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ABSTRACT. This work continues research on decidability and complexity of
problems concerning ortholattices L(C?) of subspaces and #-rings C#X¢ of
endomorphisms of finite dimensional Hilbert spaces.
First we show that strong satisfiability in indefinite finite dimension 3d €
N 3% = (21,...,2n) € L(C?)™ : t(Z) = 1 is undecidable. This applies
to satisfiability problems for finite sets of polynomial equations, of certain
database dependencies, and of simple equations in Grassmann-Cayley algebra,
respectively.
Second we construct a single term t admitting weakly satisfying assignments
& € L(CYH™ : t(Z) # 0 for all d > 3, but none with rational & Weak
satisfiability in indefinite dimension, a decision problem known to belong to the
Blum-Shub-Smale complexity class BP(NP2), thus could exceed NP. This is
supported by establishing an equivalence between the equational theory of the
class of the L(C?) and that of the class of matrix #-rings C%X¢ with pseudo-
inversion. This allows to transfer the dimension bound for failure of an identity
also to the *-ring setting — and gives rise to an algorithm deciding validity of
identities in the additive dagger category of finite dimensional Hilbert spaces.
For fixed d, similar equivalences, respecting the quantification hierarchy.
are obtained for prenex first order sentences, including an equivalence to quan-
tified feasibility over R of polynomials with integer coefficients.
Third we show that, for fixed d, first-order definability within L(C%) corre-
sponds, via representing matrices viewed as arrays of elements of C, to defin-
ability over C (involving conjugation) invariant under unitary transformation;
using Pliicker coordinates, quantifier-freeness of formulas is shown to be pre-
served when translating from L(C?) to C — and conversely if coordinate sys-
tems are implicit in the formula. We apply this to derive that the first-order
theory of each L(C?) is ‘model-complete’ in the sense of admitting quantifier
elimination up to one final existential/universal block (but not further in gen-
eral).

1. INTRODUCTION
s:Intro

Finite dimensional complex Hilbert spaces and (directly indecomposable) C*-
algebras, that is the H = C? and C%*? with their canonical structure, are indispens-
able in Quantum Physics and related topics in Mathematics and Computer Science.
The spaces H have been viewed by Birkhoff and von Neumann |[BiVN36] as projec-
tive spaces with anisotropic orthogonality, equivalently as (modular) ortholattices
L(H) with the operations meet (U, V) — UNV, join (U,V)+— U+ V, and ortho-
complement U +— U with bounds 0 = {0} and 1 = H — naturally isomorphic to
the ortholattice of projections resp. principal right (left) ideals of C¢*¢, For d = 1
this amounts to the Boolean algebra {0,1} while the case d > 1 was interpreted
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as a ”’Logic of Quantum Mechanics” suited to deal with uncertainty phenomena.
Going beyond finite dimension, von Neumann created Continuous Geometry and
the theory of related operator algebras, while Quantum Logic focussed on the (non-
modular) ortholattices of all closed subspaces of Hilbert spaces of infinite dimension
and more general quantum structures [BeCa81/EGLO08|]. The advance of Categori-
cal Quantum Mechanics [AbCo08], Quantum Information [Maas10|, and Quantum
Computation [Selil2/Bub07| has opened new perspectives [CHKil3| and revived
the interest in geometric, algebraic, and logical aspects of the finite dimensional
case. Dimension can be characterized via coordinate systems, to wit von Neumann
frames, whence by lattice identities [Huhn72]; in other words, the set

saty = {t(zr1,...,2n) | neN={1,2,...},
HVl,...,VneL(’H): t(V17...,Vn)§£O}

of terms weakly satisfiable over L(#H) characterizes dimension.

1.1. Previous Results. For every fixed d > 2 we have established [HeZil1l, THEO-
REM 14] the decision problem satca (different from, but) polynomial-time equivalent
to strong satisfiability

SATca = {t|3V1,...V, € L(CY) : t(Vy,..., V) =1},

NP—complete in dimension two [HeZill, §II.A], and from dimension three on com-
plete for BP(NPY): a natural complexity class between NP and PSPACE [Ren92a)
with several equivalent characterizations [Shor91/Koir99/Rich99|/Schal0J/HSZ13]|; note
the real subscript in spite of the inner product space being complex. Also, Hilbert’s
open Tenth Problem over the rationals [Poon08] is equivalent to both satge and
SATga [HeZill, PROPOSITION 18¢]. We also considered the following strong and
weak satisfiability problems in indefinite finite dimension over a subfield F of C
closed under conjugation 7 — ! (and considered as a #-ring with this involution)
and the spaces F? with canonical hermitean scalar product, namely SATg. :=

{t|3d € Nso, 3V4,...,V,, € L(FY) : t(Vi,...,V,,) =F*},
{t|3deN, 3V,...,V, € LFY) : t(Vi,...,V,) # {0}}

=: satp«. We could prove SAT¢« = SATg- = SAT,~ |HeZill, PROPOSITION 21]
hard for BP(NP}) [HeZill, THEOREM 26] but no upper complexity bound; and
we could prove satc- = satg- = saty. € BP(NPY) |[HeZill, THEOREM 25] but no
lower complexity bound. Here A denotes the set of algebraic reals. The following
is easily verified.

Fact 1. Within the class of all L(F%) (all modular ortholattices) any conjunction
of equations s; = t; is equivalent to t = 1 resp. t+ = 0 where t = (,(s; + (si +
t)T) N (i + (s + ) h).

Thus, weak satisfiability satp« amounts to (the complement of) the decision
problem of the equational theory [KhSa95, §2.10] for the class {L(F?) : d € N}.
Since, for d > 0, any sub-ortholattice of L(F?) contains the two-element {0,1},
SATg- amounts to (the complement of) the triviality problem for the class { L(F) :
d €N } — for a class C of algebraic structures this problem asks to decide for
any finite presentation, that is generator symbols Z = (z1,...,2,) and relations,
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whether there is A € C and a satisfying assignment a € A™ such that the a; from a
generate a non-singleton subalgebra of A.

Unsolvability of the triviality problem for the class of profinite groups has been
shown by Bridson and Wilton [BrWil4]. Moreover, they derive the following.

Fact 2. There is no algorithm deciding for any finite group presentation whether
the group given by this presentation admits a non-trivial finite dimensional F-linear
representation, F a fixed or arbitrary field.

This is based on the undecidability of the universal theory of the class of finite
groups, shown by Slobodskoi [Slob81|, and advanced methods of geometric group
theory. Unsolvability of restricted word problems for (ortho)lattices of subspaces
has been shown by [Hutc77 Lips74fRodd89], decidability of the equational theory
in the lattice case by |[CzHu7§|.

1.2. Overview and New Results. The main topics are discussed in Sections 2]
while extensions and applications are given in Section [G]

In Section [2] strong satisfiability in indefinite dimension is shown undecidable
as a consequence of Fact [2| Actually, we deal with the analogous problem for the
underlying lattices (without orthocomplementation) and apply this to the related
problem for matrix rings; and in Subsection to database dependencies and
equations in Grassmann-Cayley algebra.

Section [3| approaches the computational complexity of weak satisfiability in in-
definite dimension: We exhibit a term weakly satisfiable over L(R?) but not over
L(Q?) for any d, thus supporting evidence that the decision problem may have com-
plexity exceeding NP (although we still cannot prove hardness). For fixed F, an
alternative approach is suggested in Subsection[6.2} We provide a two way polyno-
mial time translation between ortholattice and *-ring equations involving pseudo-
inversion (given as quantified conjunctions of unnested atomic formulas) establish-
ing an equivalence of equational theories for {L(F?) | d € N} resp. {F4*¢ | d € N}
and an effective test dimension for each equation. In particular, for F with de-
cidable theory, this yields a decision procedure for the equational theories — in
the complement of BP(NP%) if F € {R,C}. Moreover, this allows to transfer the
dimension bound for failure of an identity also to the *-ring setting — and gives rise
to an algorithm deciding validity of identities in the additive dagger category of
finite dimensional Hilbert spaces (Subsection .

Also, in fixed dimension d our methods give rise to an equivalence of first order
theories, respecting the quantification hierarchy of prenex sentences; moreover, this
includes an equivalence between Qz.t = 1 over L(F?) and Q'z.p = 0 over RF, Q
and Q' being strings of quantifiers having the same block structure.

Section 4| explores the expressiveness of the first-order theory of L(F?) for fixed
d > 3: we establish the equivalence of definability in L(F?) with definability, in-
variant under unitary transformation, in F. In Subsection [6.3] we show, via Pliicker
coordinates, that quantifier free F-formulas give rise to quantifier free L(F¢) formu-
las; and that the converse happens if one can recover subspace systems in general
position

In Section |5 we establish that L(C?) and L(R?) ‘almost’ permit quantifier elim-
ination: every first-order formula (with free variables) can be translated compu-
tationally into an equivalent one which is an identity ¢ = 1 preceded by a block
of existential (equivalently: universal) quantifiers; and indicate in Subsection

brid
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how this relates to Computational Synthetic Geometry [BoSt89] and Semialgebraic
Geometry.

Our methods heavily employ coordinatization techniques for lattices developed
by von Neumann |[Neum60.BiVN36|. The latter actually give a coordinatization
result in the context of vector spaces with anisotropic hermitean form — from
which rather artificial axiomatizations for the L(C) and L(R) can be derived (within
second order logic or admitting the algebraically/real closed variants). Thus, we
prefer to deal with the L(F?) as structures derived from spaces and develop some
structure and model theory of these.

Primarily, we deal with the bounded lattice Sub(V') of all subspaces of a vector
space V (ignoring orthocomplentation). Direct sums are written as U ® W. We use
F4*4 to denote the set of all d x d-matrices (that is d>-tuples, written as arrays, of
elements) over F, while My(F) denotes the ring (with unit) of d x d-matrices and
ML(F) the *-ring with A — AT, the conjugate transpose, as involution.

Subspaces of F? are still inner product spaces over F: F—vector spaces with an
anisotropic hermitean form. To wit, for F € {R, C} any d-dimensional inner product
space is isometrically isomorphic to F?¢. This is fails e.g. for F = Q; but, orthogonal
(shortly L-) bases always exist. We denote finite sequences of variables or elements
by Z, @, and so on and write “a in A” to indicate that the members are in A.

2. STRONG SATISFIABILITY IN INDEFINITE DIMENSION

s:Strong
We now answer the question left open in [HeZill, §111.C] and establish undecid-
ability of strong satisfiability in indefinite finite dimension — in fact independently
of F:
t:Strong
Theorem 3. a) SATp- is not recursive.

b) There exists a recursive sequence t,, of OL-terms of binary length |t,,| = m
that are strongly satisfiable over L(C™)) for some, but for no recursively
bounded, function d: N — N.

¢) There is no algorithm deciding for any given terms s,t in the language of
bounded lattices whether s = 0 8& t = 1 is solvable in Sub(F?) for some
d>0.

d) There is no algorithm deciding for any given conjunction 7(Z) of equations
in the language of rings with unit whether 7(x) is solvable in My(F) for

some d > 0.
e) The following problem about matriz equations is undecidable: Given qua-
dratic polynomials p1(X1,... Xy), ..., px (X1, ... Xp) tn n non-commuting

variables with coefficients {—1,0,1}, do there exist d € N and Ay, ... A, €
My (F) such that px(A1,...A,) =0 for every 1 < k < K simultaneously?

f) The following problem is undecidable: Given a single quartic polynomial
p(X1,... X0, Y1,...Ys) in 2n non-commuting variables with integer coeffi-
cients, do there existd € N and A, ... A, € MZ(IF) such that p(Ay, ... A,, Al,.. Al) =
07

g) There exists a sequence pp(Xi,...,Xn, Y1,...,Ys) of quartic polynomials
in 2n non-commuting variables with integer coefficients such that A, ..., A, €
Mg(n)((C) with pp(Ax, ... ,An,AI, .., ALY = 0 emist for some, but for no
recursively bounded, d : N — N.

In a), ¢), d), and e), F may vary with d.



MATRIX RINGS AND LATTICES 5

Proof. We defer Items c¢) and d) to separate subsections and prove the rest in
different order:

a) Follows from c) with reduction (s,t) — ¢t N s+,

b) Since there are only finitely (exponentially) many ¢ of given length m,
dp(m) := max {min{d > 0 | t € SATpa} | t € SATp-, [t| < m} defines
a total dp : N — N. Recall that SAT s is decidable by means of Tarski’s
Quantifier Elimination over the reals uniformly in ¢, yielding recursive enu-
merability of SATc+; cmp. [DHMWO5, §3] or [HeZill, PROPOSITION 21].
Now if d¢ were to admit some recursive upper bound d : N — N, an
algorithm could decide SAT¢+ by checking whether t € SAT¢s for § =
1,...,d(|t]) — contradicting a). Finally let (s,,),, denote a recursive enu-
meration of SAT¢- and apply some bi-recursive padding s — t := sN(),, yn
with dummy variables y,, to achieve |t,| = m. g) follows similarly from
f).

e) follows from d) and the fact that, within rings with unit, any equation is
equivalent to a conjunction of such.

f) follows from e) replacing the family pi,...,p, of polynomials with the

single Z?:l Di pj

O

2.1. Proof of Theorem ) This relies on the well known interpretation of rings
within modular lattices, due to von Neumann |[Neum60], which is the first step
in Coordinatization Theory. In the setting of lattices Sub(IF¢) it boils down to
elementary Linear Algebra (cf. [Her10b]). For any F-vector space V, we say that
A = (A, Ay, A3, Ay, A13) in Sub(V) forms a 3-frame if V = A; © Ay © A3 and
Ay ® A = Ay A = A @ Aj for j = 2,3. Then there are unique linear
isomorphisms ¢, 5 : Ay — Aj such that A;; = {7—¢;47 | ¥ € A1}, j = 2,3. Observe
that this concept of frame is equivalent to the von Neumann one; cf. [Free80]. In
the following, (i), (ii), and (iv) are obvious. For (iii) choose a linear isomorphism
Ji: A1 — Brand fj, j=2,3sothat ;50 f1 = fjo€;4.

Fact 4. (i) If A is a 3-frame of Sub(F?) then F% = 0 if and only if A; = 0 if
and only if A12 =0.
(ii) Given V € Sub(F?), there is 3-frame A such that V = Ay if and only if
dimV = £.
(iii) Given 3-frames A, B of Sub(F?) there is an automorphism of Sub(F%) map-
ping A onto B.
(iv) Choose distinguished variables z1,zo, z3 and z12,2z13: shortly, z. There is

a conjunction <I>(z:) of bounded lattice equations such that for any {1 €
Sub(F%) one has A a 3-frame of Sub(F?) if and only if Sub(F?) = ®(A).

We define R(Sub(F), A) = {U € Sub(F?) | U ® Ay = A; + Ao} and v4(p) =
{0 —e947 | U € Ay}, the negative graph of the map e, 5 0 . This yields a bijection

v4 : End(A;) — R(Sub(F?), A). The following is well known [Free80, §1], [Herr84,
Theorem 2.2], cf. [HeZil2} §3].

Fact 5. There are conjunctions o(x,z) and o*(x,Z) of term equations and, for
each fundamental operation q(Z) of rings with unit and partial inversion, a term
4(z, z) in the language of bounded lattices such that the following are true for any

ss:stronge

auto

def
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3-frame A € L(F%). Moreover, in any of these terms each of the variables in T
occurs exactly once.

(i) vz is an isomorphism of End(Ay) (with partial inversion) onto R(Sub(F4), A)
endowed with the operations T v+ G(z,A). Here, the ring elements 0 and
ida, are mapped onto Ay, A1a. In particular, vz restricts to an isomor-
phism of GL(A1) onto the group R* (Sub(F?), A) of units of R(Sub(F9), A).

(ii) For any U € Sub(F?) one has U € R(Sub(F?), A) if and only if Sub(F?) =
o(U, A); and U € R*(Sub(F?), A) if and only if Sub(F?) = o (U, A).

rou
o Lemma 6. With any finite conjunction m(Z) of group relations one can effectively

associate conjunctions 7 (Z,z) and 7 (%, Z) of equations in the language of bounded
lattices (with binary term length a constant multiple of that of w(Z)) such that the
following hold for the group G presented by ().

(i) For any F-vector space V and 3-frame A of L = Sub(V)
(a) If x; — ¢; € GL(A1) defines a representation of G then x; — v5(vi),
Z— A is a satisfying assignment for & in L.
(b) If L = #(g, A) then z; — ”yil(gi) defines a representation of G in
A
(ii) If G admits a non-trivial irreducible representation in W and dimV =
3dim W then Sub(V) = 373z. 7 & 7.
(iii) If0 < dimV < oo and Sub(V) |= 373z. 7 & ¥ then there is W, dim W <
%dim V', and a non-trivial irreducible representation of G in W.

Proof. Choice of 7 and (i) are obvious by Fact Define 7# as u = 0 where
u := (), z; N z12. Concerning (ii), choose a 3-frame A in Sub(V) so that w.l.o.g.
A; = W and apply a) substituting v;(¢;) for ;. Let U the value of u in Sub(V)
and Up = {v € A1 | v —ey4v € U}. Observe that U # 0 implies Uy # 0. Now,
by definition of U, Uy is invariant under the ¢; and their inverses whence under
the action of G on A;. Since that was assumed irreducible it follows U = Uy = 0.
In (iii) choose witnessing A and g and apply b) to obtain a representation of G
in W = A;. Assuming this to have singleton image, we have z; +— id4, for all i,
whence u — Ajy. In view of 7# it follows A1o = 0 whence V = 0 by Fact (i);
a contradiction. Thus, the representation of G has non-singleton image and by
Maschke’s Theorem there is an irreducible such in a direct summand of W. O

For arbitrary conjunctions of equations s; = t;, Theorem ) follows now, im-
mediately. To reduce such to the special form s = 0 & ¢ = 1, observe each s; = t;
equivalent over every Sub(F?) to Jv : §; = 0 & ¢; = 1 for §; == (s; +t;) Nv
and t; := (s; Nt;) + v (due to modularity and existence of complements); and

5, =081, =185 =08t =1 cquivalent to 5, + 5, =08& ¢; Nt; = 1.
ss:strongd

2.2. Proof of Theorem [3d). Recall that a ring R with unit is (von Neumann)
regular if for any @ € R there is x € R such that aza = a; equivalently, any of
its principal right ideals is generated by an idempotent. Then the principal right
ideals form a sublattice L(R) of the lattice of all right ideals. The analogues hold
on the left. In particular, the endomorphism ring R = End(V') of a d-dimensional
F-vector space V is regular and one has L(R) 2 Sub(V) via ¢R — im. Thus,
L(M4(F)) = Sub(F?).

regring
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Fact 7. For any idempotents e, f, g in a regular ring R one haseR C fR & fe=
e; gR=eR+ fR iff ge = e, gf = f, and Irds.g = er + fs; gR = eRN fR iff
eg=fg=g and Irds. (1 —g)=r(l —e) +s(1 — f).

Proof. The first claims are obvious, the last one follows from R(1—g) = R(1—e)+
R(1— f) and the fact that the latter means gR = eRN f R [Neum60, LEMMA I1.2.3].
(]

Replacing any lattice term equivalently by an existentially quantified conjunc-
tion of unnested equations (cf. Subsection [6.2) and substituting idempotents for
lattice variables, the problem in c) of Theore reduces to that in d) which proves
undecidability of the latter.

3. WEAK SATISFIABILITY IN INDEFINITE DIMENSION

In contrast to Theorem ) for strong satisfiability, [HeZill, THEOREM 25| has
shown that every term ¢ weakly satisfiable in indefinite dimension is also weakly
satisfiable in some dimension at most polynomial in ¢’s binary length — and thus
concluded satc« € BP(NP%): a complexity class which, as opposed to NP, is defined
by polynomial-length witnesses of real, as opposed to bit, sequences: which satcs is
complete for. In particular to each polynomial p € Z[X] there exists a term ¢, that
is weakly satisfiable over L(IF?) iff the field extension F O Q contains some root of
p |HeZill, LEMMA 20d]. That 2D quantum satisfiability belongs to NP [HeZilll
THEOREM 8] therefore hinges on being able to restrict satisfying assignments to
a discrete, finite, and small set. Regarding satc«, although we still cannot prove
BP(NP$)-hardness (or even NP-hardness for that matter), the following result
demonstrates that satisfying assignments as witnesses to weak satisfiability cannot
be restricted, in general, to avoid irrational coeflicients even in indefinite finite
dimension.

Theorem 8. a) If p(X) € Z[X] has a real zero then there is an OL-term t,
such that, for all I, one has t, € satp-
(1) if and only if there are a subspace V, 0 < m := dimV < degp, of
F? for some d and a self-adjoint endomorphism 1 of V such that
p(¥) = 0.
(2) if and only if o € F, provided that « is the unique real zero of p(X)
and F C R.
(3) if and only if, in case F = Q, there are 0 < m < degp and A, D €
Qm*™m D = (d;j) diagonal with d;; > 0, such that DA = A'D and
p(A4) = 0.
Moreover, there is a positive primitive OL-formula ¢,(zo,,Z) — com-
putable from p in time polynomial in the binary length |p| of p — such
that for any d and A in L(F?) one has ¢,(Uy,U, A) defining a func-
tion U +— Uy on L(F?) and such that 37.t,(Z) # 0 is equivalent to
Jwo32Iz 20 # 08&p,(z0, 7, 2) in L(F?).
b) If F is the splitting field of finitely many quadratic p(X) € Z[X], then
L(F?) embeds into L(Q"?) for some n and it holds satp- = satg- and
SATp- = SATq-.

3.1. Proof of Theorem ) Having the equivalence of ¢, € satp- with (1), the
other equivalences follow, readily. Concerning (2) observe that for V' and ¢ as in

s:Weak

t:Weak

t:Weaka
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(1), « is the unique real eigenvalue of v; since v is self-adjoint it follows ¢ = « - id
in the tensorial extension of V' to an inner product space over R, whence also on
V.

Concerning (3), necessity is, for all F C R, a consequence of the description
of the adjoint in terms of an L-basis. Sufficiency follows from the fact that for
any finite dimensional inner product space (V, ®) over the rationals there is, up to
scaling, an isometry onto some subspace of Q¢ for some d: choosing an L-basis @
of (V,®), one may assume ®(u;,7;) = n; a positive integer; thus, let d = >, ny,
and k;y1 = k; + n; and map v; onto ZI,::,CA €%, where the €j, form the canonical
basis of Q.

The proof concerning (1) relies on a method well known from undecidability
results for equational theories cf. [Free80]. References mostly concern the general
case of modular (ortho)lattices; though, for subspace (ortho)lattices the relevant
results may be verified within Linear Algebra, easily.

Given conjunctions 7(Z) and p(Z) of (ortho)lattice equations, we say that a
family ¢(Z) of OL-terms t;(Z) forces (the relations) p under the proviso w if for any
L(F?) and assignment @ in L(F?) satisfying 7(@) one has

(a) p(t(a)); ie. T+ a satisfies in L(F9) the relations p(7)
(b) t(a) = a if p(a); that is, the assignment @ remains unchanged under the
term operations induced by ¢, if it already satisfies the relations p(Z) within
L(F4).
If there are also terms forcing 7 under the proviso p, then m and p are (Tietze)
equivalent (presentations). Referring to Subsection a sectional orthogonal 3-
frame, shortly SO3-frame, in L(F?) is a 3-frame A of some section [0, U] of L(F%)
such that Al 1 Aj for all 4 7é ] Put A” = Ai~

oframe

Fact 9. There are OL-terms a;(Z),a1;(Z), shortly a(z), forcing SO3-frames.

This is due to [MaRo87] in an equivalent version of L-frames. See [Free79, §1]
for the following.

redframe _ _
Fact 10. There are terms b(y1, z) forcing an SO3-frame B such that B;; C A;; for
all i, 7 under the proviso that A is an SO3-frame and By C A;.

For a subspace V of F¢ let Endf(V) the #-ring of all endomorphisms of V' with
involution, given by ¢ + ¢! (the adjoint of ¢ w.r.t. the induced inner product),
as additional unary operation and with constant 1id. Recall R(Sub(F?), A) and
~v4 from Subsection Observe that A; Ny z(p) = ker . Also, for a p-invariant
subspace By C A; and B arising via Factone has By = €5 4(A1) and v5(p|B1) =
v4(e) N (B1 + Ba).

Fact 11. Fact@(iz’) extends to x-rings Rt (L(F?), A) = End'(A}), also with constant
1

R

nik

A term for the adjoint is in [HeRo99, Lemma 4.11].
pol
Fact 12. For any p(X) € Z[X] there is a lattice term pz(z) := p(z, z), of size

polynomial in the size of p, such that for any SO3-frame A in any L(F?) and any
¢ € End' (A1) one has v5(p(p)) = pa(va(p)). Moreover, if By is a p-invariant
subspace of Ay, ¥ = ¢|By, and if B arises from By and A as in Fact then
18(p(¥) = ps(v5(¥))-
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The first claim is immediate by Fact |11} considering p(X) a term in the language
of rings. For the second, first observe that, due to the fact that B; is - and p(p)-
invariant and p(¢)|By = p(¢) one has y5(¢)) = v4(p) N (B1 + Bz) and v5(p(¢)) =
v4(p(¢)) N (B1+ Bs). Since lattice polynomials are order preserving and B;; C A;;,
it follows that pg(v5(¥)) C pa(vale)) N (Bi + B2) = v5(p(¥)). Equality follows
since both are complements of Bs in [0, By + Bs].

Fact 13. There is an OL-term s(x,z) forcing for any SO3-frame A in any L(F9)
av4(p) with ¢ = ot € End'(A;).

[HeR099, Lemma 4.11] forces an element of Rf(L(F?), A); from this one obtains
a self-adjoint as in X ~ 1(X + XT).

Summarizing, in view of Facts [J] and [I3| we have OL-terms a(z) and s(z, z) forc-
ing, within any L(F%), an SO3-frame A and 71 (¢) with self-adjoint ¢ € End'(4,).
Now, with b from Fact the terms ¢ := b(z1 Npz(s(x, 2))) force, under this proviso,
an SO3-frame B such that By = ker(pg(v)) (that is, pz(¢) = 0) with self-adjoint
1/) € EndT(Bl) Indeed, we apply Fact [12|to By = kerp(¢). Thus, if By # 0, choose
0+ @, € By and V spanned by the ¢*%, (0 < k < degp), to obtain y-invariant V'
of dimV < degp, ¥|V self-adjoint, and p(¢|V) = 0. Of course, one needs d > 3m
if one wants V' # 0. In view of this, define t,(z, 2) := ci (2, Z).

Conversely, if V' and v are given, let A; = V and choose Ay, A3 such that
Ay, Ay, A3 are pairwise orthogonal and of the same dimension. Choose linear iso-
morphisms f; : Ay — A;, i = 2,3, and put Ay; = {0 — fi;U'| ¥ € A1} to obtain an
SO3-frame. Then z + A, x + 7 4(¢) provides a weakly satisfying assignment for
tp, — this is where property (b) of forcing terms is used. Finally, the formula ¢, is
constructed in the spirit of the well known method of “intermediate values”.

3.2. Proof of Theorem ) A regular #-ring with involution r — 1 is *-reqular
if 7rt = 0 only for 7 = 0; equivalently: if any principal right ideal is generated by
a (unique) projection e = €2 = ef. The lattice L(R) becomes an OL Lf(R) under
the orthocomplementation eR +— (1 — e)R. Since any eR is uniquely determined
by the projection e, LT(S) is canonically isomorphic to the projection OL of R. In
particular, this applies to R = EndT(V) for any finite dimensional inner product
space and one has LT(R) isomorphic to L(V) via @R + im. Thus, M} (F) is #-
regular with A — AT, the conjugate transpose, and L(F¢) isomorphic to LT(ML(]F)).
Fact 14. (1) I\/II,L(MZ(IF)) is isomorphic to MLm(F).
(ii) If R, S are x-regular rings and if S embeds into R then LT(S) embeds into
L'(R).
(iii) F(i) embeds into M3 (F).
(iv) F(v/n+1) embeds into My(F) if n € N and \/n € F.
(i)—(iil) are well known (e.g. [Herl0a, Proposition 3.1] for (ii)). In (iv) let A =

(\{ﬁ \l/ﬁ> Then A? = (n+1)I and there is an embedding such that v/n + 1
A.

Now, observe that the splitting field F from b) is contained in any field F' con-
taining ¢ and all square roots required for solving the given quadratic equations.
Adjoining these step by step to Q, we get by (iii) and (iv) a sequence of embeddings
of the form K — M} (K) which results by (i) into an embedding F — F' — M}, (Q)
whence MII(IF) — Mind((@). The claim in Item b) follows by Fact (ii).

self

ss:weakc

emb
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4. CHARACTERIZING DEFINABILITY IN TERMS OF COORDINATES
s:pro

First-order definability, in terms of coordinates, of configurations in Projec-
tive and Affine Geometry has been studied in a series of papers, beginning with
[Whly73]; here, the focus was on invariance under (semi)linear transformations.
Our approach also considers orthogonality and a more abstract concept of “config-
uration”: a definable relation in L(F?).

In order to avoid undue complications and misunderstandings we will consider
Pythagorean F (for any a,b € F there is ¢ € RN such that aa® + bb" = ¢?) and
for fixed d > 3 a fixed F-vector space V endowed with an anisotropic hermitean
form. Thus, for any orthogonal basis ¥; there is an orthonormal (shortly ON) basis
w; such that Fv; = Fw;. Let R denote the *-ring of endomorphisms of V' with
adjunction w.r.t. the form of V' as involution and L the OL of its (principal) right
ideals, isomorphic to L(V') via fR — im f. No coordinates are involved and we may
identify L and L(V).

Dealing with R and L as first-order structures we will use, primarily, the usual
lower case letters to denote elements and variables; in particular, frames will be
denoted as a. For ”quantifier-free” we use the abbreviation "qf”. Also, be aware
that “formula” is used in the sense of classical first-order logic and that it should not
be confused with OL-terms (sometimes called “sentential quantum logic formulas”).

Now, fixing an ON-basis © of V one establishes an isomorphism V — F¢. Also,
R and L allow a matrix description and we are going to speak about the coefficients
of the matrices in the language of F. To avoid confusion, we will denote matrices by
A. B, and so on, and by X, ), and so on matrices of variables. A map A — UAU "
with unitary U is a wunitary transformation. Given an ON-basis ¥ of V' one has an
isomorphism S5 : R — MJ;(IF) of *-rings and Bg(f) = UBs(f)U! if w is another
ON-basis with coordinates w.r.t. v in the columns of U.

The basic relation between L and R is given by w = fR = im f. Given an ON-
basis ¥ of V, one includes F*¢: p;(u,.A) if and only if f is the endomorphism
defined by A w.r.t. the basis © and u = fR iff, under ON-basis transformation,
po(u,UAU™Y). This extends to n-tuples, component-wise, and will be written as
ps(t, A). Similarly, we define x5 (f, A) iff A is the matrix of f € R w.r.t. o.

Given formulas ¢(z) in OL and ¢(X) in F-language, and an ON-basis o we
define Mod]g(cp) as the set of all tuples A of matrices over F such that p;(a,.A)
and L |= o(@) for some @ in L; and Modk (1)) as the set of all tuples @ in L such
that py(@,.A) and F |= 9(A) for some tuple of matrices A. Mod:(x) with y in
R-language and I\/Iod?(z/}) are defined, analogously, referring to . Mod", Mod",
and ModR, resp., are defined as the unions ranging over all o. We use Mod"(go),
Mod®(x),and Mod" (¢) for relations defined in L, R, and F.

pro

Theorem 15. Let F be Pythagorean.

a) For any OL-formula p(Z) there is a x-ring formula ¢ (X) such that Mod" (¢) =

Mod]g(go) = ModF(dJ) is invariant under unitary transformation. If ¢ is qf
then one can choose ¥ as 3Y.7(X,)) with ¢f T.
b) For a *-ring formula ¥(X) the following are equivalent
(i) Mod® () is invariant w.r.t. unitary transformations.
(i) For some/any ON-basis v of V one has Modk (1) closed under auto-

morphisms of L
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(iii) Mod"(¥)) = Mod:(p) = Mod"(¢) for some first-order ¢ in the lan-
guage of OLs.
Moreover, in (iii), if 1 is of the form 3Y.7 with qf T then one can choose
@ of the form AyzZo with qf 0.
¢) The analogous results hold for R based on relation k.
d) a) and b) hold, mutatis mutandis, for Sub(V) on one hand, fields, bases,

and linear maps on the other.

We include the *-rings R, a topic of its own interest, since the proof gives an
easily accessible pattern for the case of L and since the result is used, there. The
proof of d) is a simplified version of that for a) and b), using frames and matrix
units. Concerning the proof, let us first mention the well known facts behind. The
easy part is the same for L and R.

In view of Fact [7] any ON-basis allows to express the operations of R in terms
of F with formulas invariant under unitary transformation. This proves a). In b),
the equivalence of (i) and the two versions of (ii) comes from relating both unitary
basis transformations and unitary maps to maps (transformations) in the matrix
space and the fact that the automorphisms of R resp. L are exactly those maps
which are induced by isometries. (iii) implies (i) due to a).

The proof that (ii) implies (iii) is rather easy in the case of R but we will delay
it until the relevant tools are discussed. In the case of L it builds on results from
Coordinatization Theory: There it is shown that for any complemented modular
lattice L with fixed d-frame a, d > 4 (for d = 3 one has to require the Arguesian
identity), there is a regular ring T; and an isomorphism wg : L — Sub(T;). One
approach is to choose T; = My(R(L,a)) which provides a qf-formula ps(z,)) in
lattice language such that, for A € R(L,a)?*?, one has pg(u, A) if and only u =
wg 1(AT;1); and matrices of terms for the fundamental operations of Ty, say for o
terms ®;;:(X,)) such that (®;55(A, B))i; = Ao B. Supposing the lattice L to be
a sublattice of Sub(V) for some vector space V' (as one can do), such formulas and
terms (except for adjunction) are easily extracted from |[Herr87aj §3] and [Her10b]
(for ¢ € R one has ¢ = >, m; 0 p oe; where &;,m; are associated with the direct
decomposition V' = P, a;) and verified with calculations in elementary Linear
Algebra.

The same applies for modular OLs, | -frames, and *-regular rings — using Fact
and terms for adjunction given in |[Niem07, Sect.4.4-5]. Let p and Ty now also
include these features. Though, to admit isometries, only, and to grant that adjunc-
tions are canonical, requires a concept of frames which corresponds to ON-bases
(also needed in the correct statement and proof of [HeZill, Lemma 18 c),d)]).

4.1. Tools for the proofs of Theorem ) Fix d in the sequel. The concepts
of a d-frame and of a sectional |-d-frame a readily generalize from d = 3 to any
fixed d > 3. The latter is an orthogonal (shortly L1-) d-frame of L if 2?21 a; =V.
It is orthonormal (shortly ON) if also ai; N (a1 + a;) = Sgiaq; for all j > 1 where
@’ arises from @ interchanging as with a; and a2 with ay; cf. [HeZil2, §3.6].

Fact 16. (i) There is a a conjunction ®(Z) of term equations defining ON-d-
frames in L.

(ii) If the ¥; form an L-basis of V' and have all the same length, then the

a;, = Fv;, a1; = F(U1 — ¥;) form an associated ON-d frame; any such

SS:pro

mol
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arises in this way with the U; unique up to a common scalar multiple; in
particular the basis may be required to be ON.
(iii) Automorphism of L, induced by isomelries, act transitively on the set of

ON-d-frames.
(i) is obvious. An easy calculation gives ||7;| = ||t || for any basis associated
with an ON-frame. In (iii) choose both associated bases ON and match the basis

vectors.
w;, wi;(i,j < d,1 < j) form an ON-system w of matriz units for R if w; = w? =
w;[, wyw; =0fori#j, Y wy =1, w = wL-wlj, and w; = wlij- forall j > 1

unit

Fact 17. (i) The following are equivalent
(1) w is an ON-system of matriz units.
(2) The a; = imw; are pairwise orthogonal, the w;, wL. mutually inverse
1sometries aj < a;.
(3) In case d > 3: The a; = w;R and a1; = wy;R form an ON-d-frame a
of L.

(ii) For any ON-systems w and U of matriz units there is an isometry n of V
such that v; = now; and vi; = 1o wij.

(i) There are x-ring terms t;;(x, Z) such that, for any ON-system w of matric
units and any r € R one has wit;;(r,w)wy = t;;(r,w) and the map wg(r) =
(tij(r,w));; an isomorphism R — My(w1Rw1) such that the matriz wg(w;)
has entry z; = 1, zero else, while wg(w1;) has xj1 = 1, zero else. Also,
w1Rwy s a subring (with unit wy) of R closed under T and 2 F.

Proof. The equivalence of (1) and (2) in (i) is obvious, that with (3) follows from
Fact In (ii) use (i) and Fact [L6{iii) in case d > 3; the case d < 2 is easily done,
directly. The terms in (iii) mimic via w; and wq; how the coefficients of a matrix
are extracted by use of the canonical matrix units (which are images of the w;, wn;
or easily computed from them). wy; is the negative graph of the isometry from aq
onto a;. (]

In particular, one has a 1-1-correspondence (referred to as association between
ON bases v, ON-frames a, and ON-systems w of matrix units. Thus, the notations
Modz, Modg, pz and kg have an obvious meaning,.

4.2. Proof of Theorem [15p) for R. We are left to show that (ii) implies (iii).
First, observe that the entries of a matrix can be recovered via the canonical system
of matrix units and then represented as elements of MJ;(IF)IH MZ(F) =~ F, where I1;
has entry 1 in position (1,1), zero else. By the same token, for any ON-system
w of matrix units there is a unique automorphism of F?*?¢ matching @ with the
canonical matrix units.

Mimicking this, in view of Fact (iii), for any ¥(X) there is a formula ¢ () such
that, for every ON-system w of matrix units and f in R, 1 (wq (ti; (f1,0))ijs - -y wap (L (fr, @))i5)
holds in w;Rw; if and only if pg(f) holds in R. In view of Fact [17(ii), the choice
of @ does not matter and we choose 17 as the conjunction of ¢ and ju(Z), which
requires an ON-system of matrix units. Thus, Mod®(¢)) = Mod® (7).

ss:prol

4.3. Proof of Theorem [15p) for L. (ii) implies (iii). We first continue the dis-
cussion following the statement of the theorem. Fix an ON-frame a. By Fact iii)
(and commutativity and rigidity of F) we have a unique isomorphism F — R; :=
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RT(L,a). This induces an isomorphism ML(F) — T = ML(Ra) with inverse 7;.
Thus, for all u € L, f € R, and A € R¥*?, one has pz(u, A) if and only if u = fR
if and only if py(u,nz(A)), where f € R is defined by 7z(A) w.r.t. the ON-basis
v associated with a. Moreover, there are terms defining the x-ring operations on
T; coefficient wise and so that nz matches the coefficient wise calculations in both
matrix *-rings. Thus, for any ¢(X) in the language of F, one has Mod" () defin-
able within L. Continuing with the proof, observe that the relevant OL-formulas
and terms do not depend on a. Also, the isomorphisms 7; satisfy the obvious
commutative diagrams. Thus, for a fixed frame €, we identify Rz with F and ex-
tend this to an identification of Tz with ML(IF) Then, 1, becomes an isomorphism
T, — T = ML(IE‘) and induces an isomorphism 7 : LT(7;) — LT(MZ(IF)) =L.

In view of the above, given a formula ¢ (X’) in the language of F one can con-
struct an OL-formula ¢;(X) with additional variables z, which requires for every
substitution by ON-frames @ for z and substitution of the Xy, by Aj, € R¥*¢, that
A satisfies ¢ in Rz. Let 9(Z, 2, X) be pz(z, X) & p=(X). Then for any associated
o, a and any @ in L and A in RY*? it holds ¢(a, a, A) iff py(i,na(A)). Let 7 (z)
be 3z.3X .4).

By hypothesis, we have l\/lodé(w) closed under automorphisms of L. Clearly,
by the construction of 17, if we show that Mod: () = Mod:(y) for all @ then
Mod" (1)) = Mod" (7).

Indeed, consider @ € Modk(¢). By definition there is A € RZ*? such that
pa(ti, A) and 1 (A) valid in R;. Now, 7; = flg © wg is an automorphism of L. Since
Na : Tz — Ts is induced by the canonical isomorphism Rz — F it follows, coefficient-
wise, that (15 (A)) holds in F. Thus, 74(@) € Mod (1) which was assumed to be
closed under automorphism. Thus, @ € Mod'g(d)). Conversely, use the inverses of
ng and 75.

5. MODEL-COMPLETENESS

By the Tarski-Seidenberg Theorem, the first-order theory of real-closed ordered
fields admits (computable) quantifier elimination and is therefore complete. The
order relation x > 0 can in turn be expressed using either quantifier as Jy : z =
y-yand as x = 0 or Vz : © # —z - z; but not without. Put differently, in the
latter theory, all quantifiers can be eliminated except for one final block of either
existential or universal ones — a property otherwise called (or rather equivalent
to) model completeness [Mark02, EXERCISE 3.4.12d]. This extends to C since real
and imaginary parts are definable.

For F € {R,C}, MI(F) owns also the operation A s A* of Moore-Penrose-
Rickart pseudo-inversion, uniquely determined by well known identities — we write

M (F).

Theorem 18. Let F € {R,C} and d fized, d > 3 in b)-d). Consider first order
languages.
a) x-rings: For any formula ©(Z) there is a qf Y(Z,7,z) such that ML(IF) =
(p(z) & F§IZ9(2,9,2)).
b) OLs: For any formula ¢(Z) there is a term t(Z,y,z) such that o(T) <
y3z. t(z,7,2) = 1 is valid in L(F?).
¢) The analogue of a) for bounded lattices.

s:Model

t:Model
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d) *-rings with pseudo-inversion: For any formula ©(Z) there is a term t(Z, 7, Z)
such that ©(Z) < Jy3z. t(Z,y,2) = 0 is valid in Miﬁ (F).
The above remain valid for formulas with parameters in M;(F) resp. L(F9), pro-

vided that the canonical system of matriz units (frame) are added as constants and
that these parameters are represented by matrices of parameters in F.

Corollary 19. For every d € N, the ortholattices L(C?) and L(R?) have model
complete first order theory.

c:Model

In the Theorem, 3y comes from application of Tarski-Seidenberg while 3z intro-
duces a coordinate system. A lattice formula not equivalent within L(F3) to a qf
one is easily constructed: let ¢(Z) express that the T are a harmonic quadruple of
points on a line. Now, the sub-OL generated by such is isomorphic to the direct
product of a height 2 OL and the 2-element one. Thus, a gqf-formula x(Z) equivalent
in L(F3) to ¢(Z) can state only some boolean combination of equalities between
the z; and their orthogonals on the line.

5.1. Proof of Theorem Given a formula () defining a relation in Sub(F%),
L(F?), and MJ;(IF), respectively, use Theorem |15] to obtain a formula ¢ (X) in F-
language. In view of elimination in F, one may assume 1 of the form 3. x(X, )
with qf x. Replacing y by )Y with y in the first entry, zero else, we may assume
that x is of the form y(X,)) whence 9 of the form 3). x(X,)). The model set
of the latter is invariant under unitary transformations (Theorem whence there
is of x#(Z,¥, Z) in the language of Sub(F9), L(F%), and ML(IF), respectively, such
that 3y, 3z. x defines the same relations as does . In ¢) apply Fact below, to
get the sharper result.

For the proof of d), recall that the pseudo-inverse in the #-regular ring R =
End'(V) is ¢ = (¢]imp!)~! o mim,, where 7y denotes the orthogonal projection
onto U. Now, using the methods of [Herl0b/Niem07] as in the proof of Theo-
rem ), all constituents of this expression can be captured in OL-terms over an
ON frame a, independently of the latter in view of Fact iii). Conversely, in
the presence of pseudo-inversion as an additional fundamental operation on the
x-regular ring R, for any a € R one has eR = aR and Rf = Ra with left projec-
tion L(a) := e = aa™t and right projection R(a) := f = a™a and the fundamental
operations of L can be expressed by *-ring terms with the additional operations of
left and right projection [Berb72, PROPOSITION §1.3.7]; in particular, they can be
expressed by terms in the language of *-regular rings with pseudo-inversion; The

claim follows from c).
mol2

Fact 20. Let d > 3. For any Boolean combination ©(Z) of equalities of OL-terms,
there is a term t(Z,z) such that ¢(Z) and 3z. t(z,2) = 1 are equivalent in L(F?)
while the negation of () is equivalent to Vz. t(Z,z) = 0. Similarly, there is s(T, Z)
with (%) and VZ. s(Z,2) = 1 equivalent in L(F?).

Proof. Use Fact [1] to combine the equations from Fact [L6{i) into g(z) = 1. Now,
according to [HMRO5, LEMMA 5] there is a term d(x, y, Z) such that for any d-frame
a and u,v in L(F?) one has d(u,v,a) = 0 if u = v and d(u,v,a) = F? if u # v. We
now define by structural induction for each ¢(z) a term t,(Z, z) such that ¢(z) is
in L(F?9) equivalent to 3z. g(2) Nt,(Z,z) = 1. The case of equations is done. If
1 is the conjunction of o1 and @2 then ty is t,, Nty,,. If ¥ negates ¢ then ty is
d(ty,1,2)*. O
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5.2. Proof of Corollary The case d > 3 is covered by Theorem ) We show
that the class of 2-element as well as the class C of infinite height 2 ortholattices
admits quantifier elimination. Observe that here both z =z 4+ y and z =z Ny are
equivalent to qf formulas in the language with operation symbols 0,1, only; and
in the first case this applies also to y = —x. Thus, this case is trivial. And the
second case reduces to that of infinite sets with constants 0,1 and an involution
interchanging these. In particular, for any assignments Z — a’ in L; € C of equal
cardinality there is an isomorphism w : L1 — Lo with w(a'!) = w(a?) provided that
these assignments satisfy the same qf formulas. Thus, (c¢) of [Hodg93, Theorem
8.4.1] applies to prove quantifier elimination.

6. EXTENSIONS AND RELATED TOPICS

6.1. Strong Satisfiability in Indefinite Dimension.

Corollary 21. In Items c¢) and d) of Theorem @ one may have F any field and
extend the signature admitting additional operations on the Sub(F%) resp. My(F).
In Item b) of Theorem@ one may require S-variable terms t,.

Proof. Tt remains to reduce the number of lattice variables in the proof of The-
orem [3¢). Recall from [Herr82] that the modular lattice freely generated by a
k + 1-frame is finitely presented as a modular lattice with four generators. Thus,
we have terms b(%), ¥ = (y1, ¥2, Y3, Y4), and finitely many relations such that b(E) is
a k+ 1-frame B for any E in any L = Sub(V') satisfying the relations. Dealing with
a group presentation with k generators z we use a k + 1-frame B to encode these
into a single lattice element. Let the 3-frame A given by the B;, Byj, 4,5 <3 and
L = [07 Zz Az] Then the Z; define g; € R(L/,A) Let ng = (BQ+Bj)m(Blg+B1j)
and gz/‘ = (Bl + Bi+1) n (BQi+1 + gi). Then g; = (Bl + Bi+1) n (BQiJrl + g;) and
g, = (B1 + Biy1) N E where E5 = Zf;l gj- Introducing the variable ys for the
latter, this yields the conjunction of 5-variable lattice relations replacing 7 && 77 ;
and then an equivalent ¢ = 1 by Fact [l O

In [GKKL11] the bit length of a group presentation is defined as the total number
of bits required to write the presentation; in particular, words are considered as
strings of powers of generators and inverses of generators, the exponents encoded
in binary. Transferring this to lattice presentations, we allow the use of recursively
defined subterms, encoding the number of iteration steps in binary.

Theorem 22. There are a constant K and for any n > 7 a conjunction 1, (y)
of bounded lattice equations (an OL term t,(y)) in 8 variables § and of bit length
O(logn®) such that, for any field F (any F), ¥, (§) (tn = 1) is satisfiable in
Sub(F?) (L(F%)) with d > 0 for d = n but not for d < n.

Proof. By [GKKL11, Theorem C] the alternating groups A,, n > 7, have presen-
tations of bit length O(logn) in 3 generators T = (x1,x2,x3); and any non-trivial
irreducible representation of A, has degree > n — 1 [Wil899|. Recall #,,(Z, z) and
77 (z,z) from Lemma |§| and define 1, the conjunction of both. The constant K
comes from Fact 4} for every group word w(Z) one has a lattice term wz(Z) (in the
extended sense) such that |wz(Z)| < K|w(z)| and wz(Z) evaluates as w(Z) in any
R(Sub(V), A). To deal with the OL-case combine 1,, into a term t,, via Fact O

s:ext
exta
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Recall, that a Grassmann-Cayley algebra (cf [Stur06]) with underlying vector
space V has operations N and + and terms built from that (and 0,1) are simple
Cayley algebra expressions. One has ANB = ANBif A+ B=V and A+B=A+B
if AnB=0.

Corollary 23. There is no algorithm to decide satisfiability, within Grassmann-
Cayley algebra of indefinite finite dimension, of conjunctions of equations between
simple expressions.

Proof. We have to show that the lattice terms and equations used in the proof of
Theorem ) can be modified so that satisfying assignments in Sub(V') are carried
out subject to the above side condition for any meet or join in the evaluation of
terms. First, let X € R;; iff X N (A4; + Ax) = 0 and X + A; = A, + A; where
i, J, k are pairwise distinct (which obeys the side conditions) and use this to modify
the definition of a 3-frame: Ay; € Ry; N Rj;. Now multiplication and inversion are
obtained via terms like (X +Y) N (A; + Ax) where X € R;; and Y € Rjp. O

Corollary 24. There is no algorithm to decide for any given finite set of func-
tional and embedded multi-valued database dependencies (inclusion and conditional
independence atoms) whether it admits a nontrivial finite model.

Cf. [MFLo14] for an analogous result on sets of conditional inclusion and condi-
tional functional dependencies.

Proof. Fix a field F' of prime order p and the class C of all groups embedded
into some GL(n,F). By Fact [2| the triviality problem is unsolvable for C. One
derives for any finite group presentation 7(Z) — which may be given as a semigroup
presentation — a finite set H of dependencies such that any satisfying assignment
g in some G € C, G C GL(V), gives rise to a finite database satisfying H; and vice
versa: First, embed G into R(Sub(V3), A), via Fact |5 then ( [Herr95, Theorem
33]) pass from Sub(V3) to a system of congruence relations of the abelian group V3
(including those associated with A;, A;; and the v4(g;)), characterized as systems
of equivalence relations by identities of the forms o = SN~ and o« = So~y; and then
to a finite database ( [Herr95, Lemma 11]). Conversely, one makes sure that the
abelian group V? is an F-vector space: requiring that the frame A has characteristic
p |[Free79] and including this into the formulas. By [HaKol5|, Section 2.2], the second

claim follows. O
sweek

6.2. Weak Satisfiability in Indefinite Dimension. Vector spaces with an anisotropic
form, hermitean w.r.t. a fixed anti-automorphism of the field, are essential in The-
orem [§ then, for a family of such spaces, in Item a) the equivalence of (1) and
weak satisfiability of ¢, in some space remains valid. Returning to the classical

C4, Ttem b) reveals the richness of the OL variety generated by the L(C?). Using

the methods of [HeSeld] one can show that for real F and real «, condition (3)

is equivalent to L(FF(a)?) embedable into some L(F?). In particular, (3) fails for

F= Q(\/ﬁ) and a = V2.

One difficulty in getting more precise information on the complexity of deciding
satp« comes from the fact that translation of terms between languages is badly
behaved w.r.t. complexity. Therefore, we suggest to consider a better accessi-
ble variant of the problem. Call a formula basic if it is of the form ¢(Z) = y
with a fundamental operation symbol ¢ (and y not occurring in Z). One easily
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characterizes, in a way allowing testing in polynomial time, conjunctions «(Z, g, u)
of basic formulas such that both V§.«a(Z,y,u) and 3y. a(Z,y,u) define the same
"term function” Z — u = t(z) for some term(s) t. Call such a(z,7,u) a relational
term. Observe, that with any term one can, in polynomial time, associate a rela-
tional term — but not the other way round. In the presence of constant 0, call
VazVy. a(Z,7,0) a relational identity — from the logical point of view just an iden-
tity of the form Vz.t(Z) = 0. Observe that the negation of the latter is logically
equivalent to 3z3y3u. a(z, 7, u)&u # 0 and this in turn to the ”weak satisfiability”
Jz.t(z) # 0.

Let Lp~ and Rp- denote the classes of all OLs L(F%) resp. rings MLJF(]F) with
unit, involution, and pseudo-inversion (instead of the latter one may use a — R(a)
or a — L(a)) and AL and AR the associated first order languages.

Lemma 25. For any relational identities ¢ € A and ¢ € AR one can compute,
in time polynomial in the binary length, relational identities PR € AR and Y- € A-
and integers d-(p) and dR(x)) such that for all d

(i) L(FY) o iff MEF(F) = .
(i) If L(F34) = b then MIT(F) = 4.
(iii) MIT(F) = o for all d iff LF™) k= b for all m > 3.
(iv) Le- o iff L) =g,
(V) Ree =0 iff MIF (F) = .

Proof. As observed in the proof of Theorem ), each basic OL-formula can be
captured by a relational term in AR. Conversely, we indicate how a term p(z) in
this language can be translated into an OL-term ¢, (which then tells how to obtain
to a polynomial time translation between relational terms). What has been added
to the methods of Subsection[3.1]is forcing of sectional ON-3-frames: given an SO3-
frame @, apply Fact [L0| with by = a1 N (a12® (aiyN(ai+az)) to force byo the negative
graph of an isometry and then repeat for 3 in place of 2. By Fact [l any equation
x =y is equivalent to one of the form s(z,y) = 0. In view of Fact|11]and the proof
of Theorem [8p), the term p(Z) can be translated into pz(Z) and t, = 0 is chosen to
express pg () = a; for any sectional ON-3-frame a@ and 7 € R (U,a) in any L(F™).
Finally, to prove (ii) and (iii), observe that U = a; + a2 + as is a subspace of F™
isometric, up to scaling, to F?¢ where d = dima; whence RT(L(U),a) = I\/IE+(IF).
The dimension bound in (iv) follows as in [Her10a] and gives one in (v). O

Fact 26. A x-ring identity is valid in ML(Q) (Mg((@(z))) if and only if it is so in
M;(F) (I\/I;(]F(z)) for some/any F C R.

This follows by continuity of matrix operations and rational approximation.
With dR from Lemma [25] one has

Corollary 27. For any x-subfield F of C and x-ring identity b one has Ry« = ¢
if and only if MLR(w)(Q) E .

This follows by Fact iii). Lower bounds for the complexity of proof systems
for the derivation of polynomial identities have been studied in [LiTz14].

Corollary 28. Let F € {R,C}.

id

week
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(i) The following decision problems admit mutual polynomial time reductions;
both are decidable with complement in the complexity class BP(NPY). To
decide for

e any relational identity p € A" whether Lp- = .
e any relational identity 1 € AR whether Ry« |= 1.

(ii) Restricted to term identities both problems in (i) are decidable within com-
plexity PSPACE.

(iii) For any relational identity ¢ € A one has Lg- |= ¢ iff Lo = ¢ iff ¢ is
valid in all projection OLs of finite Rickart C*-algebras,

(iv) For any relational identity ¢ € AR one has Rg- = ¥ iff Re- = ¥ iff
¥ is wvalid in all classical (mazimal) x-rings of quotients of finite Rickart
C*-algebras.

Observe that the decision problem for satp- reduces to the complement of the

= 1 — which amounts to deciding MZ}fw)(R) E ¢, ie.

whether the relational term «(Z, g, u) constituting ¢ takes value u = 0 on all inputs
Z and auxiliary .

problem to decide Rg=«

Proof. (i) comes from [Her10alHeZill] and the translation; (ii) follows. (iii) and
(iv) are due to the embedding of C into R?>*? and |[HeSel4HeSe15]. O

Corollary 29. Fiz d > 3 and F. There are pairwise polynomial time reductions
(not depending on F) for the following decision problems concerning the sets of first
order sentences of the indicated form; Q stands for any string of quantifiers with
prescribed sequence of blocks of ¥V and 3.
(i) L(F?) = Q.p, ¢ a qf OL-formula

) L(FY) = Q.t =1, t an OL-term
(iii) MII = Q., W a conjunction of basic *-rings formulas.

) Mj';' = Q, ¥ a conjunction of basic formulas for x-rings with pseudo-
mersion.
(v) RF = Q.p =0, p a polynomial with integer coefficients.

Proof. (i) reduces to (ii) by Fact putting 3z resp. VZ. in front. (ii) reduces
to (iii) as in the proof of Lemma (iii) reduces to (iv) replacing y = x* by
the defining equations for pseudo-inverse. (iv) reduces to (v) describing the matrix
equations by conjunctions of polynomial equations for real and imaginary parts
of coefficients, and combining these into a single polynomial as in the proof of
Theorem [3f). The reduction (v) to (i) relies on Facts [16{i), [fl and Start with
3z resp. VZ; turn each quantifier Qx in @) into one bounded by o(z, Z); form the
conjunction of ®(Z), x = z'* for any x, and of p; = 2;; convert this sentence into

a prenex one. O
extc

6.3. Definability. In the translation of Theorem[L5h)b)d) between ‘geometry’ and
‘arithmetic’, one may admit arbitrary vector spaces or such with an orthosymmetric
sesquilinear form. Here, one uses some 1 -basis to describe, up to scaling, the form
as in Theorem [8h)(3) via a diagonal matrix D, to replace ON-bases by L-bases
associated with D and to modify the concept of ON-frame, accordingly. Also,
one has to pay heed to the fact that (ortho)lattice isomorphisms correspond to
semilinear maps (”semilinear isometries”). Also, if not dealing with anisotropic
forms, instead of a single ¢ = 1 one uses a conjunction s =0 and ¢t = 1,
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A strengthening of Theorem [L5h) can be achieved via the use of Pliicker coordi-
nates, that is, via Pliicker’s embedding I1¢ from Ly (F?) (the k-dimensionals) into

projective space P(Z)fl(]F) (cmp. [EzSt05, §14.1]).

Theorem 30. Let F a x-subfield of C and d > 3 fized. For any qf-formula ¢(T) in
the language of OLs there is a qf-formula 1)(X) concerning the *-ring F, invariant
under unitary transformation, such that Mod® (p) = Modk(¢) = Mod” (1) for all
ON-bases v of F1. The analogous results holds for any commutative field (with
involution).

Proof. We first deal with the classical case without involution. Observe that sub-
spaces U of fixed dimension m, can both be described as U = Span(AA) where A
is a rank m matrix in (column) Hermite normal form with unit pivots and in the
homogeneous Pliicker coordinates, derived form any matrix B with U = Span(B)
by forming m x m subdeterminants; and that passing between these two ways of
description is controlled by qf-formulas. More precisely, given a (Ti)—tuple y of
variables, there are ring terms pfj (y) and pk(y), k < (:1), and a gf-formula 7(g),
capturing the distribution of non-zero values r; of the y; and the fact that 7 coordi-
nates some U of dim U = m, (that is 7 satisfies the Pliicker relations for dimension
m), such that U has Pliicker coordinates 7 if and only if 7(7) and, for some k,
pe (M (Pf;(7)¢,—1) = A with A in Hermite normal form and U = Span(\A).
Thus, for fixed dimensions m; of U; one can obtain the description of Us = Uy + U,
by its Pliicker coordinates computed from the matrix (A;C1|C3) where Cy con-
tains the first m; columns of A; and Cs the first mz — my columns of Ay A5. The
meet is obtained as (Ull N U2l L1 where L is the symmetric form given by the
identity matrix w.r.t. the canonical basis. In order to describe Uy = UlL’, apply
Gaussian elimination to the system (A A;)!y" = 0 of linear equations, determine
a basis B of solutions by backward substitution, and compute the Pliicker coordi-
nates of B. Dealing with OLs, to describe Ui~ we apply the same to (A A;)T5 = 0.
Thus, prescribing dimensions for variables and subterms under evaluation, we can
translate any OL-term equation into a gf-formula concerning the *-ring F; whence,
forming the disjunction over all possible dimension vectors, we can do so for any
OL-formula. Invariance is granted by Theorem (I

In absence of orthogonality, Theorem has an analogue in the Grassmann-
Cayley algebra of F¢: Given a simple term t in these one can derive a certain kind
of polynomial p (bracket polynomial), invariant under coordinate transformations,
such that ¢ = 0 iff p = 0. The reverse direction is ‘Cayley factorization’: known
to be possible (but up to multiplying with a bracket which hides a coordinate
system) for d > 3 and p with integer coefficients [StWh91| or for multilinear p
[Whit90]. Similarly, in Theorem )7 quantifiers may be needed to derive from a qf
(and invariant) formula over F an (ortho)lattice formula: the example of harmonic
quadruples is definable in F by a conjunction of equations and negated equations
between determinants. Though, hidden coordinate systems help.

Fix d > 3 and a *-subfield F of C. A 1-matriz is one with pairwise orthogonal
columns — describing, within F?, transformations between |-bases and L-maps:
linear isomorphisms preserving orthogonality. Observe that |-maps act transitively
on the set of 1-bases, inducing transitive operation of L-automorphims on the set
of L-d-frames. Also, the set of ON-d-frames is invariant under this action. Redefine
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Do Mod., and Mod" to refer to L-bases. Finally, observe that ModF(cp) is invariant

v
under | -transformations for any L-formula .
Fact 31. The sub-OL generated by an 1-d-frame @ is isomorphic to L(Q?). In

particular, there are OL-terms az such that ag is an ON-d-frame for any L-d-frame
U.

sub

Proof. By transitivity, we may assume @ given by an l-basis of Q¢ C F? and
consider % a generating set of L(Q%). This gives terms az such that ag is an ON-
d-frame of L(Q?) so of L(F%). By transitivity, these apply to any L-d-frame. [

A qf *-ring formula x()) is a hidden ON-d-frame if ModF(x) is invariant, with
a single orbit, under L-transformations and if, for some @ € Mod"(x) one has that
the sublattice Sz generated by « contains a d-frame.

Fact 32. For any hidden ON-d-frame x(Y) there is a family a,(y) of OL-terms
such that a (@) is an ON-d-frame for any @ € Mod"(x).

Proof. By transitivity, we may assume % represented by B in Q4*¢ C F?x4, Con-
taining a d-frame, Sy is isomorphic to Sub(Q%), more precisely, it is the canonical
image of Sub(Q?) within Sub(F¢). Thus, S5 is also a sub-OL of L(F?). And S,
contains an ON-d-frame since so does L(Q%). O

af _
Corollary 33. Suppose that ¥(X) is a qf *-ring formula invariant under 1-

transformation such that there are finitely many hidden ON-d-frames x;(Y;), Vi
a collection from X, the disjunction of which is implied by ¢ in F. Then there is
a qf OL-formula ©(Z) such that Mod"(1)) = Mod:(v) = Mod"(p) for some/any
ON-basis v of F?.

Proof. Proceeding as in Subsection .3} and with collections g; from & corresponding
to the Vi, choose ¢(Z) the disjunction of the pg_ (5,)(%, X) & va, (5,)(X)- O

There are natural sufficient conditions for hidden frames: The concept of an
n-tuple @ of subspaces in general position in F? has been given a precise meaning:
a directly indecomposable pre-projective or pre-injective representation ¢ — u; €
Sub(F?) of the n-element antichain {1,...,n} [Sims92|.

Fact 34. [GePo70] Fixing d > 3 there are finitely many lattice terms t;(Z), $;(Z)
such that @ is in general position in F¢ if and only if t;(@) = 1 and s;(@) = O for
(exactly) one i. Moreover, in this case the sublattice of Sub(F%) generated by @ is
isomorphic to Sub(Q?).

Corollary 35. Firing d > 3, there is a qf ring formula v(Y) such that, for any

x-ring formula x(¥) one has C E (v(Y) & x(I)) if and only if x()) is a hidden

ON-d-frame such that, for all/some @, u € ModL(X) iff w is in general position.
Allowing more special configurations, an analogous result holds w.r.t. repre-

sentations @ of partially ordered sets of finite representation type [Klei72Biine81|
(here, d < 6) and some of tame representation type |Cylk93]Stek89).

Proof. Translate, into a ring formula, the disjunction of the ¢;(Z) =18 s;(Z) =0
and apply elimination. ([l

The above remain true, mutatis mutandis, for the translation of qf ring formulas
into gf lattice formulas.
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Problem 36. Can one extend C’orollary e.g. to the case d = 6 where l\/lod"(1/1)
consists of a single orbit under automorphisms and any U € MOdL(’(/J> generates a
sub-OL which is a direct product of two simple height 3 OLs.

6.4. Model completeness. Theorem [[8h)—c) remains valid mutatis mutandis for
R- and C-vector spaces (with hermitean form).

Theorem ) may be seen in the context of Semialgebraic Geometry. For fixed
tuplet k in {0,...,d}, admitting only U € [], Lx,(F%), a condition s(U) = 1
in the language of lattices translates into a homogeneous polynomial equation in
Pliicker coordinates; and the set {U : U; € Ly, (F?),s(U) = 1} of solutions thus
into a quasialgebraic subset of [, ]I”(’*’Ull)_l(IF‘) ; and quantification over L;(F?) to
quantification over IF’(?)*1 (F). By Tarski-Seidenberg, the latter turns quasialgebraic
subsets into semialgebraic ones, that is, projections of quasialgebraic ones. This
extends to the case of OLs if F = R; if F = C one has to modify the notions
(referring to the *-ring C and *-polynomials) or to use that R is definable within
C and L(C%) embedded into L(R2%).

6.5. Identities in the category of finite dimensional Hilbert spaces. For
simplicity, we deal with the category fHc resp. fHr of finite dimensional com-
plex resp. real Hilbert spaces with linear maps, with formation ¢ + ¢!, and the
abelian group structure on hom-sets. The problem to be considered are non-trivial
satisfiability of conjunctions of equations and validity of identities.

If one considers a subcategory C with a finite number of objects (or a bound on
dimension) then the relevant results of [HeZill] transfer, readily:

(1) The satisfiability problem for C is complete for BP(NPY).

(2) The decision problem for identities in C is complete for coBP(NPR).
In particular, both problem are decidable. Non-deterministic testing of satisfiability
of a conjunction of equations resp. failure of an identity is done considering each
object a space F? and representing morphisms by matrices. The hardness results
are direct corollaries from [HeZill] considering the endomorphism *-ring of a single
object. The same approach yields from Theorem )

(3) There is no algorithm which for any given conjunction of equations decides

whether it is valid in fHc (resp. fHr).

Theorem 37. From any identity p one can compute in polynomial time d(p) € N
such that ¢ fails in fHe (resp. fHr) if and only if it fails in the endomorphism
x-ring of some H € fHe (H € fHr), dimH < d(p). In particular, validity of
identities in fHc (resp. fHr) is decidable.

Proof. Clearly, if ¢ is valid in fHc (resp. fHr) then it is valid in the endomorphism
x-ring of each object. Now, assume that there is a falsifying assignment for .
Such involves only finitely many objects. Form the orthogonal direct sum H of
these objects and associate with any morphim f : A — B of the assignment the
endomorphism eg o f o w4 of H where 74 is the orthogonal projection of H onto
A and ep the canonical embedding of B into H. This gives a falsifying assignment
for ¢ within the *-ring of endomorphisms of . Thus, with d(p) = d¥(p) from
Lemma [25(v) we also have a falsifying assignment in the endomorphism x-ring R
of some H' with dimH’ < d(p). Decidability follows from decidability of the first
order theory of R (the latter is immediate by Tarski’s result on the decidability of
R). O

extd
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