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Abstract—The diamond is a five-element lattice which is the smallest non-distributive modular
lattice. We establish the dual equivalence of the category with objects being bi-algebraic
lattices belonging to the variety generated by the diamond and with morphisms being complete
lattice homomorphisms and the category with objects being ordered spaces endowed with an
equivalence relation and with morphisms preserving the structure of these spaces. A similar
result for the pentagon, a five-element lattice which is the smallest non-modular lattice, was
established earlier by W. Dziobiak and the second author. The dual spaces there and here are
completely different. However, morphisms are in each case an application of an old concept—the
minimal join cover refinement property for join covers of an element in a lattice.
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1. upperlntroduction

As announced in the abstract, we establish here the dual categorical equivalence of the two
categories: the category Bs whose objects are bi-algebraic lattices belonging to the variety generated
by M3 (which equals SP(M3)) and whose morphisms are complete lattice homomorphisms and the
category M3 whose objects are ordered spaces endowed with an equivalence relation (the so-called
Ms-spaces) and whose morphisms are the so-called Ms-morphisms preserving the structure of Ms-
spaces, see Definition 1 below. (Recall that a lattice L is bi-algebraic if both, L and its dual L9, are
algebraic lattices.)

This dual equivalence is established by constructing two functors: a functor F: M3 — B3 which
assigns to each Ms-space the lattice of its ideals and a functor G: By — M3 which assigns to each
bi-algebraic lattice L from SP(M3) an Ms-space built on the set CJ(L) of the completely join-
irreducible elements of L whose structure captures all the minimal join covers in L. The duality
presented here extends the Birkhoff duality for the category of bi-algebraic distributive lattices with
complete homomorphisms and the category of partially ordered sets with order-preserving maps as
morphisms.

We note that the first duality result for a finitely generated non-distributive variety of lattices
was established in [1, 2]—it was proved there that the category of bi-algebraic lattices belonging to
the variety SP(N5) generated by the pentagon Nj is dually equivalent to the category of Ns-spaces,
ordered spaces with additional structure. Based on [1, 2|, similar duality results were established
in [3, 4] for the variety SP(Lg).

In order to establish the duality mentioned above, we find first a convenient equational basis for
the variety SP(M3) of (0,1)-lattices generated by the diamond Ms. We note that an equational
basis for the variety V(M3) generated by M3 was found earlier by M. Schiitzenberger [5], see also
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2 IZYUROVA ET AL.

B. Jénsson [6] and S.D. Comer and D.X. Hong [7]. Our equational basis is different from the one
found in [6, 7].

The concept of Ms-space is based on the ideas from [1, 2]. In our proofs, we also use methods
developed in [1, 2]. Our lattice terminology corresponds to R. Freese, J. Jezek, and J. B. Nation [§].

2. upperDefinitions and notation

For an element a of a lattice L, let 9t(a) denote the set of all finite minimal nontrivial join covers
of a. We also put la={z € L |z <a}.

Let J(L) denote the set of all join-irreducible elements of a lattice L. Then, L is a J-lattice for
some set J C L if the following two conditions are satisfied:

(i) for each a € L, there is J, C J such that a =/ Jg;

(ii) for each a € J and each nontrivial join cover a < \/ F with F finite, there is G € M(a) such
that G < F.

Let L be a J-lattice for some set J C J(L) and let S C J. We put

(S)o = S;

(Si= |J {(XCTIXeMa)}u(S), foralln<uw;
a€(S)n

(8) = (S

A set S C Jis closed if S = (S).
For a set S C J(L), let I's denote the binary relation on L defined as follows

(u,v) €eT'g if and only if |un S =lvNS.
The next statement is due to M.E. Adams and W. Dziobiak; it is also to find in [1, 2].

Proposition 1. Let L be a J-lattice for some set J C J(L) and let S C J be a closed set. Then,
T's is a congruence on L.

For a lattice L, let J(L) denote the set of all (nonzero) join-irreducible elements of L, let CJ(L)
denote the set of all (nonzero) completely join-irreducible elements of L, let CJp(L) denote the
set of all completely join-irreducible elements of L which are join-prime, and let CJxp(L) denote

the set of all completely join-irreducible elements of L which are not join-prime. It is clear that
Clp(L)UCInp(L) = CJ(L) C J(L).

3. upperThree identities

We consider the following three identities. The first one is the identity of 2-distributivity
introduced by A.P. Huhn [10] which we denote by (D2):

A (Yo VL V)= [z Ao Vy)]VieA o Vy)VeA V).

The second one which we denote here by (C;) was introduced in [1|. This identity is a particular
case of the identity (C,), 0 < n < w, introduced in [11]:

m/\(yo\/yl)A(Zo\/Zl):\/(ilﬁ/\yi/\(Zo\/Zl))\/\/(JU/\Zi/\(yo\/yl))

<2 <2
VV [z A ((wo A z) V(1 A zsa))].
<2
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THE VARIETY SP(M;) 3

The third identity is the identity of modularity (M):
xAN(yVz)=zxA ((y/\(:z:\/z))Vz).

We put ¥ = {(C1), (D2),(M)}. For the following well-known statement we refer, for example,
to [1, 9]. In the present form, it is stated in [3].

Lemma 1. [3, Corollary 2| Let L be a J-lattice for some set J C J(L). The following conditions
are equivalent:

(i) (D2) holds in L.

(ii) If a <bg V...V by is a minimal nontrivial join cover for some elements a,by, ..., by € J,
then m = 1.

Lemma 2. [3, Corollary 5| Let L be a 2-distributive J-lattice for some set J C J(L). The following
conditions are equivalent:

(i) (Cy) holds in L.
(ii) Each element a € J has at most one minimal nontrivial join cover.

Proposition 2. Let L be a lattice and let J C J(L) be such a set that each element of L is a join
of some elements of J. The following conditions are equivalent:

(i) Ifa<bVec for someac J thena < (bA(aVe))Ve.
(ii) (M) holds in L.

Proof. We prove first that (i) implies (ii). It is clear that a A [(bA (aV e)) V] <aA (bVc) for all
a,b,c € L. To prove the reverse inequality, it suffices to establish that v < a A [(b A (aV c)) Vv c]
whenever u < a A (bV c) for each u € J. Indeed, if u € J is such that u <a A (bV ) then u<a
and u < bV e. Applying (i) to the last inequality and taking into account that u < a, we obtain
that u < (bA (uVe)) Ve< (bA(aVe)) Ve Hence, u <aA[(bA(aVe)) V| and (i) follows.
Conversely, if (ii) holds and a < bV ¢ for some a,b,c € L, thena=aA (bVec)=aA [(bA(aV
¢)) Ve < (bA(aVc)) Ve by the identity of modularity. Therefore, (i) implies (i). O

Proposition 3. Let L be a 2-distributive J-lattice for some set J C J(L). The following conditions
are equivalent:

(i) If a < bV cis a minimal nontrivial join cover for some a,b,c € J, then b < aV c.
(ii) (M) holds in L.

Proof. We suppose first that (i) holds and prove that statement (i) of Proposition 2 also holds.
Indeed, let a < bV ¢ for some a € J and some b,c€ L. If a <b, then a <bA(aVc) < (b/\(a\/
¢)) Ve Ifa<ec, then a< (bA(aVe)) Ve If the join cover a < b is nontrivial, then there is a
finite set F' C J such that F' < {b,c} and F € M(a). By Lemma 1, F' = {d, e} for some d,e € J.
Without loss of generality, we may assume that d <b and e <¢. Applying (i), we obtain that
d<aVe<aVe whence a<dVe=(dA(aVec)Ve< (bA(aVe)) Ve Thus, statement (i) of
Proposition 2 holds. Hence, (M) holds in L by Proposition 2 and (i) implies (ii).

We prove that (ii) implies (i). Indeed, if (M) holds in L and a < bV ¢ is a minimal nontrivial
join cover for some a,b,c € J, then a < (bA (aVc)) Ve by statement (i) of Proposition 2. As
b =bA(aVc)<b, we conclude that {V/,c} < {b,c}. By the minimality of {b,c}, we obtain that
be {bc} C{V,c}, whence b=V <aVe. O
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4 IZYUROVA ET AL.

Figure 1. Lattice M3, the diamond

Proposition 4. Let L be a J-lattice for some set J C J(L) and let L |=X. If {b,c} € M(a) for
some a,b,c € J, then {{a,c}} = M(b).

Proof. As L }= (M), we obtain by Proposition 3(i) that b <aVec. First, we show that it is a
nontrivial join cover. Indeed, if b < ¢, then a < bV ¢ = ¢ which contradicts our assumption that
{b,c} € M(a). Furthermore, we have by Proposition 3(i) that ¢ <aVb. Therefore, if b <a,
then ¢ <aVb=a, whence bVec<a<bVcand a=>bVc. Since a is a join-irreducible element,
we conclude that a € {b,c} which also contradicts our assumption that {b,c} € 9MM(a). Thus, we
established that b < a V ¢ is a nontrivial join cover.

As L is a 2-distributive J-lattice, b < a’ V ¢ is a minimal join cover for some o’ < a and ¢/ < ¢
by Lemma 1. We prove that ¢’ =a and ¢ =c¢. Indeed, we have b <d' V< <da' Ve Hence,
a<bVe<dVeVe=d Ve If a<d Ve isa nontrivial join cover, then {b, ¢} < {d’,c}, since
{b, ¢} is the only minimal nontrivial join cover of a by Lemma 2 and L is a J-lattice. Thus, b < d
which is impossible as b < @’ V ¢ is a minimal join cover. This contradiction means that a < a’ V ¢
is a trivial join cover. The inequality a < ¢ would contradict our assumption that {b,c} € M(a).
Therefore, a < a’, whence a = a’.

Thus, we have that b < a V ¢ is a minimal join cover. By Proposition 3(i), a <bV . As ¢ <,
we obtain that {b,¢'} < {b,c}. Since {b,c} € M(a), this yields the inclusion ¢ € {b,c} C {b,c'};
that is, ¢ = ¢’. Therefore, b < a V ¢ is a minimal join cover, and it is the only one in view of Lemma

2. O

Corollary 1. The lattice M3 satisfies all the identities from 3.

Proof. The only minimal nontrivial join covers in Ms are (see Fig. 1):
a<bVe b<aVe c<aVbh.

Therefore, M3 satisfies (ii) of Lemma 1. By Lemma 1, M3 is 2-distributive. Moreover, M3 satisfies
also (ii) of Lemma 2 and (ii) of Proposition 3. Hence, M3 satisfies the identities (C;) and (M) by
Lemma 2 and Proposition 3, respectively. O

4. upperAn equational basis
Proposition 5. Let L be a J-lattice for some set J C J(L) and let L = 3. Then, L € SP(M3).

Proof. We consider an arbitrary element a € J. If a is a prime element, then the set S = {a} is
obviously closed. If a is not a prime element, then, by the definition of J-lattice and Lemma 1,
there are b,c € J such that a < bV c is a minimal nontrivial join cover. In this case, we obtain
that the set S = {a,b,c} is closed taking into account Lemma 2 and Proposition 4 as well as the
fact that L is a J-lattice. Thus, the set J is a disjoint union of closed sets .S;, i € I, such that, for
each i € I, either S; is a singleton or S; = {a,b,¢} and a <bVe, b<aVe, ¢ <aVb are minimal
nontrivial join covers.
For each closed set S C J, let Lg denote for brevity the factor lattice L/T's and let

7s: L — Lg; 71g:x+— x/T'g

be the canonical homomorphism.
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THE VARIETY SP(M;) 5

Claim 1. If S = (S) C J is a singleton, then Lg is a two-element lattice.

Proof of Claim. Let S = {a} for some a € J. As a is join-irreducible, a is not a least element of L.
Therefore, there is a’ € L such that a’ < a. For an element u € L, two cases are possible.

Case 1: JlunS = @. In this case, lunNS = la' NS as a<d. Hence, 75(u) =u/T's=d /T's =
Ts(a’).
Case 2: lun S = {a}. In this case, lunN S = laNS. Thus, 75(u) =u/T's =a/T's = 75(a).

Therefore, Lg = {7s(d’),75(a)} is a two-element lattice. O

Claim 2. If S = {a,b,c} = (S) C J, then Lg = Ms.

Proof of Claim. As S = {a,b,c} is a closed set, the inequalities a <bVe,b<aVe,and c<aVbd
are minimal nontrivial join covers. In particular, S is an antichain. We put o =a AbA ¢ and
i=aVbVc then o <a,b,c<iin L. In view of the three minimal nontrivial join covers listed
above, the following cases are possible for an element u € L.

Case 1: lun S = @. In this case, JlunNS =JoN S as o < a,b,c. Hence, 75(u) = u/T's =0/T's =
75(0).

Case 2: JunS is a singleton; hence, JunS ={d} for some d € {a,b,c}. In this case,
JunS=J,dNn S and 75(u) = u/T's =d/T's = 75(d).

Case 8: lunS ={a,b,c}. In this case, JlunS =liNnSasa,bc<iandrg(u) =u/T's=1i/Tg =
75(1).

We conclude, therefore, that Lg = {75(0), 7s(a), 75(b), Ts(c), Ts(i) } = M3 as the set
{TS(G’>7 75(b), TS(C)}

forms an antichain. I

Claim 3. The mapping
L= ] Lsi miaze (rs()|S=(S)CJ)
S=(S)CJ

1s an wsomorphic embedding.

Proof of Claim. 1t is clear that 7 is a homomorphism. We prove that 7 is one-to-one. Indeed, let
as£bin L. As ais a join of elements from J, there is z € J such that © < a and x £ b. Thus,

z € Lan (x)\lbN (z) and 74 (a) = a/Tzy € b/T 15y = 7(zy(b), whence 7(a) £ 7(b). O

Our desired conclusion follows from Claims 1-3. The proof is complete. 0

Corollary 2. The quasivariety SP(Ms) of (0,1)-lattices is a variety and ¥ forms an equational
basis of this variety.

Proof. As Mz =X by Corollary 1, we have SP(M3) = X. Conversely, let L = X; we prove that
L € SP(M3). Indeed, if M denotes the dual filter lattice of L, then M = 3. In particular, M
is 2-distributive. By J.B. Nation [9, Theorems 3.1-3.2|, M is a J(M)-lattice. By Proposition 5,
M € SP(M3). Since L is isomorphic to a (0, 1)-sublattice of M, we conclude that L € SP(M3). O
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6 IZYUROVA ET AL.

5. upperThe category Ms
5.1. Definition of Ms-spaces and Ms-morphisms

As usual, for two subsets A, B in a lattice L, by A < B, we mean as in [8] the fact that, for each
a € A, there is b € B such that a < b. We say in this case that A refines B.

Definition 1. Consider a structure S = (S, <, R) where S is a set and < and R are two binary
relations. Then S is an Ms-space if

(s1) < is a partial order on S;

(s2) R C S? is an equivalence relation on S such that the following conditions hold for all elements
a,bc,d,e, f €S5:

(a) [a]r is an antichain; moreover, either [a]r is a singleton or [a|r contains three elements;

(a) if [alr = {a,b,c} and a,b < d then ¢ < d;
(b) if [alr = {a,b,c}, [dlr = {d}, and d < a then d < {b,c};
(c) if [alr = {a,b,c}, [dlr ={d,e, f}, and d < a then either d < {b,c} or {e, f} < {b,c}.

We put X(S) = {s € S| [s]r is a singleton} and Y (S) = S\X(S)

Let S=(S,<,R) and S' = (S',<, R) be Ms-spaces. Then p:S — S is an Msz-morphism if the
following conditions hold:

(ml) ¢ maps S into S'U {{a,b} | a,b € X(5")};
(m2) if u,v € S are such that p(u),p(v) € S" and u < v then p(u) < p(v);
(m3) for all z € X(S), p(z) € X(5");
(m4) for all a € Y(S) with [a]r = {a, b, c}, the following holds:
(a) if p(a) € X(S") then one of the following conditions holds:
- o(b) = {pla),p(c)} € X(5");
- ¢(e) = {p(a), p(b)} € X(5);
- pla) < o(b) = p(c) € X(5);
= #(b) < pla) = p(c) and p(b), () € X(5);
- () < p(a) = @(b) and (b),p(c) € X(5');
(b) if pla) €Y

(QHMHM N = {e(a), o), 0lc)} CY(S);
X (

(c) if p(a) ¢ S then p(a) = {p(b), p(c)} S
for each uw € S such that a < u.

S’") is an antichain; moreover, v(a) < p(u)

Let So,S1,Se be Ms-spaces and let ¢o: Sg — S1, p1: S1 — So be Ms-morphisms. We define a
composition g o p1: Sg = So of o and w1 as follows. Let a € Sy.

(c1) If po(a) € Sy then o o ¢1(a) = p1po(a).
(c2) If po(a) ¢ S1 then [a]r = {a,b,c} in Sp and

©100(b), if p1p0(c) < p1p0(b);
w0 o p1(a) = § p1p0(c), if p10(b) < p100(c);
{p100(b), p100(c)}, if {100(b), p100(c)} is an antichain.
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THE VARIETY SP(M;) 7

5.2, Composition of M3-morphisms

Lemma 3. Let Sp,S1,Se be Ms-spaces and let pg: Sg — S1, w1: S1 — S be Ms-morphisms. Then
wo o @1 1s an Ms-morphism.

Proof. For the sake of brevity, we put ¢ = ¢ o 1. We have to establish that conditions (m1)—(m4)
of Definition 1 hold for ¢. Indeed, it is clear that (ml) and (m3) hold for ¢.

Claim 1. (m2) holds for ¢.

Proof of Claim. Let u,v € Sy be such that v < v and ¢(u), p(v) € S3. The following cases are
possible according to (c1)—(c2).

Case 1: @o(u),po(v) € S1. Then ¢o(u) < po(v) by (m2) applied to o and ¢(u) = p1pg(u) <
p10(v) = ¢(v) by (m2) applied to 1.

Case 2: ¢o(u) € S1, @o(v) ¢ Si. This means by (m4-c) and (c2) that ¢o(v) = {¢o(a), ¢o(b)} C
X(S1) is an antichain, where [v]gr ={v,a,b} in Sy, and ¢(v)= max{gplgoo a),¢10(b)} =
max{p(a),p(b)}. Applying (s2-c) and (s2-d) to the inequality u < v, we obtain that either
u < {a,b} or [ulp = {u,c,d} in Sy and {c,d} < {a,b}. In the first case, applying (m2) (m3)
o and 71, we obtain that ¢g(u) < {goo(a),goo(b)} and ¢(u) = prpo(u) K {s&lcpo ,p1p0(b } =
{¢(a),o(b)}. Hence, p(u) < max{p(a), p(b)} = ¢(v) which is our desired conclusion.

Consider now the case when {c,d} < {a,b}. There are two possibilities: ¢o(u) € X(S;) and
©wo(u) € Y(S1). We consider them separately.

Case 2.1: ¢o(u) € X(S1). We prove that ¢o(u) < {@o(a), po(b)} in this case. Indeed, according
to (m4-b) applied to ¢g, one of the following subcases may occur.

— o) = {eo(u),po(d)} € X(S1). In this case, we apply (m4-c) to ¢y and the fact that
c K {a b} and obtain that
po(u) < @olc) < {o(a), po(b) }

which is our desired conclusion.

— wo(d) = {po(u), po(c)} € X(S1). This case is symmetric to the previous one.

— wo(u) < po(c) = @o(d) € X(S1). In this case, we apply (m2)—(m3) to ¢ and the fact that
{¢,d} < {a,b} and conclude that

po(u) < @olc) < {pola),o(b)}

and obtain our desired conclusion.

- polc) < cpo( ) wo(d) € X(S1). In this case, we apply (m2)-(m3) to ¢ and obtain that
@o(u) = po(d) < {po(a), po(b)} which is the desired conclusion.

— wo(d) < po(u) = @o(c) € X(S1). This case is symmetric to the previous one.

Hence, we we have that ¢o(u) < {¢o(a), po(b)} in each case. As above, applying (m2)-(m3) to ¢
we conclude that p(u) = @190(u) < max{gplcpo ,o190(b) } = (v

Case 2.2: ¢o(u) € Y(S1). In this case, we conclude by (m4-b) applied to ¢o that [po(u)|r =

{po(w), po(c), po(d) } C Y (S1) and {go(c), po(d)} < {¢o(a),¢o(b)} by (m2) applied to o and the
fact that {c,d} < {a,b}. Since p(u) € Sy by our assumption, the following subcases are possible.

Case 2.2.1: p(u) = p19o(u) € X(S2). In this case, we apply (m4-a) to ¢; and obtain the
following possibilities.

LOBACHEVSKII JOURNAL OF MATHEMATICS
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— p(c) = {p1p0(u), proo(d) } = {@(u), (d)} € X(S2). In this case, we apply (m4-c) to ¢; and
the fact that ¢o(c) < {po(a) goo(b)} and obtain the following:
p(c) = preo(e) < {p1go(a), prip0(b) } = {#(a), ¢(b)} < max{p(a), o(b)} = ¢(v)
In particular, ¢(u) < ¢(v) whence (m2) holds for ¢.

— o(d) = {p1e0(u), preo(c) } = {@(u), ¢(c)} € X(S2). This case is symmetric to the previous
one.

— (u) = prpo(u) < e1po(c) = prpo(d) € X(S2). In this case, we apply (m2)-(m3) to ¢; and
obtain that

o(u) = p100(u) < p1po(c) < max{pipo(a), e100(b)} = @ (v)
whence (m2) holds for .

— (c) = prpo(c) < preo(u) = p1eo(d) € X(S2). In this case, we apply (m2)—(m3) to ¢; and
obtain that

p(u) = re00(u) = prio(d) < max{p1p0(a), p100(b)} = p(v)
whence (m2) holds for .
— (d) = p1po(d) < p1po(u) = p1po(c) € X(S2). This case is symmetric to the previous case.

Hence, we obtain in each case the desired conclusion p(u) < ¢(v).

Case 2.2.2: gp( ) = g01<,00( ) E Y (S2). Applying in this case (m2) (m3 ) and (m4-b) to 1, we
obtain that [ go {cp ,o(d)} CY(S2) and {p(c),p(d)} < {¢(a),p(b)}. By (s2-b), we
have that ¢(u << {<p (b)} whence

p(u) < max{p(a),o(b)} = (v)
which is our desired conclusion.

Case 3: po(u) ¢ S1. We apply (m4-c) to ¢o in this case and obtain that ¢o(u) < @o(v) whence
p(u) = max 1p9(u) < preo(v) = ¢(v) by (m2)—(m3) applied to 1. O

Claim 2. (m4-a) holds for ¢.

Proof of Claim. Let [a]lr = {a,b,c} and let p(a) € X(S2). By (m4) applied to g, the following
three cases are possible.
Case 1: po(a) € X(S1). The following cases may occur by (m4-a) applied to @q:

~ wo(b) = {po(a), po(c)} € X(S1). In this case, we obtain by (m3) applied to ¢; that
{o(a),o(c)} = {e1v0(a), preo(c)} € X(S2). Furthermore, applying (¢2), we obtain that
either

@(b) = p190(b) = {w190(a), pre0(c) } = {@(a),p(c)} € X(Ss)

whence the first conclusion in (m4-a) holds for ¢, or

p(b) = p100(b) = max{p10(a), p100(c)} = max{p(a), (c) } € X(S2)

whence one of the last three conclusions in (m4-a) holds for ¢.
— wolc {goo o(b)} C X (S7). This case is symmetric to the previous one.
— wo(a) < @o(b) = po(c) € X(S1). In this case, we apply (m2)—(m3) to ¢; and obtain that

wla) = prpo(a) < p19p(b) = p1po(c) = e(b) = p(c) € X(S1) whence the third conclusion in
(m4-a) holds for .
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— wo(b) < po(a) = po(c) and o(b), po(c) € X(S1). This case is symmetric to the third case.

— wo(c) < gola) = po(b) and o(b), po(c) € X(S1). This case is also symmetric to the third

case.
Thus one of the five conclusions in (m4-a) holds for ¢ in each of the possible cases.

Case 2: po(a) € Y(S1) and [po(a)lr = {¢o(a), po(b),o(c)}. In this case, applying (m4-a) to
1, we obtain that one of the five conclusions of (m4-a) holds for ¢.

Case 3: po(a) = {po(b), po(c)} € X (S1). In this case,

@(a) = p1¢o(a) = max{p190(b), p190(c) } = max{p(b), ¢(c)}
by (m2)-(m3) and (c2) applied to p1. Hence, one of the last two conclusions of (m4-a) holds for
®- O
Claim 3. (m4-b) holds for ¢.

Proof of Claim. Let p(a) € Y(S2) for some a € Sy such that [a]gr = {a,b,c}. By (m3)—(m4) and
(c2) applied to o, this means that go(a) € Y (S1) and [po(a)lr = {¢o(a), vo(b), po(c)}. By (md-b)
applied to 1, we conclude that

[p(a)]r = [e100(a)]lr = {@100(a), L100(b), L100(c) } = {(a) o(c)}

which is our desired conclusion. O
Claim 4. (m4-c) holds for .

Proof of Claim. Suppose that a € Sy is such that p(a) ¢ S2. By (m3) and (c2) applied to o and ¢y,
this means that a € Y (S); let [a]gr = {a,b,c} in Sp. In view of (m3)-(m4) and (c2), the following
two cases are possible.

Case 1: po(a) € Y(S1) and [(po(a r = {wo(a), po(b), po(c)} C Y (S1). In this case,

o(a) = p1po(a) = {@190(b), p1e0(c)} = {@(b),p(c)} € X(S2)

is an antichain by our assumption and (m4-c) applied to 1. Suppose that a < u in Sy. Two cases
are possible.

Case 1.1: @o(u) € S;. In this case, po(a) < ¢o(u) by (m2) applied to ¢o. Thus, p(a) =
v190(a) < p190(u) = ¢(u) by (m4-c) applied to ;.

Case 1.2: po(u) ¢ Si. In this case, u € Y (Sp) and ¢o(u) = {@o(d), pole)} € X(S1) by (m4d-c)
applied to ¢ where [u]g = {u,d,e} in Sy. By (s2-c¢) and (82 d) apphed to the inequality a < u in
So, we obtain that either a < {d, e} or {b,c} < {d,e}. In the former case, we apply (m2) to ¢ and
obtain that ¢o(a) < {¢o(d), po(e)} whence

p(a) = p1po(a) < {p1po(d), prvo(e) } < p1eo(u) = @(u)

by (m3) and (m4-c) applied to ¢1. In the latter case, we apply (m2)-(m3) to pg and obtain that
{@0(b), po(c)} < {po(d) gpg(e)} whence

p(a) = prpo(a) = {p1e0(b), preo(c) } < {e10(d), pr0(e) } < preo(u) = p(u)
by (m3) and (m4-c) apphed to 1.

Case 2: po(a) ¢ Si. In this case, we have by (md-c) applied to ¢g that ¢o(a) = {¢o(b),¢o(c)}.
Then

p(a) = p1po(a) = {@190(b), p10(c) } = {@(b), p(c)} € X(S2)

is an antichain by (c2) and (m3) applied to ¢1. Suppose that a < u in §g. We apply (m4-c) to g
and the inequality a < u and obtain that ¢g(a) < ¢o(u) whence p(a) = p190(a) < p1po(u) = p(u)
by (m2) applied to ¢; and (c2). O
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The associativity of the composition o of Ms-morphisms is established exactly as in [2, Corollary
5.2], see also |2, Remark 2.3]. The proof of Lemma 3 is complete. O

5.3. The categories M3 and Bs

By M3, we denote the category whose objects are Mj-spaces and whose morphisms are Ms-
morphisms while B3 denotes the category whose objects are complete bi-algebraic lattices belonging
to the variety SP(M3) generated by the diamond (cf. Corollary 2) and whose morphisms are
complete lattice homomorphisms.

6. upperldeals in Ms-spaces: A contravariant functor from Ms to Bg
6.1. Functor F on objects

Definition 2. Let S = (S, <, R) be an Ms-space. A subset I C S is an ideal of Ms-space S if I is
a lower cone with respect to < with the following property:

if [alr = {a,b,c} in'S and a,b € I then c € I.

It is clear that the set F(S) of all ideals of S is partially ordered with respect to C. Moreover, &
is a least ideal and S is a greatest ideal in S.

Lemma 4. Let S = (S, <, R) be an Ms-space. For an arbitrary lower cone Z = |Z C S, the set
Z=27U{ceS|[dr={a,b,c} and a,be Z}

15 a least ideal in' S which contains Z.

Proof. Weput Z' = {c€ S| [cJg ={a,b,c} and a,b € Z}; then Z = Z U Z'. It is clear that Z C W

for each ideal W in S such that Z C W. It remains to show therefore that Z is an ideal in S.

Indeed, let w € S be such that u<ce€ Z. If c€ Z then u € Z C Z as Z is a lower cone. Let
ce Z'sthen c€ Y(S), [cJr = {a,b,c} in S and a,b € Z. We have by (s2-¢) and (s2-d) in Definition
1 that either u < {a,b} or u € Y(S5), [ulr = {u,d,e}, and {d,e} < {a,b}. Since a,be Z =]Z,
this yields the inclusion u € Z C Z in the first case and d, e € Z and thus v € Z in the second one.
Thus, Z is a lower cone.

Suppose now that u € Y(S) is such that [u]g = {u,a,b} in S and a,b€ Z. TIf a,b € Z then

we Z' CZ. If say,a € Z' then u,b € Z C Z. Hence, u € Z in any case. This proves that Z is an
ideal in S and we are done. O

From Lemma 4, we obtain
Lemma 5. For a family {I;, € F(S) | k € K} of ideals in an Ms-space S, we have
() Arer Ik = Miex Irs
(i) Vier Ik = Urer Ik = Upex Ik U{c € S| [dr = {a,b,¢} and a,b € Upeg I}
(iii) if {Ir € F(S) | k € K} is up-directed with respect to C then \/;cp I = Upe i -

The proof of the following statement is quite straightforward and uses Lemma 5; the argument
is similar to the proof of [2, Claim 3.3].

Lemma 6. Let S = (S, <, R) be an Ms-space, let a € S, and let I be an ideal in S. The following
statements hold.

(i) la is a compact element in F(S).
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(ii) I is a completely join-irreducible element in F(S) if and only if I = b for some b € S.

(iii) I is a completely join-prime element in F(S) if and only if I = |b for some b € S such that

[b]r = {b}.

(iv) la is a join-prime element in F(S) if and only if [a]r = {a}.
Theorem 1. IfS = (S, <, R) is an Ms-space then F(S) is a bi-algebraic lattice and F(S) € SP(Ms).

Proof. Since I = |J,¢; la for each I € F(S), we obtain from Lemma 5(i)-(ii) and Lemma 6(i) that
F(S) is an algebraic lattice. Exactly as in the proof of |2, Claim 3.3|, we obtain that F(S) is a lower
continuous lattice. Hence, F(S) is a bi-algebraic lattice.

Claim 1. F(S) is a J-lattice where J = CI(F(S)) is the set of all completely join-irreducible elements
of F(S).

Proof of Claim. First of all, it follows from Lemma 6(ii) that each element of F(S) is a join of some
elements from J. Furthermore, let I C Iy V...V I be a nontrivial join cover of some I € J; then
I = Ja by Lemma 6(ii) and a € Ip U...U I by Lemma 5(ii). Since the join cover la C Iy V...V I}
is nontrivial, we conclude that a ¢ IpU...UI;. Hence, [a|g = {a,b,c} in S and b€ I,,, c€ I,
for some m,n < k. This implies that |a C [bV |c is the only minimal join cover of Ja and

(b, dc} < {To,.. I} O
From the proof of Claim 1, we obtain the following

Claim 2. For each a € Y(S) such that [a]|r = {a,b,c}, la C [bV lc is the only minimal join cover
of la.

From Claims 1-2 and Lemma 1, we obtain the following statement.

Claim 3. Lattice F(S) is 2-distributive.

The next claim follows from Claims 1-3 above, Lemma 6(iv), and Lemma 2.

Claim 4. Identity (Cy) holds in F(S).

From Claims 1-3 above and Proposition 3, we obtain

Claim 5. Lattice F(S) is modular.
It follows from Claims 3-5 above and Corollary 2 that F(S) € SP(M3). O

6.2. Functor F on morphisms

Let S=(S,<,R) and §' = (5', <, R) be Mjs-spaces and let ¢: S — S’ be an Ms-morphism. If
Z' C S, then we put as in [2]:

o2 ={z €S| pl)e 2} Uz eS| plz) C 2}
We consider the following map:

F(p): F(S') = F(S), F(p): Z'— o 2.

Proposition 6. If S and S’ are Ms-spaces and ¢: S — S’ is an Ms-morphism then F(p): F(S') —
F(S) is a complete lattice homomorphism.

Proof. First, we prove that F(y) is well-defined.
Claim 1. F(¢)(I") € F(S) for each I' € F(S).
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Proof of Claim. For the sake of brevity, we put I = F(p)(I') = ¢~ 1(I’). We have to prove that
I € F(S). First, we prove that [ is a lower cone in S. Let b <a € [ in S. The following cases are
possible.

Case 1: ¢(a) € I' and ¢(b) € S’. In this case, we apply (m2) and obtain that ¢(b) < ¢(a) € I’
whence ¢(b) € I' as I is a lower cone. Therefore, b € 1.

Case 2: (a) € I' and ¢(b) ¢ S’. In this case, b € Y(5) and [b]r = {b,c,d} CY(S). We have

by (m4 ¢) that ¢(c), o(d) € X(S") and (b {gp ,p(d)} < ¢(a) € I'. Since I' is a lower cone,
= {p(c),p(d)} ST andbEap‘l(I’)—I

Case 3: gp( ) C I and p(b) € S’. We have by (m4-c) that a € Y(S), [a]r = {a, ¢, d} for some
c,d € S and ¢(a) = {¢(c),¢(d)} € X(S"). Two subcases are possible.

Case 3.1: [b ]R = {b}. As b < a, we have by (s3-c) that b < {c,d}. Thus, ¢(b) < {¢(c),¢(d)} C
I'. Since I’ is a lower cone, p(b) € I’ and b € I.

Case 3.2: [blJg={b,e,f} CY(S). As b<a, we have by (s3-d) that either b < {c,d} or
{e, f} < {c,d}. In the first case, we argue as in Case 3.1 above and obtain that b € I. Suppose
therefore that {e, f} < {¢,d}. Again, two subcases are possible.

Case 3.2.1: ¢(b) € X(S”). One of the following conditions holds by (m4-a).

~ p(e) = { (f)} € X(5). As e < {c,d}, we have by (m4-c) that ¢(e) = {o(b), ¢(f)} <
{gpc o(d } @(a) C I'. Therefore, p(b) € I' and b € I.

— o(f) = {e(b),p(e)} T X(S'). This case is symmetric to the previous one.

— p(e) < p(b) = o(f) < {p(c),(d)} = p(a) C I'. As I’ is alower cone, we have that (b) € I’
and b € I.

— o(f) < o(b) = ple) < {p(c),p(d)} = ¢(a) C I'. This case is symmetric to the previous one.
— (b) < ple) =o(f) < {p(c),o(d)} = p(a) C I'. The argument is similar to the one above.

Case 3.2.2: ¢(b) €Y(S"). We apply (m4-b) in thls case and obtain that [p(b)|r
{o().w(e),o(f)} CY(S). Since {p(e),o(f)} < {p(c), p(d)} = p(a) C I by (m2), p(e), ¢(f)
I and p(b) € I’ as I’ is an ideal. Thus, b € I.

Case 4: p(a) CI' and ¢(b) ¢ S’. This means that b € Y(S) and [bjgr = {b,e, f} CY(S) in S,
and p(b) = {p(e), ¢(f)} € X(8) by (md-c). Moreover, p(b) = {¢(e), ¢(f)} < ¢(a) C I' by (md-c)
applied to the inequality b < a. Since I’ is a lower cone, p(b) C I’ and b € I.

m |l

The proof that the second condition from the definition of ideal in M3-space is also satisfied is
straightforward. O

Claim 2. F(y) is a complete lattice homomorphism.

Proof of Claim. It is clear that F(p)(9) = ¢ 1(@) = @ and F(p)(5") = ¢~ 1(S") = S. It remains to
prove that F(y) preserves arbitrary meets and joins. To this end, consider an arbitrary nonempty
family {I, | k € K} C F(S) of ideals in S’. Then we have

F) ([ Ie) =2 " () Ie) = [ ¢ 'Ue) = [ Fle)(Ix)
keK keK keK keK

whence F(p) preserves arbitrary meets whence preserves the ordering.  This implies that
Vier F(©)Ik) S F()(Vyer Ix). In order to establish the reverse inclusion, we consider an
arbitrary element a € F(¢)(Vyex Ik) = ¢ (Ve Li). Three cases are possible.

Case 1: a € X(S). This means in view of (m3) and Lemma 5(ii) that ¢(a) € X(5") and
¢(a) € Upeg Ix- Thus, p(a) € I; for some j € K and a € o~ (I;) = F(¢)(Lj) € Ve Flo) (Lp).
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Case 2: a €Y(S) and p(a) € S’. In this case, [a]g = {a,b,c} CY(S) in S. Thus, we obtain
applying (m4-b) that [p(a)]r = {¢(a),(b), (c)} € Y (S") and p(a) € Vyex I If @(a) € Upex Ik
then, arguing as in Case 1, we obtain that a € \/,cx F(¢)(Ix). Otherwise, ¢(b), p(c) € Upex Ir by
Lemma 5(ii) whence b,¢ € Upere ¢ (Ik) = Uper F(@)(Zx). Since Ve F(0)(Ik) is an ideal and
contains elements b and ¢, we conclude that a € \/;cx F(0)(Iy)-

Case 3: a € Y(S) and p(a) ¢ S’. In this case, [a]gr = {a,b,c} CY(S) in S. Thus, we obtain
by (m4-c) that p(a) = {¢(b),¢(c)} € X(S) and {¢(b), v(c)} = ¢(a) € Upe Ix by Lemma 5(ii).

), p(c
Hence, b,c € o™ (Uper Ir) = Urer ¢ (k) = Uper F(0)(Ix). Since \/j.c i F(¢) (1) is an ideal and
it contains b and ¢, we conclude that a € \/,cx F(v)(Ig).

In any case, we have the inclusion \/,cx F(0)(Ir) € F() (Ve Ix) which proves the reverse
inequality. O

The proof of Proposition 6 is now complete. O

As in [2], we obtain from Proposition 6 the following

Corollary 3. F: M3 — Bj3 is a contravariant functor.

7. upperA contravariant functor from Bs to Mj
7.1. Functor G on objects

For a lattice L € Bg, let
G(L) = (G(L), <, R),
where G(L) = CJ(L), < is the partial order on G(L) inherited from L and R is an equivalence
relation on G(L) such that, for each a € G(L), we have
l[alr ={a}, ifaeClp(L);
[a]r = {a,b,c}, ifaecCIyp(L)and a <bVcisa (unique) minimal join cover of a in L.

Lemma 2 and Proposition 4 imply that the definition of R above is correct. Moreover, X (G (L)) =
CJp(L) and Y (G(L)) = CInp(L).

Remark 1. It may happen that G(L) = @ (this happens when L is a trivial lattice). We do regard
the empty set as an Ms-object, see Definition 1.

Proposition 7. If L € B3 then G(L) € Ms.

Proof. We refer to properties (s1)—(s2) in Definition 1. The property (sl1) holds trivially. The
properties (s2)-(a) and (s2)-(b) hold by the definition of R on G(L) above. If [a]gr = {a,b,c} and
[dlr = {d} in G(L) then a < bV ¢ is a minimal join cover and d is a join-prime element. Thus, if
d <athen d<bVcand d< {b,c} in view of the join-primality of d. Hence, (s2)-(c) holds.

If [a]r = {a,b,c} and [d]gr = {d,e, f} in G(L) then a <bVec and d <eV f are minimal join
covers. Thus, if d < a then d < bV c. The last join cover is either trivial or nontrivial. In the first
case, d < {b, c}. By |12, Proposition 8.5], L is a J-lattice for J = CJ(L). Therefore, {e, f} < {b, c}
in the second case by Lemma 2. Hence, (s2)-(d) holds. O
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7.2.  Functor G on morphisms

Following [2], for complete lattices L, M and a complete lattice homomorphism ¢g: M — L,
consider the map:

Bg: L — M, ﬂg:ar—>/\{b€M|a§9(b)}.

Lemma 7. [2, Lemma 4.2] Let L,M be bi-algebraic complete lattices and let g: M — L be a
complete lattice homomorphism.

(i) a < gBy(a) for alla € L and Byg(b) < b for allb € M.
(il) gByg(b) = g(b) for allb € M.
(i) By98,(a) = By(a) for all a € L.
(iv) Bg(Vier @) = Vier By(as) for alla; € L, i € 1.
(v) If x € CJp(L) then By(x) € CIp(M).

(vi) For each b€ L with B4(b) € CI(M), there is y € CI(L) with By(b) = By(y). Moreover,
y € CInp(L) whenever fy(b) € CInp(M).

(vii) If g is one-to-one then, for each b € CJ(M), there is a € CJ(L) such that B4(a) = b.

(vili) If g is onto then the mapping By: CIJ(L) — CJ(M) is one-to-one.
The next two statements follow from Lemma 2 and [12, Proposition 10.2].

Lemma 8. Let L, M € SP(M3) be complete bi-algebraic lattices and let g: M — L be a complete lat-
tice homomorphism. If a € CIyp(L) is such that By(a) € CI(M), then {B4(b), By(c)} € Mas(By (b))
where {b,c} € My (a). In particular, {By(a), By(b), By(c)} € CInp(M).

Proof. By Lemma 2 and [12, Proposition 10.2(iii)], {B4(b), 84(c)} € Mar(By(b)); moreover, this
minimal join cover is unique by Lemma 2. Proposition 4 implies that {8y(a), 84(b),B4(c)} C
CInp(M). O

Lemma 9. Let L, M € SP(M3) be complete bi-algebraic lattices and let g: M — L be a complete lat-
tice homomorphism. If a € CJ(L) is such that B4(a) ¢ CJ(M), then a € CInp(L), {B4(b), By(c)} C
CJp(M) is an antichain, and Bg(a) = B4(b) V By(c), where {b,c} € M (a).

Proof. We have {a,c} € My (b) and {a,b} € My (c) by Proposition 4. Since SBy(a) ¢ CI(M),
we conclude by Lemma 2 and [12, Proposition 10.2(iii)|] that Bg4(a) = B4(b) V Bg4(c); more-
over, {B4(b),By(c)} € CJ(M). This set is an antichain; for otherwise we would have §,(a) €
{B4(b), Bg(c)} € CI(M) which would contradict our assumption about B4(a). If B4(b) € CInyp(M)
then we apply Lemma 8 to this element and obtain that

By(a) € {By(a), By(b), By(c) } € CI(M)
which is not the case by our assumption about Sy(a). Thus, B4(b) € CIp(M). O

As in [2|, for L, M € B3 and for a complete lattice homomorphism g: M — L, we define a map
G(g): G(L) — G(M) as follows. For a € CJ(L), we put

G(g)(a) = {59(“)’ if By(a) € CI(M);
{B4(b), By(0)}, if By(a) & CI(M) and [a] g = {a,b,c}.
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Proposition 8. Let L, M € Bs and let g: M — L be a complete lattice homomorphism. Then
G(g): G(L) — G(M) is an Ms-morphism.

Proof. We refer to Definition 1. Property (ml) follows straight from the definition of G(g) and
Lemma 9. Property (m2) follows from Lemma 7(iv), while (m3) follows from Lemma 7(v). We
establish that (m4) also holds. Indeed, let a € CJnp(L) =Y (G(L)) be such that [a]g = {a,b,c}

in G(L). This means by our definition that a < bV ¢ is a minimal join cover in L. Proposition 4
implies that b < aV c and ¢ < a Vb are also minimal join covers in L.

Claim 1. (m4-a) holds for G(g).

Proof of Claim. Suppose that G(g)(a) € X(G(M)) = CJp(M). For the elements G(g)(b) and
G(g)(c), three cases are possible.

Case 1: G(g)(b),G(g)(c) € G(M). In this case, G(g)(b) = B4(b) € CJ(M) and G(g)(b) = B4(c) €
CJ(M). If G(g)(b) € CInp(M) or G(g)(c) € CIyp(M) then we apply Lemma 8 to b or to ¢
respectively and obtain that {By(a), 84(b), B4(c)} € CInp(M) which contradicts our assumption
about the element a. Thus,

{Bg(a), By(b), By(c) } € CIp(M).
Since a <bVe,b<aVe and ¢ <aVbin L, we conclude by Lemma 7(iv) that
Bgla) < Be(b) V By(c),  Bg(b) < Bgla) V By(c),  Bylc) < Byla) V By(b).

As each element from the set { Bg(a), Bg(D), By(c) } is join-prime, we conclude that

a) < {By(b), By(c)},  By(b <<{ﬁg Bgle)}, Byle) < {Byla), By(b)}.

This implies that one of the last three conclusions of (mm4-a) holds for G(g).
Case 2: G(g)(b) ¢ G(M). In this case,

b) = {Bg(@vﬁg(@} = {G(g)(a),G(g)(c)} C CJp(M)

by Lemma 9. Hence, the first conclusion of (m4-a) holds for G(g).
Case 3: G(g)(c) ¢ G(M). In this case,

c) = {By(a), B4(b) } = {G(g)(a), G(g)(b) } € CIp(M)
by Lemma 9. Hence, the second conclusion of (m4-a) holds for G(g). O

Property (m4-b) for G(g) follows from Lemma 8.
Claim 2. (md4-c) holds for G(g).

Proof of C’lazm If G(g)(a) ¢ G(M), it follows from Lemma 9 that G(g = {By(b), By(c)} =

{G(9)(b),G(g)(c)} C X( (M)); moreover, B4(a) = G(g)(b) V G(g)(c). Let u 6 G( ) be such that
a<u in L. Tvvo cases are possible.
Case 1: G(g)(u) € G(M). In this case, G(g)(u) = f4(u). By Lemma 7(iv), we have

G(g9)(u) = By(u) = By(a) = G(g)(b) V G(g)(c)-
Hence, G(g)(a) = {G(g)(b), G(g)(c)} < G(g)(u) which is our desired conclusion.
Case 2: G(g)(u) ¢ G(M). ThlS means that there are v, w E CJ( such that u < vVw is

a minimal join cover in L. Thus, [ulgr = {u,v,w} in G(L) = {G(g) w)}, and
Bg(u) = G(g)(v) V G(g)(w) by Lemma 9. Furthermore, Lemma 7( ) 1mphes that

G(9)(b),G(g)(c) < G(g)(b) v G(g)(c) = By(a) < By(u) = G(g )(U) v G( )(w).
Since G(g)(b) and G( )( ) are join-prime elements, we conclude that G(g = {By(b),B4(0)} <
{By(v), By(w)} = G(g)(u) as desired. O
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The proof of Proposition 8 is complete. O
Proposition 9. G: Bs — M3 is a contravariant functor.

Proof. Tt follows from Propositions 7 and 8 that G is well-defined. Let Lo, L1, Lo € Bs and let
go: Lo — L1, g1: L1 — Ly be complete lattice homomorphisms. For the sake of brevity, we put
g = g190; then By = B4, B4, by the proof of |2, Proposition 4.6]. It follows from Proposition 8 that
G(go) and G(g1) are Ms-morphisms. We have to prove that G(g)(z) = G(go 0 91)(2) = G(g0)G(91)(2)
for all z € G(Ly). We put for the sake of brevity:

Xo=CJp(Lo), Yo=Clyp(Lo);
X1 = CJP(Ll), Y1 = CJNP(Ll);
Xy =CJp(La), Yo=Clyp(La).

The following cases are possible.
Case 1: G(g1)(2) € G(L1) and G(g0)G(g1)(2) € G(Lp). In this case,

G(90)G(91)(2) = G(90) B (2) = Bgo Br (2) = By4(2) = G(9)(2)-
Case 2: G(g1)(z) € G(L1) and G(g0)G(g1)(2) ¢ G(Lo). In this case, G(g1)(z) € Y1 by (m3)
applied to G(go) and z € Y2 by (m3) applied to G(gl). Thus, [z]g = {2, a, b} for some a,b € Yo and

[G(91)(2)]r = {G(91)(2), G(g1)(a ()} = {Ba(2), i (a), By, (b)}

by condition (m4-b) applied to G(g1). Hence, taklng into account our assumption and applying
(m4-c) to G(go), we obtain that

G(QO)G( )( ) {590591( ) /890591( )} { ( )aﬁg(b)} gX'O

is an antichain. By (m4-a) and (m4-b) applied to G(go), Bg(2) ¢ So. Hence, B,4(2) = Bg(a) V By(b)
is an irredundant join by Lemma 9. This implies that G(g)(z) ¢ Sy and thus,

G(90)G(91)(2) = {By(a), By(b)} = G(g)(2).

Case 3: G(g1)(z) ¢ G(L1) and G(g0)G(g1)(2) ¢ G(Lo). In this case, z €Yy by (m3)
apphed to G(g ). Thus, [2]r ={z,a,b} for some a,be Yy and G(g1)(z) = {fg, (a), B4 (D)} =
{G g1)( (b)} C X, is an antichain. Therefore,

( 0)G(g1)(2) ={G(90)G(91)(a), G(g0)G(91) (D) } = { B9 (a), Byo By (b) } =

:{Bg(a)»ﬁg(b)}

and {B4(a), By(b)} € X is an antichain by (c2) and (m3) in Definition 1 applied to G(gop). This
implies that f,4(2) ¢ So by (m4-a) and (m4-b) in Definition 1 whence

G(9)(2) = {By(a), By(b)} = G(g0)G(91)(2)-

Case 4: G(g1)(2) ¢ G(L1) and G(g0)G(g1)(2) € G(Lo). As in Case 3, we have in this case that
[z]r = {2, a, b} for some a,b € Y2 and G(g1)(2) = {By, (a), Be, (b)} = {G(g1)(a),G(g1)(b)} C X1 isan
antichain and By, (2) = By, (a) V By, (b) by Lemma 9. By our assumption and by conditions (m3)
and (c2) in Definition 1, we obtain that {G(go)G (gl)( ) G(g0)G(g1)(b)} € Xo is a chain and

G(g0)G(g1)(2) = max{G(g0)G(g1)(a), G(g0)G(g1)(b) } = maX{ﬂgoﬁgl ) BaoBar (b)} =
=max{y(a), By(b)} < Xo.
Applying Lemma 7(iv) to f,,, we obtain that
Bg(2) =Bgo b1 (2) = Bao (591 (a) v 591(@) = BgoBgi (@) V By B, (b) = Byg(a) V By(b) =
:maX{ﬂg(a)ng(b)} = G(90)G(91)(2) € Xo.
As B4(z) € X, we conclude that G(g)(2) = By(x) = G(g90)G(g1)(2).

The proof of Proposition 9 is now complete. O
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8. upperThe main result

Proposition 10. Functors GF: Mz — M3 and 1y, are isomorphic.

Proof. If S = (S, <, R) is an Ms-space, we have by Lemma 6(ii) that the elements of the space
GF(S) are exactly the ideals |z with z € S. As in [2, Proposition 5.1], we consider the following
map:

&s: GF(S) = S, &s:lz— 2.
It is clear that &s is well-defined. We prove that & is a natural isomorphism of functors GF and 1pg,.
Claim 1. &s is an tsomorphism in Ms.
Proof of Claim. It is clear that s is a bijection which preserves <. In particular, conditions (ml)
and (m2) in Definition 1 are satisfied. By Lemma 6(iv), condition (m3) is satisfied. Conditions (m4-

a) and (m4-c) trivially hold. Condition (m4-b) follows from Claim 2 from the proof of Theorem 1.
Therefore, &s is a bijective Ms-morphism. O

The proof of the following statement repeats the proof of Claim 5.2 in the proof of [2, Proposition
5.1] with minor adjustments.

Claim 2. For arbitrary Ms-spaces S = (S, <,R) and T = (T, <, R) and an arbitrary Ms-morphism
0: S — T, the diagram

Grs) —SF@) cremy

&s r

T

commutes.

Thus, € is a natural isomorphism. The proof of Proposition 10 is complete. 0

Proposition 11. Functors FG: Bs — B3 and 1p, are isomorphic.

Proof. Consider an arbitrary lattice L € Bs. Elements of the lattice FG(L) are exactly the ideals of
the Ms-space G(L). As in |2, Proposition 5.3], we consider the following map:

nL: FG(L) = L, np: I \/ L
We prove that n is a natural isomorphism of functors FG and 1p,.
Claim 1. Ifu € L then the set Ju N CJ(L) is an ideal in G(L).
Proof of Claim. It is clear that I = lunNCJ(L) is a lower cone. If [a]gr ={a,b,c} in G(L) and

b,c € I then, by the definition of functor G in Section 7, a < bV c < u whence a € I and [ is an
ideal in G(L). O

Claim 2. If I is an ideal in G(L) then |np(I)NCJ(L) = I.

Proof of Claim. Tt is clear that I C |nz(I). Suppose that a € |np(I) for some a € CJ(L). If a <1
for some i € I then a € I as I is a lower cone. Otherwise, a < nz(I) =/ I is a nontrivial join cover.
By [12, Proposition 8.5|, L is a J-lattice for J = CJ(L). Since L is upper continuous, the nontrivial
join cover a < \/ I can be refined to a minimal one. This implies by Lemma 2(ii) and Corollary 2
that {b,c} < I where [a]gr = {a,b,c} in G(L). Therefore, b,c € I whence a € I, since [ is an ideal.
Hence, the reverse inclusion nz(I) N CJ(L) C I also holds. O
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The proof of the following statement repeats the proof of [2, Claim 5.5]
Claim 3. ng, is an isomorphism in Bs.

Claim 4. For arbitrary lattices L, M € B3 and an arbitrary complete lattice homomorphism g: L —
M, the diagram

FG(L) — 9 ko)

nL nm

M

commutes.

Proof of Claim. We have to establish that ny/FG(g)(I) = gnr(I) for each ideal I in G(L). As in the
proof of [2, Claim 5.6], we put

U={zeCIM)|G(g9)(z) e INCI(L)};

V ={z€CJ(M)|G(g)(z) ¢ CI(L), G(g)(z) S I}.
Since

nFG(g) (1) = \/ FG(g)(I) = \/ G(9) "' (1) = \/ (U UV);
gnr(I) = \/ \/g

we have to prove that \/(UUV) =\ g(I). Indeed, let z € U; then f4(z) = G(g)(2) € I whence
z < gBy(z) € g(I) by Lemma 7(i) and z < \/ g(I). If z € V then, by the definition of M3-morphism,
z€ CInp(M), [2]r = {2,u,v} in G(M) for some u,v € CInp(M), G(g)(z) = {By(u), By(v)} C I,
and fB4(z) = Bg(u) V Bg(v) by Lemma 9. Thus, {g84(u), gB4(v)} C g(I) and

2 < gBy(2) = gBy(u) V gBy(v) < \/ (1)

by Lemma 7(i). This proves that \/(UUV) <\ g(I).

Conversely, consider an arbitrary element z € CJ(M) such that z <\/g(I). Two cases are
possible.

Case 1: z < g(i) for some i € I. Then B4(z) <i. Two subcases are possible.

Case 1.1: B4(z) € CJ(L). This implies by the definition of G(g) that G(g)(z) = fq4(2) <i e[
whence G(g)(z) € I. Therefore, z € U and z < \/(UUV).

Case 1.2: B4(z) ¢ CJ(L). In this case, z € CIyp(M) by Lemma 7(v), [2]r = {z,u,v} in G(M)
for some u,v € CInp(M), and By(z) = Bg(u) V Bg(v) by Lemma 9. As By(u), Bg(v) < By(2) <iel
and S4(u), By(v) € CJp(L) by Lemma 9, we obtain that G(g)(u) = B4(u) € I and G(g)(v) = B4(v) €
I whence u,v < \/U as in Case 1.1 above. Therefore, z < ¢V d <\/(UUV) by the definition of
the space G(L) in Section 7.

Case 2: z < \/ g(I) is a nontrivial join cover. In this case, z € CIJnp(M) and [z]r = {z,u, v} for
some u,v € CJyp(M) by the definition of the space G(M) in Section 7. Since M € B3, we obtain
as in the proof of Claim 2 above that {u,v} < g(I). By Case 1, this implies that u,v < \/(U UV).
Hence, z <uVvov <\/(UUV).

We proved therefore that \/(UUV) =\/g(I). Hence, FG(g) onpr =np o g. O

It follows from Claims 34 that 7 is a natural isomorphism. O

From Propositions 10 and 11, we obtain
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Theorem 2. The categories Mg and B3 are dually equivalent.
Exactly as in [2]|, we obtain the following statements.
Corollary 4. The following statements hold.

(i) Ms-morphisms which are onto correspond by duality to one-to-one Bs-morphisms and vice
versa.

(ii) Ms-morphisms which are one-to-one correspond by duality to onto Bs-morphisms and vice
versa.

(iii) Disjoint unions of Ms-spaces (which are coproducts in Ms) correspond by duality to Cartesian
products in By and vice versa.

Let (M) fin and (B3) fin, denote the full subcategories of M3 and B3 with finite objects.
Corollary 5. The categories (M3) tin and (B3) fir, are dually equivalent.

Remark 2. If one restricts the functor F to the category P of partially ordered sets (with the
trivial equivalence relation) with order-preserving maps and the functor G to the category By of
bi-algebraic distributive lattices with complete lattice homomorphisms, one obtains the classical
dual equivalence of P and Bs which is due to G. Birkhoff.
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