EFFECTIVE RATES FOR NONLINEAR ERGODIC AVERAGES
ULRICH KOHLENBACH!' AND SHAHRAM SAEIDI}

ABSTRACT. In this paper, we obtain explicit rates of asymptotic regularity for er-
godic averages under various circumstances, and apply them to extracting explicit and
metastable rates of convergence for Cesaro means. Moreover, by obtaining a rate of
asymptotic regularity for an averaged Mann type iteration, we extract an effective rate
of convergence depending on a modulus of regularity, and a rate of metastability by
computing a modulus of uniform Fejér monotonicity. In the presence of a modulus
of uniqueness, we compute a rate of metastability for averaged Mann type iterations
without any condition on coefficients. Our approach in this paper proposes a procedure
that unifies methods for developing nonlinear ergodic theorems and facilitating further

research.

1. INTRODUCTION

The first nonlinear mean ergodic theorem for nonexpansive mappings on bounded
closed convex (not necessarily compact) subsets of a Hilbert space was established by
Baillon [5], based on Zarantonello’s inequality which is valid in Hilbert spaces. In [9} [10],
Bruck simplified Baillon’s method and studied the mean ergodic theorem in Banach
spaces, based on an inequality for nonexpansive mappings called of type () (see (2.1))).
By [9, Lemma 1.1], if C' is a bounded closed convex nonempty subset of a uniformly
convex Banach space E, there exists a v depending on the diameter of C' and a modulus
of uniform convexity for F such that every nonexpansive mapping on C' is of type (7).
Baillon’s theorem is extended in [9, Theorem 2.1] to Banach spaces as follows:

Suppose C' is a weakly compact and convexr subset of a Banach space E with a Fréchet
differentiable norm, and T : C' — C' is a nonexpansive mapping such that T™ s of type
() for all n, then for each x € C' the Cesaro means %Z;:& Tk x converge weakly to a
fized point of T uniformly in k € N.

In [10], for a mapping T of type () on a bounded, closed, and convex subset C' of a
B-convex space, the asymptotic regularity of Cesaro means of T was established, which

relied on the following crucial property of the approximate fixed point sets:
Ve > 036 > 0(coF3(T) C F.(T)). (1.1)

To prove (|1.1)) (and also asymptotic regularity), Bruck [10] employed recursive construc-
tions based on v and the convex approximation property of a B-convex space. Bruck’s
approach subsequently became the cornerstone of research on nonlinear mean ergodic

theorems; for examples, see [19] [I8] 17, 32, 14] 13| I]. In particular, following Bruck’s
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methodology, Freund and the first author derived in [14] a rate of asymptotic regularity
for Cesaro means of T' in uniformly convex Banach spaces, which depends on a bound
for C' and a modulus of uniform convexity, and in [13] a rate of metastability for a strong
nonlinear ergodic theorem due to [19].

On the other hand, in 1964, Edelstein [12] studied first the convergence of Cesaro means
of nonexpansive mappings for finding fixed points on compact domains in strictly convex
Banach spaces. Atsushiba and Takahashi showed in [2] that for a compact, convex subset
C of a strictly convex Banach space, there exists a v € I' such that every nonexpansive
mapping 7' : C' — C is of type (7). Furthermore, by establishing (L)), utilizing the
techniques of [9] [10], and using the compactness of C, they provided a uniform version
of [12, Theorem II] as follows:

Let C be a nonempty compact convez subset of a strictly convex Banach space and let
T be a nonexpansive mapping of C into itself. Then for each x € C, the Cesaro means
Sp(TFz) = %Z?;ol Tz converge strongly to a fized point of T (which does not depend
on k), uniformly in k € N.

The latter strong convergence is equivalent to the following:
Ve > 03N € NVn,m > NVk € N(||S,(T*z) — Sin(T*z)| < ¢). (1.2)

For a quantitative version of , we naturally look for a Cauchy rate. It is known that
such a rate cannot be computed in general, even for a linear 7' (see [3, Theorem 5.1]).
However, we will be able to construct a Cauchy rate (Theorem , depending on rates
of convergence for the nonincreasing sequences (||T"**x — T"z||)n,>0 and a modulus of
regularity of 7" w.r.t. Fiz(T). Moreover, in a general situation, we construct a rate of

metastability (Theorem [6.1]), which is a map (e, g, h) — ®(e, g, h) ensuring
Ve > 0Vx € CVg,h : N — NIN < O(g,g,h)¥m,n € [N; N + g(N)|Vk < h(N)
(HSn(Tkx) — S, (TFz)|| < £).
Note that a rate for N in trivially implies . Moreover, is as strong as
. Indeed, is equivalent to

Ve > 03N € NVM, K € NVn,m € [N; N+ M|k < K ([|Sn(T*2)— S (T 2)|| < €). (1.4)

(1.3)

If (1.2)) fails, then for some € > 0, we have
VN € NGM, K € Nan,m € [N; N + M]3k < K(||S.(T*z) — Sp(TFz)|| > €).  (1.5)

Therefore, if we set g(N) := M and h(N) := K for such numbers, must fail. That
is, is a quantitative version of .

Ignoring the bound @, the V3-sentence is, in fact, the so-called Herbrand nor-
mal form of the VJV-sentence . General theorems from logic enable the extraction
of effective bounds from ineffective proofs of V3-theorems. Obtaining effective bounds
for equivalent but constructively weakened reformulations started in Godel’s functional

interpretation and the so-called no-counterexample interpretation due to Kreisel [30, 31].
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Kreisel [31] also launched a program to analyze specific prima facie nonconstructive
proofs, aiming to extract hidden constructive information. This initiative laid the con-
ceptual groundwork for proof mining [21], which is the project of applying proof-theoretic
transformations to produce (specific) quantitative and qualitative information from exist-
ing proofs in areas of core mathematics such as nonlinear analysis. The first applications
of the proof mining methodology in analysis involved the extraction of explicit moduli
of uniqueness in the context of Chebycheff approximation [22]. However, the scope of
proof mining program has since broadened to include numerous other quantitative mod-
uli, existing in mathematics or formulated as quantitative proof-theoretic counterparts of
qualitative notions; notably, the program has been used to explicitly transform moduli
between different settings.

Computable rates of convergence are in general unattainable even for computable
bounded monotone sequence of rationals R by a classical result of [36]. Given this state of
affairs, the first author suggested in [24] the following (noneffectively) equivalent but con-
structively weakened reformulation (of the form V3) of the Cauchy property of a sequence

() in normed (and hyperbolic) spaces:
Vk € NVg: N — NIN € NVm,n € [N; N + g(N)|([|zn — 2| <27%),  (1.6)

in order to effectively convert other bounds in the premises of a concrete case study
into a bound on AN € N. Such a bound, which indeed is a bound for the Kreisel’s no-
counterexample interpretation of the Cauchy property, is called a rate of metastability,
since Tao [37, [38] calls an interval [N; N + ¢g(IV)] with the property in an interval
of metastability. As an example, ®(g, k) := g +D(0), where §(n) := n + g(n), is a rate
of metastability for monotone sequences in [0,1] C R. See, e.g., [21, Proposition 2.27].
The concept of metastability has been studied within the proof mining program, based
on variants of Godel’s functional interpretation and monotone extensions (see [21]).

Regarding quantitative results on Baillon’s mean ergodic theorem and related problems,
we refer the reader to |20, (14} [13] [35], while the case of linear T was treated already in
[25] and [3].

This paper begins with a quantitative version of the -6 sentence under various
circumstances. Then, in Section 5, we present a general result that yields explicit rates
of asymptotic regularity for ergodic averages, applicable e.g., to any of the following
cases: F is uniformly convex, refining the main result in [I4]; E is strictly convex and
C' is compact; and T possesses a modulus of regularity in the sense of [28]. These
sections reveal that Bruck’s method consists of two steps: first, constructing a modulus
of convexity for approximate fixed points , and then, recursively deriving a rate of
asymptotic regularity for ergodic averages using that modulus. In Section 6, we extract an
explicit rate of convergence for Cesaro means of a mapping 7" with a modulus of regularity
¢, in terms of ¢ and rates for the nonincreasing sequences (||7""*x — T"x||),>0. Here,

even the qualitative version of this result is new. Without such rates, we also extract a
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highly uniform rate of metastability ensuring (Theorem |6.1). In Section 7, we apply
our results to obtain rates of asymptotic regularity for averaged Mann type iterations
Tpp1 = Ty + (1 — @) Sp(2y,), where (ay,) C [0,1) is such that > 7 (1 — a,) = 00
with a rate of divergence D. Based on [2§], we obtain a rate of convergence when T
has a modulus of regularity w.r.t. Fiz(T). Moreover, by computing a modulus of (z,)
being uniformly Fejér monotone (w.r.t Fiz(T)) in the sense of [27], we extract a rate of
metastability in view of [27, Theorem 5.1]. In the presence of a modulus of uniqueness
(see [21] for this concept), we also obtain a rate of metastability for averaged Mann type
iterations without any condition on («,) C [0,1). Our approach in this paper proposes a
procedure that unifies methods, which appear to be different at first glance, for developing

nonlinear ergodic theorems and averaged iterations, thereby facilitating further research.

2. PRELIMINARIES

Throughout this paper, let E denote a (real) Banach space, and let C' be a nonempty,
bounded, closed, and convex subset of E. Bpg denotes the closed unit ball of £. We
assume that b > 0 is a constant such that C' C By2(0). For a mapping T : ¢ — FE
and a given ¢ > 0, let F.(T') denote the set of e-approximate fixed points defined as:
F(T) :={x € (| |Jlr — Tx| <e}. If T is nonexpansive (i.e., |7z — Ty|| < ||z — y|| for all
x,y € C)and T(C) C C, then F.(T) # (. For a subset M of E, coM denotes the convex
hull of M, and co,M denotes the set

{Zp:)\i$¢| zp:)\i =1, >0, z; € M}.
i=1 i=1

A Banach space FE is said to be strictly convex if for all z,y € E with ||z|| = |ly|]| =1
and x # y, we have ||Z¥|| < 1. F is called uniformly convex, if for each ¢ > 0, there
exists 0 > 0 such that [[(z + y)/2|| < 1 =9, for each x,y € E with ||z, |ly|| < 1 and
|z — y|| > €. In this case, a function 7 : (0,2] — (0, 1] is a modulus of uniform convexity
for F if for all € € (0,2] and z,y € E,

r+y
lzll, lyll < 1 and flo =yl 2 ¢ = [I=5~1 < 1= n(e).

Notation. We denote by I the set of continuous, strictly increasing, convex functions
v: Ry — Ry with y(¢) <t and v(0) = 0.

Definition 2.1. Let v € I A mapping T : C — FE is of type (v), if Vz,y € C and
VA € [0,1],

YIATz+ (L= NTy =Tz + (1= Ny)l) < lle —yll = | Tz = Tyl.  (2.1)
The fixed point set of a mapping 7' : C' — FE which is of type () is convex.

Remark 2.2. (cf. [13, [14]) Suppose that E is uniformly convex with a modulus 7 :
(0,2] — (0,1]. Then 7, : [0,00) — [0, 1],

ni(e) :=sup{n(eN|0 < e <min{2,e}}, n:(0) :=0,
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is increasing. Moreover, defining 7j(¢) := 3 [; n1(¢)dt, we have 77 € I'. Bruck [1] proved
that, defining v € ' by 7(¢) := gﬁ(‘l—b’f), every nonexpansive mapping 7' : C — E is of
e 7

type (7). Since n;(t) < 1, we have 7j(e) < /2 and thus () < e. We also know that

1(e) = 559 2 5(5e) = Sn(min{2, ). (2:2)

Lemma 2.3. Let C be a nonempty, compact, and convexr subset of a strictly convex
Banach space E. Then, there exists a v € I' such that every nonexpansive mapping

T:C — C is of type (7).

Proof. Let diamC' = 2r > 0. Define D := 5-(C — C). Obviously, D is compact and
convex, 0 € D C B;(0), and diamD > 1. We define § : [0,2] — [0, 1] by 6(0) = 0 and for
0<e<?2,

u

0(¢) = inf{max{]jul], [lv]|} — |

"2“’||; woeDand Ju—v|>e/2).  (23)

Since diamD > 1, the above set is nonempty and thus d(¢) < 1. Moreover, since D is
compact and E is strictly convex, we have §(g) > 0, for € € (0, 2].
It is known that for all 0 < A <1 and z,y € F,

2min{ A, 1= A}(max{|[z[], [lyll} — %Ill’ +yll) < max{|fzfl, f[yll} — Az + (1 =Nyl (24)

(Assume 0 < A < 2. Then, taking k := max{]|z||, ||y||}, we have

1
L
2Nk + || Az + (1 = Nyl = 2Xk + Mz +y) + (1 = 2\)y||

<Ak + Nz +yl| + (1 =20 |lyll < 20k + M|z +y|| + (1 — 20k = k + M|z + y]|.

Thus 2X\(k — 3|l + y||) < k — ||Az + (1 — A)y||, which is equivalent to (2.4).)
Note that by the definition of 9,

U+ v

0(2flu = oll) < max{[jul], [[v]l} - ll—;

I

for all u,v € D. Thus, using (2.4, we have

20(1 = N)o(2|lu — v[]) < 2min{A, 1 — A}0(2||u — v]))

@)

< 2min{A, 1 — Ap(max{|[ul], o]} — ||
< max{|[ul], [[v]} = [Adu+ (1 = Av].
Define
i), if0<e<2

ole) = 5(2), if2<e,
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and d(e) := 1/2 [ a(t)dt. Then, for all 0 < & < 2, we have d(¢) < a(e) and d € . By
, we have

2AM(1 = N)d(2[lu = v]) < max{|[ul], [Jv][} = [[Adu+ (1 = A)v]. (2.6)
We take

wi= Ty — Tz + (1 - \y)),
vi= 2(T(Az+(1-Ny) —Ta),
where z,y € C'and 0 < A < 1. Since 0 € D and D is convex, we have u,v € D. Now,

using , we have
2
2M(1 — )\)d(Q—TH)\Tx + (1 =NTy—TAz+ (1 = Ny)|]) =2X(1 — N)d(2]ju — v||)

< max{ UMy — 70w 1 (1= Nl 27O + (- X)) - T

A1 =) A(L=A)
~ | 2r 2r
A1 =)

2r

(Ty =Tz + (1= Ny)) +

A1 =)
2r

(T(Az + (1= AN)y) — T

< =yl - [Tz — Tyl

Consequently,
1
drd(—||ATe + (1= NTy = T(Az + (1 = Ay)l) < llz = y[| = [Tz = Ty]|.

Defining ~(t) := 4rd(%), the result follows. O
Remark 2.4. Lemma was first proved by Atsushiba and Takahashi in [2]. Above,
we have presented a different and easier proof compared to [2]. They proved the result of
the lemma by defining a function v € I' as y(¢) := 2rd,(2¢), where d,.(e) := 5 [; o (¢

de(e), f0<e<?2

a,(e) ==

1, if2 < e,

and 0, : [0,2] — [0, 1] is defined as

a:+y||'
5 :
|z =z <7 [z =yl <7, |z -yl > re, 2,y,2 € C}.

L.
0r(¢) := —inf{max{l|z — |, |2 = yl}} = [l -

Lemma 2.5. [I0, Lemma 2.1] Suppose v € I'. Then for each positive integer n there
exists v, € I' such that for any T : C — E of type (v), any Ay,... N\, € [0,1] with
Yo N=1,and any x4, ..., x, € C,

||TZm S AT < max (o = x| = [Tos = Tyl (27)

In [I0, Lemma 2.1], ~, is defined recursively by 72 := v and =, to be any function in
I' such that

Vo (8) = 72 () + 7 (8 + 2957 (1), (2.8)
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Remark 2.6. (2.8)) is a recursive construction of 7, '. Since a function and its inverse do
not generally belong to the same complexity class, the following construction suggested
n [I3]: for n > 2, define

(t/2)
3

Yo (1) 7= min{y, (1), 72 )} (2.9)

The mappings 7, in preceding structure satisfy property (2.8) (see [13 Lemma 2.5]).
Furthermore, the mappings v, in (2.9) are continuous strictly increasing, though not
necessarily convex. Notably, Bruck’s proof of [I0, Lemma 2.1] does not require v and =,

to be convex.

3. A MODULUS FOR CONVEX APPROXIMATION PROPERTY

Definition 3.1. F is said to be B-convex if for some natural number £ > 2 and ¢ > 0,
there holds for each choice of 1,9, ..., 2 from Bg, || £ a1 a9 £ £ < k(1 —¢)

for some choice of the + and — signs.

The significance of B-convexity stems from a result by Beck [5 6] establishing that a
Banach space E is B-convex iff a certain strong law of large numbers holds for F-valued
random variables. Giesy [16, Lemma 6] showed that E is B-convex iff [; is not finitely

representable in E. In other words, F is not B-convex iff
k k
Vk > 2Ve > 03wy, -+ o € BpVau, -+ ,op €R((L—2) Y ou| < || ayai]).
i=1 i=1

Finite dimensional normed spaces and uniformly convex Banach spaces are B-convex,

but the Banach spaces {1, {,, and ¢y are not B-convex (see [10]).

Definition 3.2. A Banach space E is said to have Rademacher type ¢ € [1,2] with

constant C, if all finite sequences (z1,--- ,x,) in E validate
n 1 n 1
E(| Y a9 < Co(D_ llwill*)s,
i=1 i=1

where (g;) is a sequence of independent random variables that take values +1 with prob-

ability %, and [E represents the expected value.

The Rademacher type of a Banach space is always less than or equal to 2. Pisier [33]
showed that a Banach space E is B-convex iff it has Rademacher type ¢ > 1. Based on
[33], Bruck provided in [I0, Theorem 1.1] a simple equivalent form for B-convexity that
may be stated as follows: A Banach space E is B-convex if and only if it has the convex

approximation property:

Ve > 0dp € N*VM C B4(0) (co]\/[ C cop(M) + BE(O)) (3.1)
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The proof of [10, Theorem 1.1] (see also [13, Lemma 2.6]) shows that in a B-convex space
E, any p > ((%)#1] validates 1) where ¢ is a Rademacher type with constant C,

for E/. Taking
2C,

€

ole) = [(=H)#T], (3.2)

it follows that (3.1)) is equivalent to having
Ve > 0Vr > OVM C BT(O> <COM - COQ(E/T)(M) + BE(O)> (33)
Inspired by (3.3)), we introduce the following definition.

Definition 3.3. A nonempty bounded subset C' of E is said to have the convex approx-

imation property if
Ve > 0dp € N'VM C C(COM C cop(M) + BE(O)). (3.4)
In this case, a function gc : R} — N* is a modulus of convex approximation for C, if
Ve > O0VM C C(COM C O (e) (M) + Bg(O)). (3.5)

Remark 3.4. Assume that C'is a nonempty bounded subset of a B-convex space F such
that C' C B,(0) for some r > 0. From and (3.3), oc(e) := o(¢/r) is a modulus of
convex approximation for ', depending on 7, the Rademacher type ¢, and the constant
C, for E.

Remark 3.5. In [I4] Theorem 3.1}, ¢ and C, are explicitly determined for uniformly
convex (and even for uniformly nonsquare) Banach spaces. Suppose 7 is a modulus of
uniform convexity for E, and let § := n(1) and A := 1 — §. Assume that £ € (0,1) is
sufficiently small and p’ € [2, 00) is sufficiently large such that:

1-¢ 1 1
——— > —V2X2+2 d —>1-¢&.
1+ 2v2E 2 + an o1/ = §

Let p satisfy 1 = = + z%. Then, for any ¢ € (1,p), the space E has Rademacher type ¢

1
p
with constant

ol/a

Cg=3" o(/a—(/p) — 1

Definition 3.6. Let A be a nonempty subset of a metric space (X, d).
(i) [28, Definition 2.1] A function o : N — N is called a I-modulus of total bounded-

ness for A if for every k£ € N, there exist elements ag, ay, ..., aq@) in X such that
for all z € A, there exists 0 <4 < a(k) satisfying d(z,a;) < 5.

(ii) [15, Definition 5.2](see also [28, Definition 2.2]) A function 5 : N — N is called a
[T-modulus of total boundedness for A if for any k& € N and for any sequence (z,)
in A, there exist 0 <7 < j < B(k) such that d(z;, 7;) < 7.

Proposition 3.7. [27, Proposition 2.4]
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(i) If a is a I-modulus of total boundedness for A, then B(k) := a(2k+ 1)+ 1 is a
II-modulus of total boundedness for A.
(i1) If B is a II-modulus of total boundedness for A, then a(k) = B(k) —1 is a I-

modulus of total boundedness for A.

Lemma 3.8. Let C' be a nonempty, compact, convex set with a I-modulus of total bound-
edness a : N — N in a Banach space E. Then C satisfies the following convex approxi-

mation property:
\V/k € NVM g O(COM g COOC(Qk)+1M -+ Bl/(k+1/2)(0)>- (36)
In particular, oc(e) == a(2[1/e]) + 1 defines a modulus of convex approzimation for C.

Proof. Let k € N and M C C. Then there are ag, a1, ..., aq2r) € C such that

0 <1 < a2k — a; .
Vee C 30 <i<a )(Haz a||<2k+1)

Let Jy ==1{0 <i < a2k): MnN Bﬁ(ai) # 0}. Then |Jy| < a(2k) + 1. For each
i € Jy, we pick some y; € M N Bﬁ(ai). Let u € coM and suppose u = > 7| A\juj,
where \; > 0, Z;L=1 A;j =1 and u; € M. Thus for each j € {1,2,...,n}, there exists
some %; € Jjr such that

uj € B (ai;) © B (yi,)-

That is, for each j € {1,2,...,n}, there exists i; € Jy; such that u; —y;; € B_1_(0).

E+1/2

Consequently,
U = ijuj € COa(gk)_HM + B

j=1

. (0).

E+1/2

4. MODULI OF CONVEX REGULARITY

As previously indicated, establishing (1.1)) is a crucial component in utilizing Bruck’s
approach for nonlinear ergodic theorems. To achieve our results, we must examine the
circumstances under which (|1.1)) is valid and derive a quantitative form of (1.1)).

We first recall the notion of the modulus of regularity, which was introduced in [2§].

Definition 4.1. Let (X, d) be a metric space and F' : X — R be a mapping with zerF =
{r € X :F(x) =0} # 0. Fixing z € zerF and r > 0, we say that ¢ : (0,00) — (0,00) is
a modulus of regularity for F w.r.t. zerF and B(z,r) if for all e > 0 and x € B(z,r) we
have the following:

|F(z)] < ¢(e) = dist(z, zerF') < e.

Let C be a closed convex subset of a Banach space E. Consider a mapping 7' : C' — E
with Fiz(T) # 0, and define F : C — R by F(z) = ||z — Tz||. Let z € Fixz(T) and
r > 0. A modulus of regularity for 7" with respect to Fiz(T) and B(z,r) is defined as a
modulus of regularity for F' with respect to zerF and B(z,r). If C is locally compact, T
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is continuous, z € Fiz(T), and r > 0, then T has a modulus of regularity with respect
to Fiz(T) and B(z,r) (see [28, Corollary 3.5]). In Example , a modulus of regularity
is computed for a nonexpansive mapping on a non-compact set.

Given that C'is assumed to be bounded throughout this paper, a modulus of regularity
for T: C'— E with Fiz(T) # 0 is defined as a function ¢ : (0,00) — (0, 00) satisfying

|z — Tz|| < ¢(e) = dist(x, Fiz(T)) < ¢, (4.1)
for each e > 0 and z € C.

Lemma 4.2. Let ¢ : (0,00) — (0,00) be a modulus of reqularity for a nonexpansive

mapping T : C — E such that Fiz(T) is nonempty and convex. Then, for all € > 0,
coFys)(T) € F(T).

Proof. Let ¢ > 0 be given. Consider zy,...,z, € C such that [|z; — T'z;|| < ¢(5), for
i=1,...,n, and A,..., A\, > 0 satisfying > » ;| A\; = 1. By the property of ¢ in ,
we have dist(x;, Fiz(T)) < €/2, 1 =1,...,n. Thus we may choose fi,..., f, € Fiz(T)
such that ||z; — f;|| < /2,4 =1,...,n. Thus, ||>7 Nz, — > Nifill < €/2. Given
that Fiz(T') is convex, it follows that > " | \;f; € Fiz(T), and consequently > 7" | A\x; €
Fix(T) 4+ Be2(0) C F.(T'), where the latter inclusion derives from the nonexpansivity of
T. U

The above result shows that the existence of a modulus of regularity implies (1.1)) and
provides an explicit quantitative form thereof. In light of this, we introduce the following

definitions for the sake of simplification.

Definition 4.3. (Convex regularity) Suppose that F is a family of nonexpansive map-

pings from C' to E. We say that F is uniformly convex regular, if we have
Ve > 036 > OVT € F (coF5(T) C F.(T)). (4.2)

Definition 4.4. (Modulus of convex regularity) Suppose that F is a convex regular
family of nonexpansive mappings from C' to E. We say that 6 : (0,00) — (0,00) is a

modulus of convex regularity for F, if
Ve > OVIT € F (COF@(E) (T) C Fg(T)). (4.3)

Remark 4.5. From Lemma , it follows that 6(t) := ¢(%) is a modulus of convex
regularity for F = {T'}, where T': C' — F is a nonexpansive mapping such that Fiz(T)

is nonempty and convex, and ¢ : (0,00) — (0, 00) is a modulus of regularity for 7" with
respect to Fiz(T). It is worth noting that (4.2) (or (4.3))) implies that Fiz(T') is convex.

In the following, a modulus of convex regularity for mappings of type (y) will be
explicitly computed when either E is B-convex or C' is compact. We recall that every
uniformly convex Banach space is B-convex.

The subsequent result establishes a quantitative refinement of [I0, Theorem 1.2]. Our

proof differs slightly and provides explicit estimates.
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Lemma 4.6. Suppose that C' is a nonempty, bounded, closed, and convexr subset of a
Banach space E possessing the convex approximation property with a modulus oc : R —
N*. Let v € T. Given ¢ > 0, define 0(¢) := ~P(¢/3P*1), where p € N is such that
20 > 0c(%). Then, 0 : (0,00) — (0,00) is a modulus of convex regularity for the family of
mappings T : C' — E of type (7).

Proof. Given ¢ > 0, define o(¢) := 37(%). Let T : C — E be a mapping of type (7).
First, we show that

c0sFyo)(T) C FL(T). (4.4)
Consider 1,22 € Fy)(T), and 0 < A < 1. Then
Az + (1 = N)zg — T'(Axy + (1 — N)ao)||
< Aoy = Taq]| + (1 = N)|Jwg — Tas|| + [[ANTx1 4+ (1 = N)Tzy — T(Azy + (1 — X)as|
< o(e) + 77 (lor — wol| = | T2y — Taal])
< o(e) + 77 (lor = Tal| + [lwz — Taz])

<o) 720 = () + (RN S S+ 2 =,
which proves . Now, by induction, we arrive at
o For(e) (T) € Fo(T), (4.5)
for all p € N. Besides, in light of , we have
Ve > OVM C C<COM C cOpo(5)(M) + Be (O)> (4.6)

Let p be such that 27 < 0c(%). Then, using (4.6) and (4.5)), we arrive at
c0Fyr(e/)(T) € Oge() Foress)(T) + B3 (0)
- COQﬁFaﬁ(a/3) (T) + B% (0) (47)
C F:(T) + B:(0) € F(T).
We note that, due to the convexity of v, v(¢/3) < o(e), and by induction, 0(¢) :=
VP (e/3PT1) < 0P(g/3). From (4.7)), we deduce that coFy.)(T) C F.(T). O

Remark 4.7. From the above proof, we observe that we could also take () := o?(g/3)

as a modulus of convex regularity, where o(¢) := 2(%).

Lemma 4.8. Suppose that C' C By/2(0) is a nonempty, closed, and convex subset of a
B-convex space E. Let o be defined as in and let v € T'. Given € > 0, define
0(c) := 7P(/37M), where p € N is such that 20 > o(32). Then, 0 : (0,00) — (0,00) is a
modulus of convex regqularity for the family of mappings T : C' — E of type (7).

Proof. Since E is B-convex, we can define go(e) = g((bj—Q)) By Remark 7 it then
follows that g¢ is a modulus of convex approximation for C', and it is enough to apply
Lemma [£.6] to conclude the result. O
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The following is a direct consequence of the preceding lemma.

Lemma 4.9. Suppose that C' C By/3(0) is a nonempty, bounded, closed, and convex
subset of a uniformly conver Banach space E with a modulus 1. Given e > 0, define

v(e) == 2i(%), and 6(c) := 7P(e/3P*"), where p € N is such that (2”) 70, < =,

is a Rademacher type with constant C, for E (q and C, can be determined in terms of n,

and q

as noted in Remark . Then, 0 is a modulus of convex reqularity for the family of all

nonexpansive mappings from C to E.

Proof. Given that uniformly convex Banach spaces are B-convex, and since by Remark

every nonexpansive mapping from C' to E is of type (7), it suffices to use Lemma [4.8|
. 20, \ L

considering o(e) := [(F2)aT]. O

Remark 4.10. In lemma [1.9] due to (2.2)), we can replace () with its lower bound

function $n(min{2, $}), using the monotonicity of .

Lemma 4.11. Let C be a nonempty, compact and convex set with a I-modulus of total
boundedness « in a Banach space E, and let v € T. Given ¢ > 0, define 0(c) :=
VP (e/3PT1), where p € N is such that 2P > «(2[3/e]) + 1. Then, 0 is a modulus of convex
reqularity for the family of mappings T : C — E of type (7).

Proof. We deduce from Lemma that oc(e) := a(2[1/e]) + 1 defines a modulus of
convex approximation for C. Therefore, by using Lemma [£.6] we conclude the desired
result. U

5. RATES OF ASYMPTOTIC REGULARITY FOR CESARO MEANS

Definition 5.1. Let (X, d) be a metric space and F': X — R be a mapping. (z,) C X
is said to be a sequence of approximate zeros of F' if lim,, F'(x,) = 0. In particular, if
F(z) = d(x,Tz), where T': X — X, then a sequence (z,) of approximate zeros of F is
said to be asymptotically regular and a rate of convergence of (d(x,,Tz,)) to 0 is called

a rate of asymptotic regularity for (x,). See [2I], p. 458].

The subsequent summation formula is well-known. However, we provide a concise proof

for completeness.

Lemma 5.2. For each sequence (y,) in E, and m,n € N*, we have

n—1 n—1 m—1 m—1

1 1 .
Z = o Yjri —l— — Z(m =) (Yio1 — Ynti-1)-

=0 =0 7=0 =1

Proof. First note that for all j € N,

—_

J
(Yi — Yirj) = Z(yi—l — Ynti-1)-

i=1

n—

@
Il
=)
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Then,
= m—1 Lol el | melncl
n (yi — Ezyﬁri) = nZ(E Z(y Yivj)) = %ZZ — Yi+j)
i=0 =0 =0 j=0 j=1 i=0
1 =
= Z Z(yi—l —Yirn-1) = (W0 = ¥n) + (W0 = ¥n) + (W1 = Yny1)) + -+

j=1 i=1
+ (0 = 9n) + (W = Ynsr) + o+ (Yot = Ynay)) + -
-1

(m — j)(yj—l - yn+j—1),

3

1

+ ((?Jo —Yn) + (Y1 = Yng1) + - F (Ym—z — yn+m—2)) =

J

which is the desired equality. O

We require the following lemma.

Lemma 5.3. For any sequence {w;} in C' C B%(O), any nonezpansive T': C — E, any
n € N*, and every 0 <e <1,

1 n—1
= flw; — Twy|| < &
n -
=0
implies that

1
- Zwi € coF.(T) + B(0).

Proof. Put I :={i|0<i<n-—-1, w; € F,(T)} and J := {0,1,2,...,n— 1} \ I. Note
that by assumption I # ) since €2 < & < 1. On the other hand, if J = @ the proof is
complete. So, let J # () and note that

J J
% —Zsz Tw|| < & :>‘ |<

Fix kg € I and write

1 n—1
E:jz:iﬂi —'ZE:Yﬂl‘% EE:TUJ
1=0

el ]EJ
1 |J| 1
~ (S qw0+ ) + (T - wn)
icl jed
But
1 J
— ) (wj —wy,) < ub < ¢eb.
: n
JjeJ
Thus
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Lemma 5.4. (¢f. [14, Lemma 4.1]) For v € I and ¢ : [0,00) — [0,00) with §(t) =
v~ 1(3t) +t, we have

O<5§7W%):q%®§t

Proof. For p=1:

t t t 3t t 3t t
~ < ~ = — —1 _ _ < -1 - J— < —_— —_ =
10) <A =71 G+ <) ) < T g =t
Now we may apply induction. Il

Lemma 5.5. ([14, Lemma 4.2]) For ¢,(8) := v~ (26 + £) + 4, it holds

nzgéﬁwgﬁwLWEN

The following property is mentioned in the proof of [10, Theorem 3.1]; since the proof

is not included explicitly there, we provide a proof here for completeness.

Lemma 5.6. Suppose that v € I' and C' C By2(0) s a nonempty and convex subset of a
Banach space E. Let T : C — E be a mapping of type (v), and let {y;} be a sequence in
C. Putw! =1 Z] Oyﬁz, for p € N*. Then, we have

V§ > 0Vn € NVp € N*

1
ZZzH—TMWS%P%d)

- (5.1)

3I'—

(WEmm+n—1mwﬂ—7@|<5

where q,(6) :=y"1(20 + 2) + 4.

Proof. Let 6 > 0 and n € N. The proof is by induction on p. The base case, p = 1, is
readily verified. Assume that the assertion (5.1)) is true for p. We will then demonstrate

its Validity for p —|— 1. Let ||yis1 — Tyi|| < 6 for any i € [0,(p+ 1) +n — 2]. Since

wf“ p+ —Lw wy + 1yp+l for all ¢, we have by the induction hypothesis and the convexity
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and increasing property of 7,

n—1
1 P 1
. Zwaif Tl < 2 3 2Tl 4+ o Ty = Tuf™|
=0

p+1
121
. Z P+ 1 lwiyy — Twil| + = Z P+ 1 [Yp+itr — TYprill
<l§||LTwP+LT?J +‘—T(pr+ ——pti) | + @:" 7 (0)
Tn&=p+1 " p+1 T p+1 " p 17 "
n—1
1 _ _
<= Yl = yprall = 1Tw) = Typyall) + ¢a” ()
i=0
n—1
4,1 _ ) 1.
<7 1(5 (lw? = ypyill = ITw! = Typrall)) + @a”~1(8) (since v~ is concave)
i=0
1 n—1
< 7*1(5 (1w = ypall = lwfy — Yprisal)
=0
n—1
1
- i+1 p+i+1 p+i n
+o 2 (w Twi|| + v Typrill)) + @1 (0)
=0

g

Theorem 5.7. Suppose that v € I' and C C By/»(0) is a nonempty, closed and convex
subset of a Banach space E. Let F be a family of nonexpansive mappings from C' to K
of type (v) and suppose that 6 : (0,00) — (0,00) is a modulus of convex reqularity for F.

Then, we have

Ve > 0VT € FV(y;) C CVn > ¢(e,v,b,0)

nt 5.2
(i€ 0+ 5= 2(les = Tl < 20)) - H—Z% G wl<e), o2
where A(e) = min{%,vp*1(27(5 )b opi= f%}, 7(e) == min{0(3), &, 1}, and
o(e.7.0.0) = max{ [ 51 [T}

Proof. Given ¢ > 0, let 6 := A(e), where A(e), p and 7(¢) are defined as above. Since
J < 'yp_l(QTAE—iy), Lemmaimplies that g¢~1(9) < # Fix some 7 > p(e,7,b,0). Then
n > % and hence in view of Lemma [5.5, we have ¢,?~*(d) < % Let T : C — E be a
mapping of type (v) in F, and let {y,} be a sequence in C' such that ||y;11 — Ty;|| < 0
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for any 7 € [O' n+ p — 2]. It suffices to prove that H% Z;:Ol Yi — T(% Z;?:—()l y)|| < e. Put
1 Z] _o Yj+i- Using Lemma , we get

n—1

1 _ 7(g)?

IS s — T < 007 (0) < T
=0
b 7(e)?

Given that [lwi+1 — wi| < 3 < =5~, we obtain

1 < b

= i = T < 2+ g277(6) < 7(e)?

n 1=0 p

Since 7(¢) < 1, by Lemma[5.3] we have
1
E Z w; € COFT(E) (T) + B‘r(z—:)b(O) g COFT(E) (T) + B% (0)

Now, by Lemma [5.2, we write

1 1 1l
n ;yi —n ;wi + n_p Zzl(p =) (Yic1 — Ynti-1)- (5.3)
Since
1 ! . p—1 pb 7(e)b c
Hn_p ;(p— D) (Yi-1 = Ynrim) || < o b< 2o 00) < 5 < 7

utilizing ([5.3)), we obtain
1
- Z Yi € coF;((T) + B (0) + B£ (0) € coF,()(T) + Bz (0)

C COFg(g)(T) + B%(O) - F% (T) + B%(O) - Fa(T).
This completes the proof. U

Remark 5.8. In the above proof, our aim was to show ||£ """ "y, — T'(2 370 L)l < e
Now, if F consists of self-mappings on C', then without lose of generahty, we could assume
by stipulating that for i > n — 1, y; := T} (y,_1), i.e. y;41 = Ty;. Therefore, in this
case, we may replace “Vi € [0;n + p —2]” with “Vi € [0;n — 17 in (5.2).

Remark 5.9. With the same assumptions as in Theorem [5.7} if moreover the mappings
in F are self-mappings on C, then we may assume that ¢ < b, since for ¢ > b the

conclusion of Theorem [5.7] trivially holds for any n. For ¢ < b, we find that

(e) = mm{&(g) Gb 1) = m1n{0(3) gb

Lemma 5.10. With the same assumptions as in Theorem[5.7, if moreover the mappings

(5.4)

in F are self-mappings on C, then the same result holds with T(g) being replaced with
7(g) == min{0(3), &, c}, and when this occurs, we have ¢(e,v,b,0)= [ﬁ}
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Proof. We note that the conclusion of Theorem holds with 7(¢) being replaced with
any 0 < 0 < 7(e ) since ’y(t) <t for all ¢ > 0. Since we consider self-mappings on C, we

have by (5.4), 7 , for ¢ <b. On the other hand, since 7(¢) < ¢, we have
1, 27(e)%, _ 27(e)?  2e7(e) _ e7(e)
p—1
A sy < T L2 )
and thus
b b, p p
> 22y > 2
Ae) — 5(%(6)) ~ 7(e)
Therefore, ¢(e,7,b,0) = max{ [ﬁ}, Eellte (Al(’s)] O

We now extend the main result of [14] as a corollary of Theorem [5.7]

Corollary 5.11. (See [14, Theorem 4.1]) Let E be a uniformly convex Banach space with
a modulus 1, and deﬁne 7( ) = Li(&). Given t > 0, define 0(t) = ~P(t/3P*"), where
p € N s such that (2p) C < 3tb, and q s a Rademacher type with constant C, for E.
With these explicit 0 and v, define 7(¢) := min{0(3), &}, A(e) := min{3, 7},71(2%1_2)2)}7
p = [T(E 5], and p(g,7,b,0)= [ﬁ} Then for the family F of nonexpansive map-
pings from C to C, (-) holds. We may replace v(€) with its lower bound function

sn(min{2, £}) in definitions of 0 and A.

Proof. Since E is uniformly convex, by Remark every nonexpansisve mapping on C'
is of type (7) for v(¢) := 27(4). Moreover, Lemma shows that the defined 6 is a
modulus of convex regularity for nonexpansive mappings on C'. Since the mappings in F
are from C' into C, we can apply Lemma to deduce for 7(e) = min{0(5), 5. €}
instead of 7(¢), and ¢(e,v,b,0)= (ﬁ] We note also that in this case the inequality
0(e) = 7P(e/3P™") < e implies that 7(¢) = min{f(5), 5}. O

Remark 5.12. In Corollary , if we choose ¢ € (0,1], and enlarge the defined p
for 0(c/3) = 7P(<L) sufficiently large such that C,p('~9/¢ < £ then we may write
7(e) = 0(¢/3). In fact, since the elements of F are self-mappings, we may assume that
e < b, and then

That is, 7(¢) = min{0(3), 5} = 0(5).
We now state the main result of this section.

Theorem 5.13. Suppose that v € ' and C C By/2(0) is a nonempty, closed and convex
subset of a Banach space E. Let F be a family of nonexpansive mappings from C to E
of type (v) and suppose that 0 : (0,00) — (0,00) is a modulus of convex regqularity for F.
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Then, we have

Ve >0VM € NVT € FV(x;) CCVn> ®(e,v,b,6, M)

1”
Vi e |[M; M p — 2 i Tx; <A —> — i — Dl <
(6 € A 445 =2 (s — T H Zx TG Y wl < <)

(5.5)

where A(e) := min{&,v»(ZEEN p= [ 2.7, #(e) := min{0(), 255, 1}, and

4p 7(e)?

B(e, 70,0, M) = max{ [, T, (A =20y,

() T(e) " £
Remark 5.14. Theorem includes the case where a sequences (z,,) satisfies ||z, 11 —

Tz,|| — 0. In fact, if A: (0,00) — N is a convergence rate for ||z, 11 — Tz,|| — 0, it just
suffices to take M := A(A(e)).

Proof. Given ¢ > 0, M € N, T € F and n > é(e,v,b,@, M), let (z;) be a sequence
in C such that ||z, — Tz]| < A(e) for each i € [M;M +n+p —2]. Our aim is
to show Hl S —T(EYT 1:@)“ < e. Set y; := wpy4i. From Theorem since

n

Ale) = Ag/2), 7(e) = 7(¢/2), D(e,7,b,0, M) > p(c/2,7,b,6), and
i1 — Tyill = |rarriv1 — Taarll < A(g)»

for all i € [0;n + p — 2], we deduce

n+M 1 n+M-—1 n—l

I 2 w16 Y ||—||—Zyz Gyl

Using this, along with n > ®(e,~, b, 6, M) > [@L we obtain

n

II—Z% Z )|

=1

1 1 1 1 1
= H(E Z Ti— n Z i) — T(ﬁ i) + T(E ;) — T(E Z%)H
i=1 i=n+1 =M =M =1
1 M-1 1 n+M-—1 1 n+M-—1 1 n+M-—1
< HE Ty — — Z zil| + HE Z Li — T(E Z i) |
=1 i=n+1 =M i=M
n+M-—1 n n+M-—1 n
(M—-1)b « 1
TS w) =TS w)l < SIS we Yl
i=M i=1 i= i=1
(M—-1)b e L i | f‘g < (M—1)b e (M—1)b
2 n 4 n 2 n
i=n+1 =1
_2(M—1)b+6<8+6_8
B n 2-2 2
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Remark 5.15. If F consists of self-mappings on C', then in view of Remark we may
replace “Vi € [M; M +n +p—2]” with “Vi € [M;n —1]" in (5.5)).

As a direct corollary, we obtain the following qualitative result which generalizes [10),
Corollary 1.2].

Corollary 5.16. Assume that C is a bounded, closed, and convex subset of a Banach
space E, T : C — E is of type (v), and (z,) is a sequence in C with ||z,+1 — Tx,|| — 0.
If {T} is convex regular, then lim, || £ 37" @ — T(2 30 )| = 0, uniformly in
k e N.

Remark 5.17. It is worth reiterating that the modulus 6 : (0, 00) — (0, 00) in Theorem
.13l may be computed depending on the parameters and moduli specific to the situation
at hand:
(i) If, additionally, F is B-convex, then, in view of Lemma [4.8 6 : (0,00) — (0, 00)
can be explicitly defined by 6(g) := 7?(¢/3P*1), where p € N is such that 27 >
g(%), and o is defined as in (3.2]).

(ii) If £ is a uniformly convex Banach space with a modulus 7, then, by Lemma
, 1(%eﬁning v(e) == Lij(4), and 6(g) := 7P(¢/37*"), where p € N is such that
(27) @ Cy < £, and ¢ is a Rademacher type with constant Cy for E (see Remark
, 0 is a modulus of convex regularity for the family of all nonexpansive map-

pings from C' to E.

(iii) If C' is compact with a I-modulus of total boundedness « in a Banach space FE,
then by Lemma [4.11, a modulus 6 can be computed as §(¢) := vP(/37*1), where
p € Nis such that 27 > «a(2[3/¢]) + 1.

(iv) For a nonexpansive T : C' — E with Fiz(T) # () admitting a modulus of regularity
¢ with respect to Fiz(T), we can define 6(¢) = ¢(5) due to Lemma [4.2}

By the item (ii) of the above, we get the following result, where the mapping = is

computed in terms of the other data.

Corollary 5.18. Let E be a uniformly convex Banach space with a modulus 1, and define
v(t) := Lq(3). Define 6(t) := ~P(t/3P*"), where p € N is such that (2’3)1_7(10(1 < &, and
q is a Rademacher type with constant C, for E (defined in Remark[3.5 in terms of n(1)).
With these explicit 6 and -, holds for the family F of all nonexpansive mappings

from C' to E.

As mentioned in Remark we can replace y(g) in Corollary with its lower

bound function $n(min{2, {}).
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Remark 5.19. With the same assumptions as in Theorem [5.13] if moreover the mappings
in F are from C' into C, then, using the idea of Lemma |5.10} the assertion (5.5 holds for
#(e) 1= min{0(5), 5.5} and B(e,7,b,0, M) i= maxc{[ =], [4H=01),

In view of the above remark, we deduce the following result:

Corollary 5.20. Let E be a strictly convex Banach space, and let C° C By2(0) be a
compact, convex set, and let F be the family of nonexpansive mappings from C into C.
Define v : Ry — Ry as in Lemma[2.3 Let a be a I-modulus of total boundedness for
C, and define 6 : (0,00) — (0,00) by O(t) := +P(t/37T'), where p € N is such that
2 > «(2[3/t]) + 1. Then, given € > 0, holds for A(e) = min{%,fyﬁ_l(ﬂ—;y)},
pi= [%(2:)21, T(e) := min{Q(%), 55> %}, and

~ L b 4(M —1)b

B(e, 7,0, M) = max{ 5, 15 21
Proof. Since C' is compact and F is strictly convex, by Lemma every nonexpansive
T :C — Cisof type (7) for a fixed v € I'. Now it suffices to combine Theorem With
Remark [5.19 and Lemma K111 O

At this stage, we present some applications of the above ergodic results in studying
the ergodic properties of sequences generated by known iterative methods. The following

result involves both the Halpern and Mann iteration methods.

Proposition 5.21. Let b,V',0" > 0. Suppose that v € I', C' C By2(0) is a nonempty
closed convex subset of a Banach space E, and 0 : (0,00) — (0,00) is a modulus of
convez reqularity for a family F of mappings of type (v) from C to E. Let {a,} C [0, 1]

converging to 0 with a rate A. Given € > 0, let

: Ae) b b AR — D
®(e, 7, b,H,A(m)) = maX{fA(g)] [ (5)1’ [ . 1}, (5.6)
where A(E) = min{%,vﬁfl(%i—;ﬁ)}, fT(ZEb) and 7(g) := min{@(%), =50 1}

7|,
Then, for every T in F satisfying dist(0,T(C)) <V, and every (x,) C C satisfying
)

i1 = (1 — )Ty + @nyn, (5.7)

where (y,) is an arbitrary sequence in By/(0), we have

n

Wz b b A (I n TG Yl <) 6

=1
Proof. Let dist(0, T(C)) < b'. Then, we may choose some p € T(C) such that ||T(p)|| < b'.
We note that for n > A(A(e)/(b" + ¥ + b)), we have

[ €041 = Tnl| = anllyn — Tanll < anl(lynll + TPl + 1T — Tnl[)

A<€) i / A (59)
T Yo =4

The result follows now from Theorem [B.13l O

<a,(b"+V +0) <
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Let E be uniformly convex Banach space with a modulus n. Let T': E — FE be a
nonexpansive mapping with Fix(T) # 0, and let f : E — FE be a contraction with
coefficient 0 < ¢ < 1. Let {a,} C [0,1] converge to 0 with a rate A, and let (z,) be

generated under the Moudafi viscosity version of Halpern’s iteration
Tp41 = (1 - an)Txn + O‘nf(xn)a (510)

xo € E. We demonstrate that (5.10) constitutes a special case of (5.7). Fix some
po € Fiz(T). We observe that

2011 = poll < (1= aw)l[zn = poll + anll f(zn) = f(po)ll + anl| f(po) = poll

< (1= an(1 = ) e — poll + a1 - 1L B2 =20l
< max{||z, — po||, M}‘
1-/¢
Then, it is easy to show by induction that for all n € N,
o = poll < ma{llzy — poll, L= P0lly — g, .11

In particular,

1f @)l < [[f(@a) = fpo)ll + I1f (po)
< | = poll + 1f (po)ll < €L+ || f(po)ll
<UL+ (1= 0L+ ||Ipol| = L + ||po-

Thus, for b > 2(L + ||pol|), the sequences (f(x,)) and (z,) are clearly contained in
By2(0). We take C' := By»(0). Since the fixed point py belongs to C, we have also
dist(0,7(C)) < b/2. Now, considering T'|c : C — E, we observe that is a specific
case of . Since E is uniformly convex, defining y(t) := 27j(4), and (t) := 7P(¢/37T1),

1

where p € N is such that (215)%1(](1 < 4, and ¢ is a Rademacher type with constant Cj
for E (see Remark [3.5)), it follows by Lemma [4.9| that T|c : C — E is of type () and 6
is a modulus of convex regularity for the family of all nonexpansive mappings from C' to
E. Therefore, applying Proposition we conclude that the statement holds for
the Halpern iteration with the bound defined in (5.€]), where here &' = b" = b/2.

Therefore, we have obtained a rate of asymptotic regularity for the ergodic averages
of (z,,) generated by Halpern’s method, under the sole condition a,, — 0 on (). We
recall that two necessary conditions on («,) for convergence of Halpern’s method are
a, — 0 and > «a, = oo, and these conditions are not even sufficient to guarantee the
convergence.

For mappings from C into C, in view of Remark [5.19] we may obtain the following
corollary of Proposition [5.21}

Corollary 5.22. Suppose that v € I', C C By/2(0) is a nonempty closed convex subset

of a Banach space E, and 0 : (0,00) — (0,00) is a modulus of convex regularity for a



22 ULRICH KOHLENBACH' AND SHAHRAM SAEIDI*

family F of self-mappings of type (v) on C. Let {a,,} C [0, 1] converging to 0 with a rate
A. Given e >0, let

- (&) b AARD) — 1
CI)(g)’y, 678714( )) T max{(A(g)L [ € ]}7
where A(e) = min{g, 77~ (ZE0)}, pi= [225], and (<) = min{0(3), 5. 5}-

Then, for every T in F, each arbitrary sequence (y,) C C, and xo € C, defining (x,)
by
Tpr1 = (1 — ap)Txy, + apyn, (5.12)

we have
n

Vn > ®(e,v,b, 6, A ég (||—Zx, ;Zmz)ﬂgs)

=1

6. CAUCHY RATES OF CESARO MEANS

Theorem 6.1. Suppose v € I', C C By5(0) is a nonempty, closed, and convex subset of
a Banach space E, T : C — C' is a nonexpansive mapping with Fiz(T) # 0, and T™ is of
type (y) for alln. Let ¢ : (0,00) — (0,00) be a modulus of reqularity for T with respect
to Fix(T). Then, we have

Ve > OV € CVg,h:N — N3N < (e, b, h, g, ¢, 7)¥m,n € [N; N + g(N)|Vk < h(N)

1 n—1 ' 1 m—1 ‘
(I > T — — 3 T < e),
=0 =0

where(i)(sbhggb,) (flzré)+U((~~ ¢)
[A0=L0) 4 800 g = o(6(5),7, b, 6), O(t) == p(4

), ®(f,k,&) = fE2(0), a(n)
), f(n) := max{(g+h)(n), (g+h)(n+

u(n ))}+U( ), k= max{0, [—In(y,,( ))/ln( 1}, f(n) = n+t f(n), &= [m0p=t], (%)
is defined by recursion as in or ,o(t,v,b,0) = (ﬁ], A(t) := min{%,vp*I(QTg) )}

ﬁrp:[%%hamﬁ%):nmﬂﬂ)wwﬂ
In particular, the Cesaro means = Zn LTtk converge strongly and uniformly in k €

N. Moreover, this limit is a fixed point of T which does not depend on k.

Proof. Given e > 0, in view of Theorem , Lemmas|5.10) and, for ng := ¢(0(5),7,0,0),
where 0(t) := ¢(%), we have for all z € C'and k € N,

no—1 no—1

1 , 1 : c
— Y Tt —T(— ) TR < (o). 1
== 3 Tt = T(= Y- 1) < 6(3) (6.1)
j=0 j=0
Now, let g,h : N — N be given. Define

4(ng — 1)b1 N [Snbwj

a(n) =1 . .

and fgn) = max{(g+ h)(n), (g + h)(n+1i(n))} + a(n). Choose k € N with 27% < Yo (5)
(e.g., k = max{0, [~ In(7,,(£))/In(2)]}). Define f(n) :=n+ f(n), ¢ := 22D "and

O(f, %, &) = [ +(0).
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Now let z € C' and define a5, = | T4z — T9tng|| and a, := Z"‘; é ;5 . Obviously,
(a,) is nonincreasing and for all n, we have a, < w < ¢. Moreover, it is easy to

check that

Vm,n(m>n— max (a;;,—®;5.) < a4 —ap). (6.2)
0<jjsno—1 7 7

Using the metastability of bounded monotone sequences (see, [2I], corollary 2.28 ), we

have

AN < &(f, k,&)n,m € [N; N+ f(N)](|an — an| < 27F < vno(g)). (6.3)

Taking N := N + 4(N), we note that N < N and

That is,

[N;N +h(N) +g(N)] C [N;N + f(N)]. (6.4)

Then, N = N4+a(N) < ®(e, b, h, g, ¢,7) := O(f, k,&)+a(®(f, k, &), since @ is monotone.
Using the definition of the modulus of regularity ¢ in 1' for k = N, we choose fy €
Fixz(T) such that

no—1

1 Y
I S T Ng — fol <

j=0

%. (6.5)

From Lemma [5.2] we may write for all £k € N and n € N*,

ng—1 no—1

n—1
1 ; 1 1 1 , 4
- Tz+k — T]+z+k s T74+k‘71 o Tn+z+k71 )
RTINS Y (=T 2

j=0 L
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Then, for any n € [N;N + g(N)] and k € [0; h(NN)], we have by (6.2) and (6.5), and
Lemma applied to T""*=N "\, :=1/ny and z; :== T9 Nz,

2:

n—1 -1 no—1

1 i 1 1 "
“—ZTM = foll = 1I= ( ZT]++k33—fo)

n 4 n no

=0 =0 7=0

1 n—1 1 no—1 1 no—1

itk . itk— N i+N
o2 (o T e T Z )
i=N j=0

1 n—1 no—1 1 no—1
4+ = Tz+k N T]—l—N f + - No — i TH_k_ll' o Tn+i+k_ll‘

w Z )+ e 22 (0 =) )

1 N-1 1 n—1 - L .
<=3 b+ e (max (|T7Ne =TI N || - || TRy — T )

N NI 0<isne-t

1 n—1 no—1 1 no—1
+ = ” Tz+k N Z T]-i—N || + = Z(no — )b

n = nng ‘=

Nb 1 1= (ng — 1)b
< 4= —1 RN - TitNgy _ AR — 7
= + n ~ Tno (Ogjl,?gjl(ofl(a]’]’]v a]v]ﬂ-l-k)) + ||TL0 ]Z:; T fOH + m

< n—1

Nb 1 _1 £ (TL() — 1)b

= WW%% (ax =) + g+ 5
(6.6)
Moreover,
1 e € €
-1 -1
=Y ey o) <9 On(5) = 5, (6.7)
i=N

by (6.3) and N< N+k<i+hk<n—1+k<N+g(N)+h(N) <N+ f(N), in view
of (6.4). Now, by and ([6.7]), since

4(ng — 1 N .
(o = Db | 8Nb Gy <N <,

€ €
we arrive at
1 €
- Ty <: + + +
I T i “+i=5

and consequently, for any m,n € [N; N + g(N)] and k € [0; h(N)], we obtain

n—1 m—1 n—1 m—1

1 i 1 i i 1 i 9 3
I ST = S T < S T fol 4 > T~ fll £ 5 5 =

=0 =0 =0 =0

This completes the proof of the first part. The claim that the limit of (X S TR s
a fixed point of T follows from (6.1)). The fact that this fixed point does not depend on
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k is also clear: let f, € Fiz(T) be the limit of (£ Y%7 ' Titkg). From

n—1 n—1
1 ‘ 1 , b
- TZ+1 - 7 < Z n—oo
Hng x nE T:c]|_n—>0
1=0 1=0
we obtain that fy = fi and so - by induction - f; = f; for all 7, j. O

Theorem 6.2. Suppose v € I', C' C By»(0) is a nonempty, closed, and conver subset of
a Banach space E, T : C — C' is a nonexpansive mapping with Fiz(T) # 0, and T™ is of
type () for all n. Let ¢ : (0,00) — (0,00) be a modulus of reqularity for T' with respect
to Fiz(T). Let v € C and let for each k € N, p, : R, — N be a rate of convergence for

the nonincreasing sequence (|T"*z — T"x||) 0. Then, we have

n—1 m—1

1 : 1 .
Ve > 0Vn,m > Q(e, (pr), gp)Vk(HE ZTurkx - Z Tz|| <e),

1=0 i=0

where Q(c, (pr), @) = max{N, [S22], [20=D0T} g = o((5),7, b, 0), O(t) := ¢(%), N

max{p1 (570 (%)), Pro (370 (5))}, () is defined by recursion as in (E) or @, and
¢(t,7,b,0) as in Theorem[6.1]

Proof. The proof is similar to the previous one. We only mention the differences. Given
e > 0, (6.1) holds similarly for ng := ¢(¢(5),7,b,0), and for all z € C' and k € N. Fix
x € C and take

~ 1 € 1 €
N = maX{p1(§’yn0(§)),--- 7PNO(§’7710(§))}' (68)
Thus
Vi, m > NVE < ng(|T" e — Tra|| — | Tz — Tma|| < %O(g)). (6.9)

Using (6.1]), we deduce the existence of some fy € Fiz(T) such that

no—1

||— Z THNg — fol| < (6.10)

€
gv
where N is as chosen in . Now, choose some

n > max(A, (816\:11917 (4(710 —1)b
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Then, similarly to (6.6)), using and (6.10)), we obtain

n—1
1 7
I > T — |
=0

< > b : Z i max (1T = T+ — 7445 - 35
+ 1 S I( T””c nOZlTJJFN fo)ll+ 1 mZ_l(no — )b
"N o
- n—1 no—1
< S SO @) I S e+ PR < S e S E
(6.11)
This completes the proof. .

Theorem 6.3. Suppose v € I', C' C By/5(0) is a nonempty, closed, and convex subset of
a Banach space E, T : C — C' is a nonexpansive mapping with Fiz(T) # 0, and T™ is of
type (y) for all n. Let ¢ : (0,00) — (0,00) be a modulus of reqularity for T with respect
to Fiz(T). Let x € C and let p : R — N be a rate of asymptotic reqularity for (T"x).
Then, (T"x) is convergent with a Cauchy rate Q(S, p), where

~ 5
UL = P o ) 7 1)

pr(t) == p(t/k), and Q(t, (pr), ) is defined as in Theorem [6.9

Proof. Defining pi(t) := p(t/k), for each k € N, we deduce that p, : Ry — N be a rate
of convergence for the nonincreasing sequence (|7"™*z — T"z||),>0. Now, given & > 0,

utilizing Theorem we have

n—1 m—1

1 ‘ 1 . c
Vn,m > My := Q(e/4, (pr), gp)Vk(Hﬁ > Ty - — > T < Z)' (6.12)

1=0 i=0

Moreover, by the property of p, we have

e g
> p(——)(|T*2 — TFz|| < ———).

In view of , we may assume lim,, + =3 ' Titky — y, uniformly in & € N. Using

and , we have thus for any k > p(z(MOH)),

(6.13)

| Mo Mo—1

IT"z — y|| < | TF 2 — — Z T || + || Z Tz —y|
Mo ! € - e € € €
= ;” w+g< Z M0+1 T1s1t17

Therefore, we have proved that
€

> (=
vnm 2 PG

(1T = T™z|| < e).
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Qualitatively, Theorem is a witness for this: for a regular map T, (T"x) is asymp-

totically regular iff (7"x) is convergent!

Remark 6.4. The concept of asymptotic regularity for a mapping T : C' — C' appeared
in Browder and Petryshyn [8]: 7' is said to be asymptotically regular at =z € C, if
Tz — T'z — 0 as n — oo. They showed [8, Theorem 5] that if £ is a uniformly
convex Banach space and T is an averaged nonexpansive mapping on a closed convex

subset of F with Fiz(T) # ), then T is asymptotically regular at each point of C.

Remark 6.5. Strongly nonexpansive (SNE) mappings [I1] on a subset of a Banach
space that possess a fixed point represent an interesting class of asymptotically regular
mappings. For SNE-mappings, a rate p : RY — N as in Theorem was computed
in [23] as p(d,e) := [d/w(d,e)] depending on an SNE-modulus w and d > ||z — p|| for
some p € Fiz(T). In particular, for A-firmly nonexpansive mappings in uniformly convex
spaces, w is computed in [23, Prop. 2.17] as w(d, ) := A1 — A\)n(e/c) - €, where 7 is a

modulus of uniform convexity. Note that p does not depend on x other than via d.

We recall that a mapping 7" : C' — FE is said to be affine if T(ax + (1 — a)y) =
aTz+ (1 — )Ty for all z,y € C' and o € [0, 1].

Borzdynski and Wisnicki [7, Lemma 4.1] showed that an averaged affine self-map T
defined on a convex and bounded subset C' of a Banach space is uniformly asymptotic
regular; i.e., lim, sup,cq ||T" 2 — T"z|| = 0. More precisely, they showed that if T =
$(I+S), where S is affine self-mapping on C, then sup,c¢ || 7"z — T 'z|| < a, - diamC,

where

N

L =2k
0y = { " Sgk)); e (6.14)
T (kD2 n=2k—1.

By the Stirling’s approximation, it follows that a, — 0. Let o : R} — N be a rate of

convergence for a, — 0. Then p(¢) := a(e/D), for D > diamC, is a rate of asymptotic
regularity for (T"z) for any x € C. Consequently, the rate p in Theorem can be
explicitly computed for T = (I + S).

Example 6.6. Define the closed and convex subset C' = [[;2,[0,1/2] in E = (€, |- ||+),
where ||(z;)]|+ = sup;ens [T2i-1] + sup;ey-
space E. Define T': C'— C' by

xo9;|. Then, C' is not compact in the Banach

1 1
T(l’l,l‘g, ey Lk—1s T2y - - ) = (lL‘l, 5.17%, e, L2k—1, Effgk, e )
Then, for 0 < § < 1/2, we have
1 1
F5(T) = [0, 5] % [0,1 = (1=28)2] x [0, 5] x [0,1 — (1 = 20)2] x -, (6.15)

and
Fia(T) = [0, %] x 0} % [0, 5] % {0} x -+
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It is straightforward to show that the function ¢ : (0, 00) — (0, 00) defined as

1
8(6) = £ (1~ (1= 2P,
where (1 — ¢)™ := max{0, (1 — ¢)}, is a modulus of regularity for 7" with respect to

Fixz(T). In fact, it suffices to note that, in view of (6.15)), ||z — Tz|| < ¢(e) implies that
dist(z, Fiz(T)) < 1 — (1 — 26(¢))2, and the inequality 1 — (1 — 2¢())2 < ¢ is equivalent
to 6(e) < 31— (1 - 2))2)
Furthermore, T" is of type () for all n, where - is the identity map. Let =z = (z;),y =
(y;) € Cand 0 < X\ < 1. Then, the equality
INTz+ (1 —N)Ty—TMx+ (1= Nyl
1 A1 =)
= 5 sup [Azg; + (1= Nyz; — (Awai + (1 — N)yai)’| = sup ¥(3521' — y2i)?
2 jen- ieNs 2
and the inequality
1 9 9 1
[Tz — Ty| = 5 sup |25; — ya;| +sup [Tai-1 — Y2i1| < 5 SUp [Ta; — Yau| + sUp [Tai1 — Y2i1]
2 jen iEN® 2 jenr iEN
imply
INTz+ (1= NTy—TMx+ (1= Ny)|| + [Tz — Ty||

A1 =) 5 1
< sup ————=(22; — Y2;)” + = SUP |2 — Yoi| + Sup o1 — Y2i—1|
iEN* 2 2 jenx iEN*
< sup |To; — Yoi| + sup |rei—1 — yoi_1| = ||z — y||.
iEN* iEN*

That is, T is of type (id), and therefore T" is of type (id) for each n, by [34, Corollary
2.4] stating that if T is a mapping of type (), then T™ is of type (ny(%)).

Finally, we obtain a rate of convergence for Cesaro means of affine mappings in terms of
a rate of regularity. While this result can be obtained directly as a corollary of Theorem

6.2, we provide a direct proof to avoid reliance on other rates.

Proposition 6.7. Suppose that C' C By5(0) is a nonempty, closed and convex subset of a
Banach space E, and let T : C — C be an affine nonexpansive mapping with Fix(T) # ().
Let ¢ = (0,00) — (0,00) be a modulus of regularity for T. Set S, = 3" ' TP, Then,
we have

2(( 5/8)-‘ - 1)b

3

Ve > O0Vz € OVm,n > | 11180 (x) = Sm()] < €).

Moreover, lim S, (x) € Fix(T).

Proof. Given € > 0, let ng := (mw Since T is affine, it follows that T'(2 > ' Tig) =
Ly VT4 L L(T"2z — x). Thus, we have, for all z € C and n > ny,

< (=

IT(Sn()) = Su(2)]| < <)

S|
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and consequently,

dist(S,(2), f(T) < <.
Let « € C, and pick f € F(T) with ||S,,(z) — f| < &/4. From Lemmal5.2, we may write
for any n > 1,

nog—1 no—1

n—1 n—1
1 4 1 1 L 1 . .
Sn J—— Ty = = _ T]Jrl o Tzfl . Tn+zfl ]
(x) nz x nZnoZ x+nnOZ(n0 Tz )
1=0 =0 7=0 i=1
Using the latter equation and the affiness of 7', we have for n > [2(”06_1)131,
I5ute) — £l < ST S oy - gy 4 (0=
e T n4 ng 4 ’ 2n
1=0 7=0
1 (np—1)b e e ¢
<= Tz — Al - =
_Hnoj; L R T A

Therefore, for all n,m > [22=L] IS, (2)— S, (2)]| < |Sa(2) = fII+][Sm(z)—fll <e. O

Remark 6.8. The existence of a modulus of regularity ¢ for T" in the above results is
not redundant. In fact, for C':= ], y[0, 1] € £*°, which is not compact in £*°, we define
T:C — C by

T(I’l,&?Q, o ) = ()\11;17 >\2I27 e )7

where ();) is a sequence with 0 < \; < 1 and lim;_,o, A; = 1. It is easy to check that T is
affine (and hence of type (7)), Fiz(T) = {0} and

o0

(1) = [10. =51 0 1),

i=1
Hence T does not admit a modulus of regularity. Forz = (1,1,--+) € C, since lim; o, \; =

1, we see that
1 n—1 1 n—1
I » Tix| = St;p(g d oA =1
i=0 i=0

Consequently, (S, (z)) fails to converge since a limit would have to be a fixed point of T’
while Fiz(T) = {0}.

7. EFFECTIVE RATES FOR AVERAGED MANN TYPE ITERATIONS

7.1. Rates of asymptotic regularity and convergence.

Definition 7.1. A function D : N — N is a rate of divergence for a series Y .-, a;, where
(ai) - R-i—a if
D(n)

VnEN(Zaizn).

=0
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Remark 7.2. Let (o;) C [0,1] and > .7 (1 — a;) = oo. It is known that 1 — 2 < e~ for
all z € R. Thus a; < e~1=%)_ and hence

m+n
_Nmtneg
H A = Oy Qi1 * * * Ot S e Zi:m 1 0‘1)'

Now suppose that D is a rate of divergence for )" (1 — ;) = co. Let ¢ > 0 and m € N.
Then, for each n € N with n +m > D(|[In(e™") + 32711 — ay)]]), we have

m-+n

[T o < e SO0 i 100 < ooliin(e 4TI 0=l i 1o

o (e )G (1-ae) ST 1mas) — =) —

Thus, D : N x (0,00) — N defined by

m—1
D(m,e) == [D(|[In(e™) + Y (1 —a)]]) = m|
=0

is a rate of convergence for [[7°,a; = 0 in the sense that:

m+D(m,e)
Ve > 0Vm € N( H a; <e). (7.1)

i=m

C.f. [26, Lemma 5.2].
We will need the following lemma.

Lemma 7.3. Suppose that v € ' and C C By2(0) is a nonempty, closed and convex
subset of a Banach space E. Let F be a family of mappings from C to C of type (v)
having a modulus 0 : (0,00) — (0,00) of convex regularity. Let () C [0,1) be such that
> req(I=ay) = oo with a rate of divergence D. Givene > 0, set 7(¢) := min{0(5), &, ¢},
p(e) == (%L and A(g) = min{%, 7~ 1(221,(?) )}. Then for any 1 € C and T : C — C
in F, defining

Tpt1 = @y + (1 — ) Sn(zy), Z )
we have
HTxn - $n|| <e,
[y 1-1
Vn > w(b,y,0,D,¢) == [D(|[In(2L) + 3,57 (1—a)]]) - Fxaa g p 1+ 1.

Proof. Given € > 0, let N :=

)} In view of Theorem n and Lemma |5.10| applied
to y; == T'x, we have

[A(e(

Vn > NVz € c(nsn(x) — T(Su(2)) < 9(%)).

Then, picking

=

k> DOV, 5y = D) + 300 - ag1l) - ]

%

Il
=)
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we have by Remark [7.2]

Nak—1

H T

i=N
We write

N+k—1 N+k—1
Tk = ( H a)ey + (1 — H )Yk,
i=N i=N

where

1 N+k—2 N+k—1

Y = (> CJT et = a)Si(a) + (1= angr—1)Snsh1(@n4r-1))-

1=y @ =% S

From
N+k—2 N+k—-1 N+k—1
Yo (Il et —a)+—anp)=1- [] o
J=N  i=j+1 i=N
we have
Yr € CO{STL(Z'”) tn> N} C COF@(%)(T) - F%(T)
Morover,
N+k—1 - .
- = i - < —b=-.
128k = ynll = ( I;IIV ai)lloy =yl < o=
Consequently,

1T a N4k — 2kl S N Tene = Tyell + 1 Tye — yell + e — 2l

e €
<2lenk — yell 1 Tyr — yil] < 21 + ;=¢

g

Theorem 7.4. Suppose that v € I', and C' C By/»(0) is a nonempty, closed and convex
subset of a Banach space E. Let (oy,) C [0,1) be such that >~ (1 — a,,) = oo with a
rate of divergence D. Let T : C — C be a mapping of type (v) with Fix(T) # (0. Let
¢ :(0,00) = (0,00) be a modulus of reqularity for T, and set 0(t) := ¢(%). Then, defining
Tl = T+ (1 — @) Sy, (T,) is asymptotically reqular with a rate of w(b,~,0, D, ¢),

as well as (x,) converges to a fized point of T' with a rate of convergence w(b,v,0, D, ¢(3)).

Proof. By Lemma , 0 is a modulus of convex regularity for F = {T'}. Thus the rate
w defined in Lemma is also a rate for asymptotic regularity of (x,). Now, it suffices
to apply [28, Theorem 4.1] to deduce the second part of the theorem, since (x,,) is Fejér

monotone w.r.t. Fiz(T). O

Open question: Without the presence of a rate of divergence D, is it possible to
obtain a rate of metastability from the above result?

By Lemma [2.3] for the case where C' is additionally compact and E is strictly convex,
every nonexpansive mapping 7' : C' — C' is of type (), for some v € I". Hence, we
conclude the following corollary of Theorem [7.4}
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Corollary 7.5. Let C' C By5(0) be a nonempty, compact and convex subset of a strictly
conver Banach space E. Let (o,) C [0,1) be such that Y7 (1 — ) = 0o with a rate of
divergence D. Let T : C — C' be a nonezxpansive mapping with a modulus of regularity
¢ :(0,00) = (0,00). Definey € T as in Lemma|2.5, and set 6(t) :== ¢(%). Then, defining
Tpt1 = Ay + (1 — ) Spxn, (x,) is asymptotically reqular with a rate of w(b, v, 6, D, ¢),

as well as (x,) converges to a fized point of T' with a rate of convergence w(b,v,0, D, ¢(3)).
7.2. Rates of metastability per uniform Fejér monotonicity.

Definition 7.6. [27, Definition 4.6]. Let T': C — C, (z,) C C, AF}, := Fy;(T) and
F := Fix(T). Then (x,) is said to be uniformly Fejér monotone w.r.t. F if, for all
r,n,m e N,
1
3k € Nvp € O<p € AF, =V < m(||za — p|| < |z — pll + ?))
-

and any upper bound x(n,m,r) of “ 3k € N7 is called a modulus of (z,) being uniformly

Fejér monotone w.r.t. F.

Lemma 7.7. Let T : C' — C be nonexpansive, (a,,) C [0, 1], and
1 n—1

n = Qpdnp 1— n 5% ns Sn:::_‘ jﬁ.

s = ot (L= @S, (Sa1= 1 3T

Then, x(n,m,r) = m(n+m)(r+1) is a modulus of (x,,) being uniformly Fejér monotone
w.r.t. Fiz(T).

Proof. Let p € C. Since | T'p—p|| < [|[T'p—T"p||+---+||Tp—p| <il|Tp—pl, we get

n—1 n—1 n—1
1 z. 1 Z. L 1
1) =pll = 1= D (Tp=p)ll < = > IT'p=pl < = > il Tp—pl = 5 (n=D)|Tp—pl,
=0 =0 =0

and thus
[ 201 = pll < anllzn = pll + (1 = an)[[Sn(2n) = Su(p)l + (1 — an) ISk (p) — pl]
1
< llwn = pll + 15a(p) = pll < llzn = pll + 5 (0 = DITp = p].
Now, by induction, we get

1
|Zntm = pll < |2 = pll + 5((R=1) + 0+ -+ (n+m = 2)[|Tp - p|

1 m—2)(m—1
= el + g+ Py g
< lzn = pll +m(n +m)[Tp —p|.
This completes the proof. O

As mentioned, for a sequence (z,,) in E, any bound ¢ : (0,00) x N¥ — N such that

1
Vk e NVg:N—= N3N < p(e,g) Vi,j € [N,N+ g(N)|(||z; — ;| < k——i—l)
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is called a rate of metastability (see, e.g., [24]).
In the following we study the metastability based on [27].

Definition 7.8. [27] An approximate F-point bound for (z,) is any ® : N — N satisfying
Vk € NIN < ®(k) (zn € AFy).
If ® is an approximate F-point bound for (z,), then
M N = N, ®M(k) := max{®(m)| m < k},

is monotone nondecreasing and again an approximate F-point bound for (x,).
In our situation, we deal with an asymptotically regular sequence (x,), AF, = Fy (T,

and ® is even a rate of asymptotic regularity for (z,,).

Remark 7.9. Under the assumptions of Lemmal[7.3] ®(k) := w(b,~, 60, D, 1/k) is a rate of
asymptotic regularity (or, an approximate Fiz(7T)-bound) for (z,) which is independent
of T.

Theorem 7.10. Suppose that E is a Banach space, and C' C By2(0) is a nonempty
convex compact subset of E with a I-modulus of total boundedness .. Let v € I" and define
6 :(0,00) — (0,00) by O(t) := +P(t/3PT1), where p € N is such that 27 > «(2[3/t]) + 1.
Let (o) € [0,1) and Y07 (1 — o) = 00 with a rate of divergence D. Let k € N and
g : N — N. Define

®(k) := max{w(b,7,0,D,1/m)| m < k}
with w defined in Lemma[7.3. Define

x(n,m, k) :=mn+m)(k+1), x4n,k):=x(n,gn),k),

Xéw(n, k) := max{x,(i, k)| : <n},
P = B4k +3),
Uo(0,k,g,®) :=0,
Uo(n+1,k, g, ®):= E(Xg/[(\llo(n, k,g,®),4k + 3)).

Now define ¥(k,g,b,v,5) = Wo(P, k,g,P). Then
.. 1
IN < (k. g,b,7, ) Vi € NN + (V)] (i — 5] € ).
for any sequence (x,) defined by
Tpi1 = @y + (1 — @) Span, (7.2)
where T : C'— C'is a mapping of type (7).

Proof. The proof is a direct consequence of [27, Theorem 5.1], in view of Remark ,
and Lemmas [£.11] [7.3]and [7.7] In fact, by Lemma 0(t) :== ~+P(t/37), where p € N

is such that 27 > «(2[3/t]) + 1, is a modulus of convex regularity for the family of
mappings on C' of type (7). Now, we may apply Lemma |7.3|to get w(b,~, 8, D, 1/k) with
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the property [Tz, — x| < 1/k for all n > w(b,v,0,D,1/k), hence for all n > ®(k),
and for any (x,) defined in (7.2)) with any T : C' — C of type (7). On the other hand,
x(n,m, k) is a modulus of (z,) being uniformly Fejér monotone as shown in Lemma [7.7]

The result follows now as a consequence of [27, Theorem 5.1]. U

Remark 7.11. If E is additionally strictly convex, we may replace (¢) in Theorem
7.10] with the one defined in Lemma [2.3] and in this case the result is valid for every

nonexpansive mapping.

7.3. Rates of metastability per a modulus of uniqueness. Let T : C' — C be a

mapping having at most one fixed point; i.e.,

Vp1,p2 € C(p1 = Tpi Aps =Tps — p1 = ps).

Then, in view of [22], T is said to have uniformly at most one fixed point with modulus

of uniqueness @ : (0,00) — (0, 00), if
Ve > 0¥p1,p2 € C([lpr — Tpul|, lp2 — Toa|l < @(e) = [Ipr — pol| < €). (7.3)

If T is continuous and C' is compact there always exists such a modulus @. See [22] for
more details. In [29], a class of nonexpansive operators for which a modulus of uniqueness
can be computed is described.

Using a modulus of uniqueness, we obtain the following result without any assumption

on the coefficients (a,).

Theorem 7.12. Suppose that v € T and C C By/2(0) is a nonempty, closed and convex
subset of a Banach space E. Let F be a family of mappings from C to C of type (v)
having a modulus of convez regularity 6 : (0, 00) — (0,00) and a modulus of uniqueness @ :
(0,00) = (0,00). Let (o) C [0,1) be arbitrary. Givene > 0, set 7(e) := min{f(3), &, ¢},
p(e) == (%L and A(e) = min{§, 7~ (247?(56) )}. Then for any zo € C and T in F,
defining

Tpi1 = 0Ty + (1 — 0y,) S (),

we have
Ve > 0Vg : N — NIN < V(e g,b,7,0,8) Vi, j € [N,N + g(N)] (la; — 2] <€),

where V(e g,b,7,0,0) = [A(e(g(%)ﬂ + h(2k+1)( 0) for k € N with 2% < £, h(n) =
n+h(n), and h(n) := A(0(&(5))) + max{g(n), g(n + A6(@(3))))}-

Remark 7.13. When T has a fixed point, the modulus of uniqueness @ becomes also
a modulus of regularity for T. Therefore, according to Lemma 0(t) := w(t/2) is a

modulus of convex regularity.

Proof. Givene > 0, let £ := &(5) and M := (m] In view of Theorem and Lemma
5.10, we have

Vn > MV € C(HSn(x) — T(Su(2))]| < 9(5)).
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We write
MAk—1 Mk—1
Tk = ( H o)y + (1 — H ;) Yk,
i=M =M
where
1 M+Ak—2 M+k—1
Yk (> (CTI et =ay)Si(a;) + (1 = anren-1)Suren1(Tarsx-1))-

= M+k—1
1- Hi:M Qi M =t
We have then
Yi € CO{Sn(.CEn) Tn > M} - COFg(g)(T) - Fg(T) = F(I)(%)(T).

Hence, |ly; —y;|| < §, for all 4, j. Now, choose an arbitrary g : N — N. Choose ke N

such that 27% < £. Define h(n) := M + max{g(n), g(n + M)}, h(n) :=n + h(n), and
O(h, k) == hF+D(0).

Let a; = ij‘i}\}k—lai for k > 1. At this stage, using the metastability of bounded

monotone sequences (see, e.g., [2I, corollary 2.28 | for details), we can choose some

no € N such that

o < (I, F) A Vi, j € 1030 + (o)) (Jas — ag] < 2°F). (7.4)
Consequently, for i, j € [ng; no + h(ng)], we have

[eari = 2argll < las = ajlllemll +1(1 = @)y = (1 = a;)y;ll

< lai — ajlllearll + v — yill + aillys = |l + lai — a;][|y;]] (7.5)
7 g g

Note that [M + ng; M + ng + g(no + M)| C [no;no + h(ne)]. Thus for all 4,5 € [M +
no; M +no + g(M + ng)| we have ||z; — x;|| < €. Therefore, by taking ¥(e, g,b,7,6,3) :=
M + ®(h, k), we obtain the desired result. O
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