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ABSTRACT. We develop the theory of Bregman strongly nonexpansive maps for uniformly Fréchet differentiable
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Bregman strongly nonexpansive maps. In terms of these moduli, we then compute explicit and effective rates
for the asymptotic regularity of Picard iterations of Bregman strongly nonexpansive maps and of the method of
cyclic Bregman projections. Further, we also provide similar rates for the asymptotic regularity and metastability
of a strongly convergent Halpern-type iteration of a family of such mappings and we use these new results
to derive rates for various special instantiations like a Halpern-type proximal point algorithm for monotone
operators in Banach spaces as well as Halpern-Mann- and Tikhonov-Mann-type methods.
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1. INTRODUCTION

Monotone set-valued operators A : X — 2% in a Hilbert space X are usually studied via their resolvents
which are firmly nonexpansive and so, in particular, strongly nonexpansive which is crucially used in many
asymptotic regularity and convergence results for important algorithms in convex optimization such as forms of
the Proximal Point Algorithm. In the case of more general classes of Banach spaces X, where monotone oper-
ators have as values subsets of the dual space X*, the usual notions of resolvent and metric projection are not
even nonexpansive. Replacing the norm by the so-called Bregman distance Dy (which is not a metric) one ob-
tains that suitable concepts of resolvent and (Bregman) projection are firmly nonexpansive and (quasi-)strongly
nonexpansive w.r.t. this concept of distance. This makes it possible to extend many algorithms approximating
e.g. zeros of monotone operators from the Hilbert space setting to Banach spaces.

In this paper we develop the theory of Bregman strongly nonexpansive operators for uniformly Fréchet dif-
ferentiable Legendre functions f for the first time from a quantitative point of view, taking the situation of
(quasi-)strongly nonexpansive operators in the ordinary metric setting as studied quantitatively in [27] by the
second author as a point of departure.

In addition to constructing effective rates of asymptotic regularity for Picard iterations of Bregman strongly
nonexpansive mappings and of the cyclic projection method for Bregman projections we also study strongly
convergent Halpern-type iterations of Bregman strongly nonexpansive mappings and, in particular, provide
explicit rates of asymptotic regularity and metastability (in the sense of T. Tao [60, 61]) for (an extension to
sequences of mappings of) the main strong convergence result in [58] which - as special instantiations - yields
such rates for a Halpern-type Proximal Point Algorithm, Halpern-type variants of the method of cyclic Breg-
man projections, of an algorithm for approximating common zeros of finitely many monotone operators as well
as forms of Tikhonov-Mann iterations. Finally, we even derive a full rate of convergence for the asymptotic
regularity of a certain Halpern-type proximal point algorithm.

Our proofs have been found using the logic-based methodology of proof mining (see [26, 28, 29]), in particular
using the recent work [44] of the first author that for the first time provided a treatment in the context of proof
mining for the dual space of a Banach space as well as various notions surrounding convex functions, their
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gradients and conjugates in Banach spaces. However, as common in the context of applications arising from
proof mining, the results in this paper are presented in a way which does not refer to any facts from logic
which, however, were instrumental in determining the various moduli in which the aforementioned rates are
given. These moduli provide quantitative forms of the basic assumptions on the underlying convex function, its
gradient and the Bregman strongly nonexpansive mappings in question. With these data, other assumptions
such as e.g. the reflexivity of X become redundant and weak convergence arguments can be circumvented. In
this way, the framework presented here is also amenable to metric generalizations such as hyperbolic spaces
which was crucially exploited in the recent work by the first author [45]. In particular, the results contained in
this paper together with this potential for generalizations show not only that the theory of Bregman distances
and their applications to nonlinear analysis is a viable and promising new area for proof mining but also show
the applicability of the approach for extending proof mining to these areas as recently proposed in [44].

2. PRELIMINARIES

In this section, we discuss the basic notions surrounding convex functions, their gradients and their corre-
sponding Bregman distances. For further expositions about convex analysis in Banach or Hilbert spaces, we
refer to the standard works [4, 54, 56, 66].

2.1. Convex functions and differentiability. Throughout, let X be a real Banach space with norm ||-|| and
let f: X — (—o00,400] be a given function with extended real values. In the following, we will assume that

(1) f is proper, i.e.
domf :={x € X | f(z) < +oo} # 0,

(2) f is lower-semicontinuous, i.e.
Vo € domf Vy < f(z) 30 > 0Vz € Bs(x) (f(2) > y),
(3) f is convex, i.e.
Yo,y € domf VA € [0, 1] (f Az + (1 = A)y) < Af(z) + (1= A) f(y)).

In this work, we will only consider functions f which are also differentiable. For that, we consider the
following notions:

Definition 2.1 (Gateaux and Fréchet differentiability). A function f is called Géateaux differentiable at z if
there exists an element V f(x) € X* such that

o f ) — f(@)

tim HEEZIE () 9 ()
for any y. It is called Gateaux differentiable if it is Gateaux differentiable at every = € intdomf. Further, f
is called Fréchet differentiable if this limit is uniform in ||y|| = 1 and uniformly Fréchet differentiable on a set

C C X if this limit is also uniform in z € C.

In most cases, we will assume that the Fréchet derivative is uniformly norm-to-norm continuous on bounded
sets. By a result due to Reich and Sabach, this is the case if f is uniformly Fréchet differentiable on bounded
sets:

Proposition 2.2 ([48]). Let X be reflexive. If f is uniformly Fréchet differentiable and bounded on bounded
sets, then V f is uniformly norm-to-norm continuous on bounded sets.

The main object instigating duality theory for convex functions is the Fenchel conjugate as introduced in
[22] (see also [10, 53]).

Definition 2.3. Given f, define f* : X* — (—o0, +o0] by
fr(@") = sup ((z,z") — f(x)).

zeX
It is immediate from the definition that f* satisfies the so-called Fenchel-Young inequality: for any x € X
and any z* € X*, it holds that
flx) + 17 (@") = (z, z7).
There now is a plethora of correspondence results for the pair of functions f and f*. Crucial for this paper,
the assumption of f* being bounded on bounded sets relates to coercivity properties of f through the following
result.
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Proposition 2.4 ([2]). Call f supercoercive (or strongly coercive) if

@ _
lel|—+oo |||
Then, the following are equivalent:

(1) f is supercoercive.
(2) [* is bounded on bounded subsets.

In particular, both imply that domf* = X*.

In all iterations studied later, we will be interested in functions f where both f and f* are differentiable.
This relates to the influential notion of a function being Legendre for which we recall the following definition:
Definition 2.5 ([2]). A function f is called:

(1) essentially smooth if 9f is locally bounded and single-valued on its domain,

(2) essentially strictly convex if (9f)~! is locally bounded and f is strictly convex on every convex subset
of domdf,

(3) Legendre if it is both essentially smooth and essentially strictly convex.

Over reflexive spaces, being Legendre can be recognized as requiring the differentiability of a function and
its conjugate in the following sense:

Proposition 2.6 (essentially [2], see Theorem 5.4 and 5.6 therein). If X is reflexive, then f is Legendre if, and
only if

(1) It holds that intdomf # 0, that f is Gateauz differentiable on intdomf, and domV f = intdomf.

(2) It holds that intdom f* # 0, that f* is Gateauz differentiable on intdomf*, and domV f* = intdom f*.

Further, if f is Legendre, then V f is a bijection with ranV f = domV f*, ranV f* = domV f = intdom f and
V=)

Remark 2.7. While reflexivity features as a key assumption in the above lemma, if further differentiability

assumptions are made regarding f and f* then reflexivity is an inherent property in that context. Concretely,

by a result of Borwein and Vanderwerff [7], any space where f and f* are Fréchet differentiable, f is continuous

and domf* = X* is already reflexive and it follows from results by Borwein, Guirao, Héjek and Vanderwerft [6]
that if f and f* are uniformly Fréchet differentiable and domf* = X*, then X is even superreflexive.

2.2. Bregman distances. The fundamental notion of distance in this work is that of the influential Bregman
distance:

Definition 2.8 ([9]). Let f be Gateaux differentiable. The Bregman distance associated with f is the function
Dy : domf x intdomf — [0, +00) which is defined as follows:

Dy(x,y) = f(z) — f(y) — (z =y, Vf(y)).

Crucial for many proofs involving the Bregman distance is the use of the following dual function W; :
domf x domf* — [0, +00) defined by

Wi(z,a7) = f(z) — (z,27) + [*(z7)
which often provides a medium through which Dy is studied (see e.g. [37, 38]). If f: X — R is Legendre and
supercoercive and if X is reflexive, one in particular has that

for all z,y € X as well as that Wy is convex in its right argument and satisfies the inequality
Wiz, ") < Wy(z, 2" +y*) — (Vf(@") —z,y")
for any x € X and any z*,y* € X* (see [33]).
Lastly, we want to mention the following so-called three and four point identities for Dy:

Lemma 2.9 (folklore, see e.g. [50]). The following inequalities are true for all x,y,z,w € intdomf:

(1) Dy(x,y) + Dy(y,2) = Dy(x,2) = (x —y,Vf(2) = VI(y))-
(2) Ds(y,x) = Dy(y,z) = Dy(w,2) + Dy(w, z) = {y —w,V[(2) = V[(z)).
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3. GRADIENTS, BREGMAN DISTANCES AND THEIR QUANTITATIVE PROPERTIES

Throughout this paper, if not indicated otherwise, we will now assume that f and f* are total (i.e. domf = X
and domf* = X*) and that both are Fréchet differentiable everywhere with gradients Vf and Vf* (and so -
by Remark 2.7 - X will be reflexive).

3.1. Quantitative properties of gradients.

Definition 3.1. We say that a function wV/ (0, 00)? — (0, 00) is a modulus of uniform continuity on bounded
sets for Vf if for any €,b > 0 and any z,y € By(0):

lz =yl <w¥/(e.b) = |Vf(@) = V()] <e
Using such a modulus, we can derive quantitative witnesses for various central properties of Vf and f:

Lemma 3.2. Assume that Vf is uniformly continuous on bounded subsets with a modulus w¥7¥. Then:
(1) f is uniformly Fréchet differentiable on bounded subsets with modulus
Ae,b) ;= min{w"/ (e,b+1),1},
i.e. for all b,e > 0 and all x € By(0),y € X:

0 <yl < A, b) » LEED = S@) = . VI@I

1yl

(2) Vf is bounded on bounded subsets with modulus
C(b) = [b/w¥(L,0)] + IV FO)I| +1,
i.e. for allb >0 and all z € By(0):
IVf(@)]| < C).
(8) f is uniformly continuous on bounded subsets with modulus

w! (e,b) :==

c()’
i.e. for all e,b >0 and all x,y € By(0):
lz =yl < w'(e,0) = |f(z) = fly)| <e,

where C' is any modulus witnessing that V f is bounded on bounded subsets.
(4) f is bounded on bounded sets with modulus

D(b) == [b/w! (1,b)] + | £(0)| + 1,

i.e. for all b > 0 and all x € By(0):
|[f (@) < D(b),

where w! is any modulus witnessing that f is uniformly continuous on bounded subsets.

For a proof (formulated with errors of the form 27% instead of ¢), see e.g. [44].

Similar results of course also hold for the conjugate f* if we assume a modulus of uniform continuity on
bounded sets for the respective gradient V f*.

If f is Fréchet differentiable, then the associated Bregman-distance is continuous in both arguments and by
analyzing the corresponding proof, we can extract a transformation that turns a modulus for the (uniform)
continuity of the gradient of f into a modulus for the (uniform) continuity of the associated Bregman-distance.
This is collected in the following lemma:

Lemma 3.3. Assume that YV f is uniformly continuous on bounded subsets with a modulus w¥7. Let C be a
modulus for V f being bounded on bounded sets.*

LAs shown in the previous Lemma 3.2, such a C can actually be constructed from wV/. We however throughout work with a
given C as a black box so that the contributions of the different types of moduli are highlighted.
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(1) For any e,b > 0 and any x,y,y € By(0):

ly — 'l <&(e,b) = |Dy(x,y) — Dy(x,y)| <e
where € : (0,00)% — (0,00) can be explicitly given by

¢(,b) := min {ZICE':-(b)’WVf (fbb)} .

(2) For any e,b >0 and any x,z',y € By(0):
| = 2’|l < &'(e,0) = |Dy(2,y) — Dy(a,y)l < e
where £ : (0,00)% — (0,00) can be explicitly given by

€ (e,b) == 2()5(19)'

Proof. For item (1), note that we have
[y, V) = W VIO < IVl ly =o' T+ IV fy = VY-
Using that, we derive
|Dy(z,y) — Dy, y")| < [f(y) = fOO + 1= IV fy = VIS IV Fyll ly =o'+ 1Y IV fy = VYL

This yields the claim by the definition of ¢ as by Lemma 3.2, we have that £/4C (b) = w/(/4,b) for a suitably
defined modulus wf for f being uniformly continuous on bounded sets.

For item (2), note that

[Dy(@,y) = Dy, y)l < |f(z) = f@) + |z = 2" [V W)
and this yields the claim by the definition of ¢’ as by Lemma 3.2, we again have that £/2C(b) = w/(¢/2,b) for
a suitably defined modulus wf for f being uniformly continuous on bounded sets. O

An assumption that is later used in the context of Halpern-type iterations is that f is uniformly strictly
convex on bounded subsets in the sense of [16], i.e.

v57b>oaa>ovm7yex(||x,|y|| <oA=yl > (f(“y) < §f<x>+;f<y>—5)).

2

In the following, we will occasionally assume a modulus of uniform strict convexity 7 : (0,00)? — (0,00) for
f, i.e. an n witnessing the above quantifier 39 > 0 in terms of € and b. By the equivalent characterization of
strictly convex functions f as those where V f is strictly monotone, we can translate such a modulus of uniform
strict convexity into a modulus witnessing the ‘uniform strict monotonicity’ of V£, i.e. an 7 : (0,00)? — (0, c0)
witnessing d in terms of ¢, b in the following condition:

Ve,b>030>0Ve,y € X([lzfl, [yl <onllz—yll = = ({z —y, Vfr - Vfy) >0)).
This is collected in the following lemma.

Lemma 3.4. Let (e, b) be a modulus of uniform strict convezity for f. Then 7)(e,b) = 4n(e,b) is a modulus of
uniform strict monotonicity for Vf.

Proof. Note that we have
F(Z5) 172600 + 17200 = nlest) = £+ 1206 0) - @) = (=)

if ||z — y|| > € as n is a modulus of uniform strict convexity of f. As V fw is a subgradient of f at w, we have

. fw+az) = f(w)
(z.Vfw) < inf ” :

for all w,z and from this we get (y — z,Vfz) < f(y) — f(x) — 2n(e,b). Similarly, we get (x —y, Vfy) <
f(z) = f(y) — 2n(e,b) and this implies (x — y, Vfy — Vfz) < —4n(e,b) which gives that 7j(e,b) = 4n(e,d) is a
modulus of uniform strict monotonicity of Vf. a

Conversely, also from a modulus 7 for the uniform strict monotonicity we can construct a modulus 7 for the
uniform strict convexity but we omit this other direction as, for one, this construction is rather messy and, for
another, the one direction presented above suffices to justify that such an 7] exists in the context of the central
assumptions featured in the convergence results later on.
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3.2. Sequential consistency and total convexity. Another central assumption featuring in the convergence
results later on is that of the total convexity of f which we want to discuss in the following. For this, we briefly
only assume that f : X — (—oo, +0o0] is proper, lower-semicontinuous and convex.

Definition 3.5 (see e.g. [14]). Given a function f, define its modulus of total convexity vy : intdomf x [0, +00) —
[0, +00] by

vf(z,t) == inf{Dy(y, ) | y € domf, ||y — z| = t}.
The function f is called totally convex at a point € intdomf if vy (z,t) > 0 whenever ¢ > 0. It is called totally
convex if it is totally convex at every point. Lastly, we call f totally convex on bounded sets if

vp(B,t) ;= inf{vs(z,t) | € BNintdomf} >0
for any ¢t > 0 and for any nonempty bounded set B C X.
This notion is intimately connected with the so-called sequential consistency for the function f:

Definition 3.6 ([16]). A function f is called sequentially consistent if for all bounded sequences (x,,) and (yy,)
in intdom f:
Dy(xpn,yn) — 0 (n — 00) implies ||z, — yn|| = 0 (n — 00).

Concretely, the main result connecting total convexity and sequential consistency is now the following:

Lemma 3.7 ([14]). A proper, lower-semicontinuous and convez function f : X — (—oo,+0o0] whose domain
contains at least two points is totally convex on bounded sets if, and only if, it is sequentially consistent.

In the following, we will rely on a modulus witnessing the sequential consistency of a function quantitatively.
To motivate this, we move to another equivalent way of formulating sequential consistency (which is somewhat
in spirit of e.g. Proposition 2.5 of [16], see also [51]). For the following, let f now again be total and Fréchet
differentiable everywhere like in the previous standing assumptions.

Lemma 3.8. A function f is sequentially consistent if, and only if, for allb > 0 and € > 0, there exists a 6 > 0
such that

(++) Vo,y € X (=l Iyl <bADy(x,y) <6 = [lz -yl <e).

Proof. For sufficiency, consider arbitrary sequences (x,,), (y») with ||z, ,||yn| < b for some b > 0 and assume
that im D¢ (2., yn) = 0. Let ¢ > 0 be given. By (+), there is a § such that

(++) Vm € N(D¢(Tm, Ym) <0 = |@m — yml| < ).
Then, by lim D¢(zp,yn) = 0 there exists N € N such that Vm > N (Df(2m, ym) < 6), which by (++) entails
that ||zm — ym|| < e, for all m > N. This means that lim ||z, — y,|| = 0, and we conclude the sequential

consistency of f.

For necessity, suppose that (+) fails. Then for some £ > 0 and b > 0, we have

1

Then in particular D¢(x,, yn) < —L_ for all n € N which entails that lim D Tn,Yn) = 0. However ||z, — yn
f n+1 f

is bounded away from zero by €, and so f can not be sequentially consistent as x,, and y,, are bounded. O

Definition 3.9. Let f be sequentially consistent. A modulus of consistency for f is a function p : (0,00)% —
(0, 00) such that for all b € N and € > 0:

Vo,y € X ([lz], [yl < oA Dy(z,y) < ple,b) = llz —yll <e).

By the above result, a function f is sequentially consistent if, and only if, it has a modulus of consistency.

We call a modulus of this type but for the converse implication, i.e. translating errors for the metric distance
into errors for the Bregman distance, a modulus of reverse consistency. Further, such a modulus can actually
be computed from a modulus of V f being bounded on bounded sets.

Lemma 3.10. Let Vf be bounded on bounded sets with a modulus C. Then for all e >0 and b > 0:
Va,y € X ([[zf], [yl <bAlle —yll < P(e,b) = Df(z,y) <e)
where P(e,b) can be given in terms of C via P(g,b) :=¢e/2C(b).
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Proof. By Lemma 3.2, we have that wf(e,b) = ¢/C(b) is a modulus of uniform continuity for f on bounded
sets. So for ||z — y|| < P(e,b) = wf(e/2,b), we have f(z) — f(y) < /2 and thus

Di(x,y) = f(x) = f(y) = (@ =9, V() <e/2+ [lz —yllIIVF W)l <e/2+[lz—yl|CB) <e

which is the claim. |

We want to note that the collection of such a modulus P together with a modulus of consistency p are called
moduli of consistency in [43]. In particular, as discussed in [43], these moduli can be used to derive a so-called
modulus of weak triangularity for Dy, i.e. a function 6 : (0, 00)? — (0, 00) such that?

Ve,b >0V, y,z € X ([l [lyll |2l < oA Dg(y, ), Dy (y, z) < 6(e,b) = Dy(x,2) <e).

In other words, 6 witnesses that although the triangle inequality is not valid for Dy, it locally behaves similar
to a distance function with a triangle inequality. To derive such a § from a given p and P as above, set

0(e,b) = p(P(e,b)/2,b).
Then, if Ds(y,z),D(y,z) < 0(e,b) for ||z|, |ly||,|lz]| < b, we have ||z —yl|,|z—yll < P(e,b)/2 using the

properties of p. This implies ||« — z|| < P(e,b) by triangle inequality of ||-||. So, using the properties of P, this
yields Dy (z, z) < e.

Remark 3.11. Note that in the presence of such moduli p and P, all moduli introduced later that depend on
measuring a distance ||z — y|| in the premise or conclusion could be translated into moduli that depend on
measuring the distance Dy (z,y).

Besides sequential consistency, being totally convex on bounded sets can be further recognized to be equivalent
to another well-known convexity property for f already mentioned before, at least in the context of the standing
assumptions of this paper.

Lemma 3.12 (essentially [16, Theorem 2.10]). Let f : X — R be Fréchet differentiable and let V f be uniformly
continuous on bounded sets. Then f is totally convexr on bounded sets if, and only if, f is uniformly strictly
convex on bounded sets.

In that vein, the following remark shortly discusses the relationship between the modulus of consistency and
the previous modulus of uniform strict convexity together with other convexity moduli from the literature.

Remark 3.13. Note that it can be easily shown that p is a modulus of consistency if
vy (By(0),) > p(t,b)
for any ¢,6 > 0 (using e.g. Proposition 2.1 from [16]) and conversely, if p is a modulus of consistency, then
vy (Bp(0),t) > p(t,b+t) for any ¢,b > 0. In that way, moduli of consistency as defined in this paper actually
immediately witness the total convexity of the function f.
Further, define the modulus of uniform convexity ps(x,t) as in [62] (see also [15, 65]), i.e.

s ) i ing { AT L=V =LA L= |y €y - = 0 € 0.1)

and write
ps(B,t) :=inf{ps(x,t) | x € B}
for a given set B C X similar as with v;. Similarly define

iyt = int {10) + 1) =2 (12) [y € Xelly ol = o}

2

as in [14] (see also [15]). Then as shown in [15], we have

_ 1

for any x € X and ¢ > 0 as well as v(z,t) > pys(x,t) for any x € X and ¢ > 0 as shown in [14, Proposition
1.2.5]. Now, it is also immediate that 7 is a modulus of uniform strict convexity of f as defined above if
1 .

§ﬁf(Bb(0)v t) > n(tv b)

2Actually7 this notion is introduced in a slightly different manner in [43] but this will not matter in this work.
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for any ¢,b > 0 where 7i;(B, ), given a set B C X, is defined similarly as y17(B,t). Conversely, if 7 is a modulus
of uniform strict convexity, then 7i;(By(0),t) > 2n(t,b+t) for any ¢,b > 0. Thus any modulus 7 of uniform
strict convexity of f induces a modulus of consistency and thus witnesses the total convexity of f.

Conversely, as follows from the above Lemmas 3.7 and 3.12, if f is Fréchet differentiable with a gradient that
is uniformly continuous on bounded sets, then f being sequentially consistent implies f being uniformly strictly
convex on bounded sets. As shown in [15], both of these items are further equivalent to f* being uniformly
Fréchet differentiable (and thus to V f* being uniformly continuous on bounded sets if f is also supercoercive
by Propositions 2.2 and 2.4).

3.3. Boundedness properties of the Bregman distance. As is well-known, the distances Dy in general
have very weak properties. In particular, a sequence (x,) such that Dy(z,,y) is bounded for some y is not
necessarily bounded itself. In that way, it is thus a common requirement in the context of Bregman distances
to require that the level sets

Ll(yaa) = {1‘ €X | Df(xay) < a}v LQ(ZL',OZ) = {y eX | Df(‘ray) < Oé},
are bounded for every > 0 and z,y € X. In particular, this condition features in the list of conditions
exhibited by Eckstein in [21] and by Butnariu and Iusem in [14] regarding Bregman functions and a stronger

requirement of these sets being compact already featured in Bregman’s seminal work [9] for the conditions
imposed on his general distances D.

As shown in [14], in the case that La(z,«) is bounded for all  and « and if f is additionally sequentially
consistent, then L;(y, ) is likewise bounded. Further, as shown in [2] (see Lemma 7.3 therein), if f is superco-
ercive in a reflexive Banach space, then Ls(z, «) is bounded for any «, which is thus guaranteed in essentially
all situations in this paper.

In the following, we will rely on so-called moduli of boundedness for D¢ that witness a uniform quantitative
version of the boundedness of Ly. Concretely, by a modulus of boundedness for Dy we will mean a function
0:(0,00)? = (0,00) such that

Va,y € X Yo, b > 0(JJz|| <bADy(z,y) <a— |yl <ola,bd)).
We call Dy uniformly bounded if such a modulus exists.
Remark 3.14. Such a modulus of boundedness for Dy actually exists under certain additional assumptions
and in fact can be constructed from respective moduli witnessing these assumptions. Assume that f, Vf* are
bounded on bounded sets with moduli D, F' (which can be constructed from moduli of uniform continuity for
V[, Vf*, respectively, using Lemma 3.2). Now, note that using the Fenchel-Moreau theorem, it holds that

f = f* and so, as f is bounded on bounded sets, we get that f* is supercoercive by Proposition 2.4. Let
af”(K) be a modulus for that, i.e.

2| > a’" (K) implies f*(z*)/ |l2*|| > K
for any z* € X* and K > 0. Then also f*(z*) — (z,2*) is supercoercive with a modulus o/ (K + b) where
b > |lz||. Then, if ||z|| < b and Dy(z,y) < «, since Dy(z,y) = We(z, Vfy) = f(z) + f(Vfy) — (z,Viy), we
get that
Thus |V fy| < max{a’ (a4 D(b) + b+ 1),1} and thus

lyll < F(max{a’" (a+ D(b) +b+1),1}).

This gives a modulus o(«, b) as above.
4. BREGMAN STRONGLY NONEXPANSIVE MAPPINGS AND RELATED NOTIONS
The main notion of mapping considered in this paper will be that of a Bregman strongly nonexpansive map-

ping as introduced in [17, 47].

Let T : X — X be a mapping. We say that a point p € X is an asymptotic fixed point of T if there is a
sequence (x,,) which converges weakly to p and satisfies lim,_,o || — Tz, || = 0. We write F(T') for the set of
all such asymptotic fixed points and F(T') for the set of ordinary fixed points of T

Definition 4.1. A map T : X — X is called
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(1) Bregman nonexpansive (see [38]) if
Dy(Tz,Ty) < Dy(x,y)

for any z,y € X,
(2) Bregman quasi-nonexpansive (see [36, 38]) if

Dy(p,Tx) < Dg(p, x)

for any z € X and p € ﬁ(T),
(3) Bregman strongly nonexpansive (see [17, 47]) if

Dy(p,Tx) < D¢ (p, )
forany z € X, p € F (T') and if additionally
li_>m (Ds(p,zy) — Dy(p,Txy)) =0— lim Dy(Txy,x,) =0

n— oo
for any bounded sequence (x,) C X and any p € ﬁ(T),
(4) Bregman firmly nonexpansive (see e.g. [3]) if

(Te =Ty, VfTx =V [fTy) <(Tx - Ty,Vfr—Vfy)
for all z,y € X.

It is rather immediate to see that being Bregman firmly nonexpansive implies being Bregman strongly nonex-
pansive (see also Lemma 4.9 later) and it is clear that any Bregman strongly nonexpansive mapping is Bregman
quasi-nonexpansive.

We want to note that the above notion of Bregman strongly nonexpansive operators is called strictly left
Bregman strongly nonexpansive in other parts of the literature (see in particular [37]) since the fixed points
occur in the left argument of the Bregman distance and since we used F(T). If F(T) = F(T) is further assumed,
then the resulting notion is called fully left Bregman strongly nonexpansive in these parts of the literature. Note
also that Bregman firmly nonexpansive maps are called D-firm in [3] and V f firmly nonexpansive in [5].

Fundamental for the quantitative results discussed later for iterations involving such mappings are moduli
which quantitatively witness the defining properties of Bregman strongly nonexpansive mappings. The whole
approach taken here in regard to quantitative moduli witnessing the Bregman strongly nonexpansiveness is mod-
eled after the work of the second author [27] for ‘ordinary’ quasi-nonexpansive functions. In these quantitative
moduli, it will always be F(T') that we use when deriving the moduli which results e.g. in the fact that instead
of full fixed points, these moduli will concern approximate fixed points. If it is presumed that ﬁ(T) F(T)
and if this assumption features crucially in a given proof, then a uniform quantitative version of this fact will
feature necessarily in its analysis (see the discussion before Theorem 4.15 for this uniform quantitative version).

Definition 4.2. A function w : (0,00)? — (0, c0) such that
Ve,b>0Vp € F(T)N By(0) Vo € By(0) (Df(p,z) — Df(p, Tx) < w(e,b) — D¢(Tx,x) <€)
is called a BSNE-modulus of T'.

If we are given a specific element p € F(T), we will later say that a function w : (0,00)? — (0,00) is a
BSNE-modulus w.r.t. p if

Ve, b > 0 Ve € By(0) (Df(p,x) — Ds(p, Tx) < w(e,b) = Dy(Tx,x) < ¢)
holds for that specific p.
We will later be concerned with a stronger type of modulus which only requires p to be a sufficiently good
approximate fixed point.
Definition 4.3. A function w : (0,00)% — (0, 00) is called a strong BSNE-modulus of T if
Ve,b>0Vz,pe X (IIp|l, llz]| <OA|Tp —p|| <w(e,b) ADs(p,x) — Dy(p,Tx) < w(e,b) = Dp(Tz,z) <¢).
We say that T is uniformly Bregman strongly nonexpansive if it has such a modulus.

Clearly, a strong BSNE-modulus is also an ordinary BSNE-modulus.
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Remark 4.4 (For logicians). In the context of the nonstandard uniform boundedness principle 3-UB¥ (see [25]),
which can be conservatively (for statements of the logical form required) added to the systems used in the
general logical metatheorems of proof mining as in [26, 28, 44], Bregman strong nonexpansivity implies uniform
Bregman strong nonexpansivity. It, moreover, follows that even from a (potentially noneffective) proof of the
weaker property, a kind of strict Bregman quasi-nonexpansivity,

Ve,pe X (Tp=pADys(p,x) — Ds(p,Tx) <0— Ds(Tx,x) =0),

in such a formal system, an explicit and effective strong BSNE-modulus can be extracted. A concrete example
for this is presented in Lemma 4.9 below. Note the strong similarity of these circumstances to that of the moduli
for the ordinary strong nonexpansivity and their extractibility already from proofs of strict nonexpansivity as
discussed in [27].

From the following lemma, we get that a uniformly Bregman strongly nonexpansive map 7 is in particular
Bregman strongly nonexpansive whenever F(T') = F(T).

Lemma 4.5. Let f be such that Dy satisfies Dy(x,y) =0 ¢ [z —y|| = 0 for any v,y € X.3 Let T : X — X
be given. If T satisfies that for any e,b > 0 there exists a 6 > 0 such that for any p € By(0) with ||p — Tp| < &
and any x € By(0):

D¢(p,x) — Ds(p,Tx) <6 = Ds(Tx,x) <e

and if ﬁ(T) = F(T), then T is Bregman strongly nonexpansive.

The proof is rather immediate and we hence omit it.

If Dy is uniformly bounded with a modulus of boundedness o as introduced in Section 3.3, then any Bregman
quasi-nonexpansive map 7T’ with a nonempty fixed point set is bounded on bounded sets and we can also construct
a witness for that in the following sense:

Lemma 4.6. Let T be Bregman quasi-nonexpansive and let po € F(T) # (0. Let Vf, f be bounded on bounded
sets with moduli C', D, respectively. Let o be a modulus of boundedness for Dy.
Then T is bounded on bounded sets with

|Tx|| < E(b) := 0(2D(b) + 2bC(b), b)
for b= |zl [Ipoll-
Proof. Note that Df(pg,Tz) < Df(po,x) as T is Bregman quasi-nonexpansive and thus
Dy(po, Tx) < [f(po)| + |f (@) + [{po — 2, V f(2))| < 2D(b) + 2bC(b)
from which the claim follows using the properties of o. (I
Conceptually, these strong BSNE-moduli are related to the notion of ‘quantitative quasiness’ as discussed

in [57] and, from such a strong BSNE-modulus, one can in particular derive a modulus w’ : (0,00)? — (0, c0)
which satisfies

Ve,b>0Va,pe X ([l |zl <bA|Tp—pll <w'(e;b) = Dy(p,Tx) — Dy(p,z) <e).
This is collected in the following lemma:
Lemma 4.7. Let £ be a modulus of uniform continuity on bounded sets for Dy in its second argument and let
p be a modulus of consistency for f. Let E be a modulus for T being bounded on bounded sets and let w be a
strong BSNE-modulus for T.
Then there exists an W' such that
Ve,b>0Va,p € X (pll, llzll <bA[Tp —pll <w'(e,b) = Dy(p,Tw) — Dy(p,x) <e).

which can be moreover constructed as

~ o~

w'(e,b) = w(p(&(e,b),b),b)
where b = max{b, E(b)}.
Proof. It Dy(p,Tx) — Dy¢(p,z) < 0, then the claim holds trivially. So suppose Ds(p,Tz) — Dy(p,x) > 0.

o~ o~

Then trivially Ds(p,x) — Ds(p,Tx) < 0 < w’(e,b) which implies that D;(Tx,z) < p(£(e,b),b). This yields

~

|Txz — z|| < &(e,b). Thus, we in particular have that Dy (p, Tz) — Ds(p,x) < €. O

3Naturally, this is the case if f is strictly convex.
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In the following, we will call such an w’ a derived modulus of w.

As mentioned above, any Bregman firmly nonexpansive map is Bregman strongly nonexpansive. From the
proof of this fact, we can immediately extract a (strong) BSNE-modulus for any Bregman firmly nonexpansive
map 7. Crucial for this is the following equivalent characterization of Bregman firmly nonexpansive mappings:

Lemma 4.8 ([3]). A map T : X — X is Bregman firmly nonezpansive if, and only if,
D¢(Tz,Ty) + Ds(Ty,Tx) < Dy(Tx,y)+ Dy(Ty,x) — Dy (Tx,x) — D¢(Ty,y).
forallz,y € X.
Lemma 4.9. Let T be a Bregman firmly nonexpansive map which is bounded on bounded sets with a modulus
E and let &, & be moduli that Dy is uniformly continuous on bounded sets in its right and left argument,

respectively.
Then T is uniformly Bregman strongly nonerpansive with a strong BSNE-modulus w defined by

-~ -~

w(e,b) :=min{{(e/4,b),£'(/4,b),¢/4}
where b := max{b, E(b)}.
Further, one can choose w(e,b) := ¢ as a BSNE-modulus for any Bregman firmly nonexpansive T'.
Proof. For the strong modulus, let z, p be given. Using Lemma 4.8 with y = p, we get
Dy(Tz,Tp)+ Ds(Tp,Tx) < Dy(Tx,p) + Dy(Tp,x) — Dy (Tx, x).
Rearranging yields
< (Dy(Tx,p) — Dy(Tx,Tp)) + (Dy(Tp,z) — Dy(p, x))
+ (Ds(p,) — Dy(p, Tw)) + (Dy(p. Tx) — Dy(Tp, Tw)).
Thus if ||p||,|lz|| < b and |[|[Tp —p|| < w(e,b) as well as D¢(p,z) — Dy(p,Tx) < w(e,b) < e/4, then we get
D¢(Tz,x) <e.
For the ordinary BSNE-modulus, note that if p = T’p, then Lemma 4.8 with y = p even yields Dy(p, Tx) <

Dy(p,x) — Dy(Tx, z) which is equivalent to Ds(Tx,x) < Ds(p,z) — Ds(p, Tx) which yields the given modulus.
]

Compare this BSNE-modulus in particular to the modulus extracted in [27] for ordinary (meaning in the
usual metric sense) strongly (quasi-)nonexpansive maps which even in the simple case of Hilbert spaces (where
the notions of firmly nonexpansive and Bregman firmly nonexpansive for f = ||H2 /2 coincide) is quadratic in €.
By taking a look at the above proof, this seems due to the fact even in the Hilbert case with the specific choice
f = |I-II> /2, the distance D ¢ fits closer to the notion of firmly nonexpansive maps and the quadratic increase
comes from converting from D¢ to the usual norm.

A concrete example for Bregman firmly nonexpansive mappings are the resolvents Resf4 relative to f for a
given monotone operator A in Banach spaces. For this, we first recall the notion of monotone operators.

Definition 4.10 ([11, 12]). Let A : X — 2% be a set-valued operator. The operator A is called monotone if

for all (z,z*), (y,y*) € A.
Further, A is called maximally monotone if its graph is not strictly contained in the graph of another monotone
operator.

The f-resolvents of A are then defined using V f:*

Definition 4.11 ([3, 21]). Let A : X — 2% be a set-valued operator. Given f, we define the resolvent of A
relative to f as the operator Resi : X — 2% with

Res/y (z) := ((Vf + A) "L o V) (2).

4The idea of considering the above notion in general Banach spaces is due to [3] (where it was introduced under the name of D-
resolvents) but this notion of a resolvent relative to f was already considered by Eckstein in [21] in the context of finite-dimensional
spaces.
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The following properties are essential for the resolvent relative to f:

Proposition 4.12 ([3]). Let f: X — (—o00,400] be a function which is proper, convez, lower semicontinuous,
Gateauz differentiable and strictly convexr on intdomf and let A be a monotone operator such that intdomf N
domA # (). Then following statements hold:

(1) dom Resfj1 C intdomf and ran Resfj1 C intdomf,

(2) ReSQ is single-valued on its domain,

(3) F(Resi) = intdom f N A~10,

(4) ReSQ is Bregman firmly nonezpansive on its domain.

Further, the classical result for monotone operators in Hilbert spaces established by Minty [39] that maximal
monotonicity is equivalent to the totality of the resolvents extends to these resolvents relative to f under suitable
assumptions on f:

Proposition 4.13 ([5]). Let X be reflexive. Let A be monotone and assume that f : X — R is Gateauz
differentiable, strictly convex and cofinite (i.e. domf* = X*). Then A is mazimal monotone if and only if
ran(A+ Vf) = X*.

As we will mostly consider a fixed operator A in the following, we introduce a more compact notation for
resolvents with real parameters in such a case: given v > 0, we simply write Resﬁi for Res]; A

Important for the study of resolvents are their corresponding Yosida approximates defined by

Al (x) (v fl@)-V fRes{;(a:))

1
gl
for a given v > 0.

It follows essentially by the definitions of Res,fy and A,J; (see e.g. [49]) that we have (Resf;x, A[;:E) € A for any
v > 0 and any = € dom Resﬁ.

By the above results, as any Resfy is Bregman firmly nonexpansive, all such resolvents for a maximal mono-
tone A have the same BSNE-modulus (and also the same strong BSNE-modulus if they are bounded on bounded
sets with a common modulus).

The resolvents relative to f also include Bregman projections (see [9]) as these can be considered to be special
resolvents: If C' is a nonempty, closed and convex subset, we may define the indicator function

o) = 0, ifxeC,
AT Y hoo, ifzédC

It is straightforward to see that this function is proper, lower-semicontinuous and convex. Therefore, the
subgradient di¢ is maximally monotone [52, 55]. The Bregman projection Pé is then defined as the resolvent
ResgbC and in particular is Bregman firmly nonexpansive. Thus also here, the above moduli apply.

In general, already for Bregman firmly nonexpansive mappings, it is not immediately clear which (if any) form
of ordinary metric continuity such mappings inherit. However, if one assumes that V f is uniformly continuous
on bounded subsets as well as uniformly strictly monotone, then at least every Bregman firmly nonexpansive
map that is bounded on bounded sets (i.e., by the above lemma, in particular any such map with a fixed point)
is indeed uniformly continuous on bounded subsets.

Lemma 4.14. Let T be Bregman firmly nonexpansive and assume that T is bounded on bounded sets with
a modulus E. Assume that Vf is uniformly continuous on bounded sets with a modulus w¥¥ and that it is
uniformly strictly monotone with a modulus 1, i.e.

Ve,b>0Va,y € X ([lzf], Iyl oA (z—y, Vir—Vfy) <nleb) = llz -yl <e).
Then T is uniformly continuous on bounded sets with

Ve, b >0 Va,y € By(0) (|lz — yl| < w¥/ (n(e, E(b))/2E(b),b) — | Tz — Ty| <e).
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Proof. Let x,y be given with ||z||, ||y|| < b. As T is Bregman firmly nonexpansive, we get by definition that
(Tx —Ty,VfTax —VfTy) <(Tx—Ty,Vfr—Vfy)
<|Tz-Tyl|[[Vfz -V iy
<2E(®b) [[Vfz - Viyl.

In particular, if ||z — y|| < wV¥(g/2E(b),b), we have (Tx — Ty, VfTz — VfTy) < € and so the result follows
immediately using the properties of the modulus 7. O

A crucial feature of strongly nonexpansive maps (in the usual sense) as compared to e.g. firmly nonexpansive
maps is that they are closed under composition. A similar result holds for Bregman strongly nonexpansive maps
as established in [37]. We now derive a quantitative variant that allows one to combine (strong) BSNE-moduli
for the factors into a (strong) BSNE-modulus for the composition. This result is similar to the corresponding
results for ‘ordinary’ (quasi)-strongly nonexpansive maps given in [27] (see Theorem 2.10 and Theorem 4.6
therein).

However, before we move to this result on moduli for compositions, we first consider a quantitative treatment
of the fact that fixed points of compositions of Bregman strongly nonexpansive operators are fixed points of the
factors (see e.g. Proposition 3.4 in [37]). This result, however, crucially relies on the fact that F(T) C F(T) and
so here, we will have to rely on a quantitative treatment of this aspect. The inclusion F(T) C F(T) concretely
expresses the closure property

Ve e X, (z,) € X (||zn — Tzp|| — 0 and z,, — = (weakly) implies z = Tx)

of which the underlying logical methods used in this paper suggest the following uniform quantitative version
to be necessary in the analysis:

Ve,b> 03k > 0Ve,y € X (lz], lyl <bAlly =Tyl ly—zll <k = [lo—Ta| <e).

We call a function (e, b) that provides witness for such a # in terms of £,b a modulus of uniform closedness
for F(T') (and we call F(T) uniformly closed if such a modulus exists) as this kind of modulus is essentially
just a concrete instantiation of the moduli of uniform closedness considered in an abstract context in [31]. In
particular, we want to note that this modulus can from a logical perspective be recognized as a quantitative
form of a weak extensionality principle for T, namely

Ve,yly=TyANez=y—xz=Tx)

which has previously received attention in proof mining, in particular due to the fact that there are meaningful
classes of maps that posses such moduli of uniform closedness but fail to be uniformly continuous (as e.g. maps
satisfying Suzuki’s (E) condition [23, 59], see also the discussions in [28, 31]).

In the presence of such a modulus, we can now turn to the following quantitative result (which is anyhow
analogous to Proposition 4.15 from [27]):

Theorem 4.15. Let £ be a modulus of uniform continuity on bounded subsets for Dy in its second argument.
Let 0 be a modulus of weak triangularity for Dy. Let p be a modulus of consistency for f and let P be a
modulus for reverse consistency for f. Let Ty,...,Tn : X — X be Bregman strongly nonexpansive with a

(not necessarily strong) BSNE-modulus w w.r.t. some common fized point p € ﬂfvzl F(T;). Let k be a common
modulus of uniform closedness of F(T1),...,F(Tn).
Then for all e > 0:

N
[Ty o+ 0Tz — z|| < P(p(e,b,N),b) = M [lz = Tiz| < &
i=1
whenever b > ||z||,||p|]| and b > || T o--- o Tiz| for 1 < k < N where p(e,b,N) := xp(N — 1,¢) and, given b,
Xb : N x (0,00) = (0,00) is defined by

{xbm,s) := min{p(x(<,b), b), p(z. b)},
Xb(n +1, 5) = min{p(f(w(min{@(xz,(n, 5)7 b)7 p(H(E, b)’ b)}7 b)7 b)v b), Xb<n’ 5)’ e(Xb(n’ 5)? b)}

In particular, if E is a common mgdulus for Ty, ..., T being bounded on boundAed sets, then above claim holds
for b > ||z||, ||p|| and P(p(g,b,N),b) with o(e,b,N) := x3(N — 1,¢) and where b := max{b, E(b),..., E™)(b)}.
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We refer to the appendix for a proof of this result.

We now turn to the following result on moduli for compositions of Bregman strongly nonexpansive maps
(which is modeled after Theorem 2.10 and Theorem 4.6 from [27]):

Theorem 4.16. Let £ be a modulus of uniform continuity on bounded subsets for Dy in its second argument.
Let 0 be a modulus of weak triangularity for Dy. Let p be a modulus of consistency for f and let P be a modulus
of reverse consistency. Let Ty, ..., T, : X — X be uniformly Bregman strongly nonexpansive maps with strong
BSNE-moduli wy, . ..,w, and derived moduli v}, ... ,w!, and assume that the T;’s have a common fized point.
Let & be a common modulus of uniform closedness of F(Ty),...,F(Tn).

Then T :=T, o---oTy is uniformly Bregman strongly nonexpansive with modulus

w(e, b) := min {@(5, b)/2, P(p(min{@ (¢,b),&(e, b)}, b, n),g)}
where
B(e,b) i= min {wr (p(P(e,5)/n,5),B); .. on(p(P(,5) /n,B), ) }

& (e,b) = min {u] (@(,0)/2(n = 1),D), ..., (@(z, 1) /2(n — 1), D)},

and where ¢ is defined as in Theorem 4.15, where b= max{b, E(b),..., EM™(b)} forb satisfying b > ||q|| for a
common fixed point q of the T;’s and where E is a common modulus for Ty, ..., T, being bounded on bounded
sets.

If the w; are ordinary BSNE-moduli, then w defined by

w(e,b) i= min {wr (p(P(e, D) /n,B),B),wa(p(P(e,5) /0, 5).B), .., on(p(P(e,5) /n,5), ) }
is @ BSNE-modulus for T =T, o--- 0Ty where b is defined as before.

Again, we refer to the appendix for a proof of this result.

The last type of operation on Bregman strongly nonexpansive operators that we consider here is that of the
block operator introduced in [37, 38]:
Definition 4.17 ([37, 38]). Let T;, ¢ = 1,..., N, be finitely many operators and let w; € [0,1],i=1,..., N,
be finitely many weights with vazl w; = 1. Then the associated block operator is defined as

N
Tz :=Vf* (Z infTix> .

i=1

In particular, as shown in [37, 38], such block operators, if composed of Bregman strongly nonexpansive
maps, are again Bregman strongly nonexpansive. For a quantitative version of the said result, we consider the
following lemmas.

At first, we note that a block operator is bounded on bounded sets if its summands are.

Lemma 4.18. Let Vf, Vf* be bounded on bounded sets with moduli C', F, respectively. Let T;,i=1,...,N,
be finitely many operators which are bounded on bounded sets with a common modulus E and let w; € [0,1],

i=1,..., N, be finitely many weights with sz\; w; = 1.
Then the associated block operator T is bounded on bounded sets with a modulus E'(b) := F(C(E(b))).

Proof. For ||z|| < b, we clearly have

N
< i |[VfTiall < C(E®))

=1

N
ZinfTM
=1

and thus ||Tz|| = HVf* Zfil w;V fTx

| < F(CEW). 0

As shown in [38], one has F(T') C F(T;) for a block operator T and a summand 7;. The following lemma
gives a quantitative version of this, translating bounds for approximate fixed points.
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Theorem 4.19. Let £ be a modulus of uniform continuity of Dy in its second argument. Let T;, i =1,..., N,
be finitely many Bregman strongly nonexpansive operators with a (not necessarily strong) BSNE-modulus w and
let w; € [0,1], i =1,...,N, be finitely many weights with Zf\;l w; = 1. Let T be the associated block operator.
Assume that T and all T;’s are bounded on bounded sets with a common modulus E. Let py be a common fized
point of all T;’s and let b > ||po]|-

Then for any x with ||z|| <b and any k=1,...,N:

wr > w>0A ||z —Tx| <& (ww(p({—:j)\),b),g) = ||z —Trx| <e

where b := max{b, B(b)}.

Also here, we refer to the appendix for a proof of this result.

The following lemma now provides a map that translates strong BSNE-moduli for the summands into strong
BSNE-moduli for the block operator and in that sense is a quantitative version of Proposition 14 in [38].

Theorem 4.20. Let & be a modulus of uniform continuity of Dy in its second argument. Let w¥f be a modulus
of uniform continuity of Vf on bounded sets and C be a modulus witnessing that V f is bounded on bounded
sets. LetT;, i =1,...,N, be finitely many uniformly Bregman strongly nonexpansive operators with a common
strong BSNE-modulus w and derived modulus w' and let w; € [0,1], i =1,..., N, be finitely many weights with
Zf;l w; = 1. Let T be the associated block operator. Assume that T and all T;’s are bounded on bounded sets
with a common modulus E. Let py € F(T) be a common fized point of all T;’s and let b > ||po]|-

Then T is uniformly Bregman strongly nonexpansive with a strong BSNE-modulus & which can be defined by

(e, b) := min{w?w(e',b), € (ww(p(minfw(e’, b),w’ (ww(e',b), b)},b),b),b)}

where b := max{b, E(b)} and &' := p(w¥/ (¢/4b,b),b) and w := min{e/SNbC (b), 1}.
If w is only a (not necessarily strong) BSNE-modulus, then we can chose &(e,b) := ww(e’,b) as a BSNE-
modulus for T.

Lastly, we also defer the proof of this result to the appendix.

5. PICARD ITERATIONS

We now consider the first type of iteration of Bregman strongly nonexpansive mappings: as shown in [36], a
Bregman strongly nonexpansive map 7' : X — X (in the context of some surrounding assumptions) is asymp-
totically regular, i.e. it holds that ||z, — T'z,|| — 0 where z,, := T™z is the Picard iteration of 7. In this section,
we now derive quantitative rates for the above limit. In fact, we will actually first establish a corresponding
quantitative result for a more general iteration involving a family of Bregman strongly nonexpansive operators
of which the above Picard iteration will be a special case.

For this, we now fix the following moduli abstractly:®

(a) Let 0 : (0,00)% = (0,00) be a modulus of weak triangularity for Dy, i.e.
Ve,b>0Vz,y,z € X (||lz||, |lyll, Izl <bADy(z,y),Ds(z,y) <0(e,b) = Dy(x,2) <e).
(b) Let £ : (0,00)? — (0,00) be a modulus for D(z,y) being uniformly continuous in y on bounded sets,
ie.
Ve, b >0V, y1,y2 € X (lz] s ol lly2ll < oA llyr = yall < €(e,0) = [Dy(@,91) — Dy, y2) <€)
(c) Let p: (0,00)2 — (0,00) be a modulus of consistency for f, i.e.
ve,b >0 Va,y € X ([l lyll <bA Dy(z,y) < pleb) = |z -yl <e).

We then obtain the following result on rates of metastability and rates of convergence for iterations of families
of Bregman strongly nonexpansive mappings. In that vein, the result provides a quantitative version of the
respective asymptotic regularity results contained in [37, 38]. Further, the theorem is an adaptation of a similar
result (see Theorem 4.7 in [27]) on strongly quasi-nonexpansive mappings in the ordinary sense.

5Note the previous sections for how such moduli can be derived from respective moduli for the uniform continuity of V f, etc.
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Theorem 5.1. Let (T),)nen be a sequence of functions T, : X — X which are Bregman strongly nonexpansive
w.r.t. some p € (),eny F(Tn) with a common BSNE-modulus w(e,b). Let xg € X, xpy1 = Thx, and b >

Dy (p, o), [, [|2n]]-
ThenS

Ve >0Vg:N— N 3In <y,(e,9) Vk € [nsn+ gn)] (Dy(xg+1,zx) < €)
where
bnw(e,g) =gl =m Do)
and g(n) :=n+g(n)+ 1.
In particular, if o is a modulus of boundedness of D¢, then the above results holds true for ’(/)B,w (e,g) where
b > D¢(p, zo), ||pll and b := max{o(b,b), b}.
Further, if T,, =T for allm € N and T, additionally, is also Bregman nonexpansive, then we even have

~

b
Ve >0 VEk > ’V A-‘ (D¢(zpt1,28) <€).

w(e, b)
Proof. Since T), in particular is Bregman quasi-nonexpansive w.r.t. p, we get that
0 < Dy(p,an) < Dy(p;xo) <b.
Hence by Corollary 2.28 and Remark 2.29 from [26], we get that the function ¢(e, g) := §( (21)(0) satisfies
Ve >0Vg:N—=N3In<oeg) Vi,j € nmn+gn)+1](|Ds(p,x;) — Ds(p,xj)| <e€).
Take € and g to be given and let, using the above, n < ¢(w(e, b), g) be such that
|Dy(p, k) — Ds(p, Txxs)| < w(e,b)

for all k& € [n;n + g(n)]. Using the fact that T} is Bregman strongly nonexpansive with modulus w, we get for
any such k that Dy(Tyzk, xx) < € which proves the first claim. For g(n) = 0 for all n, we thus in particular

have

Ve >03n < §((ﬁ])(0) = L’(:b)-‘ (D¢(Tpt1,2n) <€).

If now T} = T for all k and T is additionally Bregman nonexpansive, then
Dy¢(zpy1, k) = Df(Tk“w,Tkx) < DT 2, T"z) = Dy (zpi1,70)
for all kK > n and so the second claim follows. O
From this, we get the following corollary to derive convergence of the norm distance:
Corollary 5.2. In addition to the assumptions in Theorem 5.1, let p be a modulus of consistency for f. Then

Ve >0Vg:N—=N3In<iy,(ple d),g) Vk € [nyn+ g(n)] (|lzg — zp41]| <€) .

If again T}, = T for all k and T is additionally Bregman nonexpansive or nonexpansive (w.r.t. ||-||), then
b
Ve >0Vk > | ——~ — <e€).
>0 ey | o -l <

The main application of this Picard process now follows if the iterated map is a composition. Together
with Theorem 4.16, we can then obtain the following result giving that the Picard iteration x,,4+1 = Tz, of a
composition T' = Tj0- - -oT} is asymptotically regular w.r.t. each T; (which in particular provides a quantitative
perspective on the method of cyclic Bregman projections [47]):

Theorem 5.3. Let £ be a modulus of uniform continuity on bounded subsets for Dy in its second argument.
Let 0 be a modulus of weak triangularity for Dy. Let p be a modulus of consistency for f and let P be a
modulus for reverse consistency for f. Let o be a modulus of boundedness of Dy. Let Vf and f be bounded
on bounded sets with moduli C', D. Let Ty,..., Ty : X — X be Bregman strongly nonexpansive w.r.t. some
p € F(Ty) N ---N F(Ty) with a (not necessarily strong) BSNE-modulus w. Let k be a common modulus of
uniform closedness of F(T1),...,F(Txn). Define T := T o---0Ty as well as x,, := T"xg for some xg € X.
Let b > Dy¢(p, xo), |lp|| and define b := max{o(b,b),b} as well as b := max{b, E®),...,E®)(b)} for E(b) :=
0(2D(b) + 2bC(b), b).
Then
Ve>0Vg:N—=N3In<P(e,g) Vie[nn+g(n) Vie ikl (|Tjz, — x| <e)

6Here7 and in the following, we write [n;m] = [n, m] N N.
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where @ is defined by

Sal

D(e,g) = g( (WD (0)
where p(e,b,k) := xp(k — 1,¢) with x defined by

x5(0,€) := min{p(k(e,b),b), p(e,b)},
Xb(n +1, 6) = min{p(f(w(min{a(xb(nv 5)’ b)7 p([ﬁ(é" b)? b)}7 b)’ b)? b)v Xb(na 5)7 G(Xb(nv 5)7 b)}

and where

~ o~ o~

B(,b) i= w(p(P(e,5)/k,5), D).
Proof. The theorem is a straightforward combination of Corollary 5.2, Theorem 4.16, Theorem 4.15 and Lemma
4.6. O

Corollary 5.4. Let Q;, j = 1,...,k, be nonempty, closed and convex sets with Bregman projections Pg;j and
assume in addition to the assumptions in Theorem 5.3 that V f is uniformly continuous on bounded sets with
a modulus wV/ and that it is uniformly strictly monotone with a modulus 7, i.e.

Ve,b>0Ve,y € X (o], lyl <bA{x =y, Viz =V fy) <nleb) = [lz -yl <e).

<o)

Then for T := PS’;k 0-+-0 Pg;l and xz,, := T"xq for some zg € X, we have
Ve>0Vg:N—=N3In<d(e,g) Vie[n;n+gn) Vje[l; k] (HPszjmi —x;
with ® defined by

BA

O(e,g) := g([mw,b,km]) (0)
with ¢ and x defined as in Theorem 5.3, now using
k(e,b) := min{e/3,wV’ (n(c/3, E(b))/2E(b),b)}.

Proof. The corollary immediately follows from the above Theorem 5.3 where, for the particular case of Bregman
projections, one additionally invokes Lemma 4.14 as well as Lemma 4.9 (by which we can use w(e,b) = ¢ as the
common BSNE-modulus). O

The following proposition now provides an analogous result in the case that x,; is not exactly given by
T, x,, but actually is allowed to differ from that point up to some summable error (compare this now to Theorem
4.9 from [27]). For that, we use the following result from [27]:

Lemma 5.5 (Lemma 4.8, [27]). Let (an), (0,) be sequences of nonnegative reals with
a1 < @y + On,
where Y 0, < oo. Let A, D € N with A > ag and D > > 6,,. Define

W-‘ and g(n) :=n+ g(n).

Papl(e,g) = g(K)(O), where K := { .

Then ¢a,p is a rate of metastability for (ay,).

Proposition 5.6. Let (T,)nen be a sequence of functions T,, : X — X which are Bregman strongly non-
expansive w.r.t. some p € [,y F(Tn) with a common BSNE-modulus w(e,b). Let § be a modulus of uni-
form continuity of D¢(p,u) in the argument u. Let (x,) C X be such that ||xni1 — Tyl < £(0n,b) where
b>pll, lzkll, | Tkzkll s Dy (p, xo) for all k and where (§,) C [0,00) with >0, < D. Let o be a rate of conver-
gence for §, — 0, i.e.
Ve >0Vn > a(e) (0, <e).
Then _
Ve >0Vg:N— N 3In <y, g) Vk € nyn+ gn)] (Df(Thek, xk) <€)
with _
Ubw(€,9) = @b, p(W(E,0)/2, Ja(w(ep)/2) + 1)) + a(w(e,b)/2)
where g;(n) == g(n+1) +1 and

(b+5D)

obp(e,g) = g (0) with K := [4 -‘ and g(n) :=n+ g(n).

9

In particular, if o is a modulus of boundedness of Dy, then the above results holds true for %w(a,g) where
b > D¢(p, zo), ||pll and b := max{o(b + D, b), b}.
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Proof. Using the definition of &, we get for all n € N:
0 < Dy(p, xnt1) < Dy(p, Tpxn) + 05 < Dy(p,20) + .
Hence by Lemma 5.5 applied to a,, := Dy (p,z,) (note that b > ag), we get that
Ve>0Vg:N—N3n<oyple,g+1) Vi, j€nin+gn)+1](|Ds(p,xi) — Dp(p,z;)| <e)
and so, given € and g, the above in particular yields the existence of an n < @y p(€, ga(e) + 1) such that
VEk € [nin+g(n+ a(e)) + a(e)] (|Df(p, xr) — Dy (p, ze41)| <€)
By considering n + a(¢) instead of n, this yields the existence of an n < ¥y p(€, ga(e) + 1) + a(e) such that
|Df(p; ) = Dy(p, Traw)| < 2¢
for all k € [n;n + g(n)] since for k > n > a(e), we have
[Dg(p, k) — Dy(p, Tiww)| < [Dy(p,xr) — Dy (p, wha1)| + Dy (p, wrg1) — Dy (p, Thwn)| < €+ 6k < 2e.

From that, the above bound is immediate. (Il

6. A RATE OF METASTABILITY FOR A HALPERN-TYPE ITERATION OF A FAMILY OF MAPS

To obtain a strong convergence result, in [58], the authors defined a suitable Halpern-type iteration of a given
Bregman strongly nonexpansive mapping. Concretely, the following result was established:

Theorem 6.1 ([58]). Let X be a real reflerive Banach space and f : X — R be a supercoercive Legendre
function which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets. Let T be a
Bregman strongly nonexpansive mapping such that F(T) = ﬁ(T) # (. Given au € X, define a sequence T, by
zrg:=x € X and

Tnt1 = V[ (anViu+ (1 —an)Vf(Tzy,))

where (o) C (0,1) satisfies limay, =0 and > o, = 00. Then (zy,) converges strongly to PI{:(T)(U),

The aim of this section is to provide a quantitative analysis of this result as well as its extension to a family
of mappings (7},) as considered in [58], i.e. given u and z(, we will consider the sequence

(%) Tnt1 = VI (@, Vfu+ (1 —a,)VI(Thz)).

The proof of convergence for Theorem 6.1 as well as its extension to families of maps relies on a Lemma by Xu
[63] as well as a subsequence construction due to Maingé [35], both of which have been treated quantitatively
before in [34] as well as [30], respectively’, and we present the quantitative versions of these crucial lemmas
below.

Lemma 6.2 ([30], essentially [34]). Let b > 0 and (a,) C [0,b] with

Oni1 < (1 - O‘n)an + anfBn + Tn

for all n where (o) C (0,1] with Y 0"y an = 00 (i.e. [[0,,(1—ay) =0 for allm € N) and (3,) C R as well
as (yn) C [0,00). Let S : (0,00) x N — N be nondecreasing in m such that
S(e,m)
VmeN,e >0 H (I—ag)<e
k=m
Fore >0 and g : N — N, define
G(n) := g™ (n+ S(e/4b,n) + 1) + S(c/4b,n).

Suppose that N satisfies
Im < N Vie[m;m+g(m)] (8 <e/d).

Then for
®(e,S,N,b) := N+ S(e/4b,N) + 1,
we get that
®(e,8,N,b)+g™ (®(e,5,N,b))
Z vi <e/2—=In < P(e,S,N,b) Vi € [n;n+g(n)] (a; <e).
i=0

"The quantitative version of Xu’s lemma presented in [34] works with slightly stronger assumptions than that presented in [30].
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Lemma 6.3 ([30]). Let b >0 and (ay) C [0,b].
(1) Let 7 : N — N be such that

(+) Vn,k e N(k <nAap < ags1 — k< 7(n)).
For KeN, g:N—=N,e>0 and g(n) :=n+ g(n), define
(e, g,K,b) := g "D(K).
Then
T(¥(e,g,K,b)) < K = 3n < V(e ,g,K,b) (n > K AVi,j € [nyn+g(n)(Ja; —a;| <e)).
(2) Let ng € N be such that In < ng (a, < ans1). Define
7(n) := max{k < max{ng,n} | ar < agxs1}-

Then 7 is well-defined and satisfies (+). Moreover,
(a) Vn €N (a“r(n) < aT(n)+1)7
(b) Vn e N(r(n) < 7(n+1)),
(¢) ¥n > ng (an < armyr)-
Before we move to quantitative results on the iteration considered above, we are first concerned with providing
a quantitative account for Bregman projections onto fixed point sets of Bregman strongly nonexpansive maps.

For this, the following lemma initially provides a quantitative version of the convexity of F(T') as (essentially)
shown in [50].

Lemma 6.4. Let p be a modulus of consistency for f. Let T be uniformly Bregman strongly nonexpansive with
strong BSNE-modulus w and derived modulus w'. Let T be bounded on bounded sets with a modulus E. Let
g,b> 0 be given and let x,y be such that ||z|, |lyll < b and let z := tx + (1 — t)y for some t € [0,1].

If

1Tz — ||, | Ty — yll <w'(p(e, max{b, E(b)}),b),
then we have
Tz — z|| <e.
Proof. Note that ||z]| <tz + (1 —¢)|ly|]| < b. As in [50], we get
Dy(2,Tz) = f(2) +tDy(x,Tz) + (1 =)Dy (y, Tz) — tf(x) — (1 = ) f(y).
Using w’, we get
D¢(x,Tz) — Dy(z,2),D¢(y,Tz) — Dy (y, z) < p(e, max{b, E(b)})
and thus, using the above and the definition of Dy, we get
Dy(,T2) < £(2) +tDy(, 2) + (1 — ) Dy (3, 2) — t£(x) — (1 — ) f () + ple, maxc{b, B(b)})
= p(e, max{b, E(b)}).

As ||Tz|| < E(b), we get ||z —Tz|| < e. O

Now, the following lemma provides a quantitative result on the existence of approximative projections onto
fixed point sets of Bregman strongly nonexpansive maps. While the first part is concerned with the definition
of said projections in terms of an infimum over Bregman distances, the second part is concerned with the
characterization of Bregman projections in terms of a generalized type of variational inequality provided in
[16] by which for a nonempty, closed and convex subset C' and for a Gateaux differentiable and totally convex
function f : X — R, it holds that z = Pé (z) if, and only if z € C

(y—2,Vfr—Vfz) <0forallyecC.

Note for both results that for a Bregman quasi-nonexpansive map T, the set of fixed points F(T) is closed and

convex (see e.g. [50]®) and so PJJ;(T) is defined for such a map whenever F(T) # (.

Lemma 6.5. Let p be a modulus of consistency for f. Let T be uniformly Bregman strongly nonexpansive with
strong BSNE-modulus w and derived modulus w'. Let T be bounded on bounded sets with a modulus E. Let
po € X be a fized point of T with D;(po,u), ||poll < 0.

8Note here, as well as already in the context of Lemma 6.4, that the results from [50], while phrased for Bregman firmly
nonexpansive maps, clearly already hold for Bregman quasi-nonexpansive maps.
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(1) For any e >0 and v : (0,00) — (0,00), let
p(e,v) = min{ (1) [ r < [(b+1)/2]}.
Then there exists a p € X and a 6 > p(e,¢) with ||p|| < b and | Tp — p|| < ¥(J) and
Vge X (gl oA [Tq—qll <6 = Ds(p,u) < Dy(g,u) +¢).

(2) Let further A be a modulus witnessing that Dy (-,u) is uniformly Fréchet differentiable on bounded
subsets with derivative v — V fx — ¥V fu, i.e. for any b,e > 0 and any v € By(0), y € X:
|Df(x+y,u) — Dy(x,u) — (y, Vfr — Vfu)
1yl

0 < |yl < A(e, b) — <e

For any € > 0 and ¢ : (0,00) — (0,00), let

¢'(e,) == min{w' (p('" (1), max{b, E(®)}),0) | r < [(b+1)/']}
with & := £ min {W7 1/2} and with

2
' (8) := min{y(w’(p(5, max{b, E(b)}),b)),w (p(§, max{b, E(b)}),b)}.
Then there exists a p € X with ||p|| < b and a §' > ¢'(,4) such that ||Tp — p|| < ¥(d)
Vge X (gl <bAITq—qll < 8" = {qg—p,Vf(u) = Vf(p) <e).
We defer the proof to the appendix.

Remark 6.6. Such a modulus A witnessing that D (-, ) is uniformly Fréchet differentiable on bounded subsets
with derivative = — V fx — V fu can be computed from wVf: we have that

I[Ds ()] (z) = [Ds (W) W)l = [Vfz — V fyl]
so that wV/ is a modulus for [Dy(-,u)]’ being uniformly continuous on bounded subsets. Therefore, we can

apply Lemma 3.2, (1) to derive that A(e,b) = min{wV7¥(e,b+ 1),1} is a suitable such modulus.

For the rest of this section, we are now concerned with quantitative results on the extension of the iteration
from Theorem 6.1 to families of mappings discussed before. For the following quantitative results, we again fix
some moduli abstractly:

(a) Let (T),) be a family of uniformly Bregman strongly nonexpansive maps with a common strong BSNE-
modulus w and a common derived modulus ', i.e.

Ve, b>0Vz,p e X (|pll, |zl <OA | Tnp —pll < w(e,b) ADy(p,x) — Ds(p, Trhz) < w(e,b) = Df(Thz,x) <€)
as well as
Ve,b>0Vz,pe X (||pll,lz]| <bA|Twp —p|| <w'(e,b) = Ds(p, Tpx) — Ds(p,x) <€)
for any n € N.
(b) Let () C (0, 1] converge to zero with a rate o : (0,00) = N, i.e.
Yn > o(e) (a, < €).

(¢) Let f be sequentially consistent with a modulus of consistency p.
(d) Let b € N* be given and let x,, be defined by (x) such that

b2 lwnll, (| Toznll, IV F(Tazn) | IV f @)l [[ull, IV £ @I ol IV F o)l Dy (pos @), Dy (po, Tnwn), Dy (po, w)

for all n € N where pg is some given element of F'(T).
(e) Let wV/" : (0,00) — (0,00) be a modulus of uniform continuity for Vf* on b-bounded sets.
(f) Let w’ : (0,00) — (0,00) be a modulus of uniform continuity for f on b-bounded sets.
(g) Let S:(0,00) x N — N be nondecreasing in m such that

S(e,m)
Ym e N,e >0 H (1—ap)<e

k=m

(h) For each n, let @, be such that 0 < @, < «, and define &, = min{@; | i < n}.



EFFECTIVE RATES FOR ITERATIONS INVOLVING BREGMAN STRONGLY NONEXPANSIVE OPERATORS 21

Lemma 6.7. Let € > 0 and let p € X be given and let x,, be defined by (x). Define
. e € 1 g . € €
N:=o (mm {Sb’ Tep2’ Z—bw f (mln {%,wf <4) }) })
where € = w(p(e, b), b).

For anyn > N and p € X with
Ipll, Dy (p, @), Dy (p, Tnwn), Dy (psu) < b
for the above b and where ||T,p — p|| < min{e,w’(£/8,b)} as well as
Df(pv xn) < Df(p, $n+1) or |Df(p7 anrl) - Df(pv mn)| < 5/4,
it holds that
|zn — Thxy| < e.
Proof. At first, given an n > N with Df(p,z,) < Df(p, Zn41), we have
0< Df(paanrl) - Df(pvxn)
< Oéan(p’ u) + (1 - Oén)Df(p, Tnxn) - Df(p, xn)
= Qp (Df(p, u) - Df(pa Tnxn)) + Df(p7 Tnxn) - Df(pa xn)

€
< ay (Df(pa u) - Df(pa Tnxn)) + g

g
< ban + -
_Oé+8

E € €
e TsTi

where the fourth line follows using (a) and the last line follows using (b) and n > N. Therefore, the first disjunct
of the premise implies the second disjunct. So assume n > N and |D¢(p, zn4+1) — D¢(p, zn)| < €/4. Now, we
have

IVf(@nt1) = VI(Tpzn) || = an [[Vf(u) = VF(Thz,)|
< o 2b (using (d))

confEa (i f 2o (O] oyt nz

and so by (e) and (d), we obtain
Jenin = Tutall = 957V ) = V5 (0 G < min{ .07 ()}

By (f), we get

w1 o

|f(@nt1) = f(Tay)| <
and hence we obtain (reasoning similarly to [58])
(D (p, Tazn) = Dy(p,zn)| = |f(p) = f(Tntn) — (p = Tnan, VI (Thzn)) — Dy(p, 2n)
=[f(p) = f(@nt1) + f(@ns1) = [(Tnzn) — (P — Tnt1, VI (@nt1))
+ (0 = Zns1, VI (@nt1)) — (P = Totn, VI (Tnuzn)) — Dy(p, )|
= |Df(p7 zn-&-l) + f(xn—&-l) - f(Tnxn) + <p — Tn+1, Vf(xn+1)>
= (p = Toon, Vf(Tnan)) — Dy(p, xn)|
= |Df(p7 Tpt1) — Df(p, Tn) + f(anrl) - f(Tnxn>
+ (P = Zpt1, V(@ns1) = VI (Tazn)) — (@nt1 — Toan, V f(Toan))]
< Dg(p, znt1) — Dp(p, n)| + [ f(2n41) — f(Tnzn)|
+HIVf(@ns1) = VI Lazn)| P — znsa | + IV (Tozn) | |2n1 — Trzn |l

g & £ g ~

Hence by (a) and (d), we obtain D¢(T,2p,z,) < p(e,b) and so, by (c) and (d), we get ||z, — Thzn| <e. O
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Lemma 6.8. Fore >0 and g : N — N, assume that we have a value ¢ and a p € X such that additionally

for the above b and

. (¢ , p(e,b) , (PED) XD, (c,0) 49 (3, (c.9)))
T.p—p <m1n{<p,w’ <,b>,w ( ,b>7w ( L d ,b
172 =l s 1@, 0) 9" (@ (= g) 1) 2

as well as
Vy e X (lyll oA Twy —yll < = (v —p, VI(u) = Vf(p) < ple,b)/8)
for any n < ®,(e,g9) + g’M(@Sa(e,g)) where we define

o o (DI 2 L o ()]))

with @ := w(p(y’,b),b) and ¢’ := min{p, p(e,b)/16b} as well as
‘I)¢(E,g) = Ki + S(p(E, b)/Sb, Kl) +1

with

.: 5,([4(b+1)/«"ﬂ)

X — (FE+D/2D
0 - -

(N), K : (Ko),
and g'(n) := ¢'(n) + n where ¢'(n) := §(n) + 2 for
Gn) i= g™ (n+ S(p(e,b)/8b,m) + 1) + S(p(c, b)/8b, n).
Then it holds that
In < Qu(e,9) Vi € [nin+gm)] (lp — zill <e).

Proof (compare also [30, 57]). We write a; := Dy(p, ;). To establish the claim, we divide between two cases:

Case 1: Vi < Kq (641 < a;).
Suppose first that

Vi < |_4(b+ 1)/(,5/1 ((lg~,(z‘+1)(N) < ag/(i)(N) — @/4) .
Then we would get
> aé‘/(l)(N) +p/4> > ag~,r4(b+1>/¢1(N) +[4(b+1)/0|p/4 > Db
which is a contradiction. Thus, we have
io < [4(b+ 1)/ (awom vy > Gatio) ()~ 5/4) .

and in particular for n = 5’ (i)

a~ (o
7 ()

R ~ (io+1
(N) < Ky < Kj, we have (since also n + g(n) + 2 :g’( oty

Vi, j € [nin+g(n) + 2] (la; — aj] < an — anygomy+2 < 2/4) .

Case 2: di < K (ai+1 > ai).
Then, we define 7 as in Lemma 6.3.(2), i.e.

(N) < Kop):

7(n) := max{k < max{Ko,n} | ar < ary1}.
In particular, we have

(1) Y1 (ar(n) < army11,7(n) < 7(n+ 1)),
(2) Vn > K (an < aT(n)_H).

Case 2.1: Vm € [Ky; K1 + ¢'(K1)] (1(m) > Ko).
Using the properties of 7, we in particular have
Df(pv x‘r(m)) = Qr(m) < Ar(m)+1 = Df(pv xT(m)+1)
for all m. For m € [K7; K1 + ¢'(K1)] we have 7(m) > Ko > N and thus we get
||.13.,-(m) - T.,.(m)x.,-(m) || < (p/ = min{(p, ,0(6, b)/le}

using Lemma 6.7. Thus, using the assumption on ¢, we get (as 7(m) < m < Ky + ¢'(K1) < ®,(e,9) +

9" (@y(e,9))):
(Trm) — P, V(u) =V f(p)) < ple,b)/8 < p(e, b) /4.
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As in the proof Lemma 6.7, we get

[V (@r(mys1) = VI (Trm)Tr(m) || < @r(m)2b-

As 7(m) > Ko > N, we in particular have ||3;T(m)+1 —TT(m)mT(m)H < p(e,b)/16b. Further, from above we
also have HxT(m) — TT(m)l‘T(m)H < p(g,b)/16b such that this combined yields er(m)ﬂ — xT(m)H < p(g,b)/8b.
Therefore:

<‘77‘r(m)+1 - D, Vf(u) - Vf(p)) = <x7(m)+l - x‘r(m)v Vf(u) - Vf(p)> + <‘r‘r(m) - D, Vf(u) - Vf(p))

< Hx'r(m)Jrl — Lr(m) H 26+ p(57 b)/4
< p(e,b)/2.

As in [58] (p. 495), we can derive

Dy(p,ziv1) < (1 — i) Dy(p, Tizi) + ai(xizs — p, Vf(u) = Vf(p))
for any i. Therefore, we can derive
Dy(p, T7(m)+1)
< (1 - Oé-,—(m))Df(p, T‘r(m)x'r(m)) + Qr(m) <x’r(m)+1 - D Vf(u) - vf(p»

P(E: D)o, (c,0) 19" (s (c,9)))
2
P(E: D)o, (c,0) 19" (s (c,9)))
2

IN

(1 - aT(m))Df(p7 xT(m)) + aT(m) <x‘r(m)+1 - D, Vf(u) - Vf(p)> +

< (1= ar(m)) D (D, Tr(my+1) + Qr(m) (@r(my+1 — 0, V.f (1) = V f(p)) +
for all m € [K1; K1 4 ¢'(K1)] (since 7(m) < m < K7 + ¢'(K7)). From this, we get

p(e,b)a e ,9)+g'M (B, (e,
Dy (P, @r(my+1) < (@rmy1 =0, V() = V(p)) + (@00 to (@ (9))

20t (m)
for all such m. Again as 7(m) < m < K; + ¢'(K3), we get
A, (2,9)+9™ (B, (c,9))) S Tr(m) < Or(m)
for all such m and thus we have
ple,b
Dy(p, 27(m)+1) < (Trimy+1 — p: Vf(u) = Vf(p)) + (2 ) p(e,b).

Lastly, we thus have

Df(pa xm) < Df(p7 x‘r(M)+1) < p(g, b)
for all such m by using the properties of 7, which implies ||p — 2,,|| < € for all such m by (c). So in this case,
we have now already established the theorem.

Case 2.2: Im € [K1; K1 + ¢/ (K1)] (1(m) < Kop).
As m > K1, we have
~([8(b+1)/F
- (g,(T (b+ )/sﬂ)(KO)) — 7(Ky) < m(m) < Ko
and thus using Lemma 6.3.(1), we get

([8(b+1)/21)

In<yg (Ko) (n > Ko > N AVi,j € [nin+g(n) +2] (|lai — a;| < 3/8 < $/4)).

We now establish the theorem in this case as well as in the context of Case 1 as follows: In both cases, we have
In e [N; Kq] Vi,j € nyn+g(n)+2] (Ja; —aj| < @/4).
Therefore, we in particular have for such an n that
Vi € [n;n+g(n) + 1] (I1Dg(p, wiv1) — Dy(p, x:)| < 9/4)
in both cases. Using Lemma 6.7, we get
Vi € [nsn+g(n) +1] (lo; — Tizi|| < ¢’ < o).
Using the assumption on ¢, we in particular get

Vi € [nin+g(n) +1] ((zi —p, VF(u) = V(p)) <ple,b)/8)
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and thus
(%) Vi € [n;n 4 g(n)] ((zip1 —p, V(u) = V(D)) < p(e,0)/8).

As before (see again p. 495 in [58]), we can derive

Dy(p,xiv1) < (1 —a;)Dy(p, Tiwi) + ai(wivr —p, Vf(u) = Vf(p))

for any ¢ which implies

Di(p,wir1) < (1= i) Dy(p, i) + ailzipr = p, VI (u) = VF(p)) + max{0, Dy (p, Tiwi) — Dy (p, i)}

for all 4. As (x) holds for n < K7 and since we have

@y (e,9)+9™ (2o (e,9)) @y (e,9)+9™ (2o (2,9)) o, b)
max OaD paTi%‘ -D D, T; S ’
2 10, Ds(p, Tiza) = Dy p, zi)} D ROV ETL XCT)ESY

= p(e,b)/4
by the assumptions on p and w’, Lemma 6.2 with 3,, = (z,,41—p, Vf(uv)=V f(p)) and ~,, = max{0, D¢ (p, Tz, )—
Dy¢(p,z,)} can be used to get

In < Ky + S(p(e, b)/8b, K1) + 1 =®,(e,9)Vi € [n;n + g(n)] <Df(p, ) =a; < ’0(62’ ) < p(s,b))

which implies |[p — z;|| < ¢ for all such i by (c). O

Together with Lemma 6.5, we thus obtain the following combined result for sequences of Bregman strongly
nonexpansive maps. One crucial property that features therein is a uniformized version of the NST condition
as e.g. considered in [1] for sequences of strongly nonexpansive maps in the ordinary sense: given a sequence
(T},) of strongly nonexpansive maps and an additional such map T, these are said to satisfy the NST condition
if any fixed point of T is a common fixed point for all T,, and if |z, — T, || — 0 implies ||z, — Tz, | — 0 for
any bounded sequence (z,).

Concretely, the following uniform quantitative variant of this condition will feature crucially in the following
combined result: we assume a modulus p : (0,00)% x N — (0, 00) such that

(h Ve,b>0VK e NVpe X (Ipll <bA|lp—Tp|l < p(e,b,K) = Vn < K (|lp— Tnpl <¢))
as well as a modulus v : (0,00)? — (0, 00) such that
(t)2 Ve,b>0Vn e NVp e X ([lpl| b A |lp—Tupll <v(e,b) = |lp—Tpll <e).

If such moduli exist, we say that (7,) and T satisfy the uniform NST condition.
As we will discuss later, such moduli can in particular be explicitly computed for the resolvents relative to
f, thereby allowing applications to a Halpern-type proximal point algorithm.

Theorem 6.9. Let (o) C (0, 1] converge to zero with a rate o and, for any n, let @, be such that 0 < @, < ay,
and define a,, := min{e; | i < n}. Let f be sequentially consistent with a modulus of consistency p. Let
S :(0,00) x N — N be nondecreasing in the right argument such that

S(e,m)
vm e N,e >0 H(lfak)ge

k=m
Let (T,,) be a sequence of uniformly Bregman strongly nonexpansive maps and T be another uniformly Bregman
strongly monezpansive map with a common strong BSNE-modulus w and a common derived modulus w'. Let
each T, and T be bounded on bounded sets with a common modulus E and let pg € X be a common fized point
of all T, and T'. Let o be a modulus of boundedness for Dy. Let Vf and f be bounded on bounded sets with
moduli C, D, respectively. Let b € N* with
b= [Ipoll, Dy (po,w), [lull, Dy (po, o)
and define
b = max{b, C(b), o(b,b), E(olb,
D(b) + D(E(o(b, b)) +
D(b) + D(o(b,b)) + (

b)), C(E(o(b,))), C(o(b,)),
(b+ E(o(b,0)))C(E(o(b, ),

+ (b+ o(b,b))C(0(b,b)),2D(b) 4+ 2bC'(b) }.
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Let wVI™, wl be moduli of uniform continuity of Vf*, f, respectively. Let further A be a modulus witnessing
that D¢ (-, u) is uniformly Fréchet differentiable on bounded subsets with derivative v — V fa—V fu as in Lemma
6.5. Assume that we have a modulus 1 : (0,00)% x N — (0,00) such that

Ve,b>0,K € Nype X ([[p| <bA|lp—Tpll < ple, b, K) = Vn < K (lp— Tup| <€)
as well as a modulus v : (0,00)% — (0,00) such that
Ve,b>0,neN,pe X (|lpl| S0 [lp — Topl| <v(e,b) = |lp—Tp| <e).
For anye >0 and g : N — N as well as p > 0, we define

N O A p(e,b) N\ (pED)E @, g (0
wso = mn ‘val (7b)7w 7b y W = - 7b )
(#) 3 1@,0) T 9" (@) + 1) 2

U(p) = (e, 5),b,®, 5 (6.9) +9™" (2,0, (2 9)),
¥ () := min{i (o' (p(ip, max{b, E(b)}), b)), (p(ip, max{b, E(b)}),b)},

with

Vf* ™ e ~ ~ B} ~
N :=max< o d (p(g’f)/16b7 ) ,O (min {@A, i,\, iwvf (min {(a,wf (
2b 8b 1602 2b 4b

~

=~
)
N———
—
pe
N———
—
N———
'r—\
—

where @ = w(p(¢',b),b) and ¢ := min{p, p(e, b)/16b} as well as
(e, ) = K1+ S(p(e, b)/8h, ) + 1
with

§/< [4(5+1)/3)) 5,( [8(6+1)/&])

Ko := (N), Ky = (Ko),
and g'(n) = g'(n) +n where g'(n) := g(n) + 2 for
G(n) == gM (n + S(p(e,b)/8b,n) + 1) + S(p(e, ) /8b, ).
Then it holds that
Ve >0Vg:N—NIn<de,g) Vi, j € [n;n+gn) (| — ;]| <e)

where

~

(e, ) == max {cpy(w,(p( O e BB 55 (E/2:9) | T < [(b 1) /5'] }
with

g = 16 =

fo PE2Y) o [ AGE/20)/32) )
4b ’ '

Proof. Let € and ¢ be given. Using (the proof of) Lemma 6.5, (2), we get that for the above 12, there exists
ape X with ||p|| <b< band an r < [(ng 1)/5’—‘ such that for § = w’(p(w’(r)(l),max{g,E(i)\)}),g) we have
ITp —pl| < (5)
vge X (lal <BAITq— gl <8 (a—p, V() - V) < p(e/2,5)/8).
Then, as
~ Ny T M
ITp = ol < D) = p( (6, 5),5,8, 55, (2/2.9) + 9™ (@, 57, /2, )),
we get
[Tnp — pll < (v(4,0))
foralln <@ 53 (€/2,9) +g’M(<I>V(6)g) (€/2,9)). Further, if ||¢ — Tnq|| < v(d,b), we have | Tq — q|| < ¢ and thus
also
vae X (llall BT —all < v(6,8) = (g = p, VI () = V() < ple/2.0)/8)
for any n. Lemma 6.8 then yields that
I < B, 55(c/2,9) Vi € [mim+ g(m)] (Ip - will < ¢/2)

as b bounds all the objects involved. After using the triangle inequality, we get the desired claim. (I
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In particular, since having a rate of metastability is equivalent to being convergent, the above quantitative
result implies the following (non-quantitative) convergence result. For that, we say that (7;,) and T are com-
monly uniformly Bregman strongly nonexpansive if all T;, and T" are uniformly Bregman strongly nonexpansive
with a common strong BSNE-modulus and we say that they are commonly bounded on bounded sets if there
exists a common modulus witnessing that all 7,, and T are bounded on bounded sets.

Theorem 6.10. Let X be a real reflexive Banach space and f : X — R be a supercoercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets. Let (T,) be a sequence
of selfmaps and T be a selfmap such that they are commonly uniformly Bregman strongly nonexpansive and
commonly bounded on bounded sets. Assume that (T,,) and T satisfy the uniform NST condition and that they
posses a common fized point. Given a u € X, define a sequence x,, by xo =z € X and

Tn41 = Vf* (aanU + (]- - an)vanxn)

where (o) C (0, 1] satisfies limay, =0 and > ay, = 0o. Then (z,) is Cauchy.

Further, if we have F(T) C F(T) where F(T) is the set of all strong asymptotic fized points (i.e. of all p
such that there is a sequence (p,) with p, — p and ||pn — Tpp| — 0 for n — o0), then (x,) converges strongly
to PI);(T)(U).

Proof. First, note that under the assumptions presented above, all moduli featured in Theorem 6.9 exist and
we shortly discuss this for the assumptions not explicitly covered already: A modulus of consistency p exists
for f as f is totally convex on bounded sets using Lemmas 3.7 and 3.8. As f is uniformly Fréchet differentiable
and bounded on bounded sets, Vf is uniformly continuous on bounded sets by Proposition 2.2 and thus a
corresponding modulus wV7 exists which allows us to construct a corresponding modulus wf for the uniform
continuity of f as well as moduli for Vf, f being bounded on bounded sets using Lemma 3.2. Also, as discussed
in Remark 6.6, wV{ can be used to construct the modulus A featured in Theorem 6.9. Now, as discussed in
Remark 3.13, f being totally convex on bounded sets implies f* being uniformly Fréchet differentiable and
thus V f* being uniformly continuous as f is supercoercive (again using Proposition 2.2). Thus a corresponding
modulus wV7" exists. Lastly, a modulus of boundedness for D ¢ exists as well and can be constructed as discussed
in Remark 3.14.
So Theorem 6.9 applies and we therefore get

Ve >0Vg:N—=N3IneNV,je[nn+gn) (e, — ;]| <e).

Thus (z,) is Cauchy as if not, there exists an € > 0 such that for any n, there exists an m such that
|€n — Zntml|| > €. Pick g(n) = m for such an m. Then this ¢ and g refute the above property. Now, as
(z,) is Cauchy, it converges to a limit x.

To see that this limit is indeed the projection PIf:(T
bounded sets for the function p — (y — p, V fu — V fp) uniform in |ju|, [|y|| < b. Now, let € > 0 be given and
let K be so large that

)(u), let Q(e,b) be a modulus of uniform continuity on

Vm > K <||ggm — | < %Q (35)> .

Now, for ¢’ := 1/29(5/273), we can use Lemma 6.5 to choose a p € X and a ¢ with ||p|| < b and lp—Tp| < 12(6)
as well as
Vg € X (llall B llg = Tall <3 = (g —p.Viu—Vfp) < p(e'.)/8).

Then, using this p and reasoning as in the proof of Theorem 6.9, we can apply Lemma 6.8 to g(n) := K and
¢’ which yields an n > K such that ||p —z,| < & = 1/2Q(¢/2,b). That n > K holds in particular yields

-~

llp — z|| < Q(g/2,b). Let w.lo.g. p(e,b) < e and Q(g,b) < e. Then we in particular have
{¢=p,Viu—-Vfp) <e/2
for any ¢ with ||¢|| <b and ||g — Tq|| < 6. Thus
(g—z,Vfu—-Vfz)<e

for all such q.
If now g = Tq, then we get (¢ — z,Vfu— Vfz) <e foralle >0, i.e.

Vge F(T)({g— 2z, Vfu—Vfz)<0).

91t can be easily seen that such a modulus Q can actually be constructed from wV¥.
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Further, if we assume that F(T) C F(T), then z is also fixed point of T. For this, we reason as in the proof of
Lemma 6.7 and derive that

IVftnt1 — ViThan| = an ||Viu—VfTz,|| =0

as an, — 0 and as V fTx,, is bounded since x,, is bounded and since T" and V f are bounded on bounded sets.
Thus ||Zp4+1 — Thn|| — 0 and therefore also ||z, — Than| — 0 as x, — z. As (T},) and T satisfy the uniform
NST condition, we get |z, — Tx,|| — 0. As ||z, — | — 0, this yields x € F(T) C F(T). Combined, this yields
that x = PI{:(T) (u) (recall the discussion before Lemma 6.5). O

Remark 6.11. The above result in particular contains the previous Theorem 6.1 for uniformly Bregman strongly
nonexpansive maps T by picking 7,, = T. Naturally T is bounded on bounded sets as F(T) # () and as T is
Bregman quasi-nonexpansive. However, note that in the context of uniformly Bregman strongly nonexpansive
maps T, the assumption that F(T) C F(T) was properly weakened through the analysis to F(T) C F(T).

Using this theorem, we will in particular be able to derive the strong convergence of the Halpern-type proximal
point algorithm together with other interesting instantiations that will be discussed in the following section.

7. SPECIAL CASES AND INSTANTIATIONS

We are now concerned with the range of the above results. For that, this section discusses how the above
(quantitative) results can be instantiated in various ways so that they apply to many other well-known methods
in the context of Bregman distance. Concretely, we obtain quantitative strong convergence results for Halpern-
type variants of the method of cyclic Bregman projections, of the proximal point algorithm and of a method
for finding common zeros of maximally monotone operators as discussed by Naraghirad [40] as well as for a
Halpern-Mann-type iteration of Bregman strongly nonexpansive maps [67].

In particular, we show how the Halpern-Mann type iteration presented in [67] can be recognized as an in-
stantiation of the Halpern-iteration considered before for a family of uniformly Bregman strongly nonexpansive
maps. Further, inspired by the recent considerations [18] on the relationship between modified Halpern methods
in the sense of [20, 24] and Tikhonov-Mann type methods as developed by [8, 19, 64], we use this instantiation
to even provide a strong convergence result for a new Tikhonov-Mann type iteration of Bregman strongly non-
expansive maps which provides a suitable lift of such iterations to this Bregman context.

Beyond the examples discussed here, we want to mention that the previous results can also be used to obtain
similar quantitative strong convergence results for Halpern-type variants of special cases of a method solving
operator equations due to Butnariu and Resmerita [16] as well as of special cases of the forward-backward
Bregman splitting method discussed by Bui and Combettes [13] (see also Van Nguyen [41]), at least in the
context of specific operators induced by uniformly Bregman strongly nonexpansive mappings, but we do not
explore this here further at any depth.

In any way, all these results in particular show that the additional requirement in the previous theorems that
the maps are even uniformly Bregman strongly nonexpansive is practically of lesser significance as most maps
encountered in the literature that are Bregman strongly nonexpansive are already uniformly Bregman strongly
nonexpansive.

7.1. Cyclic projections. A first readily defined instantiation of Theorem 6.10 on the Halpern-iteration is that
obtained by using the cyclic projection operator

T::Psékon-oP(];1

where Pg;j is the Bregman projection onto a given nonempty closed convex set §; for j =1,..., k. Assume that

Q1N---NQ # . Then this operator T is uniformly Bregman strongly nonexpansive since every projection Ps{j
is even Bregman firmly nonexpansive and moduli for the Bregman strong nonexpansivity of 7' can be calculated
from the moduli of the factors by following Theorem 4.16 as well as Lemma 4.9. For this, note further that by
Q1 N---NQy # 0, using Lemma 4.6, each Pséj and thus T is bounded on bounded sets. Further, note that any
Bregman firmly nonexpansive map that is bounded on bounded sets actually possesses a modulus of uniform
closedness if V f is uniformly continuous on bounded subsets as well as uniformly strictly monotone (the latter
of which, recalling the discussion from Remark 3.13, follows from the assumption that f is totally convex on
bounded sets) as by Lemma 4.14, each such map is then uniformly continuous on bounded subsets. Thus Péj is
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uniformly continuous on bounded subsets. In particular, from a corresponding (common) modulus of uniform
continuity, a (common) modulus & of uniform closedness can be immediately defined. Note that through the
uniform continuity of each PS’;J,, also T is uniformly continuous on bounded sets and thus also T possesses a

modulus of uniform closedness which in particular yields that F(T) C F(T).

Combining this with Theorem 6.10, we get the following corollary on a Halpern-type variant of the method
of cyclic projections (where we can identify the limit as the corresponding projection as we have previously
established F(T) C F(T)).

Theorem 7.1. Let X be a real reflexive Banach space and f : X — R be a supercoercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally conver on bounded subsets. Let Qq,...,Q be
nonempty closed convex sets and assume that Qy N ---N Q. # 0. Given a v € X, define a sequence x,, by
zo:=x € X and

Tpg1 =V f* (aanu +(1— Oén)vfps)zck 00 stzclxn)

where (a,) C (0,1] satisfies lima, = 0 and > «, = oo. Then (z,) converges strongly to PI{f(T
Pék o---oPél.

In particular, a rate of metastability can be calculated using Theorem 6.9 together with Lemmas 4.6 and 4.9
as well as Theorems 4.16 and 4.15.

)(u) for T =

7.2. The proximal point algorithm. We are now concerned with a Halpern-type variant of the proximal
point algorithm for a maximally monotone operator A with resolvents Res,]; as before. Concretely, for a given
u and zo, we consider the sequence (cf. also [58])

(k) Tnt1 = V[ (an,Vfu+(1-— an)VfResfnxn)
for a given additional sequence r,, that satisfies
0 < 7:=inf{r, | n € N}.
To show that the previous results contained in Theorems 6.9 and 6.10 apply here, we will in the following

provide concrete instantiations for the moduli i and v for the concrete choices of T,, = Resf" and T = Resi—c .

For this, we will however need some further facts about the resolvent relative to f. It is straightforward to
show that the set of fixed points of any Res£ equals to the set of zeros A~10 of the operator A. The following
lemma provides a quantitative result for one of the directions of the equivalence.

Lemma 7.2. Let 7] be a modulus of uniform strict monotonicity of V f on bounded sets. Given~y > 0 and e > 0,
let (x,y) € A with b > 0 such that b > ||z||, ||Resf/x||,7. If we have ||y|| < 7(e,b)/2b?, then ||z — Res’;xH <e.

Proof. By monotonicity of A, we have (Resfya: —x, A,fyx —y) > 0 and thus
f f f f 2
(z —Reslz,Vfr — VfResiz) < y(z — Resjz,y) < y(||=]| + [[Resiz|) [lyll < 2b% [[y] -
Thus ||y|| < 7(e, b)/2b* implies ||z — Res£x|| < & by the assumptions on 7. O

The following lemma due to Reich and Sabach provides a crucial relation between the resolvent relative to f
and the Bregman distance associated with f.

Lemma 7.3 ([49, 50]). Let A be maximally monotone and assume that A=*0 # (. Then
Dy (u, Resf{‘m) + Df(Resﬁ:x,x) < Dy(u,z)
forally>0,uec A0 and z € X.
In particular, we will in the following rely on a quantitative version of this result as given in the next lemma.

Lemma 7.4. Let wVf(e,b) < ¢ be a modulus of uniform continuity of Vf on bounded subsets. Let x,y € X
and r,s > 0 be given such that b> ||z||, |Resz|, |yl , |Resly||. Then for any e >0, if

Hx — Resfjm” <wVs (%,b) for B > max{2b,rs~2b},

then we have
Dy (x,Resly) + Dy (Resly,y) < Dy(z,y) +e.
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A proof of the above result can be found in the appendix.

As a concrete instantiation of Theorem 6.10, we now obtain the following (cf. Theorem 5.1 in [58]):

Theorem 7.5. Let X be a real reflexive Banach space and f : X — R be a supercoercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets. Let A be a mazimally
monotone operator with resolvents Resf; and assume that A~'0 # (. Given a v € X, define a sequence x, by
o=z € X and

Tpt1 =V (@, Vfu+(1-— an)VfResffnxn)

where (ay,) C (0,1] satisfies lima,, =0 and Y a,, = 0o and where (r,) € (0,00) satisfies 0 < 7 := inf{r, | n €
N}. Then (zy,) converges strongly to Pj,lo(u).
In particular, a rate of metastability can be calculated using Theorem 6.9 together with Lemmas 4.6 and 4.9
and with moduli
1w(e,b, K) := w¥ (p(e,0)/2E' (K),b) and v(e,b) := w7 (p(e, b) /4b, b)

for the uniform NST condition where E'(K) := max{2b, R(K)F~2b} and b := max{b, E(b)} as well as R(n) :=
max{ry | k < n} and where E is a modulus for Resﬁj being bounded on bounded sets.

Proof. Note that using Lemmas 4.6 and 4.9 as well as A710 = F(Res{) for any r > 0, it is immediate that the

Resfﬂ and Resi—«c are commonly uniformly Bregman strongly nonexpansive and commonly bounded on bounded
sets and corresponding moduli can be calculated. This also yields that a modulus of uniform closedness exists
for F(Resy).

The only thing left to prove is that the constructed g and v witness the uniform NST condition for T, =
Resfﬂ and T = Res{. By Lemma 7.4, we get that ||z — Res/z|| < wV/(e/2E',b) for ||z|| < b implies that
D¢ (z,Reslz) < ¢ for B/ > max{Q@\, rs’lﬁ)\} and b = max{b, E(b)}. In particular, we have ||z — Res{z| < ¢
for any  with ||| < b and ||z — Res/z| < wvf(p(e,g)/QE’,g). So, for s > r we get for ||z|| < b and
|z — Res{z|| < w7/ (p(e,b)/4b,b) that ||z — Res!z|| < . Therefore, as ¥ < r,, for all n, we get that v indeed
satisfies ()2 for the given T, and T.

Further, assuming that ||z — Res{z| < pu(e, b, K), we get by the above that ||z — Resfﬂx” <eas F'(K)=
max{2b, R(K)7~12b} > max{2b, r,7'2b} for n < K. Thus y satisfies (1), for the given T}, and 7. O

7.3. Finding common zeros of maximally monotone operators. Another readily defined instantiation
of Theorem 6.10 on the Halpern-iteration is that of finding common zeros of a finite collection (A;);=1,.. n of
maximally monotone operators with A;7'0N--- N AR'0 # 0. Similar to the idea in [40], we in that context can
consider a composite operator

N
Tr:=Vf* Z infResf;ix

i=1
for weights w; € (0,1) such that Zi\il w; = 1. Then T is a block operator in the sense of [37, 38] (as also
discussed in the previous sections) and moduli for the uniform Bregman strong nonexpansivity for this operator
can be calculated from the moduli of the summands following Theorem 4.20. From Lemma 4.18, also a modulus
for T being bounded on bounded sets can be calculated from corresponding moduli for V f, V f* and Resﬁi being
bounded on bounded sets (using Lemma 4.6, the latter of which in particular exists as A1_10 n---N A&l() £ 0
and as any Resﬁi is Bregman firmly nonexpansive and thus Bregman quasi-nonexpansive). Lastly, note that by
Lemma 4.14, each Resﬁi is uniformly continuous on bounded sets and it is easy to see that, since Vf, V f* are

also uniformly continuous, this extends to 1" as well. Therefore, a corresponding modulus of uniform closedness
exists for F'(T).

Combining this with Theorem 6.10, we get the following corollary on the approximation of common zeros:

Theorem 7.6. Let X be a real reflexive Banach space and f : X — R be a supercoercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convexr on bounded subsets. Let Ay,..., AN be
mazimally monotone operators with resolvents Resgi at parameter 1. Assume that AIIO N---N Af\,l() £ 0.
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Given a u € X, define a sequence x,, by ro:=x € X and

N
Tpa1 =V [f* <aanu +(1—ay) Z infRes‘;ixn>
i=1
where (o) C (0,1] satisfies limay, = 0 and > ay, = 00 and where the w; € (0,1) are such that Zi\il w; = 1.
Then (x,,) converges strongly to PI;’:(T) (u) for T defined as above.
In particular, a rate of metastability can be calculated using Theorem 6.9 together with Lemmas 4.6 and 4.9
as well as Theorems 4.20 and 4.19.

7.4. Modified-Halpern, Tikhonov-Mann and Halpern-Mann type methods. In this last subsection,
we are concerned with a few generalizations of Halpern-type iterations that incorporate elements from Mann-
type iterations. The first such generalization that we consider is the modified Halpern iteration as introduced
in [24] (see also [20])

Tpt1 =Yt + (1 — v ) (nxn + (1 — ap)Txy)
where (v,,) and (ay,) are sequences in [0,1] and T : X — X is a given mapping. Such a type of iteration has
been considered for Bregman strongly nonexpansive maps in [67] under the name of Halpern-Mann iterations.
Concretely, in [67] the authors proved the strong convergence of the iteration

Tpt1 = VI (anVu+ (1 —an) BV, + (1= Bn)VfTxy,))
under the scalar conditions that (a,,) and (8,) are sequences in (0, 1) satisfying
(1) an — 0 for n — oo,
(2) > a, = 400,
(3) 0 < liminf 8, <limsuppg, < 1.
We begin by showing that for uniformly Bregman strongly nonexpansive maps, the convergence of this

iteration can be derived by our previous result for families of maps. For this, note first that the above iteration
is nothing else but a usual Halpern-type iteration of the family of operators

Tohx :=Vf (B Vfzr+ (1= pn)VfTx)

Assume F(T) # (. Then these operators, being block operators, are uniformly Bregman strongly nonexpansive
and using Theorem 4.20, we can construct even a common strong BSNE-modulus from a strong BSNE-modulus
of T using the assumption of a fixed point for T. Note however that for this, condition (3) is not needed at all
and 3, € [0,1] can be permitted. Also note that the T,, together with T are commonly bounded on bounded
sets by using Lemmas 4.18 and 4.6 together with the assumption of a fixed point for T

To see that this sequence is permissible for our Halpern-type iteration for families of maps, we need to again
provide concrete instantiations of the moduli p and v witnessing the uniform NST condition for the choice of
these T), together with the map T'. For this, it is rather immediately clear that given moduli E, C, F for T, V f,
V f* being bounded on bounded sets as well as a modulus of consistency p and a modulus of reverse consistency
P, one has that

(e,b, K) i= P(p(e, max{b, F(C(E(b)))}), max{b, E®)})
suffices as we immediately have for given €,b > 0 and p € X with ||p — Tp|| < u(e, b, K) that
Di(p, Tup) < (1= Bn)Ds(p,Tp) < Ds(p,Tp) < p(e, max{b, F(C(E(b)))})
so that ||p — Thpl| < e.
For v, assume that we have an N5 and a B < 1 with 3, < j3 for all n > N5 (witnessing limsup,, 5, < 1), a
modulus of consistency p, a modulus of uniform continuity of Dy in its second argument &, a BSNE-modulus w

for T, moduli E, C, F for T, Vf, Vf* being bounded on bounded sets, and a fixed point of T" named py with
b > ||po||- Then by Theorem 4.19: for any x with ||z|| < b, we have

o = Tuall < & (1= Bw(p(e,8),6),) = llz — Tal| < ¢
for n > N where b := max{b, E(b), F(C(E(b)))} so that
v(e,b) i= € (1= B)ulp(e,b),b),b)

suffices (after suitably shifting the sequence with NE)' Combined, we thus derive the following result from
Theorem 6.10.
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Theorem 7.7. Let X be a real reflexive Banach space and f : X — R be a supercoercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally convex on bounded subsets. Let T be uniformly
Bregman strongly nonexpansive with F(T) # 0. Given a u € X, define a sequence x,, by o :==x € X and
Tnt1 = V(@ ,Vfu+ (1 —an) (B Vfr, + (1= B,)VfTx,))

where (o) C (0,1] satisfies lima,, = 0 and > a,, = 00 and where (5,) C [0,1) satisfies limsup B, < 1. If
F(T) C F(T), then (z,,) converges strongly to Pfé(T) (u).

In particular, a rate of metastability can be obtained by suitably instantiating the rate given in Theorem 6.9
using Theorems 4.20 and 4.19 as well as the above moduli for p and v.

In particular, with this theorem we reobtain the strong convergence result for this iteration established in
[67] (recall for this Remark 6.11) for uniformly Bregman strongly nonexpansive maps. However, the assumption
(3) presented above which features in [67] could be substantially weakened to limsup 8,, < 1 which in particular
allows 8, = 0 for all n. Thus, in the above iteration, the Mann-part can be ‘deactivated’ and the original
Halpern-type result can be reobtained, contrary to [67].

The other generalization of Halpern’s method which we consider is an iteration of Tikhonov-Mann type. In
the usual metric case, this type of iteration takes the form of

Ynt1 1= (1 = M) ((1 = Br)u + Bnxn) + AT ((1 — Brp)u + Bnn)
as defined in [19] where (A,), (8,) are sequences in [0,1] and T : X — X is a again a given mapping. In
particular, for w = 0, this iteration becomes the modified Mann iteration as studied in [64] and rediscovered in
the seminal work by Bot, Csetnek and Meier [8]. For these types of iterations, we can now prove a (new) strong
convergence result for the following natural analog in the context of uniformly Bregman strongly nonexpansive
maps:
Ynt1 = VI (B V fun + (1 — B8,)V fTuy,) with uy, := Vf* (@, Vfu+ (1 — an)Vfyn).

As discussed in [18], methods of a modified Halpern type as well as methods of a Tikhonov-Mann type in both
a normed and a hyperbolic context are closely related and in fact can be translated into each other.

By suitably adapting the arguments from [18] to this Bregman case, we arrive at the following result (which
is similar to Proposition 3.2 in [18]):

Lemma 7.8. Define the iterations
Tpt1 = VI (anp1Viu+ (1 = any1)Vfon) with vy, == V(8. V frn, + (1 = B,)V fTx,))
as well as
Ynt+1 = VI (B V fun + (1 = B,)V fTuy,) with u, := Vf* (@, Viu+ (1 —an)Vfyn).
If o = Vf*(aoVfu+ (1 —ap)Vfyo), then for any n € N: u, =z, and ypt1 = Uy

Proof. The proof is by induction on n. For n = 0, it follows by the definition of ug as well as the assumption
on zo that zg = ug. From that, we get

y1 = VI (BoVfug+ (1= Bo)VITug) = VI (BoVxe+ (1 — Bo)VfTxo) = vo.
For the induction step, suppose now that w, = z, and y,4+1 = v,. Then
Tnt1 = V[ (anp1Viu+t (1= ani1)Vive) = VI (anViu+ (1 = ane1)Vyni1) = tnga,
where the second equality follows by induction hypothesis. Further, we thus have
Ynt2 = VI (Bnt1V ftns1 + (1 = Buy1)V I Tuns1) = VI (Bnt1Vizntr + (1 = o) VT Znt1) = vpgr.
O

Together with the above theorem, this allows us to derive the following new strong convergence result:

Theorem 7.9. Let X be a real reflexive Banach space and f : X — R be a supercoercive Legendre function
which is bounded, uniformly Fréchet differentiable and totally conver on bounded subsets. Let T be uniformly
Bregman strongly nonexpansive with F(T) # 0. Given a u € X, define a sequence y, by yo :=y € X and

Ynt1 := VI (BuV fun + (1 = Bn)VTuy) with uy, := VI (a,Vfu+ (1 — an)Viyn)
where (a,) C (0,1] satisfies lima,, = 0 and > a,, = oo and where (5,) C [0,1) satisfies limsup S, < 1. If
F(T) C F(T), then (y,) converges strongly to PI{:(T) (u).
In particular, a rate of metastability can be obtained by suitably translating the rate from Theorem 7.7.
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Proof. 1t suffices to show that given a rate of metastability € for the sequence z, as defined in Theorem 7.7
(with ap41 instead of ay,), i.e. 2 satisfying

Ve >0,g:N—=N3In<Qe,g) Vi,j€[n;n+gn) (|lz; —zj]| <e),

we can construct a rate of metastability for y,.

For this, note first that ||y, — un|| — 0 for n — oo and we can witness this limit even by a rate of convergence.
To see this, let b be such that b > Dy (y,, u), |ynll , ||un|| for all n.1% Let o be a rate of convergence for a,, — 0
as before. Then we get

Df(yn>un) < aan(ynyu) + (1 - an)Df(ynyyn) = aan(ynyu)

so that for n > o(e/b), we have D (y,,u,) < €. In particular, for n > o(p(e,b)/b) we get ||yn — un|| < e.
We can now construct a rate of metastability for y, given one for x,. At first, using Lemma 7.8, we get
uy, = x, for all n so that Q is also a rate of metastability for w,. Then

1 = y5ll < llyi = will + lui = wsll + llu; — w5

and by reasoning similar to [18], it can be rather immediately seen that ' defined by

(e,9) == Ue/3,9,0(p(¢/3,b) /b)),
(Z(g,g, q) = Qe, gq) + ¢ with g4(n) :==g(n +¢q) + ¢,

is therefore a rate of metastability for y,,. O

8. A RATE OF CONVERGENCE FOR THE ASYMPTOTIC REGULARITY OF THE HALPERN-TYPE PROXIMAL
POINT ALGORITHM

We now turn back to the Halpern-type proximal point algorithm studied before. For that, we again fix a
maximally monotone operator A with resolvents Resf/ and for given w and xg, we consider the sequence (z,,)
previously defined in (xx), i.e.

Tng1 =V (nVfu+ (1 —a,)VfRes! z,),

Tn

where 7, is assumed to satisfy 0 < 7 := inf{r,, | n € N}. The convergence proof of this algorithm as studied
before relies on an argument revolving around a case distinction and (essentially) because of this, we are not
able to derive full rates of convergence for the asymptotic regularity relative to the resolvents, i.e. rates for the
convergence

for v > 0. In this final section, we consider this method under the additional condition r,, — oo (conceptually
similar to the work of Kohsaka and Takahashi [32]) for which we are able to derive full rates of convergence
for the asymptotic regularity relative to the resolvents in the above sense. In the case of Hilbert spaces with
the ordinary Halpern-type proximal point algorithm induced by a maximally monotone operator, such a rate
of convergence (in the context of the assumption of r,, — oo similar to here) was first given by Pinto in [42].

Ty — Resﬁixn =0 (n— o0)

For this, we begin with the following preliminary result:

Lemma 8.1. Let b > |ul|,||zn] , Resffﬂan for all n with (x,,) defined as above and let o be a rate of conver-
€

gence for a, — 0 as n — co. Let further C' be a modulus for V f being bounded on bounded sets. Then, for any
¥n > o (> (|9 72011 = V1Res], 2

e >0:
2C(0) <e).

In particular, if w¥'" is a modulus of uniform continuity for ¥V f* on bounded subsets, then for any e > 0:

ez o (UECO <),

20(b)
108uch a b can naturally be constructed from a b > Dy (p,u), Dy(p,yo) for a given fixed point p together with a modulus of
boundedness for Dy and moduli for V f, f being bounded on bounded sets. We omit the details.

Tpgl — Resfn T,
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Proof. As before, we have

=y ||Vfu— VfResfnxn < a,2C(b).

HfonH - VfRes,anxn

It immediately follows from the assumption on o that ||V fx,11 — VfRean xn|| < € for all n > o(e/2C(b)). The
second part of the lemma is immediate. (I

Theorem 8.2. Let v > 0 be given. Assume that b > 0 is such that
b > |lull, |zall, [Res] znll, 7, [[ResIRes! |, [Res!a,|

for all n with (x,,) defined as above. Let P be a modulus of reverse consistency. Assume that 7] is a modulus of
uniform strict monotonicity of Vf on bounded sets and let p be a modulus of consistency for f. Let further C
be a modulus for V f being bounded on bounded sets and let o be a rate of convergence for a,, — 0 as n — oo.
Let 7 be a rate of divergence for v, — 00 as n — oo, i.e. YE > 0VYn > 7(E) (r, > E). Let wV'" be a modulus
of uniform continuity for V f* on bounded subsets and let w¥ ¥ (e,b) < & be a modulus of uniform continuity of
Vf on bounded subsets. Then for any e > 0:

Vn > ®(e) (} Tpa1 — ResﬁanH < 5)
where
2C(b)
®(e) := max {T ST 5
X (wvf (p(w (@Y7 (.CON/20).5), b))
Y,V \I
o (p (P T G CORDD N (T CO)/2
2 2C(b)
and
_ (e, b) _ (WY (Cw)
X(E) - 2b2 ’ gp(&‘) T U( 2C(b)
Proof. Note that
14! || = Ti |V fan = V fRes] 2| < 2(’;(1’)

and thus for any € > 0 and any n > 7 (2C(b)/e), we have ||A] z,|| < e. Therefore, since Af z, € A(Resfﬂxn),
we have that n > 7 (2C(b)/x(¢)) implies ||Resfnxn - Resﬂ;Res,anan < ¢ by Lemma 7.2. Therefore, we have for

o 20(b)
- (X(va(ssbv )))

that HResfnxn - Resﬂ;Resfﬂ/an < wV/ (¢/8b,b), and thus Df(Resfnxn,Resf;mnH) < Df(Resfnxn,an) +e/2
in that case by Lemma 7.4 (with s := r := v and using F := 2b). Now, for

n > max {T <X(w§f0ébf)))> 790(P(€/2,b))}
85

we get Df(Res{nxn, Resljmnﬂ) < Df(Resfn Ty Tnt1)+€/2 from before as well as that Df(Resfn Ty Tp1) < /2
by Lemma 8.1 and the assumption on P. Thus in that case, we also have Df(Resfnmeesﬂ;an) < e. Thus
for
2C(b
O | ePlote.b)/2.0)
(e (50))

8b 7

n>maxs T

we get ||Resfn Ty — Resé;vnHH < ¢ using the assumption on p. Now, note that

IV fxni1 — VIResyZni1| < ap

Vfu— VfResfnxn

+ HVfResfna:n — VfResﬁ:anH

< a,2C(b) + HVfResfnxn - VfResJ;mnHH
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Thus, for

e x(wVf(ff“CVEZ%/ZW,b)) ’¢<P<W’b)>’”<zg(2b>>

we get ||V frni1 — VfResZ:an | < e. This gives the claim using wV7/". O
Corollary 8.3. In the context of the assumptions of the above Theorem 8.2, we have for any € > 0 that

Vn > ®(wV/(e,b) Iz e X (||z|| <ecand z € A(Res{mn+1))
where ® is as in Theorem 8.2 (with v = 1).

Proof. Using Theorem 8.2, we get ||V fz, 11 — V fRes! 2, 11| < € for any n > ®(wV7(e,b)). By definition of the
relativized resolvent Res{c , we get Vfxr,, 1 —V fRes{ Tp+1 € ARes{ ZTp+1 and this yields the above result with
z2=Vfr,41 — VfRes{an. O

Remark 8.4. Some of the moduli featuring in the assumptions of the above Theorem 8.2 can be derived from a
smaller set of core moduli via very simple transformations: From a modulus wV/ for the uniform continuity of
V f on bounded subsets, we can construct a modulus C for V f being bounded on bounded sets using Lemma
3.2. Using Lemma 3.10, we can derive a modulus of reverse consistency P from C. Alternatively to assuming
a modulus 7 for the uniform strict monotonicity of Vf, we could assume a modulus 7 for the uniform strict
convexity of f from which we can immediately reobtain an 7 (using Lemma 3.4) and from which one can easily
derive a modulus of consistency p (as discussed in Remark 3.13). So one can define the resulting rate already
in terms of the moduli b, n, o, 7,wV/ and wV/*. As before, a b bounding all objects involved can be constructed
using the range of moduli discussed before together with some simple initial bounds but we refrain from spelling
this out in more detail.
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APPENDIX

Proof of Theorem 4.15 (compare also [27]). Note first that

(0)

Xo(n,e) < min{p(k(e,b),b), p(e,b)}.

Also note that every T} is in particular Bregman quasi-nonexpansive w.r.t. p. We show by induction on
1 <k <N that Dy(T 0---oThz,x) < xp(k — 1,¢) implies |z — T;z| < e for 1 <4 < k. For k = 1, the
statement trivially holds since x;(0,¢) < p(g,b). So let 1 < k < N and assume that the claim holds for k — 1
and that

Dyi(Tyo---oTiz,x) < xp(k—1,¢)

(1)

= min{p({(w(min{0(xs(k — 2,¢),b), p(k(e, b),b) },b), ), ), xp(k — 2,¢),0(xp(k — 2,€),b)}.

For y = Tj_1 0---oTix, we have

(2)

||$ - TkyH < g(w(mln{o(Xb(k - 2’ E)a b)7 P(H(E, b)? b)}v b)v b)

Hence by (2), the assumption on & and p € ﬂle F(T;), we derive

wh
(3)
By
(4)

Dy(p,y) — w(min{0(xy(k — 2,€),b), p(r(,0),0)},b) < Dy(p,x) — w(min{f(xy(k — 2,¢€),b), p(r(e,b),b)},b)
< Dy(p,Try)
ere we in particular used that Ds(p,y) < Ds(p, ). Thus, since w is a BSNE-modulus for Tj:
Dy(Try,y) <min{0(xs(k — 2,¢),b), p(r(e,b), )}
(1) and (3) together with the assumption on €, we thus obtain
D¢(Ty—10--oTiz,x) = Df(y,x) < xp(k — 2,¢)

from which we derive ||x — Tjz|| < € for all « = 1,...,k — 1 using the induction hypothesis. From (0) and

(4)

[

together with the definition of p, we also get ||x —Tx_10---0oThz| < k(e,b) and so by (3), we obtain
— Tzl <e. O
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Proof of Theorem 4.16 (compare also [27]). Define
Blers e, b) = min {wr(p(e1,0),0), . wn(plens D)D) |

&' (e1, ..., En,b) := min {w;(a(el, e 0)/2(n = 1),D), ... Wl @(en, . . en, b)/2(n — 1)f)}
as well as
w(ers e b) = min {D(er, 20, 0)/2 Po(min{@ (e1, o 20,8),8(e1, o120, 0)1,B0), D)}
Now, suppose
lp = Tpll, Dy(p,x) = Dy(p, Tx) < w(en,. .. en,b),
for points x, p with ||z||, ||p|| < b. Then Theorem 4.15 yields that
lp — Tip|| < min{&'(e1,...,&n,b),0(1,...,En,b)}.
Therefore, we get
Dy(p,Tz) = Dy(p, T, 0 Ty—1 0+ 0 Ty )
< Dy¢(p,Th—10---0oTiz)+W(e1,...,En,b)/2(n —1)
< D¢(p,Thz)+ (n—1)D(e1,...,en,b)/2(n—1)
< Dy(p,x) +nd(e, ... en,b)/2(n — 1)

and therefore

D¢(p,Ti—10---0oTix) — Ds(p,TioTj—q0---0Thz) < Dy(p,x) — Dy(p,Tx) + (n — 1)&(e1,...,€n,0)/2(n — 1)
< W(e1y...sEn,b)
< wip(ei,b),b)

for any i = 1,...,n. This, together with ||p — Tjp|| < w;(p(:,b),b), vields

-~

Dy(TioT;_yo0---oTx,Ti_y0---oTix) < p(ei, b)
as w; is a strong BSNE-modulus for 7;. In particular, we have

|T;0Tiq0--oTie—T;_q0---0Thz| <¢

so that we get ||z — Tz| < &1 + -+ + &,. Now, for ¢; = P(e,b)/n, we then get ||z — Tx| < P(e,b) so that
Di(Tz,x) <e.

If the w;’s are BSNE-moduli and if p is a real fixed point of T' (and thus a common fixed point of the T;’s as
F(T) C N, F(T;), see [37]), then it is clear that the second term involving ¢ can be dropped. O

Proof of Theorem 4.19. If
o = T < € (ww(p(e,),0),5)

-~

then we get D (po,z) — Dy(po, Tz) < ww(p(e,b),b). Fix k=1,...,N. Then
Dy(po, Tx) < wiDy(po, Txx) + Y w; D¢ (po, Tixx)
ik
< wiDy(po, Tew) + Zwin(me)
ik
= wr Dy (po, Trw) + (1 — wi) Dy (po, x)
< wi(Dy(po, Tew) — Dy (po, x)) + Dy(po, x)

and thus in particular
Wy (Df(PO»x) - Df(p07Tk1')) < Df(p()vx) - Df(po,TZl’) < ww(p(s,/b\)v b)
which implies Df(po,x) — Dy¢(po, Trx) < w(,o(sﬁ),b). As w is a BSNE-modulus for Ty, we get Ds(Tpx,x) <

~

p(e,b) which yields ||z — Tpz|| < e. O
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Proof of Theorem 4.20. Let z, p be given with ||z||, ||p|| < b, |lp — Tp|| < @(e,b) as well as D¢ (p, x)—Dys(p, Tx) <
W(e,b). Then in particular

-~ -~

Hp - Tp“ < f(ww(p(min{w(e’, b)v w/(’lUW(6/7 b)a b>}a b)7 b)a b)
and by Theorem 4.19, we have ||p — Typ|| < min{w(e’,b),w’'(ww(e’,b),b)} for any k with wy > w.
We further have
N
i=1
and, therefore,
N
> wi (Ds(p,x) = Ds(p, Tyw)) < Dy(p, ) — Ds(p, Tx) < &(e,b)
i=1
which implies
wi, (Dy(p, #) = Dy(p, Tyw)) < B(e,b) + > wi (Ds(p, Tix) — Dy (p, )
ik
< (e, b) + (1 — wr)ww(e',b)
< w?w(e’,b) + (1 — w)ww(e’, b)
= ww(e',b)
and thus Dy(p,z) — Dy(p,Tpz) < w(e’,b) for any k with wy > w. As w is a strong BSNE-modulus for
Ty, this gives Dy(Tyz,z) < &' for any such k. Thus in particular ||z — Tyz| < wV/(g/4b,b) which yields
IVfx—VfTix| < e/4b. As we have
N
ViTe—Vfr=> wi(VfTiz—Vfzx)
i=1
the above yields

N
IVfTe - Vx| <> w;||Vfz - VfTa|

i=1

= > wi|Vfr-VfTz|+ > wi|Vfr—VfTaz|

Wi >w Trw; <w
< Z wl€/43+ Z ’U)lQC(/b\)
Wi >w w; <w

<e/4b Z w; + Z w2C(b)

dws >w iwi<w
< e/2b.
Now using Lemma 2.9, we have
D¢(Tz,x)+ Dy(z,Tx) = (Tx —x,Vf(Tz) = Vf(z)) < ||VfTx - Vfz||[Te —z| < [|[VfTx - Vfz| % < &

which in particular yields D;(Tz,z) < .
It is immediate to see that if w is just a (not necessarily strong) BSNE-modulus and p is a fixed point of T,
that ww(e’, b) suffices. O

Proof of Lemma 6.5. (1) Assume the contrary, i.e. that there are ¢ and ¢ such that for any p € X and any
6 > (e, ) with [|]p|| < b and [|Tp — p|| < 1(9):

Jge X ([lall <bAIITq—qll <A Dg(p,u) —e > Dy(q,u)).
Let = [(b+ 1)/e] and pick go = po. Then clearly ||go|| < b and
ITg0 — qoll <"V (1) = v (1)).

By definition, we have ¢)(") (1) > ¢(e, 1) so that there exists a ¢; with ||q1|| < band ||T'q1 — q1] < (1)
as well as Dy(qo,u) —e > Dy(q1,u). Iterating this up to r yields a ¢, such that

0> Dy(go,u) — (b+1) > Dy(qo,u) — [(b+1)/ele = Ds(qo,u) —re > Dy(gr,u)
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which is a contradiction. A
(2) Using (the proof of) (1), let p € X and 6 = ¢/(1) for i < [(b+1)/¢’] be such that ||p|| < b,
ITp — pl| < +'(6) and
Vg€ X (lgll <bA[Tqg—ql <6 — Dy(p,u) < Dy(q,u) +<').
Let ¢ = w'(p(6, max{b, E(b)}),b). Then at first
ITp — pl| < ¢'(0) = min{y(0"), 6"} < (5").
Now let g be such that ||g|| < b and ||Tq — q|| < ¢’. If ¢ = p, the claim is trivial. So suppose ¢ # p.
Then we can now reason along the lines of [14]: write p(«) for p + a(q — p). Using Lemma 6.4, as
|Tp — p|| < ¢, we have || Tp(c) — p(er)|| < . Therefore, for any o € [0,1]: Ds(p,u) < Dy(p(c),u) +¢’.
Now, using the fact that Dy is convex and differentiable in its left argument with
[Dy(2)]'(y) = Vf{y) — Vf(z),
we get
|Ds(p(a),u) = Dy(p,u) — {alqg — p), Viip = Vfu)|
(g = p)l
if |a(qg — p)|| < A(g/4b,b), i.e. in particular if o < A(e/4b,b)/2b. Thus in particular
le=p,Vfu=-Vip) —{ala—p).Vip=Vfu) _Dslpw) = Dr(p(a),w) /4

g — pll |a(q — )] la(q — p)||
which implies

<e/4b

D¢(p,u) — Ds(p(a),u ¢!
(4. Vfu—fp) < PO DO 4 g )< & e
for any a < min{w, 1}. In particular, for a = min{w, 1/2}, we get

(q—p,Vfu—-Vfp)<e/2+e/2=ce.

Proof of Lemma 7.4. Using the three-point-identity for Dy, we get
Dy(x,y) = Dy(z,Res]y) + Dy (Res]y,y) + (& — Resly, VRes]y — V fy)
= Dy(x,Resly) + Dy(Resly,y) + r(z — Resly, —Aly).
Using the monotonicity of A, we further derive that
(x — Resly, —Aly) = (x — Res{z, —Afy) + (Res! z — Resly, —Aly)
= (z — Res!z, —Aly) + (Res!z — Resly, s 1 (Vfx — VfRes{z) — Aly)
+ (Res!z — Resly, —s 1 (Vfz — VfRes!z))

> (x — Res!z, —Aly) + s (Res!z — Res!y, VfRes!z — Vfx)
> —lz = Res{a[| Afy]l — s~ |IRes{w — Resfy||V fRes{z — Vfa|
>~z — Res{a|lr~* (IResfyll + yll) — s~* (IRes{e] + |Resfy] ) |V fResfw — ¥ fal .

Combined with the above, this yields
Dy(w,y) = Dy(w, Resfy) + Dy(Resly,y) — ||z — Resla| (IReslyl| + |1y
— s~ (|Reslz| + IResfy| ) |V fResfx - V fa|
> Dy(x,Resly) + Dy(Resly,y) — 2b||z — Res{z|| — rs~12b||V fRes!z — V fz|
> Dy(x, Resty) + Dy(Resy.y) — E (|l - Reslz|| + | VfRes{z - V fa

and therefore, for x such that
— Res! H vf (ib)
Hx esiz|| < w 5F
we get that Ds(z,y) > Df(z, Resly) + D(Resly,y) — e which is the claim. O



