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Momdeterministic polynomial-time Blum-Shub-Smale Machines over the neals give rise (o a discrete
complexity class betwoen WP and PEPACE. Several problems, mostly from real algebraic goometry
{ polynomial systems, have boen shown comphete {under many-one reduction by polynom ial-time
Turing machines) for this class. Wi exhibit a new one based on questions aboul expressions buili
from cross products only,

1 Motivation

The Millennmium Duestion “P vs. NP asks whether polynomial-time algonthms that may guess, and
then vernify, hits can be turned into deterministic ones. [t arose from the Cook=Levin-Theorem asserting
Boolean Satisfiahility to he complete for NP, which imitiated the identification of more mnd momre other
natural problems also complete [GalaT9).

The Millennium Question is posed [Smal98 ] also for models able to guess objects more general than
hits. Mom precisely a Blum-Shub-Smale (BS5) machine over aring & may operate on clements from 8
within unit time. [t induces the ondeterministic polynomial-time complexity class NPg; for which the
following problem FEASg has been shown complete [BSSEY, MAIN THEOREM|:

Civen’ a svstem of mudtivariare polvieomials over B,

dawes i aadmis & foins mar from 8 Y
See also [Cuck®3, THEOREM 3.1] or [BCSS9E, §5.4]. More precisely FEASg C B is NPg—complete
with respect to many-one (aka Karp) reducibility by polynomial-time BSS-machines with the capability
to peruse finitely many fixed constants from 8. BSS Machines withons constants on the other hand give,
restricted to bimary inputs, rise to the discrete complexity class BP{NPE | [MeMi97, DEFNITION 3.2];
for which the following problem FEASE C {0, 1}* is complete under many-one eduction by polynomial-
time Turing machines:

Ciiven a systemt of madiivariare polveomials wirh Os and £ 15 a5 cosfficiens,

dloes §F adlipnit @ Joins roar from B2

BSS machines over B coincide with the real-RAM model from Computational Geometry [BROS9T]
and undedie alporithms in Semialgebraic Geometry [Gius 1, Lece(i), BiiSc¥]. They give rise to a par-
ticularly rich structural complexity theory resembling the classical Turing Machine-hased one — but often
{unavoidably ) with surprisingly different proofs [BirgX), BaMel 3. It is known that NP C BP{NE | C
PSPACE holds [Grigh8, Canni8, HRS90, Rene®?]. FEASz and FEF-SE are sometimes eferred to as
existential theory ower the reals. Howewver even in this highly important case 8 = E, and in striking
contrast o NP, relatively few other natural problems have yet been identified a5 complate:
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2 Ratisfiability over crossproducts is NPy —complete

#® Several guestions about systems of polynomials [CuR o2, Koirdd]
Stretchability of pseudoline amangements [Shor 1]
Realizability of oriented matmoids [ Rich99]

L]

-

# Loading newral notworks with real weights [Zhan®2 |

#® Several geometric propertics of graphs [Schal()

& Satisfiability in Quantum Logic QSAT, starting from dimension 3 [HeZil1].
The present work extends this list: We study gquestions about expressions built wing vanables and the
cross {aka vector) product “x™ anly, and we establish some of them complete for NPy or BP{NPS ).
These problems are in a sense “simplest’ as they involve only one binary operation symbol (as opposed
to +.. for FEASS or v, - for QSAT); in fact so simple that their {tmns-NP) hamdness may appear as
SUIPrsing.
Remark 1. Anather decision problem related o FEASg and FEASE is the question of whether a given
matiriveriare polveomial pis idetically zem or nos. fn dense representarion (list af monomials and coef-
ficienss) s can easily be solved {over rings 5 af daracerisiic 3 by chedking whether all coeficienis
vanish ar nof. However when p is given ax o expression, expanding thar based an the dissiribuive faw

may resils in an exponentiad blow-np of desoription lenpgilhe The following Polynomial Identity Testing
problem is thus norknown to be polviime decidable:

Ciiven a multivariare ving rerm plXy, .. X | with consranss O and L1,
does it afimit an assignmens xu, ... Xe such thar plxn, ..., 1el =0

It can be solved, thongh, in randomized polviime with one-sided errar {class BRP C NP based on the
Schwartz-Zippel Lemma, onp. [ME95, §1.5 and T 7.2]

2  Cross Product and Induced Problems

The cmss product in B is well-known due to its many applications in physics such as torque or electm-
magnetism. Mathematically it constitutes the mapping

< RBUx B 3 ((vooveoal (woowgowa)) = (vows — vawy e — vowaonws —vgwa) € B L (1)

[t iz bilincar (thus justifying the name “prodect™ ) but anti-commutative Tx W = —Tx W and non-associative

and fails the cancellation law, The following is casily verified:

Fact 2. a) Forany independent V. W, the cross product § = Vx W is wdgeely determined by the fol-
lowing: BLV, BLW (where "L denores orthogonalitvl, the ripler V0,0 s right-handed, and
lengths sarisfy ||| = |7 - |7 cos Z(F, 7). In particular, parallel 7,7 are mapped ta

bl Cross prodects comeuge with simlianeons orfenfation preserving orthogonal frans formafions:
For 0 £ B¥2 with 0. 0 = id and det(0] = 1 it halds (0 T} = (0 F) = O [F = 7, where 07
denares the frans posed marric

Definition 3. Fiv o fidd FC B

al Aterm V..., Vo | faver =", in variables V.. ... V) ix either ane of the variables or (52 1) for

fevams 50 {in variables Vi, .. VL
b} ForTi.....Ts € F* the valuerivi, .. .. ve | 05 defined inducrively via Eg_(1).
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b Aterm with affine constants isa rerm e (VL L VWL W where vardables Wy, 000 W, have

been preassigned certain valnes Wy, ... Wy € B

dl Recall thar BYF} = [Fv: D£7e F'i'} denates the real projeciive plane, where Fv=[A7: A €F}L
For distinct FP.Fiv € PYT| fwell-Jdefine (F7) = (Fa | = F(7 = 7 |; FF = FF is undefined.

el For aremn 1V, Vol and Fry. . ... FT, £ BT}, the value 1{Fr,..... Fv. | is defined indncrively

via d), provided all snb-rerms are defined
11 A term with projective constants iv a ferm F(V .. Vo WL W, where variables Wy, .. W,

have been pre-assigned certain values Bwy.... Riftm c FA{RE]L

Mote that every term admits an affine assignment making it evaluate to . Some terms in fact always
eviluate to 0; equivalently: are projectively undefi ned every whene.

Example 4. Consider the term r(V. W) = ([b (Vo W) = 'lf'} w (Ve W Observe thar ©, V2 W, and
P (P W) together form an orthogonal system for any non-parallel V.. Mareaver (V= (V= W) = Vis
parallel fo T = 7. Therefore (7,7 = 0 halds for every choice of 7.7 £ R

We are interested in the computational complexity of the following discrete decision problems:
Definition 5. o) XNONTRIVE, o= { (Ve .. V) [ne B, T6... .7, e F* (... R £ 0}

b} XNONTRIV zg, = {ir(Va.....Ve)) | me M, IF7,... Fia] & BYF) :o(Fra.... Fi) defined }.

of KUVECS: = {{t(Vi.. V)i [ ne B, T G e B oL Ty) =& = (0.0.1) )

dl XNONEQUIV Sz my o= {(s(Vie. . Ve kot (Vin. oL Vel |

ne M dFv.. ... Fi, € F*(F}: s(F7u.. ... Fiel # t(Fr,... . Fr ), bath sides defined }.

el XSAT, = {{:,r_v', ..... V.l |uem: 3. ... e F* .. ... el =7 #0}.

f} XSATL: o o= Ha Vi Vel) | ne B3P, P, e BY(F) 1(FF. ... FR,) = Fr ).

Real varfants af pmblems al to f1withowt supersoripr O are defined similardy for inpur ferms with con-
stants; e.g. XSATg. = {{.r]['lf']:.. N LS U Y | nkeHM, @,,.. .5 cRk
Wy T e B p(F L Ty W) = 7 £0) © RY
Orur main result is
Theomwm 6. al Among the above discrete decivion prablamns, KNDNTRIVE;, KNDNTRIV_U,.;:l:,
XINWNEC 35, aind .'"'.N-DNEGUN_U“:_*: are polvtinme equivalens ro polvnomial idensiry resting (and
in particilar belong ro RPL
bl Far any fived field T C B, the disorere decision problans .'!"ll;iu':'-.T'_:]._.L and ."-'".EAT_"‘,:E,: are BP(NPE)-
complere.

ch KSAT g and XS5AT o are NPy —complete.

This establishes a normal form for cross product equations with a variable on the rght-hand side — in
spite af the lack of a cancellation law.

3 Proofs

XNONTRIV &, is equal to XMONTRIV (% as aset; and it holds XNONTRIV [ ;| = XUVEC }.: Sup-

pose HTy.. .. | = 7 < 0. Since ¢ is homogeneous in cach coordinate, by suitably scaling some argu-

ment ¥ we may w.log. suppose” [#| = 1. Now take an orientation preserving ortho gonal transformation

*This rejures bking scuarne rooks
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Owith (07 =8y 2b) yieldss (7., 0T, =& Concerning the reduction from KNDNEDUI"IJ"'_';;:_?:
to XNONTRIVE observe that, for ... T e F*Y {0, Fs(Fy, ... Te ) £F0T ... 0 implies (7, .Ts) %

FTy,. ... T ) # Dand vice versa. Conversely an instance to XNONTRIV £ is cither a variable {irivial casc)

orof the form 5 =5 in which case nomtriviality is cquivalent to projective moncquivakenoe of 5.1,

We now reduce .'!"'.I"-.H:'H"-.ITFEI"I.u"it to polynomial identity testing, observing that 7 = 7 is a triple of
hilincar polynomials in the & varables s, a0 v, v, v with coefficients 0, £1. Thus, (7.... 7]
amounts to a triple of terms p,, p. p. in 3 variahles with cocfficients (1, £1. Now by construction a real
assignment 7y, ... 7y makes ¢ evaluate to nonzero iff the three terms py. py. p; do not simultaneously

eviluate to zem. This yields the eduction f — p': + p:-' + p':'

Conceming X 5AT g, a nondeterministic real BSS machine can, given a term f Vi, ... Ve Wi, . k)

with constants 7 £ E?, in time polynomial in the length of ¢ guess an assignment 7,.. . 7, & B and

apply Eg. (1) to evaluate 5 and venfy the esult to be nonzero. Similady 8 nondeterministic BSS ma-
chine over F can, given a term £(V;..... V, | without constants, in polytime guess and evaluate it on an
assignment 7, .... 7, & F.

HSJI.T'_J,E:_E: reduces to XSATY, in polytime as follows: For any @ non-parallel to ¥, 7' := (¥ = @) =
|;[.|T W)t} is a multiple of 2 see Fig. la). Note that scaling # affects P quadmtically.  Similarly,
[ = (T W)} =T isa multiple of F = ##; and replacing it in the first subterm defining 7 {and renaming 7,7
to 7.7 ) showsthat 7 .= [[Ex (Fx @) xf} % (7= (Fx 7)) isa multiple of 7 one scaling cubically with

w. 50 E being closed under cubic roots, s(V, ..., Vi | = Vi is satisfiable over FY R iff s(Vi.. ... Vel=

A%, is satisfiable over B for some & € B iff &V, ..., V, W =V, is satisfiable aver B*, where

5= |[['Iﬂ-" £ (52 W]} = 5} # (5% (5% W) The reduction for the case with constants, that is from
KEAT_g:l: to X5 AT -, works similarly.

3.1 Hardness
[t emains to reduce {in polynomial time)
i) FEASg to XS5ATp.p, and
i) FEASE to XSATgzp, and
i) polynomial identity testing to KNDNTRIF_”,;:i:.

These can be reganded as quantitative refinements of [HaS+36]. We first ecall some clementary, but
useful facts about the cross product in the projective setting.

Fact 7. Consider U, V.W. T £ F2(F. By ‘plane’ we mean 2-dimensional linear subs pace.
U=V e W il the plane arthagonal ro U is spanned by V. W In particilar, V =W = W = V.

20 WV = Woand U = T are defined then [V o« W = (U = T is the infersection af the plane 5 panned
by V. W with the plane spanned by U, T nnelefined if this inrersection is degenerare.

2V (W = Vs the ortho ponal profection of W into the plane orthogonal 1oV pndefined iff W =V,
ie. in case the projection is depenerare.

The following comnsiderations are heavily inspired by the works of John won Meumann but for the sake
of self-containment here boiled down explicitly.
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Lemma 8. Fir a subfield F of B. Ler 7). ™. i denote an arthogonal basis of F*. Then V, .= F7,
satisfies Vi Ve = Vo Vo = Vo =V, and Vi = V) = Voo Mareover abbreviating Vis .= FIW — @) and
Vi = Fi T — Fa ] and Via = F(F — Ta), we have farrs £ F:

al FiFy —rital = Vo x _'Fr_rg- rin) = FiF — 5]

bl F(Fy —sT) = Vax [Vou = F(T) — %)

b Bl —ris) = V) = [Via 2 F(F) —ria )

dl F¥ —(r—s)%) = Vax [{[Vas = F(F) — it} | = [Va = F(P) —aTa)] )} 2 Vs
el Via = Vax (Vi = V)

1} For W e BYF). the expression i{W) = (W = 1] = [[[W # Vi) = Vi) = 1-*1} ix defined precizely
when W =F (V) — ria+ s for some 5 € F and a sigee r e F; and in this case s(W ) =F(F —ria ).
Mareaver, if W =F(7¥) —ria | then (W) =W.

Note that the V; here do not denote variables but elements of P4(F}. Conceming the proof of Lemma
Lemma 8, e.g. for a) observe that 7y — rste = 7 — s — 5[ 12 — it} is ofthogonal to Vs and contained in
the plane spanmed by Fy — . [Ind)one applies 3) of Fact 7 with subterm W evaluating to F(7; — (r—
517 — 5] in view of 21 For ) observe that, if W lies in the Ve=Vi—plane, its projection (W = V] =V
according to 3 coincides with Vs fcomesponding to slope r = dee) and renders the entire term undefined;
whereas for W notin the Va—Va—plane, [(W = Vi) = Vi) = Vs coincides with Vi,

Let us abbreviate ¥ o= (1,1, V4, Vi, Vs | derived from an orthogonal basis 7,5, Ty as above. In
terms of von 5taudt’s encoding of elements r £ F as projective points & (r] (= F(F —rfh | L F7y,
Lemmia Sa4d) demonstrate how to express the rng opemtions using only the crossproduct; note that
r+45=r—[0—5] where 0 £ F is encoded as V). Lemma 8a) involves two other encodings such as
F(F — sia ], but Lemma $h+c) exhibit how to express these wsing the oross product and ¢ only as
well as Vi and Vs, Vya can even be disposed off by means of Lemma 82 Plugeing bhsci+e) into
a) and d), we conclude that there exist cross pmduct terms < 8, 5: V] and (&, %V in vadables 8§
with comstants V = (¥, = 8¢ (0],V2, Vi, Viz = 8 (1), Vaa | as above such that for every rs £ F it holds
Bplrs) = @(Bp(r).Bp (s); V) and Bp(r—s5) = = (B (r), Bp(s V)

Mow mny polynomial p e F|X;,.... X,| is composed, using the two ring opemtions, from variables

and cosfficients from F. More precisely, according to Lemmia 8, the shbove encoding extends to 4 map-

variahles X;,... X, with constants 8y (c] £ PYF| and constants ¥y, Vs, Vi, V2. Ve £ B4} moreover
&p ‘commutes’ with the map p— r, in the sense that

f (@ (x)).... Op(x,) ) = Oplplxy.....x.)) . 21

Since 1, is defined by structural induction over p using the constant-size terms from Lemma &, itcan be
eviluated by a BSS machine in time polynomial in the description length of the ring term p.

Maorcover by Lemma#t) precisely the sp(W | are images under @p. Thus, every satisfying assignment
to the cross product cquation

£ = (:ﬁ[n_x,]:...:n_xﬁj] =1r',} (3

comes from a mat (ry, ..., 7y} of p;namely the wnique r; such that X; =F(¥) + i + 5,7 ). Conversely,

given aroot (... Fe | of p, Xj:= Bp(r;| yiclds a a satisfying sssignment tor the equation £, = V7.
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Similary, {the partial map given by) £, = V) is nontrivial iff p is not identically zem. We have thus
proved Claim 1),

[n order to establish also the emaining Claims i) and iii) we turn every d-variate ong term g with
coetticients (. £1 into an “equivalent” cross product term £ withow constants and in particular avoiding
explicit reference to the fixed V. Vs, Vi, Vs, Vi from Lemma 8 based on the following

Observation 9. Fiva subfield Fof B. To A.B.C & PYT| consider
Vizr=8 V= AxH=xA Va =0CxxA T =Wr=lbu 1= ['l-‘luc[ﬂ x'lf'zj] =8/ {4

al These may be wdefined in caves such as A= Biwhance Vs = Llar when A, C. A = B are callinear
(s Vs = Ve and Vi = L Jor when A, B, C are collinear (where Va = A x Band Vi = L} or when
ALB {where B = Vs and Vy = 1).

bl O the other hand for example A =F7v, B =F(% — 7 | and C = F(% 4+ Fa), defined in terms of
an arthaponal basis, recover Vi, Ve, Vi, Vie, Vi fiom Lemna 8.

ol Conversely when all grantities in Eq. (4) are defined, then Vi = A and there exises a right-handed
arthogonal basis Ty, 7. T af F* such thar Vi=FF and Via =F(F) — ) and Vi = F(B — R ).

We may thus replace the ple of projective constants V in the above reduction p+— f, mapping a ring

term p(Xy, ... . X | to o cmss product term fo( X1, . .. X V] with the subterms VilA. B, Cl. ... . ValA B.C)

(comsidening A, 8, C a8 variables) according to Obsereation 9 to obtain 4 constant free cross product term
FolXn,. .. XA B,C) such that the map p— ¢, commutes with ©y for any projective assignment on
which r}) is defined and V (A, B.C) given by the values of the subterms V). V.

Monar let (X | denote the constant free term from Lemmia Bg) in vanables X A, B, C (with subterms 1)
as above). Then, from each satistying assignment to £ 1= ¢/ (1% |... . 1(X;]:A. B.C} = A one obtains

as previously again a root (ry,. ... rp | of o Observation %) justifies reusing the reasoning given in the

case with constants, Conversely, given aroot (ry,. ...} of p, evaluate A, 8, C according to Ohservation

Ub) and X ;= B¢(r | to obtain a satisfying assignment for the equation 1 = A. Since the tmanslation
p £y, can be carried out by structumal induction in time polynomial in the description length of p, this

establishes Claim 1), To deal with i), consider .rl’.“;' # A O
AxB, B=V
Mesow, (w(ew))xt 3}
——27 V=V, x(BxV ))xB

Y w(tew)

Figure 1: [lustrating the peometry of the terms considensd a) in the reduction from KEAT"_““
and b} in Observation 9.

) 1o XSATL,

FProaf af Chhservarion Yol By construction, affine lines A and A = 8 and Ve are pairwise orthogonal; see
Fig. Ib). Momover A # 8 bacawse A » 8B a subterm of Vs is defined by hypothesis. Since both Vs and
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Vi = C x A ame ortho gonal to A, their projective cross product Vy must coincide with A whenever defined
and in particular Vs # Vi, momeover Vs and Vi and A = 8lie in a common plane. 8 » Vs as subterm of Vy
being defined requires Vi £ 8 yet these two and A = V) are orthogonal to A = & and thus lie ina common
plane. In particular 8 = Vs = A = B, Finally, Ve and 8 =12 = A = B both being orthogonal to A, their
defined cross product as subterm of Vi requines Vi £ B« VW oand Vi =8 = Vi = A »= B Tb summarize:
Vi, Ve Ve ane pairwise orthogonal; and ¥y, ¥z, Ve ae poirwise distinet yet all orthogomal to Vi similarly
Vs, Vs Wy are pairwise distimet yet all orthogonal to V. Now choose 0 = 7 £ V, arbitmary and 5 £ 15
such that Viz = F(v) — 2] finally choose Fx £ Vi such that Ve =F( — ). If these pairwise orthog onal
veobors 7y, s, i happen to form a left-handed system, simply flip all their signs. O

4 Conclusion

We have identified a new problem complete {i.e. universal) for nondeterministic polynomialtime BS S
machines, namely from exterior algebra: the satisfiability of a single equation built only by iterating
cross products. This enriches algebraic complexity thoory and emphasizes the impontance of the Turing
(1) complexity class BP(NPZ ).

Morcover our proof yields a cross product equation .r;; SFABC =4 salvahle over B4R but
not over B2((3), the rational projective plane. In fact the decidahility of .'H'.S.AT'_';.;.Q. is cquivilent to a
long-standing open question [Poon{4 ). o

W waonder abowut the computational complexity of equations over the 7-dimensional cross product.
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