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Abstract
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1 Introduction

The approximation of zeros of monotone set-valued operators A : X — 2% in Hilbert spaces X and
- more generally - of accretive operators in Banach spaces is a central theme in both nonsmooth
optimization as well as in the study of abstract Cauchy problems. The connection to optimization
stems from the fact that the set of minimizers of proper l.s.c. convex functions f : X — (—o0, +0o0]
coincides with the zeros of A := Jf, the so-called subdifferential of f.

The famous Proximal Point Algorithm (PPA) approximates zeros of A using the resolvent function
(for v > 0)

Jya: R(I+~A) = D(A), Jya(z) = (I +~v4)""(2)

which is a single-valued firmly nonexpansive function. If A is maximal monotone (such as 9f) or
m-accretive, then R(I +vyA) = X and so J,4 is defined on the whole space X and it makes sense
to consider for a sequence (7y,) C (0,00) the iteration

(PPA) : xpy1 :=Jy a(xn), 1 € X.

Under suitable conditions on (v,), this algorithm (z,,) converges weakly to a zero of A (provided
that A has one, [22, 28, 4]) but - already in the case of Hilbert spaces - it in general fails to converge

*This paper grew out of a Bachelor thesis [10] of the first author written under the supervision of the 2nd author.



strongly (see [11, 2]).
Subsequently, so-called Halpern-type variants (HPPA)

Tpi1 = apu+ (1 — ) (I + 7 A) 2 (0 > 0,00 € [0,1])

of (PPA) have been considered (see e.g. [12, 34, 1]) which - under suitable conditions on (&, ), (vs) -
do converge strongly even in Banach spaces which e.g. are uniformly smooth and at the same time
uniformly convex (so e.g. for LP with 1 < p < 00).

One problem with both (PPA) and (HPPA) is that they involve the computation of J, 4 and so the

solution of an inverse problem. Hence the existence of strongly convergence algorithms based on
explicit iterations of A itself instead of its resolvent is of interest. Such an algorithm

(%) Tpt1 = T — AplUn — Apbn(2n — 21),u € A(xy), A\n, 0, € (0,1)

was given in [3] (in Hilbert space) and studied in certain Banach spaces in the case of single-valued
A in [25] and in 2-uniformly smooth Banach spaces in [8] and for set-valued A and general uniformly
smooth Banach spaces in [7]. The strong convergence of (x,,) to a zero of A (under suitable conditions
on (An), (0r)) is shown in [7] by reducing the situation to the following seminal result of Reich (see
also [5] for another proof of an extension of this result):

Theorem 1.1 ([26]). Let X be a real uniformly smooth Banach space and A : X — 2% be m-
accretive with A=1(0) # 0. Then tli}m Jia(x) exists and belongs to A=1(0).
o0

More specifically, Chidume shows that

Hanrl - ynH — 0, where y,, := 9;1,4(371)'

In this paper we first extract from Chidume’s proof an explicit rate of convergence for ||zy+1—yn| — 0
(Theorem 3.1). It follows from general results in computability that even for X := R there is in
general no computable rate of convergence for neither (z,) nor (y,). However, what recently has
been obtained is the next best thing, namely a rate of metastability in the sense of Tao [31, 32] for
(yn) (see [29] which in turn builds on [17]):

(+) Vk € NVg: N — N3n < U(k, g)Vm, 1 € [n,n+ g(n)] (|ym —wull <27°).

Note that (+), noneffectively, implies the Cauchy property and hence the convergence of (y,) but
does not allow for an effective transformation of ¥ into a rate of convergence for (yy,).

Our rate of convergence ||z,+1 — yn| — 0 together with the rate of metastability ¥ in (4) can be
combined into a rate ® satisfying

Vk € NVg:N — N3n < &(k,g)VI,m € [n,n+ g(n)] (|z1 — zm|, |21 — w11 ]| < 27F)

(Theorem 3.3).

This quantitative result can be seen as a finitization (in the sense of Tao [31]) of Chidume’s theorem
as it mathematically trivially (though noneffectively) implies not only that (x,,) is Cauchy and hence
strongly convergent but also that (x,) converges to the same limit as (y,,) converges to.



Definition 1.2 ([30], p.99). Let X be a real Banach space. J : X — 2% with

J(x) ={f € X" (x, f) = |l|*, | /Il = l|=]}}
1s called the normalized duality mapping of X.
More information on (normalized) duality mappings can be found in [9, 27].

Definition 1.3 ([30], p.128 and [7]). Let X be a Banach space and A : X — 2% be a set-valued
operator. The domain D(A), the range R(A) and the graph G(A) of A are defined as follows:

D(4) = {z € X : A(x) # 0}, A(S) = | J Alw),

€S
R(A) = A(X), G(A) = {(z,u) : x € D(A),u € A(z)}.

A is accretive if for allVx,y € X,u € A(x),v € A(y) j(x —y) € J(x —y) with (u—v,j(x—y)) > 0.
By Kato [13] this is equivalent to the statement that for all s > 0,2,y € D(A),u € A(x),v € A(y)

o —yll <[lo —y+s(u—0v).
A is m-accretive if for allt > 0 (or - equivalently - for somet >0) R(I +tA) = X.
x € X is azero of Aif 0 € A(x). zer A denotes the set of all zeros of A.
Definition 1.4 ([6], p.13). A Banach space X s called uniformly smooth if
Ve>036 > 0Ve,y € X (2] = 1A [lyl <6 = |l +yll + lz —yll <2 +<]lyl)-

Remark 1.5. It is well-known (see e.g. [6], p.13) that the definition above is equivalent to

t—0 t

where

THyY|+lr—y
px) =sup { L=y =1y < o

Definition 1.6. X is called uniformly convex if
1
ve € 0235 € (0.10vay € X (Jall bl < 1Alle— ol 2 e = | e+ <1-6).

As in [15], we call functions 7 : (0,00) — (0,00),n : (0,2] — (0, 1] which provide a d(¢) in the
definitions of uniform smoothness and uniform convexity moduli of uniform smoothness and uniform
convexity respectively. Note that this differs from the terminology used in functional analysis where
px is called the modulus of smoothness of X while it is not a modulus of smoothness in the sense
of 7! and what is called the modulus of uniform convexity éx is a particular, namely the optimal,
modulus of uniform convexity 7 in our sense.

IThe existence of a modulus T is equivalent to the uniform smoothness of X while px is also defined for non-smooth
Banach spaces and only the aforementioned limit statement expresses uniform smoothness.



Chidume assumes that A is bounded which is meant as ‘bounded on bounded sets’. As discussed in
[24] this is equivalent to A possessing a uniform majorant A* : N — N satisfying

Vee XVneN (Jz|| <n=Vye Ax) (JJy]| < A*(n))).

By a majorant for a sequence (z,),en in X we mean a sequence (pp)nen in N such that p, > ||x,]]
for all n € N.

Notation: Following [7], all our sequences start with the index n > 1 and we, therefore, use
N:={1,2,3,...}.

2 Technical Lemmas

In this section we collect some technical estimates for uniformly smooth Banach spaces which are
essentially known but in some cases the values of certain constants had to be extracted from the
literature.

Lemma 2.1 (see [21], p.64-65, [35], p.208). Let X be a uniformly smooth Banach space and px be
the function defined in Remark 1.5. Then for all s,t € R with s >t >0

px(s) <Cpx(t) g Px@) _ px(s)
s2 = 12 t — s’

47o 10—0[ (14 2m), 7 = V33918
VitE-1 i 427/, 10 30

Lemma 2.2 (see [7], p.36 and [35]). Let X be uniformly smooth. Then for all x,y € X and
j(x) € J(x)

where C =

lz +ylI* < ] + 2(y, j(x)) + Dmax(||z]l + 1yl C)ox (ly).

where

D= 2max(8, (40 - 16\/3)0)7 C= = 1 H (1 + 5TO > , To = @ .

Vit -1 4.2 30
Proof. In [35](p.208) it is shown that for all p,q € (1, 00) with % + % =1

lz+ ol < lzll” + ply, §(2)) + op(2,v)

with

1
max(||z + ty||, [|z|])? t
ooty =p-1 [ Bzl ) px( ol )dt,
0

max([lz +tyl|, [|z]))

where

[ = max (8, 64Cl> ,
K,

| min(1, 3¢(q — 1)), (¢ — 1) min(1, 39),
Ko=d@+ V9 mm{ (0= 11— (V= 177),1 - (14 220001 }



For p = ¢ = 2 this yields

1
max(|lz + tyl|, ||=[))? tyll
,Y) =2 8, (40 — 16V3)C dt.
ox(s) = 2mes(s, (10 - 1630 | : P el + ol T
0
Distinguishing the cases m >1and Ww”w < 1, the respective inequalities from

Lemma 2.1 imply that

1
lz -+ yI* < llzl|* + 2(y. j(2)) + 2max(8, (40 — 16v/3)C) ({maX(Hx +tyll [l Ct) dipx ([lyll)
< [l + 2y, (@) + 2 max(8, (40 — 16v/3)C) max(||z|| + [lyl|, C)px ([lyl]).

O

Lemma 2.3 (see [23], p.284). Let X be a Banach space. Then for all x,y € X and for all j(x+vy) €
J(z+y)

2+ yll” < ll2l* + 2(y, 5 + ).
Lemma 2.4 ([34], p.243). Let (pn)nen, (Yn)nen be sequences of nonnegative real numbers, (op)nen

a sequence of real numbers and (au)nen @ sequence in [0,1) such that for alln € N

Pnt1 < (1 - an)pn + anop + Yn-

If
Zan = oo (or - equivalently - ] (1 — an) =0), limsupo, <0 and Z’yn < o0,
n=1 n— 00

n=1 n=1

then it follows that
lim p, = 0.

n—oo

We now give a quantitative version of Lemma 2.4. Similar versions have been used repeatedly in
the context of proof mining e.g. in [16, 18]. For completeness, however, we give the proof for the
particular formulation we need.

Lemma 2.5. Let (pn), (Vn), (0n), (an) be as in the previous lemma and let (p,) C N be a majorant
for (pn). Let @1, Do, @3 be rates witnessing quantitatively the conditions on (ay,), (04), (Yn), i.e.

<I>1(k,N)
vk e NVN € N H (1—an) <27k,
n=N

Vk € NVn > ®y(k) (0, <27%),

VEEN | > <27k
n==23(k)

Then
Vk € NVn > ®* (k) (p, < 275),

where ®*(k) = max(®y(k + [logopn] +1,N),N) + 1 and N = max(Pa(k + 2), P3(k + 2)).



Proof. Let k € N be arbitrary and let N := max (®3(k + 2), P3(k +2)).
We prove by induction on n that for all n > N:

Pr+1 < (H(l_az)> PN + (1_ (1—al)> -2_k_2+2fyi.
=N i=N i=N

The case n = N holds by assumption. Assume that the claim holds for n > N. Then

Ptz < (1—ant1) ((H (1- ai)) PN + (1 -1]10- ai)) 272 4 Z %‘) t Qp 410041+ Vo1

i=N =N =N

Moving (1 — a,41) inside, using a,, 41 € [0,1] as well as 0,41 < 27F72, the induction step follows.

n—1

Let now n > max (®1(k 4 [logopn| + 1, N),N) + 1. Then - using py < pny - [] (1 — ) < 2::1,
i=N
n—1 n—1
1— 1 -a;1))<land 3 v <27%2imply p, < 27%. O
i=N i=N

The following bound on the iterative sequence (z,) of Chidume’s algorithm is crucially used:

Lemma 2.6 (see [7], p.37). Let X be a uniformly smooth Banach space, A : X — 2% be a bounded
set-valued accretive operator with D(A) = X and x* € zer A. Let (A\p)nen and (0,)nen be sequences
in (0,1) and x1 € X be arbitrary. Let C, D be as in Lemma 2.2 and let L € N be such that

[2[|, |l2* — =1 < L.
Let ~o, Mo, (zn)nen be such that
Tl = Tp — Apln — A\l (n — 21), upn € A(xy),

My = max {1,sup{|lu + 0(x — z1)|| : 0 € (0,1),u € A(z),z € X, |z —x"|| < 2L}},
* * 1 . L2
M* = sup{D max(||z| + AMp,C) : A€ (0,1),z € X, ||z —2"|| <2L},yo=-min [ 1,———— | .
2 M+ M,

If for alln € N
px (AnMp)

< 00,
M, =0

then (Zn)nen s bounded by 3L.

Proof. [7][p.37] shows that under the conditions given, one has ||z* — z,| < 2L, which implies the
claim. O

In the following we give a more explicit and effective description of the bound on (z,,) which avoids
the use of sup’s.

Corollary 2.7. Let A* : N = N be a uniform majorant of A witnessing that A is bounded on
bounded sets, i.e.

Vn € NV(z,y) € G(A) (|=]] <n — [lyl < A*(n)).

Then the condition



px (AnMo)

< b, with —lmin 1L72
)\nMO = YoUn 70_2 )

M* My
i Lemma 2.6 can be replaced by

PX ()‘n)
An

S 7091’7,7
with
1 . L2 1
Yo = —min | 1, .
2 D(A*(3L) + 5L) max(A*(3L) + 8L,C) ) C(A*(3L) + 5L)

Proof. With Lemma 2.1 we get

pX(/\nMO) /)X(/\n)
= L OMy ==,
My = CMoT

Together with the easy estimates
My < A*(3L) + 5L and M* < Dmax(A*(3L) +8L,C),

the corollary follows. O

3 Main Results

The next theorem gives an explicit and effective rate for the convergence of ||z,,+1 — yn|| — 0, where

(7,,) is the sequence generated by Chidume’s algorithm (*) and y,, := J;, a(21) with ¢, := 6,1 :

Theorem 3.1. Let X be a uniformly smooth Banach space, A : X — 2% be a bounded set-valued
m-accretive operator with D(A) = X with zer A # 0. Let z* € zer A and let A* : N — N be a
uniform majorant of A. Let (Ap)nen and (0)nen be sequences in (0,1) and x1 € X arbitrary. Let
(Tn)nen and (Yn)nen be sequences in A satisfying

Tpt1 = Tn — Aplp — ApOp (2 — 1), uy, € A(zy,) and t, = Ggl,yn = Je, a(x1).

Let L € N be such that ||z*||,||z* —z1|| < L, C and D as in Lemma 2.2, M; = A*(3L) + 5L,

On—1 _
M, = Dmax(M; + 5L,C), C* = 40L2, o, = C* %, and
1. L2 1
Yo = —min | 1, .
2 D(A*(3L) + 5L) max(A*(3L) + 8L, C) ) C(A*(3L) + 5L)

If then

[T = x06.) =0, lim o, =0, ZMng)\Ml))
n=1

and

Vn S N (Hn Z 0n+17 pX)f)\n) S 70971)

and the first three properties are quantitatively witnessed by ®1 : N2 = N, &y, &3 : N = N, i.e.



@1 (k,N)

VEENVN eN [ J[ = Ansibnyr) <27% |,
n=N

Vk € NVn Z (I)Q(k) (Un+1 S 27’6),

VEEN [ Y (Mapx(Angady)) <27F |,
n:(bg,(k})
then
Vk € NVn > ®*(k, L, ®1, 2, ®3) (||lzns1 — ynll <277),
where

®*(k, L, @1, o, ®3) = max(®;(2k+ [logy 25L7|+1,N), N)+1 and N = max(®5(2k+2), ®5(2k+2)).

Proof. We follow closely the proof of Theorem 3.2 in [7]. First we show the boundedness of (y,)nen
using the nonexpansivity of J; 4 and the fact that z* being a zero of A is a common fixed point of

the resolvents Jy, 4 :
[ynll < My — ™[+ ll2”[| = [| e, a(@1) = Jepa (@) + ll27]] < 20 — 27| + |27 < 2L

With Lemma 2.2, the boundedness of z,, (see Lemma 2.6 and Corollary 2.7) and y,, and the majorant
A* of A together with Lemma 2.1 and the definition of () it follows that
[2ns1 = ynl® = 10 = 4o = Ao (un + On (20 — 21))|
< n = yal® = 2X0 (i + On (@0 — 21), (@0 = yn)
+ Dmax(||zn = ynll + An [[un + On(@n — 1), C)
px (An [lun + On (2n — 21)]])
< lzn = ynll* = 220 (tn + O (@0 — 1), (20 — y))
+ Dmax([[zn]| + [[ynll + [[unll + [zl + [lz2], C)
px An(([[un| + [zl + [lz2[]))
< n = yul® = 2X0 (i + On (@0 — 21), (@0 = yn)
+ Dmax(3L + 2L + A*(3L) + 3L +2L,C) - px (A (A*(3L) + 3L + 2L))
= [z = yall” = 2Xa (n + On (20 — 1), (@0 — )
+ Dmax(M; +5L,C) - px (A M)
= l@n = ynll® = 2Xn(un + On(20 = 21), (20 — y0)
+ Mopx (A My).

As in [7][p.38-39] one shows that

. On
<Un + Qn(xn - xl)v](xn - yn)> > ? Hxn - yn||2



and (for n > 2)

On—1—0
g1 = all < 2= gy — ]
n

as well as
2 2
Hxn_ynH < ||xn _yn—IH +2||yn—l _ynH ||xn_ynH

Combining these four inequalities we get (reasoning as in [7]) for all n > 2

2n 1 = gnll* < @ = ynll* = 200 (tn + On (@0 — 1), (20 — yn))
+ Mapx (An M)
< l#n = ynll® = Anba 20 — yal®
+ Mapx (A M)
< (1= 20)(n = Y1 l* + 2 1901 — ynll |20 — yll)
+ Mapx (An M)

0,_1—0
2 Nyt — 1| |20 — |

S (1 - )‘ne’ﬂ) HZCn - yn71||2 + 2(1 - )\nen) 9

+ MQPX()‘an)

On—
< (1= Xabn) 20 =y | + 20— = D[l | + 1) (]l + llya])

On
+ Mapx (A M)
2 )\nen enfl
< (1= Aabo) [ — gl + 2302 1) o 1 2L)(3L + 20)
+ MQPX()‘an)
On—1 _
= (1= Anfhn) 2 = i |* + A5 — (40L7)
+ M2pX()‘nM1)
[V
n—1 71
= (1= b)) |20 — yn71||2 + )\”9"%0*

+ Mopx (A My)
= (]- - )\non) Hxn - yn—IH2 + Anano—n
+ Mgpx(Aan)

With Lemma 2.5 applied to p,, := |21 — yn | and p, := 25L% > p,, for all n > 1 and applying the
square root we finally get

Vk € NVn > (k) (||zpt1 — ynll < 2*}‘3) .

O

By Reich’s theorem, mentioned already in the introduction, one can show under the additional
condition that (¢,) diverges to +oo, i.e. that (6,) tends to 0, that (y,) strongly converges to a zero



of A. An explicit rate of metastability witnessing this quantitatively has been computed (under the
additional assumption that X is also uniformly convex) in the case of single-valued A in [17] and
was recently generalized to the set-valued case in [29].

Theorem 3.2 ([29](Corollary 4.2)). Let X be a Banach space which is both uniformly smooth and

uniformly convex with respective moduli T and 1. Let A : X — 2% be m-accretive and x* such that
0 € A(z*). Let x € X be arbitrary and L € N such that ||z — z*|| < L and (tp)nen C (0,00) with

lim ¢, = co
n—oo

and functions o,y : N — N such that
Vn € NYm > a(n)(tym > n+1,t, < v(n)).

Then there exists an explicit and fully effective rate V. , o1, o.~(k, g) of metastability for the sequence

Yn = Jp, a(x) which only depends on 7,1, L, o,y and k, g :*
VEENVg: N NI1L<n <V, , 010,k g)Vl,me [n,n+gn)](ly —yml <27%)

As in [20][Theorem 2.8] we can now combine this with Theorem 3.1:

Theorem 3.3. In addition to the assumptions made in Theorem 3.1 we assume that X is also
uniformly convexr with a modulus n and that t,, := ;1 diverges to +oo and that we have functions
a,v: N —= N with

Vn € NVm > a(n) (t, > n+1, t, <y(n)).

Let V., o1,.a.~ be the rate of metastability for y,, = Ji, a(x1) as in Theorem 3.2. Then (x,) converges

to the limit of (yn) and we have the following explicit rate of metastability witnessing this fact:
VkeNVg:N—=N3I2<n< VU, ,orak+1,0r)+ P (k+2)+1
Vi,m € [n,n+g(n)] (loe = @mll Iz — il < 275),
where ®* is as in Theorem 3.1 and gr(n) := g(n + ®*(k+2) + 1) + ®*(k + 2).
Proof. For (y,) we know by Theorem 3.2 that
VEENVg:N—=NI1L<n <V, , 010,k g)Vl,me [n,n+gn)](ly —yml <27).

Given k, g, we apply this to k+ 1 and gi(n) := g(n+ ®*(k+2) + 1) + ®*(k + 2), where ®*(k) is the
rate from Theorem 3.1:

3 <0< Uryap oy (ot 1, 0a) V€ [t gl B (k+2) 1)+ 8 (+2)] (g — ym] < 2757,

Let n be as in the formula above and define n’ := n+ ®*(k 4 2). Since n < n’, we can restrict things
to the smaller interval [n/,n' + g(n' +1)] = [n+ ®*(k +2),n+ ®*(k+2) + g(n + D*(k +2) + 1)].
By Theorem 3.1 we have for all [, m in this smaller interval that

21 = Zmatll < e = Ymll + 21 — will + |1 Zmer — Ymll < e — Y| F27F71 <275,

2n [29], g : Nog — Np and so for g : N — N we have to apply the rate given in [29] to ¢’(n) := g(max(1,n)) and to
replace 0 by 1 in the original bound.

10



This means in total that for n” :=n' 4+ 1
vi,m e 0" + g (|1 = s lzr = || < 275).
By construction
2<n <4+ (k+2)+ 1<V, 0p 0,k +1,g1) + " (k+2) +1

which finishes the proof. O

The condition

Z px()\an) < 0
n=1

involves px which is defined as a supremum which may not be computable. The next proposition
shows how we can replace this with a condition involving only the modulus 7 instead of px :

Proposition 3.4. Let X be a uniformly smooth Banach space with a modulus of uniform smoothness
7, (An)nen be a sequence in (0,1), My > 0 some constant and C' as in Lemma 2.1. Assume that T is
strictly increasing and (0,1) C 7(0,00) so that the inverse =1 of T is defined on (0,1). If for K > 0

> (;CM%H(A”)AQ <K,
n=1

then

> px (M<K
n=1

Proof. By Lemma 2.1

and by the definition of 7
Ve > 0Vr,y € X ([lz = 1Ayl <7(e) = llz+yll +llz —yll < 2+e]lyll) -
Applying this to € := 771(\,,) we see that
Ve,y € X (o] = LAllyll € A= lz+yll + e —yll 2+ 771 () An)

which in turn implies px (A,) < 2771 (An) A, and so
1 2_—1
px (A M7) < §CM17 (An)An

from which the proposition follows. O

We now elaborate on an example from [7] for a special choice of the scalars A, 8, in the case of L?
with 1 < p < co which satisfy the conditions in Chidume’s theorem and compute the corresponding
rates @1, Py, P3 as well as o,y used in our bounds:

11



Example 3.5. Let X = L?, p € (1,00) and define
Av=Mn+1)"%and b, = (n+1)7°
with a +b <1 and

1
a € (5,1),17 € (0,a) forp > 2 resp.

a€ (%,1),b € (0,a(p—1)) forp < 2.

a—p/P=1
Ny > ! 270 p=2

wr-=p/ e p <2,

Let

Then (ANo+n)neNs (ONg+n)nen satisfy the conditions in our theorems 3.1 and (together with o, vy) 3.8
with
®y(k,N) = (Ng + N +1)2F — Ny — 2,

1

By(k) = max {1, [(80L2b2k)m] — Ny — 2} :

P
maX{L RW)W . _1} -
kAP, \ FAT
max{l, Ri)(ﬁlﬁ?)” —‘ — Ny — 1} ifp<2,

a(n) = max{l, (n+ 1)% — Ny — 1} ,

Q3(k) =

y(n) = (No +n+1)°.

Proof. First observe that we get (using the estimates for px with X = LP? from [21][p.63] or
[35][p.193])

pX(/\No-i-n) p—1

< A n
)‘No+n -2 Mot
—1
=2 5 (No+n+1)7
-1
= 9N0+in(NO + n + 1)b_a

-1 s
< 9N0+inNg

S VOGNO"FTH
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if p> 2 and

—_

PX(AN0+n) <

p—1
>\No+n

iS]

)\N0+TL

| —

(No +n+1)7e@=D

3

1
= Onyin—(No +n+1)P72P=D
p

1 bap—
< 9N0+n§Ng (p—1)

< GNO +ns

if 1 < p < 2. Next we have

©1(k,N) &y (k,N) 1

1= Anynt10N4n = 1—
ngv ( No+n+1YNo+ +1) n];][v ( (N0+Tl+2)a+b)
<I>1ﬁN)(1 (N0+n+2)17a7b)
N No+n+2

n=N

k,
‘bli—[N No+n+1

No+n+2

B No+N+1
~ No+ ®1(k,N)+2

=27k

Let n > ®(k). Then (using the Bernoulli inequality (1 + z)? < 1 + bz with exponent 0 < b < 1 and
x> -1)

0N0+n _

ONg+n+1
Oy = C* ot+n+
)\N0+n+10No+n+1
1

b
— ) -1
No—i—n-l—l) )

= 40L*(No +n +2)*T((1 +

N, 2a+b
§4OL2b%

No+n—+1
N0—|—n—|—2
N0+n+1

< 80L2b(Ny + n 4 2)*+b-1

=40L%b (No +n +2)*+b-1

27k,

IN

Ad ®3(k) : Using again the aforementioned estimates for px we have (for 2 < p < o)

ISRV S RISV SR
n=o3(k) n==®3(k) n=®3(k)+No+2
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Let s :==2a > 1. Then for M € N, M > 2

Hence for

we get

Together with (x) this yields

Z Mopx (Any1 M) <27,
n=23(k)

The case 1 < p < 2 is treated analogously.
One easily verifies that «,y satisfy the requirements from Theorem 3.3 for our choice of scalars. [

Remark 3.6. A rate similar to ®2 above can be also obtained using Ry from [19][section 5], where

a different argument is used.

Acknowledgment: The second author was supported by the ‘Deutsche Forschungsgemeinschaft’
Project DFG KO 1737/6-2.
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