ON THE STATIONARY NAVIER-STOKES FLOWS AROUND A
ROTATING BODY
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ABSTRACT. Consider the stationary motion of an incompressible Navier-Stokes
fluid around a rotating body K = R?\Q which is also moving in the direction of the
axis of rotation. We assume that the translational and angular velocities U, w are
constant and the external force is given by f = div F'. Then the motion is described
by a variant of the stationary Navier-Stokes equations on the exterior domain (2
for the unknown velocity u and pressure p, with U, w, F' being the data. We first
prove the existence of at least one solution (u, p) satisfying Vu, p € L/ »(2) and
u € L3,5(£2) under the smallness condition on |U| + |w[+ || F| L, . (2)- Then the
uniqueness is shown for solutions (u, p) satisfying Vu,p € Lg/s o ()N Lg (Q2) and
u € L3,00(2) N Ly () provided that 3/2 < ¢ < 3 and F' € L33 5 (2) N Lg ().
Here L, () denotes the well-known Lorentz space and ¢* = 3¢/(3 — ¢) is the
Sobolev exponent to q.

INTRODUCTION

Let ©Q be an exterior domain in R?® with smooth boundary 9. Consider the
motion of an incompressible Navier-Stokes fluid around the rigid body K = R3\ Q
which is rotating about an axis with constant angular velocity w = ces = (0,0, ¢)7.
We also assume that the body K is moving in the direction of the axis of rotation
with constant velocity U = kes. Then with respect to a coordinate system attached
to the body, the velocity u = (uy,us,u3)? and pressure p of the fluid is governed
by the following initial boundary value problem for a variant of the Navier-Stokes
equations in € (see [18, 12, 7] for a detailed derivation):

u+div(u®u)+ Lu+ Vp=divF in Q x (0,00),
divu =0 in 2 x (0, 00),
(0.1) u=wAzxz—U on dQ x (0,00),

u(z,t) — 0 as |z] — oo, t >0,
u(+,0) = ug in ,

where L is the linear differential operator defined by
Lu=—-Au+ (U —-wAx) - Vut+wAu.
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Here uy and f = div F' denote the given initial velocity and the external force,
respectively.

The nonstationary problem (0.1) has been studied from the mathematical point of
view by Hishida [18], Galdi [12], Galdi and Silvestre [14], Geissert, Heck and Hieber
[17] and Hishida and Shibata [20], since the global existence of weak solutions was es-
tablished by Borchers [3] in 1992. Of particular interest are the global existence and
stability results in [14] and [20] for the problem (0.1) with U = 0, which corresponds
to the fluid motion around a purely rotating rigid body. In particular, Hishida and
Shibata [20] showed that if ug is sufficiently close in L3 +(€2) to a small stationary
solution ug of (0.1) with U = 0, then there exists a unique global solution u which
tends to ug as t — oo. This is a highly nontrivial extension of the previous stability
result by Kozono and Yamazaki [25] for the classical Navier-Stokes problem, i.e, the
problem (0.1) with U = w = 0. It is also very important and challenging to extend
these stability results to the general case of possibly nonzero U and/or w, which
requires a detailed study of stationary solutions of (0.1).

In this paper, we shall study the steady motion® of the fluid around /C, which
is described by stationary solutions of the problem (0.1); thus assuming that F is
time-independent, we consider the stationary problem in the exterior domain 2:

Lu+diviu®@u)+Vp=divF in Q,
divu =0 in Q,

u=wAx—U on 0,

u(z) — 0 as|z] — 0.

(0.2)

The existence of a weak solution u of (0.2) satisfying finite Dirichlet integral (i.e.,
Vu € Ly(R2)) and the energy inequality can be shown for arbitrarily large data by
applying the classical Galerkin method as in [3, 12, 30]. The solution u has a com-
plete local regularity property: it becomes smooth up to the boundary 0f2 if F' is
smooth enough. However there have been very few results on the asymptotic behav-
ior of u(x) as || — oo even for the classical Navier-Stokes equations. This makes
it extremely difficult to establish the uniqueness and stability of weak solutions of
(0.2) even though the data are assumed to be suitably small. Two approaches have
been developed to investigate such basic mathematical questions for the classical
Navier-Stokes equations in exterior domains.

The first approach due to Galdi and his collaborators relies on pointwise estimates
obtained by a detailed analysis of the volume potentials associated with the Stokes
and Oseen equations. In fact, Galdi and Simader [16] (see also [10, 11]) showed
that if w = 0 and ||(1 + |2[*)F|| 1. (o) is sufficiently small, then there exists a unique
weak solution w of (0.2) with finite Dirichlet integral and moreover the solution
u satisfies the decay estimate |u(z)| = O(]z|™!) at infinity, which is the same as
those of the fundamental solutions. An extension was obtained by Galdi [13] to the

11t should be noted that the steady motion with respect to a coordinate system attached to the
rigid body corresponds to a time-periodic motion with respect to the original coordinate system.
See [7, 8] for more details.
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rotating problem (0.1) with U = 0. Finally, Galdi and Silvestre [15] showed that if
\U|+ |w| 4+ ||div F|| £, @) + [[(1 4 |2]?) F|| 1) is sufficiently small, then there exists a
unique strong solution (u, p) of (0.2) satisfying V2u, Vp € Lo(Q), (1+]x]) u € Lo ()
and p € Lg(2) (s > 3/2).

The second approach is of functional analytic nature and utilizes the theory of
weak L,-spaces or more generally Lorentz spaces. The Lorentz spaces L, ,(€2) have
been introduced by Borchers and Miyakawa [4] and by Kozono and Yamazaki [24, 26,
25] in order to establish the existence, uniqueness and stability of stationary solutions
of the classical Navier-Stokes equations. In particular, Kozono and Yamazaki showed
in [24] that if U = w = 0 and || F[|L,,, () is small, then the problem (0.2) has at
least one solution (u,p) satisfying Vu,p € L3/s o (2) and u € L3 (£2). This result
was extended by Farwig and Hishida [8] to the case of non-zero angular velocity w.
However, it remains still open to prove the uniqueness of solutions (u,p) of (0.2)
satisfying Vu,p € L3/s00(£2) and u € L3 (£2); see e.g. [22] for a relevant discussion.
Instead, as observed recently by Kim and Kozono [22], a bootstrap argument enables
us to deduce that if U = w = 0, 3/2 < ¢ < 3, F € L3/5(Q) N Ly, (Q) and
I F ||z, 5 o) is small, then the problem (0.2) has a unique solution (u, p) satisfying
Vu,p € Lyjooo(Q)N Ly, () and u € L3 o (2) N Lg= (), where ¢* = 3¢/(3 —q¢) is the
Sobolev exponent to q. Moreover, if ¢ = r = 2, then the solution (u, p) satisfies the
energy equality and coincides with any weak solution satisfying the energy inequality
whose existence was established long ago in Leray’s celebrated paper [28].

The purpose of this paper is to establish the existence and uniqueness of solutions
of the problem (0.2) in the framework of Lorentz spaces, which extends the results
in [24, 8, 22] to the more general fluid model of possibly nonzero U and/or w. In
fact, we shall show (see Theorems 1.1 and 1.2 in the next section) that

o (Ezistence) if |U| + |w| + || F||L,,,.. () is small, then the problem (0.2) has
at least one solution (u, p) satisfying Vu,p € L3/ »(§2) and u € L3 »(£2); and

o (Unique solvability) if F' € Lgj(2) N Lgr(Q) for some 3/2 < ¢ < 3
in addition, then the problem (0.2) has a unique solution (u,p) satisfying
Vu,p € Lg/gvoo(Q) N Lqﬂ‘(Q) and u € ngoo(Q) N Lq*,r(Q>‘

Our theorems are extensions of the previous existence and uniqueness results given
in [24, 8, 22] to the more general problem (0.2). Moreover, the unique solvability of
(0.2) is shown for more general external forces f = div F' than in [15], but with lack
of such a pointwise estimate as |u(x)| = O (Jz|™!) at infinity. On the other hand, it
was shown in [22] that weak solutions of (0.2) satisfying the energy inequality are
unique if U = w =0, F' € L33 0(02) N Lo(2) and [|F||L, , (o) is small. The proof
is based on a uniqueness criterion due to Kozono and Yamazaki [26] which we have
a serious difficulty in extending to the rotating case w # 0. This difficulty, which
is caused by the presence of the unbounded term (w A z) - Vu in Lu, has not been
resolved yet. Hence the uniqueness of weak solutions satisfying the energy inequality
remains still open for the problem (0.2) with nonzero angular velocity w.
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Our results on the nonlinear problem (0.2) are deduced from the corresponding
results on its linearized problem by means of a standard fixed point theorem together
with a bootstrap argument. The linearized problem in Lorentz spaces has been
studied in great detail by Kozono and Yamazaki [24] and Farwig and Hishida [8] for
the special cases of U = w = 0 and U = 0, respectively. We will obtain a complete
L, -result (see Theorem 1.3 below) for the linearized problem of (0.2), by following
the argument of Farwig and Hishida [8] with the help of the L,-estimate due to
Kra¢mar, Necasovd and Penel [27].

The outline of this paper is as follows. In Section 1, we shall state all of our main
results with some basic definitions introduced. Section 2 is devoted to proving the
unique solvability result in L,,(Q2) for the linearized problems in the whole space
and bounded domains. In Section 3, we then obtain a complete L, ,-result for the
linearized problem in exterior domains. Finally we complete the proofs of the main
results for the nonlinear problem (0.2) in Section 4.

1. RESULTS

To begin with, we rewrite the problem (0.2) as an equivalent problem with homo-
geneous boundary conditions by using a simple change of variables. Let n € C$°(R?)
be a fixed cut-off function with n = 1 near 92, and let us define

b(x) = %rot [n(z) (UAz - |z]°w)].

It is easy to show that
be CP(R3), divb=0 inR3? blpgg=wAz—TU,
{ [16l] oo ®s) + [[Vbl| Lo sy < C (U] + |w])
for some constant C' = C(Q2). Hence any solution (u,p) of (0.2) is determined

uniquely by (u,p) = (v + b,m) for a solution (v,7) of the following homogeneous
problem in the exterior domain €2:

Lv+Vr =div(F —Q(v)) inQ,

(1.3)

dive =0 in €2,
(NS) v=20 on 0,
v(z) =0 as |z| — oo,

where (), is the nonlinear operator defined by
(1.4) Q)=+ @v+b) -Vb+(U—-wAhz)@b+b® (wAzx).

From now on, we shall study the solvability of the exterior nonlinear problem (NS)
in the framework of Lorentz spaces.

Let D be any bounded or unbounded domain in R3. For 1 < ¢ < oo and 1 <
r < oo, Ly(D) and L,,(D) denote the usual Lebesgue and Lorentz spaces over
D with norms || - ||,.p and || - ||g.-p, respectively. The completion of C§°(D) with
respect to the norm ||V - ||4.p is denoted by H +(D). By real interpolation, we define
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H}.(D) by H}.(D) = (HL(D),H.(D))s,, where 1 < gy < ¢ < q < oo and
0 <6 < 1satisfy 1/g = (1 —0)/q0 + 0/q;. It is well-known (see [1] for instance)
that C§°(D) is dense in both L,, (D) and H;,,(D) if 1 <r < co. Denote by L, (D)
and H (D) the closures of C3°(D) in Ly, (D) and H o (D), respectively; of course,
Ly (D) = Ly, (D) and H], (D) = H} (D) for 1 < r < oco. Note that L, (D) =
ﬁq/,r/(D)*, where ¢’ and 7’ denote the Holder exponents to g and r, respectively.
We also define H}(D) = O} (D)* and H;'(D) = H, (D) = HL(D)*, so that
H YD) = (H YD), H;(D))s,. We denote by (-,-) simultaneously the duality
pairings between L, (D) and L., (D) as well as between ﬁ;yr(D) and Hq_,}r,(D).
Finally, the norm of H2!(D) is denoted by || - ||41,4,;p or simply by || - |14, if D is
the exterior domain {2 under consideration.

It was shown by Kozono and Yamazaki [24] (see Lemma 3.1 below) that if w €
H(;T(Q) for some (¢, r) satisfying either 1 < ¢ < 3 or (¢q,r) = (3,1), then w(x) — 0
as |x| — oo and w = 0 on 0N in some weak sense. Hence we define weak solutions
of (NS) as follows:

Definition 1.1. Let (g,r) satisfy either 1 < ¢ < 3,1 <7 < o0 or (¢,7) = (3,1).
Suppose that F' € L,,(2). Then a pair (v,7) in H(}’T(Q) x L, () is called a weak
solution or simply a solution of (NS) if
(1) divo =0 1in Q,
(2) (U—-—wAzx) - Vo+wAv e H(;Tl(Q),
(3) (Vu,Vw) +{((U —wAz) - Vo+wAv,w) = (r,divw) — (F — Q(v), Vw)
for all w € C§°(92).

The main purpose of this paper is to establish the existence and uniqueness of
solutions of (NS) under the smallness condition on |U| + |w| + || F||3/2,00- We first

prove the existence of at least one solution in H:)}/z,oo(9> X Lgj2,50(£2) of (NS).

Theorem 1.1. There are small positive constants g = 6o(2) and g9 = £o(2) such
that if F' € Lgjs 5o(2) and |U| 4 |w|+ || F||3/2,00 < 00, then there exists a unique weak
solution (v, m) € Hé/Q,m(Q) X L3j2.00(€2) of (NS) satisfying the estimate

(15) ol < <o

Moreover we have

(1.6) [olls.c0 + 1VVlls/2.00 + 17137200 < Co (IU]+ |l + [[Fl3/2.)

for some constant Cy = Cy(§2) > 0.

Remark 1.1. If (v, 7) is a solution of (NS) obtained by Theorem 1.1, then (u,p) =
(v+b,7) is a weak solution of the original stationary problem (0.2).

Remark 1.2. Theorem 1.1 was first proved by Kozono and Yamazaki [24] for the
special case U = w = 0 and then by Farwig and Hishida [8] for the more general
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case U = 0. Our result is an extension of the previous results in [24, 8] to the more
general problem (NS) with possibly nonzero U and/or w.

As an application of Theorem 1.1, we deduce the continuous dependence of the
solution of (NS) on the data with respect to the weak-* topology.

Corollary 1.1. Let F € Ly () and (U,w) = (kes, ces) € R* x R, Let &y be the
same constant as in Theorem 1.1, and suppose that F, — F weakly-* in Lsjs (),
(kn,cn) — (kyc) in R? and || F,3/2,00 + |kn| + |ca] < 80 for each n € N. For each
n € N, we denote by (v, m,) the weak solution in H:,}/ZOO(Q) X L3/2.00(§2) of (NS)
satisfying (1.5), with (F,U,w) replaced by (F,, knes, cpes). Further let (v, ) be the
weak solution in H§/27OO(Q) X Lg2.00(€2) of (NS) satisfying (1.5). Then the sequence
{(vp, ™)} converges to (v, ) weakly-* in H?}/Z,oo(Q) X L3/9.00(€2).

Remark 1.3. Corollary 1.1 extends a stability result due to Shibata and Yamazaki
[29] to the more general, possibly rotating, Navier-Stokes flows.

It remains still open to prove the uniqueness of solutions in /2 /2,00 (§2) X L32,00(£2)
of (NS) for small ||F||3/2,0 Without the smallness condition (1.5) on the solutions
themselves, even in case of the classical Navier-Stokes problem, i.e., (NS) with U =
w = 0; see [22] for more details. We shall however establish the uniqueness of
solutions of (NS) in some supercritical solution spaces. To state our result precisely,
let us introduce the following function spaces: for 3/2 < ¢ < 3 and 1 <r < oo, we
define

Vo = Bl () N HL(Q) and T, = Lyjsa(2) N Ly ().
Both V,, and II,, are Banach spaces equipped with the natural norms
[ollv,,. = IVvlls/200 + [VOllgr and |7, = lI7lls/2.00 + 17 lgr,

respectively.

Theorem 1.2. Suppose that 3/2 < ¢ < 3 and 1 < r < co. Then there is a small
positive constant § = 6(S2,q,7) such that if F € Iy, and |U| + |w| + [ F|[3/2,00 < 0,

then there exists a unique weak solution (v,m) € V, x II,, of (NS). Moreover, we
have

Wllseo + IV0ll3200 + [7ll372.00 < C (U] + |wl + | Flls/2,00)
and
[vllg= s + IVOllgr + lIllgr < C (U] + w] + | Fllg)
for some constants C = C(Q) and C" = C'(Q, q,7), where ¢* = 3q/(3 — q) is the

Sobolev exponent to q.

Remark 1.4. (1) The existence of a unique solution (v, 7) of (NS) was proved first
by Galdi and Silvestre [15] under a stronger hypothesis that |U| + |w| + ||div F'||2 +
(1 + |z|?) F||o is sufficiently small. They also obtained the pointwise estimate
lv(z)] = O (|z]7!) at infinity.
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(2) In Theorem 1.2, we prove the unique solvability of (NS) for more general F’
than in [15], but with lack of a pointwise estimate at infinity.

(3) Theorem 1.2 also extends recent existence and uniqueness results by Kim and
Kozono [22] for the case U = w = 0.

Remark 1.5. V550 x 3900 = H§/27OO(Q) X L3/2.00(€2) is a critical solution space
for the classical Navier-Stokes equations from the viewpoint of scaling invariance,
while V,, . x II,, is supercritical if ¢ > 3/2. On the other hand, the smallness on F
needs to be assumed only in the scaling invariant space Lg;s o (£2).

As a consequence of Theorem 1.2, we also obtain the following continuous depen-
dence result.

Corollary 1.2. Let F € 11, and (U,w) = (kes, ce3) € R* x R?, where 3/2 < ¢ <3
and 1 <r < oo are fived. Suppose that F,, — F weakly-+ in Il ,, (k,,c,) — (k,c)
in R? and ||Fy|3/2,00 + |knl + |cn] <& for each n € N, where § is the same constant
as in Theorem 1.2. For each n € N, we denote by (v,,m,) the weak solution in
Vior x Iy, of (NS) with (F,U,w) replaced by (F,, knes, cpes). Further let (v, ) be
the weak solution in V, x I1,, of (NS). Then the sequence {(v,,m,)} converges to
(v, ) weakly-* in Vg, x II,,.

In order to obtain our results on the nonlinear problem (NS), we need to study
the corresponding linearized problem. Consider the following linear problem in the
exterior domain §2:

Lv+Vr=f in €,

divv=g in Q,

(5) v=20 on 052,
v(z) - 0 as |z| — oc.

Following the argument of Farwig and Hishida [8] with the help of the L, -estimate
due to Kra¢mar, Necasova and Penel [27], we shall establish the complete L, -result
for the linear problem (S) in Section 3.

Theorem 1.3. Let (q,7) satisfy one of the three conditions

(1) q:%, r = 00;
(1.7) (i) 3<q<3, 1<r <o
(44i) g=3, r=1.

Then for every f € H, H(Q) and g € Lq,(Q) with (U—wAz)g € H Q) there exists
a unique weak solution (v, ) € H;J(Q) X Lq,+(2) of (S). Moreover, for |U| + |w| <
M < oo, there is a positive constant C' = C(, q,r, M) such that

(1.8)  NIVollgr + lI7llgr < C([fl-rar + lgllgr + 1T =w A Z)gll-10) -

Remark 1.6. Theorem 1.3 extends the previous result by Kozono and Yamazaki
[24] as well as the result by Farwig and Hishida [8] to the more general case of
possibly nonzero U and/or w.
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2. LINEAR PROBLEMS IN THE WHOLE SPACE AND BOUNDED DOMAINS

In this section, we study the unique solvability in the Lorentz spaces L, of the
following linear problems in the whole space R? and on a smooth bounded domain
D c R3:

(Sgs) Lv+V7r=f inR3
R divv=g¢ in R3
and

Lv+Vr=f in D,
(Sp) divv =g in D,

v=0 ondD.

2.1. The whole space problem (Sg:). Denote by &'(R?) the space of all tem-
pered distributions on R*. Since L,,(R?) C L;(R?®) + Lo (R?), it is obvious that
L,,(R?) c S'(R?). It is quite well-known (see [6, Proposition 1.2.1] e.g.) that
if v is a distribution with Vo € &'(R?), then v € S’(R?). Hence it follows that
!, (R%) c S'(RY).

By a direct calculation, we derive

div(U—-wAzx) - Vo—wAv)

(2.9) =U—-wAzx) V(dive) =div (U —w A z)divo)

for all v € S'(R?). Hence if (v,7) € §’(R?) is a distributional solution of (Sgs), then
(2.10) Ar =divh in R?

and

(2.11) Lv=f, inR?

where

h=f+Vg—(U—-wAz)g and fo=f—Vnm.
The unique solvability in L, , of (2.10) was already shown by Kozono and Yamazaki
[24, Lemmas 2.4 and 2.5].

Lemma 2.1. Let 1 < g < 0o and 1 < r < co. Then for every h € H, }(R®), there
exists a unique (very weak) solution w € L,,.(R?) of (2.10). Moreover, we have

17 llg.rms < ClIAI-1g.rm5
for some constant C' = C(q,r).

Sketch of the proof. The uniqueness follows from the classical Liouville theorem for
harmonic functions in R3 or Lemma 2.2 (b) below. To prove the existence, let
h € H, }(R?) be given. By Lemma 2.2 in [24], there is a matrix-valued function H =

{H{}jr=123 in Ly, (R®) such that h = div H and |H| sz < Cg,7)||hll—1 s

Then the solution in L, (R?) of (2.10) is given by 7 = Zikzl R;RH}, where R =
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F1((i€/|€])F-) denotes the Riesz transform. It is well-known that R is bounded
on L, ,(R?). This completes the proof of Lemma 2.1. O

The unique solvability in L, of (2.11) has been studied by Farwig [7] and by
Kra¢mar, Necasova and Penel [27] for strong solutions and weak solutions, respec-
tively. The uniqueness of solutions can be deduced from the following Liouville-type
results, the proofs of which are given in [7, p. 142](see also [9, 19]).

Lemma 2.2. (a) If v € 8'(R?) and Lv = 0 in R, then v is a polynomial vector
function.
(b) Ifw € §'(R?) and —Aw+ (U —wAz)-Vw =0 in R?, then w is a polynomial.
For the existence of weak solutions in L, of (2.11), we recall the following result

due to Krac¢mar, Necasovd and Penel [27].

Lemma 2.3. Let 1 < g < oo. Then for every fy € H;l(R3), there exists a unique
weak solution v € HL(R®) of (2.11). Moreover, we have

IVllgrs < Cll foll 1,453
for some constant C' = C(q).

By real interpolation, we can prove the unique solvability in L, ,.(R?) of (2.11).

Lemma 2.4. Let 1 < g < oo and 1 <r < oo. Then for every f, € H;,}(R‘g), there
exists a unique weak solution v € qu’T(Rfi) of (2.11). Moreover, we have

IVollgres < Cllfoll-1.qms

for some constant C' = C(q,r).

Proof. Tt follows from Lemma 2.3 that for each 1 < ¢ < oo, there exists a bounded
linear operator T, : H;'(R*) — H (R?) such that L (T, fo) = fo for all fo € H'(R?).

Let 1 < ¢ < oo and 1 < r < oo be fixed, and let us choose qo,q1,0, with
1<qg<qg<q<o00,0<6<landl/qg=(1-0)/q+0/q,sothat H  (R®) =
(HL(R®), HL (R®))g, and H HR®) = (H Y(R®), H,'(R%))s,. Suppose that f, €
H YR N H, Y (R%). Then v =T, fo — Ty, fo satisfies

v e H;O(R3) + qul(R?’) and Lv=0 in R

It follows from Lemma 2.2 (a) that v is a polynomial. Since Vv € Ly, (R?)+ L,, (R?),

Vv must be identically zero. This shows that T,, = T,, on H_'(R®) N H_ 1(R?).
Hence there exists a unique linear operator

T Hy'(R®) + Hy, (R®) — Hy, (R®) + Hy, (R?)
such that T" = T}, on H(ZZI(R?’) for each 7 = 0,1. Recall that T'|p-1 sy = Tj, is

bounded from H, o (R?) into H o, (R?) for each i = 0, 1. Therefore by real interpolation
theory, we deduce that 7' is bounded from H,}(R?) into H.,(R®). On the other
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hand, it is obvious that for each f, € H_'(R®)+H, '(R%), v = T f, is a distributional
solution of Lv = fq in R3. This proves the existence and a priori estimate of a weak
solution v € H,,(R?) of (2.11) for every fo € H,_}(R®). The uniqueness of weak

solutions in H} (R?) follows immediately from Lemma 2.2 (a) since H} (R®) C
S’(R?). This completes the proof of Lemma 2.4. O

We are now ready to prove the unique solvability result in L, , for the whole space
problem (Sgs).

Proposition 2.1. Let 1 < ¢ < oo and 1 < r < co. Then for every f € H;}(R:S)
and g € Ly, (R®) with (U —w A x)g € H, H(R®), there exists a unique weak solution
(v,m) € HC}VT(RB’) X Ly (R3) of (Sgs). Moreover, we have
IVllgrms + 17]lgrrs < C ([ fll-1grms + |9llgrre + [[(U = w A z)gll-1,473)

for some constant C' = C(q,r).

Proof. Let (v,7) be a weak solution in H;VT(R:*) X Ly, (R?) of (Sgs) with (f,g) =
(0,0). Then it follows from (2.10) and (2.11) that A7 = 0 and Lv = 0 in R3. Using
Lemma 2.2 again, we easily deduce that 7 = 0 and Vv = 0 in R®. This proves the

uniqueness assertion. .
To prove the existence and a priori estimate, let us suppose that f € H HR3),

g € Lyy(R®) and (U —w A x)g € H, }(R®). Then
(2.12) h=f+Vg—(U—-wAx)g € H, (R
and

1Pl iy sy < 1 Fl-1qmme + lgllgrms + (U = w A 2)gl1qmms-
By Lemma 2.1, there exists a unique 7 € L,,.(R?) such that
(2.13) Ar=divh and |7,k < C||h]|-1,4r3-
Note that fo = f ~ V& € H (B and || foll gy < Il -1grs + [lyrs. Henee
by Lemma 2.4, there exists a unique v € H,,(R?) such that
@11)  Lo=f-Vr and [ Vol < C (1 tqmms + Illgms).
To complete the proof, it now remains to show that dive = ¢g. Set w = dive — g.
Then by virtue of (2.13) and (2.14), we easily have

w € Ly,y,(R*) and —Aw+ (U—-wAz)-Vw=0.

Hence it follows from Lemma 2.2 (b) that w = 0, i.e., divv = g. We have completed
the proof of Proposition 2.1. O

We finish this section with Galdi and Silvestre’s existence result [15, Theorem 2],
which will be used to prove the energy equality and uniqueness of weak solutions of
the linear problem in exterior domains.
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Proposition 2.2. Assume that g = 0. If f = divF € Ly(R3) and (1 + |z|>) F €
Loo(R3), then there exists a unique strong solution (v,m) of (Sgs) satisfying

ve HYR?), (1+]z])ve Loo(R?),
V20,V € Ly(R?), m€ Ly(R?) (s> 2).

2.2. The boundary value problem (Sp). We next study the linear problem (Sp),
where D is a bounded domain in R?® with smooth boundary. Since D is bounded,
L=—-A+{U—-wAz) V+wA is a compact perturbation of the Laplace operator
—A. Hence the unique solvability in L, of (Sp) can be easily deduced from classical
Cattabriga’s L,-theory in [5] for the usual Stokes problem. Then by real interpola-
tion, we can establish the unique solvability in L,, for (Sp). To begin with, let us
introduce

Hv'Hp;D

H! (D) = Cg (D) - {v € HY(D) : divo =0 in D} .

Lemma 2.5. Let 1 < q < co. Then for every f € Hq_l(D), there exists a unique
v € Hl (D) such that

(2.15) /DVU-Vgod:B—I—/((U—wa)-Vv+wAv)-g0dx:(f,gp)

D

for all p € C’gf’g(D). Moreover, for |U| + |w| < M < oo, there is a positive constant
C =0C(D,q, M) such that

(2.16) [Vollgp < Cl[f[l-1.4:D-

Proof. Note that

/[)((U—wa)‘Verw/\v)-vd:c:O for allvEH%ya(D).

Hence by the Lax-Milgram theorem, we deduce that for each f € Hy'(D), there
exists a unique v € H} (D) satisfying (2.15) and (2.16) with C' = 1.

Suppose now that 2 < ¢ < oo, and let f € Hq_l(D) be given. Then there exists
a unique v € HQIU(D) satisfying (2.15) and ||Vvlla.p < ||fll-12:0- Let Lo be the
operator defined by Lyv = (U —-wAz) ® v+ v ® (w A x). Then since dive = 0
and v € H}(D) — Lg(D), it follows that (U —w A x) - Vv + w A v = div Lyv and
Lov € Lg(D). Hence it follows from the classical L,-result due to Cattabriga [5]
that v € H(}O(D), where gy = min(6, q). If 2 < ¢ <6, then v € H;}a(D) and

IVUllgp < C ([ Lovllgp + ([ £l -14;D)

< C(JUI+ lwhllvllgp + Clf 1100
CUUI+ lwDl Vol + Cllfll-1.40
CU[+ lwl+ Dl fll-1a:0

IA A
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for some C'= C(D,q). If 6 < g < oo, then v € H;U(D) — Ly(D) and

6 1-6 6 1-6
[Wllgp < Iolle/Bllollas® < LAY, HIVollis',

so that

IV0llen < C (1 Lovllg:p + |1 ]| -1.0:0)
6 1-6
< O DIVl S+ Ol fll-am

1
< C”f“—Lq;D + §||Vvl|q;D’

which also implies the estimate (2.16) too. This proves the lemma for the case that
2 < g < oo. The remaining case can be easily proved by a duality argument because
the formal adjoint L* of L is given by L* = —A — (U —w A z) - V — wA which is
essentially the same as L. The proof of Lemma 2.5 is complete. OJ

Fix a cut-off function np € C5°(D) with [, np dz = 1. Then by real interpolation,
we easily deduce the following basic lemma from the classical result due to Bogovoskii
2] (see also [8, 10, 31]).

Lemma 2.6. Forl < g < oo and1 <r < oo, there exists a bounded linear operator
B=Bp: Ly, (D) — H, (D),
called the Bogovoskii operator on D, such that
(2.17) B(C5(D)) € G (D)
and
divBg =g — (/ngx) np forallg € Ly, (D).
Remark 2.1. It also follows from (2.17) that B is a bounded operator from L, (D)
to H, (D).
Using Lemma 2.6, we obtain
Lemma 2.7. Let 1 <g< oo and 1 <r<oo. If f € Hq_rl(D) is a vector satisfying
(2.18) (frw)y =0 forallw € Cgo (D),

then there exists a scalar m € Ly, (D) such that
f=Vr, e, (f,w) = —/ mdivwdx  for allw € C;°(D)
D

and
7 llgrp < CNfll-1,4m0
for some constant C = C(D, q,r).
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Proof. Following the proof of [21, Lemma 7], we define 7 : Ly ,.(D) — R by

(2.19) (#,9) = —(f,Bg) forall g & Ly (D).

By Lemma 2.6 and Remark 2.1, 7 is a well-defined bounded linear functional on
Ly (D). Since L,,(D) = Ly ,(D)*, there exists 7 € L,,(D) such that (7,g) =
[, mgda forall g € Ly (D). Moreover, since |—(f, Bg)| < ||f||HL;T1(D)||Bg||ﬁ1/ () =

Ol ezl oy for all g € Ly, (D), it Tollows that [ixlz, o) < CllF] i1
Hence to complete the proof, it remains to prove that f = V. Given w € C§°(D),
we set g = divw. It is obvious that g € C§°(D) and [, g dz = 0. Hence Bg € C§°(D)
and div Bg = g = divw. This implies that Bg—w € Cg%, (D) and < f, Bg—w >= 0.
Therefore, using (2.19) and (2.18), we have

[ mdivwds = (7.9) = ~(£.B0) = ~(f.w).
D
This completes the proof of Lemma 2.7. OJ

We are now ready to prove the unique solvability result in L, , for the boundary
value problem (Sp).

Proposition 2.3. Let 1 < g < oo and 1 < r < oo. Then for every f € qu}(D)
and g € Lg,(D) with [,gdr = 0, there exists a unique weak solution (v,m) €
H;}T(D) X Lq,(D) of (Sp) with [, mdx = 0. Moreover, for |U| + |w| < M < oo,
there is a positive constant C' = C(D,q,r, M) such that

HVUHW;D + ||7T||q7T;D <C (Hf”—l,q,T;D + Hqu,T;D) :

Proof. Suppose that (v,7) is a weak solution in H;}T(D) X Ly, (D) of (Sp) with
(f.g) = (0,0). Then since v € H} (D) for any 1 < gy < g, it follows from
Lemma 2.5 that v = 0 and so Vmr = 0. This proves the uniqueness assertion of
the proposition. To prove the existence and a priori estimate, let S, : H YD) —
qu’U(D), 1 < ¢ < o0, be the operator such that for each f € Hq_l(D), v =2S5,f
satisfies (2.15) and (2.16). Then S, is linear and bounded on Hq_l(D), and Sy, = S,
on H_ (D) N H, (D) for any 1 < gy < ¢1 < co. Hence by real interpolation,

there exists a bounded linear operator S, : H (D) — H (D) such that for each

fe HC;}(D), v=>_5,,f satisfies (2.15), divv = 0 and |Vv|gr.0 < C||fll=1,4rp- By
Lemma 2.7, there also exists m € L, (D) such that Lv — f = =V7 and ||7||r.p <
C||Lv — f||-1,4r.p- This completes the proof of Proposition 2.3 in case when g = 0.
The proof of the general case based on Lemma 2.6 is quite easy and omitted. 0

3. THE LINEAR PROBLEM IN EXTERIOR DOMAINS

The purpose of this section is to establish both existence and uniqueness assertions
of Theorem 1.3. To do so, we need to combine the solvability results for the whole
space problem (Sgs) and the boundary value problem (Sp), by using suitable cut-off
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functions. Here we shall closely follow the cut-off procedure developed by Farwig-

Hishida [8].

3.1. Preliminaries. Let R > 5 be a fixed number so large that R3\ Q C Br_s,
where B, = {x € R?: |z| < r} for r > 0. We also set 2, = QN B, for any r > R—5.

The following result was obtained by Kozono and Yamazaki [24, Lemma 2.1] using
the real interpolation theory.

Lemma 3.1. Let D be the whole space R, a smooth bounded domain in R or a
smooth exterior domain in R3. ‘

(a) Let 1 < ¢ <3 and1 < r < oo. Ifw e H, (D), then wlopp = 0, w €
Ly (D) and ||w||grp < C||Vwl|lgrp for some constant C = C(q,r) > 0, where
q¢* = 3q/(3 — q) is the Sobolev exponent to q.

(b) If w € H3 (D), then w|op = 0, w € L=(D) N C(D), ||w|lo:p < §||Vw||371;,3
and w(x) — 0 uniformly as |x| — oo.

Using Lemma 3.1, we first obtain the following result for our cut-off techniques.

Lemma 3.2. Let ¢ € C§°(Bg) be a cut-off function with 1 =1 in Br_5. Suppose
that1<q<ooand1.§r§oo.
(a) For every v € H, (), we have

Yo € Hy,(Qr), (19w € Hy, (R%)
and
IV(@0)llgman + IV (1 = ¥)0) [lgrrs < ClVvl|gn
for some constant C' = C(Q,,q,r) > 0. .
(b) For every vy € H, (Qr) and v, € H, (R?), we have
vou € HL (), 1900 ls < CIVo vt

(1 =)z € Hy, Q) and V(1 = ¢)va)llgr < ClVunlg,ripe

for some constant C' = C(2,%,q,7) > 0.
(¢) For every f € H, (), we have

vf € Hyl(Qr), (1-)f € HJ(RY)
and
[V fl-1aman + 11 =) fll-1gmms < Clfl-100
for some constant C' = C(Q,1,q,r) > 0.

Proof. By real interpolation, it suffices to prove the lemma for the special case when
1 < q=r <oo. Assume thus that 1 < ¢ =1r < oc0.
(a) Let v € C§°(Q2) be fixed. Then since v = 0 on 912, there holds the Poincaré
inequality
[v]lgr < ClIV[lg0p
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with C depending only on 2 and ¢. Using this, we have
IV(@o)llgar + IV (1= 9)) llgrs < C ([[vllgnr + [1Vllga) < CIVol,.

Recall from the definition that C§°(D) is dense in H;(D), where D = Qg, Q or
R3. Hence by a density argument, we easily deduce that if v € H ;(Q), then v €
HYQ), (1= )0 € HARY) and [V (60)]l g, + IV (1 = 9)0) lyzs < C[[ Vo], This
proves (a) for the case ¢ = r.

(b) It is quite easy to prove the assertions for v; because H;(QR) — L,(Qp).
Hence we provide only the proof of the assertions for vy € H ; (R3).

Suppose first that 1 < ¢ < 3. Then by Sobolev’s inequality (see Lemma 3.1), we
have

IV (1 =)o) [lge < C ([v2llger + [[Vallga) < Cl[Vellges

for all v, € C3°(R?). This prove (b) for the case 1 < ¢ = r < 3, by a standard
density argument.

Suppose next that 3 < ¢ < co. Denote by Dy the set of all ¢ € C°(R3) with
fQR @dzr = 0. Then by the Poincaré inequality, we have

V(L= Y)va)llge < C(lvallgen + 1Vo2llge) < ClIVlgzs

for all vy € Dy. But since 3 < ¢ < o0, it follows from the proof of [23, Lemma 2.5]
(see also [24, Lemma 2.3]) that Dy is dense in H +(R?). Hence by a density argument,
we easily prove (b) for the case 3 < ¢ =1r < 0.

(c) This follows immediately from (b) by a duality argument. Indeed, for all
vy € H),(R?), we have

<(A=9)fve>=<f,(1 =¢)vy >
< =gV (L = )v2) [l
< Ol f[l-1,4[I VU2l R,

which implies that (1 —¢)f € H; (R?) and |[(1 — ) f|—14rs < C|fl|l-14 The
assertions for ¢ f can be proved similarly. This proves (c) for the case 1 < ¢ = r < 0.

We have proved the lemma for the special case when 1 < ¢ = r < co. The general
case then follows by real interpolation. This completes the proof of Lemma 3.2. [

3.2. Proofs of the uniqueness and a priori estimate. We first prove the unique-
ness assertion and a priori estimate of Theorem 1.3. In fact, the uniqueness assertion
of Theorem 1.3 is an immediate consequence of the following result, which is inspired
by [15, Theorem 3| and [8, Propositions 5.1 and 5.2].

Lemma 3.3. For each i = 1,2, let (g;,7;) satisfy either 1 < ¢; < 3,1 <r; < o0 or
(gi,7i) = (3,1). Suppose that

f=divF € Ly(Q), (1+|z]*)F € Loo();
(3.20) v e Hy () + Hy, . (), 7€ Ly () + Lo (V)5

q1,71

Lv+Vrn=f divv=0 1n.
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Then we have

v E H%(Q), (1+|z|))v € Lo (Q),

(321) V20,V € Ly(Q), me Ly(Q) (s> 2)
and
(3.22) / |Vo|* do = —/F -Vudz.

Q Q

It thus follows that if F'= 0, then (v,7) = (0,0) in Q.

Proof. 1t follows from (3.20) that Vv € Lg0.(£2) for any ¢ < min(q, ¢2). Hence
applying a local regularity theory for the Stokes equations (see [10] for instance), we
easily deduce that

(3.23) Vo, m € Hy, (Q); that is, Vo, Vv, 7, VI € Laoc(Q).
Choosing a fixed cut-off function 1) € C§°(R?) such that
— 17 |'I| S R — 3a
(3.24) Vo) = { 0. |o|>R-2,
we define

v1=(1-¢Y)v+Bv-Vy) and 7= (1-19¢)m,
where B is the Bogovoskii operator on the annulus Br_; \ Br_4; see Lemma 2.6.
Then it follows from (3.20), (3.23), Lemma 3.2 (a) and Lemma 2.6 that

q1,71 q2,r2 (RS)} N H22,loc<R3)7
(3.25) T € [Lgyrs (R®) + Loy (R®)] N H,,o(RY);
Lv+Vr=f, divi=0 inR3,

e [Hl (R?) + A

where
f=Q—=)f+2VY-Vo+ [AY — (U —wAz)-Vplv —aVy + LB(v - V).

Note here that f = f, + fy, f1 = div((1 — )F) € Ly(R?), (1 + |z))((1 — ¢)F) €
Loo(R?), fy € Lg(R®) and supp f, C Br_s. Setting Fo = V ((1/4n|z|) * f,), we
easily deduce that f, = div Fy and (1 + |2|>)Fy € Loo(R?); see [15, p. 396] e.g.
Hence by virtue of Proposition 2.2, there exists a unique pair (o, ) such that

B e HARY), (1+|o])0 € Loo(R?),
(3.26) V20, Vit € Ly(R?), 7€ Ly(R?) (s> 3);

Lo+Va=f, divi=0 inR?
Let us now define (vg, m9) = (v — 0,7 — 7). Then by virtue of (3.25) and (3.26), we
have . . _
vo € Hy,,, (R?) + Hy, ,,(R?) + Hy(R®);
mo € Lg, (RS) + quﬂ"z(Rg) + L2(R3>;
Lvy+Vmy =0, divyy=0 in R3.
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Since divwy = 0, it follows that Amy = 0 in R3. Hence using Lemma 2.2, we easily
deduce that my = 0 and vy = 0. This proves that (v,7) = (9,7) in R®. Moreover,
since (v, m) = (v,7) for || > R — 2, we conclude from (3.23) and (3.26) that (v, )
satisfies the regularity (3.21).

Next, to prove the energy equality (3.22), we apply the method of cut-off functions
with an anisotropic decay. Following Galdi-Silvestre [15, Lemma 3], we choose a
number o > 1 and a non-increasing function ¢ € C*([0,00)) with ¢(¢) = 1 for
0<t<1and @Z(t) =0 for t > 2. For any o > R, we then define

~ x2+x2 x2
Yo(z) =1 \/%4—@71 for z € R®.

By direct calculations, we easily obtain

(WA ) Vip,(z) = —ch%(x) + C%?}—st(x) =0,
o0, | [0v,, | _C ou, | C
(3.27) a—xl(:v)‘ + ‘%(x)' < 7 and ‘8_563@)‘ < =

for all x € R3, where the constant C' depends only on a and . Hence multiplying
the system in (3.20) by ¥, v and integrating by parts, we have

1
/]Vvﬁwgdaﬁl—/ (Vo -Vi),)-v— §|v]2U-Vdex
0 2

4

:/EQW(U.WQ)—(F-wg)-vdx—/(pw)%dx,

Q

where ¥, denotes the support of V,. It follows immediately from (3.21) that

/ |Vo|*, do — / |Vol*dr and /(F-Vv)wgdx — /(F-Vv) dx
Q Q Q Q
as 0 — 00. To treat the remaining terms, we observe that

3, C{a=(a/,25) € R’ : 0* < |2/ + 0" 23 < 40°}

- {x:|x3| < 20, 92_92—2ax§ < |x’|2 §4Q2—92_2a$§ '
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Hence for all large ¢ with p?~2* < 1/2

2 2-2a,2

2% pde—e T oy
/ T dr < 2/ / ———— drdrs
¥, |3§" 022042 r2 4 :C

20 402 1 — 2 200\ .2
27?/ ln( il o) )J;3> dxs
0 0? +(1—@ *)x3

(e}

20 4 2 2 2
27r/ In <—£_)2 + :1:23/ ) dxs
0 o ‘1“933/2
20070 4422
=2 l dt
”/o ) (1 T2 2) ¢
*  [(4+t2)2
<2 | dt =C
<2 [ n(1+ty2) 0
where C'is an absolute constant. Using this estimate together with (3.21) and (3.27),
we thus obtain

IN

(Vo - Vi) -vf + [m(v - Vo) | + [(F- Vi) - v] da

1/2 c . 1/2 o
<C / Vi, 2|v|? dx < — /—d:c < — =0
( 29‘ I 0 T, || o'/

/]v| \U - V@/}Q|dx<—/ de _1—>0

as ¢ — oo. This proves the energy equality (3.22). We have completed the proof of
Lemma 3.3. u

Yo

and

We next prove the a priori estimate of Theorem 1.3.

Lemma 3.4. Let (q,r) satisfy either 1 < ¢ < 3,1 <r <oo or(q,r) =(3,1). Then
for M > 0, there is a positive constant C' = C(€Q, q,r, M) such that if |w|+|U| < M,
fe H;,}(Q), g€ Ly, () and (U—-wAz)g € H(;}(Q), and if (v, ) is a weak solution
of (S) in HL(Q) x Ly+(Q), then

(3.28) IVUllgr + lImllgr < C U g + lgllgr + U = w A2)gll 1) -

Proof. Let us define
I e e
™ = YT s

where 1 is the same cut-off function as in the proof of Lemma 3.3. Then it follows
from Lemma 3.2 (a) that for each i = 1,2, (v;,m;) € H, () X Lg,(€), where
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Q) = Qg and 2y = R3. Moreover, the pair (v;, ;) satisfies

L?)i + V’/TZ' = fz in Qi,
dive; = g; in §Q;,

fi=df+fo, fo=Q0-9)f—f,
fo=-2VY -Vo+ [-AY+ (U —-wAzx) Vio]v+ 7V,
n=vg9+g, g=0-1)g—go and gy=Vi-v.
By virtue of Propositions 2.1 and 2.3, we obtain

||VU1Hq,r;QR + H7T1Hq,7“;QR

(3.29)
< O (Iill-aron + l91las + | [ i
Qr
and
(3 30) HVWHqﬂ";RS + |’7T2||q,T;R3

< C(lfall-1gmre + [|g2llgrrs + [(U = w A @)ga||—1,4r2) -
Since V4 is supported in Ap = B \ Bg_s, it follows that

supp fo Usupp go C Ag.

Moreover, adapting the proof of Lemma 3.2, we deduce that

[ foll-1,¢rms < C ([l

arion T 17 ll-14m00)
and

190l 1,43 + (U —w Az)goll-1,4rr5 < Cllv]lgrs0n-
Using these together with Lemma 3.2 (c), we thus have

/ 1 dx
Qg

[ fill-1gm0r + [ foll-1,qrms +

(3.31)

< C([fl-1gr + I0llgron + I17l-1,6r:0r)
and
(3.32) g1l -1.0m0n + 92l -1.grrs + [[(U —w A 2)g2|| —1.q.rre

< C(llgllgr + U —w Az)gll-1,45 + [V
Substituting (3.31) and (3.32) into (3.29) and (3.30), we have derived
IVollgr +117llar < CUfll-1gr + 1gllar + (U =w A 2)g]l 14

+||U||q,r;QR + |’7TH_1,‘177'§QR) .

(3.33)

iLT%QR) :

19

We can now deduce the desired estimate (3.28) from (3.33) by using the uniqueness
result, Lemma 3.3. To do so, we argue by contradiction. Suppose thus that there
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are sequences {U,}, {w,} C R3, {f.} C qu}(Q), {gn} C Ly, () {vn} C H;J(Q)
and {m,} C L,,(92) such that

|Un| + |wn| < M;  Lyv, +Vm, = fn, dive, =g, in,
where L,v = —Av + (U, —w, Ax) - Vo + w, A v, and

L= [Vallgr +l7mallar = n (lfall-var + 9nllar +1[(Un = wn A 2)gnll-14.r) -
Then from the a priori estimate (3.33), we deduce that

1
(334 10 (24 ollans + I7lsam )

Moreover, by standard compactness results, we may assume that {(U,,w,)} —
{(U,w)} in R? x R? and {(v,, m,)} — {(v,m)} in the weak-* topology of H], (Q) x
L, (). It is then easy to check that (v, ) is a weak solution in H;T(Q) X Ly ()
of (S) with the trivial data (f,g) = (0,0). Hence by Lemma 3.3, we must have
(v,m) = (0,0). However, since the embeddings H_, (Q) — Lg, () — H }(Qg)
are compact, it follows that {(v,,m,)} — {(v,7)} strongly in L,,(Q2g) X H;}(QR)
Hence letting n — oo in (3.34), we obtain

1< Cl[vllgron +[17l-10m0r)

which is a contradiction. The proof of Lemma 3.4 is complete. O

3.3. Proof of the existence. We finally prove the existence assertion of Theo-
rem 1.3 by using suitable cut-off functions; see also [8], [17] and [19].

Let 9 be the cut-off function satisfying (3.24). We also choose cut-off functions
b1, o € C°°(R3) such that

(1, |z <R-2 _J 0 [z <R-4
(335) ¢1($)—{07 |£U|ZR—1 and ¢2($)—{ 1, ’x‘ZR—?)

Then it is obvious that ©¢;+(1—)¢py = 1 on R3 and Vi), V¢, Vg, are all supported
in the annulus Ap = Bg \ Br_s.

Let (gq,7) be a fixed pair satisfying one of the three conditions in (1.7). Denote
by X the space of all pairs (f, g) € H(L}(Q) X Ly () with (U —-wAz)g € qu}(Q)
It is easy to show that X is a Banach space equipped with the norm

I D lx = 1 ll—1ar + gllgr + 1(U = w Ax)gll 140
Let (f,g) € X be given. For each i = 1,2, we denote by (Si(f,9), Fi(f,g)) the
solution (v;, ;) in Hy .(Q;) X Lg, (%) of (S)q, with data (fi,g;) = (¢if, ¢ig), where

Q= Qr and Qy, = R? are as in the proof of Lemma 3.4. Then in view of Proposi-
tions 2.1, 2.3 and Lemma 3.2, we have

2

(3.36) > UVSif Dlare + I1B(F 9)llare) < CIS9)llx-

=1
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We define a parametriz, an approximate solution of (.5), as
S<f7 g) = ¢S1<f7 g) + (1 - ¢)S2<f7 g)a
It then follows from Lemma 3.2 and (3.36) that

(S(f,9), P(f.9)) € H} (Q) X Ly, ()

and

(3.37) VS 9lar + 1P D lar < ClIF 9l x

By a direct calculation, we also obtain

{ LS(f.9)+VP(f,9) = f+Eif,g) inQ,
divS(f,g9) =g+ Ea(f,g) inQ,

where

+ (U —=wAz) Vi —Ay) (Si(f, g) — S2(f.9))
and

21

We now show that £ = (Fj, E,) is a compact linear operator on X. To begin

with, we observe that

supp E1(f, g) U supp Es(f, g) C supp Vi) C Ag,

which implies in particular that

(3.38) 1E2(f, Dl = 1E2(f, Dllgrsan < CIVE(S, 9)lgrian-
On the other hand, it follows from Lemma 3.1 that if 1 < s < 3 or (s,t) = (3,1),
then
ClIVlls, forall g € HL,(),
3.39 sty < : |
(3.39) lellssan < { ClIVelsna, forall o e HI (Q); i=1,2.

Using (3.39) and (3.36), we have

||E1(f7 g)”qﬂ'ZAR + HVEQOC’ g)HQﬂ‘sAR
< CIV(Si(f,9) = So(fs 9)llarsar + ClIPL(S, 9) — Po(f, 9)llgran
(3.40) + CN151(f. 9) = S2(f, 9l asrsan

2

< VS Dllgro, + 1P(f, D llamer) < CIF 9)llx

=1
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Let us then choose any ¢ € C{°(Ag) with & = 1 on supp V). Recall also from
(1.7) that (¢’,7") indeed satisfies either 1 < ¢’ < 3 or (¢/,7") = (3,1). Hence using
(3.39) again, we have

(Er(f,9), ) = (Ea(f,9),€p)
< NE(f, Pl -1,448 IV (€D g r7;45
< CIE(S 9l -1gman Nl rman + 1Vellg )
< ClE(S 9l -1gmaelVellg

and similarly

(U—-wAz)Es(f,9), ) < ClEAS 9l -1.0map[Vellg
for all ¢ € C§°(£2), which implies that

B, 9l -1gr + (U = w A 2)Ea(f, 9) |10
< CIE(f, Dl -varsan + [ Eo(f, 9l -10745) -

Finally, since the embeddings H_,(Ag) < L, (Ar) — H}(Ag) are compact, it
follows from (3.38), (3.40) and (3.41) that F maps X into X compactly and of
course linearly.

We now show that Id + F is injective on X. Suppose that (f,g) € X and
(Id+ E)(f,g) = 0. Then since (S(f,g), P(f,qg)) is a solution in qur(Q) X Ly, (§2)
of (S) with trivial data, it follows from the uniqueness result in Lemma 3.3 that
(S(f,9), P(f,g9)) = (0,0) in Q. From the definitions of S(f, g) and P(f, g), it follows
that (S1(f,g), Pi(f,g)) = (0,0) in Qp_3 and (Sa(f, g), P2(f,g)) = (0,0) in R3\ Bp_,.
Arguing as in the proof of Lemma 3.2, we easily deduce that (S;(f,q), Pi(f,q)) €
qu,T(BR) X Ly, (Bg) for each i = 1,2, where (S1(f,g), Pi(f,g)) is extended to By
by defining zero outside 2g. Moreover, by the definitions of S;(f,g) and P;(f,g),
we deduce that (fi,g1) = (0,0) in Qr_3 and (f2, g2) = (0,0) in R®*\ Bp_,. It then
follows from (3.35) that (f,g) = (0,0) in Qz_3U(Q\ Br_s) and (f1,01) = (f2, 92) =
(f,g) in Qg. Hence both (Si(f,g), Pi(f,g)) and (Sa2(f, g), P(f, g)) are solutions in
H!.(Bg) % Lg,(Bg) of the problem

Lv+Vrn=f divv=g in Bg; v=0 on dBg.

It thus follows from Proposition 2.3 that Si(f,g) = S2(f,9) and VP (f,g9) =
VP(f,g) in Bg. Finally, using the definitions of S(f,¢) and P(f,g) again, we
deduce that S;(f,g) = S(f,g9) = (0,0) and P,(f,g) = P(f,g) =0 in Qg for i =1, 2.
This allows us to conclude that (f,g) = (0,0) in Qg and so in the whole domain
2. We have shown the injectivity of Id + E on X. Therefore, it follows from the
Fredholm theory that Id + E has a bounded inverse. .

Given (f,g) € X, we define (f,g) = (Id+E)~'(f, g). Then a solution in H}, () x
Ly (Q) of (S) is given by (v,7) = (S(f,9), P(f,g)). This proves the existence
assertion of Theorem 1.3. We have completed the proof of Theorem 1.3. 0

(3.41)
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4. PROOFS OF THE MAIN THEOREMS
To begin with, we deduce two useful results from Theorem 1.3 and Lemma 3.3.

Theorem 4.1. Assume that g =0, and let (q,7) satisfy one of the three conditions
in (1.7). Then for every f = div F with F' € 11, there exists a unique weak solution
(v,m) € Vg, x I, of (S).

Proof. The uniqueness assertion follows immediately from Theorem 1.3(or Lemma
3.3). To prove the existence, we use Theorem 1.3 again to deduce the existence of
two weak solutions (vi, ) € H?}/Q’OO(Q) X L3 2,00(Q) and (vg, ) € HL, () x Ly, (9)
of (S). Then (v,m) = (v; — vg, ™ — m2) satisfies
{ v e H?}/Q,oo(Q) + H;,r(Q)v mE L3/2,OO(Q) + Lq,T(Q>;
Lv+Vr=0, dive=0 1in Q.

Hence it follows from Lemma 3.3 that (v,7) = (0,0) and so (vy,7) = (ve, ™) €
Vgr x I, . This completes the proof of Theorem 4.1. 0

Lemma 4.1. Assume that g =0, f = divF and F € Ly(Q). If (v,7) € HA(Q) x
Lo(Q2) is the weak solution of (S) obtained by Theorem 1.3, then v satisfies the enerqy

equality:
/ |Vol? do = —/F-Vvdx.
Q Q

Proof. Choose a sequence {Fy} in C§°(2) with F, — F in Ly(€2). Then by virtue
of Theorem 1.3, there exists a unique weak solution (vg,m) € Ha(Q) x Ly(Q) of
(S) with F replaced by F. Moreover, there is a constant C' = C(£, |U| + |w]|) such
that |V (vr —v)||2 < C||Fx — F||2. On the other hand, since Fy, € C3°(€2), it follows
from Lemma 3.3 that [, |[Vu,|*dz = — [, Fi, - Vg da. Letting k — oo, we obtain
the energy equality. O

To prove the main results, we also need Kozono and Yamazaki’s result [26, Propo-
sition 2.1] for Holder inequalities in Lorentz spaces.

Lemma 4.2. Let 1 < q,q1,q2 < 00, 1 < ry,myg < 00 and 1/q = 1/q1 + 1/qe. If
f €Ly () and g€ Ly, ,, (), then fg € L,, (), where r = min(ry,rs), and

1F9llar < Cllf llgrrill9ll gz
for some constant C' = C(q1,71,q2,72) > 0.

An immediate consequence of Lemmas 4.1 and 4.2 is the following bilinear esti-
mate whose easy proof is omitted.

Lemma 4.3. Suppose that 1 < ¢ < 3,1 <r < oo andv € L3 (). Then for every
w e H,.(Q), we have

v w € Lgp(Q) and v @ wlg, < Cllols ool Vel
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for some constant C' = C(q,7) > 0. Moreover, if divo = 0 in Q and w € H}(Q),
then

/v@w:de:czo.
Q

We can now prove an existence result which will play a crucial role in our proofs
of both Theorems 1.1 and 1.2.

Proposition 4.1. Suppose that either (q,r) = (3/2,00) or3/2 < ¢ < 3,1 <r < 0.
Then there are positive constants &, = 6,(82,q,7), Co = CH(Q) and C = C{ (2, q,7)
such that if F' € g, and |U| + |w| + || F||3/2,00 < 0y, then there exists at least one
weak solution (v, m) € V., x 11, of (NS) satisfying the estimates

(4.42) [0ll3,00 + [V[l3/2,00 + 17]l3/2,00 < Cp (IU]+ [w] + | Fl3/2,00)
and
(4.43) [0]lg=r + IVOllgr + 7Tl < Co (JU] + |w| + | Flg.r) -

since v € H31/2,OO<Q) — L3(Q), it follows from (1.3), (1.4), Lemmas 4.3 and 3.1
that

Proof. We may assume that |U| + |w| + || F||3/2,00 < 1. Let v € V, be fixed. Then

(4.44) 1Qu(0)l3/2.00 < C (IU] + |w] + [|V][3/9,00)
and
(4.45) 1Qu(v)llgr < Cou (IU] + [w]) + Co (1U] + | + [[VOll3/2,00) VOl g

for some C' = C(2) and C' = C(Q,q,r). Hence by Theorem 4.1, there exists a
unique 7 = 7 (v) € V,, such that for some unique 7 € II,,(2), the pair (7,7) is a
weak solution of the following linear problem:

Lo+ V7 =div(F — Qp(v)) inQ,

divo =0 in €,
(4.46) T=0 on 99,
v(x) — 0 as |z| — oo.

Moreover, it follows from Theorem 1.3, (4.44) and (4.45) that for all v, vy, v, € V,,,
we have
IVT (v)[l3/2,00 < ClIF = Qu(v)][3/2,00
< C* (|U]+ w| + 1 Fll3/2,00) + C* VI3 2,00

IVT (0)]lgr < CIIE = Qu(v)lgr
< Cor (U1 + [l + 1 Flgr)
+Cq (IU1+ 0] + IVVll3/2.00) V0 ]lgr
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and

17 (v1) = T (v2)]lv,,.,
< Ol|Qp(v1) — Qu(v2)l|m,..
< Gy (U1 + ol + 1901l 200 + [ V2llyzce) lor = 2w,

for some constants C* = C*(§2) and C; . = Cy (2, q,7) with C; . > C* > 1.
Let us now suppose that

1, .\ -2
(4.47) Ul + [l + [ Fllsj200 < 80 = 5 (CF,)
and let B be the closed set of all v € V,,, such that
IV0ll3/2.00 < 2C° ([U] + || + | Fll3/2.00)

and
Ul + w| + [[Vollgr <2C7, (U] + |w] + [ Fllg) -

Then for all v,vy,v9 € B, we easily obtain

IVT (0)ll3/200 < 2C" (JU] + |wl| + [1F [l3/2.50) ,

IVT (0)llgr < 2Cq, (U] + |0 + | Fllr)

and
1
1T (v1) = T(v2)llv,., < 5llor = w2l
Therefore, 7 is a contraction on the complete metric space B and thus has a fixed
point v in B by the Banach fixed point theorem.

To complete the proof, it remains to derive the estimates (4.42) and (4.43) for the
solution (v, 7) of (NS), where 7 is the pressure associated with v. To do so, we can
argue as before using Theorem 1.3, (4.44), (4.45) and (4.47) together with the fact
that v =7 (v) € B. Indeed, we have

[0]l3.00 + IVOll3/2,00 + |7 ll3/2,00 < ClIF = Qb(v)l3/2,00
< C (U] + |w| + [1Fll3/2.00) + CIVII5 2,00
< Co (|01 + |w] + [ Fll3/2,00)
for some C = C{(£2) > 0, which proves (4.42). The proof of (4.43) is similar and
omitted. This completes the proof of Proposition 4.1. O]

We are now ready to prove Theorems 1.1, 1.2 and their corollaries.

Proof of Theorem 1.1. Let dg be any positive number less than or equal to the small
constant &, = 6y(€2,3/2,00) in Proposition 4.1. Suppose that F' € L3/ () =
32,00 and |U| + |w| 4 || F|3/2,00 < do. Then by Proposition 4.1, there exists at least

one solution (vy,m) € H?}/z,oo(Q) X L3/3.00(§2) of (NS) satisfying the estimate (4.42).
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Let (vg,ma) € H;/ZOO(Q) X L3/2,00(€2) be a solution of (NS) which is possibly different
from (vq,71). Then arguing as in the proof of Proposition 4.1, we have
IV (01 = v2)ll3/2,00 + 171 = T2ll3/2,00 < CllQu(v1) — Qu(v2) 372,00
for some C' = C(f2). By Lemma 4.3, we also have
Cl|Qp(v1) — Qb(UQ)H3/2,oo
< C(JU]+ wl + [[orllse + llv2llsee) IV (01 = v2)[l3/2,00
for some C" = C’'(2) > 1. Therefore, taking

1 1
50 = min ((56, 4—0) and o — AC"

and assuming that
1011300, [|v2l,00 < €0,

we conclude that (vy,m) = (v, m2). This completes the proof of Theorem 1.1. [

Proof of Corollary 1.1. Since the constant Cy in the estimate (1.6) is independent
of n, it follows from Alaoglu’s compactness theorem that there exist a subsequence
of {(vn, m,)}, which we denote by {(v,,m,)} again, and a pair (0,7) in Hgl/gm(ﬁ) X
L3/2.60(§2) such that v, — © weakly-* in L3 () and (Vu,, m,) — (V7,7) weakly-*
in L350(§2). It is easy to show that v also satisfies the estimate (1.5). On the
other hand, it is well-known that Hg/z,oo(Q) — HJ(Q) = {u € L) : Vu €
L,(§Y)} for any ¢ < 3/2 and bounded €' C €. Hence it follows from the Rellich
compactness theorem that v, — o in L (') for any ¢ < 3 and bounded Q' C €.
These convergence properties enable us to deduce, by a standard argument, that
(0,7) is a weak solution in H§/2,OO<Q) X L3/2.00(€2) of (NS) with data (F,U,w). But
since both (v, 7) and (0, ) satisfy the smallness condition (1.5), it follows from the
uniqueness assertion of Theorem 1.1 that (v, 7) = (0, 7).

In fact, the above argument yields that every subsequence of {(v,,m,)} has a
subsequence that converges weakly-* in H. 12.00(§2) X Lg/2.50(§2) to the same limit
(v, 7). Therefore by a standard contradiction argument using Alaoglu’s compactness
theorem we easily deduce the convergence of the full sequence {(v,,m,)} to (v, 7).

O

Proof of Theorem 1.2. Let 3/2 < ¢ < 3 and 1 <r < oo, and suppose that F' € II,,
and |U| + |w| + || F|[3/2,00 < 05 = 05(£2, ¢, 7). Then by Proposition 4.1, there exists at
least one solution (vq,m) € V,, x II,, of (NS) satisfying the estimates (4.42) and
(4.43). This proves the existence assertion of the theorem, in particular. To prove
the uniqueness, let us suppose that (v, m2) € V,, x I, is a solution of (NS) which
is possibly different from (vy, 7). Let us define (v, 7) € V,, x I, by

(v,7) = (v1 — vg, T — o).
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Then (v, ) is a solution in V,, x II,, of the following linear problem:

Lv+Vr=divG in Q,

dive =0 in €,
(4.48) v=20 on 0f,

v(x) - 0 as |z| — oo,
where

G = Q(v2) — Qu(v1) =v® (V1 +b) + (v2+b) @ .
Assume for the moment that (v, 7) has the following additional regularity
(4.49) (v,7) € HI(Q) x Ly(Q).
Then since vy,vy € L3 () and b € Cg%,(€2), it follows from Lemmas 4.3 and 4.1
that
HVUH%z—/G:Vvdx:—/v®(vl—|—b) : Vodz
Q Q

< C U]+ |w| + [Jrllse0) V013
for some C'. Since (v, ) satisfies the estimate (4.42), we thus obtain
IVoll3 < Co (|U] + |w] + [[Fllaz,00) VI3
for some Cy = Cy(2). Therefore, assuming that
‘U‘ + ‘W‘ -+ HFH3/2,00 <= min((So, 1/200),
we conclude that ||[Vv||3 =0 and so (vy,m) = (vg, ™) in Q.

Therefore, to complete the uniqueness proof, it remains to prove (4.49). This can
be shown by a bootstrap argument based on Theorems 1.3 and 4.1. First of all,
noting that

V01,09 € Vg = Voo = L3 5o(€2) N Ly o0(£2),
we deduce from Lemma 4.2 that G € L3/ »(£2) N Ly, o0 (2), where s, = ¢*/2 > 3/2.

Suppose that s; < 3. Then since 3/2 < s; < 3 and G € Il o, it follows from
Theorems 1.3, 4.1, Lemmas 3.1 and 4.2 that

VE Voo = L30o(2) N Lyr oo(Q) and G € L3/360(2) N Ly 00(€2),

1 1 1 1 (1 1) 1
— =4 (=-2) <=
S2 qF 8] s1 q 3 51

Similarly, if so < 3, then we have
NS ‘/52700 and G - L3/2,oo<Q) N L537OO(Q),

1 1 1 1 (1 1) 1
—=—=t=—+|5—35)<—
S3 q* 55 So q 3 So

Hence by a simple induction, we conclude that
VEVi0o and G € L3oo(2) N Ly, 00(9)

where

where



28 HECK, KIM, AND KOZONO

for all j with s; < 3, where {s;} is a sequence defined recursively by

q* 1 1 1 1 1 1 .
d - 4 = - — = >1).
s1=7 an + + 3 (j=1)

Sj41 4" Sj 8
Since 3 < ¢* < o0, it follows that 0 < 1/s; < 2/3 and 1/s; > 1/sj11 > 1/s; —1/3
for all j > 1. Hence there exists the smallest j = jo > 1 such that 0 < 1/s; < 1/3 or
equivalently s; > 3. By definition of jy, we deduce that G € L3/ o (€2) N szo,oo(Q)
and s;, > 3. It follows from the reiteration theorem in real interpolation theory that
G € Ly(Q) for all 3/2 < s < 3. Hence by Theorems 1.3 and 4.1, we have

(v,7) € HY(Q) x Ly(Q) forall 3/2<s< 3,

which proves (4.49). This completes the proof of Theorem 1.2. O

Proof of Corollary 1.2. The proof is exactly the same as that of Corollary 1.1 and

so omitted. ]
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