Algebra univers. §T {AKT) 3T1-373

ENNI25 20,07 AT - (0, published oniéne November &, 2007
DPOT 0L CNT A C 12 - (- 200 -

(E) i khuser Vs, Basel, 2077 | Algebra Universalis

bMaLeOx

A second note on the equational theory of modular
ortholattices

CHRIETIAN HERRMANY anD MIiCHAELE 5. HODDy

Ansrnacr. W show how to aher the material in [4] to prove that aver v variay of mod ular
ortholattices & generated o 15 simple manbers.

1. Introdoction

Am artholettice, abhrevianted QL b5 an algebea (L%, A, 7 0 1) where [Ly 4000 1)
oo bomnded latties [we luve decided to adopt tle move stamdard v, A notatin in
place of the + - notation wsed b eadier papers; o particular in [4)), and’ : L — L
& an arthooomnplanentotion, that &, wve’ =1, ers’ = 0, 02" =&, amd & = lmplies
i =&, forall r, w e L. Sinee tle last condition, in the preseies of the otler thres,
B equivalent to DeMorgan's laws [([#vy) =2 A4 and (2407 = & Vi), the class
of artholatteess forms a wrlety. An OL L) s a moduler ortbolabbioe, abhreviated
ML, W bis lattlos veduct 1 modular,

The main vesult of [4] is the follow ing.

Propasition 1.1 [Propoesition 1.2of [4]). Evwery sariety of MOLs wibich is generated
ty dls elomistic members 8 aleady genemted by its inte dimensionnl memters.

The twe kays to the proof of Proposition 1.1 are Lemoa 2.1 jn [4] and the idea of
replic g ortholattice ldentities with ortlholmplications. In this secomwd note we glve
a eimple application of a result due to B. Jénsson [6], which allows the following
s e ation of Proposition 1.1,

Proposition L2, Feery vorely of MO 8 genemted by ils simple membe s,

Our proof of this result was outlsed in [5]; this mameseript B osot widely avail-
alile,

Presented e F. Welrung,.

Reveivad September 15, 2000 aocepbed in final fonn April 4, 2006

AKK Motheratics Swlject Clossfearion: Primary: 06010, secondary: (HMESEL, 51P 10

Hey words and phrses: modular laitice, orthocomplemented lattice, simplk algebra, varietv.
Supported by NSERC Jperating CGrant (041702,

a7l



372 . Herrmaam and M. 5. Rekly Algebim Univers.

2, Alteratlons for the proof of Proposition 1.2

Becall that the congmences of a MOL are exactly the congruences of its lattes
reduet [see, for example, [1], Chapter ¥, T leomm 3.2).

Let L be g sectiomally compleanented modular lattiee. By definition [ following
[, Clapter OI, Theorem H)), an ideal [ of L s neatrod i it & closed wisder
pergpectivity, that s, whenever a b £ L have a common complement in [ v b]
and e &£ 1, then also b £ [, As observed in [, (see also [T], Satz 4.5) the argument
for the complemented case [the proof of Theorem 3 of [F mentioned above) holds
to gliow that @ — fp = {a £ L | a® 0} provides an order-lsomorphism between
tlee songriemnees of Loand the seutral ldeak of L, both omdered by oonta mment.,
Using this corresposdence it follows easily that, if § 18 a neutval ldeal of L, then
(v el Alav g) €, forall all o € §Fand & 5 € L with & Ay = The elements of
fite leedght o L form s peutral ldeal of L.

Lennma 2,1, Let L b a sabadivectly deveducible MOL adth mindmal non-deisal cone-
gruence . Then, for ang nonzero ¢ £ L owith ¢ pl), the interval [0, £] i o simple
MO,

Proaf. Let L be the subdivectly irreducible NMOL of the statement of the e
ad get =1, the smallest pon-trivial veutral ideal of L. Then [ iz a sectioually
complemented moddular lattiee awd any nentral ldeal of T s also o weutval ldeal of
L. Henee, I is simple, and by Lemma 22 of [6], 8o are all lattices [, o] with ¢ pid
ald & = (), These are MOLs wisder tle induced orthocomplementation & — 2" A e
whenea simple MOLE, too, (I

We digress for & moment to memke a minor sheeration, The aualez of this
vesiilt olds for any seetiomsally com plemented modular lattiee, Lemma 2.2 of [§] &
burmed omn Lemnoea 1.5 of tle same paper, which provides a nseful gemeration process
for the weutral keals of a sectionally complemented modular lattios, Indeed, this
generation process immediately ylelds the congruence extension property, [3], for
tlee lideak of a sectionally complemented modular lattios,

Wit ane minor tecludeal elange, detailed below, the proofl of Propoesitioon 12
ety e coimpleted by ve placing each ceomrenes af one of tle plivases ‘of Gulte eiglt'’
or ‘B an atom’ throughout [4], with the ploase e I The one teclmical difference
B i the proof of Lemma 2.1 of [4]. In this proof we make the following statement.

One easily computes using modularity that [0, az ap 'V ag) form an Ms in
i, ey W eng| amed, consequently, the ay, k= 1,2 are atoms of L.
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This gliould be replaced with the following.
Easy caleulations using modularvity give
ay gy S [aty ey A fa W e
Al

ey Mg =i
Sheee I ls nentral and a £ 1, for k= 1,2,
dg Sy Wz S [averl s lavez) £ 1L
Hewee, o £ F, k=1, 2.
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