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Computational Complexity of Quantum Satisfiability

Christian Hemrmann

Abstrret=={namium logic generalizes, and in dinension one
caincikles with, Boolean propositional logic. We introduce the
weak and strong stk fability problan for guasniom logic fernm-
lax; @mal show hath ACP- de in diniension two @ well. Far
highendimesional spaces & and O with d > 4 fixed, on the
other hand, we show the problem to he congplede for the non-
deterministic BhumeShub-Smale neoded of real oom puistion. This

prvides & unified] view on haoth Turing anad resl BSS oomplexdity
theary; and adds {a perhaps neore natural and combinatorially
Hlmrtﬂbmhﬂtﬂlmﬁldh"‘}l =caomupede prablems,
nusily perimining to real algebmic geoneetry. Our proofs mely
an @ careful examination off works by John van Neumamn
m well o5 contributions by Hegge etal (2005 N7 MM We
fimally investigate the problem over dudefinite finite dinensions
and rdate it o gowcommuiative semialgehraic geomedre

L. INTRODUCTION

Puming a mathenstical foundation 1o the new theores
deseribing the parsdoxical (yer very neal) effecs of quaniom
physics [Mack6d] has led 1o Quaninm Logie 56 a peneralizs
tion of clasical Boolem propoditional kegie in that i1 lacks the
distributive b, Forunately our mesders need nod be familiar
with thearetical quamium physics a5 11 alresdy has been bodled
dosen [ BIW N3], [Pirobd], [HeCa81) 1w

Drefrisinn - Fix some integer o £ B oand la F C O
denoie a ekl (popular coe being ep. F=O aself, F =&
algebraic numbers, F = B nzal numbes, F = O atomk, and
F=A&ME algebraic nealz). The quantum bogic of M = F9¢
consils of the s Gr( i) = Uf pOr A of all {(necssanly
closied ) sulspaces of M oof dimengont (0 < { < o (1. the
Cirasamanniam sirpped of 18 wopoelogy, and instead) equipped
with the follewing connectives:

A GriH) = GriM) = Gd M), (P.Q)1— Pig

=G (M) = Gy (M), P PR = i e W i LP)

v G = G — G M), (P P 4.

Mo than P+ Q= {5+ §: fpe Py e Q] #ihe leaa linear
subspace of W containing P U Q). We abbreviate (b := [0} ¢
G M) and 1 := F¥ & Gr{H).

Ferer 2: {Lar[M], ~ %, A (1) is a modular ortholattice,
12, 3 commnlalive, maoctive alpebaade sruemne with nespec
i ddempotent operations < amd <47 with A A (AW B =
A=Av[AaBland Av-A=1ad As-4=and
== = A amd such thal the da Morgan laws hold

S[Av Bl=-4 a0, SAA B =-Av-B ()
and [Herafs, §10.1) satisfying the modular law
A=AnC = AV(BACI=[AvEIAL . (2

Py afops the aflee sotos of dewsch bocosss B oo ke wilh dee
Bkt of de Bduced ke a5 oppossd [0 de progecine deeswon
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A Mty frome Fhoosies, Geonnetry, and Legic

W find quammim logle & proadsing object of suudy for vard
aud redsond and o vardoud commumes [ ChW0], [BEGLIT]

1) Phvaeallv: 1 arpes from Quanum Mechamical realiy.
Mo forma lly, aclssical 1 -valued observablke o ropeny')
cormEpands in quamium mechanic: i a projection operaios P
an aoaree Hilben space N of staies; which in turn cornsiponcds
undquely oa chsed subspace P of W, namely P = raoge| )
and F being the onhogonal progection omoe P [Meum$5],
[BackiDal. That 15, P amouns 1o e collection of s whens
property T 5 present; -0 whene @8 absent; PACG whene boah
Famed () are present; and P ) whene s lest one of ' oand
i ane, The subtbeties of Cuantum Mechaniod lead o siate
whire neither a propeny (g, lnear polarzation at (F) noe
il complement (Hinear poladzsation a0 90°) nesd be aben—
which clasical progoaiional loge with 18 (consequence of
the distrbutivie) law £ = (L4 Py QA —P) camnal capurne,

20 Greerorernvallv: Cuanium Logic capluns almbea as
pect of the Oemsmannian and thos peraing e the Gekl of
Coavex and Combinatorial Geometry [Mofi93]), [GolR04],
[n fact, this approach mekes i1 partcularly acosaible o
humam intuton i losw dimensions. Por dmstanes the falune of
chisical laws a3 mentioned above 13 msroetive K recmsinc
in Lhe plamar ﬂr[.:“:l; compare Example o) bilow

3) Legieadlv: GriP) comtiules a srociuie which con
tind {amd  for o I collapses w0 the Boolem values
false = (i} = 0 and £rue = FY = 1. Ve, stanting with
d = 2, GrFY also comains “imermediste’ values like the
subapaces 1V, F-{))=1{itn-£): i & Fl.n £ M.
Thiz mamy-valuedne s nesembles probabd Badc foeey logic and,

more penerally, Gadel Logics which “inempolate’ beiwoen
0 ﬁ:qunmi'lilh_',';l amd 1 1!.1_'|‘Ia.i:||1‘_',-;| with valees + & [ 1]
{hkelthood) . Note, howewrs that the “wwh valpes' F- III'I_] ane
pairvige incoaparable:; cngp. Figune la)
B Vreiedes of Chrendanr Lergie

Defimition 1 and Faet 2 exend 1o cleved subspaces of an
nfinite-dimensional Hilben space, provided tha P Q) i
undlerstond a3 the topological clogune of P40 and the modular
b {25 14 :'l_]hhu_'d by the the weaker arthiomodular L.
Ouamtum Logics G W) of a Hilben space W oane somelines
calked Hilker Lapdives. Abvtmed quamnm ke on the other
hamd ke Fact 2 & axioms and investigales 5 eonseguenoes:

Feed 32 Lea (Lo, -0, 1) be a modular ontholattice amed
demte by O[X, Y1 =X AYIVIXA-YIv-E A
(=X A-¥) the commutator of XY & L IFCX, ¥i=1,
then X, Y ane said o commuie.

2 CIX.YI=12X =[XA¥V)v[XA-Y)[BerasS, §3]
:ﬁc"rrp'-'.l-:llﬂrly



by The sublmice generawed by XV £ L i3 fsomophic o
{0,115 or o {0,115 = MO for some k< 4 [Kalm®3,
ToeorEM 53.9) whene A0, 15 depicted in Figune b
[ o leas one of XY, & commutes with the other 1w,
then the duirbutive laws XA [¥vE) = [XA¥ v X AZ)
and X (¥ AZ) = [Xv¥ A X v E) do apply [Berads,
TueEaREM [L310].

[F Xy, ..., X pairwdae commuote, they penenale a Boolean
algebra {somorphic i {i, 1]1* for some & < 3o [Berads,
top of podd and ToeoRes [1.4.5].

)
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Fig- 1. Prosogype MY, of o noa-deipbarne sodular ool oee

. Cernrpribedienned Congrlexiy

The theary of computation i3 based on clssical Boolem
lirgie, provviding both amaodel of compuaton (namely circuis)
and problems charscerizing complexity classes VP (satisha-
biliny, the Cook-Lewvin Thaorsm), coM P (equivalenos), and
PSPACE {quamtified fosmla).

Criamum kegic, on the other hamd, has boon proposed o
an ahermative approach 0 exploll quanum mechanics for
compuilational purposes [PykaO0l, [YnedS), [PMOTa)l. Now
that quammnm logic subdy diffes from common models of
quamium compaiation in tat i esentially desceribes operations
oat obervabled, 1o, sequencs of mesuement, a3 oppoded
ek e ralions, Gn 4Bk,

1 Blune-Shub-Soeile Mochines

[n algebrak: complexiny, the BSS machine {ako known
real-RAM in compulational peeameiry ) B a common maodel
[BCS59] capuring arithmetic on meal numbers with unil oo
per arithmete operation; amd has led 1o a dch strocmrnal com-
plexiny theory [Mebi9?]. In pamicalar, the classical question
“Po= NP namrally wansfiers wo this neal (amd the sdmilar
complexn ) seiting—amd hat tumed oul 38 equally inscosaible
[FoKo98], [Fololl]. As a maters of fac, “P vesas NP
wian propagated by STEVE S ALE as Ird presldant for the nen
cendury for both fiekls Bz (e the Turng machine modely amed
for O [SmalE). Generalizing the Cook-Levin Theonem, the
folkwing problems have boen egablshed complee for non-
deterministic polynomiaktime BSS machines [BSS8Y) over
varous ground felds F:

Fuer > Fix FLE C O and consider the following decision

pmbh“: {rives u.pv.r.l'lmuurir.r.l' nE E|x| x“|. derey 01
erctardt er et ot F, Le serore £ FY sueh thet p7) = 007 (33

ay For B = B = F amd 1o nindeteministic polynonal-
e BSS-mechine model (e e complexily cls
ACPg this compuational problem i3 complete [BSS89,
[ BCSS0%], [ MeMBT].

1Té

More precisely, a polynomiaFime Turng maching can, given
the deseripion of a BES machine A with symbolic nane
for 16 meal constants and gven an mpat i £ B™, outpan the
dense encoding (coefficen a1 of s o) monomiak) of a
mltivariate polynoamdal g (XL K i iy 1o ]
depnee al mest 4 such that the folowng hokls: A sccems
i gl i) admin a neal mool

by For nomdeemuinsie  pelmomial-time BS S-nachine
withernrd cemivtenrds e oni Bneny by (3 complexing
chiss densted BPAPLD the above problem (3) &
comphei in the same sense when esidetsd o pelmoe-
miak [ X, Kl of degree ol most 4 and with
coeficients in E = {h L1, L2} (b no symbolic
prrameien i £ B = F
[n fact in the ordened caoe F O R the feagibiliy of a
svsdent of polynomial mfegqualities

with coefficients from E = M can b seformuobied
i a Turing machine in Gme polynomial n the binary
deseription length of the 181 of nonesm monomiak and
their coefficiens) a the fedibility a single equation
X1 = b with p a sum of squans of quadsatc
pelynomals, cach with coefficiens from {0, L1} {ie,
expamced, from {0, £1, 22}

Fr F=Eand E = M, a Tuting meschine can decide
the femibiliy of Equation (3) i space polynomial n
the deseription keagth of the ingul polynomial [Geig88],
[HESG0], [Cann88], [MaTal7).

Fr F = H = E, the femibliy of (3) 153 undecklable
i 3 Turing machine [Mai®]. For F = § and E= H,
decidabiliy of (3) 8 a long-2tanding open question; cf.
g, [Pooni().

For F =, the amswer 1o (3 13 tovially positive unlkes
p = ¢ # i However, the fesibday of Equaton (4)
& non-irivial and complete for BR[APY) [BOSSOS,
SEcriom 5 40 yet can, sulbject woohe Genealized Ris-
mann Hypothasis, be decided i eoRPYT [Kowda).
Any problem on binary inpuls decidable by a detemain-
wlie polynomial-lime BSS mochine over F = B bt
withoul comtani (1e. the complexity clas BP[PS))
bekongs W the Turng counting hierarchy [ABEMOD).
Mo that dy, f amd g) relate Tudng complexily o BSS
complexity by rsineting to birary inpuis (and peohibdting neal
constama ). [1 remains an open chalknge 1o dehien these ne-
latims [Cock93). We also emphastas that the protlems above
exhibited complete for BSS-machines: over F amount 1o the
question of empliness of a given (Semi-alpshrak sl Several
mwe prodlems have boen shown N Pg-complee [CoRo92],
[ B ] beut all perin oo the feld of {emi-) alpebaic geom-
clry; simiberly for higher BSS complexity bsses [HoCadé].

E. Reloied Yok

Remearch trends in quamum kegic has, after a dignsaon inke
evenl algebras and onthomodular poses, rewmed 1B o ginal
mudivations: closed subapaces of a Hilbert space [Mayal7],
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[Her#], [Meg(d]. We focus pamcdlarly on the fnie-
cimemsiona ] Hilbert spaces, bocame they an mon: raciable.
and relevan @ quanium eompuiation. Although complesity
myEslgEiom an cmmon in, say, ropesilional o modal
kg [ Marx (57, they seem 1o have passed on quanium logic.

W charactertse the complexity clases NP, A Pg, and
BP[AFPS) as saisfiability problems for real and complex
quamium properitonal fommuls of approgriate dimemionr.
This provides a unifed, esoance-fee view on both Tudng
amd real BES complexity theory, [ thus resembles descriptie
complexity theory, chamoerzing varous Turing complexity
clises as appropriate logies. Machine-independem charscter-
trations of some BES complexiy clises have boon aitained
an | BUW MG

[, Cuammus PROPOSITIONAL FORMULAS:
TRUTH, EQUIVALENCE, AND SATISFIARILITY

The clmsical Hoolem  sasf@bilny peoblem  extends
Araightforwardly  ®©  guanium  propositional  formolas—
although truth (“= 17 now has o be dstnguihed from
nion-fElsity (<2 07 and we may or may nod permil comlan.

Dhefrnitiern 52 a) A (quanium progositenal) formula f
over variables Xy .. X, B oa syiactically oomect
eRprEgon over X, o, A, amd . We may write LX)
i emphasize the dependence on [(X,..... X, 1=: X.
For a fnie-dimensional mner product space W over fheld
F i, for aubspaces [7) IF, & Gr[H), and for a
formula X, Kl len fe (17 IIa) & Gri M)
denae the value of f when sulstiating I7, for X,
Mo that negation 05 14 mesnt relative 1o the fised
urler lying universe M.

A formuly with constants from W B a formuly whens
s vanabkes alresdy have boen fioed w (e, solsik-
il for) elements of Gr ).

A Tormula f with arguments [T I5, W evaluates
e Erue il G (0] = H holds; i w weakhy troe il i does
not evaluate 1o O (falae), whene [T = (I, LI,
An pe-variaie formula f 8 strongly satisfiable in Wi
there are U7y, .. 7, & Gr(M) such thar f, (7} = H.
It is weakly satisfied by [T if fo ([7) # 0.

Two nevartale formubas f and g are equivalent oer
it Fae [0 = e [17) holds fior all I ... 1T & G
Motz that weak satisfiabiliy of f mems devalidity of the
entify = f = 07 in the modek heone e semse,

Renuerk & The conneetive v hehavws like Boolem dis-
Junction Tor wesk satisfiabilitg: XvY 2 (vholds i X £ 0o
¥ # (vhokds: b oin dimemions = 1, =A% diffiers from Boodzan
comjunction: X A Y # 0 noy well fal for bath XY # 0
Drually, <47 bchavis in a Boolesm way for stong sats feabd ity
bt =" dozs nol. Furthermonz, Bookan negation has w be
distinguished from complenen: X # {I‘; -X =i}
Whenever this distinetion neads emplasis, we denle the
chsical propesitional comectives as in the © programning
bmguage: || for “er”, BE for “and™, ! for “aw®™.

Exogple 7- W dentify 0 # F e W with F- 7 e Gr (K

by

c)
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ay X WY and (X AY) are formula over varables
XY, They are aquivalent over any Hillsen space.

b Suppose XN C Y and X v ¥ = 1. Then X =Y.

i Recall the commuator O[5, ¥ of X Y. Whenever
X e {0LY¥Y Y} oo ¥ &£ {1, XX}, 2t folows
CIAY) = 1L In pmteoala, (XY 8 equivalent ko
1 on Gr(F*). Over & = F2, however, (). (0]}
evaluakes o O whenever r ¢ {s, —1/s]}.

diy Lat fiX.¥) = CiX,VIivXwY md gl XV, &) .=
FIA YA ALK Z1n AIY, £ Then g i3 eguivalent 1o
oa Gr(F3). Over F*, howeves, g[{ﬁj{l.'_;]{i;n =),

2) Mose genesally, =X V) = (X v ¥FIa-XvYia
(A F 1A X WY 1 s strongly satisfeable over sach
F% o & M: bt not over F¥-1

fi For X ¥ £ Gr[H)1anholds:  [Xa¥Ivi-Xa-Yi=1
= (XY ¥Via-Xv-¥i=0 & X=Y.

Claims @) and by can be found in any texibook on Hilben
apac; conpare Facl 2 Claim o) 13 swaiphiforwand 1o verify.
Claim dy has been generabzzd in [ Haegd?) o formuolas squiv-
alent toe 1 ower FUU but nol over B¢ for every & = o) e
Lemma 10f) below. For Claim ), consider X := F¥ » {017
amd ¥V = {[£ 7 : & £ P} i the even-dimensional case.
Conversely, X v -V = 1 over FO implies 0 = dim[X v
¥ < dim (X din [ Y ) = dim (X 4+ 0 —dim [V henes
dim[¥) = dim[X ). And, by symmetry of O[5 Y] also
dim (¥ < diin X)), din(X) < din(Y ) and diin[ X)) <
diim[ =¥ ) Benee = dim X )+ dim[—X) must be even.

Claim ) allows o educe non-equivalence 1o weak watisfi-
abiliny. Checking the lner according 1o Defnition 5e) mey at
firstl seem o dnvelve an infimile choses of possible arpumens
i=subapos of M

In the squel we explore the compuabiliy and computas
temal complexity of the folkawing type of decision problems:
Given a formula £, 15 10 satisfiabke over P27 Diffenem vari-
amis distinguizh wieak and swong sausfabiity, over varous
fhedds F O, for formulas (unless asted atherwise) withow
constans. Recall that Boolean satisfiability coincides with
satlmbiliy over FY independent of F.

A, 20 Navsfedsiliny is NP -Cenrprle

In dimemion 2, both wesk and anong satisfabilin
formula withoul comiani tums oul @ compuiationally
hard a4 Boodzam daifebd ity and independent of FC O

Theerene & a) Congider the 10 subspaces B
(o € GryiQ*) and nowe -V, = (",); emp Fig
une 1. An fevadate foemula f owithool comlai ®
weakly [sronoly] satsfsble over F2 T thene exia
Iry Un & {014, -V) Va, 0¥} = M0,
such that F(I7) =1 [F(IT) #00.

Both weak and strong sasfibility over B2 withom
condtami do nod depend on F OO and can be deckled
in noadeterministe polynomial e,

) A polynomial tme Toring maching can, given a fomaula

F, produce anodher formuls o having the propeny tha

L]



g B oweaklysrongly satfiable over F2 AT f & oover
{ib 1}, again independently of FC .
Poeng

a) Amy aaignment [y I &£ Gr(FY), FC O saisfies

LG v LT S A L & {0,105, 05 =0 =151 (5

amd hence belongs {up o Bomorphim) w W0
Let b the given formobs. Acoosding o a) @ safs
fices 10 puess an madenment [T from the resircted set
{1, %%, -8 Vi, =W} And evaluaton of f o
such am smsignmenl 15 emy m Ume polynoadal in e
kngh of f, based on Bguation (5).
We consider sirong satisfability and posipone the
wizak case o Theonem 14b) Let o[ X)) = FIX) A
P CING XL D F & {011 8 a satisfying as
sgnment of f, then @ i3 also one of g became of
Clxj,x;1 = 1. Conversely suppose that g([7) = 1 holds
fr [y, 0 £ GHFYL Then by O IG) = 1
and Fact 3d), there also exisi a Hoolem satisfving
amsignment. B
B O the Duinrerisioniel Hewedity of Sauxfeckiling

Structural induction on o shows the embedding @
GriF'Y 2 X = X = {0} & GiF'"" 1w haw
Soar (1] Xy ) i X, ) ) ru ) = & fg[ Ky, - oy Ky 1) - Thus
if fis weakly satsfisble over F2, a0 s it over B Coml
by 12 shows that the siluaton with sirong <atsfabilioy i3
more ailbile. Bul fist ke us neoond

Drefrnitionn % For o £ M and revariate (comstant-foee) for-
minks f, difime

mazcdimg| f, o)

b

)

[P

By lemgtl £, we meam the encoding length of formula .
For formuks f{5, Ko amd g(¥, ..., ¥, L the restric-
tion _f[.‘i':ﬂﬂﬁ # the following [n + e varisle fosmouola:
Uking de Mengan, write f(X) = /(X <X} where ' has
In variables bal no negations; then f(X7)|_ 5, denoies the
formmin la

F(Xs ngl¥)
-( X Agi¥ Agi¥o.... - Xn Agl¥]) ﬂy[ﬂ]

[nminive ly, j[f]hﬂ desieribes. that variabls X; in f e
restricted 1o Gir (g ¥'1); see lem b) in
Lenme 10 Le fheld F O O be quadsatically closed, 12 81,
W & F for every < x & F.
2) For a unitary mairix [ & F‘*’-‘*,famu]:jmd
Xo & GrF, @ holds F{I7 - X,
X0 = IF. fix, X0, In partcular, for any
d-dimensional subspace Z of B, masdimg| f,d) =
MiaKy, oy, eoe;dim | fz (X Kol
By I hadds lessgtll flp) < leassthi(f) - lengtliy) amd
maskitng | f |, o] = mading { f, mading g, d)).

X Al ¥,

1T

¢y For cach formol f oand Ed & H, it hold
inuvediing [ f, a4+ &) o imasediing | f, o)+ imasodime [ f, k).
Let f amd 4 be an revarise amd am we-varaie for-
muly, wloog in disjoint sets of vadabls X and ¥V,
repeetively. Mow comider the (@4 we)-vanae fommola
f4g = FfX1vgF). Then mucdimg(f + ¢, d) =
it e, sved i [ F, ) + oevod i (o, d) )

Let X, &) = & 4 (K v &) denote the projection of
Ko & Then iy X, 2 = II{II{II[.‘{'..E'J.X]_—-EJ
has |||..|u-u‘|in|.|-'['r_'l;:|;.f.|!:l = |_u!.l'.‘.:."_|.

To cach o £ M there exiis a formub oy independem
of Fin (d) varisbles and of length 2 quch tha
mazxdig [ g, o — 11 = (b but imaxdimg| iy, o) = 1.

Prenrfs Claim a) 15 swadghiforwand, b) from [Hage(7,
CoroLiary 3). For @) note dim (IT[X, 2)) < dim(Z), hence
atiin {nli[x A1 o= |||.i||-l-|‘|i|||.[z:l. dillL[‘lz:Ij < ' emp.
[Hagg0®, Suine #13). Conversely, X = FIE2 w0 [} 430
and F o= {[7F) : F e FOUY ({0} in case o & add)
has i (i X, £1) = |d/2]. For ¢}, consider asigmmens
X; = ¥; & Gr(FHF), where X; & G FY) and ¥; & Gr(F*).
Conceming d), dim ([ X) v g(¥1) < min [d, dim f{X) +
di g[¥' )} & obvious. Comversely ket X and ¥ in GFY)
such that V¥ .= _f[f:l ha dim (V) = mascdimg| fd) =: &k
and B = g[}?:l has din [ 17 = mascdime| g, d) =: £. W.log.
£+ k= o Esploding that the felds Founder comideration
suppon laking square mool, we cm find e orthonosnal
| g amd i, ... i of F¥ such than &
apam Voamd oy, . L ey g spem —E L Then the linsar mapping
I P = F defined by @; +~+ o 18 unitary and has
kAf = dim (W IT- V) = dim {g(F v F7- X)) acconding o
aj. Reparding £ note that oy, the E-fold iemied reanction
of 1 (e.g. ts = tly,), ) has mudim(tg, 25) = 1 and
masdim| g, 2% — 1) = . Mone generally, [Hage®?, THEO-
REM 1] cmblishes that, 1o cach o (nol neassanly a power of
25, there exiis some fommuks vy that evaluaes identcally 1o
on F¥F but nod on FY. Now in cme 1 < i i [ g, o) =: £
consider o |, for ko= | logg £ and fecall by @

The benefin of quadratically closed bekds 13 demonstraied by

{ Crrareider- \Exernrgele £1: The 2D aubspace {(x,x,2): 5,2 €
2} of F is not onthoponally equivalent w 2 = i},
Strong satfabiliy of § over FY means maxdimg| f,d) = o,
henos wie have by Lemmsa 10 qd)

Cenprflery §2: I f & stronely sasfabe o dimemion o,
then it 8 ako srongly satsfEble in dimensons 2, 3, .
gt iy 1% strongly sasfable precisely in all even dimensions.

Exangele 13 Forno & M, the ol losama formola Ty in 204+
1 variabkes has kength O and 13 strongly satsfable procisely
in dimensions an dneger muluple of 27,

ey

&)

Xnis A J.F\ ([x.v—-r.y A ViV -Xi) A [RXiv-¥)

=1

A {{x.“ ALXIVY Y (X A-[XG Y I’-J]]j



Prows Nete that X3 v =¥, = 1 in Gr(FY) implies
dim[ X))+ dim[-Y] = o) henoe the fra o lems in
the g conjunction requine dim[ X)) = dim[¥). The founh
lerm amounts o condiven X, = X, v ¥, acoconding 1o
Eﬂil'lpk 1% hemcs -I'IiJIL[xHJ:I = diJll.[x.:I+-|‘|i|||.[]"'.:l | =TT
of X, AY, = (rithird term). Concluding, smy satisfying assig-
ment [ Xy, ¥i, oo, KXo, Yo, X)) of Tae has dim [ X ) =
2 dim[ X)) Hence 27 - dim [ X)) = dim[ X, ;) = o by the
very fmsl wem of e Conversely, the following 15 sasily
verified 1o comtitute a sausfying asimment of .

Xy=Fux {0}, ¥y ={[z z):xeF],
Xe:=F'x [0}, ¥a:={(25):FeF),
Xipg = F 20}, ¥, = {78 :FeF

{understond embedded ino F27 by appending meros). W
Although a formuls may become satsfable when inenssing
the dmension, we cm now show that the comsponding
decBion probkem doss m become exier; and that, moneover,
wizak amd sirong satishabality have equal compuational cone
plexiy in fixed dimension:

Theorent I4: Fix 1 < k < dand F £ {R,C, & AN RL
With respect o polynomia Fime Turng namy-one reductions,

a) wiak satisfiebiliny over FX & polynondal-time reducible

0 weak salsfabiliy over F

by and strong satisfabidiy ower P9 i polynomis Hime

equivalen 1o weak satisfability over F2.

FProvg Recall that sirong satisfisbiity of f over F?
mems anaxdimg| f,d] = o) and weak satisfiabdity means
i img | F, o) > 1.

b Hence f i weakly sabfioble over B2 O0T f4 F 4 f
{of tmes) sccording i Lemma 10d) i3 srongly saisfible
over F?. Now that, for fised o, f 3 f+Ff+---+ fid
L) 14 polynoadal-time conputble. Similarly, 18 strongly
aatisfiable over FY 4ff  the resdction o, acconding 1o
Lenma 100+ 18 weakly satsfable over F°. And, again,
I ital, B opolynomial-time compnable for fised o

a) Mot that f & weakly satishiable over F* i the nsirction
F et tay (e 1imes) i3 weakly sasfiable over ¥ @

C. Sesisfebility in BPINPR)

[DHMWOS, Coroiiary 7] shows (weak) satsfabiliny
ovier % o be decidable; n faot uniformly in o, The aroument
procceds by compuationally wamforming the given [, f)
imier & (bt exigentially and universally quantified ) first-oader
sentenos 5 over B (oot over O, since onhogomlity mvelves
comphx conjueation!) with small inkeper coeffcems which
in valid i F is {weakly) sadsfeble over OF [DHMWOS,
ToEOoREM &) amd truth of ) o wm iz algorithodcally
ez il able—althoueh with an eseesw complesily [MabieR 2],

We olwerve thal a punely exptentially guamtified firs-onder
sentence suffices for bodh weak and Strong satis febd oy

Leomur {3 Fix o © H. Bodh weak amed strong e febd iy,
over B and over ©, are in BSS complexity clss BP (VPR
that i, decidable by a nondetermimnigtic BSS machine over B
devadd of conganis.

1

Mo that, even for satisfhability over 0 sl BSS - hines
are employed
Poewerf Lot the nondeeminite BES machine puesd an

madpnment X, KXo & GARY) by goesing matrice
A; & B representing X; = moge(A;). In the complex
cme, puess mawress A B; & BT epreseming X; =
raage (A + 155, In this eprseniation, a constank-free BSS
maching can caleulbite opzrations v, A, and - in dme £ a)
using Camsian Elimination. This alloss o evaluake f on (e
e verily ) the goesed ssignmen in e pelynomial in (ah
o amed ) lengtla[ 1. W

Together with Fact dbd), 40 fiollows that bah weak and
strong salifabiliy over BY and over 07 for any fixed o belong
i the (elamsical Turng) complesity class PSPACE.

I Segisfrechdine dn Dinrerivions =3 v B F[,'U"P:_:Ivﬂr.m.f

Wi now show that Lenmia 15 13 best posaible:

Theorent 16: Strong satisfiabdity over both B* and % i3

BPAPE)-hard.
n view of Fact da+b) and Theorem 14, 1 soffsces 1o redoos
real polynomial fessibd By (4) o sirong satisfibd ity over both
B and CF. Again, reduction & memt in the many-one sense
by a polynomdal-time Turing machine.

Ohir meduction procseds in e slepd, mvolving 4 penes-
altzation of pelynoemial fesibiloy, To ths end mecall tha
polynom@k ame terms over the structune of a commulatve
Ang [0, 4+, % ). Two extensions, s-polynoadals ae ernw
awier aAng with invelution [, 4, =, =] and noncommutative
polynomib ame emn Ve a enosmmu il Ang scions,
This suggests the follewing vadant of the problem from
Equation {3} in Facn 4:

D fovigern £ 72 Len p(Y Yol dene a moncommuta-
tve s-polynomial with cosflcients from B C O, fe
an element of the free msocitive Bealpebra ponersted
by ¥ ¥a. ¥7 ¥, . Moncommutative « Pohmmomial
Feasbility cver P9 & the compulational problem of decid-
g, given such p, whether there exil matnces Ty To €
Faxd gueh that p evalustes 100, if T} is substimied for ¥; and
s adjoant for 1.0
Motz that this problem capluns the arpliness question for
nemesmmniat e semialpebeaic geomelry.

Proposition 18 Fix de Mand field F e {BC & ANEL

a) In case F CH, the femibilny of a gvwen nonoommu-
talive integer s=polynomial over FP*7 {3 reducible 1o
the fiemsbdlity of ansther noncommulative s-polynoaal
over F7*% of wial depree st most 4 and with coefTe s
in i £1,+2}.

Rezal polynondal feibiliy & sedocibl o oncommu-
lativie s=polynontal femibility over Be=d

Razal polynonunal fimsibdligy © alse edocibk o nonoom-
mutative spolynondal fesibdlny over C9%9
Moncommuiative s-polynomial feaasibility over FA2d 4y
reducible 1o swong sstsfabiliy over FY.

And {ordinary ) pelmondal fesibilny over O (Faol 42)
15 polytime equivalent 1o srong satisfebility over Q%

by
(5]
d)

&)



In particolar, for any fixed o > 3, weakfirong st fiabilioy
over B and over © ame muually polynomiaktime equivalent
and both BP (AP -complate.

Prnrf of Propessiion [8a-c): For a), decompose the
evaluation of @ mie 3 conjunction of equations aboul inker-
mezchate resule amd wnary (5 or bnary (4, =) operalions
thereon; similarly for micger comstanis boil up from | using
addition chains. Then note that, in the ondered case, such
a comjunction b = X)) = = pxlA) nl’rir:gm:
Wik noanals s equ:l.-:ku 1o the single quartic equation
= Ek_.m[xj Ig‘[x:l .{x:l [I'I.I'.'l.Eﬂ'i.]’.l[T:IEl':]llﬂth
a poailive semi-defimie marx.

Conceming e, add o the conjunction condiions X, -
X; = X; - X and X7 K. 1 =< & < 5 < i Then
any soltion wpk of marees T; & C%¢ mua be hermitian
aml pairwise commuting; hence, by the Speciral Theorem, i3
smmultamesusly diagonalizable, e jodmly unitanly equivalent
i dizponal real matrices ;0 esentially 2 d-fokd direct product
of ekements from B, Eaxch component of this wpk /7 thos
conslimies a mod of the 1D came, thal & of the odginal
commuilive palynemial; and vies versa. @
£ Poenef of Progrestians JRd 4 )

We nzeall a consruction Jons vox NEUMANS cradited 1o
vty STaunT for mlepeeting the dng (F,0, 1, —, =) dn 30D
quamium loge and, mone generally, the narx dng F2=4 ig
Gr{F¥). For insance a scalar o £ F cornesponds 1o the 4l
of & line, Le. of 2 110 subspace; and A & Fi=<d g J[# —A-
F 0 : F & P £ Gra(F™); emp. Figure 2h).

Leorarer % Fix a feld F OO and inner product space M
mowell o XV e G M) with XLY.

a) Let F e K =¥ b alinear map. Then

Vo= grﬂ.p]l[—j':l = {f- F.7:fe X
hae ¥ v ¥ =Vv¥Vad ¥V AV =10

Morewer, graph(() = X. F i imjective AT X AV =1
mri-.mjm.il.u:‘f“f‘ AV =XvY. If F & bijectivie, then

0]

b

gnq:l'll[—i' 5 = graphl - F:I The adjoint F! - ¥V X
finally has grapli] — .llrj = ~graph{4+F 10 [ XV YL
i Comversaly, o 7 & Gr(l) with X Y =Wv Y and

¥ AW =), there exists 2 migue lingarmap 5 : X —+ ¥
such that B = gmaph[—{).

For £& Gr(i) with Y LELX and lingar (7 ¥ —+ Z,
grapli] — F-::-F:I = { graph(— F:I"-"gup'll[ i_":l:l.-"'. =Y.
For X, ¥, & & GrH) with X LY LEZLX, linear nups
c‘;.H:r-.zmdamwnF:x-.r,imm

i

&)

{[{ grapl| —ﬂ]Vgrm:]l[—HéF]]ﬂ (£ graph[— F:I]]
xJn{}“.-' z] [ — )

Fix X,V Z e GriH) with X LYLZIX La F : X -
Voand 7 : Y —+ F be lnear {somorphisms. Then [J =
graphi —F) and V := graph[ —) sadafy

= gmp]l{ -

Evli=Xv¥Y=0UvY ¥Yall=0=Xall
¥uvV=¥vd=VvE ZaV=0=¥YnalV M

L L)

Conversely if ILV & Gr(H) satisfy Equation (7), then

I = grapl - fl!:m:” = gmpls| — i."‘:l fiwr unique Hnear
Tsomorphisms X = Vand 7:V = Z cmp.
Figunz 2a).

w Fix X ¥, & & Gr(H) with XLY1LELX amd linear

ommaplisne F oo X — YVoamd 0 Y — & wath
cormsponding [1 = graphi—F1, ¥V = gup'lll;—lﬂ.:l a
in fi. For A, B XN — X, wrie A:=graph| —FsA) &
Gr(M) and B = graph(—F « 8 £ GriH). Then
graph] —F ¢ B ¢ A) £ Gr(}) coincides with

(Fv[{[{|[Evt:3n—-ﬂvu]n—-x]v.qj n—-:-’]],m—-z

Fig. X a) leooocrpls s £0 0 paweea XY, 2 md el Fespective
pmphs L0V, T cployed il 19 g B 1 33, meoding neal msbers
a 0 <k 1 e o slopes of lnes o odhe plane X0 Y0

Subspace XV, & ULV satdafying XLY LELX and Equa-
tion 7)) ane known 2 oa (onhogonal von Neumann 3-) freoe.
W call dim[ X (= dim[¥) = dim[Z 1) D18 dioendon; and
|'Eﬁ£|' 1o the Following examphk & sknideod frame in Gr[F )

= {iF.00) : F & PLY = {hF0 : § & FL
= {[0,0,5) : & P} U = {[£-20) : £ £ P},
= {i, .-:J.IEF‘}.

Prewsf orf Lo 19 Tlems aj-c) ane ey inear algebea.
dy Let F— _Egr:qﬂl[ Tk e with £ = F. & Then
j':=F Fhm f—F=3F—H+H—F¢€ grﬂp]l[—ﬁ':l"u"
graph{ —) amd ¥ — F& X VELY . )
Conversely, et F4 545 £ { grmph[—F)vgmph[ 7)) A
Y with F £ X, e ¥, and £ £ & Then neossanly
i =0 because X LY LEL X, Morewer, for some ©° &
X, €V, tholds 7+ 2= (& — F &)+ (7 — G-},
and X LY LZ LY nequines # = 7 and £ = - i and
i —F-#=0
Equation (7 follows from aiHb), the converse from c),
[em d) applies only 1w the conposition of lnear map-
pingt between digtinel ones of the subspaces XV, 2|
i notm, sy, Flo(Fod): X — X, Instexd, insen
ETT e T BN F. 0 between X, Y, 2 o obtin Fo B

= e ({(@epeBi)o ) e F o)

whene sach subterm indecd constimies a lineasr nop
between distinel ons of the subspaces XV E, e
auch that d) appliss. Finally recall graph|— £ =
graph] —F ') and similarly for . @



From Lemmia 19 we conclude
Fenrnrer M- LﬂFEcdﬂm&: fosld amd X = F:H,u!E H.
a) There i3 &  gquamum  propoesitonal  fommola
SIAYE LY independem of N which,
for every XV, EU0V & Gr(lH), evaluaes w
true T XV, 2 00V form a d-dimemional frane.
For every d-dimensiomal frame XY, 2 00V m Gd M),
I__'uh'E EAE El'l'htd.d:ing i = by 2o Elu‘l[x:l =
A v BA) £ Gra( M) aamsfying B = X and
iy ) =I5, Moreover there exiss a quanium progao-
gsitional fosmula fi[O0 XY, Z 00 V) mdependent of
M oauch tha, whenever XNV, Z10V constilue a o
dimemional frame, SO X YV Z VI = 14010 =
B0 for some O £ End] X1
Funhermone thens exist quanum progositiomal fommu-
s foiA BXYZLVL, fiA B XY E1LLV),
KA X ¥ Z 1T l':l-.imhm:..mml.-u XYELLY
comtiute a d-dimensional frame in Gr{?), the shove
mbeddm;g i han _f'ﬂ{-lr[d.:l 'II"[E:I:I = -lIr[Jl E:I amd
F(B{A), BB)) = $(A—B)and fi{B{A)) = B[A).
Tor each nmeommutative s-polynomial o Aty An i
wth inieger coeffickms, dure @B aquaniom peogos-
ol fommmla gl Ag, ... An: XV, Z 1T V) such tha,
for cach o & W and cach field F © O, gp 8 swongly
satisfable over FA=4 §ff p o feasible over Easd] X ) for
some X & Grg F¥).
Formula g, sccording i d) can be compuied from p by
a Turing maching in polynomial tme.
For X &£ Gyl W), the rng Eid[ X)) of Hoear endoamos-
phisns & Bomorphic o the matrx rng F%: and, con-
slcdered 2 @ s ring with respect o adjunction, Eawd X))
& isomorphic i F'*? in cxe Fe {R,C 4 & NER]
[ems a) o dy ane well-known i the appoogrisle commu-
nity, cmp. [Hemr84], Oaly our meodest nengihening ¢ seems
1 be new and esmblishes, in connection with £, Proposi-
Ui 18 Hhz b
Proesf of Lenona 20 Skerch - a) Consider the conjunction

of conditon X LY LEL X and Equation (T and X vV v 2.

b) The climed embedding is End[X) = A s d[A) =
graph(—F o A) € GryiM) where F @ X = ¥ is
the unkpue lnsar semorphism with graplh]—F) = [F
Fommula O X V2 U V) chedas X v Y =0vY
and ¥ A0 = 0 acoording 1o Lemnma 1%+c),
For f A B:X ¥V, 210 V) s Lemma 19) We ne-
frain from exphcitly deducing f (A, B: X ¥V, 2 10V
from Lene 1% and f from Lenma 19,
Ciiven 4 noncommuative s-polynomial g Ay, ... . N
rephice each occurmencs of =, — amd | with £, f_,amd
S nespectively. (Expres + & doable —.) Regquine the
resuh e codne ke with X = () and conjunctively add
the conditions & (A;1 =1 for =1 o well as
So X, ¥, & U V). The nesulting formula g, then has the
property that every satsfymg s Ay, An £
Gr[ P cornsponds 1o a oot Ay, ... A, £ Esd[ X
of 1 for some d-frame XY, 2 UL V—and vice versa,

L]

c)

o)

&)

£

ol

el

@) The trams lation desoribed in d) cam be cared oul in tme
podymomial in the lagth of

i Magping a d-clement bagds of X o one of P defimes
a liness semoaphim, Moseover for quadratically closed
F, X and F¥ admit onhormoroeal bases; which define a
linsar somelry nspecting subspace onthopgonality, B

F Congrearving 200 and 30 Sectisfekeilisy

W have seen the complexity of satsfabiity problen 1o
Jump from (Turing=-3 AP i dimensions 1 oand 2w the
{purponedly larger BSS-clss) BP[AP) ) in dimensions 3 and
abww.

i) Fieldys of Setisfrafifiov: In paniculas the compuiational
conplexdty of satisfhabdliyy 15 independem of underlying fheld
bring B or O Staniing with dimension o = 3 sasfwbdliy
zelf, however, does depend on the el

Pooygrersatiens 20 a) A formala i3 weaklyfamongly salifi-

able over FE 4T @ 18 over OF.

by If f is weaklyisrongly stisfable over BY, then ako

over 7

) Comversely, if f is weaklwsrongly sasfiable over C7,

then alse over B2
d) There & a formula sisfable over CF but nod over B
2) There & oa formula satishable over BY but not over Q5
f) A formuls fis weakiwsrongly satsfisble over CF #T it
15 ower A% Simdbarly, § i wesklySirongly satfebdliy
over B {fT it is over (A MR
Porregl= 2 Bee Theosem Ha). by D ciate.

c) O can verdfy thar the mepping

ﬂm{'ﬂ"’] 2 X+ X & Gy [R*),
= {[F,w): 7 & R 7+ i € X}

i3 vell-defined and satiafies ¥ = X and KA Y =

AP ad XWV¥ = X v V. Heme fur
(Koo An) a weklySuongly sabfying ssignment

in C% (X, ... Xo) consliues one in B

Congider the r.mm.-. ey According i]-]_Erl'n'ﬂ ikl
with o = 1. @l Ei'n'u'lily comnsicier X3 %
Rewrile weaklfatrong sabfabilny over BY o oa fise
order senence n the language of B as in the proofl
of [DHMWOS, Toeores &) According 1o Tarsk-
Seidenberg [ BPEOY, THEOREM 2.80), such a semencs
1% valid over B AT 0 & valid over AN E. W

Chentum satisfiability thus exhibis simibe properties o the
rezlizability problm for odentied matrodds [BL*9% TaeEo-
REM 8.7 2+ ProposimioN §.4.23)

2 Nundber of Nemeguivedent Femrlfaxc In the Boolkean
e o = 1, there are exactly 2% noosequivalent foomulas
i n var@bles: each fX Anl unigquely gives e o
a function F o {0k 1} — {(h 1} and conversely any such
function cam be expresied as a formuola i, sy, conjunciive
normal form. For o = 2 we reoond

Theorenr 22: The count of f-variae formuls noneguiva-

U ndependently of F © O

d)

lent over F? is of onder 27



The exact number has boen determined in [HEWH, Thoe-
oREsM 3.3). Over B9 ondependent of F oand of o > 2,
there ame preciely 96 non-equivakn bvarae formuoks (necall
Fact 3b) these hawe beon lsted i |Bera®s, Fus 18] Ower
F*, however, there & an infmity of non-equivalent 3-variale
formubs [Beras, Examrie [IL2.15]).

A0 A Sertinferkiliny wisth Cemverniy ix NP =Congrlene: We
have seen that the satsfabiloy of a gven formola withou
consts over OF or B B complek for nondeteministc
polynonial-time BES mochines on binary npus, ie. for
EF[NPL). Adapiing our wools covers also real parameters:

Theswoe 23 Lt F=HRHw F = f_‘ amed comAsder foem b
with condtamis from Cr(F¥). Encode such a condtant V&
Gry o [F*) & one or 1w spanning veckns &, b & BY in the
real cae @ four veckons Te (6], T &), Re(B), Ia[5) & B® in
the complex came, Regnding this extended satishabiliy o a
non-dEenei decision problem for BSS machines, i1 holds:

2) Both weak and swong satifabiliy over F* belong o

chism WP, e are decidable by a nondeterministic
pelynomial-time BSS machine withoul constanis.

by Swrong sssfabilioy over FF ois APy -hard wern Tering

palymominl-time many-one recections performing  symbolic
mamformations an the ol mamber pars of an insance).

¢) Swrong saifabiliy over F* and weak satsfisbility over

F* are polynondal-ine equivalent
Prwrf (Skerch)s a) similarly 1o Lemma 15,

by According 1o Fact 4, 40 suffies o encode the meal fea
sibility of a polmondal @ owith el coxfficiens & siong
satisfiabdlity of a formuls over F'. Now similaly 1o the
proof of Lemma 20d), encode the operations and variables
constiluting powdng formalas f, L fL F o ime Tomula
fp. [l'l#&ﬂl:il:m. o this En'htdd."ng Py yany: F = ﬂrljF“T:l
reveak that, for the gemdard frame from Section [-E, o & F
pels mapped 1o Wal = [—1,a, (). S0, expldiing that the
resulting quanm logic formula may conlain comsilans, we
fix the (former) vadables XV, 200V w be the stmdand
frame; and emabead the nsal polynomial coefficiens o @ funher
constans ol which invoelves only symibodic e pubatom
but no real arithmetic,

c) Too reduce strong W weak satisfabilny, observe tha the
Definition 9 of the nmwicdon |, makes sense alw for
formubs with congamis. Moreover, although Lemma 10a) noy
fadl for formubas with comtanis, Lemma 10b) doet noveain
valil a3 kng & only g comains comtanis. In paniculae o,
i3 weakly ssnfable over T F 8 strongly satisfable. The
converas meduction Follows from the compositon of aj+h. W

[IL CosMpPUTABILITY AND COMPLEXITY 1M
[HEEFINITE { YET FIMI1TE) DMMENS10NS

Hah Theorem 14 and Lenmma 15 apply o arbitrary buit fised
dimensions. We now procesd o indefmiie fmie dimensions:
Drefrririnn 24: Call f weak lySBirongly satisfable over F* =
L), B AT it is weakly/arongly satifiable over B for sonne o,
Acoording 1o Proposition. 2 1b+c), satsfabiiny over B 43
eqquivalent 1o satsfbiliay over O and moreover recursively
enumerable by fleatvely applying Lemma 15 wad = 1,2, ...

A, Weak Sarifabildy over B ne newe diffeud than over B

Theprenr 25:  a) Let g be a formuly of kength ¢ with-
oul negatiomn and Xq, ..., X, £ GrdH) be soch tha
gl X1 = & £ Gry [M). Then there exia ¥, £ GriM] of
dim[ ¥ < f with ¥ < X; such that 4(¥) = £

by Lea fosmula FUX ..., Kl b weakly sanfable over
E". Then it & ako weakly smisfable orer B™ ST

el Whoak satiafiabd ity over B {or over CF) s in EF[..'-.-“P':_:L

W are nol avane of a signifbeant lower conplexity bound 1o
vk satisfabdliyy over B
P

a) 14 a refmed strocral nduction on g [Hes 10, the s

g = Xi being obvious: ke ¥; = Z < g[X ] = X..
For the induction step, first consider the cwe g =
g A oge. By presumplion, m(X) A m(X) = £ e
g;(X) = Z for §= 1,2 Thus, by induction hypothesis
on g; of lengh ;| = |g|, there exia ¥7' < X, of
dim[ ¥ < || such that g (V1) > Z_ Hence, ¥; =
| ARLEYE Tl < Xi has dim(¥i) < (| + lara]) < £ amd
i (V) = gV > Z by monotonicity: gi¥') > Z.
It remaing o comider the inductive slep in case g =
gV oge. By presumplion, m(X) v @l(X) = £ e
0 (%) > Z; for approprine 7y, Z, € Grey[H) with
Zyw Ep = E Thus, by induecton hypohesis, there
exig ¥ < Xi of dim[¥"" < || soch tha
g (Vi) = 2, Theefore ¥, := ¥/ wv® < X,
has dim[¥i) < 0 and since g withoul negations is
manatone, g;(¥) > gV = 250 o V) = 2.

by WrHle f(X] = gl X, X)) with egion-free ¢ 2 in
Definition %. By hypothes® there exiss o £ N oand
Ky ooy An € Gr(M == FY such that 0 & F(X), e
gl &, &) = & for some £ £ Gro[ W), Now consider
| T Yo, ¥oara, ...y Yon scording 1oa), 1. with with
]"rjﬂxj amd ]-':,4_‘,-5-.?&",- ﬁ:l-l'_fET.l. ]"r| ..... ]"r“ live
in the subspace W = "|.|'::'=I:|"'j W oof dim(H') <
Morewer, ¥, < X, < =V, and monslonicity of
o shaws 0 & £ < g(¥5,. .., Yo, Yare, -, Yo ) =
g[]"'. ..... ]'"“.-l]"'l ..... -l]":.,:l = _f'[]"'. ..... ]"'.,.,:I: a
vk ly dalifying sdgnment of f.

i According 1o b and Secdon [-B, i suffces o docide
wizak sattfability over B? for o := t- lemgth] £ which
a nomleteminste BSS mechine cam do in polynoaal
Lz, W

B. Swoeg segisfabdin over B iy ar leas ax hand ax over B

Thewem 26: Fix F e (B, A& ANER]L

a) Real polynomdal feaibi ity 4 polynomiaktme redocible
i atrong sals bty over F*.

b Strong satsfebibny over F° i3 polynomiabtime squiv-
alent 1o nonecnumulative ral of conples s-polynoaal
feamibality ower wikaewn fmile dimemion, that 15 the
quation of whether a given s=polynonnal 13 feasible
over F* for somre o £ M.

Prenst Beconsklering the ool of Progositon 18b+c)
reveals that the reduction from nsal polynomial fesibiiny 1o



w-pol ynomial fexsibiliy over B9 i uniform i o, 1. i fact a
reduction 1o s-paol ynomial fesibility over unknown dimension.
Claim a) thus follows from Claim b).

In orcher o redoce s-polynomial fesibiliy over unknown
dimensions b arong salsf@biliny, we similardly olserw that
Proposition 18d) holds unifomly in o, As & meatter of faeithe
embeddings & : F? 0 Grg[FY) deseribed in Section [1-E
anly requing the @l space o haw dimension a molipk of
3: a conition expresaible a3 oz + oty + va = 1 acoording W
Lemuma 1Wd+0.

Fmally meducing  strong  satsfability over FY o s-
polynomial fesibility over unknown dimensions, represent
exh ¥V £ GriF) by any mark ¥V & F™? with ¥
range[ 1. Lemma Mh+e) shows how 1o encode the comnec-
tves " amd <" jamd by de Morgan alse ©A%) in e
of nmEinx equatom (of degree 2 with comstans 0,1, — 1) by
inlroducing new edsenially quantifbed vanables Combineg
these mie one single s-polynomial equation a3 in e proof of
Proposition 182, This constitmes a polynonnal-tme reduction
froan strong satishability over B2 o s-polynondal femsibiliny
over F4? independent of 4. B

Leoroner 27 Lot F odencte amy fheld amd o & B

a) For 5.7 ¢ Fé=d {1 holds

rmlge[.:;:l < mllg&ff:l = 3X £ e §5=TX .

W For 5. T & P9, it hokds
rmlg&[."i:l W mllg&[’f:l = mllg&[ﬁl':l =
3KV, W 2 epied,
R=8-X+T - YeaS=R WeT=0R 2.
) For i, 5,7 ¢ P22, mllgl&[ié:l = rmlge[i":l =
AW e F . . T = ea (S+T)-X =id .

O DNonensinns of Setisfeckdity aned Meowenifernr Congplexity

The question of whether frong atsfabibtyy over B° &
decidabl remain open, cng. [Hen® 7], [Rodd89). 1F we hacd,
similar o Theorem 25h), a recusive upper bound on the
dimension of sausfebility for satishabk formuola of lengh
n, one opuld effectively exbamn thess dimensions 1o decide
the satsfEbibity of a gven f. Amd, conversely, if sats by
over B 1 decidable one can enumerate all satisfhabhe formulx
Foof given lengh ooand, for sach such ), determine the fira
dimension i1 s satifible in: thus ebaining a recarsive upper
bound on the dimension of satbfiabdliy. Nadice tha such a
Baovund mamt be st kot exponential in view of Example 13,

For & single (1o, nos-uniformly ind formila © hosever, the
question for which dimensions [ 14 weakly/mongly sansfkeble
in urms ol 33 computationally sumprsingly ey, [n fac this
hokds for am entire family of @tsfEbilty problems meluding
both wizak (i) = 1) and swrong (0 o) = o) & special caes:

Dejferiinn 28: Lendd : M — M be subaddinwve: iy a3 <
ety 1 ey 1L Call a formuls f -satisfishle over F* if thene
15 aomwe o £ M oauch that maxdimg [ f, o) = o). Denose by

1=

Ding(f) = {n € H : maxdim(f,n) > d(n)} the set of
dimensions which f & -satisfiable .
Theewene 20: ) Dimng | ) 13 an additve semigroup, 1e.
a0 € Dima [ f) = o+ & Dimalf).
b For cach formula f oand subadditive 1), deciding
Dimal £) < M i3 in A5
Prngf a) Olwerve thal maxdim(f,z) > Hx) and
maxcdim| f, ) > iMy) dmply maxdimfr + oy =
imadiim| f, ) + masdim[F, ) = e+ M) = e + )
because medim| f, -] 18 superadditive (Lemma W) and 1
subaclditive by pronequisite,
b It is welkknown [Gallidl, PrOoposiTios 4.1 that ev-
ery mon-emply additve semigroup 0 oof B “eveniually
an arithmete progression”, e there exia N,d & M such
that I 1 [N, 2] = [d - HI O [N, ). In onder e decide
O := Dhidng (), 41 thus sufficess toowes whethers o divides = n
came > N This can be performed in MO0 [CDLOL). The
amdwiirs 1o the findlely many cases © < N e be procomputed
amd take only comtaml time. @

[V, Concousios

We have charscerzed (Turng-) AP & the clxs of prob-
lens meducible o weak (equivakntly: @rong saisfld iy
over BY (equivalently: over ©F): and the BSS complesiy
class AN Pr o those reducible o weak (equivakently: swong)
satbfabilny with constans over B equivakemly: over OF).
These mesuhs exiend w the polmoemial herrchy for Turing
and BSS machines [CoBe07], by comidering the follvwing
semEnic:

Peforivien 30: 1) La F(X, X)) denote a formiula

in ey 4 - oc oty variabled, Then the expretsion

3K, vX: 3%y ... QX

i3 called a Ep-fommula, whene Q) denoes % for & even
and =3 i came E#oodd.

Similarly, a 1T, -formaola stars with 2 universal quant fer
farllomwizdd by & — 1 alemating quamtifiers.

This ¥ -fomula & true (Goagly vabidy over B9 OOf
there exiss Xy & GrFY) such that for exch X3 ¢
Gr{F?) there exisis -~ - such that f(X;, ... X)) =1
Smmilarly for I formuolas and for weeak validiny.

A Ep-formula 13 swonglyfweakly valid over F° df it &
over B9 for sevnre of £ .

A - formula i3 swonglyweakly valid over B if il s
over B for every d £ .

MNow that the negation of a weakly valid X, fosmula & oa
strongly valid T, formuola; and the negation of a weakly valid
[Ty formuls & & stronely valid ¥y fomauola.

c)
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