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We study in the whole space R™ the behaviour of solutions to the Boussi-
nesq equations at large distances. Therefore, we investigate the solvabil-
ity of these equations in weighted L°°-spaces and determine the asymp-
totic profile for sufficiently fast decaying initial data. For n = 2,3 we are
able to construct initial data such that the velocity exhibits an interesting
concentration-diffusion phenomenon.

Keywords: Instationary Boussinesq equations, rate of decay in space, mild
and strong solutions, weighted spaces, concentration-diffusion
MSC 2000: Primary: 76D05; Secondary: 35K05; 35Q30; 35Q35

1. INTRODUCTION

The Boussinesq equations describe the heat convection in a viscous incom-
pressible fluid under the influence of gravity:

u—Au+ (u-VYu+Vp = g¢gf in R"x[0,7T),
O — A0+ (u-V)) = 0 in R™x[0,7),
divu = 0 in R"x[0,7),

u(0) = wo in R",

9(0) = 90 in an

where u = (ul(z,t),...,u"(z,t)), 0 = O(x,t) and p = p(x,t) denote the
velocity vector field, the temperature and the pressure of the fluid at the
point (z,t) € R™ x [0,T), respectively. Here uy and 6y are the given initial
data. Usually the Boussinesq equations are considered under the influence
of a constant gravity g making sense for small spatial scales in bounded
domains.

However, in this paper we will study the Boussinesq equations in the whole
space R™. In these cases it is expedient for n = 3 to deal with a gravitational
force g which satisfies the well-known law of Newton, i.e., by classical theory
g depends on the distance like ~ ﬁ At first sight it seems to be a purely

academic problem to extend this result to the general n-dimensional case,
n > 2. But current research in theoretical physics gives cogent justifications
to investigate our problem also in higher dimensions, especially within very
tiny scales, cf. [1]. So we assume the gravity ¢ = (g1, ..., gn) to decay as
kv\% for |x| — oo, modeling the gravitation field of a compact mass in R™.
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To study the spatial behaviour of solutions to the Boussinesq equations
it will be helpful to consider the solvability of these equations in weighted
L*>-spaces. In the case of slow decay the solution decreases in the same way
as the initial velocity. But already Brandolese, Vigneron and Bae, see [2]
and [7], proved in the case of the Navier-Stokes equations that in general we
cannot expect a faster decay behaviour than ﬁ

The Boussinesq system has been investigated by numerous authors and
in various domains, see e.g. [6], [8], [11], [12], [16], [18], [19]. In our
case of the whole space more tools especially from harmonic analysis are
available leading to more sophisticated results. Using the Riesz trans-
forms R; = aj(—A)fé, 1 < j < n, the Helmholtz projection is given by
P = (0;n+ Rth)thl. Applying P to the first equation of the Boussinesq
system we get

u—Au+Plu-V)u = P(gh) in R"x[0,T),
O — A0+ (u-V)l = 0 in R™x[0,7),

(BE) divu = 0 in R"™x[0,7),

u(0) = wo in R

6(0) = 6o in R™.

Furthermore, it will be helpful to consider an integral equation instead
of the differential equation (BE). For the Boussinesq equations we get the
system of integral equations

(1.1) u(t):emuo—/o eUAP(y - Vu)(7) dT—l—/O eUAP(g0) (1) dr
(1.2)  0(t) = e!®fy — / te@*ﬂﬂ(u-ve)(r) dr,
0

where e'® denotes the semigroup of heat conduction. In the whole space R™
e*® is nothing but the convolution with the heat kernel: for f € S(R"), the
Schwartz space of rapidly decreasing functions on R",

etAf:gt*f Gi(x) == ;e%ltllz for t >0, z € R"”

) t . (47Tt)n/2 ) .

A solution (u, ) of (1.1), (1.2) is called a mild solution. Since the operator
P is not bounded on L*°, we will handle u, # in some proofs in homogeneous
Besov spaces.

The main open question of mathematical fluid dynamics is whether a
non-stationary Navier-Stokes fluid with finite energy and smooth initial data
stays regular or blow-up will occur. Recently, Brandolese introduced a new
idea to better understand this question, see [4]. He constructed an exam-
ple of a smooth solution of the Navier-Stokes equations such that for a
given finite sequence of instants 0 < t; < ... < ty the velocity has some
concentration-diffusion effects close to each moment ¢;, i = 1,..., NV, i.e., the
solution concentrates by approaching ¢; such that it becomes better localized
and spreads out again afterwards.

Our aim is to extend this result to the Boussinesq equations by a proce-
dure similar to [4].
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2. MAIN RESULTS

In this paper we assume that the initial data belong to weighted L®°-spaces.
The Banach space Lff(R”), @ > 0, is defined as the set of all measurable
functions f on R™ such that

[fllzge := ess sup (1 + [z[)![f(x)] < oo.
TER™?

Using Banach’s fixed point theorem we get the following existence theorem
of mild solutions in spaces of weakly-* continuous functions in time with
values in weighted L°°-spaces.

Theorem 2.1: (Existence and Uniqueness of Mild Solutions) For
initial data (ug,0p) € LyZ(R™)" x Lp°(R"™) with divug = 0, p € (0,n],
v >max{0, u—n+1}, and g € L {(R™)" there exists a constant T > 0
and a unique mild solution

(u,0) € Co ([0, T]; Ly (R")") x Cuy ([0, T]; L (R™))

to the Boussinesq equations (1.1), (1.2). In particular, with the bound Cy
for the operator norms in Lemma 4.1 below, any T > 0 satisfying

8Co(VT + T ) (Jluol| oo ) + 1100]| g my + gl £oe ,my) < 1

s possible with k = %max{u +v—mn,0}.

The space C,, ([0, T]; Ll‘f) denotes all LyF-valued weakly-* continuous func-
tions v(t) defined in [0, 7). The necessity for working in the space C,, lies in
the fact that in general e!® f, with f € L;7, does not converge to f in L7
as t \, 0, but only weakly-*. Therefore, we just get weak-* continuity for u
and 6.

Let us now study the strong solvability of solutions of the Boussinesq
equations (BE) in weighted L*°-spaces assuming more regularity on the
gravity. We will obtain that the solution (u,f) depends continuously on
time ¢. At this point we introduce the space

W (R?) = {f € W®(R") : 0%f € LY (R") for all a, o] <m}, m eN.

Theorem 2.2: (Existence of Strong Solutions) Let g € Wéf‘f(R”)”,
ug € Ly?(R™)™ with divug = 0, p € (0,n], and let 6y € Ly°(R™) where
v > max{0, p+ 1 —mn}. Then the mild solution (u,8) of (1.1), (1.2) given
in Theorem 2.1 solves (BE) in L*°(R™) and satisfies

u € Cu([0,THLY) N CH((0,T);BUC) N C ((0,T]; W),
0 € Co(0.THLE) N CH(O.THBUC) N C (0,7 W),

Remark: In the proof of this theorem, see §5 and also (5.2), we will see how
the regularity of the solution (u,#) depends on the regularity of the gravity
g. In general, u,0 € C ((0,T]; W™t} if g € W,;{°, m € N. So a smooth
gravity yields a smooth solution. However, the initial data ug and 6y have
no contribution to the regularity of the solution reflecting the smoothing

property of parabolic differential equations.
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In view of the result (u,0)(t) € L7?(R")" x L*(R") with p € (0,n] and
v > max{0, u + 1 — n} for mild as well as strong solutions in Theorems 2.1
and 2.2 the question occurs whether the upper bound n for y is optimal in
some sense. Actually, the decay \x|_(”+1) is optimal for generic solutions
to the Navier-Stokes equations, see [7, Theorem 1.2, Proposition 1.6]. In
general the solution (u, 0)(t) will not belong to L7 (R™)" x Lp°(R™) if u > n:

a decay of u like @ > n, will imply some properties of the integrals

1
I

/Ot/n(ge)(y, s)dyds and /Ot/n (u®u)(y,s) +y @ (g0)(y,s)) dyds,

see Theorem 2.3 below.

Theorem 2.3: (Spatial Asymptotic Behaviour) Let ¢ > 0. For p >
12y >3, g€ Wiff(R”)" and initial data (ug,tp) € L7 (R™)"™ x L3°(R")
wzth divug = 0, let (u,0) be the strong solution of Theorem 2.2. Then the
following profile holds for |z| > \/t:

u(z,t) = ePug(z) — { e // (90) dyds]

- ThTk On t
—V | Y ((hEh L Shk ) 6) dyd
! <|x|n+2 n|$’n> /0 /n (wrue + egn6) dy ds

hok=1
+ O[] 7"7219),

O(z,t) = 0y () + Op(|z| 7).
Here ~, = %ngf(%).

As long as the inital data ug belongs to L7, with y > n, but gf has non-zero
mean this theorem shows that in general we expect an |z|~"-decay of the
velocity. In particular, this implies no matter how small and well localized,
e.g. compactly supported, the gravity g is, it has a significant effect at large
distances. Thus the force gf causes the velocity of the fluid to decrease less
fast in the far-field.

This conclusion is the starting point to construct solutions of the Boussi-
nesq equations (BE) with a concentration-diffusion property. For this we
define the orthogonal transformation ~: R™ — R", by

€T = ($2, vy Ty I’l),

cf. [4]. A function f: R™ — R is called B-symmetric if f(z) = f(z) for all
r € R", and a vector-valued function h : R" — R" is called B-symmetric
if h(Z) = h(z) for all x € R®. This B-symmetry is compatible with the
Fourier transform as well as with the Laplace operator. Furthermore, we
require the regularity assumptions

(21) g € WS (RY)"\ {0} and Ag € LY 5(R")"
for some § > 0. This assumption on the decay of Ag is physically justified.
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Theorem 2.4: Let n = 2,3, k > 0, let g satisfying (2.1) be either an
odd or an even function with g(Z) = g(x), and let 0 =:tg < t1 < ... <ty <
tny1 =T, N € N, be a finite sequence and 0 < € < min{%(tkﬂ — tg) :
k =0,..,N}. Further we assume that the initial velocity ug € Ly o(R™)"
satisfies ug(x) = ug(Z) and the symmetry properties

U()J(—.%'l, Ty eeny xn) = —qul(xl, Ty eeny xn)
(22) uo,l(xl, ceey TGy ey xn) = u()’l(xl, vy Ljyanny .%'n)
forall j=2,...,n.

Then there exists an initial temperature 6y € S(R™) and for each i =
1,..., N there are instants t;,t¥, € (t; — e,t; + €) such that the correspond-
ing unique strong solution u,0 € C ((O,T]; WQ’OO), see Theorem 2.2, of the
Boussinesq equations (BE) with initial data (nug,nfp) and n > 0 sufficiently
small satisfies, for all i = 1,...,N and all |z| large enough, the pointwise
estimate

Ju(a, )] < Cla] 772,

and with w = ﬁ there holds for almost all |x| large enough

Ju(z, £)] > cula| ™.

3. PRELIMINARIES

Let us recall the definition of the homogeneous Besov space B;,q on R";
for details see e.g. [3] or [15]. Let the family of functions {y;}; ez define a
Littlewood-Paley decomposition. For s € R and 1 < p,q < 0o, we write

1

[ @ ey fllp)7] " for g < ox,
1Ly, = q 12 |
SUP_so<j<oo 2% ||90] * f”p for g = oc.
The homogeneous Besov space B;q is defined by
By = A{f € 2| Ifll,, <oob.
Here Z’ is the topological dual space of the space
Z:={f eSR") | 8°f(0) =0 for all « € N"}.

The above definition implies that all polynomials vanish in B;,q. However,
it is well known that

e}
By, ={fes| 1flly  <ocand f= Y pixfinS'}
j=—o00
ifs<Zors=2andqg=1.
We first describe some elementary properties of these spaces.

Lemma 3.1: (i) There exists a constant C = C(n) > 0 such that for
all f € BT, s € R, the gradient belongs to B3, 1 and satisfies the estimate

00,17

(3.1) 197155, < CllFllgsr
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(i1) [13] Let s > 0. Then there exists a constant C'(n,s) > 0 such that for
all f,g € L™ N B3, there holds fg € B3, and the Holder type inequality

(32 Wfally, < Cous) (Ifllollgllse, + lallellflse ).
(111) [9] There holds for all f € L*™ and o € R the inequality
(3-3) I(=2)%¢; * flloo < 27 [lgj * flloo, 5 € 2,

That means if f € Bg’o’l then (—A)*f € Béo_%o‘
Lemma 3.2: [17] (i) Let s > 0. There exists a constant C(n,s) > 0
such that for all f € L there holds
(3.4 el , < Clns)t s ¢ 0.

(ii) Let « > 0, s € R and 1 < p,q < oo. There exists a constant
C(a,n,s) > 0 such that for all f € B, ,
(35) €2l g5 < Claym, )t 3 flg, >0,

(111) There ezists a constant C(a,n) independent of f € L* such that
(36) eSS =Bl < Clagn)(t — Ol guoe

holds for all0 <t <t < oo, >0 and s € R.

Lemma 3.3: (i) [14, Prop. 11.1] The operator

Oj,h;t = A_lajahetA) 1 S ]7h S n,

is a convolution operator with kernel K p.+(x) = t_%Kj,h (%), also called

Oseen kernel, where the smooth function K = (Kj ) satisfies

(3.7) (1+ |z))"o°K € L®(R™)  for all « € N".

(i) The operator family e“P = e tAP, t > 0, where A = —PA denotes
the Stokes operator on R™, has the following properties: e'™P is defined by

a convolution kernel E = (Ejﬁ)?h:l,

E(x,t) ::/ 6_47r2t\§|2+27ri;r-§ (I _ §|§2£> dc .

Moreover, [2], E has the asymptotic structure

TR 1 z
3.8 E(x,t) = — = ——] ' —
3 )= (s ~ et )+ ()
for |z| > /t, where the matriz field ¥ and its gradient have an exponential
decay and ~y, := %7?_%1“ (%)
(11i) [17) The Riesz transforms are well-defined bounded operators on the
Besov space ngl. In particular, for all s >0 and o > 0

(3.9) H@tAPfHBgoﬁf; N f%Hf”Bgo,l .
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Proof of (3.9): By (3.3), (3.5)
e Pfll e = I(=2)"2eB((-A)2 f Pllgsre
<1 B(-2)3 Dl e, ST FIB-2)3 D) g0
SRRl SEEIS e,

where we exploited also the boundedness of the Helmholtz projection P on

BY ;. O

Note that in Lemma 3.3 (ii) we used the Fourier transform, e.g. of a
Schwartz function ¢ € S(R™), in the form

Fo(&) = (&) = . d(x)e 26 gy

4. PROOF OF THEOREMS 2.1 AND 2.4

To construct a unique mild solution of (1.1), (1.2) for given initial data
(uo,00) € LY (R™) x L3°(R™) we introduce the bilinear integral operators

t
(4.1) B (u1,ug) := —/ APV - (uy ® ug) (s) ds,
0
t
(4.2) D (u,0) := —/ et =IAY . (u) (s) ds.
0
We also define a linear operator which handles the buoyancy term, namely
t
(4.3) C(0) = / et =)BP (¢0) (s) ds
0

depending on the given gravity field g.

Sketch of the proof of Theorem 2.1: The existence and uniqueness of mild
solutions to (1.1), (1.2) base on the abstract formulation of a solution (u, )
as a fixed point of the coupled system

u(t) = eug + B (u,u) () +C () (1),
0(t) = 20y + D (u,0) (t)

in the Banach space C,, ([0,7]; L ) C, ([0,T]; L®). With the help of
Lemma 4.1 below the result is proved by Banach’s fixed point theorem. [

Lemma 4.1: Let T >0, g € L, p € (0,n], and v > max{0, p—n+1}.
Then the operators

B: Cy ([0,T]; L) x Co ([0, T); L32) — Cy ([0,TT; L)
C: Cu([0, T L) — Cu ([0, T] LyY)

D:Cy ([0,T]; L7) x Cu ([0, T L) — Co ([0, T]; L;7)
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see (4.1), (4.2), (4.3), are continuous with operator norms O(V/T + T1+r)
where k :=  max{u + v —n,0}.

Proof: The estimate for B is proved in [14, Prop. 25.1]. The other assertions
follow the same lines. (]

For the proof of Theorem 2.3 we anticipate the results of Theorem 2.2 to be
proved in Sect. 5.

Sketch of the proof of Theorem 2.3: Besides the result of Lemma 3.3 (i) on
the Oseen kernel we note that the operators e!2Pdiv, e!AP and e'®div are
matrices of convolution operators with bounded kernels.

Similarly to [2], [7] we proceed to get an asymptotic profile of solu-
tions of the Boussinesq equations and have to deal mainly with the terms
B(u,u), C(8) and D(u,0) in the integral equations (1.1), (1.2). E.g., looking
at B(u,u), we write e!APV as a convolution operator the kernel of which
has the asymptotic profile

1
Y¥n0j (MM f) + [z (aj) %2

[e[*+2 nz|? Vit

cf. (3.8) Further, we define remainder terms vy, j such that

(upug)(x,t) = gl(:z)/ (upur)(y,t) dy + vp (2, t).

n

Finally, we have to combine both and to estimate the remainder terms, for
further details see [7]. The operator D is treated in an analogous way. But
the convolution operator e!*P corresponding to the term C(6) has a worse
decay, see [2]. Therefore, we study this term more carefully by a Taylor type
formula of convolutions, see [5]:

Lemma 4.2: [5] Letn>2, meN, 0 <71 <n. Let f € C"(R™\ {0}) such
that

lz|Heloe f e L®(R™)  for all @ € N",|a| < m,
and h € C(R™\ {0}) N L* (R™, (1 + |z|)™dz) N LSS, (R™). Then the convo-
lution product f x h satisfies

(_1)|B\ ( 5 > 3

fxh(z) = y h(y)dy | 8” f(x) + R(z),
oslgm—l A /R”

where R(x) can be estimated for all x # 0 by

Clz|™™"7 max su el ge h my 4 SU ntmy g, _
ol amax sup ol 10" F)| (Il o) + sup Iy (o))

Assuming a sufficiently fast decaying data 6y € LS°, v > 3, we can re-

place the function h by g6, since due to Theorem 2.2 gf(t) is continuous and
g0(t) € L' ((1+ |z[)?) NL2, for all t > 0. Applying Lemma 4.2 with m = 2
and the functions f = Ej, which satisfy (3.7) we obtain for all j =1,...,n

Buns0r0(a) = Exn(e) [ (0n0) (1) dy=VEsnla)- [ (au6) () dy+ By (o)
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( /0 t e(t—S)AP(gﬂ)(s)aL@)j (x) = é /0 t (Ejn(t —s)* (gnd)(s)) (z)ds
= Z/O Ejp(w,t - 8)/n(9h9)(y,8) dy ds
Z/ VEjn(z )-/ y(9n0)(y, )dyds+/0tRj(x,t,s)dg
-3 (G - n\xw)/ o @0 e

h=1
" (ojp() x THT
sl hl
—n Z ( |Jx‘n+2 - (Tl |;|n+4>/ / Y ghg Y, s dde
h,l=1

+ RV (2,) + RY (2,1) + R (x,1),

where 0 () := 0 px;+0p 25+ 0; 25, The remainder terms R(J) and jo),
7 =1,...,n, are decaying exponentially:

w0 =3 [ w55 [ 000t

=3 [ it ()] [ o - s

and for all € > 0 we have
, t
Ré])(x,t) = / Rj(x,t,s)ds
0

n
St 2|72 sup max sup |y |0 E in(y, s
S el 727 st o sup /7107 (. )

x sup (1190(s) 12y + sup Iyl *1(96) (9, 9)])
0<s<t y#0
= Oy (jyl " 72*).

Altogether, this completes the proof of Theorem 2.3. O

5. PROOF OF THEOREM 2.2

At first we deal with first order spatial derivatives. Taking the partial de-
rivative 0; in (1.1) and (1.2) we are led to the fixed point problem

&-u = @(&u, ({')29),
90 = ©(du, 9;0),
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where

t
O(w, w) := dietPug — / APV (w @ u+u®w)(s)ds
0

t
—y/e“*mwaame+gwx@d&
0

t
O(w, w) := d;et™0y — / eU=IAY - (Ow + wu) (s) ds.
0

From the properties of the heat kernel we obtain

lﬁiemuo(xﬂ < /]R” 10iGi(x —y) - uo(y)| dy

[uo(y)| _1 _
s dy < (75 +1) (1 + J2)) ¥ [luo s
/Rn (|lz —y| + Vt)nt! y ( >( =)~ OHLH

and similarly
B 200(0)] S (£75+1) (1+ [2)) ™ 6oll s
Thus we easily see, with the space
Y :i={w: t2w e Co([0, Tol; L7 (R™)™)} x {w : t2 € C,([0,To); LyP(R™)) }
constituting a Banach space Y with the norm

- 1 1.
[(w, w)|ly == sup t2f|lw(t)||re + sup t2[|w(t)|Le,
te(0,To] te(0,To]

and Lemma 4.1 that (@,é) : Y — Y. Actually, given (w,w) € Y it is

straightforward to show the weak-* continuity of t%@(w, w) and t%(:)(w, w)
in [0, Tp]. Furthermore, by Lemma 4.1, the continuity of the operator (@, @)
on Y for all 0 < Ty < T is achieved:

||(@,(:)) (’wl,ﬁll) — (@, é) (wg,wQ) Hy

S (\/ To +T0> : < SHPT] [[u()][Loe + HQHLzO_1> [(w1, w01) — (w2, Wa)|ly

te(0

Choosing Tp > 0 sufficiently small such that the operator (@,é) is a
contraction on Y, we get a unique fixed point (wq, wp). By construction of
the mappings © and O the fixed point (wo,Wp) is just the derivative 0; of
u and 6, respectively. The same argument also holds on [Tj, 27p], etc., and
finally leads to

t20;u € C,, ([0,T); L (R™)™), 20,0 € C,, ([0, T); L (R™) .

Hence by the previous Theorem 2.1 u, t2d;u belong to C,, ([0, T]; Lye (R™)™)

and 0,200 belong to C., ([0,T]; L(R"™)), i = 1,..,n, and thus u,0 €
C, ((O, TY; WLOO). Moreover, there holds the embedding W1 C BUC, see
[20, Lemma 9.2]. Since, in contrast to L3°, the operators {e!A};>0 define

in the space BUC a strongly continuous and even analytic semigroup, e!® f
converges to f in BUC as t N\, 0. With this and Lemma 4.1 we get

lu(t) = u(t)lloo + [10() = 0(t)llc — 0 ast' Nt
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forall 0 <t < ¢ <T. Thus we have
u,0 € C((0,T7]; BUC),
i.e. continuous dependence on time. We notice that for all 0 < ¢ < T the

solution (u, #) belongs additionally to L> ([e, T]; W) and satisfies

u(t) = e(t*E)Au(a) — /t e(t*T)AIP(u -Vu)(r)dr + /t e(th)A]P’(gH)(T) dr,

O(t) = e93g(c) — / DA ) (1)
Moreover, since there holds the embedding W1 /R C Bgo’l forall s € (0,1),
see [13], we even have
(5.1) u,0 € C([e,T); BS, 1), s€(0,1).
In the following we will show that u and 6 belong to
C((0.T:BLy). s € (0.3).
Using (3.1) and (3.9) we get

—MA —7A _3
lelt=") Pu- Vu)ll .y < Jlett=") Plu@u)ll g S¢E-m) 7 lueulg .
0,1 ’

0,1

Furthermore, choosing a > 0 such that max{0,s — 3} < a < min{1,s + 1},
i.e. s < 3, we see from (3.3), (3.5) that

(t—’T‘)A]P) 0
Je-2B(g0)]],

s+%

0,1

« [ 1 1
<J|(2) B TIAR(=2)E (O] oy S (8 =) B D g
oco,1 ’

For example, we can set a := 5. The previous estimates and (3.5) as well
as (3.2) yield

_1 t _3
ey S =) Hulgy, + [ €= @)@y, dr
oo,1 ’ 3 ’

t
O e (TG TPA

1 1
S - Hu@l gy, +# s [um)le sup [u(r)lp
’ ESTS EST ’

3_s
+6575%5 sup (gl e+ llgll e 10070
<r<T o0 o
Similarly, we have
_1 ! -3
160 S (¢ =) 218y, + [ €= H 1G] g, a7
oo,1 ' € ,

_1

< (=) 306 s

1
+ 7 sup (Ilu(T)llooH@(T)HBs O loollul(T)]] s 1)-
e<r<T o o
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Immediately, from (5.1), we get that u,0 € Loo([e,T];BgoJ), s€[1,3). So
we can conclude by iteration that

sup ||u(7)||ps  + sup ||0(7)||ns < o0
s (), + s 100,

holds for all 0 < e < T and all s € (0,3). Thus
u,0 € L™([e,T}; BS, 1), s€(0,3).
Now we show that
(5.2) u,0 € C((0,T); B, 1), se€(0,3).

To this aim we choose 8 € (0, 3) such that —5 <pB<1-3 withse(0,3).
Since for all 0 < e <t <t < T the function u satisfies
/ t/ /
u(t') —u(t) = (2 — e®)u(e) — / eU=IAP(V - (u@u) — gb)(s) ds
t

— /t (e(t/*s)A - e(tfs)A)]P’(V (u®u) — gb)(s)ds,

£

we get the following estimate by Lemmata 3.1 and 3.2 as well as (3.9):

~

lu(t) = u®)ll 5, S @ = 0)2 [l ue)l] o

. /Et(t/ — )| Ve P>y ® u)(T)||B§ﬁg dr

. /Et(t/ _ t)ﬂ”e(t—r)AP(ge)(T)HBzﬁﬁ dr

v (Ve B W+ 1B g ) dr
St —t)2 e ue)ll pst

t
+ / (t' — t)ﬂ(t — T)*%*ﬂﬂu @ u(T)l| 5 ) dr
€ bt

t
O R e T TI
g 1

o0,

B3

co,1

+ /tt, (=) Flueullg  + ¢ =775 lgb(r)] 5 ) dr
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Finally, (3.2), (3.4) yield

1 sl
() = u®llgs, , S =127 ue) ]l

e<r<t/

2
1_
+ (¢ - t)ﬁtz B < sup HU(THB;JOL"O)

+ (=)t sr (ngnoo sup 0(7)] 5 +lgll 5 sup ||0<T>lloo)

S
3
e<r<t/ BSa Bo e<r<t!

e<t<t/

2
1
+ (t/ —t)2 ( sup HU(T)HBCS)OJDLOO>

s
3
Boo,l 0016 7'

+ (' —t)! (HgHoo swp 10(r)l 5 +lallzs  sup ll6(7 )Hoo>-

Therefore, we get u € C'((0,T7; Bf;ol) for all s € (0,3).
Moreover, for § we have by (3.6)

1
16G) — 6@l e, S (' = )220 oy

t
+ / (¢ = 0|V - 2 (u0) (1) 20

t/
—i—/ IV - e(tLT)A(UQ)(T)HBS dr
t s
and further by Lemmata 3.1 and 3.2
1
100) = 0@ | S (¢ = 5100w + [(# = )73 77 + (¢ = 1)3 ]

x sup (||u<7)||w||e<7>||3;& + () e 10 e )

e<t<t

and thus 6 € C((0,T7; Bgol) for all s € (0,3). Altogether, this estimate, the
same result for v and (3.1) imply that
O, 00 ,0;0;u ,0;0;0 € C((0,T);BS,,) € C((0,T];BUC)
for all 4,5 = 1,...,n and hence
u,0 € C((0,T]; W**) .

In the final step of the proof we show that (u,#) is a solution to (BE)
in the strong sense. Using the boundedness of the Helmholtz projection on
BQQ1 and Lemmata 3.1 and 3.2 we get

PG Vo)l | S IV )l | Sl ulg | S el e
lu-Vllz0 = V- )z S uunooneuggm -

Since gf and V(gf) belong to Ly° C LP, p > -4, we get P(gf) € whr.
But in the case p > n this Sobolev space is embedded into the Holder space
C% with vy =1 — 7, see [20, Lemma 9.2]. That means P(g¢) is uniformly
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continuous. Moreover, P(gf) € LP N Co’l_%, n < p < oo, is bounded. Using
the inclusion By ; € BUC/R we have

P(u-Vu), P(g8), u-VO € C((0,7];BUC).
Since, for 0 <t <t < T,
u(t') — u(t)
— (DD _ Pyu(e) — / =2 By . Ty — g0)] () dr

t
and for each h € BUC?(R"™)

e(15’—15)A -7
lim ——h =Ah in BUC,
N\t t—t
we obtain
') —u(t
ur = lim w — Au—P(u-Vu)+P(g0) € C((0,T]; BUC).

Similarly, with
t/
0(t') — 0(t) = (D2 _ 1)o(t) - / DD (4 ) () dr,
t

we get in BUC

O(t") —0(t
0, = lim ot) = o) =A0—u-VO € C((0,T];BUC).
v\t ' —t
Now the proof of Theorem 2.2 is complete. O

6. PROOF OF THEOREM 2.4

To prove this quantitative result of the solution we need a representation of
(u, ), as the limit of an iteration, following ideas from [4, §2.1]:

Ty (ug, 0o) := P ug, Ty (uo, Bo) := e'®0p,
k-1

(61) T (UQ,GO ZB T UO,HO) Th_ l(uo,Go)) —|—C(Tk 1(U0,90))
=1

T (uo, o) : ZD Ti(uo, 00), Te—1(uo, 60)), k> 2.
Under smallness assumptlons on the initial data the series
(6.2) ¢(uo, bp) : ZTk (up,00) and ) (ug,0) : ZTk ug, 0o)

will be shown to be absolutely convergent. Then (u,0) = (gf), ) (ug,0) is a
solution of the equations

u = e®ug + B(u,u) +C0), 0=e0y+ D(u,0)
in the space Y x Y where
(6.3) Y =G ([0.T LP(RY), Y = Co (10, T]; L (R™)).
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Assume that
ci= maX{HetAUoHY, ||€tA90HY/} <L

Then mathematical induction and Lemma 4.1 applied to (6.1) yield a se-
quence of estimates of || Tk||y, ||Tk||y in terms of || 13|y, | T3]y, 1 <1 < k-1,
which finally leads to the bound

~ 3
I Tklly + | Tully < k™2(12Cove)* H(Ve+e), k=2,

where the constant Cy = Cy(T) is a bound of the norms in Lemma 4.1. If
the initial data (ug,fp) is small enough, such that max{12Cy+/c,c} < 1 the
series

ZH (Tk Te) (w0, 00) |y 5 < (Ve +0) Z/f% 12Cov/c)* ' < o0
k=1

k=1

converges, i.e., the series Y 7, (Tk,fk)(ug,Oo) converges in the Banach
space Y x Y. Finally, the limit ¢(ug,6p), ¥ (ug, ), see (6.2), solves the
Boussinesq integral equations (1.1) and (1.2). We notice that this represen-
tation of a solution is unique on [0,7] due to Theorem 2.1.

Lemma 6.1:  Letn € {2,3}, 0 =1ty < t; < ... < ty with N € N and
0 <e<min{3(tpp1 —t;) : k =0,..,N —1}. Let g belong to (2.1) and
be either an odd or an even B-symmetric vector field. Then there exists a
real-valued B-symmetric function 0, € S(R™) such that the function

E()  RY SR, E(B)(t / / 01(2) (¢"60) () dr ds,

changes sign inside (t; — e, t; +¢), i =1,.

Proof: At first we treat the two-dimensional case. Without lost of gen-
erality we prove this assertion by assuming that g = (g1, ¢g2) is odd. By our
assumption on the gravity g € W12 "*°(R?) we do not expect that g € L?(R?).
So we cannot use Fourier methods like the Parseval relation directly. But
the Laplacian Ag € Ln+5( 2) lies in L'(R?%) N L?(R?). In particular the
Fourier transform F(Ag) is odd, continuous and vanishes at infinity. Hence
there is a vector 0 # ag € R? such that

(T9) () :== F (Ag1 + g2)) () — F (A(g1 + g2)) (—a) # 0.

Otherwise, since F(A(g;) is odd and 7Tg is continuous, 7¢g would vanish
identically. Since

[ Tg(a0)| = [Tg(ao)| = [Tg(=cdo)l = [Tg(=c0)]

we can assume that ag belongs to the open sector {¢ € R?| & > |&] > 0}.

Furthermore, due to the continuity of 7 ¢, there exists a constant o1 > 0

such that (7g) ((1 + o)ag) 75 0 for all 0 < o < 0;. Note that Tg(-) € iR.
Continuing, for 0 < § < we regard with

N—i—l’

(6.4) a; =/1+6(j — 1)ag € R?
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and A\; € R, j=1,...,N + 1, to be determined below, the function

N+1 —47‘('2t|aj‘2) N+1

Z )\ 27T 4] ori 4 (T9) (o)) = Z b;j(1— 6—47r2t\aj|2)
j=1

where bj 1= ) W (Tg) (o). With T; := e=47"100*i we have

N+1

Z b 1+5 (G— 1))

We want to determine \j,..., A\y41 in such a way that E(t) vanishes at
t1,...,ty and changes sign at these points. In particular there has to hold
N+1
(6.5) 0 # E'(t;) = 4n2|ao* Y (1 +6(j — 1)), 00,
j=1
To satisfy these conditions we consider a corresponding linear system with
the unknowns b = (by, ...,bN+1)T e RY¥*L To be more precise, we define
the (N + 1) x (N + 1)-matrix

-7} 1-7'% . 17N
M(6) = : : :
-7y 1-Ty0 .. 1-TyoN
1-T0 (1407 ... (1+6N)THHN
Note that
-7 1-17¢ ... 1-1N"
1-Ty 1-T% ... 1-Ty"!
T 212 ... (N+1)TNH!
where an explicit computation, see [4], yields
N N
det M(1) = -Ty(1-T) [[a-T)[[(n-T0) [[ (1-T)#0
=1 =2 1<i<j<N

since T; € (0,1) and T; # Tj for i # j, 4,5 = 1,..., N. Now detM (6) can be
considered as an analytic function on C, and we conclude that there exists
0 <4 < 77 such that det M(5) # 0.
The equations
Et;)=0, i=1,...,N, and E'(t;)=~
are fulfilled with b = (b1, ...,bx41)7 € RN+ if and only if
(6.6) M(6)b = 4n2|ag* ens1, ens1 = (0,...,0,1)T.

Since det M (8) # 0, we obtain a unique vector 0 # b € RY¥*! such that
E vanishes at t1,...,t5 and changes sign at ¢;. The conditions E'(t;) # 0,
i = 2,...,N, are then automatically fulfilled. Indeed, if we had E’'(t;) = 0
for some ¢ = 2,..., N, then the matrix M (4) obtained when replacing the
last row by

T, (1+0)TH° ... (1+6N)THN
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would have a vanishing determinant in contradiction with the general for-
mula for det M; to use this argument for ¢ = 1,..., N we possibly have to
choose § > 0 smaller as before. Finally this solution determines the desired
coefficients
(27)%ibjla|t

(Tg) (o)
We note that 7Tg(a;) #0, j =1,...,N + 1, by construction.

A=

To construct the initial temperature 6y we choose a real-valued radlally
symmetric function ¢ € § (R?) such that ¢ € C° (R2) satisfying supp 6 C
B1(0) and Jg2 & = 1. Moreover, for p > 0, we define PP (€) := pp(pLE).
Then for each a € R? let

0a(€) == i(p(€ — @) — (€ + @) + (€ — @) — (¢ + Q)

satisfying 0, (&) = 0,(€) and 04(—€) = —0,(€). Thus 6, is real-valued, odd
and B-symmetric, i.e. 04(Z) = 0a(x). We define 0%, as before, by replacing
(b with d)p in the corresponding definition.

Using the theorem of Parseval we get

/ /n g1(z SAOQJ,) (x)dzds

== / (1) (é%igﬁ)é&(f) de.

Furthermore, due to the symmetry properties of égj, we obtain
- (Tg) (€) 4
£06° )(t) = —/ (1— ety LD gy (e) e,

v &>/ (2m)4lglt

Let us now choose pg > 0 sufficiently small, such that
supp égg N supp éfﬁc =0 and

supp ¢ (- — ;) Nsupp ¢*°(- — B}) = 0
for all j # k with 8;, 3 € {aj, —aj,&;,—a;}, Bj # Bj. Therewith, for all
0 < p < pg, there holds

£(65,)(1) :—z'/£>E | (1—6—4”2“5‘2) (( ))@w(g o) de.

Since T g is continuous and {qu : p > 0} is an approximation of identity,
£(0%,)(t) converges (uniformly with respect to ¢ > 0) to

A2t |2 Tg) (o
Eq,(t) = (1—6 Am=t]ay| )((%T)gzz(aj‘L

as p — 0. We observe that E,(t) is real-valued.
Eventually, we consider

N+1

0f = > N5,
j=1
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Since supp égf; Nsupp 050 =0, j # k, there holds

N+1

= NE®]
j=1

for all 0 < p < pg. As p — 0, this term converges uniformly to E(t) =
Zj\;l AjEq;(t). Finally, we see that if p' > 0 is sufficiently small then
5(9{{) changes sign in the interval (t; —e,t; +¢), for i = 1,..., N. Hence we

/
choose 6 := 6 as initial temperature.

The case n = 3. Firstly we assume g to be odd and choose

ap € Q:={£ €R? | min{&, &} > max{&,0} }

to be a vector such that

(Tg) () := F (A(g1 + g2 +93)) (a0) — F (A(g1 + g2 + 93)) (—)

3
=23 F(Ag) (ag) #0.
k=1
Moreover, let o1 > 0 be a constant such that (7¢) ((1+ o)ag) # 0 for all
0 < o < 01. In contrast to the two-dimensional case the gravity g € L3°(R3)3
belongs now to L?(R3). However, we will again use Ag since we need a
continuous and decaying Fourier transform.

We build the initial temperature analogously as above and define 6, €
S(R3) through

Ba(€) = i(S(€ — @) = B(E+ ) + B(€ — &) — H(E + @) + H(€ — &) — H(E + &)).

Once again we have 0,(€) = 0,(€) and 0 (—€) = —04(€). Thus 6, is real-
valued, odd and B-symmetric. The definition (6.4) for ay;,

N+l —47r2t|aj\2)
)\ .
Z 27‘(‘ Z‘Ot ‘4 (Tg) (aj)
and the conditions on E at t1,...,ty yield the same linear system (6.6) as

above. Hence we obtain a vector of coefficients (A1, ..., Axy) # 0, such that
E(t) vanishes at ti,...,txy and changes sign at these points. Imposing the
condition a; € Q Wthh is satisfied if we set o as in (6.4)) we get

/ /n )esBeP () dz ds

[y ) (B9 (€ + (A (@) + (Ag) (@),
/Q g ) Tl 01, €) de
_ _ it (T9)(6) 5
JA¢ ) G O

with Q := {¢ € R3| min(&y, &) > max(£1,0) or max(&r,&3) < min(é1,0)}.
Geometrically, the condition «; € €2 corresponds to cutting R? into six con-
gruent regions that can be obtained from each other through the orthogonal
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transforms ¢ — € and € — —&. If we choose again pg > 0 small enough then
E(05,)(t) equals

[ (1) T e

As p — 0, the function £(6%,)(t) converges uniformly in ¢ to
—ar2fay2) (T9) ()
E. (1) := (1 - 47r2t\043|2) ( J
=i @)t

and thus
N+1

=Y NE®L)®) —  E®).
j=1

Finally, we choose p’ > 0 such that £ (06/) changes sign inside (t; —e,t; +¢),
fori=1,..,N, and set 6, := 051.

If g is an even function we can show this lemma in the same way by
defining

Tg:=Y F(Ag)(:)+F (Ag) (=) =2>  F(Ag)

k=1 k=1
and
0a(€) ==l —a)+d(E+a)+ o€ —a) +o(E+a)  or,
0 () = <Z>< a)+ o€+ o)+ o(E — &)+ d(E+a) + o€ — &) + B¢+ &)
for n = 2 or n = 3, respectively. O

Proof of Theorem 2.4. At first we will construct a solution such that
t— fo Jzn (910) (z, s) dz ds changes sign inside (t; —¢,t;+¢) fori = 1,..., N.
Maybe we have to modify the initial data 6y constructed in Lemma 6.1 by
multiplying it by a sufficiently small constant 1y > 0 to ensure that the
corresponding solution (u, @) is defined on (0,¢yx +¢). By our representation
of (u,0) € Y x Y with initial data (nug,n6p), 0 < 1 < n9, introduced in
(6.2), (6.3), we obtain

// (g0) (z,s dxds—// Ti(nuo, n0o) (z, s) dz ds

= ansk (uo, o) (£)
k=1

where i, : Y x Y — C([0,T)).
Remembering the notation of Lemma 6.1 we see that

(S1(uo, 00)), // (g1€°200) (x) dw ds = € (0o) (¢).

Hence for small > 0 the series S 32, n¥ (Sk (uo,60)), (t) behaves like
7]5(90)( ). By Lemma 6.1 £(6p) changes sign in the interval (¢; —e,t;+¢) for
i=1,..,N. Lettl t7 € (tj—e,t;+¢e) fori = 1,..., N such that 5(00)(tf) >0

1071
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and €(0p)(t; ) < 0. At each such instant t] or ¢;, i = 1,..., N, we can find
a small 0 < 171+ <mnoor0<mn <mno, respectlvely, such that

tf t;
/ / (910) (z,s)dzds > 0 and / / (¢10) (x,s) dx ds < 0.
0 n 0 n

With 7 := min;—;,__n{n;",n; } we see that the term fg Jzn (010) (, 5) dx ds
changes sign inside (¢; — e,t; +¢), i = 1,..., N, too. In particular, due
to the continuity of ¢ f(f Jgn (910) (x, s) dzds this map has a zero t} €
(ti—e,ti+e),i=1,...,N.

The assumption on the symmetry of the gravity and the initial data, i.e.
9(Z) = g(z) and 0y(Z) = Oy(x), respectively, are obviously preserved during
the evolution in the sense that 6(z,t) = 0(x,t). Furthermore, we get in the

case n = 3 that
t t t
[ Lo [ [0 [ foo
0 JR3 0o JRr3 0o JRr3

Thus all these terms vanish at ¢t} € (t; —e,t;+¢),i=1,...,N.
By Theorem 2.3 and the assumptlon ug € LyS o(R™)™ we know that

60 aen = 29[ [ ] @0 dvds] + Oe )

and § € C ((0,7); Ly°(R™)) for all 0 < ¢t < T and all ¥ > 0. Consider the
gradient on the right-hand side of (6.7). The map

(6.8) vaLW // (90) (5, s dyds]

is identically zero if and only if the term fg Jgn 916 and with it the terms
fg Jgn 920 and conditionally fg Jgn 930 vanish, like this is the case at the
instants ¢, ¢ = 1,...,N. Hence for some constant C’ > 0 we obtain the
upper bound

Ju(z, t7)] < ||

for all x sufficiently large and i = 1,..., N.
Otherwise, if the map (6.8) is not identically zero, it is homogeneous of
degree —n. Thus we can reduce our consideration to the sphere S*~!. Unless

(6.9) (;; Lj / t JRZeE dyds]

has a zero at some point of S"~ !, we find ¢, € (t; —,t; +¢), i = 1,..., N,
(4)

and a constant ¢/, w = %‘, such that

fuj (2, )] = |

for all z large enough and ¢ = 1,..., N, j = 1,...,n. But since the zeros of
the map (6.9) are the zeros on the unit sphere of a homogeneous polynomial
of degree two, ¢, > 0 for almost every w € S* 1.
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Finally, due to Theorem 2.3 we know that the term of order |z|~"~! in

(6.7) equals

[ wpw Ong ¢
Q(x) =V |7 Z <\x|n+2 — n|x|"> '/0 /n (upug + yrgnb) dy ds

h,k=1

Let us define the matrix K = (Kx)) ,_; by

t
Khi(t) == / / (upug + yrgnt) dy ds.
0 n

In the case of a symmetric matrix K Brandolese and Vigneron [7, Prop. 2.9]
showed that Ky, = adp  for any a € R if and only if Q(z) = 0. Apparently,
in our case the matrix K is not symmetric in general. But we can prove in
the same manner as in [7] that

Q =0 ifand only if IChyk = —ICkyh and ICh,h = ’Ck,k for all A ?é k.

Due to our symmetry assumptions on the initial velocity ug, see (2.2), the
k-th component of the initial data ug is odd in the k-th variable and even
in the j-th variable, j,k = 1,...,n and j # k. Due to the invariance of the
Boussinesq equations under the transformations of this symmetry group,
these symmetries are preserved during the evolution and are thus satisfied
at each moment ¢ € [0,7] by the solution wu(t). Under these symmetry
assumptions we finally get

/ot /n(“h“k)(% s)dyds =0,

t t
// U?(yvs)ddeZ// ul(y, s) dy ds
0 n 0 n

foralli,k,h =1,...,n and h # k. Furthermore, since due to our construction
of the initial temperature 6y in Lemma 6.1 gfg is an even function we obtain

/ (y19200 + y29100) (y) dy = 0.
Also this property preserves during the evolution such that the |z|~"!-term
of the asymptotic profile of u vanishes at all moments ¢ € [0, 7]. Hence for
some constant C' > 0 we obtain the upper bound

Ju(a, )] < Cla] 7" 72+

for all z with sufficiently large norm and ¢ =1, ..., N.
Now Theorem 2.4 is completely proved. (]
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