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(Co)isotropic triples and poset representations

CH. HERRMANN (%) — J. LORAND (k%) — A. WEINSTEIN (k%)

ABsTrRACT — We study triples of coisotropic or isotropic subspaces in symplectic vector
spaces; in particular, we classify indecomposable structures of this kind. The classifi-
cation depends on the ground field, which we assume only to be perfect and not of char-
acteristic 2. Our work uses the theory of representations of partially ordered sets with
(order reversing) involution; for (co)isotropic triples, the relevant poset is “2 4 2 4 2”
consisting of three independent ordered pairs, with the involution exchanging the mem-
bers of each pair.

A key feature of the classification is that any indecomposable (co)isotropic triple
is either “split” or “non-split.” The latter is the case when the poset representation
underlying an indecomposable (co)isotropic triple is itself indecomposable. Otherwise,
in the “split” case, the underlying representation is decomposable and necessarily the
direct sum of a dual pair of indecomposable poset representations; the (co)isotropic
triple is a “symplectification.”

In the course of the paper we develop the framework of “symplectic poset repre-
sentations,” which can be applied to a range of problems of symplectic linear algebra.
The classification of linear Hamiltonian vector fields, up to conjugation, is an example;
we briefly explain the connection between these and (co)isotropic triples.
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1. Introduction

In a previous paper [21], the second two authors have given a complete classifica-
tion of pairs of coisotropic subspaces in Poisson vector spaces and, equivalently
by duality, pairs of isotropic subspaces in presymplectic vector spaces. Each such
pair is uniquely (up to isomorphism and ordering) decomposable as a direct sum of
multiples of ten indecomposable pairs, for which there are simple normal forms in
ambient spaces of dimension 1, 2, or 3. These decomposition problems are special
cases of the problem of classifying triples of coisotropic or isotropic subspaces in
symplectic vector spaces, with an extra condition relating the third subspace to
the first two.

In this paper, we will deal with all (co)isotropic triples in symplectic vector
spaces. The decomposition into indecomposables is still possible with summands
essentially unique, but there are many more indecomposables. In dimensions up
to 4, there are still only finitely many isomorphism classes of indecomposables,
while in higher dimensions the moduli space of such classes includes parametrized
families as well as single points which may or may not be in the closure of such
families.

The classification of pairs in [21] was done by elementary arguments in lin-
ear algebra, but the results there (as well as those in [22] on the classification of
(co)isotropic relations) suggested links with the representation theory of quivers,
particularly of those associated with (extended) Dynkin diagrams and the closely
related representation theory of partially ordered sets (posets). (See e.g. Gabriel
and Roiter [13].) We rely on these to carry out the classification of triples. In
fact, we largely reduce our problem to that of studying representations which are
maps from a certain 6-element poset with involution to the poset of subspaces of
a symplectic vector space with the involution given by symplectic orthogonality.
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The classification of these representations, without the involution, is essentially
that of certain representations of a quiver associated to the extended Dynkin dia-
gram Eg, which is a tree consisting of a central vertex attached to three “branches”
containing two vertices each. The quiver in question is obtained from Eg by ori-
enting all of its edges toward the central vertex. Here are two depictions of this
quiver; the first is the most common, while we will use the latter, to emphasize the
poset structure:

; o<c—— o

-
e—>0—>0<—0<—eo o ®

For our results, we rely on the classification of representations of extended Dynkin
quivers given in [8] and [9], for the case of E¢. Representations of this par-
ticular quiver have also been studied in quite some detail by Stekolshchik, see
e.g. [32] and [31]. The study of poset representations in spaces equipped with an
(anti-)symmetric inner product was first developed, to our knowledge, by Scharlau
and collaborators; see [28] for a concise and enlightening overview.

For (co)isotropic triples, the connection with the Ee-type quiver described
above is this: the central vertex corresponds to the ambient symplectic vector
space, while each branch corresponds to an isotropic subspace and (adjacent to
the central vertex) the coisotropic orthogonal in which it is contained.

The associated six-element poset consists of the vertices in the branches,
with partial ordering given by the arrows connecting them, and (order-reversing)
involution given by exchanging the elements of each pair. We will use one of the
standard notations, 2 + 2 + 2, for this poset.

Since the operation of “taking the symplectic orthogonal” induces a one-to-
one correspondence between isotropic subspaces and coisotropic ones, in the
following we focus on and refer simply to isotropic triples. The concomitant results
for coisotropic triples are implicit.

A crucial part of our analysis is a result due to Quebbemann, Scharlau, and
Schulte [25] and Sergeichuk [30], which, in our setting, says that every indecom-
posable isotropic triple in dimension 2# is either already indecomposable as a
linear representation of the poset 2 4+ 2 + 2 or is obtained from an indecompos-
able linear representation of the same poset in dimension #n by a “doubling con-
struction” known as hyperbolization ([25, p. 267]), and which in our context we
will call symplectification. (It is closely connected to the cotangent bundle con-
struction in symplectic geometry, though the latter always produces Lagrangian
subspaces.) This dichotomy reduces our problem to deciding which such inde-
composable linear representations actually come from indecomposable isotropic
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triples, and finding the non-isomorphic isotropic triples which may give rise to
the same indecomposable linear representation.!

Acknowledgements. The authors would like to thank an anonymous referee for
careful reading and helpful comments. J. Lorand would like to thank Alberto
Cattaneo, Wilhelm Karlsson, Marcel Wild, Rafael Stekolshchik, and Thomas
Willwacher; he acknowledges support from the NCCR SwissMAP and SNF Grant
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2. Resumé

In this section we give a summary of our results. We hope that placing this
summary here, rather than as a final section, will give the reader an initial rough
overview and a place to refer back to while reading the paper. Some of the
terminology and notation used below is only defined later in the course of the
paper; we include here, however, a short list of our most essential terms and
notions.

e A linear poset representation (or just poset representation) of a poset P in
a vector space V' (always assumed finite-dimensional) is an order-preserving
map from P to the poset of subspaces of V. Poset representations will usually
be denoted by the letter 1. Representations of the poset 2 4+ 2 + 2 are called
sextuples.

e If a poset P is equipped with an order-reversing involution, then to each
representation i of P in V, there is a dual representation ¥* of P in V*.
(For the definition, see (4) in Section 3.5.) In this paper, we always assume
the poset 2 + 2 + 2 to be equipped with the order-reversing involution that
exchanges the two elements of each of the three ordered pairs.

e An isotropic triple ¢ is an ordered triple of isotropic subspaces of a sym-
plectic vector space. The three isotropics, together with their corresponding
symplectic orthogonals, form a sextuple of subspaces which define a linear

1 The simplest triple illustrating this possibility consists of three distinct lines in a symplectic
plane. These are Lagrangian, so each one corresponds to both the isotropic and coisotropic
subspaces in a nested pair. If we forget the symplectic structure, there is no further invariant,
but in the case of real coefficients, there is a symplectic invariant given by the cyclic order of the
three lines with respect to the symplectic orientation. This is sometimes called Maslov index or
Kashiwara—Vergne index of the Lagrangian triple.
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representation of the poset 2 4+ 2 4 2, the underlying linear representation ¢.
The underlying poset representation ¢ associated to an isotropic triple is nec-
essarily isomorphic to its dual; i.e. ¢ is “self-dual.”

e Given a sextuple ¥ in V', a compatible symplectic form is a symplectic form
on V with respect to which ¥ becomes the underlying poset representation
of an isotropic triple. (See Section 3.5.)

o Isotropic triples are examples of symplectic poset representations (see Def-
inition 3.2). There are distinct notions of decomposition (and of “indecom-
posable”) for linear poset representations and for symplectic poset represen-
tations, respectively (the latter are orthogonal decompositions.) In particular,
an indecomposable isotropic triple may be decomposable as a linear poset
representation.

e Any representation i of a poset P has an associated dimension vector: this
is the function which assigns to each element x € P the dimension of the
associated subspace ¥ (x). We usually write the dimension vector not as a
function, but as a tuple (i.e. a ““vector”).

e Throughout we assume that the ground field k is perfect and does not have
characteristic 2. The condition of “perfectness” is not a strong one: perfect
fields include fields which are algebraically closed, fields of characteristic
zero, and finite fields.

SUMMARY OF OUR RESULTS

1. Symplectically indecomposable isotropic triples ¢ come in two kinds.

e Split: the underlying sextuple ¢ of the isotropic triple is decomposable
as a linear poset representation. By Lemma 3.24, ¢ is isomorphic to
the symplectification of some indecomposable poset representation v
of 2 4+ 2 + 2 which is not self-dual; in particular ¢ = ¢ & ¢ *.

e Non-split: ¢ is such that ¢ indecomposable and self-dual.

Our main work is the identification of the duals of indecomposable sextuples
and the classification of the indecomposable non-split isotropic triples. Once
this is done, by Lemma 3.24, the classification of the split-type indecompos-
able isotropic triples is essentially automatic. Throughout, it is understood
that when we speak of classification of indecomposables, we mean the clas-
sification of isomorphism classes of indecomposables.

2. In order to classify the non-split indecomposable isotropic triples, we first
identify which sextuples i are self-dual. We have the following subcases
(we use labels (a) through (e), which are also referred to further below).
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e Discrete-type: in these cases, ¥ is based on an indecomposable nilpo-
tent endomorphism. Up to isomorphism, i is uniquely determined by
its dimension vector d. There are the following types, with k € Zx:

a. AGk + 1,0) withd = (3k + 1:2k + 1, k. 2k + 1.k, 2k + 1,k):

b. A3k +2,0) with d = (3k + 2:2k + 1k + 1,2k + 1,k + 1,
2% + 1,k + 1).

e Continuous-type: in these cases, ¥ has a dimension vector of the form
(3k; 2k, k, 2k, k,2k, k), with k € Z~, and is based on an indecompos-
able endomorphism 7 (this is a generalization of the A(k, A) of Donovan
and Freislich [9], and we also use normal forms based on the homo-
geneous representations of Dlab and Ringel [8]). In our encoding, the
underlying endomorphism 7 of a self-dual v is necessarily such that
n is similar to (Id —n)*. The following types of endomorphism 5 (up
to similarity) account for all the indecomposable self-dual continuous-
type sextuples.

If n has an eigenvalue A in the base field, then
c. A=1.
If n has no eigenvalue in the base field, then

d. over the reals, the complex eigenvalues of 1 are % + b,~/—1 for
unique real b, > 0;

e. over perfect fields in general, n = %Id +¢ where ¢ # 0 is similar
to —¢*. The characteristic (= minimal) polynomial of ¢ is of the
form r(x)™ for an irreducible polynomial r which is of the form
r(x) = p(x?) for some polynomial p.

3. With the indecomposable self-dual sextuples classified, we then determine
which of these admit compatible symplectic forms (and we give such forms
explicitly via coordinate matrices). We find that compatible symplectic forms
exists as follows:

(a) for A(3k + 1,0) if and only if k is odd;
(b) for A(3k + 2,0) if and only if k is even;
(c) for n having an eigenvalue in k, if and only if k is even;

(d)-(e) for n having no eigenvalue in k, for all k£ (such k turn out to neces-
sarily be even).

4. Following the question of existence of compatible symplectic forms for inde-
composable self-dual sextuples, we then address the question of uniqueness.
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We find that compatible symplectic forms for a sextuple ¥ are unique up to
isomorphism (i.e. up to an isometry which is an automorphism of ), as well
as up to the following data, according to the respective case:

(a)—(c) multiplication by a scalar;
(d) multiplication by a scalar;

(e) multiplication by a “scalar” Z € F;Ir . Here F = Kk[x]/q(x) is
considered as a subring of k3**3% and F ;; consists of all Z € F such
that Z' H = HZ, where H is the coordinate matrix of a particular
compatible form.

In the cases (a)—(c) there are no compatible symmetric forms; in the cases
(d) and (e) there are compatible forms.

. The following provides a complete list of isomorphism types of isotropic
triples in the non-split case. Given a non-split isotropic triple ¢ with symplec-
tic form w (and associated coordinate matrix H) there is an automorphism
of ¢ which is

(a)—-(d) an isometry from w to cw, for some 0 # ¢ € k, if and only if c is a
square in k (thus, compatible symplectic forms for a given sextuple
Y = ¢ are parametrized by the square class group k*/(k*)?);

(e) an isometry from H to HZ, for some 0 # Z € F, if and only if
Z = X2 —Y?where X € Fjy andY € Fp. Here, Fif = {Z |
Z'H = +HZ).

. For a fixed indecomposable sextuple i, the set (if non-empty) of all compat-
ible symplectic forms? is given via linear expressions involving

(a) k parameters;
(b) k + 1 parameters;
(c)—(d) % + 1 parameters.
Proors. (1) By Lemma 3.24.
(2) For (a)—(b), in Proposition 4.4 it is stated which discrete-type indecom-

posable sextuples are self-dual, and in Theorem 5.3 it is shown which ones admit
compatible symplectic forms.

For continuous-type indecomposable sextuples, it is established in Section 6.5

that self-duality only occurs for framed sextuples, and from Proposition 6.17 it

2 Here we mean all compatible forms, i.e. not only up to isometry.
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follows that a framed sextuple 8, is self-dual if and only if # is similar to Id —n*.
Furthermore, those 8, which underly non-split isotropic triples are identified:

(c) in Theorem 7.1 for the case when the underlying endomorphism has an
eigenvalue in the ground field;

(d) in Theorem 7.3 for the case when k = R and the underlying endomorphism
has no eigenvalue in R;

(e) in Theorem 8.9 for the general case when k is perfect and the underlying
endomorphism has no eigenvalue in k. See also Corollary 8.10.

(3) For (a)-(b), see Theorem 5.3; for (c), see Theorem 7.1 (d)—(e), see Theo-
rem 8.9.

(4) For (a)-(b), see Theorem 5.9; for (c), see Theorem 7.1; for (d), see The-
orem 7.3; for (e), see Theorem 8.17. The uniqueness statements in the theorems
above for (a)—(d) make use of Lemma 3.26, and in (e), Theorem 8.17 makes use
of Lemma 8.15.

(5) As in the previous point: for (a)—(b), see Theorem 5.9; for (c), see Theo-
rem 7.1; for (d), see Theorem 7.3; for (e), see Theorem 8.17.

(6) For (a)—(b), see Remark 5.8; for (¢c)—(d), see Theorem 7.1 and Theorem 7.3.
|

CoroLLARY 2.1. For an indecomposable representation W of the poset P =
2 4+ 2 + 2 in a vector space V the following are equivalent:

1. there is a symplectic representation ¢ such that § = .

2. V¥ is self-dual and dim V is even.

RemAark 2.2. The following topics are deferred to possible future work.

e For those representations which do not admit compatible symplectic struc-
tures (since they are not self-dual or admit only symmetric structure), a de-
tailed description of the isotropic triples resulting from their symplectifica-
tions.

e Analysis of how the classification of isotropic triples changes when the
ground field is changed.

e A description of the isometry groups of indecomposable isotropic triples.

e A discussion of the classification of isotropic triples within the category-
theoretic framework of Quebbemann, Scharlau, and Schulte [25] and Serge-
ichuk [30].
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e Analysis of the relation between poset representations which are sextuples
and those which involve four subspaces.

e The study of how a general (not necessarily indecomposable) isotropic triple
decomposes into indecomposable summands; in particular the question of
how unique such a decomposition is.

e The question of defining invariants for isometry types of isotropic triples
(in particular in relation to the perfect elements established by Stekol-
shchik [32]).

e An explanation in further detail of the relation between isotropic triples and
linear Hamiltonian vector fields.

3. General theory

Here we provide a review of some aspects of symplectic linear algebra and the
representation theory of partially ordered sets. We have tried to do this in such
as way as to be accessible to readers who might be familiar with only one of
these two areas. In particular, we give an elementary presentation of the relevant
results from the general theory of Quebbemann, Scharlau, and Schulte [25] and
Sergeichuk [30].

We work with a fixed ground field, which we assume to be perfect (e.g. of
characteristic zero, finite, or algebraically closed) and not of characteristic 2;
otherwise we usually leave the field unspecified. All vector spaces are assumed
to be finite-dimensional.

3.1 — Basic notions

A pair of subspaces (A4, B) in a vector space V (without further structure) is
completely determined up to isomorphism by four invariants: the dimensions of
V,A, B,and AN B.Foratriple (A, B, C) € V of subspaces, one needs to know, in
addition to the dimensions of V, A4, B, C, all pairwise intersections, and the triple
intersection, the dimension of one more space, such as (4 + B) N C, giving a
total of nine invariants. (For instance, this ninth invariant is needed to distinguish
the two arrangements of three distinct lines in 3-space, which may or may not
be coplanar.) At this point, we have effectively introduced the lattice (A4, B, C)
generated by A, B, and C as a sublattice of the lattice X (V') of subspaces in V,
i.e. the subspaces generated by A, B, and C under iterations of the operations
of sum and intersection. The study of such structures dates back to Dedekind and
Thrall, immanent in early results of representation theory and leading into abstract
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lattice theory. The present work is mainly oriented around posets, with (V') being
a poset with respect to inclusion, and we will not deal with abstract lattice theory.
Nevertheless, the lattice structure of X (V') will play an important role, in particular
in calculations.

A non-degenerate antisymmetric bilinear, i.e. symplectic, form w on V pro-
duces additional structure.

First of all, there is a naturally associated linear map @ from V' to V* defined
by ®(v)(w) = w(v, w). Non-degeneracy means that @ is an isomorphism.

Next, there is a natural order-reversing involution A — A+ on X (V'), where A+,
the symplectic orthogonal of A, is the subspace {v € V | for all w € A such that
w(v,w) = 0}. This involution is related to another order-reversing operation,
namely the one that maps a subspace A C V to its annihilator A° = {§ € V* |
&(v) = 0forall v € A} in V*. The following result is easy to verify; we state it as
a lemma to refer to later.

LemMa 3.1. For any subspace A in a symplectic space (V,w), &@(A+) € V*
is the annihilator A° of A.

Using the involution L, we may define several special types of subspaces.
There are the isotropic subspaces, for which A € AL and the coisotropic sub-
spaces, for which A+ C A. Subspaces which are both isotropic and coisotropic,
i.e. fixed points of the orthogonality involution, are called Lagrangian. Subspaces
for which 4 N A+ = {0} are called symplectic; the restriction of the symplectic
form to such a subspace is non-degenerate, and hence again a symplectic form.
For such spaces, the order-reversing property implies that this condition is equiv-
alent to A + A+ = V, so that we can also write the condition as V = A4 & AL.
Involutivity implies that A+ is symplectic as well, giving a symplectic direct sum
decomposition of V. Such symplectic direct sums can also be built from the ex-
ternal direct sum of symplectic spaces by equipping the sum with the direct sum
form, which is again symplectic. The aim of this paper is to study the decomposi-
tion of (co)isotropic triples with respect to symplectic direct sums (not just of two
summands).

Given a symplectic direct sum decomposition V' = A; @ A,, we can define in a
purely lattice-theoretic way the involution on ¥ (A;) associated with the restricted
symplectic structure. Let C; be any subspace of A;. Then Cit contains 45, and
the modular law? implies that Ci- = (Cj- N A1) @ A>. So we may define the

3 The modular law states that, for subspaces A, B, C of a given vector space, if B C A, then
AN(B+C)=B+ANC.
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operation 1! by setting CIJ‘1 := Ci- N Ay. It is clearly order-reversing, and it is
easy to check that it is involutive. Of course, we can do the same thing in A,. We
see from here that for subspaces C; C A;, the direct sum C; @ C is (co)isotropic
or symplectic if and only if C; and C; are. Similar statements to all of those above
hold for orthogonal decompositions with any number of summands.

A linear representation* of a partially ordered set, or poset, P in a vector space
V is an order preserving map ¥ from P to the poset X (V). The dimension vector
of v is the function which assigns to each p € P the dimension of ¥ (p). We
will also add dim V' as a first component to the dimension vector. A morphism
f:¥ — v’ between representations ¥ in V and ¢’ in V' of the same poset P
is a linear map f:V — V’ such that f(y¥(p)) € ¥/(p) forall p € V;itis an
isomorphism if f is bijective and f (¥ (p)) = ¢/'(p) forall p € P.

The term poset with involution will denote a poset P equipped with an order-
reversing involution L: P — P. The relevance of poset representations and
involutions arises when we observe that each isotropic subspace A in a symplectic
space V is naturally associated with the subspace A+ which contains it and hence
with the pair (4, AL). Conversely, if (4, B) is any pair of subspaces for which
A C B and A1 = B, then A is isotropic and B is its coisotropic orthogonal.
Thus we see that isotropic (or equivalently, coisotropic) subspaces in V' may
be identified with involution-preserving representations into (1) of a poset
consisting of two elements in linear order, equipped with the order-reversing
involution which exchanges the two elements. We will denote this poset by 2.

DEerintTION 3.2. Let (P, L) be a poset with involution, (V, w) a symplectic vec-
tor space, and (X(V), L) the poset of its subspaces equipped with the involution
induced by w.> A symplectic representation of (P, L) in V is an order-preserving
map ¢: P — X(V) such that

o(pt) = @(p)t forall p € P.

If ¢ is such a representation, forgetting the involutions gives us simply a linear
representation of P in the vector space V, which we denote by ¢ and call the
underlying linear representation.

Given another symplectic representation ¢’ in (V’/, ®’) of the same poset with
involution (P, L), an isomorphism from ¢ to ¢’ is an isomorphism of linear poset
representations ¢ — ¢’ which is also an isometry (V, w) — (V', o).

4 We use the word “linear” here simply to distinguish this notion of representation from the
notion of symplectic poset representation, which we define below.

5 We use the same symbol to denote two different involutions — the one on P and the one
on (V).
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Now, for any k, the k-tuples of isotropic-coisotropic pairs in (V, @) are simply
the symplectic representations in (V,®) of the partially ordered set k - 2 :=
2 4+ 2+ --- 42 (k times) consisting of k copies of 2 which are independent in the
sense that a < b only when a and b belong to the same copy, with the involution
interchanging the elements of each copy of 2. In the present paper, we derive for
k =0,1,2,3, up to direct decomposition, the classification of isotropic k-tuples
from the classification of linear representations of the poset k - 2; these essentially
correspond to the representations of a quiver associated with the Dynkin diagrams
Ay, As, and As, and the extended Dynkin diagram Eg, respectively. The first
three cases are easy, with only finitely many indecomposables up to isomorphism,
while the latter case is more involved — in particular there are infinitely many
indecomposables, some appearing in 1-parameter families.

Our general strategy for classifying isotropic triples will involve three basic
operations related to symplectic representations. First of all, given a symplectic
representation ¢ of (P, L) in (V, w), one may ignore the involution and symplectic
structure to obtain a linear representation ¢ of P in V. Second, starting with
a linear representation ¥ of (P, L) in V, one can ask whether there exists
a symplectic form on V such that v is in fact a symplectic representation in
(V, w); in this case w is a em compatible symplectic form. Third, one can build
a symplectic representation out of each linear one by a “doubling” construction
called symplectification, which we define in subsection 3.6 below.

Remark 3.3. These operations are close to ones in symplectic geometry. The
first one corresponds to forgetting the symplectic structure on a symplectic man-
ifold, the second is analogous to asking whether a given manifold admits a sym-
plectic structure, while the third is similar to the cotangent bundle construction.

3.2 — Decompositions of linear representations

We fix a poset P. Given linear poset representations ¢ and ¥’, on V and V'
respectively, their (external) direct sum is the poset representation on V @ V'
defined by

Wev)x)=yvx)®y'(x) forallx € P.

A subrepresentation of a linear representation ¥ on V is a representation ¥’ on a
subspace U C V such that ¥/(x) € ¥ (x) for all x € P. Given subrepresentations
Y’ and ¢ of ¥, on U’ and U" respectively, we say they form an (internal) direct
sum decomposition of ¥ if V = U’ @ U” and

Y(x) =y (x)®y"(x) forallx € P.
In this case, ¥'(x) = y¥(x) N U’ for all x € P, and similarly for y”.
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We note that, given a subrepresentation v’ of v, there may not exist a subrep-
resentation ¥ such that v = '@ v”. For an example, consider P = {xy, x2, x3}
endowed with the empty partial order, i.e. there are no order relations between the
elements. Let ¢ be a representation of P on a two-dimensional space V' such that
the subspaces v (x;) are three independent lines, and let v’ be the subrepresen-
tation on U’ := v (xy) such that ¥/'(x;) = ¥(x1) and ¥'(x2) = ¥/'(x3) = 0.
Suppose there existed a subrepresentation ¥” such that = ¥’ & v”. Then "
would be need to be defined on a subspace U” such that V. = U’ & U”; thus U”
would be a line in V. By the requirement that ¥ (x;) = ¥/ (x;) ® ¥ (x;), it follows
that necessarily

Y(x2) =0 ¥ (x2) and ¥(x3) =0 ¥ (x3).

But since the subspaces ¥”(x,) and " (x3) must be contained in the line U”, this
would imply that ¥ (x3) = ¥"(x3) = U”, a contradiction to the fact that ¥" (x5)
and " (x3) are independent.

For any vector space V, idempotents = in the algebra End(V') of its endo-
morphisms correspond to direct sum decompositions V= A & B of V, where
A = Imm and B = Kernw = Im(1 — 7). (The zero and the identity endomor-
phisms are denoted by 0 and 1, respectively.) The same is true for the endomor-
phism algebra End(V, 1) of a linear representation i in V' of a fixed partially
ordered set P. Recall that an endomorphism of a linear representation v is a lin-
earmap f:V — V suchthat f(¥(p)) € ¥(p) for all p € P. It is easy to check
that End(V, ) is a unital subalgebra of End(V). Since the ground field embeds
into End(V, v) via its action on the algebra unit, we sometimes refer simply to the
ring of endomorphisms of .

The basic theory of poset representations parallels that of modules of finite
composition length as presented, for example, in [18, §1.4]. We nevertheless give
some outlines of proofs, for the convenience of the reader.

We call a subring E of some End(V') local if each of its elements is either
invertible or nilpotent. It follows that, for any f € E, either f or 1— f is invertible;
namely, if f is not invertible, then f” = 0 for some n and 1 — f has inverse
' 1. More generally, if g = Y /-, f; is invertible then so is at least one of
the f;. The nilpotent elements form an ideal Rad E, the radical of E. (Namely,
given f and g, if one of them is nilpotent and if fg were to be invertible, then
f would be surjective and g injective, so actually both would be invertible. And
if both f and g are nilpotent then f + g cannot be invertible.) It follows that
E/Rad E is a division ring and Rad E the unique maximal ideal.

The following result is a version of Fitting’s Lemma.
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Lemwma 3.4. For a linear poset representation  in V the following are equiv-
alent:

1. V¥ is indecomposable;
2. End(V, ¥) is local,
3. End(V, ¥) has only the trivial idempotents 0 and 1.

Proor. Clearly, (2) = (3) = (1). Now, assume ¥ indecomposable. The
rank of f7/ is a non-increasing and non-negative function of j = 1,2,3,..., so it
stabilizes after finitely many steps, say d steps. Then f/(Im f¢) = Im f4+/ =
Im f¢ for all non-negative ;; denote this image space /. It follows that the non-
decreasing sequence of kernels of these powers also satisfies N := Ker f4+/ =
Ker f%; denote this null space N.If v € I N N, then v = f¢(w) for some w,
and 0 = f%v. Hence, f24(w) = 0,s0 v = f%(w) must be zero as well. So
I N N = {0}. By dimension counting, we have V = I & N, where / and N are
both f-invariant, f|; is invertible (since it is surjective), and fy is nilpotent.

If K is any f-invariant subspace, then f%¢(K) C K is the projection 77 (K)
of K on I. Then the other projection 7w (K) = (1 — n7)(K) is contained in K as
well. This shows that any f -invariant subspace is the direct sum of its components
in I and N. It follows that, if f leaves invariant an indecomposable family of
subspaces, either / or N must be zero, and f is either nilpotent or invertible. [

Remark 3.5. Even without the indecomposability assumption, the decompo-
sition into invertible and nilpotent parts is unique: for any such decomposition
f1 ® fn, I and N must be the image and kernel respectively of all sufficiently
large powers of f.

We now state the Krull-Remak—Schmidt theorem in the form that we will
need.

THEOREM 3.6. Let y = Y1 @ V2 @ ®Ypandlet ' = Y1 @Y, S--- DY,
be direct sum decompositions of isomorphic linear poset representations, e.g., of
the same representation, into indecomposable summands. (Such decompositions
always exist in finite dimensions.) Then n = n’, and the two decompositions are
the same up to isomorphism and permutation of the summands.

Proor. We may assume n’ > n, and we denote the underlying vector spaces
asVi@---®Vyand V{@---@V,,. First, consider n = n’ = 2 and an isomorphism
f1¥ — ¢’ such that f(vy,0) = (g(v1), h(v1)) with morphisms g, h: i — V]
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where g is an isomorphism. We claim that ¥, and ) are isomorphic, too.
To prove this, we may assume 7 = O0: replace f by f’ where f'(vy,vp) =
(w1, wa — hg™ (wy)) if f(vi,v2) = (w1, wp). Then ¥ = /(Y1 & 0) =
(fY¥)/(gy1 @ 0) =v'/ (Y] ©0) = ¥,.

In general, let f: ¢ — v’ be a given isomorphism and consider the canonical
embeddings ¢;, €; and projections 7;, 7 given by the decompositions. Put g; =
mjofogandh; = mio f~log|. Then Y| ,gioh; =1 € End(V],¢}).
Since this ring is local, one of the summands is invertible, say the first. Then
hi o g1 € End(Vy, ¥1) is not nilpotent, whence invertible. Thus, gi: 1 — ¥ is
an isomorphism. Clearly, f(v1,0,...,0) = (g1(v1), w2, ...) and it follows, by the
special case, that Y, @ --- @ v, is isomorphic to ¥} @ --- & v, ,. We repeat the
argument until only 1, is left on one side. Since v, is indecomposable one has
n = n’ whence ¥, = v,. O

3.3 — Endomorphisms

Poset representations of particular interest are ones which can be built from a
vector space U and a linear map n: U — U. We will refer to such a couple
(U, n) simply as an endomorphism when no conflation with other notions is to
be feared. From such an endomorphism one can build a poset representation
(V; Uy, Uy, Us, Uy), i.e. arepresentation of the poset 1 + 1 + 1 4 1: define

V=UxU,
U1=UXO,
(1 Uy=0xU,

Us ={(x,—x) | x e U},
Us = {(x,—n(x)) | x € U}.

We will call this the quadruple associated to (U, n). Note that U4 and U; are the
negative graphs, respectively, of 1 and the identity map on U'. It is straightforward
to check that any endomorphism of the poset representation (1) is of the form
f x f,where f:U — U is such that

(2) nof =fon.

The collection of linear maps f: U — U satisfying (2) form an algebra End(U, ),
the endomorphism algebra of (U, n). More generally, a morphism of endomor-
phisms (U, n) — (U’,7’) is a linear map f:U — U’ satisfying n’ o f = f on;
such a map is an isomorphism if, additionally, f is invertible as a linear map.
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LemMA 3.7. A poset representation (V; Uy, Uy, Uz, Uy) is isomorphic to one
of the form (1) for some (U, n) if and only if

3) UidU =V fori<j<3 and Uy @Us=V.

Proor. It is easily seen that, given (U, 1), the associated quadruple satis-
fies (3). For the converse, suppose (V'; Uy, U, Us, U,) is aquadruple satisfying (3).
First, note that the conditions (3) imply that all of the subspaces U; have the same
dimension. Choose any vector space U having the same dimension as the U; and
choose linear isomorphisms ¢;: Uy — U and ¢,: U, — U. Next, note that since
Us is independent of both U; and Us, there exists an isomorphism ¢3: Uy — U,
such that U3 = {x + ¢3x | x € Uy} € U; & U,. Finally, using this data we
construct the following map

oV =U®U,— UxU, x4y (g1x,—p103'y).

Clearly ¢ is a linear isomorphism and maps U; to U x 0 and U, to 0 x U.
Furthermore, given x + ¢3x € Us, its image under ¢ is (¢;x, —¢1x), as desired.
Since Uy is independent of U,, it is the graph of a linear map ¢4: U; — U, (though
this map may not be an isomorphism). Now given x + g4x € Uy € U; & U,, we
have

O(x + @ax) = (@1, —¢1903 '@ax) = (91X, —1905 ' Q407 P1X).

Setting n = @195 '@ap; !, we have a quadruple of the form (1) which is isomorphic

An endomorphism (U, 1) is decomposable if there exist non-zero subspaces
Uy, U, € U which are invariant under n and form a decomposition U = U; &
U,. As in the case of poset representations, such decompositions correspond to
idempotents in the endomorphism algebra of (U, n). For future reference we state:

LemMma 3.8. The endomorphism algebra of (U, n) is isomorphic to the endo-
morphism algebra of the associated quadruple (1). In particular, (U, n) is inde-
composable if and only if its endomorphism algebra is local.

Proor. An isomorphism is given by mapping an endomorphism f of (U, 1)
to the endomorphism f x f of (1). Its inverse is “restriction to U;.”
The characterization of indecomposability follows from Lemma 3.4. O

Another point of view is that an endomorphism (U, 1) defines a k[x]-module
Ux[y), where the action of x on Uy[y) is defined by the action of n on U, i.e.
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(> )L,'xi) cu = (Y )L,'Y]i)(u) for u € U, A; € k. In this case, morphisms
f:(U,n) — (U, n) are the same as module homomorphisms f: Uk, — Ul;[n/]
and decompositions of (U, n) correspond to direct sum decompositions of Uk[y;.

Remark 3.9. If 7 is an indecomposable endomorphism of U with an eigen-
value A in the base field k, then there is a basis such that 5 is described by a single
A-Jordan block. With respect to such a basis, the members of the endomorphism
algebra £ = End(U, 1) are given by the matrices Zf;ol a;N' where d = dimU
and N is the nilpotent matrix withn; ;41 = 1fori = 1,...,d —1, and 0 otherwise.
In particular, E is local (namely isomorphic to k[x]/(x?)) and E = kId @ Rad E.

Proor. Consider the endomorphism { = 75 — AId and apply the Fitting
Lemma. Since ¢ is non-invertible, there is n with {* = 0, that is n admits Jordan
normal form with unique eigenvalue A and there is a single block / = Al + N
only. Now, E is given by the A such that AJ = JA, which is equivalent to the
condition AN = NA. Since any invariant subspace of N is one of A4 also, A must
be upper triangular and with only a single scalar on each upper diagonal. In other
words, from AN = B = NA one hasthata; j_1 = b;j = a;41,j fori < j,and 0
as entry otherwise. O

If an indecomposable endomorphism (U, 1) does not have an eigenvalue in the
ground field k, a generalization of Remark 3.9 holds; we recall this in Section 8.2.

We note that, for (U, 1) indecomposable, the endomorphism algebra End(U, )
is generated, as a unital k-subalgebra of End(U), by the single element 7, (see
Proposition 8.11). In other words, it consists simply of “polynomials in 7.” In
particular, it is a commutative algebra, and any subspace of U is invariant under
End(U, n) if and only if it is invariant under 5. Further details about these endo-
morphism algebras are discussed in Section 8.4.

3.4 — Decompositions in symplectic spaces

If V carries a symplectic form w, we define a transpose operation * on its endo-
morphisms by the usual formula w(f(x),y) = w(x, f*(»)). Then the condition
' = 0 on an idempotent 7 means that the image of 7 is an isotropic subspace.
In fact, for any x and y in V, we have w(7(x), 7(y)) = w(x, 7’7 (y)).

Similarly, if wx" = 0, then the image of n’ is isotropic. It follows that, if
7 + n' = 1, then the images of = and n* give a decomposition of V' as the direct
sum of two isotropic subspaces which must be Lagrangian and hence in duality
by the bilinear form. We state this result in the form of a lemma for use below.
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LemMma 3.10. Decompositions of a symplectic vector space V as a direct
sum of (two) Lagrangian subspaces are in 1-1 correspondence with idempotent
endomorphisms w:V — V suchthat t'mr =0 =nn' and 7 + =" = 1.

Similarly, for symplectic direct sum decompositions, we have the following
characterization in terms of idempotents.

Lemma 3.11. Symplectic direct sum decompositions of V into two subspaces
are in 1-1 correspondence with idempotent endomorphisms .V — V which are
self-adjoint, i.e. 7' = m.

Proor. It is a standard fact that Ker(7r) = (Imx?)%t, and Ker 7 is also the
image of 1 — . It follows that # = =’ if and only if the images of 7 and 1 — 7
are orthogonal, which means that the corresponding direct sum decomposition is
symplectic. |

Now suppose that ¢ is a symplectic representation in V' of an involutive
poset P.

Lemma 3.12. If f is an endomorphism of ¢, then f' is an endomorphism of
@ as well.

Proor. We must show that, for each p € P, f'(¢(p)) € ¢(p). This is
equivalent to showing that, fora € ¢(p)and b € ¢(p)*, we have w(f*(a),b) = 0,
or, equivalently, w(a, f(b)) = 0. Since ¢ is symplectic, we have b € ¢(pr); since
f is an endomorphism of ¢, f(b) € p(pL) = ¢(p)* as well. O

Lemma 3.13. Symplectic direct sum decompositions of ¢ into two representa-
tions are in 1-1 correspondence with self-adjoint idempotents m = n' which are
endomorphisms of the underlying linear representation, i.e. w € End(9).

Proor. A direct sum decomposition V = V1 & V5 of ¢ is nothing else than a
decomposition of ¢ where the summands V; and ¥, are also mutual orthogonals.
Such a decomposition corresponds to an idempotent & € End(¢) suchthat 7! = 7
(cf. Lemma 3.11). O

LemMma 3.14. If ¢ is an indecomposable symplectic representation and if
f € End(@) is an endomorphism of ¢ such that f' = =+ f, then f is either
nilpotent or an isomorphism.
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Proor. From the proof of Lemma 3.4 we know that there exists a non-negative
integer d such that V = Ker f¢ @ Im f¢ is a decomposition of ¢. Since (f¢)" =
(fH¢ = +f4, this decomposition of V is one into orthogonal summands;
hence it is a symplectic direct sum decomposition of ¢. Since ¢ is assumed to
be indecomposable as a symplectic representation, either Ker f¢ or Im f¢ must
be zero. O

3.5 — Duals, Compatible forms

Let : P — X (V) be any linear representation in V' of a poset P equipped with
an order-reversing involution L. We can think of i as a linear representation of
(P, L) which doesn’t “see” the involution. Define the dual representation of v in
V* by

“) yr(PL) — BV, y*(p) =y(ph)° forallp e P.

Note that this definition makes use of the involution on P, i.e. ¥* is the dual of
Y with respect to the involution 1 on P. In particular, the definition only makes
sense viewing v as a linear representation of (P, L) (rather than only of P). The
combination of two order inversions — once due to the poset involution and once
due to the annihilator operation — leads to ¥ * being order preserving.

By Lemma 3.1, if ¢ is a symplectic representation of (P, 1) in (V,w), then
@ is an isomorphism from ¢ to ¢*. This shows that a representation of P can be
compatible with a symplectic structure only if it is self-dual, i.e. isomorphic to its
dual. In particular, it has a dimension vector which is self-dual in the sense that
dim ¢(p) 4+ dim(pt) = dim V for any p € P.

The results above lead to the natural question of determining the relation
between isomorphisms of a linear representation to its dual, the self-duality of its
dimension vector, and the existence (and uniqueness) of compatible symplectic
structures.

We will see later that many representations of interest to us are characterized
up to isomorphism by their dimension vectors. Hence we record the following
simple observation.

LemwMma 3.15. If a representation  is isomorphic to its dual, then it has a self-
dual dimension vector. If a representation  is characterized up to isomorphism by
its dimension vector, and this dimension vector is self-dual, then v is isomorphic
to its dual.
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Proor. The first statement has already been noted. For the second, we observe
that, if the dimension vector of v is self-dual, then ¢ and ¥* have the same
dimension vector, and so by assumption they must be isomorphic. |

In studying symplectic structures, it will sometimes be important to consider
non-degenerate symmetric bilinear forms, as well. For these, there is an analogous
notion of orthogonality and, therefore, an analogous notion of representation of a
partially ordered set with involution. To capture both kinds of forms, we’ll speak
of e-symmetric bilinear forms, where ¢ = 1 for symmetric forms and ¢ = —1
for antisymmetric forms; similarly, an e-symmetric representation of a poset with
involution is the generalization of the definition of symplectic representation to
e-symmetric forms. We will often identify a non-degenerate bilinear form B on
V with the linear isomorphism B: V — V* v — B(v,-), setting B*:V — V*,
v +— B(-,v). With this notation, B is e-symmetric if and only if B* = ¢B.¢ In
referring to the parity ¢ of B we sometimes write £(B).

For a fixed linear representation i on V' of a poset (P, L) with involution, one
can ask how many different non-degenerate e-symmetric forms B exist (if any)
which are compatible with i in the sense that

Y (pt) =y(p)t forall p e P,

where the involution L on V is the one induced by B. A non-degenerate s-sym-
metric form which is compatible with 1 in this sense will be called a compatible
Jorm.

LemMa 3.16. Let ¥ be a linear representation of (P, L) inV,and B:V — V*
a non-degenerate g-symmetric form. Then B is a compatible form ( for ) if and
only if B is an isomorphism W — *.

Proor. That B is compatible means that ¥ (p*) = ¥ (p)* forall p € P. This
is equivalent with B(¥/(p1)) = ¥ (p)°, and since ¥ (p)° = ¥*(pr), this is the
same as B(y(pt)) = y*(pt) forall p € P. O

The following is Proposition 2.5 (2) in [25].

LemMma 3.17. Let v be an indecomposable linear representation in V of a
poset with involution (P, L). Then v is isomorphic to its dual if and only if there
exists a compatible form.

6 Note that if B: V — V* is a non-degenerate bilinear form such that B* # AB for some
A € k, then in general, for a given subspace A C V, one no longer has “the” orthogonal “A-,” but
rather one must consider the right- and left-orthogonal of A, which in general will not coincide.
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Proor. If there exists a compatible form, then by Lemma 3.16, such a form
defines an isomorphism between v and ¥ *.

Conversely, suppose that B: ¢ — ¥* is an isomorphism. Then so is B*, and
hence the symmetric and antisymmetric parts (B + B*)/2 and (B — B*)/2 of B
are also morphisms of representations, as are the endomorphisms B~!(B + B*)/2
and B~!(B— B*)/2, whose sum is the identity morphism. By Lemma 3.4, the ring
of endomorphisms of ¥ is local, so the two summands cannot both be degenerate.
It follows that either the symmetric or antisymmetric part of B gives a compatible
non-degenerate bilinear form. O

3.6 — Symplectification

DEerintTiON 3.18. The symplectification” ¢~ of a linear representation  is the
representation

YR — IV eV.Q), ¥(x)=yT(x) @y(x),
where V* @ V is endowed with the canonical symplectic structure
QEv). (nw):=Ew)—n@) EneVivweV.
ProrosiTioN 3.19. ¥~ is a symplectic representation.

Proor. Forany p € P, we have
vo(pH) =y e v(ph) = v(p)° e v (ph).
This is the symplectic orthogonal of

Yv(pH) @Y (p) =v*(p) ®¥(p) =¥ (p). O

Here are some fundamental properties of the symplectification operation.

First of all, given a symplectic vector space V = (V, ), we denote by V the
symplectic vector space (V, ®), where we define ® := —w. Given a symplectic
poset representation ¢ on (V, w), we define a symplectic poset representation ¢
on V by setting ¢(x) = ¢(x) for all p € P, i.e. as morphisms of posets, ¢ and @
are the same, only the form on V' has been changed.

7This construction is sometimes known in a more general setting as hyperbolization,
see [25], because the analogue for symmetric bilinear forms leads to isotropic subspaces in spaces
with forms of signature zero, sometimes called hyperbolic. We use “symplectification” rather
than “symplectization” because the latter term already refers to the construction of symplectic
manifolds from contact manifolds by adding one dimension.
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Prorosition 3.20. For any symplectic representation ¢ on V, the symplectic
representations §~ = ¢* @ Pon V* @V and ¢ ® § on V & V are isomorphic.

Proor. An isomorphism of symplectic representations is given by
- . . 1.
ToDP— 9T DY, (v,w)'—>(5w(v+w),v—w).

Indeed, t is a morphism of representations, since when (v, w) € ¢(x) & ¢(x) =
¢(x) ® ¢(x), then 7(v, w)) € B(p(x)) & p(x) = P(x1)° B p(x) = ¢~ (x). And
is a symplectic isomorphism, since

Q(z(v,w), t(v, W) = %J)(v +w)(v —w') — %J)(v/ +w)(v—w)

= %[w(v, V) + o, —w') + ow,v) + o(w, —w’)

-0, v)—o®,—w) -, v) - oW, —w)]
= %[Za)(v, V) —2w(w, w')]
=w®ao((v,v), (w,w)). O

Remark 3.21. The symplectic isomorphism used in the proposition above
is the same as the one behind the Weyl symbol calculus for pseudodifferential
operators (cf. for instance [7, formula (7) and Theorem 8]) and the definition of
“Poincaré’s generating function” in Hamiltonian mechanics (cf. [33]).

Proposition 3.22. The symplectification v~ of an indecomposable linear rep-
resentation  is symplectically decomposable if and only if v admits a compatible
symplectic structure.

Proor. ¢ = ¢~ is by definition decomposed linearly into the indecompos-
ables ¥* and . Suppose that it is also symplectically decomposable into two
symplectic representations, ¢; and ¢,. The latter decomposition is also a linear
decomposition of ¢, and so by Theorem 3.6 the linear representations ¢; and ¢,
must be isomorphic to ¥* and i in some order. In particular, ¥ (as does ¥*)
admits a compatible symplectic structure.

Conversely, suppose that ¢ admits a compatible symplectic structure. Then,
by Proposition 3.20, ()~ = (¢)* & ¢ and ¢ @ ¢ are isomorphic symplectic
representations. Since the latter is decomposable, so is the former. |
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Proposition 3.23. If Y1 and » are indecomposable linear representations,
then 1 is isomorphic to Y or to 5 if and only if the symplectifications Y| and
Y, are isomorphic as symplectic representations.

In particular, two symplectifications of indecomposable linear representations
are isomorphic as symplectic representations if and only if they are isomorphic
as linear representations.

Proor. If v, is isomorphic to ¥, or to v, then ¥ is isomorphic to 5 or
to ()~ . If the former holds, we are done. For the latter, we must show that v/
is isomorphic to (y5)~. They are clearly isomorphic as linear representations, but
under the isomorphism which exchanges the summands, the symplectic structures
differ by a factor of —1. To correct for this factor, we compose with the antisym-
plectic isomorphism (&, v) — (—§, v) from ¥} to itself.

Conversely, if ¥ (x) ®v1 (x) and ¥5 (x) @ 2 (x) are isomorphic as symplectic
representations, then they are in particular also isomorphic as linear representa-
tions. This implies that their indecomposable summands are isomorphic in some
order, so either ¢y >~ v, or Y| >~ V5. |

ExampLE 3.1. The following are the symplectifications of the indecomposable
representations of the poset 2, i.e. nested pairs of subspaces. Each pair is contained
in k, so the symplectification is contained in k* & k and is symplectically inde-
composable:

e the symplectification of k 2 0isk* @k 2 0 0;
o the symplectification of 0 2 0is k* & 0 D k* & 0;
o the symplectification of k D kis0® k 2 0 k.

The first example is self-dual, while the latter two examples are dual to one another,
and their symplectifications are isomorphic by a “90-degree rotation.”

Given a pair of linear poset representations, we say that they are mutually dual
or, synonymously, a dual pair if each representation is isomorphic to the dual of
the other. On the level of isomorphism classes, symplectification builds symplectic
representations by taking the direct sum of dual pairs of linear representations.

3.7 — Relating symplectic and linear indecomposability

The following lemma, due to Quebbemann et al. [25, Theorem 3.3] and Serge-
ichuk [30, Lemma 2] will be an essential tool in this paper. It shows that sym-
plectically indecomposable but linearly decomposable representations arise only
through symplectification. The analogous result holds in the symmetric setting.
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LemmA 3.24. Suppose that ¢: (P, 1) — X(V) is an indecomposable sym-
plectic representation such that ¢ is (linearly) decomposable. Then there exists
an indecomposable linear representation ¥ such that ¢ >~ ~.

Proor. Because ¢ is linearly decomposable, there exists a non-trivial idempo-
tent 71 € End(¢). After two modifications, 7 will be conjugated into an idempo-
tent endomorphism 7 satisfying the hypotheses 7’7 =0 =nmx’ and 7 + 7’ = 1
of Lemma 3.10, giving the required decomposition.

By Lemma 3.12, the idempotent 7} is also an endomorphism. By Lemma 3.13,
! # m, since otherwise ¢ would be decomposable as a symplectic repre-
sentation. Set p; = my7}. Note that p; is self-adjoint and lies in End(¢). By
Lemma 3.14, p; must be either nilpotent or an isomorphism. But p; cannot be an
isomorphism, since 77; and n{ have nontrivial kernels and cokernels. So p; must
be nilpotent.

Now set i1 := s(p1), where s(X) is the binomial series for (1—X)/2; s(py) is
well defined because p; is nilpotent, which implies that the power series is just
a polynomial in p;. Note that #; € End(¢), and that k; is also self-adjoint.
Furthermore, h; is invertible, its inverse being defined by substituting p; in the
binomial series for (1 — X)~1/2.

Define 7, = hlmhl_l, and note that 7, lies in End(¢) and is again a non-
trivial idempotent. Furthermore,

whmy = h w3 atht = bt (L — myml) e !
= h{'(mnl —ma)ht =0.

We are half-way there. Now p; := ngné is a nilpotent, self-adjoint element of
End(¢), and h; := s(py) is again an invertible, self-adjoint endomorphism of ¢.
Then 7 := h;'myh, € End() is a non-trivial idempotent such that

art = hy mhdnihyt = hytwa(1 — nzné)néﬁ_l
= h;l(nzné — ngné)hgl =0
and
t _ t —2 _ t t\—1
w'w = hawy(hy “)mahy = hamy (1 — mwamy) ™ maho
= harl (1 + momh)mahy = hy(nhma + whmanlina)hy =0,
since i, = 0. Furthermore, = + 7' € End(¢) is idempotent: (= + 7')? =
72+ aln + 7' + (#')? = m + n'. But ¥ + n! is also self-adjoint, so, by
Lemma 3.13, 7 + '’ must be a trivial idempotent. It cannot be that & + ¥ = 0,

since this would imply 7! = —x, whence 0 = n'n = —n? = 7, a contradiction
tor #0. Thus w + =’ = 1. O
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CoroLLaRY 3.25. If two symplectically indecomposable but linearly decom-
posable representations are isomorphic as linear representations, then they are
isomorphic as symplectic representations.

Proor. By Lemma 3.24, each of the two symplectic representations is the
symplectification of an irreducible linear representation. Since the two represen-
tations are linearly isomorphic, by Lemma 3.23, they are symplectically isomor-
phic. O

Lemma 3.24 tells us that every indecomposable symplectic representation is
either linearly indecomposable or the symplectification of a linearly indecompos-
able representation, but not both. In the former case we say that ¢ is of non-split
type; in the latter case we say that ¢ is of split type.

3.8 — Uniqueness of compatible forms

We briefly discuss the question of uniqueness of compatible bilinear forms and
formulate a lemma which will be the basis of our analysis of uniqueness of com-
patible forms. Later we will verify the hypothesis of the lemma for the represen-
tations which concern us, and one particular type will require a generalization.
The proof uses ideas from that of Lemma 5 in [30]; it is interesting that the proof
uses a version of the “square root” construction of Lemma 2 of that paper (which
is our Lemma 3.24). In addition, we use an idea (simplified for our context) from
Proposition 2.5 in [25] when showing that any two compatible forms must both
be symmetric or antisymmetric.

LemMma 3.26. Let  be a linearly indecomposable representation in V of an
involutive poset for which the endomorphism algebra E (which is local by Corol-
lary 3.4) and has the property that E = k1d & Rad E. If ¥ admits two compatible
bilinear forms, then these forms are equal up to a constant scalar multiple and an
automorphism of . In particular, the forms must both be symmetric or antisym-
metric.

Proor. If By and B, are the isomorphisms from i to ¥* corresponding to
two compatible forms, then C = B! B, is an automorphism of .

Let T denote the antiautomorphism of E given by the operation of adjoint with
respect to By, i.e. B1(ATx)(y) = Bi(x)(Ay), which is equal to A*(B;(x))(y),
so we have AT = B{1A*B.
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Define the signs &1 and &; by B = ¢; B;, and let ¢ = &1&,. Then we have
CT = ¢C.In fact,

CT = (B7'By)" = By 'B3(By)*By = B 'BaB'By = €B7 !By = ¢C.

By our hypothesis, we may write C as ¢ Id —ry, where r; € R and c is a scalar
and ¢ # 0 since C is invertible. By replacing B, by ¢~ B, and repeating the
argument up to this point, we may assume that ¢ = 1, so that C = 1 — r for an
r € R.

Now if € were equal to —1, we would have

1—rF=0-nT=-1-1r),

which would imply that 141 = rT—r, which is impossible since R is closed under
addition and contains no invertible elements (and, by assumption, 2 # 0 in our
ground field). So € = 1, and both forms are either symmetric or antisymmetric.
Furthermore, r = rT.
By Lemma 3.4, we know that r is nilpotent, and so we can use the formal power
series for /1 — r to construct an automorphism /4 such that " = h and h? = C.
Now we have

h*Bih = BihTBT'Bih = BihTh = B1h? = B,C = B,
which shows that % is an isomorphism between the bilinear forms By and B,. O

Remark 3.27. A form w on V and its scalar multiple aw are equivalent
by a homothety of V' (which is automatically an automorphism of any poset
representation) if and only if a is a square in the coefficient field. This means that
the set of equivalence classes of compatible forms under homothety is a principal
homogeneous space of the square class group of k, defined as the quotient k* /k*>
of the multiplicative group of non-zero elements of k by the perfect squares.

Even if a is not a square, @ and aw might, a priori, still be isomorphic by
a linear isomorphism which preserves a particular poset representation. This
may also be the case if the representation is linearly decomposable, though in
the present paper we will not consider the question of compatible forms for
decomposable linear representations.

Remark 3.28. In Section 5.5 we will see that certain self-dual poset repre-
sentations fulfill the hypotheses of Lemma 3.26. In these cases it turns out that
compatible forms which differ by a scalar ¢ € k are in fact equivalent if and only
if ¢ is a square.
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For certain other self-dual poset representations, however, only a generaliza-
tion of Lemma 3.26 applies and both symmetric and antisymmetric compatible
forms exist for a given such representation; see in particular Section 8.5 and Sec-
tion 8.6.

4. Interlude: overview, preview, examples
4.1 — Next steps

By Theorem 3.6 and Lemma 3.25 one obtains the following.

CoroLLARY 4.1. For a given symplectic representation, consider orthogonal
decompositions into symplectically indecomposable summands. Then any sum-
mand is either split or non-split and the following are uniquely determined:

1. the isomorphism types and multiplicities of split summands;

2. the linear isomorphism types and multiplicities of non-split summands.

At this point, we have finished our discussion of the general theory of sym-
plectic poset representations and are ready to move on to specific cases related to
isotropic triples. We will do the following things.

e In section 4.2 we review some essentials of the theory of quiver represen-
tations — as background for the classification results to be used. We explain
how the classification, obtained in [8, 9], of indecomposable representations
of a quiver related to the Dynkin diagram E¢ gives the classification of inde-
composable linear representations of the poset 2 + 2 + 2.

e Asawarmup, we derive, in sections 4.3 and 4.4, the classification of isotropic
k-tuples, for k = 0, 1, 2, from the classification of representations of quivers
associated with the Dynkin-diagrams A;, A3, and As. Then in section 4.5
we give an overview of the quiver representation classification results for
the Dynkin diagram Eg, which we will use for classifying isotropic triples.
In section 4.6, again as a warmup, we discuss isotropic triples in ambient
dimension 2, and give, in section 4.7, a preview of the situation in higher
dimensions.

o Using the results of [8, 9], we identify which indecomposable linear repre-
sentations of P = 2 4 2 + 2 are dual to one another when we equip 2+ 2 + 2
with the involution L which exchanges the respective elements of the three
nested pairs in 2 + 2 + 2. From now on we will use the term sextuples to refer
to linear representations of this poset with involution.
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e From the general theory we know that self-dual sextuples admit compatible
symmetric or symplectic forms (or both). We determine which self-dual
sextuples admit compatible symplectic forms (thus giving non-split isotropic
triples), and we give explicit constructions of such forms.

e For the self-dual sextuples, we reduce the classification of compatible forms
to a field-theoretic description. When k = R or k is algebraically closed,
compatible forms are parametrized by the square class group k*/(k*)2. For
general perfect fields, a similar, though slightly more complicated, descrip-
tion is obtained; see Theorem 8.17.

4.2 — Quiver and poset representations

We recall here some basic definitions and results in quiver representation theory,
referring to the literature® for more details. A quiver Q is simply a directed graph,
i.e. a set V of vertices and a set A of arrows, with source and target maps s and ¢
from A to V. We allow multiple arrows with a given source and target, but assume
the sets A and 'V to be finite. With a chosen ground field k, a representation p of Q
is simply an assignment to each vertex v a (finite dimensional, for our purposes)
k-vector space p(v) and to each arrow a a linear map p(a): p(s(a)) — p(t(a)).
A morphism p from p; to p; is a family of linear maps py: p1 (v) — p2(v) making
the obvious diagrams commute. When the family of linear maps consists of
isomorphisms, then u is called an isomorphism. The collection of representations
of a fixed quiver with their morphisms form a category.

A fundamental problem in the theory of quiver representations (as is the case
for representations of just about anything) is to describe the structure of the set of
isomorphism classes of representations, and, among these, the indecomposable
representations, which are those not decomposable into nontrivial direct sums.

The first basic result is the Krull-Schmidt theorem, which states that each
representation of a quiver is isomorphic to a direct sum of indecomposables, and
that the summands in this decomposition, with their multiplicities, are unique up to
isomorphism and reordering. This reduces the classification of representations to
the enumeration of those which are indecomposable. When the set of isomorphism
classes of indecomposables is finite, the quiver is of finite type.

As mentioned above, we will be studying isotropic triples by considering them
as linear representations of the poset 2 4 2 + 2. These poset representations can

8 For example [1], [3], [6], [11], [15], and [29] is a small sample subset of the available
references, to give the reader a starting point.
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be identified with particular representations of the following quiver; it is obtained
by choosing the following orientation on the extended Dynkin diagram E¢:

Cle——i]

(5) vE—o——n

C3<——i3

We will refer to this quiver also as Eg. The labels on the vertices are in principle
arbitrary (and sometimes unnecessary); we fix this choice since it is suggestive for
our application to (co)isotropic triples. We identify the vertices other than v with
the elements of the poset 2 + 2 + 2, with the partial order indicated by the arrows,
i.e.i; <cy1,ir <cyandiz < cs.

When considering representations of this quiver, we will denote the space asso-
ciated to the vertex v by V, and the spaces associated to the vertices c, ¢z, c3 and
i1, 12,13 will be denoted by Cy, C», C3 and 14, I, I3, respectively. When it is clear
what the maps are, a representation of (5) will be denoted by the 7-tuple of spaces
(V;Cy, 11; Ca, I; Cs, I3) orjust (V; C;, I;). We will also call such representations
sextuples, just as we do poset representations of 2 + 2 + 2. Abusing notation
slightly, dimension vectors of sextuples will be denoted (v, ¢y, c2, 3,11, i2,i3),
where the entries denote the dimensions of the (sub)spaces of a representation
(V:C1, 115 Cy, I C3, I3).

It is straightforward to see that, on the level of isomorphism classes, linear
poset representations of 2 4+ 2 4 2 are in one-to-one correspondence with quiver
representations of the quiver E¢ where all arrows are represented by injective lin-
ear maps (we will call these injective representations). This correspondence is
compatible with the notions of direct sum for poset and quiver representations,
respectively. Furthermore, one can prove that an indecomposable quiver repre-
sentation of Eg is an injective representation if and only if the space assigned to
the central vertex is non-zero (see [31, Proposition A.7.1]).

An essential tool for the study of quiver representations is the Tits form of a
quiver Q. This is the quadratic form ¢ on the Z-module generated by the vertices
defined by g(n) = Y, n2 — >y avwhviy, Where n, is the coefficient of v
in n, and a, 4, is the number of arrows from v to w. Note that this form does not
depend on the direction of the arrows.

The idea behind the Tits form is that, if the coefficients of n are the dimensions
of vector spaces assigned to the vertices, then the second term is (the negative of)
the dimension of the linear space of all representations of Q in this family of vector
spaces, while the first term is the dimension of the group, acting on the space
of representations, whose orbits are the isomorphism classes. In fact, the scalar
multiples of the identity act trivially, so we may say that the “virtual dimension”
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of the moduli space of isomorphism classes of representations with dimension
vector n is 1 — ¢ (n). The actual dimension is at least this large (and larger if more
of the group acts trivially), so if our ground field is, e.g., the real or complex
numbers, the only way in which there can be finitely many isomorphism classes
with dimension vector n is if ¢g(n) is at least 1.

This suggests (but does not prove, for various reasons), that a quiver is of finite
type if and only if its Tits form is positive definite. In fact, this is true (for any
ground field!) and is part of what is known as Gabriel’s Theorem. The other
part of the theorem states that the connected quivers of finite type are exactly
those for which the associated undirected graph is a Dynkin diagram of type A,
D, or E, see [12]. For these quivers, it turns out that the nonnegative solutions
of g(n) = 1, known as the positive roots, are precisely the dimension vectors
of indecomposable representations, and there is exactly one isomorphism class
corresponding to each positive root.

The quiver (5) relevant to the classification of isotropic triples is not of finite
type. It does belong, however, to the “next best” class, that of the so-called rame
quivers. For these, the Tits form is positive semidefinite, with one-dimensional null
space which we will denote by N. N has a smallest positive element, which is the
dimension vector of a family of representations whose isomorphism classes are
parametrized, in the case of k algebraically closed, by a 1-dimensional variety.
The positive roots thus fall into lines parallel to N. They still correspond to
indecomposable representations, which now belong to families indexed by the
positive integers.

An extension of Gabriel’s theorem (cf. [8] and [9]) tells us that a quiver is of
(infinite) tame type if and only if the corresponding undirected graph is an ex-
tended Dynkin diagram; these are obtained from certain Dynkin diagrams by the
addition of an edge attached to an extremal vertex. Among these, for instance,
is D4, consisting of four edges attached to a central vertex. If the edges are all
oriented to point toward the vertex, the representations of the quiver are closely
related to those of the partially ordered set 1 4+ 1+ 1 4 1 consisting of four incom-
parable elements. Representations of this poset are just quadruples of subspaces in
vector spaces. These were classified by Gel’fand and Ponomarev [14], who showed
that many classification problems in linear algebra reduce to the classification of
certain subspace quadruples. For instance, endomorphisms of a vector space V'
in dimension n correspond to certain kinds of quadruples of subspaces of dimen-
sionn in V @ V (the “axes,” the diagonal, and the graph of the endomorphism).
Indecomposable representations of this kind correspond to indecomposable endo-
morphisms which, in the case of an algebraically closed field, are those given by a
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single Jordan block. Since the diagonal element and the size of such a block is ar-
bitrary, one sees immediately the presence of 1-parameter families with arbitrarily
large dimension vectors. This example also shows the possible complications for
fields which are not algebraically closed, where indecomposable endomorphisms
are parametrized by irreducible polynomials which are no longer necessarily lin-
ear. We will see later that there are close connections between the representations
of D, and those of Eg, the latter also being connected to the classification of en-
domorphisms.

In the next two sections, we reinterpret, via the theory of quiver and poset
representations, the easy classifications of symplectic vector spaces and isotropic
subspaces, followed by the classification of isotropic pairs, cf. [21]. The relevant
Dynkin diagrams are A;, A3, and As.

4.3 — Symplectic spaces, isotropic subspaces

We start with the classification of symplectic vector spaces with no distinguished
isotropic subspaces. We may think of these as the symplectic representations
of the empty poset, or of the Dynkin diagram A, whose quiver consists of a
single vertex with no arrows, and whose Tits form in terms of the one-entry
dimension vector (v) is the positive definite form v2. It is well known that any
symplectic vector space admits a basis (in fact many such bases) of the form
(e1, f1,...,en, fn), with the symplectic form determined by the conditions that
w(e;, fj) = 1forall j and w(a, b) = 0 for all other pairs (a, b) of basis elements.
We call this a symplectic basis. As a consequence, any symplectic vector space
can be decomposed as a direct sum of copies of the space k? with symplectic basis
(e, f). The only invariant of a symplectic space is its dimension, which must be
an even nonnegative integer. This is consistent with the fact that the Tits form has
a single positive root, which is (1).

Another viewpoint here is that there is one indecomposable representation
of the empty poset, the 1-dimensional space k. The symplectification of this
representation is k* & k. In fact, we will use this description of the 2-dimensional
symplectic space, rather than k2.

We now move on to the example of individual isotropic subspaces, which cor-
respond to certain symplectic representations of the poset 2, i.e. nested pairs of
subspaces, as noted above, where isotropic / in V' corresponds to the representa-
tionV 2 I+ D 1.
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The quiver associated to this poset is
eE———— 0o <«<—— o

with underlying Dynkin diagram A3. For a dimension vector of the form (v, c, i),
corresponding to a representation V' <« C <« [, the Tits form is ¢(v,¢,i) =
v2 4 ¢? + i%? — vc — ci, which can be rewritten as

%@2 +@W—-—c)+(c—i)?+i?),

which is clearly positive definite. The dimension vectors of indecomposable rep-
resentations of the quiver are the positive roots, i.e. nonnegative integer solu-
tions of ¢(v,c,i) = 1. These must be vectors such that exactly two of the four
squared summands are equal to 1. Of the six such solutions, those for which the
arrows are represented by injective maps are (1, 0, 0), (1, 1,0), and (1, 1, 1). Over
a ground field k, the corresponding representations are (1;0,0) := k 2 0 2 0,
(1;1,0):=k 2k 20,and (1;1,1) := k 2 k 2 k. (1; 1, 0) is self-dual, while
(1;0,0) and (1; 1, 1) are (isomorphic to) the duals of one another.

On (1; 1, 0), there are no symplectic forms.®

As we have seen in Example 3.1, the symplectifications of these representa-
tions, contained in k* @k, are (1;1,0)" =k*dk D060, (1;0,0)" =k*®02
k*®0,and (I;1,1) " =0k D20 k.

The isotropic subspaces in k* @ k are the zero subspace in the first case, and
(Lagrangian) lines in the latter two cases. The latter two symplectic representa-
tions are isomorphic, but we will use both of them in the classification of multiple
isotropic subspaces.

4.4 — Isotropic pairs
The relevant poset here is 2 + 2, to which we associate the quiver
O «<——
* < oe<— o
with underlying Dynkin diagram As.
°The compatible non-degenerate bilinear forms on (1;1,0) are symmetric; the group
k*/(k*)?, where k* is the multiplicative group of k, acts simply and transitively on the iso-
morphism classes of such forms. This quotient group is Z, in the case of a finite field or the real

numbers, and the trivial group for an algebraically closed field. It can be much larger, for instance
in the case of the rational numbers. In any case, the isotropic subspace is the zero subspace.
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For a representation of this quiver given by maps Iy — Cy — V <« Cy < I,
we will write the dimension vector in the form (v; ¢y, i1;¢2, i2).
The Tits form may be written as

. . 1 . ) . )
C](v;cl,ll:cz,lz)=§[(v —c1)?*+ (a1 — i) +it + (v —c2)* + (c2 —i2)* +i3].

Again, this is positive definite, and the positive roots are those vectors making ex-
actly two of the squared terms equal to 1. Those giving representations by injective
maps (which can be found by consulting a table of the positive roots of As) are
as follows. The only self-dual root is (1; 1, 0; 1, 0). The others, arranged together
with their duals, are (1;0,0;0,0) and (1;1,1;1,1),(1;1,0;0,0) and (1;1,0; 1, 1),
(1;0,0;1,0) and (1;1,1;1,0), and (1;1,1;0,0) and (1;0,0; 1, 1). Since the self-
dual root has an odd-dimensional ambient space, the corresponding representa-
tion does not admit a symplectic structure. We then have five indecomposable
isotropic pairs by symplectification, all lying in k* & k; they are (0 @ k, 0 & k)
(two equal lines), (0 & 0, 0 & k) (zero and a line), (0 & k, 0 & 0) (a line and zero),
(k* @ 0,0 @ k) (two distinct lines), and (0 & 0, 0 & 0) (two zero subspaces). They
correspond exactly (in a different order) to the five symplectic indecomposables
numbered 6 through 10 in Theorem 2 of [21].

4.5 — Overview of indecomposable representations of the poset 2 + 2 + 2

We come now to the central object of this paper. As noted earlier, the quiver which
we associate with the poset 2 + 2 + 2 governing isotropic triples is

oEc— O

oe<—— o

and the corresponding extended Dynkin diagram is E¢. An explicit description of
the indecomposable E representations has been given by Donovan and Freislich
in [9], organized into families described as follows. The dimension vectors of
indecomposables are arranged in lines parallel to N = IN(3;2, 1;2, 1; 2, 1). Each
of these lines contains a least positive element, followed by vectors obtained by
adding the elements of N. These give sequences in increasing dimensions. The
dimension vectors in N are referred to as continuous, the others as discrete; we
also use this terminology for the associated indecomposable representations.

RemaRrk 4.2. The classification of discrete-type indecomposables is in fact in-
dependent of the ground field k, while the classification of continuous-type inde-
composables does (partially) depend on k. This follows from Dlab and Ringel [8],
or by inspection of the proofs in Donovan and Freislich [9].
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RemMArk 4.3. In view of Corollary 3.4 and the fact that indecomposable
discrete-type sextuples are uniquely determined up to isomorphism by their di-
mension vectors, to show that a sextuple is of a given isomorphism type of discrete
type it is sufficient to show that it has the required dimension vector and that its
endomorphism ring is local.

An important step in classifying symplectic representations of the poset P =
2 + 2 + 2 with our chosen involution is to identify which linear representa-
tions are self-dual, since these may admit compatible symplectic forms. For the
discrete-type dimension vectors, self-duality of the dimension-vector implies self-
duality of the (uniquely) corresponding indecomposable linear representation, cf.
Lemma 3.15. In view of Remark 4.2, the self-dual discrete-type sextuples may be
read off from the classification in [9]:

ProvrosiTion 4.4. The self-dual discrete dimension vectors of indecomposable
representations of 2+ 2+ 2 are of the form 3k + 1;2k +1,k, 2k +1,k, 2k +1,k)
and B3k +2;2k+1,k+1,2k+1,k+1,2k+1,k+1). For each of these there is, up
to isomorphism, a unique indecomposable, named A(3k +1,0) resp. A(3k +2,0).
In particular, these are the only self-dual discrete sextuples.

Explicit descriptions of the isotropic triples associated to the self-dual sextu-
ples A(3k +1,0) and A(3k +2, 0) are given in Sections 5.2 and 5.3. In Section 5.4
compatible symplectic forms are constructed explicitly, and in Section 5.9 we dis-
cuss their uniqueness. The (more difficult) question of duality for continuous-type
indecomposable sextuples is discussed in Sections 6-8.

In the present section we give some further explanations of the DF-clas-
sification [9]. The discrete indecomposable sextuples are labeled in the form
Ls(3k +i,d), where k can be any non-negative integer and i € {0, 1,2, 3} (but
does not always run over that whole set). 3k + i gives the dimension of the am-
bient space V, and d is the defect } "¢; + > i; —3v. Lisaletterin {4, B,C, D}
which encodes the degree of symmetry of the dimension vector, with A = fully
symmetric, i.e. all “arms” equal, B or C = exactly two arms equal, D = no arms
equal. The subscript s is either empty (when L = A), an integer in {1, 2, 3} when
L = B or C, or a pair of unequal integers in {1, 2,3} (when L = D). This sub-
script encodes “where the asymmetry is.” In cases B or C, it tells which arm has
a different dimension vector. In case D, it tells how two asymmetric dimension
vectors can be related via permutation of the arms. For example, D1,(3k + 1,0)
is related to D31(3k + 1,0) via the permutation 1 — 3,2 — 1, 3 — 2 (but only
two indices are needed to specify a permutation of 3 elements).
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There is no essential difference between the cases L = B and L = C. The
reason for using two different letters seems to simply be that, in the defect —1
and +1 cases, if the parameters k, i, d, and s are fixed, then there are still two
distinct dimension vectors of indecomposables. The lowest dimensional members
of each family of discrete-type indecomposable sextuples are listed in Table 1
(withi =1,2,3).

Table 1

defect || dim 1 dim 2 dim 3
3 [40,-3) A2, -3)
-2 Ci(1,-2) Ci(2,-2) Ci(3,-2)
—1 Bi(1,-1) Bi(2,-1) Bi(3,—1)
—1 Ci(1,-1) Ci(2,-1) Ci(3,-1)
0 Dit2.i+1(1,0) | Dit2,i+1(2,0)
0 || A(1,0) 4(2,0)
0 Dj i1+1(1,0) D; i+1(2,0)
1| ¢, Ci(2,1) Ci(3,1)
1| B, 1) B;i(2,1) B;(3,1)
2 Ci(1,2) Ci(2,2) Ci(3,2)
3| 4a1,3) A(2,3)

The row in the middle contains the lowest dimensional members of the two
families of discrete indecomposables which are self-dual, namely the families
A3k + 1,0) and A3k + 2,0). For any other entry in the table, its dual inde-
composable is found by reflecting along the horizontal middle axis, e.g. A(1, —3)
and A(1, 3) are mutually dual, C; (1, —2) and C;(1, 2) are mutually dual, etc.

In contrast to the discrete-type indecomposable sextuples, the classification
of continuous-type indecomposable sextuples is dependent on the ground field
(again, this follows from the classification in Donovan and Freislich [9] and Dlab
and Ringel [8]). Although we will ultimately work in the setting where the ground
field is only assumed to be perfect, for illustrative purposes, we assume for the
moment that the ground field is the complex numbers.

The indecomposable continuous-type sextuples can be arranged into families
whose lowest dimensional members are listed in Table 2. Here, i = 1,2, 3, and
the parameter A is understood as ranging in the disjoint union of the sets C\{0, 1}
and {0;, 11, 15, 00;}, where the latter 8 (formal) elements are labels for certain
“exceptional” indecomposables.

As with the previous table, this one is also arranged so that dual sextuples
are placed symmetrically to each other with respect to reflection around the
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Table 2

defect || dim3
0 A(1,07)
A(1,4), 0 <|A| <1, or |A| =1 with ImA >0
A(l,1y)
A(l,-1)
A(l,12)
A(1,LA7Y, 0<|A] <1, or [A] = 1 with ImA > 0
A(1,00i41)

S O O|Io|o O

central horizontal row (and leaving this row fixed); in particular, the only self-
dual element of the table is A(1,—1).10

Finally, we review these results in the context of Section 4.2. The quiver we
work with, Ee, is tame but not of finite type, and its indecomposable represen-
tations, and hence those of the underlying poset, are infinite in number and of
arbitrarily high dimension, with some of them of discrete type and others of con-
tinuous type. Following the pattern in the preceding subsections, we will denote
a dimension vector by (v; ¢y, i1; c2,i2; ¢3,13). The Tits form

1
q(v;c1,ir;ca,iz;cs,iz) = 5[— v 4 (v —c1)? + (c1 —ir)* + i}

+ (v —€2)? + (ca — in)* + i}
+ (v —c3)? + (c3 —i3)? + i3]

is now positive semidefinite; its null space N is 1-dimensional, generated over the
integers by v := (3;2,1;2,1;2, 1). Dlab and Ringel [8] give a nice presentation
of (a constant times) this form as a sum of six squares. Since there are 7 variables,
this shows positive semidefiniteness.

The discrete indecomposable sextuples are those with dimension vectors for
which the Tits form takes the value 1.

10'We note that, for indecomposable sextuples of the type A(1,A) with A € C\{0, 1}, the
separation into two families (according to the absolute value of A and the sign of its imaginary
part) is something we have introduced “artificially” for this table in order to emphasize a separa-
tion into dual pairs. In fact, the values of A are not intrinsic; the values used here are simply one
of many possible ways to parametrize the “moduli space” of continuous-type indecomposable
sextuples.
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4.6 — Triples in dimension 2

We will enumerate here the isotropic triples in dimension 2, which are all sym-
plectically indecomposable. Since many of them are linearly decomposable, we
will be using the description in Example 3.1 of the symplectifications of the three
nested pairs in k.

The following are the possibilities for a triple, in the symplectic plane k* @k, of
pairs each consisting of a coisotropic subspace containing its isotropic orthogonal.
These are necessarily symplectically indecomposable, but only the final example
is linearly indecomposable. The rest are symplectifications of 1-dimensional linear
representations.

1. Three copies of k* @ k 2 0 & 0. (The isotropics are all zero.) This is the
symplectification of the sextuple in k consisting of three copies of k 2 0,
whose dimension vector is (1;1,0; 1, 0; 1, 0). In the DF classification, this is
A(1,0). It is self-dual, but all compatible bilinear forms are symmetric rather
than symplectic.

2. Two copies of k* @ k 2 0 0 and one copy of 0 ® k 2 0 & k. (Two isotrop-
ics are zero, and one is a line.) This is the symplectification of two copies of
k D 0 and one copy of k 2 k (or its dual 0 2 0). In terms of the DF classifi-
cation, the linear representations being symplectified are of the type B, (1, 1)
(or its dual B,(1,—1)), for r = 1, 2, or 3. Thus there are three possibilities
here, depending upon the value of r (i.e., on which of the three isotropics is
aline). The B, (1, £1) are the first members of the families B, (3k + 1, +1).
B3(1, 1), for example, has the dimension vector (1; 1, 0; 1, 0; 1, 1), and its dual
B3(3k + 1, —1) has dimension vector (1;1,0; 1,0;0, 0).

3. One copy eachof k* k20800, k*®0 2 k*®0,and0d k 2 0 k.
(One isotropic is zero, and the other two are different lines.) This is the
symplectification of one copy each of k 2 0,0 2 0, and k 2> k. In
terms of the DF classification, the linear representation being symplectified
is D12(1,0), D31(1,0), or D,3(1,0) (or the dual D3,(1,0), D>1(1,0), or
D13(1,0) respectively). Again, there are three possibilities, depending upon
which of the three isotropics is zero. The D;; (1, 0) are the first members of
the families D;; 3k + 1,0).

4. One copy of k* ®k 2 06 0 and two copies of 0@ k 2 0 k. (One isotropic
is zero, and the other two are identical lines.) This is the symplectification of
one copy of k 2 0 and two copies of k 2 k. In the DF classification, this
is Cr(1,2) (or its dual C,(1,—2)) for r = 1, 2, or 3, leading again to three
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possibilities, depending upon which isotropic is zero. The C, (1, £2) are the
first members of the families C, (3k + 1, £2).

Three copies of 0 @ k 2 0 @ k. (All three isotropics are the same line.) This
is the symplectification of three copies of k 2 k (or its dual 0 © 0). In the
DF classification, this is A(1, 3) (or A(1, —3)). The corresponding dimension
vector is (1;1,1;1,1;1,1) (or (1;0,0;0,0;0,0)). The A(1, +3) are the first
members of the families A(3k + 1, £3).

Two copies of 0 ® k 2 0 & k and one copy of k* & 0 D k* & 0. (Two of
the isotropics are the same line, and the third one is a different line.) This
is the symplectification of two copies of k 2 k and one copy of 0 2 0 (or
vice versa). In the DF classification, this is C,(1, 1) (or its dual C,(1, —1)),
for r = 1, 2, or 3. Again we have three possibilities, depending upon which
line is distinct from the other two. The C, (1, £1) are the first members of the
families C, (3k + 1, £1).

The final case, that of three distinct lines in a plane, is linearly indecompos-
able. In the DF classification, as a linear representation, it is A(2, 0), which
is self-dual. Its dimension vector is (2;1,1;1,1;1,1). The number of iso-
morphism classes of symplectic representations with this underlying linear
representation depends on the ground field k. We may find a symplectic ba-
sis (e1, f1) whose elements span /; and /5, respectively. /3 is then spanned
by e; + af; for some non-zero a € k. If we change the basis to be, b~} f1,
then I3 is spanned by bey + bafy = be; + b%a(b~! f1). This implies that the
set of isomorphism classes of triples of lines may be parametrized (taking
the case a = 1 as “basepoint”) by the square class group k* /k*? introduced
in Remark 3.27. Thus, when k is algebraically closed, there is just one iso-
morphism class of this type, while in the case k = R, there are two.! In
this case, the isomorphism class is invariant only under cyclic permutations
of the three lines, and the Maslov index of the triple distinguishes the two
possibilities.’? A(2, 0) is the first member of the family A(3k + 2, 0) whose
members for k even admit compatible symplectic structures. Those for odd
k require symplectification.

1 For information about the square class group of other fields, we refer to [2], [17], and [26].

For instance, the square class group of a finite field has order 1 or 2 according to whether the

characteristic is even (i.e. 2) or odd. For the p-adic numbers, the order of the square class group
is 8 for p = 2, and 4 otherwise.

12Here we are referring to the Maslov index for Lagrangian triples, also known as the

Kashiwara index, see [10] and [20].
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We conclude that the number of isomorphism classes of isotropic triples in
dimension 2is 1 43 + 3 + 3 4+ 1 + 3 + #(k*/k*?), or 14 4 #(k*/k*?), where
the last term is the order of the square class group.

47 — Higher dimensions: a preview

All of the isotropic triples in dimension 2 were listed in the previous subsection.
Again, they are the symplectifications, for the case k = 0, of A3k + 1,0),
B,(3k +1,£1),D;;(3k+1,0), C,(3k + 1, £2), ABk + 1, £3), C, 3k + 1, £1),
along with the isotropic triples which arise from compatible forms for the self-dual
sextuple A(2,0).

For higher k, the members of the family A(3k 4 2, 0) are always self-dual (see
Section 5 below), and they admit symplectic forms if only if k is even. Similarly,
the members of the family A(3k + 1,0) are all self-dual and admit symplectic
forms if and only if k is odd. Thus, for k = 1 or k = 2 one finds non-split
indecomposable isotropic triples arising from compatible forms for A(3+1, 0) and
A(6+42,0), respectively. These are in ambient dimension 4 and 8, respectively. The
symplectifications of A(3 + 2,0) and A(6 + 1, 0) give indecomposable isotropic
triples in ambient dimension 10 and 16, respectively.

In dimension 4, beside the non-split isotropic triples associated with A(3+1, 0),
we have, for k = 0, the symplectifications of A(3k + 2, £3), C,(3k + 2, +2),
B,(3k +2,%1), C,(3k +2,%1), and D;; (3k + 2,0).

In dimension 6, we have, for k = 0, the symplectifications of the discrete
sextuples C,(3k + 3,+2), B,(3k + 1,£1), and C,(3k + 3,£1), and for k = 1
the symplectifications of the non self-dual continuous-type indecomposable sex-
tuples. In addition, for & = 2 there are the non-split isotropic triples arising from
compatible symplectic forms for the self-dual continuous-type sextuples. As we
will see later in this paper, non-split continuous-type isotropic triples pose the
most intricate case to study, and the number of such isotropic triples depends in
particular also on the ground field.

We end our preview of the “higher landscape” of isotropic triples with the
remark that indecomposable isotropic triples exist in every even dimension. This
follows from the fact that there exist indecomposable non-self-dual sextuples in
every given dimension; their symplectifications therefore give indecomposable
isotropic triples in every even dimension.
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4.8 — Hamiltonian vector fields

In this section we outline briefly how another problem in linear symplectic geom-
etry can be treated using symplectic poset representations of 1 + 1 + 1 + 1, and
how this problem can in turn be encoded in isotropic triples. As a result, we will
get our first example of isotropic triple of continuous type.

Set P =1+ 1+ 1+ 1 and consider the involution L on P which exchanges
the first two elements and leaves the last two elements fixed. This involution is
trivially order-reversing, since all elements of P are incomparable. Symplectic
poset representations of (P, L) are then subspace systems (V; Uy, U,, Us, Uy)
where V is symplectic, U; and U, are mutually orthogonal, and Uz and U, are
Lagrangian.

The problem we will discuss is that of classifying linear Hamiltonian vector
fields up to conjugation by linear symplectomorphisms; in other words, the clas-
sification of the orbits of the Lie algebra sp(V, w) under the adjoint action of the
symplectic group Sp(V, w). This is a problem whose solution is well known and
has a long history (going back to Williamson [34] in the 1930s). It has since been
treated by various authors, in particular with a view toward finding special normal
forms adapted to applications; see, for example, [16] and [19].

Let (V, ) be a symplectic vector space. A linear Hamiltonian vector field X on
V is an element of the Lie algebra sp(V, w); i.e. itis a linear map X:V — V such
that ® o X = —X™ o ®. One wishes to understand equivalence classes, where one
linear Hamiltonian vector field (V7, w, X1) is equivalent to another, (V, w2, X»),
if there exists a linear symplectomorphism ¢: V; — V5 such that X, 0¢p = ¢p o X;.
There is a natural notion of direct sum, and any linear Hamiltonian vector field is
the direct some of indecomposable pieces. We wish, here, to point out how one
may view linear Hamiltonian vector fields as symplectic poset representations
of (P, L). For this we proceed in two steps: first, in the following lemma, we
reformulate Hamiltonian vector fields in terms of certain kinds of subspaces.

LemMma 4.5. There is a bijective correspondence between linear Hamiltonian
vector fields (V, w, X) and linear maps f:V — V* such that graph(f) C V xV*
is a symplectic subspace with respect to the canonical symplectic formon V x V*,

Proor. We give only a sketch. Given (V, w, X), it is readily checked that the
graph of fy := (& o X) + @ is a symplectic subspace.

Conversely, if f:V — V™ is a linear map whose graph is a symplectic sub-
space, then the asymmetric part f, will be invertible, and hence defines a sym-
plectic structure @y on V. Setting X7 := £, f;, one finds that X s is Hamiltonian
with respect to wy.
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It is straightforward to check that the two operations are mutually inverse to
one another. O

CoroLLARY 4.6. A linear Hamiltonian vector field (V, w, X) can be encoded
in the symplectic representation of (P, 1)

(V x V*; graph( fx), graph( fx).V x 0,0 x V*).

Although we do not show it here, the passage from a linear Hamiltonian
vector field to the associated symplectic representation of (P, L) is functorial and
compatible with the respective notions of direct sum.

Next we show how the objects above can be encoded in isotropic triples. Ob-
serve that the symplectic poset representation of (P, L) which we associated to a
linear Hamiltonian vector field is such that the first two subspaces, which are mu-
tually orthogonal, are symplectic subspaces; in other words, they are independent
to each other. The last two subspaces, which are Lagrangian, are also independent,
and all four subspaces have the same dimension. In the following we will consider
only those symplectic poset representations of (P, L) which are of this kind.

Given such a symplectic representation ¢ = (V; S, S L Ly, L,),let wy denote
the symplectic form on V', ws the restriction of wy to the symplectic subspace S,
and let S denote a copy of S equipped with the symplectic form —wg. From ¢
we construct the following isotropic triple in the ambient symplectic space V x S,
with form w := wy X —ws,

I, = Ly x0, Ci=L; xS,
6) I =1L, x0, C,=1LyxS,
I3 ={(x,x) | x eS8}, Cz=I3+(Stx0).

The passage from ¢ to (6) is also functorial and compatible with direct sums. Thus,
combining the above, we obtain a way of turning any linear Hamiltonian vector
field into an isotropic triple. We will not analyze in full detail here exactly which
types of isotropic triples can be built from linear Hamiltonian vector fields. The
following, though, describes a large class of isotropic triples which can.

ProrosiTion 4.7. Let ¢ = (V; C;, I;) be an isotropic triple such that
1. V=0L®&I,&Iswithdiml; =1/3dimV fori =1,2,3;
2. I; + I; is a symplectic subspace for all i # j.

Then we can construct from ¢ a symplectic form f, and a linear Hamiltonian
vector field X on I, such that ¢ is isomorphic to the isotropic triple (6) obtained

from (I, fa, X).
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RemaRrk 4.8. Since the geometric description of the isotropic triples in this
proposition is invariant under permutation of the indices, the choice of I, for
carrying the Hamiltonian vector field is arbitrary. We make this particular choice
in order to have coherence with certain types of normal forms which we will use
later.

Proor. We can write V as the sum S @ S’ of I} @ I, and its symplectic
orthogonal. /1 and /, being a Lagrangian decomposition of S, we can identify I/,
with 1) and, hence, S with the “cotangent bundle” 7* I,.

Now I5 cannot intersect S’, or its sums with 7; and 7, would not be symplectic
subspaces. So /3 is the graph of amap g: S < S’ which is antipresymplectic, since
I3 is isotropic. This means that this map g pulls back the symplectic form on S to
the negative of that on S’. This implies that g is injective and that its image g(S’)
is a symplectic subspace of S which is independent of 7; and I,. Thus, g(S’) is
the graph of a map f: 1, — I, which can be considered as a bilinear form on
I,. Since g(8’) is symplectic rather than isotropic, the form is not symmetric; in
fact, it has a non-degenerate antisymmetric part f,. Writing f = f, + fs as the
sum of its antisymmetric and symmetric parts, since f; is invertible, we can form
the product f,;~! f;, which is a linear Hamiltonian vector field on the symplectic
space (12, fa).

To see that the isotropic triple ¢ is isomorphic to the one of the form (6)
associated to (I, f,, X), observe that g defines a symplectomorphism S « §’. It
then easy to check that the direct sum of g with the “identity map”on S = I, & I»
defines a symplectomorphism from ¢ to (6). |

Let us look at an example, to see that isotropic triples of the kind in Proposi-
tion 4.7 do exist. In fact, the indecomposable ones come in families dependent on
a parameter taking a continuum of values. Indeed, the isomorphism class of the
isotropic triple (6) built from a linear Hamiltonian vector field X depends on X up
to conjugation of X by symplectomorphisms, so the spectrum of X is an invariant
of the isotropic triple.

ExampLE 4.1. Let V = R® with symplectic basis ( f1, f2. f3. €1, €2, e3). Set
Iy = (f3,e1), I = (f1.e3),and I3 = (=Af1 + (A = 1) f2 + f3,e1 +2 +e3), and
let A vary. Then some computation shows that X = @15 as above is given by the
matrix whose two diagonal entries are 1 —A and 1+ A, so the associated triples for
different values of A are non-isomorphic and give a nontrivial 1-parameter family.

ReMARKk 4.9. In ambient dimension 6, it is easy to see directly that isotropic
triples of the kind in Proposition 4.7 are symplectically indecomposable. If there
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were a decomposition, it would be an orthogonal splitting of the form k? @ k*.
Looking at the possible ways in which each of the isotropics decomposes, it is not
hard to check that the induced 2 form on one of the sums must have rank 2 rather
than 4, a contradiction.

5. Discrete non-split isotropic triples

Having given an overview of some background material in the representation
theory of posets and quivers, and its connection to isotropic triples, we begin now
with the details of our classification. In this section, we study those sextuples
which are self-dual and of discrete type, and how they may give rise to non-
split isotropic triples. Discrete-type sextuples are somewhat simpler to study than
the continuous-type sextuples; the latter are studied in the subsequent, remaining
sections of this paper (except for the last section).

Recall that the indecomposable discrete-type sextuples are uniquely character-
ized by their dimension vector. In particular, self-dual indecomposable discrete-
type sextuples are precisely those whose dimension vector is self-dual, which
means here that ¢; +i; = v for j = 1,2, 3.13 Thus, such self-dual sextuples may
be read off from the classification in [9]. As stated already in Proposition 4.4, the
discrete indecomposable sextuples with self-dual dimension vector are denoted
A3k +1i,0), for k € Z4 and i equal to 1 or 2. The dimension vectors are

Bk + 1;2k + 1,k: 2k + 1,k; 2k + 1, k) for A3k + 1,0),
and
Bk +2;2k+ 1L,k+ 1;2k+ 1,k + 1;2k+ 1,k + 1) for A3k + 2,0).

By Lemmas 3.15 and 3.17, each of these representations admits a compatible
form. The degree of uniqueness of such forms is specified in Theorem 5.9 below.
Of course, for the symplectic case, non-split isotopic triples can only arise in
cases of k odd for A(3k + 1,0) and k even for A(3k + 2,0), since only then
is the ambient vector space V' even-dimensional. In fact, whenever V' is even-
dimensional, the compatible forms granted by Lemma 3.17 are symplectic; this
follows from Theorem 5.3 and Theorem 5.9. The self-dual discrete-type sextuples
having odd ambient dimension, on the other hand, lead to isotropic triples via their
symplectification.

13 See Lemma 3.15.
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5.1 — Small dimensions

We give here brief geometric descriptions of the lowest-dimensional non-split
discrete-type isotropic triples. These follow, for example, from the normal forms
given in the subsections below.

In the previous section, we already saw the first example of a non-split isotropic
triple: the underlying sextuple is of type A(2, 0) (it belongs to the A(3k+2, 0)-fam-
ily), consisting of three distinct lines in a plane.

Next, the non-split isotropic triple arising from the sextuple A(4,0), which
belongs to the A(3k + 1, 0)-family. Here, the dimension vectoris (4; 3, 1;3, 1;3, 1).
The three smaller subspaces (in this case they are lines) are independent, and for
each line, the 3-dimensional subspace containing it is independent of the other
two lines. With a compatible symplectic form, the isotropic triple we obtain has
the following form: the isotropic subspaces are three lines /; in a 4-dimensional
space V, and each of their orthogonal subspaces C; is independent from the other
two isotropics. Furthermore, (C; N C;) N (f; + I;) = 0 for any i # j, so
any two of the isotropics span a symplectic subspace. Since the three isotropics
are independent, their sum C has codimension 1 and is hence coisotropic. Its
orthogonal C+ = C; N C, N C3 C I + I, + I3 is a line which must be pairwise
independent with each of the /;: if not, then C L = J; would be the case for some i,
and hence C = C; and so C; would contain all the isotropics, a contradiction. Thus
the 1; and C* are four lines in general position in V. Symplectic reduction via the
coisotropic C gives a non-split isotropic triple of the type A(2, 0).

Moving on, the next case is the sextuple A(8,0), which is in the A(3k + 2,
0)-family. We find the dimension vector to be (8;5,3;5,3;5,3), so the corre-
sponding isotropics are a triple of 3-spaces /; in an 8-dimensional symplectic
space V. Though the isotropics /; are pairwise independent, they are not fully
independent: for each distinct triple of indices, Q; := I; N ({; + I) is a line.
The three lines Q1, 02, Q3 are themselves pairwise-independent, and span the
2-dimensional space

I =1 +1L)NUx+ 13)N (I3 + Ih).
This space / is contained in its orthogonal,
C=(C1NEG)+(CNEG) +(GNECy)

and is hence isotropic. Symplectic reduction by the coisotropic C gives a non-split
isotropic triple of the type A(4,0).

We consider one more case. The underlying sextuple is of type A(10, 0), which
is in the A(3k + 1, 0)-family. The dimension vector is (10; 7, 3; 7, 3; 7, 3). Thus we
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are again dealing with 3-dimensional isotropics, but this time in a 10-dimensional
ambient space. As in the 4-dimensional example above, the isotropics here are
completely independent, and their sum is a codimension 1 subspace C which is
therefore coisotropic. Its orthogonal,

Ct=(+L+L)=CNCNGC;

is a line which is pairwise independent with each of the /;. Symplectic reduction
via C gives a non-split isotropic triple of the type A(8, 0).

5.2 — Implementing the A(3k + 1,0)

Given k > 0 and a basis § = (e1,...,€k+1, f1,--+» fk» &1, ..., &k) Of a vector
space VB, a sextuple (V2; c? I.ﬂ) of type A(3k + 1,0) is given by

[

Ilﬁ =(€1—f1,---,ek_fk>’
15 = (g1.....8).
]f:(fl—gl,...,fk—gk),

Clﬂ:(61,-.-,€k+15f1~--’fk>’

Czﬁ = (el""7ek+1’g17""gk>’

)

C3ﬁ =(e1,e2— f1.-- - k41— frs 1 =815y Sk — 8k)-
Note that

Clﬁ =11ﬂ+(e1, s ek+1)

Czﬂ = Izﬂ +{e1,....k11),

Cf =If+(e1,e2—f1,-'-,€k+1—fk)
=13’8+(e1,e2—g1,'--,€k+1—gk>'

In view of Remark 4.3, to show that this really does define an isotropic triple
of type A(3k + 1, 0) it suffices to observe that the above sextuple has the required
dimension vector

dimVf =3k +1, dim1? =k, dimcf =2k +1,

and that its endomorphism algebra is local. The latter follows from Remark 3.9
and the following.
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LemwMma 5.1. Let i be an indecomposable sextuple of type A(3k + 1,0). Then
End(v¥) ~ End((U, 1))

where 1 is an indecomposable nilpotent endomorphism and dimU = k + 1. In
particular, End(¥) is local and End(y) = k 1d @ Rad.

Proor. Let ¢ be given in the normal form (7). Consider the End(y)-invariant

subspace
U:=cfncl=t(.. .  .es1)

and the indecomposable nilpotent endomorphism 1 of U defined by n(e;) = 0
and n(ej+1) = e, fori = 2,...,k. The endomorphism algebra of (U, n), i.e.
the algebra of endomorphisms of U which commute with 7, is local because 7 is
indecomposable.™* We will see now that this algebra is isomorphic to the endo-
morphism algebra of the sextuple (7), hence the latter is local as well. To do this,
we use the following map. Given an endomorphism a of U which commutes with
n, we can extend it to an endomorphism a of (7) by defining linear isomorphisms

filer,....ex) — {f1..... fx), [f(e)):= f;, foralli =1,...,k,
g{f1,.-s S — (g1, 8x), g(fi):=g;, foralli=1,... k,

and setting

= faf™" on(fi..... fi),
a:=gag' on{gy.....gk).
(Note that domain of f is invariant under a.)

Since a is defined via its action on the basis B, it is easily checked directly that
a is an endomorphism of (7). To see this, note in particular that / lﬂ ={x— f(x) |
X € (fi..... fidband If = {x —g(x) | x € (g1..... gk)}.

The map a +— a has as its inverse the operation of taking an endomorphism b
of (7) and restricting it to U = Clﬂ N C2ﬂ (which will necessarily be an invariant
subspace of b, since by assumption Clﬂ and Czﬂ are b-invariant). To see this, notice
that such a b necessarily decomposes as the direct sum of its restrictions to the
subspaces

U=(e1,....exx1), F:={f1,--, fx), G:={(g1,...,8%k)

since these subspaces sum to V' and must be invariant under b:

INY|

®)

v=cfnct, F=1 c=cPnul+1b)

“See Remark 3.9. There it is also noted that this endomorphisms algebra E is such that
E =kId®RadE.
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The invariance of / f} and / 33 under b then enforces that b|,, is related to b|, and
b, via (8), and together with the invariance of Cf N Clﬂ it is ensured that b|,,
commutes with 7.

Thus if we restrict » to U and then extend to b, we recover b. Conversely, if
we start with an endomorphism a of U, the restriction of a to U is of course, by
definition, again a.

Finally, it is clear from (8) that the operation ¢ + a is a morphism of
algebras. |

5.3 — Implementing the A(3k + 2,0)

We will in fact work with A(3(k —1)+2,0) = A(3k —1,0), which is a subquotient
of A(3k+1, 0) for k > 0, so that the construction of compatible forms for sextuples
of both types A(3k + 1,0) and A(3k + 2, 0) can be treated uniformly.

Given k > 1 and a basis y = (ea,..., ek, f1,-.-, fx. &1, - .., &k) of a vector
space V7, asextuple (V¥;C/, 1)) of type A(3k — 1,0) is given by
I =(fi, fa—e,.. o, fi —ex),
12),/ = <g1""’gk)’
I?),/ = <f1_g1""’fk_gk)’

9
Cly:(32,...,ek,f1,---7fk)a
C2y =(ea,..., €k, &1s---+8k)>
C=(fi—ex....fem1—€k. /1 —81..... fk — &k).
Note that

Cly:Ily+<e2s---7ek):11]/+<f21'-'7fk)’
Cl=1]+ (ea,....ex),
Cl=0I+(fi—ex..., fx—1—ex).

Again, in view of Remark 4.3, it suffices to observe that such a sextuple has
the required dimension vector

dimV? =3k —1, dim// =k, dimC) =2k -1,

and local endomorphism algebra. For the latter, we proceed similarly as for sex-
tuples of type A(3k + 1,0), combining Remark 3.9 and the following.

LemMma 5.2. Let  be an indecomposable sextuple of type A(3k — 1,0). Then
End(v¥) ~ End((U, n))

where n is an indecomposable nilpotent endomorphism and dimU = k. In
particular, End(¥) is local and End(y) = k 1d @ Rad.
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Proor. Let ¢ be given in the normal form (9). Consider the End (v )-invariant
subspace

U:=(fi..... iy =C{/ N} + 1))

and the indecomposable nilpotent endomorphism 7 of U defined by n( f1) = 0and
n(fi+1) = fi,fori =2,... k. Similarly as in the previous section, the algebra of
endomorphisms of U which commute with 7 is isomorphic to the endomorphism
algebra of (9).

To show this, we begin with an endomorphism a of U which commutes with
n and extend it to an endomorphism a of V¥ by defining maps f, g, and & by

filea,...;ex) — (f1,.-., fx), fle)) = fi fori=2,...k,
g {fioooo o) — (g1, k), g(fi) =g fori =1,... k,

h:<f17---1fk>_) <€2,...,€k),h(f1) 207
h(f;) =e;, fori =2,...,k.

and setting

a:=haf on (ez,...,ex),
(10) ) .
a:=gag on {(gy,...,8gk).
Note that
I ={x—h(x)|xe{fi..... i)}
and
I ={x—gx)|xe(fi..... i)}
and that

E={(e,....er), U={f1,.... fr), G={g1,...,8k)
are subspaces invariant under the endomorphism algebra of (9) since
E=C/ncC), u=cCc/nU)+1)), G=1j.

For an endomorphism b of (9), the operation b + 5|, is inverse to the
operation a +— a. Indeed, such a b decomposes as the direct sum b = b|, @
b|,, & b|,, and the relations (10) are enforced by the invariance of /)" and 17
under b.

Finally, that the map a + a is a morphism of algebras is evident from (10). O
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The bases 8 and y are referred to as standard bases for the respective types
of sextuple. For each fixed k > 0 one can view (9) as a subquotient of (7) by
considering the subspaces I# < C# c V&,

I’B :<el)’ Cﬂ :(el7---1ek1fls---vfksgly---sgk>s

and letting V¥ = C# /I8, where the basis y is induced (modulo re-indexing) by
the elements of the basis 8 which span C (i.e. all elements except ex+1). Then we
have the identifications

17=ufnchyr? and ¢’ =«cfnchyr? fori=1.2,3.

In fact, we can also view a sextuple of type A(3(k —2) + 1,0) = A(3k — 5,0)
as a subquotient of a sextuple of type A(3k — 1, 0). If a sextuple of the latter type
is given in the form (9), then choosing

I"=(f1.&1), C"=Aea,....en, fr.- -, fi—1. f1. oo 8k—1),

and passing to the subquotient C¥ /7 gives a sextuple of type A(3(k —2) + 1, 0),
with standard basis induced from the standard basis of (9).

In total, the (isomorphism classes of ) discrete non-split sextuples form two
“chains of subquotients” (arrows indicate the passage to a subquotient):

k=0 k=1 k=2 k=3
AGk +1,0)  A(1,0)  A@4,0)  A(7.0)  A(10,0)

rar e ed

AGk +2,0)  A(2,0)  A(5,0)  A(.,0)  A(11,0)

5.4 — Existence of compatible forms

THEOREM 5.3. Any sextuple of type A(3k £ 1,0) admits e-symmetric forms
where ¢ = (—1)K. With respect to standard bases there is a recursion providing
compatible e-symmetric forms with coefficients in the prime subfield.

The existence will be shown by constructing matrices for these compatible
forms with respect to standard bases. These matrices will be of the shape (11), i.e.
having a block structure and built using a (smaller) matrix which we denote A.

Fix k € N, lete = (—1)%, and let A = Ay € k&TDx&+D We consider the
following relations on the entries of A4:
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l. ajj =0fori +j <k+2anda;; #0fori + j =k +2;
2. A =¢eA";

3. aj j+1 = dijj —dji41,j fOI‘i,j = 1,...,k;

4. akk = Ak k41 + A1,k
o o
Further we define A = Aj as the minor of A given by restricting to row and
column indices in {2, ..., k} and we set

. r_
Ci =djk+1, C; =0ag+1,i-

If (1) holds, then the matrix A has the following form

0 0 0 0 0 avksr |
0 0 0 0 ask as k+1
0 0 0 as k-1 as.k as k+1

A=

: : 0
0 0 ak—1,3 Ak—1k—1  Qk—1k | Qk—1k+1
0 ak2 k3 Ak k—1 Akk Ak k+1

L %k+1,1 | k+1,2 Qk+1,3 Ak+1,k—1  Ak+1,k | Gk+1,k+1 |

The vertical and horizontal lines inside of this matrix are intended solely as visual
aids.
Now we define

(1D
010 0] 010 010 010
0 C2 0 0
: A : A 0 :
0 Ck 0 0
eyl e e | ks | el | ;. 0
010 0] 010 0 1
H = Hk — 0 Co 0 Co
A A A
Ck Ck
0 0
: 0 Pl A 0 :
0 0 0 0
| 0] 0 0| 0 |lcj|ch c || 0 0O
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and we interpret this matrix to be the coordinate matrix of a bilinear form B on VA
(cf. Section 5.2) with respect to the standard basis 8 = {e1, ..., €k+1, f1,-- - fk»
g1,---,8k)- The double lines in the matrix are visual aids for seeing the block

structure
Hyi Hiz His

H = | Hy Hy Hs
Hi3i Hizy Hisz

related to the subspaces (e1, ..., ex+1), {(f1,---» fx), and (g1, ..., gk)-
Cram 5.4. If (1) and (2) hold, then B is non-degenerate and e-symmetric

Proor. That B is e-symmetric follows directly from (2). To see that B is non-
degenerate, note that the blocks of the matrix H are such that H33, H3; and
H3 are zero and where Hy;, H»3, and H3; are square matrices having non-zero
entries on the anti-diagonal, and zeros above the anti-diagonal; in particular, the
latter blocks are invertible. Because H;3 is zero and because a “copy” of Hj; is
contained in H11, we can use row operations to turn transform H»; to zero in such
a way that only H»; is additionally changed under these operations. In a similarly
manner we can also turn Hj, to zero using column operations. At this point our
block matrix has the following form (tilde indicates that there are changes)

Hyi O 0
H = 0 Hy Hy
0 Hs;p 0
and where I-122 is
olo ... 0 olo ... 0 olo ... 0
0 0 0
A : A A
0 0 0

Now, clearly we can add columns from the third block column to the second block
column to transform H,, into the zero matrix, and this leaves all other blocks
unchanged, since Hy3 and Hi3 are zero. (Equivalently, we could have used row
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transformations using rows from the bottom block row.) This puts our block matrix
in the form

Hy; O 0
0 0 Hys
0 Hip O

which shows non-degeneracy, since the non-zero blocks are non-degenerate. [

Cram 5.5. If (2) holds, then
B(f.cly=BU5.cf)y=BUL (er.ex—g1.....ex41—gk) = 0.

Proor. We have that
e Be;, ej—fj):aij—aij =0fori=1,....,k+1landj =1,...,k;
OB(f,', ej—f,-)=a,-j—a,-j=0f0ri,j=1,...,k;

e B(ej,gj) =0fori =1,....,k+1,j =1,...,k and B(g;.gj) = 0 for
i.j =1,....k; B(e1, f; —gj) = Ble1, fj) — B(ei.gj) = 0—0 = 0 for

=1,k
® B(fi—gi. ej+1—g&j) = B(fi.ej+1)—B(fi,.g))—0+0=a; j+1—aij+1 =0
fori,j=1,...,k. O

Cramm 5.6. If (1) through (4) hold, then B is e-symmetric and a compatible
form for the sextuple (V8 c? I.ﬂ).

17

Proor. It remains to show B(IB,Cf) = 0. Consider B(f; — gi, i — &) =
B(f;. fj) — B(fi.gj) — B(gi. f;) + B(gi. g;) =: x;j. Direct checking gives

e x11=0+0+0+0=0;

e x;;,=0+0+a; +0=0forj =2,....k—1;

® Xij =a;j —ajj+1—ai+1,; +0=0fori,j =2,...,k —1by (3);

® Xjx =ik —Ci —aj+1x+0=0fori =2,....k—1by (3);

o x1x =0—c1 —ax +0=0by (3);

® Xik = apix — ¢k —c;, = 0by (4).
In view of Claim 5.5 and that

P =(fi—gi,.... fu —ax)
Cf =(e1.e2— f1.-- - lkr1— fro 1 — &1, s Sk — 8k)

we have compatibility of B. |
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Cramm 5.7. Foreachk = 0,1,2,... there exist matrices Ay satisfying (1)—(4).

Proor. We proceed by induction on k. Let

0 ¢
A() = (Cl), A1 = ( 1), C1 75 0.
—C1 0

Assume that Ag_, is given satisfying (1)—(4). We define A = Aj to have minor
A = Ag_, with respect to row and column indices 2, ..., k. Thus,

V. for2<i,j <k:aj =0ifi+j <k+2, ajj #0ifi +j =k +2;

2. 1‘(1)=81‘(1)t;

3. aijq1=aij—ajy1,fori,j =2,... k-1,

4. gy p—1 = ag—1 4 + Ak k-1
It remains to grant

1”. ayj =ajy =0fori,j =1,...,kand a; g4+1 # 0; ax+11 # 0

2" k41 =¢€ajgqrfori =1, k+1;

3. aij+1 =aij —aijqr,jforj =k, i =1,...resp.i =k, j=1,....k—1;

4" agk = agk+1 + k1 k-

Define
ark+1 = —dok
Aijk+1 =0aij —Ai+1x fori =2,....k—1,
1 e

Ak k+1 = Eak’k if k is even,

ak k+1 = arbitrary if k is odd,
Ak+1,k+1 = arbitrary if k is even,
Ak+1k+1 =0 if k is odd,

Ak41,i = €0j k+1 fori =1,... k.

Then (1”) and (2") are obvious, as is (3”) for the cases when j = k, while for
those cases with i = k we have

Ak, j+1 = Eaj 14 = (A — Ajjy1) = Akj — Ak41, ) -
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Finally, if k is odd, then

akk = €agk = 0 = ag k+1 + €Ak k+1 = Ak k+1 + Ak+1.k-

and if k is even, then

1 1
ik = ZAkk + ZQkk = Ak k+1 T Akt1,k- U

2 2

Proor or THEOREM 5.3. For the A(3k + 1,0), Claims 5.6 and 5.7 and the
proof of the latter give the recursive construction of such forms with respect to
standard bases. For A(3k — 1,0), we view V7 as a subspace of V# and define on
it a form given by a matrix H' = H, obtained from H = Hj by omitting all rows
and columns indexed by e; or ex4;. Then H’ defines an e-symmetric form B’
on V7. To see this, let S# := (e}, ex41) and note that H|, is non-degenerate and
e-symmetric, and that we can make the identification V¥ = (S#)L c V£ Hence
H' = H| sByL is also non-degenerate and e-symmetric. It remains to show that H’
is compatible with the A(3k — 1, 0) sextuple in V¥ obtained from the A(3k + 1, 0)
sextuple in V8.

Recall that if X € V# is an element of the sextuple in V#, then the corre-
sponding subspace of the sextuple in V7 is given by X := 7 (X# N C#), where
denotes the projection onto the second factor of the (orthogonal) decomposition
VB =SB @ V7. Since C# = (CP)+ @ V7 is coisotropic, this is an instance of
coisotropic reduction; in particular

B'(X.Y)=B(XxXnck ynch

for any X,Y < VA Hence B(X,Y) = {0} implies that B’(X,Y) = {0}. Since
we know the dimensions of all the subspaces involved in our sextuples, this shows
that for any element X of the sextuple in V2, the orthogonal of X in V7 is the
same subspace as X . O

ReEmaARrk 5.8. Suppose we are given sextuples of the types A(3k + 1,0) and
A3k — 1,0) in terms of standard bases.

i. With respect to the standard basis, any compatible form on A(3k + 1,0) is
given by a matrix Hy which is built from a matrix 4 as above, and such that A
satisfies the relations (1)—(4). The analogous statement is true for compatible
forms on A(3k — 1,0) in terms of matrices of the form H,, where H| is
obtained from Hj by deleting the 1st and (k + 1)th rows and columns.
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ii. A parametrization of such matrices Hy resp. H;_ is given by the parameters
ak+1,j. J =1,....,k+1 resp. ar;, j=2,....k

Moreover, the matrix entries are obtained via linear expressions from the
parameters.

Proor. (i) According to the proofs of Claims 5.5 and 5.6, the structure of B
and the relations (1)—(4) are forced by the requirement of admissibility.

(ii) This follows from the recursive construction of the matrices Ay; in each
step one free parameter can be chosen. |

ExampLE 5.1. Let k = 1. A sextuple of type A(3k + 1,0) has ambient di-
mension 4. To construct a compatible symplectic form (with respect to a standard
basis) we begin with the matrix

0 C1
Ay = ,
1 (—Cl 0)

where c; is any non-zero scalar. From this we obtain the matrix (11) of a compat-
ible symplectic form; in this example it is

0 ca| 0 |O
—C1 0 —C1 0
0 C1 0 C1
0 O0|—c1]| 0O

H, =

(note that A 1 is the empty matrix). To obtain a compatible symplectic form for the
sextuple A(3k — 1, 0), with respect to a standard basis induced from A(3k + 1, 0),
we only need to drop the 1st and (k + 1)th rows and columns of the compatible
form H; given above. This gives

0 C1
H{ = .
' (—Cl 0)

ExampLE 5.2. Let k = 3. A sextuple of type A(3k + 1,0) has ambient
dimension 10. To construct a compatible symplectic form (with respect to a
standard basis) we proceed similarly as in the previous example. Following the
recursion recipe given in Claim 5.7 above, we build from A; the matrix

0 0 0 C1
0 0 —C1 —C1



56 Ch. Herrmann - J. Lorand — A. Weinstein

where ¢, is a scalar that we may freely choose. Now from A3 we obtain the
matrix (11) of a compatible symplectic form; in this example it is

0O 0 0 c1 0 0 0|0 O 0
0 0 —C1 —C1 0 0 —C1 0 0 0
0 C1 0 Co 0 C1 0 0 0 0
—C1 C1 —Cp 0 —C1 C1 —C2 0 0 0
0 0 O c1 0 0 00 O c1
H3 =
0 0 —; —c1| O 0 ¢a |0 —a —a
0 C1 0 Co 0 —C1 0 C1 0 Co
0O 0 O 0 0 0O —1 |0 O 0
0O 0 O 0 0 c1 0|0 O 0
0 0 0 0 —C1 C1 —C2 0 0 0

To obtain a compatible symplectic form for the sextuple A(3k — 1, 0), we drop the
Ist and (k + 1)th rows and columns of H3. This gives

0 —C1 0 0 —C1 0 0 0

cit O 0 c1 0|0 O 0

0O O 0 0 0|0 O c1
H/ _ 0 —C1 0 0 C1 0 —C1 —C1
3 C1 0 0 —C1 0 C1 0 Co
0O O 0 0O —c1 |0 O 0

0O O 0 c1 0|0 O 0

0 0 —C1 C1 —C2 0 0 0

5.5 — Uniqueness of compatible forms

THEOREM 5.9. The (—1)X-symmetric forms on an A(3k %1, 0) are unique up to
isometric automorphism and multiplication by scalars; there are no (—1)*+1-sym-
metric forms on an A(3k = 1,0).

If B is a compatible e-symmetric form on A(3k +1,0) and ¢ € K, then there is
an automorphism n of the sextuple which is an isometry, in the sense n*B = ¢B,
if and only if c is a square in k.

Proor. Dealing with A(3k + 1,0), we continue the discussion from Sec-
tion 3.8. By Lemma 5.1, we may apply Lemma 3.26; this yields the first claim.

Now, suppose there exists an automorphism 1 of A(3k + 1,0) such that
f*B = c¢B, and let ny to be its restriction to U = Clﬂ N Czﬂ , which is invari-
ant under . We may assume that B is given by a matrix By in terms of a standard
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basis as above. Thus, U = (e, ..., ex+1) is non-degenerate and the restriction of
B to U has matrix A which is zero above the anti-diagonal. By Observation 3.9,
nu has upper triangular matrix (7;;) with diagonal entries all the same. It follows
that

cB(ex+1.e1) = B(neg41,ner1)
k+1

= B( D Miksrei, 771181)

i=1
= B(Mk+1,k+1€k+1-M11€1)
= B(ni1€k+1.M11€1)

= H%IB(ek-l-l’ el)7

whence ¢ = n?,. (Conversely, given a square ¢ = b? € k, one can of course
always find an isometry between B and cB: simply take b - 1d.)

For k > 1, a similar reasoning works for A(3k — 1,0), with U = Cly N Czy =
(ea,....,ex). O

6. Continuous types: sextuple classification and duality

By definition, continuous-type indecomposable sextuples are those indecompos-
able sextuples which have dimension vectors of the form (3k; 2k, k; 2k, k; 2k, k),
for integers k > 1. Note that this is a self-dual dimension vector.

As mentioned above, and proven in [9, Section 4.6], when k is algebraically
closed the (isomorphism types of ) continuous-type indecomposable sextuples in
a given dimension (indicated by k) consist of

e acollection A(k; 1), labeled by scalars A € k\{0, 1},

e so-called exceptional continuous-type sextuples, which are labeled

Aj(k,1) forj € {1,2},
A;(k,0) forj €{1,2,3},
A;(k,o0) for j €{1,2,3}.

In the case of more general fields, the continuous-type indecomposable sex-
tuples A(k; A) must be replaced by indecomposable sextuples A(k;y), where y
ranges over all indecomposable endomorphisms of k*¥ which do not have 0 or 1
as an eigenvalue. The exceptional continuous-type indecomposable sextuples re-
main the same. Thus the isomorphism classes of continuous-type indecomposable
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sextuples in a given dimension 3k are parametrized by the disjoint union of the
sets

{y | y indecomposable endomorphism of k¥, with 0,1 ¢ spec(y)}

and
{01, 02,03, 11, 12, 001, 002, 003},

where the latter set consists of formal labels for the exceptional types.

We review the classification and structure of continuous-type sextuples in
Section 6.1 below. To further analyze continuous-type sextuples, we recall the
notion of a frame in Section 6.2 and use these in Section 6.3 to build continuous-
type sextuples from underlying linear endomorphisms. In Section 6.4 we give a
detailed description of morphisms of such sextuples, and in Section 6.5 we identify
which indecomposable continuous-type sextuples are dual to which. This sets the
stage for the analysis of self-dual continuous indecomposable sextuples and their
compatible forms in Section 7 and Section 8.

Naturally, when k is not algebraically closed, the classification of indecompos-
able sextuples and associated isotropic triples becomes more complicated. First of
all, the indecomposable endomorphisms y underlying the sextuples have a richer
structure. Furthermore, self-dual continuous-type indecomposable sextuples may
admit more compatible forms when k is not algebraically closed. The general
question of uniqueness of compatible forms is treated in Section 8.5.

As always, if we are looking for compatible symplectic structures, we can
restrict our attention to the cases where the integer k is even.

6.1 — Classification of continuous sextuples

With the sole exception being the type A, (k; 1), all indecomposable continuous-
type sextuples (up to isomorphism) may be obtained via a functor S from
the “continuous-type” indecomposable representations of the extended Dynkin
quiver As (with a certain orientation, as reflected in Diagram 1).15 Indecompos-
able representations of this As quiver have the following normal form of Dia-
gram 1, where X; = Y; = k¥ for some k € Z-g, and i € {1,2, 3}, and the linear
maps «; and B; are all the identity map on k¥, with one exception. The map which
is an exception — we denote it y — is a linear endomorphism of k¥, and the rep-
resentation of As is indecomposable if and only y is an indecomposable linear
endomorphism. The following are the continuous-type indecomposable represen-
tations of fTs, up to isomorphism (in each case, k runs over Z).

5 See [9, p. 44 and p. 46]
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X3

12) ouJ lﬂz

Y3

Diagram 1

e E(k;y): y runs over isomorphism classes of automorphisms of k¥ and we
assume y = fB;. Any other choice of “position” of y, e.g. y = a1, leads to a
representation which is isomorphic to E(k;y’) for some y’ = .

e E;(k;0) and E;(k; 00): y is the unique indecomposable nilpotent endomor-
phism on k¥ in Jordan normal form (for nilpotent y this normal form always
exists), and i € {1, 2, 3}. The convention is that E;(k;0) denotes the case
when y = B; and &; (k; co) denotes the case when y = «;.

Although Donovan and Freislich [9] work over algebraically closed fields, their
classification of the indecomposable representations of As does not depend on
this, and admits the straightforward generalization above, where single Jordan
blocks are replaced with the condition of indecomposability. Our notation is a
slight modification of their notation.

The image under S of a continuous-type As representation is the sextuple
(13) V=X1® X0 X3, C =X;® Xit1, [ =Im( xpi),

where indices are understood modulo 3. It will be convenient for us to cast these
normal forms in slightly different notation. We set X = k¥,

X1 =Xx0x0, X,=0xXx0, X;=0x0xJX,
and V = X x X x X. We call an endomorphism exceptional if it has 0 or 1 as

eigenvalue. Otherwise, it is non-exceptional. Note that any direct summand of a
non-exceptional endomorphism is again non-exceptional.
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For non-exceptional y, the sextuples which are isomorphic ¢ to SE(k;—y)
will be called of type A(k; y). Normal forms for these sextuples are
I ={(x,—yx,0) | x e X}, C;=XxXx0,
(14) I, ={00,x,x)]| x € X}, C,=0xXxX,
Iz ={(x,0,x) | x € X}, C; =X x0xX.
For indecomposable y having eigenvalue 1, the sextuple S E (k; —y) is called of
type Aq(k;1); its normal form is the same as above. The only continuous-type
indecomposable sextuple not isomorphic to a sextuple in the image of the functor
S is the type Ax(k; 1). It is obtained from Aj(k; 1) via the Coxeter functor’” 6+
(see [9, p. 38 and p. 46]); a normal form for A, (k; 1) is
11={(0,0,X)|X€X}, C1={(y,Vy,X)|x’y€X}’
(15) L ={(x,0,0) | x e X}, Co={(x,y,—y)]|x,y € X},
I3 ={(0,x,0) | x € X}, C3={(-y,x,y)|x,y € X},
where y is indecomposable and with eigenvalue 1. Finally, for the cases when
y is nilpotent we set A;(k;0) := SE;(k;0) and A;(k;00) := SE;(k;00), for
i = 1,2, 3. For normal forms we take the same spaces C;, C», C3 as in (14), and

o for Aq(k;0) and A (k; 00), respectively,

L={.yx.0)|x€X), I ={(x.x.0|xeX}
L ={0,x,x)|xe X}, and I, ={(0,x,x)|x e X},
I; ={(x,0,x) | x € X}, I3 ={(x,0,x) | x € X}

o for Ay (k;0) and A, (k; 00):

I ={(x,x,0) | x € X}, I ={(x,x,0) | x € X},
L ={0,x,yx) | x € X}, and I, ={(0,yx,x) | x € X},
I3 ={(x,0,x) | x € X}, I3 ={(x,0,x) | x € X};

e for Az(k;0) and A3z (k; 00):

I ={(x,x,0) | x € X}, I ={(x,x,0) | x € X},
L ={0,x,x)|xeX} and L ={0,x,x)|xe X},
I3 = {(yx,0,x) | x € X} Iz = {(x,0,yx) | x € X}.

16 The change of sign in front of y here follows the conventions of Donovan and Freislich [9].

17 Although already introduced in [14], at the time of [9] the terminology “Coxeter functor”
was not yet in use. The naming “Coxeter functor” arose in the seminal paper [4] where Bernstein,
Gel’fand, and Ponomarev used them to prove Gabriel’s theorem.
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The following will be useful for identifying isomorphism types.

LemmMmA 6.1. Let (V; I;, C;) be an indecomposable continuous-type sextuple
with dimV = 3k. Consider the following eight subspaces: 11 + I, + I, and
CiNCyNCs, 1 NCzand I3sNCq, I, NCqand I1 N Cy, IsNCy and I, N C3. Let
€ = (€1, ..., €g) be the corresponding 8-vector of the dimensions of these spaces.
The different possible types of indecomposable continuous-type sextuple have the
Jollowing associated 8-vectors ¢€:

1. A(k;y), then € = (3k,0,0,0,0,0,0,0);
Aq(k; 1), thene = 3k —1,0,0,0,0,0,0,0);
Ay (k; 1), then e = (3k,1,0,0,0,0,0,0);
A1(k;0), then ¢ = (3k,0,1,0,0,0,0,0);
As(k; 00), then ¢ = (3k,0,0,1,0,0,0,0);
Ay (k;0), then € = (3k,0,0,0,1,0,0,0);

A1 (k; 00), then ¢ = (3k,0,0,0,0,1,0,0);
Asz(k;0), then ¢ = (3k,0,0,0,0,0,1,0);

A, (k; 00), then € = (3k,0,0,0,0,0,0,1).

e R A

Proor. Consider first the sextuples for which y is an isomorphism. It is
straightforward to check, e.g. using the normal forms above, that for such sex-
tuples dim /; N C; = O for all j # /. Thus €, through g are zero for the types
A(k;y), Ar(k; 1) and Az (k; 1).

Furthermore, if a sextuple is of type A(k; y) or A;(k; 1), then from the normal
form (14) we see that C; N C, N C3 = 0 and that

(x,y,2)e NI+ I3) < (x,y,z) = (x,—yx,0) with x — yx =0,

so I1 N (I, + I3) # 0if and only if y has 1 as eigenvalue. In the case A;(k; 1)
when y does have 1 as eigenvalue, the corresponding eigenspace has dimension 1
(because y is indecomposable) and so dim /1 N (I + I3) = 1. Thus in this case

dim(/; + I + I3) =dim [} +dim(l, + I3) -1 =3k —1=dimV — 1.

So, we have found that (¢1,€3) = (3k,0) for A(k;y) and (¢1,€2) = (3k — 1,0)
for Ai(k; 1).

For sextuples of type Aj(k; 1), it follows from the normal form (15) that
I1 N (I 4+ I3) = 0 and that

CiNCyNCs ={(x,yx,—yx) | x = yx}.
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Since for the type A,(k;1) the map y has a 1-dimensional eigenspace for the
eigenvalue 1, we find that dim C; NC, N C3 = 1. So, in this case (¢, €2) = (3%, 1).

Now consider the type A;(k;0). The same arguments as for the case A(k;y)
show here that (¢1, €2) = (3k, 0). Note that

IiNCs ={(x,yx,0) € I | yx = 0} = kery,

which is 1-dimensional since y is an indecomposable nilpotent map. From the
normal form for A (k:; 0) is easily check that the other intersections I; NCy, j # [,
are zero. Thus €3 = 1, and €4 through €g are zero.

The remaining cases are very similar to the case A (k;0) and may be treated
analogously. O

CoroLLARY 6.2. Suppose we are given an indecomposable continuous-type
sextuple with ambient dimension 3k. The sextuple is of type

1. A(k;y)ifandonlyifdim(I1+ I+ 1) = dim V and dim(C;NC2NC3) = 0;
2. Aq(k; 1) ifand only if dim(Iy + I, + ;) =dimV — 1;

3. As(k; 1) if and only if dim(C; N C, N C3) = 1;

4. A;(k:0) if and only if dim(l; N C;—1) = 1;

5. Aj(k; 00) if and only if dim(f; N Ci+1) = 1.

6.2 — Frames

Following von Neumann [24], we introduce an abstract kind of coordinate sys-
tem. Given a vector space V', a frame for V is a collection of five subspaces
A1, A, Az, A12, A3 satistying the following relations:

(16) V=A &4 & As,
(I7 Al + A, = A1 @ A1p = Ar ® Ara,
(18) Ay + Az = Ay @ Az = Az D A»rs.

As a shorthand notation, we refer to a frame as A. The notions of morphism and
isomorphism of frames are the obvious ones (i.e. view a frame as a special kind
of poset representation.)

The following shows that the definition could also be phrased in a way that is
more symmetrical.



(Co)isotropic triples and poset representations 63

LemMma 6.3. Suppose we are given a frame Ay, Az, A3, A12, A2z C V. We
define A3y by

(19) Azr = (A3 + Ay) N (A12 + Az3).
Then
(20) Az + A1 = A3 @ Az = A1 @ A3,

Proor. To see that A3 N A3z; = 0, note that dim V' = 3n for some n € IN, and
A3 N Az1 = A3 N [(A1 + A3) N (A12 + A23)] = A3 N (A12 + A23).
Thus
dim(A31 N A3) = dim A3 + dim(A12 + A3) —dim(A3 + A1z + Az3)
=3n—-3n=0

since, via (16)—(19),
A12NA»3=0 and Az+Ap+ A =A3+Ap+Ar=A3+A1+A4,=V.
Similar dimension arguments can be used to show that A; N A3; = 0 and that
dim A3 = n. O

CoroLLARY 6.4. If Ay, A, A3, A12, Az C V is a frame, and As; defined as
above, then
(21) A1z = (A1 + A2) N (423 + 431),
(22) Azz = (A2 + A3) N (431 + A12).

Proor. If {A;, A, A3, A12, A23} is a frame, then by Lemma 6.3 also {4, 4>,
A3, Apz, A3} is a frame. Application of Lemma 6.3 to this latter frame gives (21);
an analogous argument gives (22). O

The relations (16), (17), (18), and (20) imply that
dimA; = dim A, = dim A3 = 1/3dim V

and that each A4;; can be interpreted as the negative'® graph of a linear isomor-
phism h;;: A; — A;,i.e.

Aij ={x —hij(x) | x € A},
where ij € {12,23,31}. We set h;; := Id and h;; := hi_jl.

18 Following von Neumann, we use negative graphs for symmetry reasons when dealing with
frames.
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Lemma 6.5. 1. Given a frame in V, the associated maps satisfy hjx ohij = h;x
for any indices i, j, k € {1,2,3}.
2. Any frame is isomorphic to one built from a vector space U in the following
way:
V=UxUxU,
A1 =Ux0x0, A ={x,—x,0)|xeU},
A, =0x U x0, Axy3={0,x,—x)|xeU},
A3 =0x0xU, Az ={(x,0,—x)|xeU}.

Proor. (1) Since we are dealing only with invertible maps, equations of the
form hjy o hj; = h;j are equivalent to ones obtained by applying, to both sides of
an equation, the operations of inversion, or pre- or post-composition with one of
the “A” maps. This allows one to reduce to the case of showing a single identity,
say

(23) has 0 hiz = hys.

The negative graph of /3 is A3; (this subspace is the negative graph of 431, and
hence also of the inverse h13). So it is sufficient to show that the negative graph
of hp3 0 hys is As;. But

graph(—h23 Oh12) = {x —Z | X € Al,Z S A3,Z = (/’123 Ohlz)(X)}
= {x —h12(x) + h12(x) — ha3(h12(x)) | x € A1,z € Az}
C (Ay + A3) N (A2 + Az3) = A3y,

and the last inclusion is, for dimension reasons, actually an equality.

(2) Suppose we are given a frame A in some vector space W. Set U := A,
and let vq,..., v, be a basis of A,. A basis of A; is defined via u; = ha1(v;),
i =1,...,n,and abasis of A3 isdefined by w; := h»3(v;). Since (23) is equivalent
to

(24) h31 0 hyzohip =1dy,,

it follows that u; = h3;(w;) for each i. Now the linear isomorphism which sends
the basis u1, ..., Uy, V1,..., Uy, W1,..., w, tothe basisof V := U x U x U built
canonically from vy, ..., v, has, as its image, a frame of the desired form. O

ReEmMARrk 6.6. One might think of (24) as a kind of cocycle condition which

h h h
says that the endomorphism obtained from the “loop” 4, 3 As =23 As HELY Aq

is trivial.
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Given a frame A on V, with dim V' = 3k, we define a frame basis for A to be

an ordered basis
{ug, ..., Uk, V1, ..., Uk, W1, ..., Wi}
of V such that

o {uy,...,ur}isabasisof Ay, {vy,...,vg} is a basis of A, {wy,...,wg}isa

basis of A3;
° hlz(ui) = Vi, h23(vl~) = wj, h31(wl-) = U;, foralli = 1,... ,k.
A frame basis always exists (cf. the proof of Lemma 6.5).

We define an augmented frame in V to be a frame A in V together with a
subspace C C V such that A; + A, = A; @ C. This latter condition says that C
is the negative graph of a linear map h: A, — A; (which is uniquely determined
by C). In particular, an augmented frame determines uniquely an endomorphism

7]2=h120h2A2—>A2

which we call the underlying endomorphism of the augmented frame. If 5 is the
underlying endomorphism of an augmented frame we write this as (4, ). As was
the case for frames, augmented frames can be viewed as special kinds of poset
representations, with the inherited notions of morphism and isomorphism.

LemMa 6.7. Let (A, n) in V and (A', ) in V' be augmented frames. There is a
bijective correspondence between morphisms (A2, n) — (A%, n') and morphisms
(A,n) — (A", ).

When (A2, n) = (A%, 1), this gives an isomorphism between the endomor-
phism algebras of (A2, n) and (A, n).

Proor. Suppose f:V — V'is amorphism of augmented frames. In particular
then f(A1) C A, f(A2) € 4}, f(A12) € A},, and f(C) € C’, which implies
that the diagrams

A flay A, A, flay A
hl lh’ hlzl lhﬁz
Al flAl All A2 f|A2 A/2

commute. Stacking the second diagram under the first, we obtain that

i
A, =2 4,

WJ/ ln’
A2 f‘Az A’Z

commutes, as desired.
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Conversely, if we have a linear map f: A, — A/ such that f on=rn'o f,then
it extends to a morphism f of augmented frames by setting f = h), 0 fohiyon
Al andf = h/23 Of0h32 OIlA3

It is easy to see that the thus defined operations “restriction from V to A,” and
“extension from A, to V'’ are mutually inverse.

Now assume (4,,1) = (A%, n’). To show that the mutually inverse “exten-
sion” and “restriction” maps define algebra isomorphisms between the respective
endomorphism algebras of (45, 1) and (4, n), it is sufficient to check that one of
these maps is a morphism of algebras. This is easiest to check for the restriction
map: the operation of restriction is clearly compatible with composition, addition,
scalar multiplication, and the units in the respective endomorphism algebras. O

6.3 — Framed sextuples

Given an augmented frame (A4, C) = (4, n) in V we define an associated sextuple
8y in V by

I} = Ay, Ci = A1 + Az,
(25) I, = As, Cy = Ay + As,
= (C—|—A3)ﬂ(A1 +A23), C3 = A1+ Is.

A sextuple which is isomorphic to one of this type will be called a framed sextuple.

LEMMA 6.8. Let (A, n) and (A', ') be augmented frames in V and V', respec-
tively .

1. Given a sextuple &y, the underlying augmented frame can be recovered via

Alzll A12:C1mc3s
26) Ar=Ci NCy, Apz = I3+ 1) N Cy,
Az = I, Aszr = (A1 + A3) N (A12 + A23),

C=(+13)NC.
2. If 8 is a sextuple such that the expressions (26) define an augmented frame,
then 8 is a framed sextuple, i.e. of the form (25).

3. Alinear map f:V — V' is a morphism (A, n) — (A', 1) if and only if it is
a morphism 8, — Sy.



(Co)isotropic triples and poset representations 67

4. Any sextuple 8, built from an augmented frame (A, n) is isomorphic to one
with the following form, where U = Aj:

V=UxUxU,

I, =U x0x0, Ci=UxUx0,
27)

I, =0x0xU, C,=0xUxU,

I3 ={(-nx,x,—x) | x €U}, C3={(x,—x,0)|xeU}+ I.

Proor. (1) This can be checked using elementary linear algebra resp. modular
lattice calculations. For example, C; N Cy = (A1 4+ A2) N (A + A3) = A3, since
by assumption V = A; & A, & As. To see that C = (I, + I3) N Cy, we plug in
the definitions of I, I3 and C; and calculate

(I + I3) N Cy = (A3 + [(C + A3) N (A1 + A23)]) N (A1 + A2)
C[(C + A3) N (A1 + Axz + A3)] N (A1 + A3)
=[(C+ A43)NV]N(A; + A3) = C.

The obtained inclusion is actually an equality, since

dim(/3 + I,) N Cy = dim(I; & I3) + dim C; —dim(I + I3 + Cy)
=1/3dimV = dimC.
The equations for A1, and A3 can be checked in a similar manner, and the
equation for A3; holds by the definition of a frame.

(2) Assuming that (26) defines an augmented frame, we need to show that the
relations (25) hold.

The expressions for /1 and I, are trivially satisfied, so it remains to show the
expressions for /3, Cq, Cz, and Cs.

We first make some intermediate observations:

(28) A+ C=A1+CiNA3+13) =Ci N (A + A3 + 13),

using the modular law for the last equality; from (28) and the assumption that we
have an augmented frame,

V=A1+ A2+ A3
(29) A+ C+ As = Cy N (A1 + As + I3) + As
= (C1 + 43) N (A1 + A3 + 13),

again via the modular law for the last equality. But (29) implies that

(30) V=C+ A3 = A, + Az + I,
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and using (30) we find that
(31) A2+ A3 =CiNC+ A3 =CN(Cr + 43) = Ca,

where the application of modular law is justified since A3 = I, € C, by
assumption. This is the desire expression for Cs.

The expression for C; now follows from (30) and
(32)

A+ A=4+C=41+CiNU2+L)=CiNA+ L+ 13) =,

using modularity via the fact that A; = I; C C;.
To obtain the expression for /3, we first note that

B3) CHA3=(UL+L)NCI+A3=(L+L)NCi+A43)=1L+13
since A3 = I, C I, + I5 and, via (30), C; + A, = V. Now,

(C+A43) N (A1 + Ax3) = (C+ A3) N (A1 + (I3 + A1) N ()

(2) (C + A3) el (Al + (]3 + Al) N (A2 + A3))

mod

= (C+A3)NU3+ A1) N (A1 + A + A3z)

30
@ (C+ A3)N (A + I3)

33
D Iz + (C 4+ A3) N A

= I3+ (CNAy =1,
using for the second-to-last equality that C € A1 @ A, and V = A; & A, & A3,
and for the last equality that C N A; = 0 by definition of an augmented frame.
Finally, the desired expression for C3 follows from
A+ 13 = (C1NGCs) + 15

mod

= C3N(C1+ 13)
= C3N (A1 + A2 + (C + A3) N (A1 + Az3))

ey n (A2 + (A1 + C + A3) N (A1 + A23))
= C3N (A2 + A1 + Az3) = C3,

using in the second line the already-obtained expressions for C; and /3, and in the
last line the factthat A; + C + A3 = A1 + A, + Az = V.

(3) Suppose first that f is a morphism of augmented frames. Since the sub-
spaces I;,C; and I/, C/ of the respective associated sextuples can be expressed en-

tirely via lattice terms built only of subspaces in the respective augmented frames,
it follows that f(/;) € I/ and f(C;) € C{ for eachi.
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Similarly, by part 1 above the underlying augmented frames can be expressed
via lattice terms built from subspaces in the respective sextuples, so f is a mor-
phism of augmented frames if it is a morphism of the associated sextuples.

(4) From Lemma 6.5, it is clear that any augmented frame (A, 1) is isomorphic
to one of the following form:

V=UxUxU,

A1 =Ux0x0, A ={(x,—x,0) | x e U},
(34) A, =0x U x0, Azz ={(0,x,—x) | x e U},
A3 =0x0xU, Az = {(x,0,—x) | x € U},

C ={(—nx,x,0) | x e U}.

The sextuple associated to this augmented frame is precisely (27), and by part 3
of this lemma, it is isomorphic to .S;,. d

RemARrk 6.9. Together, parts (1) and (2) of Lemma 6.8 give a complete char-
acterization of framed sextuples in lattice theoretic terms: a sextuple is a framed
sextuple if and only if the expressions (26) define an augmented frame, and aug-
mented frames are themselves defined in lattice-theoretic terms.

ProrosrTiON 6.10. Let (U, 1), (U’, 1) be spaces with endomorphisms.

1. There is a bijective correspondence between morphisms (U,n) — (U’, 1)
and morphisms Sy — S;. When (U, n) = (U', 1), this correspondence is an
isomorphism of the respective endomorphism algebras. In particular, (U, n)
is indecomposable if and only if Sy is.

/ / / / /
2. Letuy,...,Uup,V1,...,Up, W1,..., Wy anduy, ..., u,, vy, ..., 0y, Wy,..., W

/
n

be frame bases of the underlying frames of sextuples Sy and Sy, . Let f 1Sy —
Sy be a morphism and f its restriction

fiAy = (v1,...,vp) —> Ay = (v],..., V).

> TN

If the coordinate matrix of f with respect to the bases (vq,...,v,) and

/

(vi,...,v,) is M, then the coordinate matrix of f with respect to the re-

spective frame bases is
M 0 0

(35) 0 M O
0 0 M
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Proor. (1) The said correspondence is the one defined in the proof of
Lemma 6.7. By Lemma 6.7 and Lemma 6.8 (2), it maps morphisms (U, n) —
(U’, 1) to morphisms S, — S,, and when (U, n) = (U’, 1), this correspondence
is an isomorphism of algebras. The statement about indecomposability follows
then from the fact that (U, ) and S, are each indecomposable if and only if their
respective endomorphism algebras are local, and the fact that “local-ness” is pre-
served under isomorphism.

(2) By definition, f = (h/21 ofohp)®f® (h/23 ofohs) A1 B A B A3 —
A} @ A, @ A} (cf. Lemma 6.8). The form (35) follows now from the fact that, with
respect to frame bases, all of the maps h12, h23, I, h’, have coordinate matrices
which are the identity matrix. |

ReMARK 6.11. The correspondence in Proposition 6.10, is functorial.

6.4 — Identifying framed sextuples

In this section we identify which continuous-type indecomposable sextuples are
isomorphic to a framed sextuple.

From Lemma 6.1 and Corollary 6.2 we see that, for n indecomposable, S; ~
As3(k;0) when nisnilpotent, and S; >~ A, (k; co) when n has eigenvalue 1. Indeed,
if n is nilpotent, then

ILNC, ={(—nx,x,—x) | x e U}NOxUxU) 2{0,x,—x) | x € Kern} # 0.
And if n has eigenvalue 1 with associated eigenspace U, then
1LNCs = (0x0xU)N{(y—nx, x—y,—x) | x,y € U} 2{(0,0,—x) | x € U1} # 0.

We will call an indecomposable endomorphism exceptional if it is nilpotent or has
1 as eigenvalue. Note that any non-exceptional indecomposable endomorphism is
an automorphism.

It remains now to identify the sextuples S,, with n non-exceptional, in terms
of the classification discussed in the previous section.

ProposiTioN 6.12. On the level of isomorphism classes (and for fixed ambient
dimension 3k), there is a one-to-one correspondence between the sextuples Sy,
and the sextuples A(k;y), where y and n are non-exceptional indecomposable
endomorphisms. If one views both n and y as endomorphisms of k¥, the corre-
spondence is given by

(36) n=—1—

or, in inversely, y = el
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Proor. We start by considering an indecomposable continuous-type sextuple
A(k;y), with y non-exceptional. From Section 6.1, we know that A(k;y) is
isomorphic to a sextuple which has the form

V=X18Xa0Xs, C=X,+Xip1. I =Im(e; ®p:)=T(Bic;")

where o;:Y; — X; and B:Y; — X, are all invertible, and y = ;1 o al_l. In

particular, we can identify the ¥; with the /; (since the maps «; @ §; are injective),
and we have

37 G=XoYi=Xin1®Y;, i=1273

To show that A(k;y) >~ S, for some endomorphism 7, we “guess” an under-
lying augmented frame (using Lemma 6.8 to make our ansatz), and we show that
this is an augmented frame whose associated sextuple is isomorphic to A(k; y).
In this case we know that n must be non-exceptional, since S, ~ As(k;0) or
Sy >~ As(k;00) when n is exceptional.

As our ansatz for the underlying augmented frame associated to (V'; C;, I;), we
set

A =11, Az = (X1 + X2) N (X3 + Xy) = Xy,
Ay =(X1 +X2) N (X2 + X3) = Xo, Az = Y3+ Y1) N (X2 + X3),
A3 =1, Aszr = (A1 + A3) N (A12 + A23).

C=(Y2+7Y3)N(X; + X2),

and check that this defines an augmented frame. In order to verify a @-relation,
it suffices to check the +- or the N-relation, if the dimensions of the subspaces
involved are known and add up properly. Thus, to see that V' = A; & A, & As, it
suffices to note that

A+ AL+ A=Y+ X+h=X1+ X+ =X1+ X2+ X3=V.
Similarly, A1 ® A1 = A12 @ A2 = A; + A, follows from
A+ A1 =X1+ Y1 =X1+ X2 = 41 + A4z,
App+ Ay = X1 + Xo = A1 + Ao,
To see A3 @ Ay = Az3 @ Az = A 4+ As, note that
Az + A2 =(Y1 + Y3) N (X2 + X3) + Xo = (Y1 + V3 + X2) N (X2 + X3)
=X+ X3 =Xy + Y, = Ay + A3,

A+ As=Y1+Y3) N (Xa+ X3)+ Yo=T1+ Y3+ Y2) N(X2+ X3)
=Xo+Xs=Xo+ Y, =45+ A3,
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using modularity (and that X5, Y» € X, -+ X3) to obtain the second equality in each
line, respectively. At this point it is not yet clear that the lefthand sums are direct,
since the dimension of A,3 is not yet determined. This can be checked directly,
for example,

I+ +X=X1++XH=X1+ X3+ X, =V
whence A3 N A, = (Y1 4+ Y3) N X, =0, and
Az NAs = (Y1 +Y3)NY, =0.
Finally, A; & C = A; + A, because

A+ C =Y+ T2+ Y3)N (X1 + X2)
=M+ Y2+ Y3)N (X1 + X2)
=X1+ X, = A1 + A5,

AlﬂC:Ylﬂ(Y2+Y3)=0,

using modularity in the first line (with the fact that Y1 € X; + X>).

This establishes that we have an augmented frame. It remains to verify that the
original sextuple (V, I;, C;) is the one associated to this augmented frame, i.e. we
check that the equations (25) hold:

o I1 =Y =Ay;

o Ir =Y, = A3

L] 13 = Y3 = (Y2 + Y3) N (Yl + Y3) = (C + A3) N (Al + A23), llSiIlg for the
last equality that

Y24Y3=(T2+Y3)N(X1+ X2+ X3) =(Y2+Y3) N (X1 + X2+ Y2)
=Y+ Y:)N(X1+X2)+Yo=C + A3

and

Vi+4Y3=0+Y3)N X1+ X2+ X3) =1 +Y3)N (Y1 + X2+ X3)
=Y1+ Y1+ Y3) N (X2 + X3) = (A1 + A23);

e Ci=A1+4A=Y1+Xo =X+ X2 =Cy;
e (r=A,+A3=X+ Y, = X5 + X3 = (Cy;
o (3 =An+(C+A43)N(A1+A423) = A+ 13 = X1 +Y3 = X1+ X3 = Cs.
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This establishes that every sextuple A(k;y) is isomorphic to some S, with 7
non-exceptional. It remains now to show that every S, with 1 non-exceptional
is isomorphic to some A(k; y). For this it is sufficient to prove the formula (36)
and note that this formula defines a bijection (in fact an involution) of the set of
non-exceptional indecomposable endomorphisms of k¥.

Consider again a sextuple of type A(k;y). Set X = k*. We’ll use normal
forms which are isomorphic to the ones (13): let V = X x X x X, and

X1 =Xx0x0, Xo,=0xXx0, X3=0x0xX.
Thus normal forms for these sextuple are
I =T(Bio7!) = {(x,—yx,0) | x € X}, C; =X xX x0,

(38) 12=I'(,32a2_1)={(0,x,x)|xeX}, C,=0xXxX,
I3 =T(B303!) = {(x,0,x) | x € X}, C; =X x0xX.

Set g; = ,B,-ozl._1 and g := g1g3g>. Note that g = —y when these are viewed as
maps X — X.

For such a sextuple, we compute the endomorphism 5 underlying the associ-
ated augmented frame. By definition, n = &, o &, so we need to compute /1, and
h. From the first part of this proof we know that for this frame

Ar =1, Ay=X,, Asz=1,
A1z = I'(=h12) = Xi,
C=TI(-h)=U2+13)NX1+ X2).

In particular, one finds easily that
hi2: Ay — Az, (x,81x,0) —> (0, g1, 0),
C = {(—g3g2x,x,0) | x € X}, and
h: Ay — A1, (0,x,0) —> (g3ga(g + )7 'x, g(g + D7'x,0).
It follows that
n: Ay — Ay, (0,x,0) — (0,g(g + 1)"!x,0).
Thus, viewed as endomorphisms of X, n = % |

REmARrk 6.13. Since n and y commute, if y has an eigenvalue, say A,, then
n will also have an eigenvalue, say A,, and any eigenvector for A,, will also be an
eigenvector for A, . In this case, A, = A,,/(A, — 1) and A, = A,,/(A, — 1).
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6.5 — Duals of continuous sextuples

In this section, we identify the duals of indecomposable continuous-type sextu-
ples. We recall the following definitions.
e The dual of a sextuple (V:C;, I;) is (V*;17,C?), where, for U C V, the
subspace U° = {f € V* | f(U) = 0} is the annihilator of U.

e A sextuple is self-dual if it admits an isomorphism (of poset representations)
to its dual. A pair of sextuples is called mutually dual if each is isomorphic
to the dual of the other.

e The operation of taking the annihilator obeys the rules
U1+ U)°=U;NU; and (U NU)° =U; 4+ Uy,

for any subspaces Uy, U,.

From the structure of the dimension vector of indecomposable continuous-type
sextuples it follows that the dual of a continuous-type sextuple is again of contin-
uous type. Identifying the duals of the exceptional continuous-type sextuples is
easiest.

LemMa 6.14. The indecomposable sextuples of type A1 (k; 1) and A, (k; 1) are
mutually dual.

Proor. This follows from Corollary 6.2: if (V; C;, I;) is a sextuple of type
Aq(k; 1), then dim(/y 4 I + I3) = dim V — 1. Thus for the dual (V'; C/, I}) will
hold C{NC,NCy =I7NI;NIJ = (I + I, + I3)° = 1. This implies, by
Corollary 6.2 that the dual is of type A,(k; 1) (the dual must be indecomposable
and of continuous type). |

LEMMA 6.15. The indecomposable sextuples A; (k;0) and A;—1(k; 00) are mu-
tually dual. In other words, in each ambient dimension 3k, we have the following
three pairs of mutually dual indecomposable sextuples:

A1(k;0) and Az(k;00), Ax(k;0)and Aq(k;00), Az(k;0)and Ay(k;00).

Proor. Suppose (V; C;, I;) is a sextuple of type A;(k;0). By Corollary 6.2,
this sextuple will satisfy dim(/; N C;—1) = 1. In particular then

dim(/; +Ci—1) = dim [; +dim C;—y —dim(/; NCi—1) = k+(2k)—1 = dim V —1.
The dual sextuple (V'; C/, 1]) will therefore satisfy

dim(I]_, N C)) = dim(CS_, N 1) = dim(I; + C;_1)° = 1.
This implies, via Corollary 6.2, that (V'; C/, I]) is of type A;_1(k; 00). O
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REMARK 6.16. From Section 6.4 we know that As(k;0) and A,(k; o0) are
isomorphic, respectively, to the indecomposable framed sextuples S, where 7 is
either nilpotent (in the first case) or has eigenvalue 1 (in the second case). Thus
the above shows that the sole two exceptional framed sextuples are dual to one
another.

Now we consider the non-exceptional indecomposable continuous-type sextu-
ples A(k;y). From Corollary 6.2 it follows that the dual of such a sextuple is again
a non-exceptional indecomposable continuous-type sextuple; let A(k;y’) be the
type of the dual. Our goal now is to determine the relationship between y and y’.

From Proposition 6.12 we know that A(k;y) and A(k;y’) are isomorphic,
respectively, to sextuples S, and S,/, with n and 1’ non-exceptional.

ProrosiTion 6.17. Consider a non-exceptional indecomposable endomor-
phism n € End(U) with associated sextuple S,. Let B := (uy, ..., ug, vi, ..., Vg,
wi, ..., W) be a frame basis for this sextuple.

1. The dual of 8y is isomorphic to 8,/, with n' = (Id—n)* € End(U*).
Moreover,
(—wi. ..., —wg,v1, ... 05, —ul, ..., —ug)
is a frame basis for 8/, where B* := (uy, ..., wy) is the dual basis of B.

2. A bijective correspondence
B:S, —> 8y <«— b:(U.n) — (U* Id—p*)

is given by restricting maps B to U.

With respect to the bases B and B*, any isomorphism B:8, — 8, has
coordinate matrix of the form

O 0 —M
HM = 0 M (0] s
-M O O

where M € kK**¥ is the coordinate matrix of the corresponding isomorphism
b:(U,n) — (U*,n') with respect to the respective bases (vy,...,v;) and
(vf,...,v,’;) of U and U*.

Note, in particular, that B is (skew)-symmetric if and only if the corre-
sponding map b is.
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Proor. By definition, 8, has ambient space V' = U xU x U, and the associated
augmented frame (/I, n) is (34); in particular A1 = U x0x 0, 4, = 0x U x0
and A3 = 0 x 0 x U. We view the dual sextuple 87 = S,y = (V';C/, I)) as

i’

having ambient space V' = U* x U* x U*, paired with V = U x U x U via

(61,61, 83): (U1, uz, u3) = §1(u1) + §2(u2) + &3(u3). The sextuple S,/, expressed
in terms of the underlying augmented frame of §,, is

I[=C=A]NA;=0x0xU",
Cil=1}=A]=0xU*xU*,

I[=C5=A5N A3 = U*x0x0,

(39) Co=1;=A5=U*xU*x0,

I} =C3y = A7, N [(C° N A3) + (A5 N A33)],
Cy =13 = (C° N A3) + (47 N 435).

We compute the underlying augmented frame (A4’, ') of this sextuple, using (34)
as an aid for the calculations:

Ay =1 =0x0xU",

A, =C{NCy=0xU*x0,

Ay =1, =U*x0x0,

A/12= Cl/ ﬂC3/ = (I, + 15)°

40) ={(y,x,—x) [x,y € U}°* ={(0,£,§) | § € U™},

Ayy =3+ 1) NC,
=[(C3NCy)+ L]° ={(¢.£.0)|§ €U},

A/31 = (A/l +A/3) n (A/12 + A/23)’

C'=(+1)NC{=[(C2NC3) + I1]°
={0,§,Id-n)*¢) | E € U™},

For the computation of C’, for example,

CGNCy={(y—nx,x—y,—x)|x,ye U, y—nx =0},
and
11+C2ﬂC3={(y,x—7lx’—x)|x’y€U}’

so C’ is precisely those (£1,&2,63) € U* x U* x U* such that & = 0 and
§3 =& 0 (Id—n).
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We can now read off the maps 4} ; , | and i’ associated to this augmented frame:
e A, = I'(—h',) implies that i|,: A| — A},(0,0,§) — (0,—¢&,0);

o A, = I'(—h};) implies that 2,5 A, — A%, (0,§,0) — (=£,0,0);

o Iy = (hyy0hy,)7 i Ay — A1, (6,0,0) = (0,0, 8);

e C’' =T'(—/') implies that h": A, — Ay,(0,&,0) — (0,0, —(Id —n)*£).

In particular, n = k%, oh’ = (Id —n)*. We also see that, taking (—v},..., —v;) as
a basis of A}, = 0x U* x 0, a frame basis is given by (wf, ..., w,—v},...,—v},
uy,...,uz), since w' = hy(—vy) and uf = hy3(—v/), i = 1,....k. The

remaining statement of the current proposition follows now from Proposition 6.10.
In particular, any isomorphism 8, — 8, has, with respect to the bases  and 8*,
coordinate matrix of the form Hjs, where M is the coordinate matrix of an
isomorphism U — U* such that MAM ! = Id—A". O

COROLLARY 6.18. The sextuples A(k;y) and A(k; (y~1)*) are mutually dual.

Proor. Viewing y and n as endomorphisms of the same space, and similarly

for y’ and 7/, we have by (36) that n = % and y/ = n/n—/l‘ Substituting
n = 1—n* in the latter equation, using the former equation and simplifying
gives y' = (y~H*. O

COROLLARY 6.19. A sextuple A(k;y) is self-dual if and only if (k¥,y) and
((K5Y*, (y=1*) are isomorphic endomorphisms (in the sense of Section 3.2). In
this case, if y has an eigenvalue A, then A, = —1.

Proor. The first part follows from Corollary 6.18 and the fact that, by Proposi-
tion 6.12 and Proposition 6.10, A(k; y1) and A(k; y») are isomorphic sextuples if
and only if y; and y, are isomorphic endomorphisms. The statement about eigen-
values follows from the fact that y* has the same eigenvalue as y (when such
exists), and that y cannot have eigenvalue 1 (by the assumption that y is non-
exceptional). O

7. Continuous non-split isotropic triples over C and R

We turn now to the classification of non-split isotropic triples of continuous type.
The special cases where the ground field k is either C or R are of particular inter-
est. We treat these cases first, which allows for a simpler analysis. Furthermore,
the case k = R provides basic intuition for understanding the more involved clas-
sification over perfect fields, which we undertake in the next section.
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Throughout this and the next section, N will always denote a nilpotent square
matrix which has “1” everywhere on the first upper off-diagonal and all other
entries “0” and whose size will be specified, or clear, depending on the context.
We denote N the standard indecomposable nilpotent matrix (of a given size). For
example, if the size happens to be 3 x 3, then

=
I
o oo

1 0
0 1
0 0

For block matrices, we will use the following convention, which generalizes
multiplication of matrices by scalars: if M is a block matrix with square blocks of
size [ x [, and if K is an [ x [ matrix, then KM will denote the block matrix whose
blocks consist of the blocks of M each multiplied on the left by K. We define M K
similarly.

7.1 — Classification in case of eigenvalue in ground field
Given a 3k-dimensional indecomposable sextuple §,, we call a frame basis

(M1, .., Ug, V1, ., Vg, WY, ..., W)

aJordanbasis for 8, if (vy, ..., vk) is a Jordan basis for 7 for some (unique) A € k,
i.e. n(vy) = Avy, n(vj) = vj—1 + Av; for j > 1. Note that any Jordan basis for 7
extends to one for §,.

THeEOREM 7.1. Consider an indecomposable sextuple 8, of dimension 3k with
underlying endomorphism n having eigenvalue A € k; fix a Jordan basis for 8.
Let M € K*** be of the form

0 (_1)j+1

i.e. the entries of M satisfy m;; = (=1)/ " fori =k — j + 1, and m;; = 0 else.

1. The sextuple is isomorphic to its dual if and only if A = %
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Now assume A = %

2. The matrix

O O —M
Hy = O M O
-M O O

defines a compatible form B which is symplectic if k is even, symmetric if k
is odd.

3. Up to isomorphism and multiplication with a scalar, B is the only such form.
For even k there is no symmetric compatible form, for odd k no symplectic
one.

4. Forany 0 # ¢ € k, ¢B and B are isometric via an automorphism of the
sextuple if and only if c is a square in K.

5. A complete list of compatible symplectic resp. symmetric forms is given by
the matrices Hyrg, where Q € k%K s of the form Zf-:é a;N', with ag # 0
and a; = 0 for i even.

ReMARK 7.2. Observe that the particular value A = % arises from the way the
endomorphism is related to the sextuple. Other ways would give a different (but
also unique) value.

Also note that, setting ¢ := n — %, we have that n = % + ¢ underlies an
indecomposable self-dual framed sextuple if and only if ¢ is similar to —¢*.
Furthermore, n has an eigenvalue if and only if ¢ does, and in the case of self-
duality, the unique eigenvalue of { is 0. The description “n = % + ¢ is helpful to
keep in mind in the proof below, and in the subsequent sections.

Proor oF THeEoREM 7.1. With respect to vy, ..., vk, the matrix of nis 4 =
Al + N. In particular, A4 is similar to A’ via the permutation matrix P corre-
sponding to reversing the order of the basis.

Proor oF (1) AND (2). Assume that 8, is isomorphic to its dual. Then by
Proposition 6.17, I — A’ is similar to A, and hence to A’. Thus, A is similar to
I — A. In particular, / — A necessarily also has A as its unique eigenvalue. On the
other hand, given an eigenvector v for A, we have (I — A)v = v—Av = (1 —A)v,
which means that 1 — A is an eigenvalue of / — A. By indecomposability, / — A
can only have one eigenvalue, thus A =1—1,ie. A = %

Now, assume A = % and define B by Hjy. It remains to show that B is com-
patible, i.e. that Hjs defines, with respect to the given basis and its dual, an iso-
morphism from 8, onto its dual. By Proposition 6.17 this means to show that
M defines an isomorphism (A5, ) — (A%, (Id—n)*), i.e. MAM ™' = (I — A)".
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Here, observe that M = DP, where P = P! has anti-diagonal entries 1, zero
else, and where D = D~ is diagonal with entries d;; = (—1)’*!. Now, PAP =
A" = 11 + N' and DN'D = —N', and hence MAM™' = 31 + DN'D =
II—N'=1- A"

Proor of (3)-(5). By Remark 3.9, the algebra E of endomorphisms of A,
commuting with 4 = %I + N is local and £ = k Id @ Rad E; Proposition 6.10
establishes an isomorphism of E onto the endomorphism algebra E’ of §,, which
shows that E’ is local, too, with £’ = kId @ Rad E’. Thus, Lemma 3.26 applies,
proving uniqueness. The proof of (4) can be copied from that of Theorem 5.9.
Moreover, units in the ring E’ are given by block matrices as in (35). Thus, due
to 2, any compatible form is given by a matrix Hyp where Q € k*¥** is the
coordinate matrix of an automorphism of (A4,, ). In particular, this means that Q
is of the form Y¥_, a;N! with ag # 0. Thus MQ = Y F_,a;MN'. Note that
MN' is skew-symmetric if / = k mod 2 and symmetric if / # k mod 2:

o fori+j=1+k+1;

(MNYi =Y " mi p(Np.j = mip—ip1(NDi—igr,; = (=DF,
p

e clse,

(MN");; =0,

andso,fori +j =1+k+1,
(MNY L (MNY)i; = (MNY);i(MN');; = (=D)* 7 (=DF = (=¥~

It follows that MQ = Y, coen @i MN'+Y"; jqq @i M N is the (unique) decomposi-
tion of M Q into its symmetric and skew-symmetric parts: when k is odd, the first
summand is the symmetric part and the second summand skew-symmetric; when
k is even, the reverse is the case. The second summand is non-invertible, while the
first summand is invertible (since ag # 0). Thus all compatible (non-degenerate)
forms are of the form Hprg, where MQ = Y, ..., aiMN'. For k odd they are
symmetric; for k even, they are skew-symmetric. O

ExampLE 7.1. Let k = 4, and consider the self-dual sextuple S, with un-
derlying indecomposable endomorphism having eigenvalue A = % Then §,
admits only compatible symplectic forms. These are parametrised by the set
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{(ag.az) € k? | ap # 0} and given, with respect to a fixed Jordan basis and its
dual basis, by the matrices

0O 0 -4

Hy = O A 0O |,
—-A O O

where
0 0 0 —ag

7.2 — Classification over R

THEOREM 7.3. Let 8, be an indecomposable sextuple over R of dimension 3k
with underlying n having no real eigenvalue.
1. The sextuple admits an isomorphism onto its dual if and only if n has, in C,
eigenvalues A = %:I: ~=1r, withrealr > 0 (both of geometric multiplicity 1).
2. Assume the case of self-duality. Then k = 2l and both symmetric and
symplectic compatible forms exist.

a. There is a frame basis (u;, v;, w;) such that the matrix A of n is in real
Jordan normal form with respect to the v;, and there are “canonical”
compatible forms B and B', where “B' = /—1B.” If | is odd, B is
symmetric and B’ is symplectic; if | is even, B is symplectic and B’ is
symmetric.

With respect to the frame basis, B is given by the matrix H = Hy
where M € k¥ has 2 x 2-blocks M;; with

(—l)jH((l) (1)) Jori+j=1+1,

M= 10 0
else,
0 0

and the matrix H' of B' is obtained from H by setting H' = SH, where
3 is the matrix
< (0 -1
1 o)

Multiplication with 3 is understood in sense of “scalar multiplication
by ‘=1 for 2 x 2 block matrices.”
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b. All symmetric resp. symplectic compatible forms are given, up to iso-
morphy and multiplication with 1, respectively by

H resp. SH ifl isodd, H resp. H ifl is even.

In particular, multiplying with 3 changes the symmetry of a compatible
form. There is no automorphism which is an isometry from H to —H
or from IH to —3JH.

c. A complete list of compatible symmetric, respectively symplectic, forms
is given by the matrices Hyg resp. SHyo where M is as above and
where Q € R*** is of the form Zﬁ;b a;N%, a; € R, ap # 0, and
a; = 0 for i even. These are symmetric, respectively symplectic, if | is
odd; symplectic, respectively symmetric, if | is even.

Proor. With respect to a suitable basis of A5,  has coordinate matrix in real
Jordan form

A=ZI + N2 where Z = (Z _ab),

and a & +/—1b are the complex eigenvalues of 7 (b # 0 by hypothesis). Here,
Z1 is the block diagonal matrix with diagonal blocks Z and N the standard
indecomposable nilpotent matrix. In view of Proposition 6.17, self-duality means
that (I — A)" is similar to A. Now, I — A and (I — A)" have the same complex
eigenvalues, and these are also those of A, by similarity. Thus, A is an eigenvalue
of A if and only if so is 1 — A and so both have the same real part which then must

be 1. This proves that
/2 —r
Z_(r 1/2), r#0.

On the other hand, any such Z satisfies (I — Z)' = Z, and thus corresponds to a
self-dual sextuple.

Now, to prove that Hg is a compatible form, we can mimic the proof of 2 in
Theorem 7.1, replacing scalar matrix entries there by 2 x 2-blocks here: 0, 1, and
—1 are replaced by zero, unit, and negative unit matrix, 1 by B, and m;; by M;;.
Thus Hs defines an isomorphism onto the dual. The further statements are then
obvious.

Proor oF (2B). Observe that matrices

2=(; )
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belong to a subring F of R?*? which is isomorphic to C. F is the field in R?*?
obtained by adjoining, for example, (9 ~1) to the field {(§ ¢) | x € R} € R**2.
For any Z € F,let ZI denote the block diagonal matrix in R¥*¥ with diagonal
blocks Z. Now, C is in the (coordinatized) endomorphism algebra E of (A2, n)
if and only if it commutes with the matrix A of 5. By Proposition 8.11 below, £
consists of the matrices C of the form

-1
C = ZZ,-NZ", Z; € F.
i=0

By Proposition 6.10, §; has endomorphism algebra consisting of the block-
diagonal matrices C1, with C € E (i.e. there are three diagonal blocks, each one
a copy of a given C € E). In particular, these matrices commute with Hjs. Now
the proof of Lemma 3.26 generalizes™ to yield uniqueness of compatible forms
up to isomorphism and multiplication with Z € F; that is, up to isomorphism,
compatible forms are of the form ZHjys = Hzps with

7 = (’y“ _xy) e F\{0}.

If y = 0, then ZM has blocks

(GO (%) (O -

along its anti-diagonal, and so ZHys = xHps. In this case, the scaling map
1/4/]x]| - Id is an isometric isomorphism to from x Hjs to sign(x) Hpy.
If x = 0, we have blocks

0 —y 0 y 0 —y
y o) \=y 0) \y 0) 7
on the anti-diagonal of M, and so ZHps = y3IHy. The scaling map 1/4/]y]| - Id

is an isometric isomorphism to from yIHps to sign(y)IHyy.
If x # 0 and y # 0 then we have

(0 T G R (e

on the diagonal of ZM, and neither symmetry nor skew-symmetry.

19 For a more thorough discussion, see Section 8.5.
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It remains to show that there is no isometric isomorphism from Hps to —Hps
(such a map would also give an isometric isomorphism between IH and H).
Assume that f* were such an automorphism and C the matrix of f|4,. From the
above description of C € E one reads off that C is upper block triangular with

C11 = C2k—1,2k—1, €21 = C2k2k—1-
On the other hand, by inspection of Hys we have

B(v1,vak—1) = B(v2,v¢) = 1,
B(vy,v;) =0 fori #2k—1,

B(va,v;), =0 fori # 2k.

Thus, one would get the contradiction

2k
—1 = —=B1.vok—1) = B(fv1, fvr—1) = B<011U1 + Czlvz,zci,zk—lvi)
i=1

2 2
= B(c11v1, C12k—1V2k—1) + B(Cc21v2, Cok 2k—1V2k) = €71 + €35

Proor oF (2c). As in the proof of Theorem 7.1 (4) one obtains matrices as
stated above, but initially with @; € F. To have symmetry or skew-symmetry in
MQ, though, all a; have to be in R/ or R3I/. Conversely, this grants symmetry
resp. skew symmetry, depending on the parity of /. O

ExampLE 7.2. Let k = 6, and let 5 be an indecomposable endomorphism over
R, with complex eigenvalues % + /—1r, r > 0. The corresponding sextuple 8,
is self-dual (and it lives in ambient dimension 3k = 18); compatible symmetric
resp. symplectic forms are given by matrices Hps, where M is of the form

0 O 0 0 a O
0 0 0 0 0 ao
0 0 —a O 0 0
0 0 0 —ap 0 O
aop 0 0 0 ay 0
0 ao 0 0 0 ay
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resp.
0 0 0 0 0 —ao
0 0 0 0 ap O
0 0 0 ao O 0
0 0 —ap 0 O 0
0 —ado 0 0 0 —dq

ap 0 0 0 aq 0
for (ag,a;) € R?, ag # 0.

7.3 — Hamiltonian vector fields over R from non-split framed sextuples

In this section we return to the connection, discussed in Section 4.8, between linear
Hamiltonian vector fields and isotropic triples. We show here that each non-split
isotropic triple (over R) has an associated linear Hamiltonian vector field.

Let S; be an indecomposable self-dual continuous-type sextuple over R. We
know that the spectrum in C of 7 must be {% + /—1r)} for some value of r > 0.
Suppose that we make S, into an isotropic triple by choosing a frame basis and
choosing a compatible symplectic form given by a matrix Hp¢o asin Theorem 7.1
or Theorem 7.3 (depending on whether 1 has the eigenvalue % or not). Set T :=
MQ and let A denote the coordinate matrix of n with respect to the frame basis.
Recall that when Hr is skew-symmetric, as we have assumed, then so is 7. From
the normal form given in Lemma 6.8, part 4, we can assume that S, has the form

V=UxUxU,

I1=Ux0x0, Ci=UxUxQ0,
41

L=0x0xU, C,=0xUxU,

Iz ={(—nx,x,—x) | x €U}, C3={(x,—x,0)|xeU}+ I3,
and from Proposition 6.17 it follows that T is the coordinate matrix of an isomor-
phism (U, n) — (U*, 1 —n*). In other words, TA = (1 — A")T.

We claim now that an isotropic triple whose underlying sextuple is (41) satis-
fies the hypotheses of Proposition 4.7, which gives sufficient conditions for con-
structing an associated Hamiltonian vector field. To verify the hypotheses, note
first that clearly V' = I, @ I, & I3. Second, we must check that I; + [; is a
symplectic subspace for all i # j. For this, we check that

Ui+ )N+ 1)t =Li+1)NGNC =0,
Fori =1,j =2,
L1+ L)NCiNC,=Ux0xU)N(OxU x0)=0.
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Fori =3, =1,

(s +1)NCNC ={(-nx+y,x,—x) |x,y eU}N{(z,—z,0) | y € U}
=0,

since an element (—nx + y, x,—x) of this intersection would need to satisfy
—x = 0, and hence —nyx = 0. But then (y,0,0) = (z,—z,0) holds for some
zeUonlyify =0.

Finally, fori = 2, j = 3,

L+ L)NCNCy={(—nx,x,y) | x,yeUnN{0,—nz+2z,—-z) | ze U}
={0.x.y) |x.yeUnx=0x=ny—-y}=0.

Indeed, nx = 0 implies that x = 0, since 7 is invertible, and so ny = y must hold.
By assumption 7 cannot have eigenvalue 1, so also y = 0.

Now we will follow the proof of Proposition 4.7 in order to find the Hamil-
tonian vector field associated to (41). We have the symplectic decomposition
V=U&hL & &L)*=Ux0xU)®(@OxU x0). I5 is the graph
of the map g: (I1 & I,)* — I, & I, given by

OxUx0—Ux0xU, (0,x,0)+— (—nx,0,—x),

so the image of g is the graph of the map I, — /1, (0,0, x) — (nx,0,0). With
respect to the chosen frame basis, the coordinate matrix of this map is A4, and the
matrix of the identification of /; with /) is T'. Thus the image of g corresponds
toamap f: I, — I whose coordinate matrix is 7A. Using T4 = (1 — A")T and
that T is skew-symmetric, we find that the antisymmetric part f, is given by

1 1 1 1
—(TA— AT =(TA-T'(1—-A)==T(A+ (1 -A4) = =T
= )= S(TA=T"(1 = A) = ST(A+(1-4) = JT.
and for the symmetric part f
1 1 1 1
E(TA + A'T") = E(TA +T'(1 - A)) = ET(A —(1-4)) = ET(ZA— 1).

Thus we obtain the Hamiltonian vector field X = f,~! f; given in coordinates by
the matrix 24 — 1. We have proved the following:

ProrosiTioN 7.4. Non-split isotropic triples satisfy the hypotheses of Propo-
sition 4.7: we can construct an associated Hamiltonian vector field.

If ¢ is such a triple, we may assume that its underlying sextuple is a framed
sextuple Sy, built from an endomorphism (U, n). In this case, the symplectic form
w of ¢ induces an isomorphism U — U* which defines a symplectic form wy
on U. The Hamiltonian vector field associated to ¢ is (U, oy, 2n — 1d).
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Remark 7.5. Normal forms for indecomposable linear Hamiltonian vector
fields over R are given, for example, in [19]. These come in both “split” and
“non-split” types, and are labeled by their (complex) eigenvalues. For a non-split
isotropic triple as above with underlying indecomposable endomorphism 7, the
associated Hamiltonian vector field 2n — Id is also indecomposable and non-
split. The possible such 7 are parametrized by % + /=17 with r € [0, c0); the
corresponding Hamiltonian vector fields 2n — Id correspond in [19] to the non-
split ones labeled by complex eigenvalues £=+/—1 - v (setting v = 2r in order to
use their notation), where v € [0, 00).

ExampLE 7.3. Let k = 4, and let n be an indecomposable endomorphism
over R with complex eigenvalue %, i.e. with respect to a Jordan basis 1 has the
coordinate matrix

1/2 1 0 0
I B VR
0 0 1/2 1

0 0 0 1/2

We can make the corresponding self-dual sextuple §; into an isotropic triple by
choosing the compatible symplectic form given, with respect to a Jordan frame
basis, by the matrix Hr, with

0 0 0 1
0 0 —1 0
T_0100
-1 0 0 O

The associated Hamiltonian vector field on the symplectic space (R?, T') is given,
with respect to a Jordan basis for 7, by the matrix

01 00O
0 0 1
0 0O
0 00

S = O

ExampLE 7.4. Let k = 4, and let 5 be an indecomposable endomorphism over
R with complex eigenvalue % + -1 %v, where v > 0, i.e. with respect to a (real)
Jordan basis 7 has the coordinate matrix

1 v 1 O

A=1 v 1 0 1
21 0 0 1 —v

O 0 v 1
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Again choosing the compatible symplectic form for 8, given by Hr with

0 0 0 1
0 0 -1 0

T_0100’
-1 0 0 0

we obtain the associated Hamiltonian vector field on (R2, T') given by

0O —v 1 O
v 0 0 1
0 0 0 —v
0O 0 v O

8. Continuous non-split isotropic triples over perfect fields

We continue working with a ground field k with char(k) # 2, and additionally we
assume that k is perfect,?? in order that we may use the normal forms discussed
in Proposition 8.7 below. No other assumptions are made on k.

According to Proposition 6.17, isomorphisms of a sextuple &, onto its dual
arise from matrices M such that M ' AM = (I — A)" where A is the matrix of n
with respect to some basis; and the induced compatible form is (skew-)symmetric
if and only if M is. As indicated by the results over the complex or real number
field, the crucial case is when 7 has irreducible minimal polynomial g (x). We deal
with this case first.

8.1 — Irreducible characteristic polynomial

Let g(x) = Z£=0 a;x' € Kk[x] be an irreducible polynomial, with a¢; = 1.
Adjunction to k of a zero A of ¢ yields an extension field k(1) = k[A] = k[x]/q(x)
which as a k-vector space has basis 1,1, A2, ..., A!~!. With respect to this basis,
the k-linear map m defined by m () := Ar has as its coordinate matrix the

20 A field k is perfect if every algebraic extension of k is separable. Examples of perfect fields
include all finite fields, and all fields of characteristic zero.
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Frobenius matrix N* + C

0 0 0 —ap
1 0 0 —a
0 1 ’
: .0 —aj_,
0O ... 0 1 —a_4
where C = C, denotes the matrix whose last column is —ag, —a;, —az, ..., —aj_

and has all other entries zero.

In particular, by the Cayley—Hamilton theorem the above applies to any endo-
morphism 7 of an vector space U having characteristic polynomial ¢(x), where
n plays the role of A above.?! Here we view k(7) as a subring of End(U) with
subfield {a Id | a € k} = k. In this situation, any v; # 0 extends (uniquely) to a
basis {v1, nv1,..., 7" vy} such that the corresponding coordinate matrix of 7 is
the Frobenius matrix of ¢(x). In other words, if A € k/*! has g(x) = det(x] — A)
irreducible, then k(A4) = k[A] is a subring of k**! which is an extension field of
{al | a € k} =~ k with primitive element A, a zero of ¢(x).

Lemma 8.1. Let q(x) € k[x] be an irreducible monic polynomial with degq =
[ > 1. Let A be a zero of q in some extension field of k, and set E = k(-).
Suppose q(1 — L) = 0. Then there exists u € E and an automorphism g of E
over K such that k(u) = E and g(u) = —u. This implies that
1. only even powers of x occur in the minimal polynomial r(x) of u over Kk; in
particular degr = | must be even;
2. with respect to the basis {1, ., ..., u'='} of E over k, g has diagonal coor-
dinate matrix D, with entries d;; = (—1)!, fori =0,...,1 —1;

3. gis ak-isomorphism (E,m_,) — (E,my), i.e. m,g = gm_,.

Proor. Since g(1) = ¢q(1 — A) = 0, there exists an automorphism g of
E = k(-) overk suchthat g(1) = 1—A. Setting i := A—%,we have A = %4—,11 and
1-A = %—/L;in particular k(A1) = k(r) and g(p) = —p. Note that —p # p, since
—u = u would imply A = 1/2 € k, and hence that [k(1) : k] = deg(q) =1 =1,
contrary to the assumption / > 1. For the minimal polynomial

rx) =apx! +ap XV agx + a0 (witha = 1)
21 Recall that for indecomposable endomorphisms, the characteristic and minimal polynomi-

als coincide. Also note that, when the characteristic polynomial is irreducible, the corresponding
endomorphism is necessarily indecomposable.
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of u over k it follows that r(—u) = r(g(n)) = g(r(n)) = 0, using that g
fixes k. This implies that only even powers of x occur in r(x), by comparing the
coefficients of »(—u) and r(u). Indeed,

S ant = ()~ r(-p) =0

k odd

since r(u) = r(—p) = 0, so w is a zero of 8(x) := Dt oaq arx¥, and hence
r(x) | 8(x). If r(x) were to have odd degree, then §(x) and r(x) would have
the same degree and hence would be equal (since they are both monic). But this
would contradict the irreducibility of r(x), because for a polynomial with only
odd powers of x, one can always factor out the polynomial p(x) = x. Therefore
it must be that §(x) = 0, i.e. a; = 0 for all odd k.

The statement about the coordinate matrix of g is clear. For (3), we check on
the basis elements u/ of E:

mu(g () = my (<1 ) = () i = —(= D) = gm_y (). O

ProposITION 8.2. Let 0 # A e K such that q(x) = det(xI — A) is
irreducible. Then the following are equivalent:

1. Aand (I — A)" are similar to each other,

2. Aand I — A are similar to each other;

3. q(A) = q(1 — X) = 0 for some A in some extension field of k;

4. for any A in any extension field of k, if (L) = 0, then g(1 — 1) = 0.
Suppose now that any oj these equivalent conditions holds. Then digq(x) is

even. Moreover, setting A = A — %I , the minimal polynomial r(x) of A satisfies
r(—A) = 0 and, for any invertible T,

TAT™' = (1 — A)! < TAT ! =-A".

Proor. The equivalence of (1) and (2) are equivalent follows from the fact
that a matrix and its transpose are always similar, and that similarity is a transitive
relation. (2) implies that g(/ — A) = 0, and thus that (3) holds in the field
k(A4) = k[A] € k!, To see that (3) implies (4), it is enough to consider extensions
k(A) of k such that ¢g(A) = 0; these are all isomorphic via isomorphisms fixing k,
and hence in each of them also the equation g(1 — A) = 0 is satisfied. Finally, we
show that (4) implies (2). Since g(A4) = 0, (4) implies g(I — A) = 0 and thus that
q(x) is also the unique elementary divisor of / — A. The multiset of elementary
divisors is a complete invariant for similarity, so (2) follows. That deg ¢ is even
and that r(x) satisfies r(—A) follows from Lemma 8.1. O
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Remark 8.3. In the subsequent, we’ll use the following fact. Let E © k be
a finite field extension, so E is a finite-dimensional vector space over k, and let
7: E — k be a non-zero k-linear map. Then the bilinear form on E defined by

(u,v) —> t(uv)

is non-degenerate. Indeed, if for fixed v € E\{0} we have t(uv) = O forallu € E,
then it would follow that T(u") = 0 for all ¥’ € E, since any u’ can be written as
u’v~!v. This would contradict the assumption that 7 # 0.

ProrosiTioN 8.4. Let! > 0, and let 0 # A € k<! be a Frobenius matrix
with irreducible characteristic polynomial r(x) such that r(—A) = 0. Then
there are skew-symmetric as well as symmetric invertible T € k'*! such that
TAT ! = — A"

Proor. We may restate the task as follows. We are given V' = k(u),dimV =1
even, with irreducible monic r(x) = Zf.zo a;x" such that 7 (1) = r(—p) = 0, in
particular a; = 0 for odd i. Let m, (v) = pv for v € V. The task is to find an
isomorphism B: V' — V* such that

(42) Bm, = —m;p,

and such that the matrix T of f with respect to the basis 1, s, ..., u!~! and its
dual basis 1*, u*, ... is skew-symmetric resp. symmetric. Because of these bases,
within the scope of this proof we use indices which always live between 0 and
I —1.

We consider the skew-symmetric task first. From [25, p. 276] we know there
exists symmetric S such that SAS~! = A’. Namely, one has the linear form
T € V* defined on the basis 1, . ..., u!~' by

) 1 ifti =1-1,
T = .
H T(u') =0 else.

and we take S to be the matrix of the non-degenerate symmetric bilinear form
(u,v) — t(uv), i.e. the entries of S are
sij =ty 0<i,j<l-1

Let V; be the k-subspace of V spanned by {u’ | 0 <i < I, i even }; let V; be the
k-subspace spanned by {1/ | 0 <i <[, i odd}.

Cramm 8.5. Foranyi €N, u' € Vy ifi is even, u' € Vi ifi is odd. In particular,
t(u') =0 forall eveni € IN.
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Proor oF THE cLaiM. We use induction. Clearly, the claim holds for i < [.
Also, note that u! = — Zj<l ajpu’ where a; = 0if j is odd, and so ul e Vo. In
particular, we see that uVy € V; and uV; € Vp. Now leti > [. If i is odd, then
by the induction hypothesis u'~! € Vp, and so u' = puu’~! € uVy < V;. The
analogous argument applies for i even. A

It follows that S has the following properties: using indices 7, j € {0,...,/—1},
the entries s;; of S only dependoni + j, withs;; =0fori +j <[ —2o0ri +j
even,and s;; = 1fori +j =1—-1.

Now consider T := SD, where D is the diagonal matrix defined in Lemma 8.1,

i.e. the diagonal entries are d;; = (=1)! fori = 0,...,] — 1. Thus T has entries
t;j = s;; if j is even, t;; = —s;; if j is odd. In particular then, t;; = 0ifi 4 j is
even (since s;; = 0if i + j is even) and ¢;; = —t;; if i 4+ j is odd (since i and j

must have different parity when i 4 j is odd). So T is skew symmetric.

With respect to the basis 1, i, 12, ... and its dual basis, S provides (accord-
ing to [25, Proposition 4.4]) an isomorphism (V,m,) — (V*,m}), while by
Lemma 8.1 D provides an isomorphism (V,-m,) — (V,my). Thus T = SD
gives an isomorphism (V, —m,,) — (V*, m},), as desired.

With the skew-symmetric case done, we now turn to the symmetric case. Recall
that we want to find 8 such that (42) holds; for this we work with the coordinate
matrix T of 8 with respect to the basis 1, i, ..., u/~! and its dual basis.

For convenience, we write T = (t;;); j=o,.,/—1- Summations will be for
0,...,/ — 1 unless stated otherwise.

.....

Cramm 8.6. Equation (42) holds for T if and only if all of the following are
satisfied.:

Ltk jr1 = —lgtr,j for jk <l—1;

2. Zh —aptkn = —tk_H’l_lfOFj =l-1,k<Il—-1;
3. ti—1,j+1 =D pantpjfor j <l —1,k=1-1;

4. = pantiap =) pantpi—1forj =k =101—1

Proor oF THE cLaim. Let j,k < [/ — 1. The matrix entries corresponding to
B and —i* B, respectively, are

Xk = (B! ) (F) = (B! T (),
Vi = (=B N (WF) = = 1 F (W) (1)

= = Y TR = = (),
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and (42) holds if and only if x;z = yji forall j,k <[ —1. Now,

X = Y G W) = ifj<I-1,

1

Vie ==Yty =~y itk <l 1,

4

sk = B @) = B —ann ) i)

h

= > —antinpt™* (1F) =" —antn,

ih h
Yidor ==Y _typtuh) = - Zlijﬂi*<z—ahﬂh)
i i h
= > tjapp* (W) =) tmjan.
ih h

Thus, that x;z = y;i for all j, k is equivalent to the equations stated in the
claim. A

Define T € V* by

2 l.)=1 ifi =1-2,
T(u
0 else.

(note that we use that / > 0). By Remark 8.3, the matrix S whose entries are
5;j = t(u'*7) is invertible. Note that 7(¥) = 0 for odd k € NN, since |y, = 0.
In particular, (—1)'T'Z(u'*/) = (=1)/F1#(u'*/) forall 0 <i,j <[ — 1, since
both sides are zero when i and j have different parity. Thus, if we define

tij = (=D R = (1) TR,

we obtain a symmetric matrix 7. Note that T = —§D, so T is invertible. The
entries #;; only depend oni + j, up to sign. For for i 4+ j < [ — 2 they are zero;
fori +j=1-21; =(-1) =(-1).
It remains now only to check that this 7" fulfills the conditions of Claim 8.6,
1. For j, k <[ —1,

tejp1 = (D EQATY) = gy
2. Forj=I1—-1,k<l—-1,

terri-1 = (“DFEH) = (=DF Y —apt ()
h

= > ap(=DFEW) =Y apn.
h h
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3.Forj<l—-1,k=1-1,

ti—1,j+1 = (=17t
= (-1)/ Z—ahf(MHh) = Zah(—l)‘iﬂf(ﬂﬁh) = Zahlhj-
h h

h

4. Since ! — 1 + h is odd for even A,

- Zahtl—l,h = - Zahll—l,h = 0.
h

h even

Similarly, since / — 1 + £ is odd for even £,

Zahth,l—l = Zahlh,l—l = 0. U
h

h even

8.2 — Generalized Jordan blocks

In this section we recall some well-known facts about normal forms for endomor-
phisms. Let m, ! € IN be natural numbers, and consider m/ x m/-matrices A with
[ x [-blocks A;;. Let N be the standard nilpotent matrix of size m/. Then N ! has
blocks I; as first upper off-diagonal of blocks, and all other entries zero, i.e.

o I, O
Ni=] O O I

Note that for any invertible matrix K € k<!, one has (KI)N*(K~'I) = N/,
where

ProposiTion 8.7. Let n be an indecomposable endomorphism of the n-dimen-
sional vector space V over a perfect field k.

1. There is unique m € W and irreducible monic q(x) € k[x] such that
q(x)™ is the minimal (= characteristic) polynomial of n; that is, g(x)™ is the
unique elementary divisor of n. In particular, m! = n where | = degq(x).
Moreover, as an K[x]-module, V is isomorphic to k[x]/q(x)™; in particular
it is cyclic.
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2. Let g(x)™ be the unique monic elementary divisor of n. There is a basis v of
V with respect to which n has matrix

Z I, O
O Z 1
A=ZI+N'= I
O 0 Z
where q(x) = det(xIl; — Z). Conversely, for any basis with respect to

which the coordinate matrix of n is of the form A = ZI + N', one has
det(xl; — Z) = q(x) and det(xI — A) = q(x)™.

Proor. (1) This follows from the theory of a linear operator on a finite-
dimensional vector space. In general, the k[x]-module V' is isomorphic to the
direct sum of the k[x]/d;(x) where the d;(x) = g¢;(x)™ are the elementary
divisors of 7, the g; (x) being coprime irreducibles. The characteristic polynomial
is [[; di(x) = det(xI — A). That n is indecomposable means that there is only a
single elementary divisor ¢ (x)™, and so the characteristic polynomial and minimal
polynomial of A coincide with g(x)™.

(2) For the existence of such a basis and corresponding normal form we use
our assumption that k is perfect; see [23] for a discussion of this normal form,
and [27] and [5] regarding necessary and sufficient conditions for its existence.
Conversely, given such a normal form for 7, it follows from the behaviour of block
matrices and determinants that g(x)” = det(x! — A) = (det(xI; — Z))™. By the
uniqueness of factorization of monic polynomials into irreducible polynomials,
and by comparing degrees, it follows that det(x/; — Z) = ¢q(x). O

Remark 8.8. We refer to the normal form given in part 2 above as “general-
ized Jordan normal form.” The matrix Z is, in coordinate form, a “generalized
eigenvalue” of 7.

8.3 — Admissible forms for self-duals

THEOREM 8.9. Given an indecomposable sextuple 8, with no eigenvalue in k,
the following statements are equivalent:

1. 8, is self-dual,
2. 8, admits compatible symplectic forms;

3. 8, admits compatible symmetric forms.
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In the case of self-duality, compatible e-symmetric forms can be given, with respect
to suitable bases, by matrices of the form

o0 o0 c kmlxml’
o -T
T O

SO N

where T € k!X and q(x)™ is the characteristic polynomial of 1, with q(x)
irreducible and deg q(x) = [. Clearly, e(Hy) = (M) = (=1)"*1g(T). Suitable
bases are frame bases {u, v, w} where the basis v = vy,...,Vy renders n in
normal form (%11 + Z)I + N'! with Frobenius matrix Z € k'*!. Here, T can be
chosen according to Proposition 8.4.

Proor. Given compatible forms, self-duality is obvious. Conversely, consider
self-dual indecomposable 8, and consider a basis v such that the corresponding
matrix of nis A = ZI + N’ as in Proposition 8.7 (2). Let ¢(x)™ be the unique
elementary divisor of n, where ¢ is irreducible over k with degqg = /.

By Proposition 6.17, A is similar to (I — A)’. Thus, ¢(x)™ is also the unique
elementary divisor of (I — A)?, implying in particular that det(x1; — (I; — Z)") =
q(x) (cf. the proof of part (2) in Proposition 8.7). So Z and (I; — Z)" share ¢(x)
as their unique elementary divisor, and are hence similar. Now by Proposition 8.2,
Z=7- %11 has irreducible characteristic polynomial r(x) with r(—Z) =0.

Since r is irreducible, there exists invertible K such that K 7 K~!is Frobenius.
Note that KZK~' = 11, + KZK~'and KAK~' = 11 + KZK~'I + N'. Thus
we may assume directly that 7 has matrix A = ZI + N’ with Z = %I 1+ Z where
Z is a Frobenius matrix with irreducible characteristic polynomial r (x) satisfying
r(—Z) = 0. Moreover, TZT~! = (I; — Z)" ifand only if TZT~! = —Z* for
any invertible 7' (cf. Proposition 8.2). By Proposition 8.4, there exist 7', skew-
symmetric as well as symmetric, which satisfy 7Z7T~! = —Z’. Choose such
a T and let M be defined as above in the statement of this proposition. By
Proposition 6.17, it suffices to show that MAM~! = (I — A)".

For this, observe first that M = TQJ = QTJ where J is block-diagonal
with diagonal blocks J;; = (—1)/711; and Q is block-anti-diagonal with blocks
Qij = Iy fori + j = m + 1, and all other entries being 0. Also, observe that
0? = I and that Q acts as permutation of blocks: acting on the right it exchanges
block-columns j and m + 1 — j, acting on the left it exchanges block-rows i and
m + 1 —i. Furthermore, the following properties are easily seen:
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ODQ = D if D is block-diagonal of the form X7 for some X € k!*/;
ON'Q = (N

e J2=1,and JDJ = D if D is block-diagonal;

e JN'J =N

o T(NH!T~1 = (N")! since (N!)! has only unit and zero blocks.

It follows that

MZIM™ =QTJZIJT™'Q =QTZIT'Q
=0 -2)10=~-2)1,

MN'M~' =TQJN'JQT™' =TQ(-N")QT™!
— _T(NI)IT—I — —(Nl)t,
and hence
MAM™' = MZIM™ + MN'M™" = (I, - Z)I — (N =1 — 4,

as desired. O

CoroLLARY 8.10. Up to isomorphism, the indecomposable sextuples underly-
ing non-split continuous-type isotropic triples are parametrized by indecompos-
able linear endomorphisms n of the form

1

7I=§+§

where ¢ is an indecomposable endomorphism which lives in an even-dimensional
space and is such that ¢ is similar to —C*. Such endomorphisms ¢ are themselves
parametrized by the set

{r™ | m € Z~y, r monic irreducible and r = p(x*) with p € k[x]}
U{(x>)™ | m € Zxo).

Proor. From Proposition 6.17 we know that (isomorphism classes of ) inde-
composable self-dual continuous-type sextuples are in one-to-one correspondence
with (isomorphism classes of) indecomposable endomorphisms 7 such that 7 is
similar to 1 — n*. Setting ¢ := % — n it easily seen that ¢ is indecomposable if and
only if 7 is, and that

n similar to 1 — n* <= ¢ similar to — ¢*.
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Moreover, Theorem 8.9 and Theorem 7.1 imply that the underlying sextuples of
non-split isotropic triples, up to isomorphism, are parametrized by all endomor-
phisms 7 as above, with the exception of those which have an eigenvalue in the
ground field and live in an odd-dimensional space.

In the case when n has no eigenvalue in the ground field, it follows from
the above proof of Theorem 8.9 and from Lemma 8.1 that the corresponding
endomorphism ¢ has a minimal polynomial of the form r(x)™, with r irreducible
and with only even powers of the variable appearing, i.e. r(x) = p(x?) for some
p € K[x]. (The irreducible polynomial r here is the minimal polynomial of the
“eigenvalue” Z of ¢ which appears in the proof of Theorem 8.9; for Lemma 8.1
we use Z in the role of ).

In the case when n does have an eigenvalue in the ground field, the cor-
responding endomorphism ¢ is nilpotent, and hence, if it lives in an even-
dimensional space, it has a minimal polynomial of the form r(x) = (x2)™ for
some m € Zi-g O

8.4 — Endomorphism algebras

In order to address the question of uniqueness of compatible forms, we first recall
the structure of endomorphism algebras of indecomposable sextuples 8,. We’ve
seen that these are isomorphic to endomorphism algebras of vector spaces with
indecomposable endomorphism, i.e. endomorphism algebras of k[x]-modules
Vk[n]» where 7 is an indecomposable endomorphism of a vector space V' over k.
These are well known; we recall some basic facts.

Prorosition 8.11. Given n, Z, A, v as in Proposition 8.7, the following hold.

1. The endomorphism algebra E of Vx[y is isomorphic to the k-algebra
k[x]/q(x)™, which is of dimension n = ml = dimy V, where [ is the degree
of the irreducible minimal polynomial q(x) of n. In particular, E is local with
radical E - g(x).

2. With respect to v, E is given by the matrices C such that CA = AC. We
have C € E if and only if C = Zf:é ZiN'" with Z; € k(Z), and this
representation is unique. In particular, C is upper block triangular with
diagonal blocks C1; = -+ = Cy = Zo and C is invertible in E if and
onlyif Zy # 0.

Proor. (1) Rephrasing the definitions, E is the collection of k-linear endo-
morphisms of the vector space V' which commute with 7. For  indecomposable,
E is simply k[n] € End(V), and hence is isomorphic to k[x]/¢(x)™. One way
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to see this is to note that since 5 is indecomposable, there exists a basis of V
of the form {v,nv,...,n" v} for some v € V. For any f € E, observe that
fv = Y7125 cin'v for some ¢; € k; it follows then that in fact f = Y7— ¢;n’
since the latter expression coincides with f on the above given basis of V.

(2) The first statement is clear. To prove the first “if”” it suffices to observe that,
for W € k(Z), one has WZ = ZW since k(Z) is commutative and WIN! =
N!'WTI since N’ has zero and unit blocks only. Thus, matrices C = Zf-:é Z;N¥
form a subalgebra E’ of E.

To prove the “only if,” we show that £’ and E have the same dimension over k.
For this, we compute the dimension of E’ as an k(Z)-algebra. Since N Im — o,

induction on m — h > 0 shows that 7, N*, N*2, ..., N*®"=1 are independent over
k(Z):if Y. Z; N = 0 then, applying N', we get Y727 Z; N'U+D = 0 and
hence, using the induction hypothesis, that Z, = --- = Z,,_; = 0. Thus, E’ has
dimension m over k(Z) and so dimension m! = n = dim E over k, since k(Z)
has dimension / over k. Thus, E/ = E. O

8.5 — Uniqueness: general result

In this section we generalize Lemma 3.26 in a way which applies to all poset
representations and also to endomorphisms (V, 7). Recall (see Section 3.2) that
for the latter there is a natural notion of direct sum, morphism, etc., and that for
an indecomposable endomorphism (V, 1), its endomorphism algebra

End(V.n) = {f:V — V[ fn=nf}

is always local. For our application, we will use the following notion of the dual
of an endomorphism: we define

Analogous to the definition for poset representation, a compatible form for (U, 1)
is an isomorphism B: (V,n) — (V*,1d —n*) which defines either to a symmetric
or skew-symmetric bilinear form on V.

Within the current subsection, the word “representation” and the notation “i”
will be used to denote a poset representation or an endomorphism (unless further
specification is given) and similarly for compatible forms, etc. Given a bilinear
form B we write ¢(B) = 1 if B is symmetric, and ¢(B) = —1 if B is skew-
symmetric. Similar notation also applies for matrices, we set A~ = (471)’, and
we use A* = A’ interchangeably.

Consider now the following situation. Assume that we are given an indecom-
posable representation i in V' of dimension m!, a basis of V', and a subfield F of
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k’*! such that the endomorphism algebra E of ¥ is given by block matrices (with
[ x [-blocks) of the form

m—1
>zt
i=0

with unique Z; € F and such that ZN I'=N'zZforall Z € F.In particular, E is
commutative and has radical Rad E = EN! = Y"77' X; N¥.

Further, assume that we are given a compatible form for ¥/, which we denote
B, . Denote the corresponding coordinate matrix by H, which is itself necessarily
also a block matrix as above.

DerINITION 8.12. Let v, F, H; be as above. For A € k'*!, set AT :=
H{'AH;. The anti-involution “(—)T” restricts to one on F via ZT := (ZI)%.
We define

Ff:={ZeF|Z' =27} Fg ={ZeF|Z'=-2Z)}.
Note that

Fjp ={ZeF|Z'H =HZ}), Fg ={ZeF|Z'H =-HZ).

RemaRrk 8.13. F = F;}l ® Fp, by the usual argument: any Z € F has a
unique decomposition

1 1
Z==-(Z+ZHY+=(zZz-2"
2 2
into selfadjoint and anti-selfadjoint parts.

RemMARrk 8.14. If 0 # Z € F +1, then H := H;Z determines a compatible
form B such that ¢(B) = &(By), since in this case

(le)t = ZtHlt = 81ZtH1 = 81le.

Similarly, given 0 # Z’ € F, 7, then H " := H;Z defines an compatible form B’
such that ¢(B’) = —&(By).

Lemma 8.15. Consider, in addition to By, another compatible form B, for V¥,
with associated coordinate matrix H,. Set &1 := ¢(B1), &2 := e(Bs) and e = ¢1¢5.

If e = 1, there exists 0 # Z € F;I'I and an automorphism f of W which is an
isometry from By to the compatible form given by H,Z.

NortaTtion. In this case we say that B, and B; are equivalent up to automor-
phisms of ¥ and multiplication with “scalars” in F.
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Proor. Let T denote the antiautomorphism given by the operation of adjoint
with respectto H,i.e. AT =H L 1 A* H,. Note that when A4 is in the endomorphism
algebra E of v, then so is AT. Note also that (Hl_l)T =H "

Observe that H ! H, determines an automorphism of v/, so

H1_1H2 = Col — Ry for some invertible Cy € F and Ry € Rad E.
It follows that
(CoD' =R} = (HT'Hy)' = H](HY)' = H"H H, H{"
= H'e;HyH g1 H{ ' = eH{'Hy = €Col — €Ry.

Since £ = FI ®Rad E and this decomposition is preserved under taking adjoints,
(CoI)T = €CyI and Rg = €Ro; in particular Cy € Fy .
Lete = 1. Since A — AT is an anti-automorphism of E,

(Co' DT =eCy'l = C5 'L
Set
R:=Cy'Ry = RoCy', Hs:=H,C;', C:=H{'Hy=1-R.

Then Rt = (C;1)TR) = C5 Ry = R and since R is nilpotent we can proceed
as in Lemma 3.26 and construct a unit 2 € E such that »*Hih = Hs (where H;
here plays the role of H, in that Lemma). Setting f := h~! and using that E is
commutative, we obtain

fTHyf = f*H3Cof = f*H3fCo = H,Cy. O

LemMa 8.16. Let By be as above, and assume that its matrix Hy is zero above
the | xI-block anti-diagonal. Let By be another compatible form, with matrix H,Z
for some non-zero Z € F.

There is an automorphism f of ¥ which is an isometry from By to By if and
only if there exist X € FI}LI andY € Fy suchthat Z = X*> —Y?.

Proor. If Z = X2 —Y? with X € F;;I and Y € Fy then define f by
(X 4+ Y)I. In this case,

fTHIZf =X +Y)HZX+Y)=X'"+Y)YHi(X +Y)Z
=X'"+Y)YX'-Y"H\Z =Z'H,Z = H,,

using in the last step that Z = X* — Y2 implies that Z € Fj .



102 Ch. Herrmann — J. Lorand — A. Weinstein

Conversely, let f € End(y) be an isometry from By to B;. The matrix 4 of
fisofthe form A = ), Z;N' with Z; € F and A’H;A = H;Z. Observe that
N commutes with the Z; and that applying N on the right of a matrix moves all
columns of blocks one step to the right (with overspill) and sets the first column
to zero. Similarly, application of N on the left shifts block rows downward. Thus,
since H; is zero above the block anti-diagonal, (N’ )/ H;N' has zero block anti-
diagonal if i + j > 0. Now

H\Z = A"H\A =) Z{N"Y H\N'Z;
ij
and H; Z is zero above the block anti-diagonal, and on the block anti-diagonal the
blocks are
TijZ=ZéﬂjZO, withi +j =m+1

where the T;; denote the blocks of H;. By hypothesis, Zg = X + Y for some
XeF ;;1 and Y € Fy . It follows that

Z=T;"X"+Y)T,;(X+Y)=(X-Y)X +Y)=X>-Y". O

8.6 — Uniqueness for sextuples 8,

For indecomposable self-dual framed sextuples S, we obtain the following unique-
ness result for compatible forms by applying Lemma 8.15 and Lemma 8.16 to the
underlying endomorphism (U, 1). minimal polynomial

THEOREM 8.17. Let 8; be an indecomposable self-dual framed sextuple such
that n has no eigenvalue in k, and let q(x)™ be the minimal polynomial of n, with
q(x) irreducible, degq(x) = 1.

Let By and B, be compatible (skew)symmetric forms for 8. Set ¢1 := &(By),
& := e(B), and € := &1&,. Furthermore,

e choose a basis of U which is as in Proposition 8.7 and extend this to a frame
basis for Sy;

e define a subfield F C k'*! by F = k(Z), with Z from Proposition 8.7.

In terms of the respective coordinate matrices Hy and H, of the compatible forms
B and B,, we have that

1. if e = 1, then H\ and H, are equivalent up to automorphisms of &, and
multiplication with “scalars” in F ;1;
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2. given 0 # K € F, there is an automorphism f of 8, which is an isometry
from Hy to H1 K if and only if there are X € FI;FI andY € Fy, such that
K=X>-Y2

Proor. In view of Proposition 8.7 and Propositions 8.11, we can apply
Lemma 8.15 to the underlying endomorphism (U, 7). It follows then from Propo-
sition 6.10 and Proposition 6.17 that we can transfer the uniqueness statement
from Lemma 8.15 to the corresponding statement in part (1) above for compatible
forms for §,.

We turn to proving part (2). If K = X2 — Y2 for some X € FI}'I andY € Fy ,
then an isometry is given by (X 4+ Y') Id as in the proof of Lemma 8.16. So assume
that H; is equivalent (isometric) to H; K.

Without loss of generality we can assume that H; is given by one of the
canonical compatible forms defined in Theorem 8.9. Indeed, suppose that the
statement to be proved were true for those canonical forms (and let H; represent,
for a moment, a form which is not necessarily such a canonical one). Suppose
moreover that there exists an isometry f between H; and H;K. Choose the
appropriate canonical compatible form Hy such that e(Hy) = ¢(H1) = ¢(H1 K).
Then, by part (2) above, there exists some C € F ;1'1 and an isometry g: Hy —
H;C. This will also be an isometry g: HoK — H{CK = H;KC. From all this
we obtain the isometry

g ' fe: Hy — HyK.

By assumption, this implies that K = X2 — Y2 for some X € F ;I'I and Y € Fp .
So we can assume H is a canonical compatible form. Now we wish to proceed
in an analogous manner as we did in proving parts 1 and 2, but this time using
Lemma 8.16. It remains only to check that the hypotheses of Lemma 8.16 are
satisfied by (U, n).
Note that from Theorem 8.9 and Proposition 6.10 it follows that the coordinate
matrix Hi|y is of the form

0] T c kmlxml
o -T O
T O O

where T € k> is chosen as in the proof of Theorem 8.9. In particular, H; is zero
above the [ x [ block anti-diagonal, as required by Lemma 8.16. |
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