Dear Dr. van Hokshergen,
this is the revieon of both versions of the EM contribution on Arguesian lattices. The
longer version gives full definition of the {bo me) most important concepts not yet covered
by the present edition. It might make sense to have these included as separate items.

Best regarda
Christian Herrmann



Arguesian lattice, Desarguesian lattice -
a lattice such that for all ey, by (ag + b )2, +
by Wag + by} < aglay + e) + ba(by + ¢} where
c:= ap{eL + o) and o == {ay + ax){by + be)
- B.ldnsson [16]. A lattice i8 Arguesian iff
ita partial order dual is so [19] iff it is mod-
ular and [ag + byj{ay + &) < ag + by [cen-
tral perspectivity) implies 2 < oo + o1 (axial
perspectivity). In an Arguesian lattice, for
ai, by such that az = {ag + az){@1 + 02) and
by = [bg + be )by + by} the converse implica-
tion is valid [18].

Examples of Arguesion latfices. 1) The
lattice of subspaces of a projective space is
Arguesian iff Desargues’ Assumption is aat-
isfied.

2} A complemented modular lattice is Ar-
guesian iff it is embeddable into a direct prod-
uct of lattices of vector subspaces.

d) Every lattice L{gpM) of submodules
of an B-module M and any lattice of subob-
jects of an object in an abelian category.

4) Every lattice of normal subgroups (resp.

congruence relations) of a group and any lat-
tice of permuting equivalence relations |[16]
(aleo called linear laftice).

5) Considering all lattices of congruence
relations of algebraic systems in a variety,
the Arpuesian law is equivalent to the mod-
ular law.

All of the above satisfy the kigher dimen-
sional Arguesian lawe, too, [6). Hecursive
axiomatizations exist for many of the apso-
ciated quasi-varieties, e.g. L{K) of lattices
embeddable into some L{gM) [12] and lin-
ear lattices. DBut no such quasi-variety {2
some £{R)) can be finitely axiomatized [6].

Yet, the modular law suffices for many
purposes, eg. the description of lattices as
subspace lattices of collinearity spaces on or-
dered point sets [10], the theory of congru-
ences and subdirect product decompositions
[1,153], methods for computing finitely pre-
sented lattices [21], and gluing - which ana-
lyzes and constructs & modular lattice via &
lattice ordered system of convex sublattices

and adjunctions between them [3]. Here, the
Arguesian law poses strong restrictions [11].

An n-frame is a system of generators and
relations in a modular lattice mimicking a
n — l-dimengional projective coordinate sys-
tom. For m > 4 (n > 3 if L is Arguesian) it
vields a coordinate ring R [2,3,4). A comple-
mented Arguesian lattice posessing a lange
partial 3-frame or being simple of dimengion
= 3 15 ippmorphic to the lattice of principal
right ideals of a regular B [17]. The L{gM],
gM of rank > 3 over completely primary
uniserial A have been characterized [18].

Each frame can be generated by 4 ele-
ments and a bth suffices to interpret any
finitely generated semi-group into the ring
- within any L{gM) of sufficiently large di-
mengion [4]; this yields unsolvable 5-generator
word problems in any modular quasi-variety
containing some C(R) [13]. Identities in £{R)
match to solvability of linear systems of equa-
tions with integer coefficients, whence one
can eolve the word problem for lattices freely
generated by partially ordered sets in many
of the C{Hf) [14] (not so for 4-generated free
modular lattices [7]). Frames {with fixed
characteristic of the coordinate ring) are, as
systems of generators and relations, projec-
tive with respoct to onto homomorphisms.

Finitely presented Arguesian lattices have
been computed eg.  for frames, 4 genera-
tors forming two pairs of complements, and
posote not containing disjoint unions 141+
1+1 nor 14242 of 1- resp. Z-element chains
[11]. The variety generated by C(H), R a
field, is generated by the finite dimensional
L{gM) [14]. This allows to compute finitely
presented lattices and their subdirect factors
using representation theory of partially or-
dered sets (8] combined with Jénseon's Lemma
[1] {(subdirectly irreducibles are obtained as
homomorphic images of sublattices of ultra-
products of generating lattices) e.g. in the
cage of 4 generators. Part of the structure
extends to Arguesian lattices [9).
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Arguesian lattice, Desarguesian lattice -
a lattice in which the Arguesiaon law is valid,
Le. for all ay, by

for rings and modules can be conveniently
done within modular lattices [29].

Projective spaces|16|. Every modular lat-

(ag+ba){ay+8 Jlas+be) < aglay+c)+ba(by+c) tice with complements can be embedded

e= ealer + e2), o= (ay + ae){ly + bi) for
any permutation i, 7, k - B.Jdnsson [21]. Ar-
guesian lattices form a variety sinee within
lattices p = g i8 equivalent to pg = p. A
lattice is Arguesian iff it is modular and
(oo + Wjlay + b)) < ay + by {central per-
spectivity] implies oo < oy + ¢ (anal per-
spectivity]. In an Arguesian lattice and for
ay, by such that as = {ay + as){a, + 0s) and
by = (ba + be)(by + bu) the converse implica-
tion is valid, too [24]. A lattice is Arguesian
iff its partial order dual is Arguesian.

Examples of Arguesion latfices. 1) The
lattice L{F) of subspaces of & projective
space ' ig Argucsian iff Desargues’ As-
sumption iz satisfied in P,

2} Every lattice L{gM| of submodules
of an F-module M and any lattice of subob-
jects of an object in an abelian category.

d) Every lattice of normal subgroups
(resp.  congruence relations) of a group
and any lattice of permuting equivalence
relations [21] (also called linear laftice).

4) Considering all lattices of congruence
relations of algebraic systems in a variety,
the Arguesian law is equivalent to the mod-
ular law.

5) Every 2-distribufive modular lattice:
wlz+y+z) =wlrty)+wiz+z)+wly+z).
Le. no projective plane in the wariety.

The Arguesian law can be characterized
in terms of forbidden subconfigurations, but
not sublattices [17). Weaker versions in-
volve legs variables and higher dimensional
versions have increasing strength and num-
ber of variables, all are walid in linear lat-
ticea [10]. The hasic structure theory just
relies on the modular law of Modular lat-
tice and |3, 27]. For its rile in congruence
and commutator theory of algebraic systems
cf [12]. Large parts of Dimension Theory

into L{P) for a projective space on the set P
of its maximal filters, actually a sublattice
of the ideal lattice of the filter lattice {with
filters ordered by inverse inclusion), whence
preserving all identities. This Frink embed-
ding generalizes Stone's representation theo-
rem for Boolean algebras. With the Coaor-
dinatization theorem of projective geom-
etry it follows that any Arguesian relatively
complemented lattice can be embedded into
a direct product of lattices of subspaces of
vector spaces |22

Call & compact element p of a modular
algebraic lattice L a point if it is com-
pletely join irreducible, e, has & unigue
lower cover p,. If pach element of L s a
join of points (eg. if diml < oo), then L
can be understood as the subspace latiice
of an ordered lnear space on the set P of
points: the order is induced by L, points
o.q,7 are collinear if they are distinet and
o+qg=p+r=g+r, and a subspace iz
a subset X such that ¢ < p € X implies
ge X, and p.g € X with p,g.r collinear
implies r € X. This can also be viewed as
a presentation of L as a semi-lattice. In-
stead of all collinearities one may use a base
of lines: for each eloment | = p 4+ g & maxi-
mal set of points with pairwise join l. For an
abstract ordered linear space one has to re-
quire that collinearity is a totally symmetric
relation, that collinear points are Incomps-
rable, that p,g < 5 and p,q, r collinear im-
pliee r < g, that for ¥ < r, ' £ p, g, and
p.g.7 collinear there are ¢’ < p and ¢' < g
such that p', ¢'.r' are collinear, and, finally,
a more elaborate version of the triangle ax-
iom. Then, the subspaces form a lattioe L as
above and each modular lattice can be nat-
urally embedded into such, preserving iden-
tities.



Subdirect products and congruences|i,
20|, Every lattice is a subdirect product of
aubdirectly irreducible (shortly 5.i.) homo-
maorphic images. By Jinssons® Lemma, the
8.i. in the variety generated by a class C are
homomaorphic images of sublattices of ultra-
products from C. A pair of complementary
central elements w, v provides a direct de-
composition x — (ru, rv), a neutral element
i & subdirect decomposition x — (Tu, £4+u).
Any congruence # on a modular lattice
L is determined by its set (}{#) of quotients
where a guofient i a pair a/b with a > b,
equivalenty, an interval [b al. A pair of quo-
tients is projective if it belonga to the equiva-
lence relation generated by the a/b, c/d such
that ¢ = b4 ¢ and d = be. A subguofient
cfdofafbissuchthat b < d<ec<a If
# is generated by a set ' of quotients, then
({6} is the transitive closure of the set of
all quotionts projective to some subguotient
of a quotient in I'. The congruences form
a Brouwer lattice with the peendocomple-
ment & of # given by the quotients not hav-
ing any subguotient. projective to a subquo-
tient of a quotient in . L s subdirectly
decomposed into L@ and L/8* and each s.i.
factor of L is & homomorphic image of L /# or
Ljg*. Ifw: L — §isonto, dim(S) < oo, and
it#x = inf{a € L | ma = r} (which then pre-
serveg sups| and the doal & exist, Le. for a
bounded tmage, then for § = Kerr one has §°
the trangitive closure of prime gquotients a/b
with @ = b+ &z, b = axy for some prime x/y
in & For any onto ¢ : I — M with 7 not
factoring through i, this splifting method
yvields the relations iy < iz for prime
quotients ¢ /y in 8. If L is generated by finite
E, start with gz = inf{e € E | 7e < z} it-
erate op . = infapr{ogp + opg) with pg,r
ranging over all subtriples of lines of a given
base, to get oy, = a, = & for some n [28].
For dim I < oo, each congruence is de-
termined by its prime quotients, either those
in a given composition sequence or those
of the form p/p., p a point. It follows, that

i}

the congruences form a finite Boolean al-
gebra and are in 1-l-correspondence with
unions of connected components of the polnt
set under the binary relation: 3r. with g, g. 7
collinear. Moreover, the si. factors Ly of
L are simple, ie. correspond to maximal
congruences 8, and the dimensions add up:
diml = ¥ dim L. The connected compo-
nents asgociated with the 87 are digjoint and
ispmorphic images of the spaces of the L; via
7. Thus, the space of L can be constructed
as the disjoint union of the spaces of the L
with gy < qy i mydypy < gy where 78 de-
pends only on the subdirect product of L
and L; and can be computed, in the scaf
folding construction, as the pointwise largest
sup-homomorphism oy of Ly into Ly such
that ayme < mje for a given set of genera-
tors e

Gluing[d]. A tolerance relation on a lattice
L iz a binary relation which is reflexive, sym-
metric, and compatible, i.e. a subalgebra of
LxL. A MHack is a maximal subset with every
pair of eloments in relation, whence a con-
vex sublattice. The set § of blocks has a lat-
tice structure. A convenient way to think of
this is a pair o, 7 of embeddings of & {not nec-
esgarily modular) skeleton lattice § into the
filter resp. ideal lattice of L preserving finite
sups resp. infe such that Lix) = a{z) Ny{z)
ig nonempty for each r, namely one of the
blocks. A relevant tolerance for modular lat-
tices is given by the relation that |ab,a + b
be complemented. Its blodks are the maxi-
mal relatively complemented convex sublat-
tices of L and § is then the prime akelefon.
Une has a glung if the smallest congruence
extending the tolerance is total - which oc-
curs for modular L of dim L < oo and the
prime skeleton tolerance. The neutrality of
u £ I can be shown with suitable S via an
order preserving o : § — L turning L into a
gluing with blocks [uar, u+ ox], £ € 8 this
happens if = — uwar is sup- and T — o+ or
inf-preserving and for each ¢ in some gener-



ating set there is ¥ € § with & = wor + ue.

Every lattice with a tolerance gives rise
to a system gy, 2 of adjunctions between
the blocks Lix), Liyl, = < y in S, satis-
fying certain axioms. Namely, ¢ra < b
ifa < bif @ £ b Conversely, each
such system defines a pre-order on the dis-
joint union of the L{x) and, factoring by
the associated squivalence relation, & lattice
with tolerance having blocks Lizx). Gluing
always produces & modular lattice from mod-
ular blocks, but only in special cases the im-
pact of the Arguesian law and various kinds
of representability are understood - a necos-
sary condition is that any pair of adjunctions
matching coordinate rings of two frames in-
duees an anti-isomorphism [17]. For the
eombinatorial analysis of subgroup lattices
of finite abelian groups of [4].

Coordinates[i, 7. Won Neumann infro-
duced the lattice theoretic analogne of pro-
jective coordinate systems: a n-frame in
consists of independent elements gy, ay =
aji, 1,3 < m, 1 £ § such that ey = 0,
Yap =1 a0 +ay = oy + ay, and ag =
(ay + a;){ay + o). There are equivalent
variants. Any by < a; provides frames b =
ayayg, by = ayy(ly + by and oy = 0y £ v, 0 =
ajj + v where v = 3 by of sublattices which
can be used to derive frames satisfying rela-
tions. The elements ry; such that rjay = (0
and ry;+a; = a;+a, form the ecordinate do-
main Riy. For a free B-module with basis e
one has the canonical frame Reg, Rle; — &)
and ryy = Rieg —rey). IITn > 4 or, in
presence of the Arguesian law, n g |6
then the Ry are turned into rings isomor-
phic via ry = rgp = (ag+ag)(ry +aj) resp.
Tij =+ Thy = (ap +ay)lry + ag ). with unit
aij

rig S agy = (0 +ay){(ryy +op){ag + i) + 8]

Tij = 83 = {ui +-|.'.|-J}I[!I'|k + -“l';]-

Every modular lattice generated by a frame
can be generated by 4 elements. Every finitely

generated semi-group S can be embedded
into the muliplicative semi-group of the co-
ordinate ring of a suitable frame in some §-
generated sublattice of L{pV) over a given
field & - finite dimensional if § s finite.

A complemented Arguesian lattice posess-
ing a large partial #-frame (ie. a J-frame
of a section [(),u with u having a comple-
ment d = ¥i0, T, T; perspective to gy < a )
or being simple of dimension > 3 is isomaor-
phic to the lattice of principal right ideals
of some regular ring [23. TUnder suitable
richnese assumptions, lattices L{gM) have
been characterized for various classes of rings
via the Arguesian law and geometric con-
ditions on the lattice eg.  for completely
primary uniserial rings [24] and left Ore
domaing. There are resulte on lattice iso-
morphisms induced by semilinear maps resp.
Morita equivalences and on lattice homomor-
phisms induced by tensoring [1]. Abelian lat-
tices, having certain features of abelian cate-
gorieg, can be embedded into subgroups lat-
tices of abelian groups. This includes al-
gebraic modular lattices having an infinite
frame.

Equational Theory|3, 7, 8, 20]. The class
of all linear lattices resp. the class C(R) of all
lattices embeddable into some L{gM) forms
a quasi-variety since it arises from a projec-
tive class in the sense of Mal'cev. Natural
axiom systems and proof theories for quasi-
identities have been given of [10)]. The latter
present identities via graphs. On the other
hand, there is no finitely axiomatized quasi-
variety containing L{.l:':"‘]}, k some fiold, and
satisfying all higher dimensional Arguesian
laws. Also, every gquasi-variety of modular
lattices containing some L{k'*!} also contains
a G-generated finitely presented lattice with
uneolvable decision problem for words [15].
Identities are preserved when passing to
the ideal lattice, thus one may assume al-
gebraicity. Frames are projective systems of
generators and relations within modular lat-



tices: for each n there are terms a;, ay in the
variables xy, z;; such that the a,ay; form a
frame in a sublattice for any choice of the
#{, zy in & modular lattice and i = 04y =
2jy if these happen to form a frame, already.
This allows to translate divisibility of integer
multiples of 1 in & ring, more generally solv-
ability of systems of linear equations with in-
teger coefficients, into lattice identities. The
converse has boen done in [19] for lattices
of submodules: solving the decigion problem
for words in free lattices in L{R), whenever
R has decidable divisibility of integers [e.g.
R = Z), and providing a complete list of
all varieties I C{K), each generated by finite
dimensional members (related ideas occur in
model theory of modules [31]). In contrast,
no finitetly axiomatized variety of modular
lattices containing L{Q™") is gencrated by
its finite dimensional members. For free lat-
tices with » > 4 generators in the quasi-
varieties of all Arguesian, linear resp. nor-
mal subgroup lattices the decision problem
IEmMAINE open - in contrast to the negative
answer for modular lattices [11]. The corre-
sponding variety containments, with i 2)
included, are all proper [25, 26, 3. There
are i with £{R) not a variety, but the sta-
tus for L(k), & a field, £(Z), normal sub-
group and linear lattices 5 unknown. Yet,
for finite dimensional L & HL(k) a retrac-
tion into £{k) is possible. The variety gen-
eratod by modular lattices of dim{L) < n
can be finitely axiomatized, for n = 3 the
lattice of subvarieties and the covering va-
rieties have been determined [20)]. Finitely
generated varieties are finitely axiomatizable
- this does not extend to quasi-varieties.

Generators and relations[23]. Given a

pair i, uz of complements in & modular lat-
tice L and a subset X such that z = wyz +
tiar for all ¥ € X one has w,v central in
the sublattice they generate together with
X. This applies to a direct decomposition
V =10, & 1l of a representation of par-

tially ordered set, f : & — L(; V7). with
X = f(FE). Hence, for a set £ of generators
with partial crder relation, the si. factors
of the free lattice in M LC(k) can be obtained
via Jonsson's Lemma from the s.1. factors of
indecomposable finite dimensional represon-
tations. In particular, this carries through
for representation-finite E. For E not con-
taining 1+ 1+ 141 nor 1 4+ 2 4 2 these
are oxactly the si. modular lattices gon-
erated by such E, namely 2- or G-element.
For |E| = 4 one obtains all L{pP®). n = 3,
P the prime subfield, lattices |[L] < 6 and
a serios of 2-distributives (with 6 labelings
by generators) [L3]. The latter are exactly
the gi. modular lattices generated by two
pairs of complements.  Also, the structure
of the free lattices in £{k) over these and
other tame F of finite growth is understood
cf [4]. Moreover, the word problem for 4-
generated finitely presented lattices in (k)
ig eolvable. The lattice theoretic approach
determines the s.i. factare &, first, using neu-
tral elements and the splitting method.

A large number of finitely presented miod-
ular lattices with additional unary operations
have been determined in [14, 28] as invari-
ants for the orbits of subspaces under the
group of isometric mappings of & vector
space endowed with & sesquilinear form.
The above methods have been modified to
this setting.

The Arguesian lattices generated by a
frame can be explicitely determined as cer-
tain lattices of subgroups of abelian groups.
To some extent the analysis for [E| = 4 and
other generating poseta carries over to Ar-
guesian lattices, but essentially new phenom-
ena oocur [14].
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