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Consider a body moving in a Navier-Stokes liquid with a prescribed constant
non-zero velocity ¢ € R3\ {0} and non-zero angular velocity w € R?\ {0}. We
assume that £ and w are parallel and directed along the x3-axis. Due to a simple
transformation (see [6, Section 2]), this assumption can be made without loss
of generality whenever £ - w # 0. After a suitable non-dimensionalization, the
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Abstract

Consider a body moving in a three-dimensional Navier-Stokes liquid
with a prescribed constant non-zero velocity ¢ € R*\ {0} and non-zero
angular velocity w € R®\ {0}. Linearizing the associated equations of
motion written in a frame attached to the body, we obtain the three-
dimensional Oseen equations in a rotating frame of reference. We will
consider the corresponding stationary problem in the whole space. Our
main result concerns elliptic L?-estimates of the solutions. Such estimates
have been established by R. FARWIG in Tohoku Math. J., Vol. 58, 2006.
We introduce a new method resulting in a much simplified proof of these
estimates. Moreover, our method yields more detailed information on the
dependency of the involved constants on & and w.
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corresponding equations of motion in a frame attached to the body B C R? are
O — Av+ Vp+ R(v- Vv — 30)
+T(esAz-Vv—esAv) =f inR*\Bx(0,00),

dive =0 in R*\ B x (0, 00),
v =, on 9B x (0, 00),
v(z,0) = vy,

where R,7 > 0 are non-dimensional constants. Here, v and p denotes the
velocity field and the pressure of the liquid, respectively.
We consider in this paper the corresponding stationary linearized whole
space problem, that is,
w1 —Av+Vp—Rv+T(esAz-Vv—ezsAv) =f inR?
' dive =0 in R3.

The above system is the classical stationary Oseen problem with the extra term
T( es\x - Vv —e3 /\v), which stems from the rotating frame of reference. Note
that due to the unbounded coefficient, this term can not be treated at a pertur-
bation of the Oseen operator.

We will prove elliptic L?-estimates of the solutions (v, p) to (1.1) in terms of
the data f. Our main result reads:

Theorem 1.1. [Main Theorem] Let 1 < q < oo, let Rg > 0, and consider
0<R<RoandT >0. For any f € LI(R3) there exists a solution (v,p) €
D?4(R3)3 x DY(R3) to (1.1) that satisfies

(1.2) IV20llg + Vol < Callfllq:

with Cy independent on Rgy, R, and T. Moreover,

(13)  [ROsvlly + 1T (es Az Vo —e5Av) g < 02(1 + 712) 111l
with Cy = C3(Ro). If 1 < g < 4, then

(1.4 1961 s, < Ca R+ 7)1,

with C3 = C5(Ro). If 1 < g <2, then

(15) ol < Ca(RH+ 7l

with Cy = C4(Ro). Moreover, if (9,p) € D*"(R3)3 x D" (R3) is another
solution to (1.1), then

(1.6) v=v+ae3+BesAr and p=p+7

for some a, B,v € R.



The estimates and uniqueness statement in Theorem 1.1 have already been
established in [2]. Due to the term 7 (e3 Az - Vv — e3 Av), the estimates do not
follow, as opposed to the classical Oseen system, from a standard application
of well-known Fourier multiplier theorems. Therefore, in [2] the estimates are
established by a very technical application of the Littlewood-Payley decompo-
sition. The purpose of this paper is to give a simpler proof of the estimates
using a different method. More specifically, we utilize an idea going back to [4]
of transforming (1.1) into a time-dependent Oseen problem. After the trans-
formation, we are able to use standard Fourier multiplier theory to obtain the
estimates. In addition to being simpler, our method also yields more detailed
information than in [2] on the dependency of the involved constants on R and
7.

Before we in section 2 give a proof of the main theorem, we first introduce
some basic notation. By L7(R3) we denote the usual Lebesgue space with
norm |-||,. By W™4(R3) we standard Sobolev spaces, and by D™4(R?) the

homogeneous Sobolev space with semi-norm ||, ” that is,
,

1

(V] g = ( > /Ia%(x)lqu> , D™= {v € L, (R®) | |v],, , < o0}
R’%

lee|=m g:

For functions u : R3 x R — R, divu(x,t) := div, u(x,t), Au(z,t) := Ayu(z,t)
etc., that is, unless otherwise indicated, differential operators act in the spatial
variable = only. We use Ff = f to denote the Fourier transformation, and
& (R™) to denote the class of Schwartz functions. Finally note that constants
in capital letters in the proofs and theorems are global, while constants in small
letters are local to the proof in which they appear.

2 Proof of Main Theorem

We will make use a simple transformation that transforms solutions to (1.1) into
time-periodic solutions to the classical time-dependent Oseen problem. For this
purpose, we introduce the rotation-matrix corresponding to the angular velocity
7T es. More specifically, let E3 € skewsx3(R) denote the skew-symmetric adjoint
of e3 and put

cos(7t) —sin(7t) O
Q(t) == exp(TEst) = | sin(7¢t) cos(7t) O
0 0 1

For a sufficiently smooth solution (v,p) to (1.1), the transformation u(x,t) :=
QUw(QM)Tx), p(z,t) := p(Q(t)"x) yields a ZF-periodic (in time t) solution
to the time-dependent Oseen problem in the whole space. In order to prove
(1.2), we split this solution into a solution to a Cauchy problem with zero initial
value, and a Cauchy problem with zero forcing term, respectively. We then
prove (1.2) by a simple analysis of these two systems. The main idea behind



our proof of (1.3)—(1.5) is to exploit the time-periodicity and expand (u,p) in
a Fourier-series. We will then analyze the L9-norm of v in terms the resulting
Fourier coefficients. As we shall see below, these coefficients each solves (in
space) a resolvent Oseen-equation. This information enables us to estimate
their L9-norms using standard multiplier theorems.

We split the proof into several lemmas. We start by establishing existence
and higher order estimates in the case ¢ = 2. This can be shown by an argument
based on the Galerkin method (see for example [10]), but we choose here an
approach using the ideas described above.

Lemma 2.1. Let f € C°(R®)3. There exists a solution
(2 1) vE D2’2(R3)3 ) DI,Q(R3)3 N L6(R3)3 N COO(RB)?’,
' p € DM2(R3) N L3(R?) N C*>(R?).

to (1.1) that satisfies
(22) IV20]ls + [|Vpll2 < Cs]| ]2,
with Cy independent on R and T .

Proof. Since f € C§°(R3)3 there is a h € L*(R?)3*3 with divh = f (see for
example [11, Lemma 1.6.2]). For k € Z put

27 )T

Fk(CL') = % / Q(t)f(Q(t)Tx) e iTkt dt,
0

2n )T

Hy(x) := % / Q(t)h(Q(t)Tx) eI TR 4,
0

Note that Fy € C§°(R3)? and div Hy = F).. Now define

::]-“1[ 1 <1_5®f)ﬂ,
o i(Th—Re) + P\ e )"

=F! {5 - Ty ] .

4 G

Both of these expressions are well-defined as the inverse Fourier transformation
of a tempered distribution multiplied with the Schwartz function Fj. Clearly,
by Plancherel’s identity, (ug,pr) € D?2(R3?) x DV2(R3). In fact, we see that
ur, € W22(R3) for k # 0. Moreover, inserting Hy - for Fy, in (2.4), we see, again
by Plancherel’s identity, that p, € L?(R?), and, by the mapping properties of
the Riesz potential ([8, Theorem 6.1.3]) that ug € L5(R3). By construction of

(ug, pr) we also have

(2.4)

(2.5)

T kug — Aug + Vpp — ROsur = F  in R37
divug =0 in R3.



Now put for (z,t) € R® x R:

= Zuk(x) eiTk:t, p(z,t) = Zpk(x) eiTkt’

(2.6) kEZ 4 keZ
)= Z Fy(x) e Tkt
kez
Note that since
2n )T

o) = e | #IROAQEOT)] e T,

the series above converge even point-wise. Observe that

@7) O — Au+Vp —RAu=F inR> xR,
' divu =0 in R? x R.
Finally, we define v(z,t) := Q(¢)"u(Q(t)x,t) and p(z,t) p(Q(t)z,t).

one easily verifies, v and p are time independent and bOlVB ( 1). Moreover
repeatedly using Plancherel’s identity, it follows that

27 /T

T
0l + 190 = 5= [ [ 180@)? + Vo) dod

2 )T

:/% [ 18uta ) + Vb0 dtdz
R3 0

— [ S 18u@P + [Tpuo) da

s ke
2n )T
T 2
<aY IRl =a [ 5 [ Q0HQET) s
keZ R3 0
= el

where ¢; is independent on R and 7. Thus, (2.2) follows. Similarly, we find
that v € DV2(R?) N L6(R3) and p € DY2?(R3) N L?(R3). By standard elliptic
regularity theory, we also find, since (v, p) solves (1.1), that both v and p lie in
C°°(R?). This concludes the lemma. O

In the next lemma, we establish higher order L?-estimates for the solution
found above.

Lemma 2.2. Let 1 < q < oo, and let f € C(R3)3. The solution (v,p) from
Lemma 2.1 satisfies (1.2).



Proof. Assume first that ¢ > 2. Let T > 0. For (z,t) € R® x R put
u(w, 1) = Q0 (Q) s — Rees), plw,t) i= p(Q() e — Rees),
Fa,t) == Q1) (Q() Tz — Rees ).
Then
ou—Au+Vp=F inR>x(0,7),
(2.8) divu =0 in R x (0,7),
u(z,0) = v(x) in R3.

We denote by € = (£1,62,&3) € R? and (£, &) € R%, and consider the operator

o SR = S (RY, D ::]-"1{ ! (I—§®§>A].
(R%) (R%) (¥) 6+ E7+ L e Y

By the Hormander-Mihlin multiplier theorem ([7, Theorem 5.2.7]), we deduce
that ® extends to a bounded operator ® : L"(R*) — L"(R*) for all 1 < r < oco.
We then put

U1 (.Z‘, t) = et/T q)(F(xa t)X[O,T] (t) e_t/T )a

where xjo,7] denotes the indicator function of the interval [0,7]. Note that
F(z,t)x[0,7(t)e”"/T € L"(R*) and thus uy € L"(R3 x (0,T)) for all 1 < r < co.
As one may verify,

Owup — Aup +Vp=F inR?®x (0,7),
(2.9) divu; =0 in R x (0,7),

Tim a1} = 0.
for all 1 < r < co. In particular, (2.9), follows by a standard argument (see for
example [9, Sec. 5, Theorem 6]). Furthermore, again by the Hormander-Mihlin
multiplier theorem, we obtain
(2.10) V21|l Lr®e x 0,1)) < Ll Fll e g3 (0,1))
with ¢; independent on T'. Next, put

(2.11) ug(z,t) == (47rt)_3/2/e_lw_y‘2/4tv(y) dy.
R3

An elementary calculation shows that us € LS(R3 x (0,T)), dyua, Vg, VZius €
LY (R3 x (0,T)), and that us solves

Oyug — Aug =0 in R* x (0,7),
(2.12) divus =0 in R* x (0,7),

Jim flua,2) = v()lls = 0.



Taking second order derivatives on both sides in (2.11) and applying Young’s
inequality, we obtain
3¢1

(2.13) 1V (-, 1) | Laqsy < 2t~ 2E73) |V 20|,

with ¢y independent on T'. Next, we claim that u = uj +ug in R3 x (0, 7). This
follows from the fact that u; + us satisfies (2.8) combined with a uniqueness
argument (see [5, Lemma 3.6]). We can now calculate

T

T||Av||(q1://|Au(x,t)|qudt
R3

0

T
< C3<|Au1”%q(R3><(O,T)) + /||AU2(‘,t)||Zdt>
0

T
_3(1_1

S C4<|F||%‘1(R3X(O,T)) +/t 2(2 q)HVQUHQ dt)

0

1

_3(i_1
= ca(T|fIl§ + T2 =70 V20)l5),

with ¢4 independent on T, and of course also on R and 7. Dividing both sides
with T and subsequently letting T — oo (note that ¢ > 2 by assumption),
we conclude that ||Av|ly < ca||f|lq- Finally, we deduce directly from (1.1), by
taking div on both sides in (1.1),, that —Ap = div f. From this it follows that
also ||Vpllg < ¢s5]|f|lg, with ¢5 independent on R and 7. Hence (1.2) follows in
the case ¢ > 2.

The case ¢ = 2 was shown in Lemma 2.1. Consider now 1 < ¢ < 2. In
this case will establish (1.2) by a duality argument. Consider for this purpose
¢ € C&°(R?). Just as in Lemma 2.1, one can show the existence of a solution
(1, m) in the class (2.1) to the adjoint problem

(2.14) —Aw—Vn—i—R@g?/J—l—T(eg/\x-V(b—eg/\w):go in R?,
' divey =0 in RS.

By arguments as above, we can also show for 2 < r < oo that
(2.15) V291l +11Vall- < collell

with cg independent on R and 7. We now exploit that

/Av-apdx:/Av- [—Az/J—V?]—i—R(’?gw—i—T(eg/\x-VdJ—eg/\w)]dx.
R3 R3

As one may verify, the summability properties of (v,p) and (¢, n), ensured by
the fact that both pairs lie in the class (2.1), suffice for us to integrate partially



in the integral on the right-hand side above. Consequently,
/Av cpdx = / [— AAv — RO3Av +T(63 Az - VAv —e3 /\Av)] -y dx.
R3 R3

Note that A[eg AT - V’UL. = [63 A - VAv]i +2V2y; :E3 = [63 AT - VAU]

thus deduce from the above that

R[Avadx:R[Af-wdx:R[f-Awdx.

Using (2.15), we then obtain

We

i

I/Av-wdxl < A NallAgllg <1 fllgllellqrs
R3

where ¢’ denotes the Holder conjugate of ¢. It follows that ||Av||, < cg||fl4, and
thus [|[V2v||, < ¢z f|l4» With ¢7 independent on R and 7. Again, the estimate
IVpllg < csll fllq follows simply from the fact that —Ap = div f. This concludes
the lemma. O

Having dealt with the higher order terms, we now establish estimates for the
other terms on the left-hand side of (1.1).

Lemma 2.3. Let 1 < g < oo, and let f € C§°(R3)3. The solution (v,p) from
Lemma 2.1 satisfies (1.3).

Proof. Consider first 1 < ¢ < 2. We let (u,p, F) and (uk, px, Fi;) be as in the
proof of Lemma 2.1, that is, as in (2.3), (2.4), and (2.6). Since (ug, pi) satisfies
(2.5), we have

o1 RTT;
up = F [sz n |§|2 (I |€|2 )f[Fk + R83uk]:|

The multiplier mg(§) = m satisfies |§\|a‘\6°‘mk(§)| < ﬁ for all multi-
indices o € N3. Thus, by the Hérmander-Mihlin multiplier theorem ([7, Theo-
rem 5.2.7]), we obtain for all k£ # 0:

C2

|T]€| (HFqu + ||R83Uk||q),

lurllq <

with ¢o independent on R and 7. By interpolation, it follows that (k # 0)

C3

2.1 <
( 6) ||uk||q = |Tk|

R
(1Exllq + Rellurllg + =1V uxllg)



for all € > 0. Recall that u(z,t) = Q(t)v(Q(¢)Tz) and, by definition of u as the
Fourier series with respect to Fourier coefficients uy,

2 )T

T .
ug(z) = — / u(z,t) e Tk 4t
2m
0
Consequently, using Lemma 2.2, it follows that ||[VZuy|, < cal fllg, with cq

o | Tk|
2RC3

independent on R and 7. Clearly, ||Fx|lq < ||f]l4- Thus, choosing € = in

(2.16), we conclude that (k # 0)

Cs R2
< —(1+—=

with ¢5 independent on R and 7. We can now estimate

1/q 1 R2 \ ¢ 1/q
(X ) sa ¥ (i) 1)

(2'17) keZ\{0} keZ\{0}
Cr R2>
< <1+ = ]If

where ¢7 is independent on R and 7. We now put U(z,t) := u(z,t) — ug(x).
Recall that 1 < ¢ < 2. Let ¢’ = %3 denote the corresponding Holder conjugate.

Using the Hausdorfl-Young inequality for Fourier-series (see for example [1,
Proposition 4.2.7]), we obtain the estimate

2m/T 1 1

T ¢\ N

(3 [ weora) < (¥ )"
5 keZ\{0}

which we write as

27 )T

T AT\

il < 7,

(3 [ (Weor)™a) < 3 juw)
0 keZ\{0}

Integrating now both sides above over R? and subsequently using the Minkowski
inequality (recall that 1 < g < 2), we deduce that

(2.18) (; %/T(/|U(gc,t)|ngc)“’lldt>q_1 < 3 e
0 R3

kez\{0}
Define

(2.19) v1(z) == v(x) — ug.



Recall the definition of uy and observe that Q(#)Tuo(Q(t)x,t) = ug(z) for all
t € R. It follows that vi(z) = Q(#)TU(Q(t)z,t). We now see that the inner
integral on the right-hand side in (2.18) evaluates to [lv1[|Z. Combined with
(2.17), we thus have

Cr R2
(2.20) Jonl §(1+>||f||-
the < g\ 7 ) W lo

Furthermore, since also Q(t) Fy(Q(t)x,t) = Fy(x), it follows that v; satisfies
(1.1) with f — Fp as the right-hand side. Consequently, Lemma (2.2) yields

(2.21) IV201llg < C1llf = Follg < esll fllq,

where cg is independent on R and 7. Next, we observe that ug is a solution to
the classical whole space Oseen problem. From standard theory (see for example
[3, Theorem VII.4.1]), we have

(2.22) IV2uollg + RlIO5uolly < coll Follg < coll fllg;

where ¢ is independent on R and 7. Combining (2.20), (2.21), and (2.22), we
can finally estimate

[RO3v]lg < R||O3uollq + R|Ozv1llq
< croll fllg + Rllvillg + [[V01]l4)

R R3

1
<1+ 73 ) Il

where c12 = c12(Ryg), but is otherwise independent on R and 7. This concludes
the proof in the case 1 < ¢ < 2. The case 2 < g < oo follows by a duality
argument similar to that in the proof of Lemma 2.2. O

Using a simple interpolation argument, we will now show estimates for the
lower order terms of the solution.

Lemma 2.4. Let 1 < g < oo, and let f € C§°(R3)3. The solution (v,p) from
Lemma 2.1 satisfies (1.4)-(1.5).

Proof. The proof will follow from the decomposition (2.19) of v into a part ug,
which satisfies the classical Oseen problem and thus enjoys corresponding L7-
estimates, and a part vy, which satisfies (2.20) and (2.21). Note that (2.20) and
(2.21) were established in Lemma 2.3 under the assumption that 1 < ¢ < 2.
It is, however, immediately clear from the argument in Lemma 2.3 that (2.21)
holds for all 1 < g < co. Moreover, by a duality argument similar to that in the
proof of Lemma 2.2, one readily shows that (2.20) also holds for all 1 < ¢ < cc.

10



Consider now 1 < ¢ < 4. By well known theory (see for example [3, Theorem
VI1.4.1]),

(2.23) IVuol| 20 < ARV Folly < erRYA|If -

By Sobolev embedding (see for example [3, Lemma II.2.2]), (2.20), and (2.21)
it follows that

1 3
VoLl ao < 2| Vo [l§ V20 14

colir L (1 B il <107 )i
Sl TmN ) e "

with ¢4 = ¢4(Rp). Combining (2.19), (2.23), and (2.24) gives us (1.4).
Consider next 1 < ¢ < 2. It is well known that ([3, Theorem VII.4.1])

(2.24)

(2.25) luoll 2o < esRYZ | Follg < esRY2| £l
Again by Sobolev embedding we find that

1 1 1 1
loll 2 < esllvall sy [1V0r %0 < ex(ffonlla + [V lle)? V20l

i
o S PRI PR | P P SATY

S SRRV B "
with cg = ¢9(Rp). Combining (2.19), (2.25), and (2.26) yields (1.5) O

We can now finalize the proof of Theorem 1.1.

Proof of Theorem 1.1. Lemma 2.1-2.4 establish the theorem, except for the
uniqueness statement, in the case f € C°(R?). We shall now extend the
statements to the general case f € L9(R3). Therefore, let f € L(R3) and
choose {f,}5°; C C§°(R3) with lim,, . f, = f in LY(R3). Let (v,,pn) be the
solution from Lemma 2.1 to (1.1) with f, as the right-hand side. Then choose
0, Brs K, bn € R3 such that

(2.27) 0= /awn —apde = /82vn — PBndz,
B1 B

(228) 0= /vn - (Hn + anx1 + Bn$2) d.’IJ,
B

and 0 = fBl P — tpdx. Put v, := K, + apxi + Bpre. From Lemma 2.2-2.3
we see, using Poincaré’s inequality, that {(v, — 7, pn — tn)}52; is a Cauchy
sequence in the Banach-space

Xin = {(v,0) € Lie(R®)? x Ljoe(R) | (v, p)]x,, < oo},
1w, P)lIx,. = [IV*0llqg + [IVEllq + R0l + [Vl Los,.) + [Pl Loe.0)

11



all m € N. Here, B,, := {z € R® | |z| < m}. Consequently, there is an element
(v,p) € NienXm with the property that lim, oo (Vn, — 7, D — tn) = (v,p) in
X,, for all m € N. Put

L(V,P):= (= AV + VP - R&%V + T(es Az - VV — e3 AV), div V).

It follows that lim, o L(Vp —7n,Pn —tn) = L(v,p) in D'(R3). By construction,
we have lim,, .o L(Vn, Prn) = limy, oo (fn,0) = (f,0) in L9(R3). We thus deduce
that lim,, oo L(7n, tn) = (f,0)—L(v,p) in D'(R3). Consequently, (f,0)—L(v,p)
must be equal to L(r,¢) for some first order polynomial r and constant ¢. It
follows that (v +r,p+ ) € D*9(R3?) x DY9(R3) solves (1.1). Moreover, since
(vn, pn) satisfies (1.2)—(1.3), so does (v + r,p+ r). This proves the first part of
the theorem.

If 1 < g < 4, we repeat the argument above with the modification that we
ignore (2.27) (put a,, = B, = 0) and add the term ||V’U||447qq to the X,,-norm.

We then obtain a solution to (1.1) that also also satisfies (1.4). If 1 < ¢ < 2,
we ignore both (2.27) and (2.28) (put o, = B, = Kk, = 0), and add the term
||'U||22fq to the X,,,-norm. We then obtain a solution to (1.1) satisfying (1.5).

Finally, we prove uniqueness. Assume that (7,p) € D*"(R?)? x DL7(R3) is
another solution to (1.1). Put w := v—0 and q := p — p. It immediately follows
that Aq = 0, which, since ¢ € DY4(R3) + D17 (R?), implies that q is a constant.
Now put U(z,t) := Q(t)w(Q(t)Tz) for (z,t) € R? x R. Since U is smooth and
27 /T -periodic in ¢, we can write U in terms of its Fourier-series

27 )T
= Ui(x) e, Ug(x) =L / Uz, t)e T dt.
2m
kez 0

As one may easily verify, Uy, satisfies 17 kU, — AUk —RI3U, = 0. Thus, taking
the Fourier transform yields (i(7k — R&s) + |£| ) x = 0. It follows that U, =0

for all k # 0. Moreover, since (—iR&; + €] )Uo =0, it follows that supp(Us) C

{0}. Consequently, since Uy € D?9(R3) + D*"(R3), Uy = Az + b for some
A € R¥3 and b € R®. Note that U(z,t) = Up(z) = Q(t)w(Q(t)Tz) for all
t € R. Thus, Q(t)T(AQ(t)z + b) is t-independent. Combining this property
with the fact that div(Az) = 0 and J3(Az) = 0, we find that A3, = A;3 =0
(i=1,2,3), A1 = —A21, A;; =0 (i = 1,2,3), and b Aeg = 0. We thus see that
w = Uy = ez A\xr + aes and q = y for some «, 3,7 € R. O
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