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Abstract

We propose a new approach towards the question ol whather the ajpumtional the
ary alf emholitios related 1o Quantum Mechamcs 15 deadable or not: By ddermm
mg the gmwih at'the algorithmic complexity of the word prohlem over o -dmensoml
Hhlhent hitices fird = 1,2, .. .. Incase d = 1, the (complament of the) word prab
ke amemimts 40 the Boolean satwhiahihty prohlem underlying the mullenmum ques
tiem “F = NPT We show the case f = 2 #0 be V' P-oomplete a5 well. For fioeex
o 2 3 and buldmg om Hagge otal (2005 2007 2009), we reveal quantum sz tiahil
iy a5 polytime-ccunalent fo the real Emsibildy of a multrarate quartc pabynomal
equation: a problem well dnown complete for the coumterpant of AV'F in the Blum
Shub-Smale model of compatation by mg (probahly stricilyh between classical VP and
PEPACE. We fimlly addres the problem aver indefimite finte d mems ons.

1 Intreduction

Cuanm logic hasbeen motivated by the physical e flocts exhibited by e lementany particles
and their mathematical description on Hilkarnt space whose closed subspaces commespond o
O | -phservables [ BiYMN36, Mack&3]. The goal is to capiure the underl ying hard functional
analysis into algeheaic propentices to be studied in the concrete gepmetric setting [ Mayedd,
MayedT, Wilcld] or to be explofed in an avicmatic seting [Megid®] known a5 s o e
aprpannedy.

Computer science has boon introdweed to the quantum world by FEYNMAN and grown
inte & flowr shing and ambitious fi eld: & giovirnen compirer B considerad esentially toe
viary kind of abstract device that can execute SHOR'S famous “algornthm” for factoring
integers in polynomial time. However, other means of harnessing operations on Quantum
states [COSO1, ACPK, Kieudd, Zieghs] and observables [Pykald, Yingds, PMOTa] for
compwtational purposes have been sugoested as well.

1.1 Motivation

The wewd preadias for free algebraic struciures in an equationally defi ned class is the ques-
tion of whether owe ems f, g ane equivalent module the defi ning laws. In other wonds,
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givena class & of structunes, one asks whether thee isa decizion procedure for the equa-
tional theory of &, Le. deciding which identities = g hold in all members of 5 under
all substitutions. 1f s0, terms can be simplified; and detecting and applying such simpli-
fi cations automatically is at the core of computer algebra systems. The fi rst strucures bo
e relaed to quantum logic wene the ortholattices GrH ) of clsed subspaces of Hilbent
spaces! in the modular finite dimensional version Gr() [BiVN36] and the non-modular
hut orthomaodular infi nite dimensional version [Mack3). Here, identities may be redweaed
e the form £ = (. In the synthetic context, dec idability is known for the word problem for
free ontholattices [ BrKaT3] but remains an open challenge in the onthomedular [HemBT) as
will as in the modular-orthe case (cf. [HMBGS]. In the geometric condext of {modular)
projection lafices of fi nike von Neumann algehra factors, decidability has been shown in
[Hoerr 1]

For each fi ned-dimensional ontholattice Gri#), e fi st-order theory & decidable
[DHMWOS, SECTION 3] but over the class of aff Gr(FY), d £ H, it is not [Lips74].
The present work stars exploring mone clsely the algorithmic propertics and ohstaclkes
{in the sense of computational complexing) of the fi nite-dimensional case; in particular te
interplay of the two natural ‘negations” of “F = () dentically™: F = () for some substinetion
reap. f = 1 identically. We hope that this will gain new insights that eventually pemmit to
attack the infi nite-dimensional case a5 well.

1.2 The Theory of Computation

studies the capabilitics and limitations of digital compuiers. Mone precisely, complexity

theory explones the problems solvable within given bounds on the time'memony asymp-

totically granied for their algonithmic solution: and computability theery imvestigates the

case without dor ‘infinite”) such bounds. Formally, a set L of finite {w.lo.g. hinary)
strings amounts 0o the decisin proddean of determining, for any given fi nite binary string
E £ {01} o= ) e 0, 1}, whether it belongs to L or not; and this problem is con-

sidened decidkalde {in aympiotic me fn) and space s(n), where 5,1 : H — H denoe

functions) if some Turing machine can, for every ® £ {0, 1} and every n £ M and after

O({f[n)] steps and using at most (0 =(n )] bits of memory, cormectly repont which of £ L

or F & Lholds. Mote that there are at most countably many algorithms but uncountably

many subses L of {{),1}*; hence most problems are in fact undecidable.

T is by defi nition the class of podyrowdial-rime decision problems ie. those sohvable
within time £ n*) for some k £ H; similarly EXP for problems solvable in time 290"
k £ H. PSPACE denotes the class of those solvable within polynomial space. And AP
consists of these decision problems admitting a polynomial-time verificarioe, e, problems
of the fom

L = [Fe{hi}"|neM Ije o1} (&ie P}

with & £ Hand I £ P. Obviously, P C AP and NP € PSPACE C EXP are not too
hard b see &5 well. It remains & big open challenge which equalities holds. Inoany case | the
Cook-Levin Thaoram shows the Soolear sarisfiabilin problen o be a hardest one in the
clam AP BAT =

{1 | £ M, m-variate Boolean formula, Jipy, .. iee € {0, L} i, o dtm) = L}
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is easily verifi ed in time polynomial in e kength of the binary encoding (2} of 2; and every
other problem I £ AP can be swalivced i podyinoumsial-rime to SAT {writken “L = SAT™
in the following sense: There exists a function £ @ {0,1}" — {i,1}" computable in
polynomial time such that it holds: 7 £ L & (7] € SAT. In particular if SAT £ AP
s owt decidable in polynomial time, then so does entire AP, For further reading, we
refiar to |[Papatd).

1.3 Satisfiability in Geometric Quantum Logic

As opposed & the synthetic view, we focus on the explicit modular ortholatices of sub-
spaces of BY and T, respectively {and are thus perhaps even closer to the origins of quan -
i logic)

Definltlon 1 Fix o £ Hand for B OO dlonore o fold fpopadar cases beingeg. F = C
il B = & algelvrale members, F = R el imonbers, F = G radforals, and B = AN E

algebraic reals).

a) The quantum logic of B consisrs of te ser Ge(FY) := P G (F9) of alf sib-
sperces of BY af dimension’ 0 < § < d e the Grasonauian) aquipped with fe
comteetive s

~: GLlFY) — Grai(FY, P Ph= e FY 202 (6,8 = o - 1 ¥F € p}

?

A GHFY 2 GriF ) — GrEY, A (PO — PG, v [PQ)— P+,

B A givanrivi log e formuda Foover variables Xy, . X, 05 o wellformed revime over
X, o, amd . (W sometmes weite FIX) b omphasiz dhe mle of e veriablos
[xll" =1 xﬂ] =- 'f.-;I

e R a fied avihaolagice £, a formnade FIXy, .. X)) ghes rive fe o mapping T
£ — Lowda (¥, .. Yol — Fi¥, 0 ¥l fiecase FIY) = 1, we say tear F1Y)
eveelivase s ro Erue fover O10 FIYT 2 0wy e 1Y) i weakly froe (e s
falaal

el Aformada FIXy, ..., X, s (arongly) salisfiable over £ i there exist ¥y, .. ¥, £
L .Nu'.I'I'I.I'I'f.r.I'f[]'-"'] = 1. dr ix weakly soarisfiabl ;rf[f] # (e seoume ¥y, .. ¥V B L

1.4 Blum-Shub-Smale (B55) Model of Real Number Computation

Mote that the Turing machine & inherentdy limited to computability and complexity consid-
erations over discrete structures like {0, 1}° or, encoded in binary, integers M and fractions
thereof: . For imvestigations invelving algebraic numbers, BLUM, SHUE, and SMalE
have proposed a generalized abstract machine {which had, inde pendenty and under the
name raakRAN, been underlying most algorithms in Computational Geometry) capable

e adop de alfi s movtice o’ dlisvee seiom e s i coimcides winh dhe baight of de mdeced bmtice & comms
o i e ez e ol e o
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of reading, storing, comparing, and arithmetically operating on real numbers exacty and
in on step cach [BS589]. This gives rise o the class “PE af meal problems—iLe. subsets
of B* = [_,LI{_HR“—dacithhh by a BSS machine in tme polynomial in o, (Sugper-
soript "7 indicates that, as opposad to the prevalent convention, our BRS programs may
use i pre-dored constants other than O and 1)) Now ..l'u"’F":'g i difi nad & above as the
clas of real problems polynomial-time verifiable in the sense that they are of the fomm
[FeR" |neH Ie B R E P} withk € Hand P £ Pg. And the ques-
tion “PL = NPLT has wrned outas s nolorious as its original [FoKod. Note that,
a5 opposed to the discrete case, the BSS-decidability of all problems in A™PE is not ob-
vipuws! Maively, there are uneountibly many putative winesses i to check for [(F ) € P
In fact an effectivieation of TARSKISs quantifier elimination comes ini play here; and e
stronger s@tement “ AR E!{F':'R" requines even maone sophistic sted arguments. For later
reference, we record here the following

Fact2 o Gl (e anivies of) reed 05 nemarrvices A B, o B85 meechine axecaring
Creesiffewe @l Deeerfone oo bt i ﬂ'[ﬂ"] caleidate mapiees Oa Oy O £ B2
wiltde vange[ 7] = range[ A) Avange B, mouge[ () = range[ A1V range B, aed
vange [ ] = - range] Al

B The follmwing problet is & BSS-couerpart to SAT in the sense thar & is BP(NPR)-
eenmplere: Giivesr a madBvasiare podyicenial of roral degree & with cooglie e from
{in, £1, =2}, dhves i ndmeis e el s
Here BPINPR) = {L {0, 1} 7 1 L £ NP } dhenoses the respietion of complecity elass
..l'u"'P,:'t T Dwegpivegpe s over (e ter Depaeks B fangrd Boiy snvdong &

The computational problem in liem b) iz denoted 4FEAS in [ BCSS94]. For aproofef. eg.
[MeMiFT].

It iz easy to see that BF[.M‘P%] contains the classical AP moreover, a collection
of highly celebrated results has established BF[..I'I.:"PEJ  PSPACE [Grigh8, Cannfg,
HRESH), Rene®?]. As of today, this remains tee best known wpper bound—although it
is believed far from optimal regand ing that bath the Turing and BSS polyneaiial hieranchy
lig within PSPACE as well [Culrd7].

2 Results

Since Gr(F') = {0, 1}, the classical {i.e. Bookan) satisfi ability problem amounts o { weak
of, aquivalently, strong) satisfi ahility over 1D quantum logic. We atend e Cook- Levin
Theoem {“SAT iz A P-complete” ) to te 20 caze:

Theorem 3 Ler B dosnore amny Db snsiooal buvey prodiees spave.
a) [Weak] sarigfabding over Gr(F*) of o given formuda T isin NP, fe con be verffed
e preelyanewine dead i,

B Bevedeene e dsfiedd iy fs podyoomialgme pedie e o [weak] 20 sarsfiebidin, Lo is
NP-Iand.



Computa fons ! comgplexity of @ enmetric guanfum logie 63

Maively, there are infi nitely many putative witnesses ¥, ... ¥, € Gr[F*) to make [ eval-

uate to Erue [non-falae] in Claim &) However in the 20 case, the sub-ortholattice

spanned by any such an assignment & embeddable into A, the height 2 ortholattice

with 2n atoms; hence it suffices to verify satisfiability of F over this linearsize lattice.
For Clim b), we encode Beoleans int MO, by requiring ¥, Y; to pairwise commute:

formuba F{¥y, ..., ¥, & satisfi able over {0,1} iff fi¥,... ¥, 4 -lh'-;i-'.;i YY) is

satizfi able over Gr[ P, independentofd.

2.1 Three and Higher (but fixed) Dimension
Here, quanium satisfi ahility twms out as BP [..FupFﬁ]-cmpleE:

Theorvem 4 Fivd = 3 ond Bor F aloanore oune oy tiee fledds O, K A, or AN E

a) [Weak] suisfiabiliny over Gr(FY) of a giver formule § can be verffed by a 855
aiverele ire v peelyance ekl tiove, Lo I e BF[.."u”Pﬂ].

by AFEAS ix BPINPR ) -complere, Le. polysom ial-lime nedicible to [ weak] sisfiabil
in ever e[ B4,

ltema)is an improvementover The mene decidability observed in [ HMWOS, SECTION 3]
based on Tarski's quantifier elimination. The auwthors there also applied Taski-Seidenberg
to conc lude that [weak] satsfi ability over Gr(C%) & equivalent i [weak] satisfi ability over
GriA”); smilarly for GriR?) and Gr {[A MR},

Claim &) now follows from Fact 2a), ie., by verifying fi{ range( Ay ),. .., range[ A, )
= 1 [# 1] for appropriate {real and imaginary pars of) o = d-matrices Ay, ..., A

For lem b) we combine Fact 2b) with de well-knoesn vese Sl embedding of e
regular ring ¥ into the continuous geometry Gr(F*) [Neum&0]. In case ¥ = C, com-
plex conjugation—and in panticular the condition for the sowght root to be real—can be
expressad & quantum kegic formula as well.

The equivalence {in the sense of mwnual pelynemial-time redwcibiliny between weak
and strong satisfi ability infived dimension s based ontechnigues from [ HMWOS, Hago(T,
Haggl#¥], collecied in the following

Fact 8 o n-vasiare fosada f, lar
maxdimg [ fd) = ||m_'{{qllmj'[f] XL X, El’.‘l-[F“]} :
ad df fowmaelas § oo i Trave sne varia Bleg e o, e
e lig [ g, d) = max { o, i [ F, ) + maxding (g,d) }
B For gemsdas [ X) and g ¥ ler the restriction j'[f]h“:r.bede_mrﬁfbyrepfm'mg

i f eoch X; with X; A g(¥) and each —X; with —{X; A g(Y)) A gV, wiere

wlog FIX, X)) is presumed fee of negations de Morgan).
Thees it brodds maxdimg | f|,, ) = maxdimg { f, maxdimg(g, ) ).

) Ty k£ M, dhere axiay a formida ﬂ-k[f] wirh mazed g e, d) = |d/k ]
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An altemative approach can build on the fact that, given a von Neunann J4-frame in Gr(F? ),
o can define a discriminator [ HMBROS].
From Theorem 4 we oonc lude

Corollary & Flx o, & = 3 Every formda § e e podyaosdald tivee be covversed fnne an-
anher formuda g sieh thar § is [weakd] sarisfable over GriF®) if g ix [weakiy] swisfiable
aver Gir[F).

2.1 Indefinitely-finite Dimensions

As common in computer science, we use the wildcard = to denote an indefi nige but fi nite
dimension:

Theorem T Ler F be ax e Tleeowrenme 4. Call femacda | [weakdy] sarbfiable over Gr(F®)
B dx is [weakdy] sarisfable over Gr(FY) e some d € FL

el Hheak serisfiabiling over GrF ") of a gives foraada ix v BF[..l'u"“Pg]
enired fin pemiticielar decidable v PSPACE.

B Srroweg sarisfiabdiling over Gr{F*) of o given fovsadae is BF[HPEHMM
&) Srrourg serisfiabdling over Gr(F ") af o givedr fovsudee 05 soml-oe foalds.

W have the following

Lemina 8 Lo foeada P .0 X)) be weakly swisfiedde over Gr(FTL The I 15 also
weekdy serisfiable over Gr{F™ ) wirae £ = | F| domsras S syoserie lavgsh of F.

In particular, the proot of Theonem 4a) camiesover to matrices of size d = o withd == n-| f|
polynomial in the input size, thus yvielding Theorem Ta). For Theorem Th) we extend the
proof of Theorem 4b) @ embed te matrix ring % with adjunction a5 involution into
Gr(F*"): and then encode the additional requirement of all matrices & be symmetric and
pairwise commuting: By the spectral theorem, any satsfying assignment inseme dimen-
sion Jd & the dws obtained quanmm logic formula comesponds & a J-fold direct productof
rosnds 00 the origina | polynomial. Theorem Te) follows from iteratively tnving o = 1,23 ...
and applying Theorem 4b) each.

Question 9 o) fv wenk sarigiabiliny over Gr(F*) N Pehand or even BPINPL)-fand?
B s sty sarbfabilin over Gr(F*) decidabie?

2.3 First-Order Quantum Logic

In dimensions = 1, the connective “v™ behaves like Boolean disjunction for weak onuth; but
“a" i different from Boolean conjunction: X A Y 2 (0 may well fail for bodh X, Y 2 0
Dually, “A™ behaves in a Boolean way for strong owth but ™ does not.  Furthermone,
Boolean negation is different from complement: X £ () “; - X =i

Lsing Fact 5, Boolean semantics can be expressed in existentially quantfi ed quantum
formulas over any fi xed dimension; but over indefi nitehy fi nite dimensions, the expressive-
ness of quaniem log ic becomees skew to that of Boolean logic:
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Example 10 a) For every d € Hoand every X £ Gr(FY) ir halde: X £ [0,1}
WWOIX, Y= 1 farall ¥ & Gr[FY).

By Thewe is no formuda (X V) such thar for ail d € Hithelde X € 0,1} =
¥ £ Gr(F) : FIX: Y = 1) simibardy for FIXY) # 0

In paher words: wniversal quantifi cation swictly adds vo the expressivencss of quaniem ko gic
ower Gr[F ) in particular, ot every formula & equivalent to a positive primitive one.

This example suggests to study first-ordar quantum logic, that iz, quantum logic for-
mulas with hoth exisential and wniversal quantifi ers ranging over Gr[F )

Definitlon 11 &) Ler [ X1, ..., Xi) chenow a fovmda bt ny+ - - -+ ng variables. Then
rve expwrassion

IX, ¥X2 33X .. QX FIX, LX)

ix called a T p=formids, wiere (g danares " for k ever aind "3l case k iy ol
Staeilerly, en U= ke srarrs wark g soeiversal gaceafier followed by & — 1 alsernae-
TIRE piventrifiers,

By We sy shar iy Ep-formuda s rue (rovoegly vwlid) over Gr(FY) if thare aviss
ity Ko, £ GriFY) sich thar for ol Xoy, ..., Kop, € Gr[FY) theme ox-

Bgp e sk frar FIXy,. .. Xe) = 1. Simdarly for T formadas and e week
verd felfiny:

e) A Epefovmude i soonglyweakly valid over GriE*) i ir i over Gr(F?) fiv some
d £ B A My-firmda i soonglywenkly vl over Gr(F*) ifir i over Gr(F*) for
evaryd £ M

Mote that the negation of & weakly valid £ fornula s astrongly valid T, feomula; and the
negation of a weakly valid IT, formula & a srongly valid £ fomuls. Based on [Lips74],
wiz obtain

Theorem 12 Seeweg vedialing over G ") o gives 2y formada (s gemerally sondecddalde
rev e Tordong wenciedone,
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