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Abstract—This work picks up on previous research about the
computability and complexity of geometric quantum logic.
First we show that strong satisfiability in indefinite finite dimen-
sion ∃d ∈ N ∃x̄ = (x1, . . . , xn) ∈ L(Cd)n : t(x̄) = 1 is
undecidable.
Second we construct a single term t admitting weakly satisfying
assignments x̄ ∈ L(Cd)n : t(x̄) 6= 0 for all d ≥ 3, but for
none with rational x̄. Weak satisfiability in indefinite dimension,
a decision problem known to belong to the Blum-Shub-Smale
complexity class BP(NP0

R), thus could exceed NP.
Third we show that, for fixed d, first-order definability within
L(Fd) corresponds, via representing matrices viewed as arrays
of elements of F, to definability over F invariant under uni-
tary transformation; and we apply this to derive that fixed-
dimensional first-order quantum logic is ‘model-complete’ in
the sense of admitting quantifier elimination up to one final
existential/universal block (but not further in general).

I. INTRODUCTION
s:Intro

The properties of a quantum system correspond to self-
adjoint operators on a complex Hilbert space H with spec-
trum {0, 1}; equivalently: to closed subspaces V ∈ L(H)
of H. Quantum logic captures this propositional struc-
ture [BiVN36,Neum55,Mack63,Piro64,BeCa81] by equipping
L(H) with the connectives meet ∧ : (U, V ) 7→ U ∩ V , join
∨ : (U, V ) 7→ U + V , and complement ¬ : U 7→ U⊥ with
neutral elements 0 = {~0} and 1 = H. The language of
Boolean logic thus coincides with that of ortholattices; their
semantics agree in case dim(H) = 1, but L(Cd) violates
distributivity for d ≥ 2. In fact the set

satH :=
{
t(x1, . . . , xn)

∣∣ n ∈ N = {1, 2, . . .},
∃V1, . . . , Vn ∈ L(H) : t(V1, . . . , Vn) 6= 0

}
of terms weakly satisfiable over L(H) has been shown to
characterize the dimension of H [DHMW05,Hagg07]. Note
that weak truth has the disjunction property but strong truth
does not (and vice versa for conjunction &&); in Java–
notation:

x∨ y 6= 0 ⇔ x 6= 0||y 6= 0, x∨ y = 1 6⇒ x = 1||y = 1

For further background about (not necessarily geometric,
i.e. Hilbert Space-based) quantum logic see for example
[Svoz98,CMW00,AbCo08,Megi09]. Regarding the connection
of quantum logic to computation we refer for instance to
[Pyka00,Ying05,Bub07,PM07a]. Quantum satisfiability can
also be regarded as theorem proving in Synthetic Geometry
[BoSt89].

A. Previous Results

For every fixed d ≥ 2 we have established [HeZi11,
THEOREM 14] the decision problem satCd (different from,
but) polynomial-time equivalent to strong satisfiability

SATCd :=
{
t
∣∣ ∃V1, . . . Vn ∈ L(Cd) : t(V1, . . . , Vn) = 1

}
,

NP–complete in dimension two [HeZi11, §II.A], and
from dimension three on complete for BP(NP0

R): a
natural complexity class between NP and PSPACE
[Ren92a] with several equivalent characterizations
[Shor91,Koir99,Rich99,Scha10,HSZ13]; note the real
subscript in spite of the inner product space being complex.
Also, Hilbert’s open Tenth Problem over the rationals
[Poon08] is equivalent to both satQd and SATQd [HeZi11,
PROPOSITION 18e]. Towards the infinite-dimensional case
[Herr87b,Rodd89,HyNa05] we considered the weak and the
following strong satisfiability problems in indefinite finite
dimension over a subfield F ⊆ C closed under conjugation
(and considered as a ∗-ring with this involution) and the
induced inner product spaces Fd with canonical scalar
product, namely SATF∗ :={
t
∣∣ ∃d ∈ N, ∃V1, . . . , Vn ∈ L(Fd) : t(V1, . . . , Vn) = Fd

}
,{

t
∣∣ ∃d ∈ N, ∃V1, . . . , Vn ∈ L(Fd) : t(V1, . . . , Vn) 6= {0}

}
=: satF∗ . We could prove SATC∗ = SATR∗ = SATA∗

[HeZi11, PROPOSITION 21] hard for BP(NP0
R) [HeZi11,

THEOREM 26] but no upper complexity bound; and we could
prove satC∗ = satR∗ = satA∗ ∈ BP(NP0

R) [HeZi11, THE-
OREM 25] but no lower complexity bound. Here A denotes
the set of algebraic reals. We have also introduced (and
elsewhere investigated the computational complexity of) first-
order quantum logic over L(Cd) for fixed d.

In the terminology of algorithmic problems in universal
algebra [KhSa95, §2.10], weak satisfiability satF∗ amounts to
(the complement of) the decision problem of the equational
theory for the class

{
L(Fd) : d ∈ N

}
. The decision problem

for the quasi equational theory or uniform word problem for
a class C of structures of fixed signature asks whether a given
formula

t1 = s1 && t2 = s2 && . . .&& tk = sk → t = s (1)

holds over all structures in C. The restricted word problem is
non-uniform in taking k and t1, s1, . . . , tk, sk to be arbitrary
but fixed with merely t, s as input. Strong satisfiability SATF∗

on the other hand amounts to (the complement of) formulae



“t = 1 → t = 0” over
{
L(Fd) : d ∈ N

}
. Note that

the singleton or trivial ortholattice L(F0) strongly satisfies
every equation; SATF∗ is thus the complement of the triviality
problem for the class C =

{
L(Fd) : d = 0, 1, 2, . . .

}
.

Unsolvability of the restricted word problem for classes
of modular lattices (i.e. without orthocomplement) has been
shown by Hutchinson [Hutc77] and Lipshitz [Lips74]. The
latter observed that von Neumann’s frames and coordinati-
zation method allow to reduce the restricted word problem
for a semigroup S to that for a presentation embedding
into the subspace lattice L(F[S]) of the semigroup algebra
F[S] over any field F [Lips74, THEOREM 3.2]; and from
Gurevich’s undecidability of the restricted word problem for
finite semigroups [Gure66], [Lips74, THEOREM 3.6] derived
the undecidability of the restricted word problem for any class
containing the subspace lattices of the Fd (any fixed F) as
reducts. [GuLe84] has established the recursive inseparability
of the uniform word problem for in/finite semigroups with
zero and syntactically restricted conclusion t = 0, that is, the
following important and highly non-trivialf:GL

Fact 1 (Gurevich&Lewis 1984): Let S0 denote the class of
all semigroups with zero, considered as a constant 0 included
into the similarity type; and Λ the set of all conjunctions of
equations in the language of S0, that is, each π(x̄) ∈ Λ has
the form

r1(x̄) = s1(x̄) && r2(x̄) = s2(x̄) && . . .&& rK(x̄) = sK(x̄)

with K ∈ N and rk, sk products of certain variables xj ,
including a distinguished variable x0, and constant zero 0.
Then no recursive subset of Λ can separate Λ0 :=

{
π(x̄)

∣∣S0 |=
∀x̄
(
π(x̄)⇒ x0 = 0

)}
from{

π(x̄)
∣∣ S |= ∃x̄ (π(x̄) && x0 6= 0

)
for some finite S ∈ S0

}
=: Λ1.
Recall that a recursive separation of disjoint sets A,B is a
recursive C ⊇ A with C ∩B = ∅.

B. Overview and New Results

The present contribution picks up on the aforementioned
work [HeZi11]. In Section II, strong satisfiability in indefinite
dimension is shown undecidable, via its complement, the
triviality problem. Section III approaches the computational
complexity of weak satisfiability in indefinite dimension: We
exhibit a term weakly satisfiable over L(R3) but not over
L(Qd) for any d, thus supporting evidence that the decision
problem may have complexity exceeding NP (although we
still cannot prove hardness). Section V finally approaches
the expressiveness of first-order quantum logic: We establish
that L(Cd) and L(Rd) ‘almost’ permit quantifier elimination,
namely, every first-order formula with free variables) can be
translated computationally into an equivalent one which is an
identity t = 1 preceded by a block of existential (equivalently:
only universal) quantifiers. This is based on establishing, in
Section IV, the equivalence of definability in L(Fd) with
definability, invariant under unitary transformation, in F.

Some of our results extend to quantum logics derived from
orthosymmetric sesquilinear spaces other than the canonical
Fd contained in Cd and Rd, see Section VI. Though, for ease
of exposition we focus mainly on subfields F of C closed
under, and endowed with, conjugation as ring involution, the
spaces Fd with canonical scalar product, and subspaces of
such. The latter are still inner product spaces over F: F–vector
spaces with an anisotropic Hermitean form. To wit, for F ∈
{R,C} any d-dimensional inner product space is isometrically
isomorphic to Fd. This is not longer the case e.g. for F = Q.
The good news is: orthogonal bases always exist.

Our methods heavily employ coordination techniques for
lattices developed by von Neumann [Neum60]. Theorem 2
moreover essentially builds on the aforementioned Fact 1
and requires to consider the bounded lattice Sub(V ) of all
subspaces of a vector space V , endowed with meet ∩, join
+, and bounds 0, V . Direct sums U +W in Sub(V ), i.e. for
U ∩ W = 0, are written as U ⊕ W . We use this notation,
familiar from Linear Algebra, also in relevant terms, in order
to avoid confusion with the operations ∧ and ∨ of Grassmann-
Cayley algebra,

II. STRONG SATISFIABILITY IN INDEFINITE DIMENSION
s:Strong

We now answer the question left open in [HeZi11, §IV.C]
and establish undecidability of strong quantum satisfiability
in indefinite finite dimension — in fact independently of the
underlying field: t:Strong

Theorem 2: a) There is no algorithm deciding for any
given conjunction of equations in the language of rings
with unit whether there exists some d > 0 and a
satisfying assignment in Fd×d.

b) The following problem about matrix equations is un-
decidable: Given quadratic polynomials p1(X1, . . . Xn),
. . . , pK(X1, . . . Xn) in n non-commuting variables with
coefficients {−1, 0, 1}, do there exist d ∈ N and
A1, . . . An ∈ Fd×d such that pk(A1, . . . An) = 0 for
every 1 ≤ k ≤ K simultaneously?

c) The following problem is undecidable, where A†

denotes the adjoint (transposed conjugate) matrix:
Given a single quartic polynomial
p(X1, . . . Xn, Y1, . . . Yn) in 2n non-commuting
variables with coefficients {−2,−1, 0, 1, 2}, do there
exist d ∈ N and A1, . . . An ∈ Fd×d such that
p(A1, . . . An, A

†
1, . . . A

†
n) = 0?

d) There exists a sequence pn(X1, . . . , Xn, Y1, . . . , Yn)
of quartic polynomials in 2n non-commuting variables
with coefficients {−2,−1, 0, 1, 2} and A1, . . . , An ∈
Cd(n)×d(n) for some, but for no recursively bounded,
d : N→ N such that pn(A1, . . . , An, A

†
1, . . . , A

†
n) = 0.

e) There is no algorithm deciding for any given conjunction
s = 0 && t = 1 of equations in the language of bounded
lattices (i.e. without orthocomplement), whether there
exists some d > 0 and a satisfying assignment in
Sub(Fd).

f) SATF∗ is not recursive.



g) There exists a recursive sequence tm of ortholattice
terms of binary length |tm| = m that are strongly sat-
isfiable over L(Cd(m)) for some, but for no recursively
bounded, function d : N→ N.

In a), b), c), and e), F may vary with d.
The first four items indicate fundamental limitations of com-
putational approaches to polynomial identities of matrices
[BDDK03].

Proof: We defer Items a) and e) to separate subsections
and prove the rest in different order:

f) Follows from e) with t ∧ ¬s.
g) Since there are only finitely (exponentially) many t of

given length m, dF(m) :=

max
{

min{d > 0 | t ∈ SATFd}
∣∣ t ∈ SATF∗ , |t| ≤ m

}
defines a total dF : N → N. Recall that SATCδ is
decidable by means of Tarski’s Quantifier Elimination
over the reals uniformly in δ, yielding recursive enu-
merability of SATC∗ ; cmp. [DHMW05, §3] or [HeZi11,
PROPOSITION 21]. Now if dC were to admit some
recursive upper bound d : N → N, an algorithm could
decide SATC∗ by checking whether t ∈ SATCδ for
δ = 1, . . . , d(|t|) — contradicting b). Finally let (sm)

m

denote a recursive enumeration of SATC∗ and apply
some bi-recursive padding s 7→ t := s ∧

∧
n yn with

dummy variables yn to achieve |tm| = m.
d) follows similarly from c).
b) follows from a) and the fact that, within rings with unit,

any term is equivalent ti such polybomial.
c) follows from b) replacing the family p1, . . . , pn of

polynomials with the single
∑n
i=1 pi · p

†
i .

A. Proof of Theorem 2a)
ss:stronga

The goal is encode the semigroup formulas of the Theorem
of Gurevich and Lewis into the language of rings with unit.
The strength of their inseparabilty result allows to do with a
weak version of encoding.

For π(x̄) ∈ Λ let π#(x̄) the conjunction of π(x̄), in the
language of rings with unit, and σ(x0, ȳ) given as y1x0y2 +
y3x0y4 = 1.triv

Lemma 3: Given π(x̄) ∈ Λ1 there is no satisfying assign-
ment of π# in any Fd×d, d > 0.

Proof: Indeed, having such, x0 takes values 0 and it
follows 0 = 1.fin

Lemma 4: For any finite S ∈ S0 and r0 ∈ S there
is d > 0 and an embedding ε : S → Fd×d such that
Fd×d |= ∃ȳ. σ(ε(r0), ȳ). In particular, for any π(x̄) ∈ Λ0

and F, there is a satisfying assignment for π# in Fd×d for
some d > 0.

Proof: Adding new neutral elements step by step (of
course, in this process the old neutral element looses its
distinction) we may extend S to finite S′ ∈ S0 such that
r0h = hr0 = r0 for more than half of the elements in S′.
Now, let V the F-vector space with basis B = S′ \ {0} and
define β(a)(b) = ab for a, b ∈ B and 0b = b for all b ∈ B.
This defines an embedding of S′ into End(V ) such that β(r0)

has rank m ≥ d
2 , d = dimV . Chosing a basis of V , we

get an isomorphism End(V ) → Fd×d, whence an embedding
ε : S → Fd×d such that A0 = ε(r0) has rank m ≥ d

2 .
In view of Gaussian transformation on left and on the right,

there are matrices B1, B2 such that B1A0B2 =

(
Im O
O O

)
.

where Ik denotes the k × k-unit matrix. Now, to obtain
B1A0B2 +B3A0B4 = Id, choose

B3 =

 O O O
O O O

Id−m O O

 , B4 =

O O Id−m
O O O
O O O


Coming to the proof of Theorem 2a), let Σ denote the set

of all conjunctions of equations in the language of rings with
unit. Then the following two sets are recursively inseparable:
• Σ1 consisting of all formulas in Σ admitting a satisfying

assignment in Fd×d only for d = 0.
• Σ0 consisting of all formulas in Σ such that some Fd×d

with d > 0 admits a satisfying assignment.
Now, Ψ(π) = π# defines a recursive map from Λ into Σ with
recursive image and recursive inverse on Ψ(Λ). By Lemma
3 one has Ψ(Λ1) ⊆ Σ1, by Lemma 4, Ψ(Λ0) ⊆ Σ0. Now,
assume that there exists a Σ2 recursively separating Σ1 and
Σ0. Then Ψ−1(Σ2∩Ψ(Λ)) would recursively separate Λ1 and
Λ0, contradicting Fact 1.

B. Proof of Theorem 2e)
ss:stronge

This relies on the well known intepretation of rings within
modular lattices, due to von Neumann [Neum60], which is
the first step in Coordinatization Theory, In the setting of
lattices Sub(Fd) it boils down to elementary Linear Algebra
(cf. [Her10b]).

For any F-vector space V , we say that Ā =
(A1, A2, A3, A12, A13) in Sub(V ) forms a 3-frame if V =
A1⊕A2⊕A3 and A1j⊕A1 = A1j+Aj = A1+Aj for j = 2, 3.
Then there are unique linear isomorphisms εjĀ : A1 → Aj
such that A1j = {~v − εjĀ~v | ~v ∈ A1}, j = 2, 3. Observe that
this concept of frame is equivalent to the von Neumann one;
cf. [Herr84]. In the following, (i), (ii), and (iv) are obvious.
For (iii) choose a linear isomorphism f1 : A1 → B1 and then
the fj , j = 2, 3 so that εjB̄ ◦ f1 = fj ◦ εjĀ. auto

Fact 5: (i) If Ā is a 3-frame of Sub(Fd) then Sub(Fd) =
0 if and only if A1 = 0 if and only if A1 = A12.

(ii) Given V ∈ Sub(Fd), there is 3-frame Ā such that V =
A1 if and only if dimV = d

3 .
(iii) Given 3-frames Ā, B̄ of Sub(Fd) there is an automor-

phism of Sub(Fd) mapping Ā onto B̄.
(iv) Choose distinguished variables z1, z2, z3 and z11, z13:

shortly, z̄. There is a conjunction Φ(z̄) of equations in
the language of bounded lattices such that for any Ā ∈
L(Fd) one has Ā a 3-frame of Sub(Fd) if and only if
Sub(Fd) |= Φ(Ā).

We define R(Sub(Fd), Ā) = {U ∈ Sub(Fd) | U ⊕ A2 =
A1 + A2} and γĀ(ϕ) = {~v − εĀϕ~v | ~v ∈ A1}, the
negative graph of the map ε2A ◦ ϕ This yields a bijection



γĀ : End(A1) → R(L(Fd), Ā). The following is well known
( [Neum60,Her10b]).def

Fact 6: There is a conjunction σ(x, z̄) of term equations
and, for each fundamental operation q(x̄) of rings with unit, a
term q̂(x̄, z̄) in the language of lattices such that the following
are true for any 3-frame Ā ∈ L(Fd). Moreover, in any of these
terms each of the variables in x̄ occurs exactly once.

(i) for any U ∈ Sub(Fd) one has U ∈ R(Sub(Fd), Ā) if
and only if Sub(Fd) |= σ(U, Ā).

(ii) γĀ is an isomorphism of End(A1) onto R(L(Fd), Ā)
endowed with the operations x̄ 7→ q̂(x̄, Ā). Here, the
ring elements 0, 1 are mapped onto A1, A12.

To follows that with any conjunction π(x̄) = π(x1, . . . , xn) of
equations in the language of rings with unit one can effectively
associate a conjunction π̂(x̄, z̄) of equations in the language of
bounded lattices such that for any 3-frame Ā in Sub(Fd) and
any Ū in Sub(Fd) one has that Sub(Fd) |= π̂(Ū , Ā) if and only
if Ui ∈ R(Sub(Fd), Ā) for i = 1, . . . , n and R(Sub(Fd), Ā) |=
π(Ū). Since End(A1) is isomorphic to Fm×m, m = d

3 , an
algorithm deciding the problem in e) of Theorem 2 would
yield one deciding the problem in a).

III. WEAK SATISFIABILITY IN INDEFINITE DIMENSIONs:Weak
In contrast to Theorem 2b) for strong satisfiability, [HeZi11,

THEOREM 25] has shown that every term t weakly satisfiable
in indefinite dimension is also weakly satisfiable in some
dimension at most polynomial in t’s binary length — and thus
concluded satC∗ ∈ BP(NP0

R): a complexity class which, as
opposed to NP, is defined by polynomial-length witnesses of
real, as opposed to bit, sequences which satC3 is complete for.
In particular to each polynomial p ∈ Z[X] there exists a term
tp that is weakly satisfiable over L(F3) iff the field extension
F ⊇ Q contains some root of p [HeZi11, LEMMA 20d]. That
2D quantum satisfiability belongs to NP [HeZi11, THEO-
REM 8] therefore hinges on being able to restrict satisfying
assignments to a discrete, finite, and small set. Regarding
satC∗ , although we still cannot prove BP(NP0

R)–hardness
(or even NP–hardness for that matter), the following result
demonstrates that satisfying assignments as witnesses to weak
satisfiability cannot be restricted, in general, to avoid irrational
coefficients even in indefinite finite dimension.t:Weak

Theorem 7: a) Let p(X) ∈ Z[X] have at least one real
zero. There exists an ortholattice term tp — computable
from p in time polynomial in the binary length |p| of p
— such that, for all F, one has tp ∈ satF∗

(1) if and only if there are a subspace V of F3m, m :=
dimV ≤ deg p, and a self-adjoint endomorphism
ψ of V such that p(ψ) = 0.

(2) if and only if α ∈ F, provided that α is the unique
real zero of p(X) and F ⊆ R.

(3) if and only if, in case F = Q, there are 0 <
m ≤ deg p and A,D ∈ Qm×m, D diagonal
with positive entries, such that DA = AtD and
p(A) = 0.

b) In particular, for every k ∈ N, tX2k+1−2 is weakly
satisfiable over L(R3) but not over L(Qd) for any d.

c) In contrast, if F is the splitting field of finitely many
quadratic p(X) ∈ Z[X], then L(Fd) embeds into
L(Qnd) for some sufficiently large n and in particular
it holds satF∗ = satQ∗ and SATF∗ = SATQ∗ .

d) If term t is weakly satisfied by X1, . . . , Xn ∈ L(Fd),
then so is it by O(X1×Y1), . . . , O(Xn×Yn) ∈ L(Fd+e)
for arbitrary Y1, . . . , Yn ∈ L(Fe) and every orthogo-
nal/unitary O ∈ F(d+e)×(d+e). (Here we identify Fd+e

with Fd × Fe.)
Item c) generalizes [HeZi11, PROPOSITION 21c]. Item d)
formalizes that the choice of weakly satisfying assignments
grows with increasing dimension.

Proof: We defer Items a) and c) to a separate subsections.
b) follows from a) since 2k+1

√
2 is the unique real root of

p(X) := X2k+1 − 2.
d) holds since t(X1×Y1, . . . , Xn×Yn) = t(X1, . . . , Xn)×

t(Y1, . . . , Yn) and t(U · X1, . . . , U · Xn) = U ·
t(X1, . . . , Xn) for every unitary U ∈ Cd×d.

A. Proof of Theorem 7a)
t:Weaka

Having the equivalence of tp ∈ satF with (1), the other
equivalences follow, readily.

Concerning (2) observe that for V and ψ as in (1), α is the
unique real eigenvalue of ψ; since ψ is self-adjoint it follows
ψ = α · id in the tensorial extension of V to an inner product
space over the reals, whence also on V .

Concerning (3), necessity is, for all F ⊆ R, a consequence
of the description of the adjoint in terms of an orthogonal
basis. Sufficiency follows from the fact that for any finite
dimensional inner product space (V,Φ) over the rationals there
is, up to scaling, an isometric linear isomorphism onto some
subspace of Qd for some d: choosing an orthogonal basis ~vi
of (V,Φ), one may assume Φ(~vi, ~vi) = ni a positive integer;
thus, let d =

∑
i ni, and ki+1 = ki + ni and map ~vi onto∑ki

k=ki−1
~ek, where the ~ek form the standard basis of Qd.

The proof concerning (1) relies on a method well
known from undecidability results for equational theories cf.
[Free80,Herr83]. References mostly concern the general case
of modular (ortho)lattices; though, for subspace (ortho)lattices
the relevant results may be verified within Linear Algebra,
easily.

Given conjunctions π(x̄) and ρ(x̄) of (ortho)lattice equa-
tions, we say that a family t̄(x̄) of ortholattice terms ti(x̄)
forces (the relations) ρ under the proviso π if for any L(Fd)
and assignment ā in L(Fd) satisfying π(ā) one has
(a) ρ(t̄(ā)); i.e. assignment ā satisfies in L(Fd) the relations

ρ(x̄)
(b) t̄(ā) = ā if ρ(ā); that is, the assignment ā remains

unchanged under the term operations induced by t̄, if it
already satisfies the relations ρ(x̄) within L(Fd).

If there are also terms forcing π under the proviso ρ, then π
and ρ are (Tietze) equivalent (presentations).

Referring to Subsection II-B, a sectional orthogonal 3-
frame, shortly SO3-frame, in L(Fd) is a (spanning) 3-frame
Ā of some section [0, U ] of L(Fd) such that Ai ⊥ Aj for all
i 6= j.



oframe
Fact 8: There are ortholattice terms ai(z̄), a1j(z̄), shortly

ā(z̄), forcing SO3-frames.
This is due to [MaRo87] in an equivalent version of orthogonal
frames. See [Free79, §1] for the following.redframe

Fact 9: There are terms b̄(y1, z̄) forcing an SO3-frame B̄
such that Bij ⊆ Aij for all i, j under the proviso that Ā is an
SO3-frame and B1 ⊆ A1.
For a subspace V of Fd let End†(V ) the ring of all endomor-
phisms of V with involution, given by ϕ 7→ ϕ† (the adjoint
of ϕ w.r.t. the induced inner product), as additional unary
operation and with constant 1

2 id. Recall R(L(Fd), Ā) and γĀ
from Subsection II-B. Observe that A1∩γĀ(ϕ) = kerϕ. Also,
for a ϕ-invariant subspace B1 ⊆ A1 and B̄ arising via Fact 9
one has B2 = εĀ(A1) and γB̄(ϕ|B1) = γĀ(ϕ) ∩ (B1 +B2).nik

Fact 10: Fact 6(ii) extends to rings with involution and
constant 1

2 .
Describing inverses has been done by von Neu-
mann [Neum60], already. A term for the adjoint is in
[HeRo99, Lemma 4.11].pol

Fact 11: For any p(X) ∈ Z[X] there is a lattice term
pz̄(x) := p(x, z̄), of size polynomial in the size of p, such that
for any SO3-frame Ā in any L(Fd) and any ϕ ∈ End†(A1)
one has γĀ(p(ϕ)) = pĀ(γĀ(ϕ)). Moreover, if B1 is a ϕ-
invariant subspace of A1, ψ = ϕ|B1, and if B̄ arises from B1

and Ā as in Fact 9 then γB̄(p(ψ)) = pB̄(γB̄(ψ)).
The first claim is immediate by Fact 10, considering p(X) a
term in the language of rings. For the second, first observe
that, due to the fact that B1 is ϕ- and p(ϕ)-invariant and
p(ϕ)|B1 = p(ψ) one has γB̄(ψ) = γĀ(ϕ) ∩ (B1 + B2) and
γB̄(p(ψ)) = γĀ(p(ϕ)) ∩ (B1 + B2). Since lattice polyno-
mials are order preserving and Bij ⊆ Aij , it follows that
pB̄(γB̄(ψ)) ⊆ pĀ(γĀ(ϕ))∩ (B1 +B2) = γB̄(p(ψ)). Equality
follows since both are complements of B2 in [0, B1 +B2].self

Fact 12: There is an ortholattice term s(x, z̄) forcing for
any SO3-frame Ā in any L(Fd) a γĀ(ϕ) with self-adjoint
ϕ ∈ End†(A1).
[HeRo99, Lemma 4.11] forces an element of R(L(F), Ā);

which is turned self-adjoint mimicking 1
2 (X +X†)

Summarizing, in view of Facts 8 and 12 we have ortholattice
terms ā(z̄) and s(x, z̄) forcing an SO3-frame Ā and γĀ(ϕ)
with self-adjoint ϕ ∈ End†(A1). Now, with b̄ from Fact 9 the
terms c̄ := b̄(z1 ∩ pz̄(s(x, z̄))) force, under this proviso, an
SO3-frame B̄ such that B1 = ker(pB̄(ψ)) (that is, (pB̄(ψ) =
0) with self-adjoint ψ ∈ End†(B1). Indeed, we apply Fact 11
to B1 = kerp(ϕ). Thus, if B1 6= 0, choose ~0 6= ~v1 ∈ B1 and V
spanned by the ψk~v1, (0 ≤ k < deg p), to obtain ψ-invariant
V of dimV ≤ deg p, ψ|V self-adjoint, and p(ψ|V ) = 0. In
view of this, define tp(x, z̄) := c1(x, z̄).

Conversely, if V and ψ are given, let A1 = V and choose
A2, A3 such that A1, A2, A3 are pairwise orthogonal and of the
same dimension. Choose linear isomorphisms εi : A1 → Ai,
i = 2, 3, and put A1i = {~v−εi~v | ~v ∈ A1} to obtain an SO3-
frame. Then z̄ 7→ Ā, x 7→ γĀ(ψ) provides a weakly satisfying
assignment for tp - this is where property (b) of forcing terms
is used.

B. Proof of Theorem 7c)
ss:weakc

Recall that a ring R (with unit) is von Neumann regular if
any of its principal right ideals is generated by an idempotent;
then the principal right ideals form a sublattice L(R) of the
lattice of all right ideals. In particular, the endomorphisms
ring R = End(V ) of a for d-dimensional F-vector space V
is von Neumann regular and one has L(R) ∼= Sub(V ) via
ϕR 7→ imϕ. Thus, Fd×d ∼= Sub(Fd).

A regular ∗-ring with involution r 7→ r† is ∗-regular if
rr† = 0 only for r = 0; equivalently: if any principal right
ideal is generated by a (unique) projection e = e2 = e†.
The lattice L(R) becomes an ortholattice L

∗
(R) under the

orthocomplementation eR 7→ (1 − e)R. Since any eR is
uniquely determined by the projection e, L

∗
(S) is canonically

isomorphic to the projection ortholattice L
∗
p(R) of projections

of R.
In particular, this applies to R = End†(V ) for any finite

dimensional inner product space and one has L
∗
(R) isomor-

phic to L(V ) via ϕR 7→ imϕ. Thus, Fd×d is ∗-regular with
A 7→ A†, the conjugate transpose, and L(Fd) isomorphic
to L

∗
(Fd×d). Of course, we also have to consider F with

involution r 7→ r†. emb
Fact 13: (i) (Fd×d)m×m. is isomorphic to Fdm×dm.

(ii) If R,S are ∗-regular rings and if S embeds into R then
L
∗
(S) embeds into L

∗
(R).

(iii) F(i) embeds into F2×2.
(iv) For any positive integer n, if

√
n ∈ F then F(

√
n+ 1)

embeds into F2×2.
(ii)–(iii) are well known (e.g. [Her10a, Proposition 3.1] for

(ii)). In (iv) let A =

(√
n 1

1 −
√
n

)
: Then A2 = (n+ 1)I and

there is an embedding such that
√
n+ 1 7→ A.

Now, observe that the splitting field F from c) is contained
in any field F′ containing i and all square roots required for
solving the given quadratic equations. Adjoining these step by
step to Q, we get by (iii) and (iv) a sequence of embeddings
of the form K→ K2×2 which results by (i) into an embedding
F → F′ → Qm×m whence Fd×d → Qmd×md. The claim in
Item c) follows by Fact 13(ii).

IV. CHARACTERIZING DEFINABILITY IN TERMS OF
COORDINATES s:pro

The following Theorem 14 will be the key to the proof
of Theorem 19b), below, in case d ≥ 3. It requires some
comments on concepts and notations. In order to avoid undue
complications and misunderstandings caused by messing up
mathematical objects and their descriptions in terms of others,
we will consider, for fixed d ≥ 3 and F (recall that F is
a subfield of C, closed conjugation and considered as a ∗-
ring with conjugation as involution) a fixed F-vector space V
endowed with an anisotropic Hermitean form and admitting
at least one orthonormal basis. Ignoring relativity, the space
we live in is a good example of such V (for F = R). Let
R denote the ∗-ring of endomorphisms of V with adjunction
w.r.t. the form of V as involtution and L the ortholattice of its
(principal) right ideals.



Dealing with R and L as first-order structures we will use,
henceforth, the usual lower case letter to denote elements and
variables; in particular, frames will be denoted as ā. Also, be
aware that “formula” is used in the sense of classical first
order logic and that it should not be confused with terms
in the language of ortholattices (which sometimes are called
“sentential quantum logic formulas”). Though, if we consider
the latter language, such terms s, t are used to build the atomic
formulas s = t.

Now, fixing an orthonormal basis v̄ of V one estabishes
an isomorphism V → Fd. Also, R and L allow a matrix
description and we are going to speak about the coefficients
of the matrices in the language of F. To avoid confusion, we
will denote matrices by A and so, with the corresponding
matrices X of variables. In particular, one has an isomorphism
γā : R → Fd×d of rings with involution, A 7→ A†, the
conjugate transpose, in the ∗-ring Fd×d of matrices. In thie
setting, “basis transformation” is just a matter of commun
sense with no complicated formulas to worry about. Moreover,
fR 7→ Spanγāf is an isomorphism of L onto L(Fd).

The basic relation between L and R is given by u = fR.
Given an orthonormal basis v̄ of V , one includes Fd×d:
ρv̄(u,A) if and only if f is the endomorphism defined by
Ā w.r.t. the basis v̄ and u = fR. This extends to n-
tuples, component-wise, and will be written as ρv̄(ū, Ā). Given
formulas ϕ(x̄) in ortholattice and ψ(X̄ ) in F-language and an
orthonormal basis v̄ we define

ModFv̄(ϕ) = {Ā ∈ (Fd×d)n | ∃ū ∈ Ln. ρv̄(ū, Ā)}

ModLv̄(ψ) = {ū ∈ Ln | ∃Ā ∈ (Fd×d)n. ρv̄(ū, Ā)}

and ModF, respectively ModL, as the unions ranging over all
v̄. We use the same notation for relations defined by formulas,
if both adhere the same first order language. No parameters
are admitted, for the time being.pro

Theorem 14: a) For any formula ϕ(x1, . . . , xn) in or-
tholattice language there is a formula ψ(X̄1, . . . , X̄n) in
F-language such that ModF(ϕ) = ModFψ) and the latter
is invariant under unitary transformation.

b) For a first-order formula ψ(X̄ ) in the language of F the
following are equivalent

(i) ModF(ψ) is invariant under unitary transformations
A 7→ UAU†.

(ii) For some/any orthonormal basis v̄ of V one has
Mod∃v̄(ψ) closed under automorphisms of L

(iii) ModL(ψ) = ModF(ϕ) for some first-order ϕ in the
language of ortholattices.

Moreover, in (iii), if ψ is of the form ∃Z.χ with
quantifier-free χ then one can choose ϕ of the form
∃ȳz̄σ with quantifier-free σ.

c) The analogous results hold for R based on the relation
κv̄(f,A) iff and only if A is the matrix of f w.r.t. v̄.

We include the ∗-rings R, a topic of its own interest, since the
proof gives an easily accessible pattern for the case of L and
since the result is used, there.

Concerning the proof, let us first mention the well known
facts behind. The easy part is the same for L and R.

First, recall that Sub(R) is interpretable within R by positive
primitive formulas. Indeed, observe that for any idempotents
e, f in R one has eR ⊆ fR ⇔ fe = e. Thus, for any
idempotents e, f, g gR = eR + fR if and only if one has
ge = e, gf = f , and ∃r∃s. g = er + fs. Also, using the
analogous formula for R(1 − g) = R(1 − e) + R(1 − f)
and the fact that the latter means gR = eR ∩ fR [Neum60,
LEMMA II.2.3] one obtains gR = eR ∩ fR if and only if
eg = fg = g and ∃r∃s. (1− g) = r(1− e) + s(1− f).

Thus, any orthonormal basis allows to express the operations
of R in terms of F - with formulas invariant under unitary
transformation. This proves a). In b), the equivalence of
(i) and the two versions of (ii) comes from viewing basis
transformations as transformations in the matrix space and the
fact that the automorphisms of R resp. L are exactly those maps
which are induced by isometries. (iii) implies (i) due to a).

The proof that (ii) implies (iii) is rather easy in the case of
R but we will delay it until the relevant tools are discussed.
In the case of L it builds on results from Coordinatization
Theory: There it is shown that for any modular ortholattice
L with fixed orthogonal d-frame ā, d ≥ 4 (for d = 3 one
has to require the Arguesian identity), there is a ∗-regular ring
Rā and an isomorphism ωā : L → L

∗
(Rā). One approach is

to choose R = R(L, ā)d×d which provides a quantifier free
formula ρz̄(x, Ȳ) in ortholattice language such that ρā(u,A)
if and only u = ω−1

ā (AR) well as matrices of terms for the
fundamental operations of R, say for ◦ terms ⊗ijz̄(X ,Y) such
that (⊗ijā(A,B))ij = A ◦ B. Supposing the lattice L to be
a sublattice of Sub(V ) for some vector space V (as one can
do), such formulas and terms (except for adhubction) are easily
extracted from [Herr87a, §3] and [Her10b] and verified with
calculations that boil down to elementary Linear Algebra; cf.
[Her10b]. Moreover, by the same approach and using Fact
10, terms for adjunction are given in [Nie2007, Sect.4.4-
5]. Though, our task is to show these definitions invariant
under isometries which requires to strengthen to concept of
orthogonal frames to one which corresponds to orthonormal
bases. To do so, we borrow the concept of partial isometry
from the theory of Baer-*-rings or, more elementarily, the
concept of ∗-ring matrix units. See details below.

A. Tools for the proofs of Theorem 14b)
ss:pro

Fix d in the sequel. The concepts of a d-frame and of a
sectional orthogonal d-frame ā readily generalize from d = 3
to any fixed d > 3. For d ≥ 3, the latter is an orthogonal d-
frame of L if

∑d
i=1 ai = V . It is orthonormal if, in addition,

a⊥1j ∩ (a1 + aj) = 	Āja1j for all j > 1 where āj arises from
ā interchanging a2 with aj as well as a12 with a1j . mol

Fact 15: Let d ≥ 3 in (i), (iii), (iv).
(i) There is a a conjunction Φ(z̄) of term equations such

that, for any ā in L one has ā an orthonormal d-frame
if and only if Φ(ā) holds.

(ii) If ~vi form an orthogonal basis of V and have all the
same length, then the ai = F~vi, a1j = F(~v1 − ~vj) form



an orthonormal d frame; any such arises in this way
with the ~vi unique up to a common scalar multiple; in
particular the basis may be required to be orthonormal.
We say that the frame and the basis are associated.

(iii) For any orthonormal d-frames ā, b̄ of V there is an
isometry of V inducing an automorphism of L which
maps ā onto b̄.

Proof:

(i) Obvious.
(ii) An easy calculation gives ‖~vj‖ = ‖~v1‖ for any basis

associated with an orthonormal basis.
(iii) Choose both associated bases orthonormal and match

the basis vectors.

Recall, that e ∈ R is a projection, if and only if e = e† = e2.
Such is, indeed, the unique orthogonal projection onto im e
(if we think of End†(V )). We say that pairwise orthogonal
projections wi (i ≤ d) together with w1j in R form an
orthonormal system w̄ of matrix units for R if

∑
i wi = 1

and w1 = w†1jw1j and wj = w1jw
†
1j for all j > 1 (this is

the traditional notation for a “partial isometry”). Recall the
ortholattice L

∗
(R) of all (principal) right ideals of R.unit

Fact 16: (i) The following are equivalent
(1) w̄ is an orthonormal system of matrix units.
(2) The ai = imwi = wiR are pairwise orthogonal and

the w1j , w
†
1j mutually inverse isometries between

a1 and aj .
(3) In case d ≥ 3: The ai = wiR and a1j = w1jR

form an orthonormal d-frame ā of L.
(ii) For any orthonormal systems w̄ and v̄ of matrix units

there exists an isometry η of V such that vi = η ◦ wi
and v1j = η ◦ w1j .

(iii) There are terms tij(x, z̄) in the language of rings with
involution such that, for any orthonormal system w̄ of
matrix units and any r ∈ R one has w1tij(r, w̄)w1 =
tij(r, w̄) and the map ωw̄(r) = (tij(r, w̄))ij an isomor-
phism R → Fd×d (by our identification an automor-
phism) such that the matrix ωw̄(wi) has entry xii = 1,
zero else, while ωw̄(w1j) has xj1 = 1, zero else. In
particular, w1Rw1 is a a subring (but with unit w1) of
R closed under involution and isomorphic to F.

Proof:

(i) The equivalence of (1) and (2) is obvious, that with (3)
follows from Fact 10.

(ii) Use (i) and Fact 15(iii) in case d ≥ 3; the case d ≤ 2 is
easily done, directly.

(iii) The terms mimic via wi and w1j how the coefficients of
a matrix are extracted by use of the standard matrix units
(which are images of the wi, w1j or easily computed
from them). The w1j are the negative graphs of the
isometry from a1 onto aj .

In particular, one has a 1-1-correspondence ((referred to as
assoication between orthonormal bases v̄, orthonormal frames
ā, and orthonormal systems w̄ of matrix units. Thus, the
notations Modā, Modw̄, ρā and κw̄ have an obvious meaning.

B. Proof of Theorem 14b) for R

We are left to show that (ii) implies (iii). First, observe
that the entries of a matrix can be recovered via the standard
system of matrix units and then represented as elements of
Fd×dI11Fd×d ∼= F, where I11 has entry 1 in position (1, 1),
zero else. By the same token, for any orthonormal system w̄
of matrix units there is a unique isomorphism θw̄ : R→ Fd×d
(an automorphism if we identify R with Fd×d) matching w̄
with the standard matrix units. This yields the following.

Corollary 17: For any orthonormal system w̄ of matrix
units and associated orthonomal basis v̄ one has, for any ϕ(x̄)
iu the language of R, ModFw̄(ϕ) definable within F and, for
any ψ(X̄ ) in the language of F, ModRw̄(ψ) definable within R.
Moreover, if w̄ is added as system of constants to the langiage
of R, the above remains true if parameters are admitted, where
parameters in R, to be thought of as endomorphisms, are
represented by their matrices w.r.t. v̄, of parameters in F and
paramters λ in F as w1(λ)wi, I the unit in R.

Mimicking this, in view of Fact 16(iii), for any ϕ(x̄) there
is a formula ϕz̄(X̄ ) such that, for every orthonormal system
w̄ of matrix units, ϕw̄(ωw̄(tij(f1, w̄))ij , . . . , ωw̄(tij(fn, ȳ))ij)
holds in F if and only if ϕ(f1, . . . fn) holds in R. In view of
Fact 16(ii), the choice of w̄ does not matter and we choose
ψ as the conjunction of µ(Z̄), which requires these matrices
forming an orthonormal system of matrix units, and of ϕz̄
with any variable xkij substituted by tij(xk) and any variable
yl by z1(yl1)z1. It follows that ModR(ψ) = Mod(ψ∃).

C. Proof of Theorem 14b) for L

(ii) implies (iii). We first continue the discussion following
the statement of the theorem. Fix an orthonormal frame ā.
By Fact 10(iii) (and commutativity and rigidity of F) we
have a unique isomorphism F → R(L, ā). This induces an
isomorphism Fd×d → Tā := R(L, ā)d×d with inverse ηā.
Thus, for all u ∈ L, f ∈ R, and A ∈ Tā, one has ρā(u,A) if
and only if u = fR. where f ∈ R is defined by ηā(A) w.r.t.
the standard basis. Moreover, there are terms defining the ∗-
ring operations on Tā coefficient wise ans so that ηā matches
the coefficient wise calculations in both matrix ∗-rings. The
following is now obvious.

Corollary 18: For any orthonormal frame ā and associated
orthonomal basis v̄ one has, for any ϕ(x̄) iu the language of L,
ModFā(ϕ) definable within F and, for any ψ(X̄ ) in the language
of F, ModRā(ψ) definable within L. Moreover, if ā is added as
system of constants to the langiage of L, the above remains
true if parameters are admitted, where parameters u in L are
represented by matrices A such that ρā(u,A of parameters in
F and parameters λ in F as (w1(λ)wiR), I the unit in R, w̄
the associated system of matrix units.
Continuing with the proof, observe that the relevant ortho-
lattice formulas and terms do not depend on ā. Also, the
isomorphisms η satisfy the obvious commutative diagrams.
Thus, for a fixed frame ē, we identify R(L, ē) with F and
extend this to an identification of Tē with Fd×d. Then, ηa
becomes an isomorphism Tā → Fd×d.



In view of the above, given a formula ψ(X̄ ) in the language
of F one can construct an ortholattice formula ψz̄(X ) with
additional variables z̄, which requires for every substitution
by orthonormal frames ā for z̄ and substitution of the Xk,
by Ak ∈ Tā, that Ā satisfies ψ in Tā which matrix operations
described, coefficient-wise, by the ortholattice terms, discussed
earlier, Let ψ∃(x̄) be ∃z̄.∃X̄ .

(
Φ(z̄) && ρz̄(x̄, X̄ ) && ψz̄(X̄ )

)
.

By hypothesis, we have ModLē(ψ) closed under automor-
phisms of L. Clearly, by the construction of ψ∃, if we show that
ModLā(ψ) = ModLē(ψ) for all ā then ModL(ψ) = Mod(ψ∃).

Indeed, consider ū ∈ ModLā(ψ). By definition there is
A such that ρā(ū, Ā) and ψ(Ā) valid in Tā. Let τā the
automorphism of L induced by the isometry ηā and the
canonical isomorphism of L onto L

∗
(Tā). Since ηā : Tā → Tē

is induced by the canonical isomorphism R(L, ā) → F it
follows, coefficient-wise, that ψ(ηā(Ā)) holds in F. Thus,
τā(ū) ∈ ModLē(ψ) which was assumed to be closed under
automorphism. Thus, ū ∈ ModLā(ψ). Conversely, use the
inverses of ηā and τā.

V. 1ST-ORDER QUANTUM LOGIC IS MODEL-COMPLETE
s:Model

By the Tarski–Seidenberg Theorem, the first-order theory
of real-closed ordered fields admits (computable) quantifier
elimination and is therefore complete. The order relation x ≥ 0
can in turn be expressed using either quantifier as ∃y : x = y·y
and as x = 0∨∀z : x 6= −z ·z; but not without. Put differently,
in the latter theory, all quantifiers can be eliminated except
for one final block of either existential or universal ones —
a property otherwise called (or rather equivalent to) model
completeness [Mark02, EXERCISE 3.4.12d]. This extends to
C (which we consider a ring with conjugation as involution)
since real and imaginary parts are definable.

Recall that, for F ∈ {R,C}, the ring Fd×d has, besides its
canonical involution, also the operation A 7→ A+ of Moore-
Penrose-Rickart pseudo-inversion, uniquely determined by
well known identities.t:Model

Theorem 19: Let F ∈ {R,C} and d fixed.
a) Consider the first-order language of rings with involu-

tion. For any formula ϕ(x̄) there is a quantifier-free
formula ψ(x̄, ȳ, z̄) such that ϕ(x̄) ⇔ ∃ ȳ∃z̄. ψ(x̄, ȳ, z̄)
is valid Fd×d.

b) Consider the first-order language of ortholattices and
d ≥ 3. For any formula ϕ(x̄) there is a term t(x̄, z̄)
such that ϕ(x̄)⇔ ∃z̄. t(x̄, z̄) = 1 is valid in L.

c) Consider the first-order language of rings with involution
and pseudoinversion and d ≥ 3. For any formula
ϕ(x̄) there is a term t(x̄, ȳ, z̄) such that ϕ(x̄) ⇔
∃ȳ∃z̄. t(x̄, ȳ, z̄) = 0 is valid in Fd×d.

The above remain valid for formulas with parameters in Fd×d
resp. L(Fd), provided that the standard system of matrix units
resp. the standard frame are added as a systen of constants
and that these parameters are represented by matrices of
parameters in Fc:Model

Corollary 20: For every d ∈ N, the quantum logics L(Cd)
and L(Rd) are model complete.

A. Proof of Theorem 20

Recall (e.g. from the end of Subsection II-A) that, over any
fixed ortholattice, equality “x = y“ is equivalent to strong
truth t(x, y) = 1 of some ortholattice term t. However t(x,1)
might still evaluate at least weakly true for x < 1. In fact
there obviously exists no univariate term realizing over MO1

the so-called indiscrete quantifier [Roma06]

ψ(0) = 0, ∀a 6= 0 : ψ(a) = 1 .

Taking also into account the aforementioned failure of the
disjunction/conjunction property, we are (among others) faced
with the problem of expressing the Boolean connectives within
Quantum Logic. On the other hand [HeZi11, LEMMA 10b+f]
constructs a term ψd|X in variables X, Ȳ such that it holds
over L(Fd):

X = 1 ⇒ ∃Ȳ : ψd|X = 1, X 6= 1 ⇒ ∀Ȳ : ψd|X = 0

cmp. also [Hagg07, THEOREM 1]. So ¬ψ(¬X) can be ex-
pressed in the existential theory of MOLs (of fixed height).
Fact 15(ii) generalizes this to arbitrary Boolean combinations. mol2

Fact 21: Let d ≥ 3 in (i), (iii), (iv).
(i) There is a term g(z̄) such that, for any ā in L(Fd) one

has ā an orthonormal frame if and only if g(ā) = 1
(ii) For any Boolean combination ϕ(x̄) of in-/equalities of

ortholattice terms, there is a term t(x̄, z̄) such that both
ϕ(x̄) ⇒ ∃z̄. t(x̄, z̄) = 1 and ¬ϕ(x̄) ⇒ ∀z̄. t(x̄, z̄) = 0
are valid in L(Fd).

Proof:
(i) Combine the equations from Fact 15 into a term as in

the proof of Theorem 2b).
(ii) According to [HMR05, Lemma 5] there is a term

d(x, y, z̄) such that for any d-frame ā and u, v in L(Fd)
one has d(u, v, ā) = 0 if u = v and d(u, v, ā) = Fd
if u 6= v. We now define by structural induction for
each ϕ(x̄) a term sϕ(x̄, z̄) such that ϕ(x̄) is in L(Fd)
equivalent to ∃z̄. g(z̄) ∧ sϕ(x̄, z̄) = 1. The case of
equations has been dealt with in the proof of Item b)
of Theorem 2. If ψ is the conjunction of ϕ1 and ϕ2

then sψ is just sϕ1
∧ sϕ2

. Finally, if ψ is the negation
of ϕ then sψ is ¬d(sϕ,1).

Proof of Theorem 19a) and b): Given a formula ϕ(x̄)
defining a relation in L resp. R, use Theorem 14 to obtain a
formula ψ(X ) in F-language. In view of elimination in F, one
may assume ψ of the form ∃ȳ. χ(X̄ , ȳ) with quantifier free
χ. Replacing y by Y with y in the first entry, zero else, we
may assume that χ is of the form χ(X̄ , Ȳ) whence ψ of the
form ∃Ȳ. χ(X̄ , Ȳ). The model set of the latter is invariant
under unitary transformations (Theorem 14a)) whence, by
Theorem 14b), there is quantifier free χ#(x̄, ȳ, z̄) in the
language of L resp. R such that ∃ȳ,∃z̄. χ defines Mod(ϕ).
In the case of L, apply Lemma 21(ii) to get the sharper result.
For the case with parameters apply Corrollaries 17 and 18.

Proof of Theorem 19c): Recall that the pseudo-inverse
in the ∗-regular ring End†(Fd) is ϕ+ = (ϕ| imϕ†)−1 ◦ πimϕ
where πU denotes the orthogonal projection onto U . Now,



using the methods [Her10b,Nie2007] as in the proof of Theo-
rem 14b), all constituents of this expression can be captured in
ortholattice terms over an orthonormal frame ā, independently
of the latter in view of Fact 21(iv).

Conversely, in the presence of pseudo-inversion as an ad-
ditional fundamental operation for the ∗-regular ring R, for
any a ∈ R one has eR = aR and Re = Ra with projections
e = aa+ and f = a+a. Thus, the fundamental operations of
L are given by terms in the language of ∗-regular rings with
pseudo-inversion; see [Berb72, PROPOSITION §I.3.7]. To wit,
R and L are bi-interpretable via terms. The claim follows from
Fact 21(ii).

B. Proof of Corollary 20

The case d ≥ 3 is covered by Theorem 19b). It thus remains
to treat the cases d ≤ 2; and suffices to show ∀y : s(x̄, y)
equivalent to ∃z : t(x̄, z) for some appropriate term t depend-
ing on d and s. Now the Boolean case d = 1 is trivial: For
x̄ = (x1, . . . , xn) there are 2n possible assignments; so let

t(x̄) :=
∨

b̄∈{0,1}n:s(x̄,0)=s(x̄,1)=1
“x̄ = b̄“ (2)

with the abbreviation

“x̄ = b̄“ :=
∧

j:bj=1
xj ∧

∧
j:bj=0

¬xj .

Regarding the case d = 2, observe that every assignment
b1, . . . , bn, a ∈ L(F2) ‘lives’ in (some sublattice of)MOn+1:
the free ortholattice of height 2 on n + 1 generators, see
[HeZi11, FIG 1]. And any two of them are isomorphic, so we
may replace L(F2) with MOn+1. Generalizing Equation (2)
let

t(x̄) :=
∨

b̄∈MOnn+1:∀y∈MOn+1:s(x̄,y)=1
“x̄ = b̄“

However “x̄ = b̄“ cannot be expressed by a term involving
only x̄ (but not the constants from b̄)!l:EvalMO

Lemma 22: For L an ortholattice and ā ∈ Ln consider the
finite sets J0(ā) := {j : aj = 0}, J1(ā) := {j : aj = 1},
J=(ā) := {(i, j) : ai = aj}, J6=(ā) := {(i, j) : ai =
¬aj}. Now let t(x1, . . . , xn) be an ortholattice term with
strongly satisfying assignment ā ∈ MOnn. Suppose further-
more that b̄ ∈MOnn satisfies

(
J0(ā), J1(ā), J=(ā), J6=(ā)

)
=(

J0(b̄), J1(b̄), J=(b̄), J6=(b̄)
)
. Then also t(b̄) = 1.

Proof: by immediate structural induction, observing for
instance that bi ∨ bj = 1 = ai ∨ aj and bi ∧ bj = 0 = ai ∧ aj
whenever (i, j) 6∈ J= ∪ J 6= for i, j 6∈ J0 ∪ J1.
Now resuming with the proof, and justified by Lemma 22,
understand “x̄ = b̄“ to denote the formula ∃z̄.t(x̄, z̄)
according to Fact 21 equivalent to ¬∀z̄.¬t(x̄, z̄)
over L(F2) and to

(
J0(x̄), J1(x̄), J=(x̄), J6=(x̄)

)
=

(
J0(b̄), J1(b̄), J=(b̄), J6=(b̄)

)
, that is, to

&&
j∈J1(b̄)

xj = 1 && &&
j∈J0(b̄)

xj = 0 && &&
(i,j)∈J=(b̄)

xi = xj

&& &&
(i,j)∈J 6=(b̄)

xi = ¬xj && &&
j 6∈J1(b̄)

xj 6= 1 && &&
j 6∈J0(b̄)

xj 6= 0

&& &&
(i,j)6∈J=(b̄)

xi 6= xj && &&
(i,j) 6∈J6=(b̄)

xi 6= ¬xj

VI. EXTENSIONS AND RELATED TOPICS s:ext
A. Strong Satisfiability in Indefinite Dimension

Recall that the triviality problem for a class C asks for an
algorithm to decide, for every given conjunction π(x̄) of term
equations, whether the subalgebra generated by (the members
of) ā is trivial for every satisfying assignment ā of π(x̄) in
every A ∈ C. The triviality problem has first been formulated
in the context of finitely presented algebraic structures (see
[BoOt93] for classical undecidability results). Unsolvability
of the triviality problem for the class of all finite groups is
shown in [BrWi14]. Of course, the proof of Theorem 2 could
be simplified if unsolvability of the triviality problem for some
class of finite semigroups with zero and unit were known.
The proofs of Items a) and e) of Theorem 2 actually yield
the following (in the modular lattice case, one has to replace
3-frames by 4-frames Ā in order to have Fact 6).

Corollary 23: The triviality problem is undecidable for any
class of algebraic structures of the same similarity type,
expanding lattice resp. ring (with unit) signature, such that
all corresponding reducts are modular lattices resp. rings with
unit including Sub(Vd) resp. End(Vd) for some sequence of
vector spaces Vd with dimVd unbounded.

Recall, that a Grassmann-Cayley algebra (cf [Stur06]) with
underlying vector space V has operations ∧ and ∨ such that
A ∧ B = A ∩ B if A + B = V and A ∨ B = A + B if
A∩B = 0. The lattice terms and equations used in the proof
of Theorem 2a) can be modified so that satisfying assignments
in Sub(V ) are carried out in the Grassmann-Cayley algebra.
This shows that there is no algorithm to decide satisfiability
of conjunctions of such equations between such terms, tha
latter called simple Cayley algebra expressions, in Grassmann-
Cayley algebra of indefinite dimension.

On the other hand, the methods of our proof might be used
to derive that there is no algorithm to decide for any given
finite set of embedded multivalued database dependencies
whether it admits a satisfying finite database (cf. [Herr95] for
the implication problem).

B. Weak Satisfiability in Indefinite Dimension

Vector spaces with an anisotropic form, Hermitean w.r.t. a
fixed antiautomorphism of the field, are essential in Theorem
7; then, for a family of such spaces, in Item a) the equivalence
of (1) and weak satisfiability of tp in some space remains valid.
Returning to the classical Cd, Item c) reveals the richness
of the ortholattice variety generated by the L(Cd). Using the
methods of [HeSe14] one can show that for real F and real α,



condition (3) is equivalent to L(F(α)3) embeddable into some
L(Fd). In particular, (3) fails for F = Q(

√
2) and α = 4

√
2.

Call a positive-primitive formula ϕ(x̄, y) a quasi-term (rel-
atively to a class C of structures) if for any A ∈ C and ā in A
there is unique b ∈ A such that A |= ϕ(ā, b). Call ϕ unnested
if it contains atomic subformulas of the forms y1 = y1

and y0 = q(ȳ), only, with fundamental operation symbols q.
Recall, that any term can be translated, in polynomial time,
into a logically equivalent unnested quasi-term.

Corollary 24: Let F ∈ {R,C}. The following decision
problems admit mutually polynomial time reductions: both are
decidable and within the complexity class BP(NP0

F).
(i) To decide for a given term p(x̄) in the language of

rings with unit, involution, and pseudoinversion whether
∀x̄. p(x̄) = 0 holds in Fd×d for all d?

(ii) To decide for a given unnested quasi-term ϕ(x̄) in the
language of ortholattices whether ∀x̄. ϕ(x̄, 0) holds in
all L(Fd)?

Moreover, in (i) there is m. computable form p in time
polynomial in the binary length of p, such that ∀x̄. p(x̄) = 0
fails in Fd×d with d ≤ m if it fails for some d.
Thus, one might asl whether satF∗ belongs to some gener-
alization of ‘randomized polytime with one-sided error” (cf.
[MoRa95,HSZ13].

Proof: As observed in the proof of Theorem 19c), each
ortholattice term can be captured by an unnested quasi-term
in Fd×d-language and the latter may be replaced by a single
term as in the proof of Theorem 2c). Conversely, with the
methodes of Subsection III-A, any term p in Fd×d-language
converts into an ortholattice term p̂ (adding only a constant
to the number of occurrences of variables) such that, for all
d > 0, one has Fd×d |= ∀x̄. p(x̄) = 0 if and only if L(F3d) |=
∀x̄. p̂(x̄, 0). The latter relies on the fact that subspaces of FM
are isometrically isomorphic if they have the same dimension.
Decidability and dimension bound come from [Her10a] while
the upper bound on complexity comes from [HeZi11].

C. Definability and model completeness

For the translation of Section IV between ‘geometry’ and
‘arithmetic’, one may admit arbitrary vector spaces or such
with an orthosymmetric sesquilinear form. Here, the concept
of orthonormal frame has to be modified to capture the
form, properly. Also, one has to pay heed to the fact that
(ortho)lattice isomorphisms correspond to semilinear “isome-
tries”. Here, if instead of a single t = 1 one uses a conjunction
s = 0 and t = 1, Theorem 19 remains valid for R and C vector
spaces with Hermitean form.

For commutative F and in the absence of orthogonality,
Theorem 14 has an analogue: in Grassmann-Cayley algebra
of Fd, Given a simple term t in these one can derive a certain
kind of polynomial p (bracket polynomial) such that t = 0 iff
p = 0. The reverse direction is ‘Cayley factorization’: known
to be possible (but up to multiplying with a bracket which
mimics a coordinate system) for d ≥ 3 and p with integer
coefficients [StWh91] or for multilinear p [Whit90].

Also, from the representation of elements of Sub(Fd) by
matrices one might proceed to a representation via Plücker’s
embedding Πd

k from Lk(Fd) (the k-dimensionals) into projec-
tive space P(dk)−1(F),

lspan(~a(1), ..~a(k)) 7→ F ·


det


a

(1)
j1
a

(2)
j1
. . .a

(k)
j1

a
(1)
j2

. . . a
(k)
j2

...
. . .

...
a

(1)
jk
a

(2)
jk
. . .a

(k)
jk


1≤j1<...
...<jk≤d


cmp. [EzSt05, §14.1]. For fixed integers ~k = (k1, . . . , kn) ∈
{0, . . . , d}n identify (u1, . . . , un) ∈ Lk1(Fd)× · · · ×Lkn(Fd)
with

(
Πd
k1

(u1), . . . ,Πd
kn

(un)
)
.

Now. capturing orthogonality on Plücker coordinates in
the obvious fashion, a condition s(u1, . . . , un) = 1 in the
language of ortholattices translates into a homogeneous *-
polynomial equation in Plücker coordinates; and the set{

(u1, . . . , un) : uj ∈ Lkj (Fd), s(u1, . . . , un) = 1
}

of solutions thus into a quasialgebraic subset of P( dk1)−1(F)×
· · · × P( dkn)−1(F); and quantification over L`(Fd) to quan-
tification over P(d`)−1(F). By Tarski-Seidenberg, the latter
turns quasialgebraic subsets into semialgebraic ones, that is,
projections of quasialgebraic ones. However translating the
latter, purely existentially quantified (system of) homogeneous
*-polynomial equations back into the language of ortholattices
may of may not work without multiplying with some other
polynomial — referring to an orthonormal frame.
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