❝✮ tr✐✈✐❛❧❧② ❤♦❧❞✳ ❈♦♥❞✐t✐♦♥ ✭♠✹✲❜✮ ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠ ✷ ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✶✳
❚❤❡r❡❢♦r❡✱ ξS ✐s ❛ ❜✐❥❡❝t✐✈❡ M3✲♠♦r♣❤✐s♠✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t r❡♣❡❛ts t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✺✳✷ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❬✷✱ Pr♦♣♦s✐t✐♦♥
✺✳✶❪ ✇✐t❤ ♠✐♥♦r ❛❞❥✉st♠❡♥ts✳

❈❧❛✐♠ ✷✳ ❋♦r ❛r❜✐tr❛r② M3✲s♣❛❝❡s S = 〈S,≤, R〉 ❛♥❞ T = 〈T,≤, R〉 ❛♥❞ ❛♥ ❛r❜✐tr❛r② M3✲♠♦r♣❤✐s♠
ϕ : S → T✱ t❤❡ ❞✐❛❣r❛♠

GF(S) ✲GF(ϕ)
GF(T)

❄
ξS

❄
ξT

S ✲
ϕ

T

❝♦♠♠✉t❡s✳

❚❤✉s✱ ξ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ ♣r♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✶✵ ✐s ❝♦♠♣❧❡t❡✳

Pr♦♣♦s✐t✐♦♥ ✶✶✳ ❋✉♥❝t♦rs FG : B3 → B3 ❛♥❞ 1B3
❛r❡ ✐s♦♠♦r♣❤✐❝✳

Pr♦♦❢✳ ❈♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❧❛tt✐❝❡ L ∈ B3✳ ❊❧❡♠❡♥ts ♦❢ t❤❡ ❧❛tt✐❝❡ FG(L) ❛r❡ ❡①❛❝t❧② t❤❡ ✐❞❡❛❧s ♦❢
t❤❡ M3✲s♣❛❝❡ G(L)✳ ❆s ✐♥ ❬✷✱ Pr♦♣♦s✐t✐♦♥ ✺✳✸❪✱ ✇❡ ❝♦♥s✐❞❡r t❤❡ ❢♦❧❧♦✇✐♥❣ ♠❛♣✿

ηL : FG(L) → L, ηL : I 7→
∨

I.

❲❡ ♣r♦✈❡ t❤❛t η ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❢✉♥❝t♦rs FG ❛♥❞ 1B3
✳

❈❧❛✐♠ ✶✳ ■❢ u ∈ L t❤❡♥ t❤❡ s❡t ↓u ∩ CJ(L) ✐s ❛♥ ✐❞❡❛❧ ✐♥ G(L)✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ■t ✐s ❝❧❡❛r t❤❛t I = ↓u ∩ CJ(L) ✐s ❛ ❧♦✇❡r ❝♦♥❡✳ ■❢ [a]R = {a, b, c} ✐♥ G(L) ❛♥❞
b, c ∈ I t❤❡♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢✉♥❝t♦r G ✐♥ ❙❡❝t✐♦♥ ✼✱ a ≤ b ∨ c ≤ u ✇❤❡♥❝❡ a ∈ I ❛♥❞ I ✐s ❛♥
✐❞❡❛❧ ✐♥ G(L)✳

❈❧❛✐♠ ✷✳ ■❢ I ✐s ❛♥ ✐❞❡❛❧ ✐♥ G(L) t❤❡♥ ↓ηL(I) ∩ CJ(L) = I✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ■t ✐s ❝❧❡❛r t❤❛t I ⊆ ↓ηL(I)✳ ❙✉♣♣♦s❡ t❤❛t a ∈ ↓ηL(I) ❢♦r s♦♠❡ a ∈ CJ(L)✳ ■❢ a ≤ i
❢♦r s♦♠❡ i ∈ I t❤❡♥ a ∈ I ❛s I ✐s ❛ ❧♦✇❡r ❝♦♥❡✳ ❖t❤❡r✇✐s❡✱ a ≤ ηL(I) =

∨

I ✐s ❛ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳
❇② ❬✶✷✱ Pr♦♣♦s✐t✐♦♥ ✽✳✺❪✱ L ✐s ❛ J✲❧❛tt✐❝❡ ❢♦r J = CJ(L)✳ ❙✐♥❝❡ L ✐s ✉♣♣❡r ❝♦♥t✐♥✉♦✉s✱ t❤❡ ♥♦♥tr✐✈✐❛❧
❥♦✐♥ ❝♦✈❡r a ≤

∨

I ❝❛♥ ❜❡ r❡✜♥❡❞ t♦ ❛ ♠✐♥✐♠❛❧ ♦♥❡✳ ❚❤✐s ✐♠♣❧✐❡s ❜② ▲❡♠♠❛ ✷✭✐✐✮ ❛♥❞ ❈♦r♦❧❧❛r② ✷
t❤❛t {b, c} ≪ I ✇❤❡r❡ [a]R = {a, b, c} ✐♥ G(L)✳ ❚❤❡r❡❢♦r❡✱ b, c ∈ I ✇❤❡♥❝❡ a ∈ I✱ s✐♥❝❡ I ✐s ❛♥ ✐❞❡❛❧✳
❍❡♥❝❡✱ t❤❡ r❡✈❡rs❡ ✐♥❝❧✉s✐♦♥ ↓ηL(I) ∩ CJ(L) ⊆ I ❛❧s♦ ❤♦❧❞s✳

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



✶✽ ■❩❨❯❘❖❱❆ ❊❚ ❆▲✳

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥t r❡♣❡❛ts t❤❡ ♣r♦♦❢ ♦❢ ❬✷✱ ❈❧❛✐♠ ✺✳✺❪

❈❧❛✐♠ ✸✳ ηL ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐♥ B3✳

❈❧❛✐♠ ✹✳ ❋♦r ❛r❜✐tr❛r② ❧❛tt✐❝❡s L,M ∈ B3 ❛♥❞ ❛♥ ❛r❜✐tr❛r② ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠ g : L →
M ✱ t❤❡ ❞✐❛❣r❛♠

FG(L) ✲FG(g)
FG(M)

❄
ηL

❄
ηM

L ✲
g

M

❝♦♠♠✉t❡s✳

Pr♦♦❢ ♦❢ ❈❧❛✐♠✳ ❲❡ ❤❛✈❡ t♦ ❡st❛❜❧✐s❤ t❤❛t ηMFG(g)(I) = gηL(I) ❢♦r ❡❛❝❤ ✐❞❡❛❧ I ✐♥ G(L)✳ ❆s ✐♥ t❤❡
♣r♦♦❢ ♦❢ ❬✷✱ ❈❧❛✐♠ ✺✳✻❪✱ ✇❡ ♣✉t

U =
{

z ∈ CJ(M) | G(g)(z) ∈ I ∩ CJ(L)
}

;

V =
{

z ∈ CJ(M) | G(g)(z) /∈ CJ(L), G(g)(z) ⊆ I
}

.

❙✐♥❝❡

ηMFG(g)(I) =
∨

FG(g)(I) =
∨

G(g)−1(I) =
∨

(U ∪ V );

gηL(I) = g
(

∨

I
)

=
∨

g(I),

✇❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t
∨

(U ∪ V ) =
∨

g(I)✳ ■♥❞❡❡❞✱ ❧❡t z ∈ U ❀ t❤❡♥ βg(z) = G(g)(z) ∈ I ✇❤❡♥❝❡
z ≤ gβg(z) ∈ g(I) ❜② ▲❡♠♠❛ ✼✭✐✮ ❛♥❞ z ≤

∨

g(I)✳ ■❢ z ∈ V t❤❡♥✱ ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ M3✲♠♦r♣❤✐s♠✱
z ∈ CJNP (M)✱ [z]R = {z, u, v} ✐♥ G(M) ❢♦r s♦♠❡ u, v ∈ CJNP (M)✱ G(g)(z) = {βg(u), βg(v)} ⊆ I✱
❛♥❞ βg(z) = βg(u) ∨ βg(v) ❜② ▲❡♠♠❛ ✾✳ ❚❤✉s✱ {gβg(u), gβg(v)} ⊆ g(I) ❛♥❞

z ≤ gβg(z) = gβg(u) ∨ gβg(v) ≤
∨

g(I)

❜② ▲❡♠♠❛ ✼✭✐✮✳ ❚❤✐s ♣r♦✈❡s t❤❛t
∨

(U ∪ V ) ≤
∨

g(I)✳

❈♦♥✈❡rs❡❧②✱ ❝♦♥s✐❞❡r ❛♥ ❛r❜✐tr❛r② ❡❧❡♠❡♥t z ∈ CJ(M) s✉❝❤ t❤❛t z ≤
∨

g(I)✳ ❚✇♦ ❝❛s❡s ❛r❡
♣♦ss✐❜❧❡✳

❈❛s❡ ✶ ✿ z ≤ g(i) ❢♦r s♦♠❡ i ∈ I✳ ❚❤❡♥ βg(z) ≤ i✳ ❚✇♦ s✉❜❝❛s❡s ❛r❡ ♣♦ss✐❜❧❡✳

❈❛s❡ ✶✳✶ ✿ βg(z) ∈ CJ(L)✳ ❚❤✐s ✐♠♣❧✐❡s ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ G(g) t❤❛t G(g)(z) = βg(z) ≤ i ∈ I
✇❤❡♥❝❡ G(g)(z) ∈ I✳ ❚❤❡r❡❢♦r❡✱ z ∈ U ❛♥❞ z ≤

∨

(U ∪ V )✳

❈❛s❡ ✶✳✷ ✿ βg(z) /∈ CJ(L)✳ ■♥ t❤✐s ❝❛s❡✱ z ∈ CJNP (M) ❜② ▲❡♠♠❛ ✼✭✈✮✱ [z]R = {z, u, v} ✐♥ G(M)
❢♦r s♦♠❡ u, v ∈ CJNP (M)✱ ❛♥❞ βg(z) = βg(u) ∨ βg(v) ❜② ▲❡♠♠❛ ✾✳ ❆s βg(u), βg(v) ≤ βg(z) ≤ i ∈ I
❛♥❞ βg(u), βg(v) ∈ CJP (L) ❜② ▲❡♠♠❛ ✾✱ ✇❡ ♦❜t❛✐♥ t❤❛t G(g)(u) = βg(u) ∈ I ❛♥❞ G(g)(v) = βg(v) ∈
I ✇❤❡♥❝❡ u, v ≤

∨

U ❛s ✐♥ ❈❛s❡ ✶✳✶ ❛❜♦✈❡✳ ❚❤❡r❡❢♦r❡✱ z ≤ c ∨ d ≤
∨

(U ∪ V ) ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢
t❤❡ s♣❛❝❡ G(L) ✐♥ ❙❡❝t✐♦♥ ✼✳

❈❛s❡ ✷ ✿ z ≤
∨

g(I) ✐s ❛ ♥♦♥tr✐✈✐❛❧ ❥♦✐♥ ❝♦✈❡r✳ ■♥ t❤✐s ❝❛s❡✱ z ∈ CJNP (M) ❛♥❞ [z]R = {z, u, v} ❢♦r
s♦♠❡ u, v ∈ CJNP (M) ❜② t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ s♣❛❝❡ G(M) ✐♥ ❙❡❝t✐♦♥ ✼✳ ❙✐♥❝❡ M ∈ B3✱ ✇❡ ♦❜t❛✐♥
❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈❧❛✐♠ ✷ ❛❜♦✈❡ t❤❛t {u, v} ≪ g(I)✳ ❇② ❈❛s❡ ✶✱ t❤✐s ✐♠♣❧✐❡s t❤❛t u, v ≤

∨

(U ∪ V )✳
❍❡♥❝❡✱ z ≤ u ∨ v ≤

∨

(U ∪ V )✳

❲❡ ♣r♦✈❡❞ t❤❡r❡❢♦r❡ t❤❛t
∨

(U ∪ V ) =
∨

g(I)✳ ❍❡♥❝❡✱ FG(g) ◦ ηM = ηL ◦ g✳

■t ❢♦❧❧♦✇s ❢r♦♠ ❈❧❛✐♠s ✸✕✹ t❤❛t η ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠✳

❋r♦♠ Pr♦♣♦s✐t✐♦♥s ✶✵ ❛♥❞ ✶✶✱ ✇❡ ♦❜t❛✐♥

▲❖❇❆❈❍❊❱❙❑■■ ❏❖❯❘◆❆▲ ❖❋ ▼❆❚❍❊▼❆❚■❈❙



❚❍❊ ❱❆❘■❊❚❨ SP(M3) ✶✾

❚❤❡♦r❡♠ ✷✳ ❚❤❡ ❝❛t❡❣♦r✐❡s M3 ❛♥❞ B3 ❛r❡ ❞✉❛❧❧② ❡q✉✐✈❛❧❡♥t✳

❊①❛❝t❧② ❛s ✐♥ ❬✷❪✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts✳

❈♦r♦❧❧❛r② ✹✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ st❛t❡♠❡♥ts ❤♦❧❞✳

✭✐✮ M3✲♠♦r♣❤✐s♠s ✇❤✐❝❤ ❛r❡ ♦♥t♦ ❝♦rr❡s♣♦♥❞ ❜② ❞✉❛❧✐t② t♦ ♦♥❡✲t♦✲♦♥❡ B3✲♠♦r♣❤✐s♠s ❛♥❞ ✈✐❝❡
✈❡rs❛✳

✭✐✐✮ M3✲♠♦r♣❤✐s♠s ✇❤✐❝❤ ❛r❡ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞ ❜② ❞✉❛❧✐t② t♦ ♦♥t♦ B3✲♠♦r♣❤✐s♠s ❛♥❞ ✈✐❝❡
✈❡rs❛✳

✭✐✐✐✮ ❉✐s❥♦✐♥t ✉♥✐♦♥s ♦❢ M3✲s♣❛❝❡s (✇❤✐❝❤ ❛r❡ ❝♦♣r♦❞✉❝ts ✐♥ M3) ❝♦rr❡s♣♦♥❞ ❜② ❞✉❛❧✐t② t♦ ❈❛rt❡s✐❛♥
♣r♦❞✉❝ts ✐♥ B3 ❛♥❞ ✈✐❝❡ ✈❡rs❛✳

▲❡t (M3)fin ❛♥❞ (B3)fin ❞❡♥♦t❡ t❤❡ ❢✉❧❧ s✉❜❝❛t❡❣♦r✐❡s ♦❢ M3 ❛♥❞ B3 ✇✐t❤ ✜♥✐t❡ ♦❜❥❡❝ts✳

❈♦r♦❧❧❛r② ✺✳ ❚❤❡ ❝❛t❡❣♦r✐❡s (M3)fin ❛♥❞ (B3)fin ❛r❡ ❞✉❛❧❧② ❡q✉✐✈❛❧❡♥t✳

❘❡♠❛r❦ ✷✳ ■❢ ♦♥❡ r❡str✐❝ts t❤❡ ❢✉♥❝t♦r F t♦ t❤❡ ❝❛t❡❣♦r② P ♦❢ ♣❛rt✐❛❧❧② ♦r❞❡r❡❞ s❡ts ✭✇✐t❤ t❤❡
tr✐✈✐❛❧ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✮ ✇✐t❤ ♦r❞❡r✲♣r❡s❡r✈✐♥❣ ♠❛♣s ❛♥❞ t❤❡ ❢✉♥❝t♦r G t♦ t❤❡ ❝❛t❡❣♦r② B2 ♦❢
❜✐✲❛❧❣❡❜r❛✐❝ ❞✐str✐❜✉t✐✈❡ ❧❛tt✐❝❡s ✇✐t❤ ❝♦♠♣❧❡t❡ ❧❛tt✐❝❡ ❤♦♠♦♠♦r♣❤✐s♠s✱ ♦♥❡ ♦❜t❛✐♥s t❤❡ ❝❧❛ss✐❝❛❧
❞✉❛❧ ❡q✉✐✈❛❧❡♥❝❡ ♦❢ P ❛♥❞ B2 ✇❤✐❝❤ ✐s ❞✉❡ t♦ ●✳ ❇✐r❦❤♦✛✳

✉♣♣❡r❋❯◆❉■◆●

❚❤❡ r❡s❡❛r❝❤ ✇❛s s✉♣♣♦rt❡❞ ❜② t❤❡ ❘✉ss✐❛♥ ❙❝✐❡♥❝❡ ❋♦✉♥❞❛t✐♦♥✱ ♣r♦❥❡❝t ♥♦✳ ✷✹✲✷✶✲✵✵✵✼✺❀
❤tt♣s✿✴✴rs❝❢✳r✉✴♣r♦❥❡❝t✴✷✹✲✷✶✲✵✵✵✼✺✴✳

✉♣♣❡r❈♦♥✢✐❝t ♦❢ ✐♥t❡r❡st

❚❤❡ ❛✉t❤♦rs ❞❡❝❧❛r❡ ♥♦ ❝♦♥✢✐❝t ♦❢ ✐♥t❡r❡st✳

✉♣♣❡r✉♣♣❡r❘❡❢❡r❡♥❝❡s

❬✶❪ ❲✳ ❉③✐♦❜✐❛❦ ❛♥❞ ▼✳ ❱✳ ❙❝❤✇✐❞❡❢s❦②✱ ✏❈❛t❡❣♦r✐❝❛❧ ❞✉❛❧✐t✐❡s ❢♦r s♦♠❡ t✇♦ ❝❛t❡❣♦r✐❡s ♦❢ ❧❛tt✐❝❡s✿ ❆♥
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