Exquatiomal and wnlversal Horn tleory of modular lattiees

Eqpuatiomaly defined aod vnbversal Hoon elasses of modular lattiees (e, guaalari-
ebies amd varieties] avise oo many mtuval contests ncheding ving theory, database

depeawlencies, amwl constroction of experimental desingns, The guestion to e oon-
sklerad are

# axlmatizability of elassas
# decklability of theories

# clare wder leanonapliizmn
o combinatoal sulbe lasses

» related anhjects

Acdomatlzabllity. The state of affais is as follows

o Eacl of tle follwing classes (an many otles) can be axdomatized Ty oa re-
cursive pet of wilversal Hoon sentences, The class of all lattices embeddable
it complemented modular resp, Avgeesion lattess, sulmoedule latties
of Hemeddules (LR, lattiees of normal subgroups, lattiees of permutiog
aquivalences [type 1), [Maleev; Jdusson; Sclein: Huteldwson T3 Halman
A4 Fluberg, Malwettl aml Bota 65

o Nowe of these olasses can be Ouitley axiomatized. Ewven more: Noogua-
slvarkiety of type 1 lattiess ol contalnhng some LF), Foa feld, can be
axbmatized by sentences inoa finite wonber of vadables [Hervmann aodd
Fogunthe T4; Halman 91)

o [u general, these classes are distieet [Joeson 54 Freesse, Hervmaom aod
oo 81; Paliy aowd Szabd 95)

o Tlere arve findte type-1 lattiees wlich awe wt o the vavlety generated Ly
lattioms representable on fnite sets [ Herrmann 87)

Seill, tle question wletler tlere exist “effective” axiomatizations mulie opein.
Tlerefore we aszk

# For which of the above mentiomsed quasivarieties [rep, the varleties they
gemerate] tlere exdsta an algoritlom deckding membeship of Anite lattioes?

# s the equational theory of type-1 lattess representable on findte sets recur-
sively axlomatizable [whence decidalile)?

Decldability, Tlhe state of afais s as follows

& Tl free modular lattioe an 4 or more geerators [Freese 800 Herrmannm 83
luins i sl vabe word prabilem

o The latthee warlety generated by subgioup lattess of aballan groups luas a
decidable equational tleory aiwd so do ey patureal sulbvacieties - fneluding
tlee warieties generated by LA, B vecursive.  [Hervmaonn awed Hulo T4
Czedl and Hutelbnson TA)

o Every modular lattice warviety containing L[F)] for some fleld F las a 5
generated funitely preconted meamber with wisalvable wownd problem [Hiuote ld-
gonn T4, T Lipshite T4)

& The d-geierator word problan B solvable for the latties variety genevated by
complmented madnlar lattices, [Gel el aiwd Pomomarvey T Hearrmaimn
T3
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Tl wegative results on free modular lattkees definitely depend on constructions
mcompatible with Desargues’ Law, The positive resulis on subimodule lattiees
depeixr] on the theory of elementary divisms esp. epresentation tleory of quivers,
Filling tle gap [or ratler abyss) nclides to

» conslder decidability of sguatiomal thesry vesp, d-gemerator word prablan
s
— Argenesian lattices
— type 1 latthees
— snbgroup lattices of abellan groups

Homomorphic elosure, Tle state of alfabs 15 a8 follows

# The classes of type-1 awd of sublattices of complamented modhilar lattices
are ¢losed wader forming ideal lattioss [Mation 87; Herrmamn and Semeno
i),

o The clisses LIA) are ot closed wader homomearplide hmages, in gemeral
[Caedl o] Hutelsbnson 87

Thus, lomomorplie elosme may be expectesd only for guite restricted or guite
general classes, Tlerefore we ask

o wlidels off the folloy iu-_l{ classes 18 elosad wixler |J-::-u|.-::-u|.]1|]1|1i-:: hu.l'lgﬂ-\.
— type 1 latthees?
— sublattices of complemented modular lattiees?

Comblnatorvial subelasses. The mos lmportant classes of modular lattices witls
a purely eomblsatorial Baveur are given by beeadth 2 and 2-distributive lattioes,
Tl state of alfais B as follws

# Fluitely generated finite helght 2-distributive moedular lattiee are finite
[ Herrmsmmn S

o Xedlistributive modular lattiess ave n L) for every B dsson and Mation
AT, Herrmeann, Plekeving, amwl Roddy %)

& there is achmple finitely generated modular breadtle2 lattice with no prims
quuctlents aml ot contaimed u the quashaciety generated by finite height
mecshular lattices [Selonkdt T5H)

# finite helght 2=listributive modular lattiess are of nlte represantation type
i amd cnaly 0 they arve “acyelic™. Al suelarve bowmnded homomeorplic bages
witliin meschalar lattees [ Herrmamn amwd SWild 91)

This gives rise to the folley ng guestions for tle variety of 2=distributive modular
lattices resp, varkety generated by braadile2 modular lattiees

o [s the variety geperated by its fudte membeas?

o [s the equational vesp. mdversal Horn theory decidalble?

o Docs the fnite helght conjecture lold [varletios of fnite leiglt o the lattiea
af varleties are geperated by fnite lattiees)?

o Ao subdiveetly lreducible acyelie lattiees splitting b the varlety [vesp. in
tlue variety of all modular latthees]?



3

Belated subjects. Type 1 lattioes are elosely related to the theory of relation
algebma, databases, experimental designs, stochastic hxlepandees, and hmadant
tleeaay, The most signifeant results o this context are
o The eqguational theory of the peduct of repreentable velation algelras o=
valving product, meet, conversion, axl kentity, only, 18 decldable Tot does
ot axlomatize tle elass [Awdveka and Bredibldn 95%)
& Aoy variety of relation algebras containing the complex algebva of an nfinite
grop lss udecldable equatiomal theory [Andveka, Glaant, and MNemneati 97)
o Representability B wot decldable for fuite velation algebras [Hivsel aidd
Hoes i vsmcnin 8]
o The lmplieation problem forembedded multivalved dependencies B msalv-
alble [Herrman 95)
o Lattiees of conntable and “eoutinuons” lattices of measurable comumuting
a=algelivas ave type 1 [MNan 9)
OF nterest ave fragments of the universal Horn logle of subreducts of velation alge-
biras endowed at least with the relatiomal product.

# 5 the nniversal Horn theory of the relational produet decidahble?

# 5 tlere a decislon procedum to test wlether a given fnite set of genera-
tons with prodect sl meet relations generates distributive and permuting
lattices of eguivalemees, ouly?

» For which quasivarieties of reduets B repesentability of fnite algebras de-
cllable?
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