TERM EXTRACTION AND RAMSEY’S THEOREM FOR PAIRS
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ABSTRACT. In this paper we study with proof-theoretic methods the func-
tion(al)s provably recursive relative to Ramsey’s theorem for pairs and the
cohesive principle (COH).

Our main result on COH is that the type 2 functionals provably recursive
from RCAgp + COH + I_I(IJ—CP are primitive recursive. This also provides a uni-
form method to extract bounds from proofs that use these principles. As a
consequence we obtain a new proof of the fact that WKLy + I'I?—CP + COH is
Hg—conservative over PRA.

Recent work of the first author showed that I'I(l)—CP + COH is equivalent to
a weak variant of the Bolzano-Weierstraf principle. This makes it possible to
use our results to analyze not only combinatorial but also analytical proofs.

For Ramsey’s theorem for pairs and two colors (RT%) we obtain the upper
bounded that the type 2 functionals provable recursive relative to RCAg +
ZS—IA+ RT% are in T7. This is the fragment of G6del’s system 1" containing only
type 1 recursion — roughly speaking it consists of functions of Ackermann type.
With this we also obtain a uniform method for the extraction of T7-bounds
from proofs that use RT%. Moreover, this yields a new proof of the fact that
WKLo + E9-IA + RT2 is [13-conservative over RCAg + Z3-1A.

The results are obtained in two steps: in the first step a term including
Skolem functions for the above principles is extracted from a given proof.
This is done using G&del’s functional interpretation. After this the term is
normalized, such that only specific instances of the Skolem functions are used.
In the second step this term is interpreted using H?—comprehension. The
comprehension is then eliminated in favor of induction using either elimination
of monotone Skolem functions (for COH) or Howard’s ordinal analysis of bar
recursion (for RT2).

1. INTRODUCTION

The aim of this paper is to develop a technique of program extraction for proofs
that use Ramsey’s theorem for pairs, the cohesive principle and other principle
weaker than Ramsey’s theorem for pairs. As a consequence it also gives a proof
theoretic account of conservation results for those principles. This paper extends
our previous treatment of Ramsey’s theorem for pairs in [34], where only single
instances of Ramsey’s theorem are discussed, to the full second order closure of
those principles.

Ramsey’s theorem for pairs (RT2) is the statement that every coloring of pairs
of natural numbers ([N]?) with n colors has an infinite homogeneous set. A simple
colorblindness argument shows that

RT3 <» RT2 for every fixed n.
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Ramsey’s theorem for pairs and arbitrary large colorings (RTZ_)) is defined as
Vn RT2. This principle is proof-theoretically stronger than RT3.

A coloring ¢ of pairs is called stable if ¢({z,-}) eventually becomes constant for
every z. The restriction of RT2 to stable colorings is denoted by SRT2. Here a
similar colorblindness argument can be applied.

A set G is called cohesive for a sequence (R;);en of subsets of N if

Vi (GC* R VG C" R;),

where X C* Y := (X \ Y is finite). The cohesive principle (COH) states that for
every (R;)ien an infinite cohesive set exists. It is in some way the counterpart to
SRT?2 since

RCAq - RT? « SRT2 A COH

for 2 < n < oo, see [7, 8§|.

The computational strength of Ramsey’s theorem has been investigated since
the early 70’s. Specker showed 1971 that there exists a computable coloring of [N]?
that has no computable homogeneous set, see [47]. Jockusch improved this 1972
by showing that in general there is not even a ¥J infinite homogeneous set. He
also provided an upper bound on the strength of Ramsey’s theorem for pairs and
showed that each computable coloring of pairs admits an infinite homogeneous set
H with H' <7 0", see [21]. Seetapun and Slaman showed in [43] that RT3 does not
solve the halting problem. Cholak, Jockusch and Slaman improved both results by
showing that an infinite homogeneous lows set exists for every computable coloring
of pairs, i.e. a set H satisfying H” <r 0", see [7].

From Specker’s results it is clear that RCAg ¥ RT3. Seeptapun’s and Slaman’s
results immediately yield an upper bound on the proof-theoretic strength, it implies
that RT3 does not prove II{-comprehension (or, equivalently, ACAg). Hirst showed
1987 that RT3 implies the infinite pigeonhole principle (RTL ) which is equivalent
to the I19-bounded collection principle (M9-CP)!, see [16]. Cholak, Jockusch and
Slaman showed along their recursion theoretic proof that RT% is II}-conservative
over RCAg + X9-1A.

This leaves the question whether RT2 implies £9-IA. Despite of many efforts in
the last years this question has not been settled yet.

Ramsey’s theorem for triples and bigger tuples is equivalent to ACAy and hence
fully classified in the sense of reverse mathematics, see [45].

The cohesive principle has been originally considered in recursion theory, see
for instance [46]. Its computational strength has been fully determined in [19].
Cholak, Jockusch and Slaman observed in [7] that Ramsey’s theorem for pairs
splits nicely into a stable part and the cohesive principle. They also showed that it
is I1}-conservative over RCAg and RCAg + £3-IA. In the course of the classification
of Ramsey’s theorem the cohesive principle’s logical strength received attention in
the last years, see for instance [10] and [9]. In [9] it was shown that the cohesive
principle is IT}-conservative over RCAg + MJ-CP. We recently showed that over
RCA( + MY-CP the cohesive principle is equivalent to a weak form of the Bolzano-
Weierstraf principle, see [37]. Thus the cohesive principle also shows up in analytic
proofs.

For an extensive survey on the current status of Ramsey’s theorem for pairs and
weaker principles, see [15] and [44].

The purpose of this paper is to give an account to the above mentioned conser-
vation results from the perspective of proof mining and program extraction. We
provide new proofs for these conservation results which additionally yield realizing

n the first order context this principle is usually denoted by BH? which is equivalent to BZg.
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terms. Since the types of these terms rise with the complexity of the formula this
is naturally bounded to I13-sentences.

Proofwise low. Define I19-comprehension as
(M9-CA): VX IY Vu (u €Y < Vo (u,v) € X).

This covers the full strength of II{-comprehension since Vv (u,v) € X is a univer-
sal TI{-statement (relative to the parameter u). Full arithmetical comprehension
(ACA,) follows by iteration. For a primitive recursive term t we will write M9-CA(#)
if X is instantiated with the set {n | ¢(n) = 0}.2 For a closed term ¢ the principle
MY-CA(t) is also called an instance of I19-comprehension.

The union of M{-CA(t) for all terms ¢ containing only number variables free is
the same as light-face I1{-comprehension. In particular, this does not prove ACA,.

Let P be a second order principle stating the existence of a set G relative to a
set parameter S — that is a principle of the form

(P): ¥S3G P(S,G).

Definition 1 (proofwise low). Call a principle of the form P proofwise low over
a system 7T if for every provably continuous® term ¢ a provably continuous term &
exists such that

(1) T EVS (M-CA(ES) — 3G (P(S,G) A NY-CA(pSQ))) .

If we additionally can prove this for a sequence of solutions, i.e.

(2)
T EV(S)ien (MI-CA(E(S:)i) = I(Gi)ien (Vi P(S;, G) A NY-CA((S:)i(Gy)i)))

then we call P proofwise low in sequence over the system 7. Here (.5;); is (a code
of) the sequence of sets S;. It is given by the set {(i,z) | x € S;}.

The notion of proofwise low is comparable to lows in the recursion theoretic
setting: take for instance 7 = WKLy, then a proofwise low statement in 7 satisfies

RCA F VS (WKL A M-CA(£S) — 3G (P(S, G) A M-CA(95G))) -

The analogous recursion theoretic statement would be that relative to an oracle
of Turing degree d > 0’ — this resembles the premise — a set G satisfying the
statement P(S,G) and its Turing jump G’ can be computed. From this follows
that G =1 0” or in other word that G is lows.

The main results of this paper are divided into two parts:

(i) We show roughly that
e RT3 is proofwise low over WKLy (Corollary 46) and that
e COH is proofwise low in sequence over WKL{. The system WKL is
defined to be WKLy where %¢-induction is replaced by quantifier-free-
induction plus the exponential function. (Corollary 33)
(ii) We show for principles P that
e if P(S,G) is I1{ and P is proofwise low over WKL, the system WKL+
Y9-1A + P is [13-conservative over X9-induction. (Section 10.3)
e if P(S,G) is 113 and P is proofwise low in sequence over WKL the
system WKLg + M9-CP + P is I13-conservative over RCAg and I13-con-
servative over PRA. (This covers COH. See Theorem 36.)

2Strictly speaking RCAg does not contain terms. Here and in the following we silently assume
that we work in the conservative extension of RCAg by all primitive recursive functions.
3Continuous means here continuous in the sense of Baire space, i.e. ¢ is continuous if

Vf3anVg (Vo <n f(z) = g(@) = o(f) = #(9)) -
Such functionals can be coded into primitive recursive functions. For details see definitions 6 and
7 below.
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This simplifies the results slightly. The actual results require a suitable finite
type extension of WKLy and WKL, they also allow a function parameter to the
[9-formula and provide extraction of type 2 functionals, see below.

The first part of the results is based on the proofs by “first jump control” for SRT3
and COH of Cholak, Jockusch and Slaman, see [7], showing that these principles
have lows solutions. (See proposition 31 with corollary 33 and proposition 44 with
corollary 46.) To our knowledge these proofs have not been used before to obtain
conservativity results for RT3. Cholak, Jockusch and Slaman developed in this
paper a different, more complicated proof needing I13-comprehension that can be
used in a forcing construction to show conservativity of RT3 over ¥9-induction.

For the second part we use Godel’s functional interpretation (always combined
with a negative translation) to extract a term ¢ from a proof of an arbitrary state-
ment of the following form

P — Vo Iy Az, y),

where A is quantifier-free and P is a proofwise low principle. (See the proof of
proposition 35 and proposition 50.) For an oracle solution P of the functional
interpretation of P this term will then satisfy

Vo Az, t(P, x)).

We normalize t so that every application of P in the proof is of a specific form and
one can read off from the term and the proof how much of P is used (section 8). The
functional P is then eliminated from ¢ by interpreting every specific application of P.
This is done either by (2) or the functional interpretation of (1) in a way that retains
the instance of comprehension. If this retained instance of comprehension is used
for the next interpretation of P then an inductive treatment of every application of
P yields that

(i) in the first case one instance of the functional interpretation of M¢-CA suf-
fices to prove to totality of ¢ and hence Va Jy A(x,y), see proposition 52,

(ii) in the second case one instance of M9-CA proves the totality of ¢ and hence
Va Jy A(x,y), see proposition 35.

The instance of comprehension is then eliminated in favor of induction:
In the case (i) the solution to this functional interpreted instance of comprehension
is provided by an instance of Spector’s bar recursion (in fact by an application of
the rule of bar recursion). This usage of bar recursion is then eliminated using
Howard’s ordinal analysis of bar recursion in favor of ¥9-induction, see section 7.
In the case (ii) the instance of comprehension is eliminated through elimination
of Skolem functions for monotone formulas (section 5) yielding that Vo 3y A(x,y) is
provable in primitive recursive arithmetic. For this it is crucial that P is proofwise
low over a system that does not contain %{-induction, for instance WKL}.
These techniques of elimination of instances of comprehension can be viewed as
a proof-theoretic refinement of the arithmetical conservativity of ACAg over PA, see
[4], [11], [50] and [45, IX.1.6].

Comparison to conservation results by syntactic forcing. Syntactic forcing is a
method to prove conservativity result. It is commonly used in reverse mathematics.

To show that a second order principle P is conservative over T it proceeds by first
taking an arbitrary countable model of 7. This model is then extended through a
forcing argument to include sets solving all instances of P without altering the first
order part. The conservativity then follows by Godel’s completeness theorem. For
details and further information see [2].

The elimination of monotone Skolem functions and Howard’s elimination of bar
recursion are constructive: a careful analysis of the proofs would yield a uniform
method to obtain a term of T for each function provable total using P. Whereas
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the forcing argument essentially uses a reductio ad absurdum argument (if P would
not be conservative then by the completeness theorem there would be a model that
could not be extended).

Forcing yields in many cases full ITi-conservativity whereas the functional in-
terpretation usually stops at I13-conservativity. This is a consequence of the way
the functional interpretation works: it transforms every statement in a functional,
where for every additional quantifier alternation the type-level rises, making it more
complex to analyze. For instance, I13-statements correspond to type 2 functionals
(i.e. functionals essentially of the form N — N).

This makes it easier to handle principles implying the I19-bounded collection
principle (M9-CP). Due to the well-known fact that M9-CP is I1-conservative over
T9-1A the base theory for the functional interpretation does not change. This cir-
cumvents the problems forcing experiences when proving conservativity over M9-CP,
see [15, §6].

The original proof that RT3 or COH is IIi-conservative over X9-induction uses
syntactic forcing, also the proof that COH is II}-conservative over Y9-induction
uses it, see [7]. The original proof of the fact that COH is ITi-conservative over
MY-CP is done using a complicated double forcing, see [9]. Our proof of the fact
that COH + MY-CP is I1J-conservative over L9-IA is similar to the proof of [7] since
we show conservativity over RCAy (without M9-CP) and therefore do not face the
problems forcing experiences with M9-CP and that Chong, Slaman and Yang in [9]
deal with. Additionally, our proof is open for proof mining, which means it provides
a method for program extraction.

2. LOGICAL SYSTEMS

We will work in a setting based on fragments of Heyting and Peano arithmetic
in all finite types introduced in [51], for details see also [32].

In general, theories will be written with a superscript w which indicates that this
is a finite type theory. Axioms and rules will not have an w. The only exceptions
to this are the theories of reverse mathematics (RCAg, WKLy, ACAq, RCA}, WKL)
and PRA.

2.1. Finite types. The set of all finite types T is inductively defined as
0eT, p,T€T=71(p) €T,

where 0 denotes the type of natural numbers and 7(p) the type of functions from p
to 7. The set of pure types P C T is defined as

0eP, peP=0(p) eP.
They will often be denoted by natural numbers:
0(n) :==n+1,
e.g. 0(0) = 1. The degree deg(p) of a type p is inductively defined as
deg(0) == 0, deg(r(p)) := max(deg(r), deg(p) + 1).

We will often denote the type of a term or variable by a superscribed index. For
two types p, 7 we will write p < 7 if deg(p) < deg(r).

Equality = for type 0 objects will be added as primitive notion to the systems.
Higher type equality =,, will be treated as abbreviation:

TP =,y =Vl az =, yz.
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2.2. Godel’s system T'. Define the A-combinators II
als satisfying

p,0> 2p,0,r 10 be the function-

TOP

o __ ag —
W, oty =&, S ra” Py P2 =, ax(y2).

Similar define the recursor R, of type p to be the functional satisfying
R,0yz =, y, RP(SIU)yz =, z(Ryzyz)z.

Let Gddel’s system T be the T-sorted set of closed terms that can be build up
from 0°, the successor function S!, the A-combinators and, the recursors R, for
all finite types p. Using the A-combinators one easily sees that T is closed under
A-abstraction, see [51].

T, denotes the subsystem of Goédel’s system T, where primitive recursion is
restricted to recursors R, with deg(p) < n. The system Ty corresponds to the ex-
tension of Kleene’s primitive recursive functionals to mixed types, see [24], whereas
full system T corresponds to Godel’s primitive recursive functionals, see [13].

2.3. Heyting and Peano arithmetic. Define the neutral Heyting/Peano arith-
metic (N-HA® N-PA“) to be the extension of the term system T to a T-sorted
intuitionistic resp. classical logical system plus the schema of full induction and the
equality axioms for type 0, i.e.
¢ L=, T=0Y—Y=0%, T=0YANY=02—T=0 %,
e 1 =g y1 AN Axy =0 Yp—t(x1,...,2n) =0 t(y1,...,yn) for any n-ary
term t of suitable type,

and substitution schemata for A-combinators and the recursors, i.e.

t{zy] =o t[z]
t[Eayz] =o t{rz(yz)]
(SUB): HROy2] o 4] for all t of type 0.

t{R(Sz)yz] =o t[z(Rryz)z]

For a formal definition see [52, 1.1.6.15] (there N-HA¥ is called HA%).

These theories are neutral with respect to an intensional or an extensional in-
terpretation of higher type objects. However, for type 0 objects the usual equal-
ity axioms hold. Higher type equality is of no effect except for the SUB -rule.
Later we will add functionals yielding cohesive and homogeneous set which are not
extensional (in the presence of extensionality they would prove full arithmetical
comprehension, see [31]) and therefore can only be analyzed in a neutral context.

Let weakly extensional Heyting/Peano arithmetic (WE-HA®, WE-PA¥) be
N-HA® resp. N-PA“ plus the quantifier-free rule of extensionality, i.e.

) Ay—s=pt
O ER) y= rlsTar =, /]
where Ay is quantifier-free and s”,t”, 77 are terms of WE-HA®. Note that the ad-
dition of SUB here is redundant, since QF-ER together with the axioms for II, X, R
proves it. The systems with full extensionality, i.e. N-HA“  N-PA“ plus the exten-
sionality axioms

(Epr): V2TP 2P yf (x =, y = 20 = 2y)
for all 7,p € T, will be denoted by E-HA* and E-PA¥. For a detailed definition of
these systems, see [32, section 3].

The weakly extensional and neutral theories allow functional interpretation in
themselves, which is not possible in the presence of full extensionality. Later we will
eliminate the usage of extensionality (see proposition 3 below), hence neither the
interpretation of constants yielding cohesive/homogeneous sets nor the functional
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interpretation will lead to problems. For a discussion of these systems and the
connection to functional interpretation we refer to [51].

It is also important to note that in presence of only QF-ER the deduction theorem
in general fails, see [32, theorem 9.11]. To overcome this we will restrict the use of
principles in premises of QF-ER. This will be denote by the $-sign, e.g. WE-PA“ &
WKL denote the system WE-PA¥ + WKL, where WKL may not be used in the
premise of QF-ER. The weak extensional systems satisfy the deduction theorem
with respect to ®.

We now introduce fragments of neutral and (weakly) extensional Heyting/Peano
arithmetic corresponding to T),:

Define N-HA“| to be the logical system extending 7, plus X2 +1-IA and plus the
case-distinction functionals (Cond,),ct and its substitution axioms
t[Cond,,(0°, 2%, y*)] =0 t[x]
(SUBcona): {t[Condp(Su,xp,y”)] o 1] for all ¢ of type 0.
These case distinction functionals are needed for the functional interpretation and
cannot be defined in these fragments of N-HA“, see [41, 3|. In the full system T they

can be simulated by the recursors. Instead of N-HAY | we also write N-HA® I. The
classical systems N-PA%[, N-PA“| are defined similarly. In the same way also the

(weakly) extensional systems (W)E-HA“, (VWE—\HA“’ I, (W)E-PA% ], (VWETPA“F are
defined.* However for the classical systems defined here one does not need to add
Cond to the system since it is provably definable with the A-combinators and Ry, see
[41]. Note that X9 ;-induction is provable with the recursor R,, and quantifier-free
induction and full QF-AC in all types (definition below) over the classical systems
defined here. Hence the addition of it to the classical systems is actually superfluous.
This follows from [41] and Kreisel’s characterization theorem, see [32, proposition
10.13].

2.4. Grzegorczyk arithmetic. We moreover need weaker fragments of Heyting
and Peano arithmetic containing only quantifier-free induction.

Let weakly extensional Grzegorczyk arithmetic of level n in all finite types Gn/—\‘(*f)
be the (intuitionistic) system containing =¢-axioms, QF-ER, A-abstraction, the n-th
branch of the Ackermann-function, bounded search and bounded primitive recur-
sion. For a detailed definition see [26].> The neutral variant will be denoted by
N-G,,A“, the extensional one by E-G,,A”.

Let GooA” be the union of all these systems. This system contains all prim-
itive recursive functions but not all primitive recursive functionals (in the sense
of Kleene). For instance Ry is not contained in G.oA®. Thus it also contains no
Y-induction. The set of all closed terms of G,A“ is called G,,R”. See [26] and [32,
Chapter 3] for all of this.

2.5. Quantifier-free axiom of choice. Let QF-AC be the schema
Vo 3y Ay(z,y) — 3f Vo Ay, f(x)),

where Ay is a quantifier-free formula. If the types of x, y are restricted to o, 8 we
write QF-AC®8,

4For a formal definition let (W/)IEjiA“’[ be defined as in [32, section 3.4] and define (W)E-HA%|

to be (WTE—\HA“’[ plus Z?H_l—l/-\ and the defining axioms and constants for the recursors R, with
deg(p) < n. The neutral variants are defined in the same way but without the rule of extensionality.

5In [32] the system G,A“ is defined to include all N,NN,NNN-true V-sentences. In a pure
proof-mining context these sentences do not matter because they have no impact on the provable
recursive functions in the system. We only add quantifier-free induction (QF-IA), to be able to

later establish conservativity over PRA.
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The scheme QF-AC’? corresponds to recursive comprehension (A9-CA) in a sec-
ond order context. Thus V@/—\“’F + QF-ACHY and RCAq share the same proof
theoretic strength. RCAg can easily be embedded into VWE?A“’[ + QF-ACH0 and
V@Aw[ + QF-AC? is conservative over RCAg modulo this embedding, see [31].

For this reason WE-PA¥ I + QF-ACH0 is called RCAY.

The system RCA} is RCAg, where X{-induction is replaced by quantifier-free-
induction and the exponential function, see [45, X.4.1]. This system can be em-
bedded into GzA“ + QF-AC!? and both systems are Hg—conservative over Kalmar
elementary arithmetic.

In ordinary mathematics higher types usually do not occur and second order
arithmetic is sufficient to formalize most of it. We require here a system containing
all finite types to be able to carry out a functional interpretation and thus cannot
use a second order system.

2.6. The quantifier-free subsystems. In order to exploit the full subtlety of
the functional interpretation we will also need the quantifier-free subsystems of
N-G, A7 and N-HAYT. The quantifier-free subsystems are denote by qf-N-G,A“
resp. qf-N-PA¥[. (The quantifier free subsystems satisfy the law of excluded middle
and are therefore classical.)

They are obtained from the full systems as follows:

e The quantifier-rules and -axioms are dropped from logic.
e For all axioms of the form A(z/",...,z2"), where A is quantifier-free, the
following axioms are added to the system:
At
where t; are arbitrary terms.
e The induction schema is replaced by the (quantifier-free) induction rule:
A(0%),  A(2%) — A(S20)
A(t9) ’
where A is quantifier-free,  does not occur free in the assumption and ¢ is
an arbitrary term.

These quantifier-free systems contain only prime formulas of the form
to =o t1,

where tg,t; are terms in N-G, A" resp. N-HA%|. Formulas are logical combinations
of these predicates. Obviously, qf-N-G,,A” and qf-N-PA% | are subsystems of N-G,, A’
resp. N-HAY[. (For a detailed discussion of these systems we also refer the reader
to [51, 1.6.5]. For technical reason we use here the variant of the systems described
remark 1.5.8.)

Observe, that in these system we can only instantiate type 0 variables (via the
induction rule) and not higher type variables, hence we immediately obtain the
following lemma:

Lemma 2. Let A be a sentence and
TEA,
where T = qf-N-G, A%, qf-N-PA¥T.

Then there exists a derivation of A in T that contains only the variables of A
plus some fresh variables of type 0.

Proof. In a derivation of A in 7T replace every variable not of type 0 and not
occurring in A by constant 0° of suitable type. Since higher type variables cannot
be instantiated the derivation remains valid. O
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2.7. Functional interpretation. Functional interpretation will denote in this pa-
per a negative translation followed by Go6del’s Dialectica translation.

Godel’s Dialectica translation is a proof interpretation that translates proofs from
(a fragment of) WE-HA“ or N-HAY into its quantifier-free subsystem, see [13].

Let 7 be such a system. The Dialectica translation associates to each formula
A of T a 3v-formula

AP =3z vy Ap(z,y),

where Ap is quantifier-free. In particular, for a $9 sentence A the formula Ap is
the quantifier-free matrix of A.
From a proof of A one then can extract a term ¢, such that

af-T + Ap(t,x).

A negative translation is a proof translation that translates classical proofs into
intuitionistic proofs. It also proceeds by associating each formula A a formula AN
such that

Sk A« AN and SFA =— &+ AV,

—

Here S is any of (W)E-PA“, (W)E-PA“[, G,A” or its neutral variants and S; is
its intuitionistic counterpart. (To be specific, Kuroda’s negative translation A" is
obtained from A by inserting —— after each V and in front of the whole formula.)

Thus we denote by functional interpretation a proof translation from (a fragment
of) WE-PA“ or N-PA¥ into its quantifier-free part. We abbreviate the functional
interpretation by ND. The ND-translation of a formula A will be denoted by AP
and the quantifier-free matrix of it by Anp.

The functional interpretation in particular has the property to extract a term for
each provable recursive function, i.e. from a proof of a V3-statement (in WE-PA¥
or any other fragment for which the functional interpretation holds)

WE-PA® F Vu Jv Age(u, v)
it extracts a term t such that
qf-WE-HA* = Agf(u, tu) .
———
EAND(t,u)

For an introduction to the functional interpretation see [32, 3, 51].
Since the functional interpretation does not interpret full extensionality it is
often combined with the elimination of extensionality.

Proposition 3 (Elimination of extensionality, [38]). Let A be a formula containing
only free variables and quantification of type < 1. If

E-PA* 4+ QF-AC%! + QF-AC*0 - 4
then

N-PA“ + QF-AC®! + QF-ACHC |- A.
The same holds also for the fragments l\m“’[ and N-G,A”.

Proof. Proposition 10.45 and lemma 10.41 of [32]. These lemma and proposition
actually do not make use of weak extensionality and therefore show conservativity
even over a neutral theory. O
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2.8. Additional notation and definitions. We denote sets by capital letters.
Unless otherwise noted they are represented by characteristic functions. Sometimes
capital letters also denote higher type functionals. It will be clear from the context
what is meant.

It is important to note that in systems not containing %9-induction it is in general
not provable that every infinite set — that is a set X satisfying Vkdn >k n e X
— can be strictly increasingly enumerated, i.e. there exists a strictly monotone
function f such that rng(f) = X. The system VE—FA‘“[ + QF-AC%° proves that
the first statement implies the second. The converse — every strictly increasingly
enumerable set is infinite — is already provable without :¢-induction, for instance
G3A” suffices.

Sequence codes are denoted by (zg, ..., x,). The corresponding projection func-
tions and length function are denoted by (-); and Ith(-). We encode sequences
using a bijective and monotone (in each component) sequence-coding based on the
Cantor pairing, see [32, definition 3.30]. This coding is definable in every system
containing qf-N-G3A*.

We model in our systems n-colorings of [N]? as functions c: N x N — n with
c(@,y) = c(y, ).

Further we define the following notions:

e f denotes the course-of-value function of f!,i.e. f(n) = (f(0),..., f(n—1)).
e z [ X iff  is an initial segment of a strictly monotone enumeration of X.
e x Cfim X iff x is an code for a finite subset of X.

Definition 4 (Bounded type 1 recursor, R;). The bounded type 1 recursor R; is
defined as

R10yzhu =0 min(y(u), h(0,u))
Ry (z + 1)yzhu =¢ min(z( Ry zyzh)zu, h(z, u)).

We will denote by (R;) the defining axioms. Note that they are purely universal
and that R; can be trivially majorized.

Definition 5 (Uniform weak Konig’s lemma, UWKL, [30]). Uniform weak Konig’s
lemma is the statement

30 <iq0) Wf (T(f) = V2’ f(@fx) = 0),
where T expresses that f describes an infinite 0/1-tree.

We can modify (in Go,A”) every function f such that it describes an infinite
0/1-tree and is not altered if it already described such a tree. We will write f for
this modification, see [25, 32].

With this we can restate UWKL equivalently as

3P <y 1V V2 (@ fx) = 0.

Note that the condition <;(;) is superfluous because the modified tree contains only
0/1-sequences.

By Skolemization we add a weak Konig’s Lemma functional constant 5 described
by the (purely universal) axiom

(3) Vv f(Bfz) = 0.

This axiom will be denoted by (B). Note that B can be trivially majorized.
In a system containing full extensionality UWKL implies M9-CA, see [30], hence
it is too strong for our purpose. But in a weakly extensional system it often can be
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handled like WKL, for instance it vanishes under a monotone functional interpreta-
tion like WKL and can be added to the elimination of monotone Skolem functions,
see [30]. Note that proposition 3 does not cover UWKL.

3. CONTINUOUS FUNCTIONALS
Recall that a type 2 functional ¢ is continuous if
(4) Vg' 3In® vh! (gn=hn—¢(g) = ¢(h)) .

Definition 6 (Associate, [23, 33]). For every continuous type 2 functional ¢ we
will denote by a, an associate of ¢, i.e. a type 1 function with the properties

Vfdn a¢(fn) #0,
Vin (O‘ga(f”) #0—p(f) :a¢(fn)*1)-

The value of ¢ is uniquely determined through a,. For every continuous func-
tional there exists an associate, though it is not uniquely determined. For details
see also [39].

(5)

Definition 7. A functional given by a closed term ? of T is called provably
continuous if for some term ., (containing at most the free variables of ¢) of type
1 (if p > 0) resp. 0 (if p = 0), the following holds:

ThEe=,a,.
Here, for general z¥ and %!, the relation z ~, « is defined by induction on p:

TRy ai=T =),

xR0 =a€ ECF, AVYy VB € ECF, (y =, =2y =, alf),

where ECF is the model of extensional hereditarily continuous functionals formalized
in 7 and [ denotes the application in ECF. (See [24, 33, 51], for a definition see
also [32, definitions 3.58, 3.59].)

Especially, in the case of p = 2 a functional ¢ is provably continuous in 7T if it
has an associate a, in 7 and (5) is provable.

Proposition 8. For every term t?> € G,R¥, Ty, T} there exists provably in G,A*

resp. WE-PA® I, WE-PAY[ a (primitive recursive) associate . In other words t is
provably continuous.

Proof. We first consider the case of WE-PA¥ I = WE-PAY | and G,,A“. Here the only
functional constants having no trivial associate are the A-combinators and Ry (in

the case of WE-PA¥ I) and the course-of-value functional (in the case of G,,A”). The
associates of Ry and the course-of-value functional can easily be computed and (5)
be proven in the respective systems. By normalization one can find a term ¢ =, t
that does not include A-abstraction of type > 1. The proposition for V@Aw[ and
G,,A” follows from this.

In the case of WE-PAY| we prove by induction over the structure of ¢ that
t is provably continuous. For this it is sufficient to prove that every functional
constant is provably continuous and to observe that this property is retained under
composition. The associates for the A-combinators are easily definable and provable
in these systems, see [51].

Here we only show that the existence of an associate for R; is provable in
WE-PAY[, since we are only interested in this case. For the other recursors the
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proof is similar. Let

(V) +1 ifu<lthy,
0 otherwise,

Ry (Oa y/a Z/’ u) = {

if 3k < Ithy/, such that
ag, (z,y', 2", k) >0
and this is > 0,

0 otherwise.

()

ap, (T 41,4, 2 u) = (. Ok-m, (297,27 ) = D)

Using I19-induction one shows that
Vo (Vu3dnag, (x,gn, @ zmn,u) = Ri(z,y,z,u) + 1)

and hence that ag, is an associate of R;. o

4. PROPERTIES OF INSTANCES OF COMPREHENSION

Remark 9. A sequence of I1{-comprehension instances (I’I?—CA( fi))i may be reduced
to the single instance of MY-CA(f’) with f'zy := f(,), (¥)2y, see [27, remark 3.8].

Lemma 10 (]27, 28]). For suitable terms &; of GsA“ we have
(i) GsA“ + QF-ACO -V f (N9-CA(& f) — NE-AC(f)),
(i) G3A” + QF-AC™0 Vv f (MY-CA(&f) —>A0 CA(f)).
(ili) G3A“ + QF-AC*O V[ (MY-CA(&f) — AO IA(f)),
(iv) G3A” + QF-AC*O Vv f (MY-CA(&f) — I'IO CP(f)),
(v) GsA® + QF-ACO® + WKL - Vf (I'I?-CA(§5f) — NY-WKL(f)).

Here the principle K-AC denotes the scheme of axiom of choice, where the base
formula is of type K. Similarly -WKL denotes weak Konig’s lemma where the
tree is given by a predicate of type . The principles K-IA and IC-CA are defined
likewise.

If K =112, 29 then an instance of those principles is given by a function f coding
the quantifier-free part of the I19 resp. ¥ formula. For instance

N%-AC(f) =Vx3IyVz f(x,y,2) = 0—=3IY Vo Vz f(2,Y (2), 2) = 0.

Similar a A9-formula is given by an f coding a function for a II% and a function
for a X9 formula.

Proof of lemma 10. For (i), (ii) see [28, lemma 4.2]. The statements (iii), (iv) are
immediate consequences of these. Note that we require here G3A” and not only
G2AY as in the reference, since we do not add the true universal sentences to the
system, see footnote 5.

For (v) let & be such that the instance of M{-CA yields the comprehension
function for the innermost quantifier of the tree predicate reducing N-WKL to
MY-WKL. This is equivalent to WKL and thus included in the system, see for
instance [45]. O

For the ordinal analysis of terms we will need the following abbreviation:

B (Al
wyg =p and wp g =wk,

where £ € N and p is an ordinal.
Lemma 11. Let n € N and let t[g] be a type 1 term with the only free variable g
such that Ag.tlg] € T,,. Then for every term ¢ in Tp_1 or in GooRY if n =0 there

exists a term & in the same system such that WE-PAY_, [+QF-AC or G, A” +QF-AC
in the case of n = 0 proves

Vg (ﬂ?-CA(gg) —3f! (f satisfies the defining axioms of t[g] A l‘l?-CA((pfg)) )
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Defining azioms of t[g] are a formula A, such that Vg, z,y (A(g,x,y) < tlglx =vy).
(Since t' can be defined by (unnested) ordinal recursion of order < w¥,,, one can
take for A the formula describing this recursion.)

Proof. First fix a suitable encoding for ordinals smaller than ¢ in this system, see
for instance [14].

Every term t! € T,, can be defined through (unnested) ordinal recursion of order
< wy | 1; the totality of such a recursion can be proven using a suitable instance of
¥9 . 1-IA, see [40] and theorem 17 below. Such an instance is included in the system
because a suitable instance of MY-CA reduces it to X2-IA. This proves the claim
that there is a total function f satisfying the definition of t[g].

For the second part note that the defining axioms of unnested ordinal primitive
recursion of order type « are given by

(6) f0) = fo,  f(n) = h(n, f((n)),
where [ satisfies
(7) l(n)<n forn >0

and < defines a well-ordering on N of order type a.
We say a finite sequence s satisfies the defining axioms (6) up to n if

(s)o=fo, ()i =h(i,(s)s) forallie | J |J{F@)}\{0}
n'<n k

For notational ease we assume here that [(0) = 0. Note that because of (7) the set
Ue {I*(n')} defines an <-descending chain and is therefore provably finite.
For the second part we have to prove a comprehension of the form

(8) JHVEk (k€ H < Vzo(f,g,k,x) =0).

We use the imposed instance of comprehension to prove the following comprehension

JHVE (k € H <> YV Vs,n (s satisfies the defining axioms of t[g] up to n

= O fp(fog k) (8) < 1))

Note that this comprehension is equivalent to (8) if f is total. O

The proof of the comprehension above is similar to the construction of a 1-generic
set: If the statement

Vzo(f, g,k z) =0
for a fixed k fails, then there is an x such that ¢(f, g, k, z) # 0. Since ¢ is continuous

this depends only on an initial segment of f. We express this by using associates,
i.e. this statement is equivalent to

I anpp(f.gkm (fr) > 1.

Hence it suffices to consider only finite initial segments.

We will use this technique in most proofs of instances of comprehension in this
paper. This is the reason why we require ¢ to be provably continuous in the
definition of proofwise low.

5. ELIMINATION OF MONOTONE SKOLEM FUNCTIONS

Let A be a set of sentences of the form Va3b < ra Vc° Byf(a,b,c), where r is a
closed term and By is quantifier-free and contains any further free variables than
those shown. Let A be the corresponding set of Skolem normal form of the sentence
of A, i.e. the corresponding formulas of the form 3B < rVa, c° By(a, Ba, c).
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Theorem 12 ([27, 3.8]). Let v be an arbitrary type and let Ay be a quantifier-free
statement where only the shown variables are free and let s be a term in G, R”. If
GooA® + QF-AC® A F Vu' Yo <, su (NY-CA(§uv) — Fuw’ Ay(u, v, w))
then one can extract from a proof a term t € Ty such that
WE-HA“[ & A I Vu! Vo <y sudw <g tu Agy(u,v,w).
Especially, in case that Agp € L(PRA), u of type 0, v absent and A = () we have
PRA F Vu® Ayp(u, tu).

Corollary 13. Let vy, &, s, Ay be as in theorem 12. However § may contain B but
s and Az must not. Then the following holds: If

GooA® + QF-AC @ (B) F Vu Vo <, su (M7-CA(uv) = Fw® Agf(u, v, w))
then one can extract from a proof a term t € Ty such that
@A“[ F Vul Vo <, sudw < tu Agy(u,v,w).

Proof. First note that due to [27, remark 2.10] we may add the (majorizable) con-
stant B to GooA“ in theorem 12.

Apply this theorem to A := {VfVax f(Bfz) =0}, cf. definition 5 and (3) on
p- 10. The premise of the corollary implies that

GooA* + QF-AC® A F Vu Vo <, su (M{-CA(fuv) — Fw’ Ay(u, v, w)).
Theorem 12 and noticing that A = A yields
WE-HA P AF Yul Vo <y sudw <g tu Agy(u, v, w)

and so
WE-HAY| F A — Vu! Yo <, suTw <g tu Ag(u, v, w).

Since the constant B only occurs in A, we may replace it with a new variable and
so replace A with UWKL. The corollary now follows from [32, corollary 10.34]. O

6. BAR RECURSOR

With bar recursion (even of the lowest type) one can interpret the functional
interpretation of (instances of) M{-CA. This will be discussed in detail in propo-
sition 48 below. In this section we will show that the bar recursor By can be

majorized provably in WE-HA® [
Definition 14 (bar induction of type 0). Let bar induction of type 0 be
V! 3nd Vn > ng Q(T,m;n) A
(Blg): { Vo, n® (VdQ(@ m*d;n + 1) = Q(T;m;n))

— V2!, n® QT m; n),

where
z(k), ifk <n,
k), ifk
(Z,m)k = z(k), i k< 7?’ (T,m*xd)k :=<d, if k=n,
0, otherwise, .
0, otherwise.

If @ is restricted to formulas in K, we write /C-Bly.

Lemma 15.
WE-PA“| + QF-AC?? - I'I?—BIO
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Proof. Let Q(T;m;n) = Vk Qu(T,m;n; k). Suppose that M9-Bly does not hold, i.e.
the premises of M{-Bly are true and
Jad, nd —Vkd Qqf(To, 705 n0; ko) s
which is equivalent to
©)) ﬂx(l), ng, k:g =Qqf(To, 0; N0; ko).
The second premise yields
Vo, n® k0 3d, k' (=Qu(T 7 ns k) — = Qu(T 7 + dyn + 1; ).
Since the whole statement only depends on an initial segment of ', it can be coded
in a type 0 object 2'°. For instance let 2/ := Zn then Xi.(x)i,n =T, M.
Using QF-AC%? we then obtain functions D(z, n, k), K(x,n, k) with
(10)
val, n, k (—\qu()\i.(os)i, n;n; k) = =Qu(Ni.(z);,n * D(x,n, k);n+ 1; K(z,n, k)) .
Then define using simultaneous course-of-value recursion (ng, zo, ko are from (9))
the functions Dy, Kj:

Dy(n) := zo(n) Dy(n) := D(Dg, n,n, Ko(n — 1))
for n < ny, for n > nyg.
Ky(n) := ko Ko(n) := K(Dg,n,n, Ko(n — 1))
The definition of Dy and (9),(10) yield
Vn > ng ~Q(Do,n;n)
and hence a contradiction to the first premise of M9-Bly. O

Proposition 16. WE-PA¥ I 4+ QF-AC%? proves that there exists a majorant By of
B071.

Proof. Define B ; like in [32, proof of theorem 11.17]. By the cited proof it suffices
to show MY%-Blg. (Note that in that proof @ is a II{ formula in the case where

p = 0.) Hence the proposition is an immediate consequence of lemma 15. See also
[5]. O

7. ORDINAL ANALYSIS OF TERMS

7.1. Ordinal Peano/Heyting arithmetic. In this section we will investigate the
strength of induction along ordinals the systems WE-HA“ [, WE-PA“ .

We will code ordinals using the ordinal coding of [14, I1.3.a]. (This coding uses
the Cantor normal form for ordinals to define primitive recursive codes for ordinals.)
For convenience we repeat the definition of wj.:

wh =p and Wi | =w
Here k € N and p is an arbitrary ordinal number.
Theorem 17 ([40], [53]). The functions and functionals of level 2 that are ordinal

recursive (unnested) in an ordering < wi,, are exactly the functions and functionals
m Tk.

Theorem 18 ([14, I1.3.18]).
WE-PA“I + 50 ., JAF X0 -LNP(< wf)

for every m,k € N, where LNP denotes the least number principle.

In particular, WE-PA® [+X) | -IA proves the totality of < wi, | -recursive functionals
of type < 2.

Proof. See [14, 11.3.18] and [40]. O
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7.2. Application to bar recursion. Our goal is now to use the equivalences
between ordinal induction and ¥9-induction and an ordinal analysis of bar recursion
to establish conservation results of bar recursion over induction along w.

Definition 19 (Howard’s bar recursor). Define the bar recursor B, . as

Gt, if A[t] < ltht,

B, AFGt =, .
’ Ft(\u.B,AFG(t *u)), otherwise,

where [t] := Az.(t),.
Definition 20 (restricted bar recursor).

Gt, if At] < ltht,

& AFGt :=,
i {Ft((I)’TAFG(t x0))(®LAFG(t 1)), otherwise.

The bar recursor ®(, can be used to solve the functional interpretation of WKL,
see [18]. (P~ is the restricted bar recursor schema 1 from there.)

We call a term semi-closed if it contains only variables of degree < 1 free. Howard
introduced the notion of computational size for semi-closed terms, see [17, 18].
Roughly speaking the computation size of a semi-closed term of type 0 is an upper
bound on the number of term reductions on has to apply to obtain a numeral. The
computational size of a degree 1 term is the computational size of t(Hy, ..., H,),
where H; are fresh variables such that the terms is of type 0.

Theorem 21 ([18, 2.2, 2.3]). Let ®{AFGc resp. By 1 AFGc be a semi-closed term
and let A, F,G have the computational sizes a, f,g then

(i) ®LAFGe has computational size o := (f + g+ h)w +w(h + 1),
where h := wa + w and,
(ii) Bo,1AFGc has computational size o := wItF2h where h == wa + w.

This equivalence can be proven in £-LNP(c).

Proof. See the proofs in [18, 2.2, 2.3]. Note that these proofs actually define a
counting function for the computation-tree through transfinite recursion. This re-

cursion is essentially a transfinite primitive recursion over o. Hence this proof may
be carried out in £-LNP(c). O

Remark 22. If we apply the rule of bar recursion to semi-closed, primitive recursive
terms (in the sense of Kleene, i.e. terms of computation size w™ for n € w) we obtain
a term with computation size < w™* for an m € w and therefore a term that is
provably definable already in WE-PA® |, for an I € w or in WE-PA®| + Z3-IA. We
can carried out the proof of the equivalence, theorem 21, in the same system, see
theorem 17. Hence in each of these systems we can also proof the equivalence of
both terms.

If we apply the rule of restricted bar recursion to primitive recursive terms, which
contain only free variable of type 0, we even end up with a primitive recursive term.

8. TERM-NORMALIZATION

Denote by T{x[Fo, . . ., Fin—1] the extension of the system T}y resp. T with the con-
stants Fy, ..., F,_1. Further we treat here R, as an unspecified constant (without
R, axioms) in the case of qf-G,,A“.

In the following we will call the reduction of

Cond (2, y, z)u” to Cond,(z,yu, zu)

a Cond-reduction. These Cond-reductions are provably valid in qf-N-G,,A”.
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Theorem 23 (term-normalization for type 2). Let F; be constants of type < 2.
For every term t' € To[(Cond,) per, Fo, - - -, Fn—1] there is provably in qf-N-G3A®
a term t € Ty[Condy, Fy, . .., F,_1] for which

Yz to =g t
and where every occurrence of an F; is of the form
Fi(to[y®], .. te_1[y"]).
Here k is the arity of F;, and t~j [v°] are fized terms whose only free variable is y°.

Proof. Without loss of generality we take the system To[F] where F is of type 2. For
notational simplification we assume that the recursor Ry can be obtained from F.
This can always be achieved with coding.

Let t! be a term in Ty[F]. The term tz, where z is a fresh variable, is =¢-equal to
a term t¢'[x] where ¢’ results from ¢z by carrying out all possible II-, -, and Cond-
reductions. The outermost symbol of ¢ cannot be II, 3, or Cond, with p # 0, since
otherwise in ¢’ either not all II-, ¥-reductions had been carried out or ¢ would not

be of type 0.
Hence one of the following holds:
1) t'[z] =0°

2) t'[z] = S(tola])
3) t'[z] = F(t;[])
4) t'[z] = Condo(t2[z], tglx], t¢[z])
In the first case we are done, Az.t'[x] satisfies the theorem. In the second case we
proceed the same way with the term t¢,. In the third case we proceed with the
term t,y" where y" is a new variable making ¢, to type 0 and in the fourth case we
proceed with the terms t., t4y°, t.y®. Note that we can code the variables x and y
in one type 0 variable. Also note that since we applied all Cond-reductions only
Condg occurs.

By the strong normalization theorem this process stops, yielding the desired
term, see e.g. [12]. O

Theorem 24 (term-normalization for type 3). Now let G; be constants of type < 3.
For every term t* € Ty[(Cond,) e, Go, . . ., Gn_1] there is provably in qf-N-G3A”
a term t € Ty[Condy, Go, . . ., Gy _1] for which

Yz to =g tx
and where every occurrence of an G; is of the form

Gi(to[f'], .. tuoaf]).
Here k is the arity of G;, and t~j [fY] are fized terms whose only free variable is f*.

Proof. Analogous to proof of theorem 23. See also [29, proof of proposition 4.2]. O

Note that the equality between ¢, f is only pointwise. Therefore one needs (weak)

extensionality to conclude that s[t] =¢ s[f] for an arbitrary term s.

Application to proofs in quantifier-free systems. For a term ¢ call the term
where every maximal type 0 subterm (i.e. every subterm of type 0 which is not
included in a different subterm of type 0) is replaced by a fresh type 0 variable
skeleton. Obviously, ¢t can be regained from its skeleton by substitution of type 0
terms.

Lemma 25. Let T be qf-N-G,,A“ withn > 3 or qf—lmw I augmented with arbitrary
constants Ho, Hy, . .., let to, t1 € To[Condy, Hy, H1, . ..| and in tg, t1 all possible I1-,
Y -reductions have been carried out.

Then the following are equivalent:
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(1) The terms to,t1 are provable equal in every term context (T F s[to] =o s[t1]
for every term s).
(ii) T F P(to) =0 P(t1), where P is a variable of suitable type.
(iii) The terms to,t1 have the same skeleton (modulo renaming of type 0 vari-
ables) and to,t1 are obtained from the skeleton by substitution of =¢-equal
terms.

Proof. (i) = (ii) is clear. (ii) = (i) follows from the fact that one can replace P
by any term in the derivation and so in particular by Az.s[z]. By definition of the
axioms of a quantifier-free system the axioms of this new derivation are also in 7.
(iii) = (i) follows from the =g-axioms.

For (ii) = (iii) observe that the only way to prove the equality in (ii) are the SUB
rule, the SUBconq rule for Condg, or the =g-axioms. The II-, and X-reductions com-
mute with applications of =gp-axioms and in tg, t; all possible II- and ¥-reductions
have been carried out we may assume that only the =g-axioms, SUBgonq-axioms
for Condg, and the SUB-axioms for R are used. These axioms only change type 0
values and, therefore, the skeletons have to be the same. The lemma follows. [

Proposition 26. Let T be qf-N-G,,A“ where n > 3 or qf—I\TP\A“’[ augmented by a
type 2 constant F. Further let A be a formula containing only type 0 variables free
and satisfying T = A.

Then there exists a formula A such that the weakly extensional intuitionistic
system Twg corresponding to T (i.e. G,AY or WE-HA> 1) proves A <> A and that
there is a derivation D of T F A where every occurring term is normalized according
to theorem 23, i.e. each occurrence of F is of the form F(t;[z]).

Moreover, these applications of F' can be chosen independently from each other
in the sense that

T ¥ P[F(t')] =¢ P[F(t")] for a fresh variable P

for all type 0 substitution instances t',t" of t; resp. t; with i # j. (In other words,
the theory T does not see that the F(t'), F(t") are applications of F and not just
an arbitrary term of suitable type and with the same free variables. Hence they may
be replaced independently.)

Using coding we may also allow finitely many constants F; of type < 2.

Proof. Let D be a derivation of 7+ A. By lemma 2 we may assume that only the
variables of A and some free type 0 variables occur in D. Hence every term showing
up in D satisfies the premise of theorem 23.

We obtain a new derivation D by replacing every term in D with its normal form
as defined in the proof of theorem 23 (in particular all possible II-, and ¥-reductions
have been carried out and only Condg occurs in £). The derivation D is still valid
because the used logical axioms and rules, SUB-axioms for the recursor and Cond,
=p-axioms, and quantifier-free induction rule are translated into other instances of
themselves. The used SUB-axioms for IT and ¥ become trivial since in all terms all
possible II- and Y-reductions have been carried out.

Let A be the result of D. Each term occurring in A is just the normal form of
the term at the same position in A and therefore weakly extensional equal to it.
Hence

TWEFAHA.

Obviously, the derivation D contains only finitely many applications t; of F.
Each of the t; contains only type 0 variables free. However, these applications of
F are not independent from each other because there might be equalities between
them provable in 7.
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Passing to the skeletons of ¢; we obtain applications of F' which are by lemma 25
pairwise independent or literally equal and which still contain only type 0 param-
eters. O

Remark 27. If in the above theorem one adds a type 3 constant G instead of F' to
the system and uses theorem 24 instead of 23 one obtains a similar result with the
exception that the applications ¢; now also depend on function variables f;. (These
variables result from the normalization defined in theorem 24. They can be coded
together into one variable f such that the derivation D may be contains only the
variables occurring in A plus some fresh type 0 variables.)

9. COHESIVE PRINCIPLE (COH)

Let (Ry)nen be a sequence of subsets of N. A set G is cohesive for (Ry,)nen if
vn (G C* R,V GC*R,), ie.

Vnds (Vj>s(jeEG—=jER,)VVi>s(jeEG—j¢R,)).
A set G is strongly cohesive for (Ry,)nen if
VnisVi<n (Vj>s(jeG—jeR)VVYi>s(jeG—j¢R;)).

The cohesive principle (COH) is the statement that for every sequence of sets an
infinite cohesive set exists. Similarly the strong cohesive principle (StCOH) is the
statement that for every sequence of sets an infinite strongly cohesive set exists. We
denote by (St)COH(r, G) the statement that G is a set that satisfies the (strong)
cohesive principle for the sets given by the characteristic functions (Az.r(i,x));
where r: N x N — 2.

Proposition 28 ([15, 4.4]).

(i) G3A“ - StCOH — COH
(ii) G3A® - StCOH — NY-CP
(ili) G3A” - StCOH «» COH A M9-CP

Proof. The first statement is clear and the third statement is an immediate conse-
quence of the first and second.

For the second we prove the infinite pigeonhole principle RTL  from StCOH.
The infinite pigeonhole principle is equivalent to M9-CP, over X¢-induction. This
was shown in [16]. The proof can even be carried out in GzA®, see [36]:

Let f: N — n be a coloring. Define R; := {z | f(x) = i}. Let G be an infinite,
strongly cohesive set for R;. By definition there is an s with

Vi<n (Vji>s(jEG—=jER)VYj>s(j€G—=]j¢R)).

By the totality of f there is exactly one 4 such that the first disjunction holds, i.e.
the color i occurs infinitely often on G and thus on N. O

Lemma 29. G3A“ proves that a countable number of instances of (St)COH is
uniformly equivalent to a single instance of (St)COH.

Proof. Let (Rj;);ien be a sequence of sequences of sets. A set which is (strongly)
cohesive for all of these sets is obviously also (strongly) cohesive for the sets (R; ;)ien
for each j. Hence a single application of (St)COH is sufficient to solve the sequence
of instance of (St)COH given by (R;;)ien for each j. O
Proposition 30.

GooAY + QF-ACOWKLE Vr: Nx N — 2 (I'I(l)—CA(fr) — 3G StCOH(r, G)) ,

where £ is a suitable term.
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Proof. Define

i =
R, := M\z.r(n,x), R* .= m {Rl it 2; =0,

i<1th(a) R; otherwise.
Here and in the following let = be the code of the sequence (xo, ..., Tith(z)—1)-
For every n the set (of sets) {R” | x € 2"} is a partition of N, i.e.
(11) YnVz Az € 2™ z € R".

This statement can be proved with an instance of quantifier-free induction (the
tuple (xg,...,z,_1) is bounded by 1n and z is a parameter).

We construct an infinite I13-0/1-tree T' deciding at level n whether for the solution
set G either G C* R, or G C* R,, holds: Let

T({(xoy...,2Tn)) iff R(@or%n) ig infinite.

The statement “R? is infinite” is I19. The predicate T' clearly defines a tree. The
tree is infinite because otherwise

InVx € 2"y Vz>y z ¢ R”

and this together with an instance of M9-CP yields a contradiction to (11). (z can
be bounded by 1n.)
With an application of an instance of X{-induction we prove

Va (Rz inﬁnite—>VnEI<l0, . ,ln_1> (VZ <n-11< li+1 AVi<n l; € R$))
and then conclude
(12) VnVz (lth(z) =n
A R* inﬁnite—>§|(lo, .. .,ln_1>Vi <n-11[< li+1 AVi<n l; € Rz)

An instance of M-WKL yields an infinite branch b of T, i.e. Vn (RB(”) inﬁnite).
Using (12) we obtain

13) V3o, lur) (w <n-11l<ly AVi<n € R"™C REi) .

An application of QF-AC yields an enumeration n — (lg,...,l,—1) of finite tuples.
Searching for the least code of a tuple and the properties of (13) assure that every
tuple is extended by the following. Hence we may diagonalize to obtain an the set

G :={lp,l1,...}. This set is strongly cohesive and solves the proposition.
Note that the instances of ¥9-1A, M9-CP and MY-WKL can be reduced to an
instance of M$-CA using lemma 10 and remark 9 yielding a suitable term . (I

We now strengthen this proposition to

Proposition 31. For every closed term ¢ one can construct a closed term & such
that

GooA” + QF-AC ® WKL +
vr: Nx N— 2 (NY-CA(¢r) — 3G (StCOH(r, G) A NY-CA(¢rG))) .

Proof. We construct an infinite I13-0/1-tree, in which we decide at level

e 2n whether G C* R,, or G C* R,, and at level,
e 2n+1  the n-th value of the instance of I19-comprehension,
i.e. whether Vk (orG)nk = 0 is true.
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We assign to every element of the tree a finite (potential) initial segment L” of G.
At level 2n we add — as in the previous proposition — the next element of R”;
at level 2n + 1 we only add the smallest counterexample (extending our old initial
segment of G with elements from R”) to the statement Yk (¢orG)nk = 0 if it is false
and nothing otherwise. Define:

T((xoy...,Tan)) iff R(@o:¥2:%2n) ig infinite,
T((2o, ..., T2n,0)) iff VI CFm RE@0T2@2n) Wk o (L(T0rT20) 4]y k) < 1,
T((zo, ..., @on, 1)) iff 31 I REoT2@an) I (LI@0220) 4] p ) > 1,
LY = (),
(@05 sT2n) . [ (@0ssT2n1) o <min {x € R(@ow2,z2n) | 4 5 maXL(xo,..i,x%,l)}»

(@05 5®2n,0) . 1 (@055 T2n)

)

L{mosm2n,1) . [ (Tos@2n) 4 L,
]{,’(IO ..... 1211,»1> = k7

k¥ :=0 for all x not of this form,
where (I, k) minimal with
I C RiTom2etzn) A (LEE02n) 5] ) > 1.

For notational simplification we omitted the requirements to make T' closed under
prefix, but we can simply add the conditions of the previous levels to the definition
of T' making it a tree.

L* and k% is clearly defined if T'(z) is true (use an instance of X{-induction to
show this — weaken the II9-statement “R? is infinite” in the definition of T to
Jz € R").

Using the same argument as in the previous proposition we see that the tree is
infinite. But we cannot apply 9-WKL(£r), because this instance contains L, which
is in general not computable in r (in the sense of G,,A“).

The graph of x — (L%, k%) is definable and A{. For notational ease we define
the graph of its course-of-value function:

(<(E(), - ,.’L’n>, <L0, .. .,Ln>, <I€0, ey kn>) c gi’,; iff

n=0: L,= (), k=0,

neven: L, =1L, 1% (y), k, =0
where y minimal with y € R®o»~%2m-1) Ay > max(L,_1),

nodd and xz, =0: L, =L,_1, k, =0,

n odd and z,, = 1: L, = L,—1 %! and (I, k,,) minimal with | C R{z0:@2,.T2n) A
ap(Ln*xl,(n—1)/2,k,) > 2.

(Note that equations like L,, = L,,_1 *l we omitted for notational ease the bounded
quantifier 31 < L,, for I.) So we can replace every reference to L® in the definition
of T by

3k,y(z,(y,k)) € Gor  or  Vky(x,(y,k)) € Grk.

The resulting tree is still II3 so we may apply an instance of M9-WKL and obtain
an infinite branch b.

Setting G :=J,, L") now enumerates an infinite strongly cohesive set and from
b we can decide Vk (orG)nk = 0 for every n. O
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Corollary 32 (to the proof). For every system T containing GooA* and every
provably continuous term o there exists a term &, such that

T+ QF-AC® WKL F
Vr: Nx N— 2 (NY-CA(¢r) — 3G (StCOH(r, G) A NY-CA(rG))) .
Corollary 33. (St)COH is proofwise low in sequence over GooA” + QF-AC @ WKL.
Proof. Lemma 29 and proposition 31 (with corollary 32). O

Our goal is now to interpret consequences (of the form Va!Jy° A(z,y)) of a
principle P that is proofwise low in sequence. For this we will strengthen P to the
statement that there exists a uniform solution functional P for P. The functional
P must be of type < 2, such that after extracting terms using the functional inter-
pretation one can normalizing them with the tools of Section 8. With this we will
see that P is only used finitely many times and can be replaced using the lowness
property in favor of an instance of M9-CA.

The properties of the solution functional P must be axiomatizable universally,
since they will become an implicative assumption. After prenexation they will be-
come purely existential and the functional interpretation will extract terms witness-
ing them. Existential quantifier in the axiomitation of P would become universal
after prenexation and therefore would need to be presented afterward.

If P is of the form

(14) VS 3G Vx Fy(S, G, x),
—_———
=:P(S,G)

where Fjs is quantifier-free. Then one can take for P the Skolem functional for G,
i.e. a functional P satisfying

VS Vx By(S, P(S), x).

With the help of the following lemma we can obtain a functional for P where P
is a 13 formula. This is sufficient for StCOH.

Lemma 34. Let P be a principle proofwise low in sequence over GooA* + QF-AC®
WKL, that has the form

(15) (P): ¥S 3G VrIyVz FPy(S,G, z,y, 2),

=:P(S,G)

where Fyy is quantifier-free.
Then the principle

(16) (P'): VS 3G, Y VZ' Vo PUS, G a,Y (x, 2), Z(Y (z, Z))

is proofwise low in sequence, in the sense that for every closed term ¢ a closed term

¢ emists, such that NMY-CA(E(S;)i(Z:)i) proves
H(Gz)z» (Y;)z (VZ, Z/v xz -qu(siv Gia &, (Y)Z(.’E, Zl)? Z/(K(xa Z/))) A
NY-CA((S:)(Z:)(Gy) (Ma.Yi(z, Z:):)))-

Proof. The lowness of P provides that for every term ¢’ an instance of I1-compre-
hension M{-CA(£SZ) proves

3G (V2" Iy V20 (S, G, 2, y, 2) A NI-CA(¢'SZG)) .
Hence it also proves

3G (Yo, Z 3y Py(S, Gz, y, Z(y)) A NJ-CA(¢'SZG)) .
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By searching for the least y we may assume that there exists a unique y for each
x,Z. Let Y(x,Z) be the choice function for y obtained using QF-AC. To show
that P’ is proofwise low it suffices to show for every closed ¢ that there is a closed
¢’ (and thus a closed &) such that MY-CA(pSZG(Az.Y (x,Z))) is provable from
NY-CA(pSZ).

Since Y is computable in S, G a suitable ¢ can easily be constructed with the
same generic construction used in the proof of lemma 11.

One also easily verifies that the whole argumentation is stable under sequences
and hence that P’ is proofwise low in sequence. O

It is easy to see that P’ is equivalent to P over QF-AC%C. For such principle we
could then use a solution functional P = (Pg, Py ) that codes together the Skolem
functions for G,Y in (16), i.e.

(17) VSYZNx Fy(S,Pa(S),z,Py(G,z,Z), Z(Pc(G,x, Z)) .
=:Ps(P,(Z,x))

Proposition 35. Let Ay € L(GooA”) be a quantifier-free formula that contains
only the shown wvariables free and let P be a principle proofwise low in sequence
over GooAY + QF-AC @ WKL of the form (15). If

E-PA“[ + QF-AC*! + QF-AC 4 M9-CP + P + WKL + Va! 3y° Ay(x,y),
then one can find a term & such that

GocA” + QF-AC @ (B) V! (M)-CA(Sz) — Ty° Ag(a,y)) -

Proof. We first prove the proposition without M9-CP.
Note that due to
the deduction theorem (which holds for E-PA“ N,
the elimination of extensionality (proposition 3),
the strengthening of WKL to UWKL and
the strengthening of P to the Skolem normal-form of P’; i.e. the statement
there exists an P satisfying (17)

we obtain
N-GooAY + QF-AC = (3P Vu! Ps(P,u)) A (Ro) A (B) — Vo' Fy® Ay(z, ),

where u codes the pair (Z,z) from (17) and (Rp) are the defining axioms for the
recursor Ry. Note that also the formulas (Ry), (B) can be written in the form
IR Vu' (Ro) (R0, u) resp. 3B Vul (B) (B, u) for quantifier free (Ro),, (B),-

Applying the functional interpretation to this yields terms ¢,, tp,tr,, t8 € GooR”
such that

(18) qf-N-Go A” (Ps(fp,tp(ib,ﬂ),Ro,B)) AN
(Ro)qf(RQ, tR, (CL’, P, Ry, B)) A\ (B)qf(B7 t3<.’17, P, Ry, B)) — Aqf($7 ty<$, P, Ry, B)))7

see [51, 26].

The terms tp(x,P, Ry, B), tr,(x, P, Ry, B), tg(z,P, Ry, B), t,(x,P, Ry, B) have
type < 1. By proposition 26 we obtain a new derivation in qf-N-G,,A® of a sentence
which is equivalent to (18) over qf-Go,A“ and where each application of P is of the
form P(t;[2°]) or a substitution instance of P(¢;[2°]) and P(¢;[2"]) and P(¢;[z"]) are
independent (in the sense of proposition 26). Same for Ry, B.

Our goal is now to replace these occurrences of P, Ry, and B in the normalized
derivation of (18) by a low solution to those principles, such that the premise of
(18) becomes provable.

We proceed by inductively over the nesting-depth of P, Ry, and B replacing
the applications (and their substitution instances) with low solutions retaining the
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instance of comprehension. This operation leaves the derivation valid since the
different applications are independent. Concretely we replace P, Ry, B by the fol-
lowing;:
o Ry(t;[2°]) simply defines a primitive recursive function, which is provably
total using an instance of X9-induction. This instance can be obtained from
QF-IA and an instance of II{-comprehension. Then lemma 11 yields a new
instance of comprehension (which allows Ry(¢;[2°]) as parameter).
e P(t;[2°]) can be handled using the assumption that P is proofwise low in
sequence (lemma 34)
e B(t;[z°]) can trivially be handled because it is present in the verifying sys-
tem.
For the construction of these replacements we work in the system G, A, i.e. with
weak extensionality and quantifiers. After this the premise of (18) becomes prov-
able. Quantifying over all x and coding x, z together into a new variable x, yields
the proposition without M9-CP.
To prove the full proposition note that we can add StCOH to the system since it
is proofwise low in sequence, see corollary 33, and that StCOH implies M{-CP, see
proposition 28. This completes the proof. O

Theorem 36 (Conservation for proofwise low in sequence). Let P be a principle
of the form (15) that is proofwise low in sequence over GooA” + QF-AC @ WKL. In
particular, this includes all principles of this form proofwise low in sequence over

WKL§. If
E-PA“[ + QF-AC*! + QF-AC 4 M9-CP + P + WKL i Va! 3y° Ay(x, y)
then one can extract a primitive recursive term t such that
WE-HA® | |- Wz Agp(z, tz).
In particular, if Ay € L(IPRA) and x is of type 0 we have PRA Vo Ay(z, tz).

Proof. We may assume that Ay € L(GoA”). Otherwise it would contain Ry. If this
is the case we normalize every term occurring in Ay and replace every occurrence of
Rouvw by a fresh variable that will be 3-quantified. There are no other occurrence
of Ry in Ay since it contains (beside II, ¥) no constant of type > 2. These fresh
variables will hold the value of Ryuvw. This values exists provably with ¥{-1A and
can be expressed in a quantifier-free way.

Apply now elimination of Skolem function for monotone formulas (corollary 13)
to the result of proposition 35. (]

Corollary 37. Especially from a proof of
E-PA“[ + QF-AC*! ++ QF-AC!? + M9-CP + COH + WKL F Va! 3y° Ay(x, y)
one can extract a primitive recursive term t such that
WE-HA“[ - Va! Ag(a, tx).

Proof. Theorem 36 and corollary 33. O
Corollary 38. The system WKLY + M9-CP + COH is I19-conservative over PRA.
Additionally, for every I19-sentence one can extract uniformly a primitive recursive
(provably) realizing term.

Further WKLY + N9-CP + COH s conservative over RCAS for sentences of the
form V! 3y0 V20 Az, y, 2).

As consequence we also obtain that WKLy + N9-CP + COH is conservative over

RCAq for sentences of the form VX 3yVz A(X,y,z), where A is AY, and thus in
particular is T13-conservative.
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Proof. The first statement is clear from the preceding corollary and the definition
of WKLj. The second statement follows also from this corollary by noting that over
QF-AC%? every formula of the given form V! 3y°Vz° Af(z,y, 2) is equivalent to
VLEI, z! Eyo Aqf(xa Y, Zy)

The last claim follows from the former since RCA is conservative over the second-
order fragment, which can be simulated in RCAy, see [31]. O

This in some sense is the best possible result since RCAq + M9-CP is not $3-con-
servative over a theory containing only ¥?-induction, see [1].

Remark 39. Recall that BW is the statement that every bounded sequence (y;);en
of real numbers contains a subsequence (y(;))ien converging with the rate 277,
ie. VnVi,j >n |yru) — yriyl < 277, see [45]. It turns out that StCOH is equiva-
lent to a natural variant of this principle, namely the statement that each bounded
sequence (y;)ien of reals contains a Cauchy subsequence (y¢(;))ien. This means a se-
quence which convergences but possibly without a computable rate of convergence,
ie. Vn3kVi,j >k |yru) —ys)l <277, see [37]. Hence the term extraction results
we obtain below for StCOH also apply to this variant of the Bolzano-Weierstrafl
principle.

10. RAMSEY’S THEOREM FOR PAIRS

10.1. Stable Ramsey’s theorem for pairs (SRT3). An n-coloring c: [N]?

is called stable if

—n

Vo IkVy > kc(x, k) = c(z, y).
The point k is called a stability point for x.
We call an n-coloring strongly stable if

Va IkVy > kV2' < zc(a' k) = c(2',y).

Over MNY-CP strongly stable and stable coincide. Even an instance of the collection
principle of the form N{-CP(¢c) where € is a suitable term and c the coloring suffices
to prove this equivalence.

Let SRT? be the statement expressing that every stable n-coloring of pairs has
an infinite homogeneous set and let SRT2  := Vn SRTZ. For a stable n-coloring ¢
the statement SRT2(c, H) denotes that H is a homogeneous set for c.

The principle SRT3 is over X{-induction equivalent to the statement that for
every A9-set X there exists an infinite set Y with Y C X or Y C X, see [7, §].

Before we go on with the main result we need some auxiliary lemmata:

Lemma 40 ([7, lemma 4.2]). For every fized n, let (§ki)k<n.ien be a sequence
of T19-sentences of the form & ; = Vx A(k,i,x) for a quantifier-free A such that
Vidk <n ;. Then WKL proves that there exists a choice function g: N — n
satisfying Vi &g (iy,i-

If WKL is replaced by £9-WKL the same holds for TI9-sentences.

Proof. Define
F({zoy ..., x,)) =0 iff /\ Esi-
i<n
The function f clearly defines a I19-0-n-tree and is by assumption infinite.
Via the equivalence of 0-n-trees and 0/1-trees and of M-WKL and WKL (see
[45]), weak Konig’s lemma yields a infinite branch g solving the lemma. O

Lemma 41 (and definition, I1{-class, [22]). A I19-class A of 2 is a set of functions
of the form B
A={fe2“|VnA(fn)},
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where A is a quantifier-free formula.

WKL proves that a I19-class A is not empty if
(19) vn®3s € 2"Vs' T s A(s).
(The definition of T19-class induces an infinite tree in which every f € A codes an
infinite path through it.) The statement (19) is equivalent to a I19-statement.

Note that one may also allow A to be a I19-formula as the V-quantifier can be
coded into the quantification over n (see for instance [45]).
Remark 42 (Treatment of I19-0/1-trees). Let T'(w) := (Vk Tyf(w, k) = 0) be a I19-pred-
icate. Using the UWKL functional B one can define the functional

— 3 /
Brig(Tyy) := B (w,gg,;glthw%f(w ,k>>

that yields an infinite branch of T', if T defines an infinite 0/1-tree.

Furthermore, an instance of M{-CA decides whether the tree T is infinite, since

Vn3Jw € 2" Vk Tyf(w, k)

is equivalent a I19-statement (over G,,A” + QF-AC).
Hence one can treat I19-0/1-trees mostly like quantifier free trees.

Proposition 43.
GooA* + QF-ACH Ve: N x N — 2 (M{-CA(éc) — 3H SRT3(c, H)) ,
where & is a suitable term.
Proof. Assume that the coloring c is stable. Define for i < 2
Ay ={z|VkIy>k c(z,y)=1i}.
By stability A; = {z | 3kVy > k c(z,y) =i }. Hence each A; is a Ad-set.
At least for one i the set A; is infinite (by RT3). Fix such an i. With an instance
of MY-CP we obtain strong stability, i.e.
Vaz IkVy > kVr' <z oz’ k) = c(z',y).
This instance of M{-CP follows from a suitable instance of M9-CA, see lemma 10.(iv).
Together with the infinity of A; we get
Vo dk € A,V <z (' € A;— (2!, k) =1).
Define the set H inductively by
reH iff z€ A and c(2',x) =i for all 2’ < z with 2’ € H.

This definition only uses bounded course-of-value recursion in the characteristic
function of A; which can be obtained from a suitable instance of M{-CA, see
lemma 10.(ii). (The characteristic function x g of H is clearly bounded and hence
also its course-of-value function Yz, which is actually defined in the recursion.)
The set H is clearly infinite and homogeneous. (The two instances of M9-CA can
be coded into one term &, see remark 9.) O

Proposition 44. Let pocH be a term that is provably continuous in H, where
Qye(-,n, k) is an associate for AH.p(c, H,n, k). Then there exists a term &, such
that

WE-PA“| + QF-AC® (B) @ (Ry)
Ve: N x N — 2 (MY-CA(éc) = 3H SRT3(c, H) A NY-CA(pcH)) .

If pcH 1is moreover provably continuous in c¢ the term & can be chosen such that
it is provably continuous.



TERM EXTRACTION AND RAMSEY’S THEOREM FOR PAIRS 27

Sketch of proof. We assume that each A; is unbounded, otherwise we are done.
We will build a set G such that G N Ag and G N A; are infinite, homogeneous
and at least for one i < 2 the comprehension MY-CA(pc(G N A;)) is decided. The
set H := G N A; then solves this proposition.
We will construct the set G in steps such that at each step n we will assure that

|GNA;| >n  for every i < 2

and for some ¢ < 2 the comprehension for GNA; at the position (n); will be decided,
i.e. whether the statement

(20) Vk (pc(G N Ai)(n)i)k =0
holds. More precisely, we will construct functions I, J: N — 2, such that
31, JVn (Vk (9c(G N Arn))(n) 1))k = 0 <> J(n) = 0).

With these functions we can then obtain a comprehension function for one of the
sets G N A;, because either

(21) VYm3n (m = (n)im) A I(n) =0)

and then J(N(m)), where N(m) is some choice function for n obtained by QF-AC,
decides the comprehension for G N Ag or

(22) ImVn (m# () V I(n) =1).

By choosing n = (m,m’) we obtain Vm’ I({m,m’)) = 1 and therefore the function
Am/.J({m, m'}) decides the comprehension for G N A;.

The set G and the functions I, J will be constructed by recursion. We will first
give a sketch of the argument and later show that Ry and the imposed comprehen-
sion suffice for the construction.

By induction we construct (d,,, L), such that the sequence (d,,) is an ascending
sequence of finite sets and (L,,) is a descending sequence of infinite sets of possible
candidates to extend d, (i.e. dyq1 \ dn C L, and min(L,) is greater than the
stability point of d,). Each set L, is low, in the sense that it can be described by
a term containing B and R;. The set G will be given by U, dn-

We start with (0, N). Assume (d,, L,,) is already defined. We distinguish two
cases:

Case i) A partition Zy and Z; of L,, exists such that
(23) Vz C1" Z; (z is i-homogeneous — Vk ape(d], U 2)(n);k < 1),

where di, = d,, N A;, holds for all i < 2. (If we extend the initial segment
d,, with elements from Z; the comprehension remains true.)

At least one of Zy and Z; is infinite because L,, is infinite. We take this
set as Lyy1, forcing (20) to be true for this ¢ on all further extensions and
let dn+1 = dn

Case ii) No partition satisfying (23) exists.
We know then that especially L, N Ay and L,, N A; is no such partition. So
we can find for one ¢ a finite --homogeneous set d’ cfin A, such that

Jk age(d, Ud)(n)k > 1.
Setting d,11 :=d, Ud and L,y := {x € L, | * > maxd’} forces the
comprehension function to be # 0 at (n);.

Note that (23) defines a I19-class of 2. (We view here a partition of N into two sets
Zy, Z1 as a function f € 2¢ with f(n) =i iff n € Z;.) Thus we may assume that
the Z; are low and we can decide which case holds by asking if a certain 0/1-tree

is infinite (this is a I19-statement).
The size requirements are met by extending d,, 41 with suitable elements of L,,.
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The set G :=|J,, d, then satisfies the proposition. O
Proof. Define
O —
(24) LY (w) :=0,
1 ifw <y,
Lo k) () o= ¢ sg | Byo (O(L(0-2n=1) d)) = (k—1)| if k> 1Aw >y,
L{®ortn—1)y, ifk=0Aw>y.

(d is just an auxiliary parameter used to build the tree, it will be set to d,,_; defined
below; k denotes the case, k = 0 for case ii), k > 1 for case i) and Zj_; infinite in
the sketch; y is a lower bound for L.)

Here 0(B, d°, d')wk will be the characteristic function of the predicate

25) Vi <2 ¥y C/'™ Bn{z <lth(w) | (w), =i
(25) y
(y is i-homogeneous — ac(d’ Uy)(n)ik < 1),
where the variables w, y are numerals coding finite sets. The statement
Tp g0 g (w) :=VEkO(B,d,d" Ywk =0

defines the I19-0/1-tree build in (23) in the sketch.

We will write T 4 and 0(B, d)wk for Tz go g1 resp. (B,dN Ag,dN Ay )wk. This
will not lead to problems because dNA; is just a number computable from d relative
to the imposed instance of comprehension. Note that L® can be defined in B and
0 using the bounded iterator R1. Thus the function L® can be described by a term
in this system.

We assume that for all x and 7 the set L*NA; is infinite if L® is infinite. Otherwise
the set L” N[k, oo] for a suitable k& would be an infinite subset of A;_; and therefore
solve the proposition.

Using this and an instance of AJ-comprehension (over L) we generate functions
g; such that

(26) gi(z) :== min(L” N A;).

With an application of M{-AC and taking a maximum we obtain a function
h({z1,...,zy,)) giving a common stability point of z1, ..., x,.

We now define (d,,[,) by recursion. (L' should match L,, from sketch above.)
We use primitive recursion in the sense of Kleene, i.e. the recursion can be defined
with the recursor Ry.

Let dy := () and Iy := (). For the recursion step we distinguish the cases:

Case i) The tree T, 4, (w) is infinite, i.e.
Vm 3w € 2™ Vk (L', d,)wk = 0.
By RTj there is at least one j < 2 such that {z € N | By O(Lt,dy))z = 5}

is infinite. An index j can be chosen constructively relative to ¥{-WKL, see
lemma 40. Set

d,/n+1 = dn and k’:’L+1 ::j+1.
Case ii) The tree T, 4, (w) is finite, i.e.
ImVw € 2™ 3k (L', d, )wk # 0.

Then especially the set Ay does not code a path through the tree, i.e. for
this m
Ik O(L", dy)(Xagm)k # 0,
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where x4, is the characteristic function of Ag. So there is an 7 and a finite
i-homogeneous set y €/ A; N {0,...,m — 1} N L' such that

Fk ape(d Uy)(n)ik > 1.

Set
d,,:=dUy and kj ,:=0.
Note that this case distinction is constructive relative to the given instance of
comprehension (the second quantifier of the formula is bounded).
Now we extend d], | with suitable elements, such that the size requirements are
met:

dn+1 = dn U U {gz(ln * <dn7 l/a h(d;1+l) + 1>)}
<2
1 = ln * (dn, Ky g, M(dngr) + 1)

Applying RT} yields an 4 such that all comprehension instances are decided.
From the d,, and the given comprehension one can easily obtain a enumeration of
the set GNA; =: H.

This solves the proposition. The term &c is continuous in ¢ because the only
discontinuous functional in this system is B but it is only used to define L* and
to prove WKL. Hence £ can be chosen such that ¢ does not occur as a parameter
to B. More precisely &c is of the form &'[t1e, Ax.L*] with &', t € Ty and therefore
continuous. U

Proposition 45. Let pcH be a term that is provably continuous in H and let o,
be as in proposition 44. Then there exists a term & such that

WE-PA“| + T0-IA + QF-AC & (B) & (Ry) -
Ve: Nx N —n (M-CA(éc) = 3H SRTZ (¢, H) A NY-CA(pcH)) .

If p is moreover provably continuous in ¢ the term &£ can be chosen such that it is
provably continuous in c.

Proof. Analogous to Proposition 44.

The applications of RT become applications of RTL ., which is equivalent to
MY-CP and thus provable using ¥3-IA. The 0/1-trees will become 0-n-trees; but
these trees can be constructively transformed into 0/1-trees, see [45].

The only difficult part is adopt the assumption that

(27) Va Vi < n (L” infinite — L N A; infinite) ,

which leads to the definition of g; in (26) because we cannot simply deduce the
existence of a solution from the failure of (27).

First note that (27) due to the minimal element parameter (y in (24)) is equiv-
alent to

(28) Vo Vi <n (L® infinite — L* N A; not empty) .

If (27) resp. (28) does not hold, our goal is to find a set L* on which — provided
we neglect colors that do not occur — the assumption holds. This can be done by
finding a maximal set K C n, such that there is an x with L* N J, ¢ x Ax is empty.
Then for all 2/ J z and ¢ ¢ K the sets A; U L® are not empty. Thus if we relativize
our argumentation to L” and the colors n \ K the condition (27) holds.

To find such a K and z define

n((so, ..., Sn—1)) =z (LI infinite A /\ (i =0>L"NA; = @)) .
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7 is clearly X9. Finding a minimal tuple (s, ..., s,_1) satisfying 1 yields a suitable
solution. A minimal tuple can be obtained using an instance of ¥9-induction, which
is provable from ¥9-IA and an instance of I19-comprehension. O

Corollary 46. Let ocH be a term that is provably continuous in H. Then there
exists a term & such that

(29) WE-PA“| + QF-AC & (B) & (Ry)
Ve: Nx N — n (MY-CA(éc) — IH RT3(c, H) A NY-CA(pcH)) .

The term & can be chosen such that ¢ does not occur as a subterm of a parameter
of B.

If £9-1A is added to the system, RT3 may be replaced by RTZ .

Hence RT3 is proofwise low over WE-PA“| + QF-AC & (B) & (R1) and RT2 . is
proofwise low over WE-PA“| + QF-AC @ (B) @ (Rl) + X9-1A.

Proof. Let R; = {x € N | ¢(i,z) = 0} and let g be a strictly increasing enumeration
of a cohesive set for R;. The coloring ¢'(z,y) := ¢(gz, gy) is stable and for each
homogeneous set H' of ¢/ the set gH’ is homogeneous for ¢. See [7].

Hence the corollary follows from corollary 32 and proposition 44 resp. proposi-
tion 45. O

By the proposition below RT3 implies M9-LEM. Therefore, sequences of instances
of RT3 imply MJ-CA. Hence it is not possible to show that RT3 is proofwise low in
sequence.

Proposition 47. iRCA} - RT3 — N9-LEM, where iRCA} is the intuitionistic system
corresponding to RCAY and N9-LEM is the T19-law of excluded middle.

More precisely, for every I1S-statement Va Jy Ay(x,y) there is a coloring such
that one can decide constructively from a homogeneous set whether the 119-statement
s true or not.

Proof. We show for an arbitrary quantifier-free formula Ay that Va 3y Az, y) V

Iz Vy ~Ag(z,y). First note that iRCA§ proves that Vo Jy Ayp(x, y) <> Vo Jy Ve’ <z 3y <y Ay(z',y).
Hence we may assume that Ay is monotone in the sense that Ay (x, y) = Vu < Vo > y Ag(u, v).

Now color each pair {z,y} with « < y red if Ay(z,y) holds and blue otherwise. It

is easy to see that there exists an infinite red homogeneous set iff Vo 3y Aj¢(x, y) is

true.

To overcome this problem we switch to the functional interpretation (i.e. ND-
interpretation) where the need for M-LEM vanishes.

10.2. ND-Interpretation of RT3. We now formulate the ND-interpretation of
RTZ and of corollary 46. For notational simplification we sometimes will not apply
the last application of QF-AC to the ND-interpretation. This corresponds to the
so-called Shoenfield translation, see [49]. For RT3 we use the formalization

RT3 :=Ve: N2 — 23HVu < v ¢(Hu, Hv) = ¢(HO0, H1).
The ND-interpretation then yields

30)  RTZY.=ve: N2 — 2VU < V3IH (H(UH), H(VH)) = ¢(HO, H1).

E:RT%ND(H;C,U,V)
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Here the set H is given as an enumeration, i.e. H is strictly monotone and Hn is
the n-th element of H, and U < V is defined pointwise.® Sometimes the parameters
¢,U,V in RT2y,(H;c,U,V) will be coded into a single parameter.

For the ND-interpretation of II9-comprehension we use an e-calculus like formu-
lation:

(31) NY-CA(p) := 3f ¥,y (p(z, f(2)) = 0V p(z,y) #0).

E:(ﬂ?—a(tp))QF(fJ,y)

This leads to following ND-interpretation (modulo a last application of QF-AC)

(N9-CA()"” =VX,Y 3f (p(X [, f(XF) = 0) V(X [,Yf)#0).

Because RT2 and M9-CA(¢p) are only V3V-statements, the ND-interpretation co-
incides with the no-counterexample interpretation. So one might view a solution

to RT%ND7 i.e. a term t(c,U, V) that yields for every ¢,U,V a set H that may not
be homogeneous in total but for which ¢(HO0,H1) = ¢(H(UH),H(VH)) holds,
as a procedure that disproves every possible counterexample to RT3. Same for
M{-CA(p)-

Proposition 48 ([48], [32, 42]). The solution to (I‘I?-C\A\(Lp))ND can be defined with
a single use of ®q, this is Spector’s bar recursor for type 0:

1 if p(n,Y (v1)),

ty = P Xu0(\E".0), =
! 0 Xul( ) e {Y(vl) otherwise.

The bar recursor ®q is defined as in [32]. It is primitive recursively and instance-
wise definable in the bar recursor By, see definition 19 below.

The statement from corollary 46 spelled out is

V@AW [ + QF—AC &) (B) D (Rl) F Ve (Hfg V!Eg, Ye (n?—a(fc))QF(fg, Te, yg) —
A (Vu < ve(Hu, Hv) = c(HO, H1) A 3f, Yo, yp (M-CAlpeH)) ol for o)) )
An ND-interpretation leads then to

Theorem 49 (ND-interpretation of corollary 46). For every provably continuous
(in ¢, H) term ¢ € Ty[B, R1] a term & € Tp[B, R1] (that is continuous in c) exists
such that

(32) WE-HA“| & (B) @ (Ry) F VeV fe VU < VVX,, Y, Jwe, ye IH 3,
((M0-CAE)) e, 6) = (clHUH £,), H(VES,)) = e(HO,H1)
AT-CA(peH)) ol fior XoH s Yo H £,)).

Moreover, there exist terms ty.,ty,,ty,ty, € To B, ]:21] (with the given parame-
ters) satisfying this formula.

60fficially, quantification over functions like ¢: [N]2 — 2 or strictly monotone increasing func-
tions like H are not included in our system as primitive notions, but we can enforce the same
behavior by quantifying over ¢: N x N — N and H: N — N and replacing every occurrence of ¢, H

with
. . cfr,y) ifz<y ~
&(z,y) :=min ( 1, , H(z) =+ X< H(k).
c(y,z) otherwise =
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Proof. The system V@A“’[ + QF-AC has an ND-interpretation into V@Aw[.
This also extends to additions of new constants and universal axioms. See e.g.
[3, 32]. d

The term ¢ty and ty, can be seen as procedures transforming the no-counterex-
ample interpretation of the premise to the no-counterexample interpretation of the
conclusion; the terms ¢, and t,, yield which instance of the premise is needed to
prove the conclusion. .

Note that the counter-functions of RT3 and M{-CA have access to both ¢tz and
ts,- The proof of proposition 50 bellow will use this.

To show that the no-counterexample interpretation of the conclusion (and hence
the conclusion) holds we have to provide an f¢ that satisfies (ﬂ?—a(fc))QF(fg, tagstye)-
This can be done using By 1, see proposition 48.

Note that here the application of (I‘I?—@(g&))ND in the premise is not fully inter-
preted. We obtain this form by applying logical simplifications after the negative
translation. This leads to fixed terms in the second and third parameter of the
premise and will reduce the need for the bar recursor By ; to the rule of By ;.

10.3. Application to Ramsey’s theorem.

Proposition 50. Let t[g] be a term such that \g.t'[g] € To[R], where R is a
functional solving RT%ND, and every occurrence of R is of the form

R(telgls tulgls tolg))-

Then there exist terms t,,t,,§ € TQ[Rl,B], such that one can inductively replace
every occurrence of R in t with a new term

r(f, gstelgl, tulg), Tolg))
(here r is a term and t.[g],tu[g],t,]g] are the results of replacing R in t.[g],t.[g],
ty[g]), such that

WE-HA“| + QF-AC & (B) & (R) - Yg", f (N9-CA(£9)) (- t2g: 1yg)
— RT%ND(T(fhg; Ec[g]v fu[g], 2?U [g])v fc[gL fu[g]a E’U [QD

The formula RT3y, denotes the quantifier-free part of RT%ND, see (30) on p. 30.

Proof. We use theorem 49 to inductively interpret the term ¢. For convenience we
repeat (32), the existential quantified variables are replaced by their realizing terms
constructed in that theorem:

(33) WE-HA*[ & (B) & (Ry) - VeV fe VU < VVX,,, Y,
((n(l)'@(fc))QF(f&tms,tyg) —c(ty(Utnty,), ta(Vtuty,)) = c(tg0,tm1)

A (M-CA(peti) gt Xoltuts, ). Yoltuts,)))

It is clear that in case of t.,t,,t, € Tp, i.e. there are no nested applications of
R, every application of R in the term ¢ can be interpreted using (33). (Just set
c=te, U= Afy.ty, V= Af,.t, and the others variable to 0.) Using contraction of
I19-comprehension, see remark 9, a term containing multiple such occurrence of R
can be interpreted.

If the term ¢, contains a single occurrence of R then we first interpret this inner
R but now we will take advantage of ¢ and set ¢, X,,Y, so that the resulting
instance of ND-comprehension suffices to interpret the outer occurrence of R in t.

Iterating this process allows us to interpret all terms ¢ € Ty[R] where every
occurrence of R is of the form R(t.[g], tu[g], t»]g]) with t.,t, € Tp.
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Now inductively assume that ¢, t,, are terms for which this proposition holds, i.e.
there exists terms t,,, £, equal to t,,, t, modulo a given instance of ND-comprehension
with the parameter H. The problem is now that the instances of comprehension
cannot be generated parallel to t. because they include the parameter H. But we
take advantage of the argument ¢y, of U and V. Coding the instances of ND-
comprehension together (ND-interpretation of remark 9) we can find ¢', X(,, Y/
such that

(N9-CA(&'cH)) ool fios X[ (H f,), YL (H f,))

proves the original ND-instance of I'I?—E,\A for ¢ and those needed for t,,t,.
This proves the proposition. 0

Corollary 51 (Extension to Ry, ®(). The statement of proposition 50 also holds
for terms tt[g] with Ag.t[g] € To[R, R1, ®}] = Ti[R, ®}], where every occurrence of
R is of the form required in proposition 50 and every occurrence of Ry or ® is of
the form

Ri(t1lg), talg], tslg]) resp.  ®4(tlgl, talg], talg]).

Proof. The proof proceeds like in proposition 50:

To interpret R; while retaining the instance of ND-comprehension, we will es-
sentially use a functional interpretation of the proof of lemma 11 (for n = 1). First
note that s := Ry (t1[g],t2[g], t3lg]) defines a type 1 function in Ti[g]. Arguing as
in lemma 11, it is clear that over V@A‘“[ a suitable instance of M9-CA with the
parameter g proves that s is total (Vz 3y (x,y) € Gs[g], where G; is the graph of
s). An ND-interpretation of this statement yields that even an instance of the
ND-interpretation of M9-CA is sufficient to prove that s is total. Another instance
of ND-comprehension proves the ND-interpretation of the M9-CA-instance in (8)
on p. 13. This instance is modulo the totality of s equivalent to an instance of
ND-comprehension with the parameter s. The two instances of ND-comprehension
used can be coded together, see remark 9.

The functional ®{ can be replaced by a function in Tj[g], see theorem 21 and
remark 22, and hence can also be interpreted. O

Proposition 52. Let Ay be a quantifier-free formula that contains only the shown
variables free. If

(34) N-PA“[ + QF-AC + X9-IA + RTZ + WKL F Va! 3° Az, y)
then one can find a terms ty,ty,t,,§ € To[B, Rl] such that

WE-HA“| @ (B) @ (R1)
vt v ((N9-CAR)) gl tuf o, o f) = Agfle, 1y f2))

Proof. A functional interpretation of the statement (34) yields closed terms resp.
term tuples ty, g, ,tx,te; € To, such that

Qt-N-PA“ | - ((Ry)yp(Bi, tr, RiR®)x) A RT2yp(R, tx Ry RB)a)
N WKLND(‘I)/O, tqulqu)f)l‘)) — Aqf(l‘, tyR1fR‘I)63})

Here we use that (£9-I1A)MP can be solved by Ry, see [41].

Apply now proposition 26 and remark 27 to this derivation to normalize it such
that only finitely many independent applications of R, Ry, @ occur, where each of
them is of the form

R*(t1[g], talg], ta[g]) vesp. Ri(tilgl,t2lgl tslg]),  Po(tilgl, talg], t3lg])

and tq,to, t3 are semi-closed.
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The terms occurring in this normalized derivation can be interpreted using corol-
lary 51. (Applications to literally equal terms are replaced by the same interpreta-

tion.)
The instances of ND-comprehension needed for corollary 51 can be coded to-
gether in one instance using remark 9. (]

The application of M{-CA can be interpreted by a non-iterated use R-(By.1) of the
rule of bar-recursion — this means we substitute f with a solution ¢¢ to (l‘l?—CA)ND:

WE-HA“| & (B) & (R1) & R-(Bo.1)

F vt ((ﬂ?—@(ﬁx))QF(tf[x], tut plz]z, totplz]z) — Ay, tytf[x}x))

The term ¢y € Ty[B, Ry, By 1] is defined as in proposition 48. Note that ¢y depends
on &,t,,t, and that it is of type 2 containing only one application of By to semi-
closed terms defining a type 2 object.

Since ¢y solves the instance of comprehension we obtain:

WE-HA“| & (B) @ (R1) & R-(Bo.1)  Va! Ay(w, t,t s[x]x).

The term ¢ := A\a.t,t¢[z]x € To[B, R1, Bo.1], contains only majorizable constants;
the majorants to B, Ry are trivial and By, is essentially majorized by itself, see
proposition 16, hence we can find a majorant t* € Ty[By,1] to ¢ containing also only
one application of By ; to semi-closed terms. Now we can apply bounded search to

obtain a new realizer ¢ for y not containing B or Ri:

Y minimal y < t*z with Ag(z,y), if such a y exists,
=
0, otherwise.

Since t' now does not contain B anymore we may weaken (B) to UWKL and
then eliminate it from the system using a monotone functional interpretation, see
[25, 32]. Hence we obtain a term ¢’ € Ty[By 1] containing after normalization only
one occurrence of By 1 defining a type 2 object, such that with the rule R-(By 1) of
Bo 1

WE-HA®| & (R)) & R-(Bo1) b Va' Az, t'z).

Using ordinal analysis of the By i-rule (cf. theorem 21 and remark 22) yields a
new term t” definable with ordinal primitive recursion up to w§ such that

WE-HA® |0 @ (R1) F V' Ay, "),

Combining this with theorem 17 and noting that R; is included in WE-HAY |

and that VEBA“’[ + ¥9-IA has an ND-interpretation in WE-HAY' | we obtain the
following theorem:

Theorem 53 (Conservation for RT3). If
N-PA“| + QF-AC + X9-IA + RT2 + WKL F Va' 3° A(z,y)
then one can extract a term t € T7 such that

WE-HAY | - Vol Ay, tx).
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10.3.1. Eztension to RTZ . Proposition 50 holds analogously for RTZ _ if one adds
Ry and Y9-1A to the verifying system; corollary 51 holds if one replaces R; by Rs.

But in contrast to the previous the technique used in remark 27 to extract terms
that meet the requirements of these propositions can only be applied to terms in
T1[Rs] and not to terms To[Ro.], because deg(Rz) = 4 and therefore we could
not apply the term normalization. The mathematical reason is that R is strong
enough to iterate By and R.

This will hinder us to achieve full conservativity for full £3-1A over a system in
all finite types but a restricted variant of ¥3-induction can be handled. Define the
rule of ¥9-induction ¥9-IR as

Vn (Hx Yy Jy Ag(n, x,y, 2, a)
JxVy 3z A0, 2,9, 2, a) — Ju Vv Jw Agr(n + 1,u7v,w,g))
Vn 3z Vy 3z Ag(n, z,y, 2, a) ’

where Ayr is quantifier-free and contains only the variables shown, u, v, w,z,y, z,n
are type 0 variables and a denotes an arbitrary tuple of parameters. Let ¥9-IRy be
the restriction of £3-IR to parameters a of type < 2 then

(X9-IR):

Theorem 54 (Conservation for RTZ ). If
(35) N-PAY[ + QF-AC + Z9-IRy + RTZ _ + WKL F Va' 3y° Ay(z, y)
then one can extract a term t € Ty such that
WE-HAS | - Vo' Az, tx).
Proof. The ND-interpretation of the conclusion of ¥I-IR, is given by
vl vY?2 320, ZY Ay(n, x, Y2 Z,Z(YaZ), a?).
One immediately see that ¥3-IRy introduces only type 3 terms (tz,t, ranging over
n®,Y? a?). Hence we can ND-interpret (35) in
Af-N-PAY T+ (G1) + - + (Gn)

where (G;) are defining axioms and constants of type < 3 introduced by the
rule £3-IRy. The terms occurring in the derivation can be viewed as terms in
T1[Roo, @y, G1, - .., Gy]. The requirements of theorem 24 in remark 27 are met and
we obtain a normalized derivation.

By [41], (Z3-IA)MP can be solved by R,. Since ¥9-IA implies ¥3-IR, the con-
stants G; may be chosen to be in T5[Ro., P(]. These terms can be handled like in
proposition 52.

This completes the proof. O

Corollary 55. If
E-PA“[ + QF-AC*! + QF-ACY + T0-IA + RTZ + WKL - V! 3y° Agy(, y)
one can extract a term t € T7 such that
WE-HAY | - Vo Ay(x, tx).
If RT2<OO+Z§—IRQ is added to the above system then one can extract a termt € Ty
realizing y provably in WE-HAY [ instead of WE-HAY T.

Proof. Apply elimination of extensionality (proposition 3) and use theorem 53.
For the second statement use theorem 54. To be able to use the elimination of
extensionality the induction rule £3-IR5 has to be altered to include the premise that
the parameters are extensional. Since this is a formula of the form Vu' 3v° Bys(u, v),
the functional interpretation does not introduce terms of type > 3 and the rule
which still follows from ¥I-IA can be interpreted like in the proof of theorem 54. [
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Corollary 56.

o WKLY + Z9-1A + RT% is conservative over RCAS + £9-IA for sentences of
the form Va'! 3y°Vz0 Az, y).

As consequence, WKLo + Z9-1A+ RT3 is conservative over RCAg + £9-1A
for sentences of the form VX Vx3yVz A(X,x,y,z), where A is AY, and
thus, in particular, 113-conservative.

o WKLY + Z3-1A + £3-IRy + RT2 _ is conservative over RCAY + E3-IA for
sentences of the form Yz 3y°Vz0 Az, y).
Hence, WKLo+ X9-1A+ X9 IR+ RT2<Oo is conservative over RCAg+X3-1A

for sentences of the form VX Vx3yVz A(X,x,y,z), where A is AY, and
thus, in particular, I13-conservative.

Moreover from of Va' 3y° Agf(x,y) in the above theories one can extract terms
in Ty resp. Ty realizing y.

Proof. The former statements follow from the previous theorem with the fact every
sentence of the form Va! Jy° V20 A 4(x, y, 2) is over QF-AC? equivalent to a sentence
of the form Va! 3y° Bz, y).

The conservativity over RCA( follows from the fact that RCA§ is conservative
over its second order fragment, which can be simulated in RCAq, see [31]. The
quantification over X and x can be coded into a quantification over a function.
The restrict on the rule of ¥J-induction is automatically met in a second order
system. O

11. POSSIBLE EXTENSIONS

The question arises whether RT3 also is proofwise low in sequence over WKLY
(or GooA® + QF-AC + (B)) and hence does not imply %9-induction.

The first obstacle to show this is that the proof of the lowness-property crucially
depends on full X¢-induction which renders G,,A” or equivalently RCA%™ insuffi-
cient. The other obstacle is that RT3 implies M9-LEM so that sequences of solutions
would imply M9-CA. Thus RT% cannot be proofwise low in sequence over a theory
which does not include N9-CA, see proposition 47. Actually even the so called stable
chain-antichain principle (SCAC) implies M3-LEM (for a definition see [15]).

In [35] we refined the method based on the bar recursion (section 10.3) and
could show that the type 2 functionals that are provable from principles which
are proofwise low over WKLY™ are primitive recursive. We also show that CAC is
proofwise low in sequence and thus that this theorem applies to it, see also [9].
However, we were not able to show that RT3 is proofwise low in sequence over
WKLE*. (In other words we could overcome the second obstacle but not the first
one.) Still the question remains whether one could do the same with RT3 or any
other principle which is stronger than CAC. The principle RT3 splits into the so
called Erdés-Moser principle (EM) and CAC (actually even ADS), see [6]. Therefore
EM seems to be a good candidate for further investigations.

REFERENCES

1. Jeremy Avigad, Notes on H}-conservativity, w-submodels, and collection schema, Tech. re-
port, Carnegie Mellon Department of Philosophy, 2002.

2. Jeremy Avigad, Forcing in proof theory, Bull. Symbolic Logic 10 (2004), no. 3, 305-333.
MR 2083287

3. Jeremy Avigad and Solomon Feferman, Gddel’s functional (“Dialectica”) interpretation, Hand-
book of proof theory, Stud. Logic Found. Math., vol. 137, North-Holland, Amsterdam, 1998,
pp. 337-405. MR 1640329

4. Jon Barwise and John Schlipf, On recursively saturated models of arithmetic, Model theory
and algebra (A memorial tribute to Abraham Robinson), Springer, Berlin, 1975, pp. 42-55.
Lecture Notes in Math., Vol. 498. MR 0409172



10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

TERM EXTRACTION AND RAMSEY’S THEOREM FOR PAIRS 37

. Marc Bezem, Strongly majorizable functionals of finite type: a model for bar recursion con-

taining discontinuous functionals, J. Symbolic Logic 50 (1985), no. 3, 652-660. MR 805674

. Andrey Bovykin and Andreas Weiermann, The strength of infinitary Ramseyan principles

can be accessed by their densities, accepted for publication in Ann. Pure Appl. Logic, http:
//logic.pdmi.ras.ru/~andrey/research.html, 2005.

. Peter A. Cholak, Carl G. Jockusch, Jr., and Theodore A. Slaman, On the strength of Ramsey’s

theorem for pairs, J. Symbolic Logic 66 (2001), no. 1, 1-55. MR 1825173
, Corrigendum to: “On the strength of Ramsey’s theorem for pairs”, J. Symbolic Logic
74 (2009), no. 4, 1438-1439. MR 2583829

. Chitat Chong, Theodore Slaman, and Yue Yang, H?-consemation of combinatorial principles

weaker than Ramsey’s theorem for pairs, preprint, available at http://www.math.nus.edu.
sg/~chongct/COH_10.pdf.

Chitat T. Chong, Nonstandard methods in Ramsey’s theorem for pairs, Computational
prospects of infinity. Part II. Presented talks, Lect. Notes Ser. Inst. Math. Sci. Natl. Univ.
Singap., vol. 15, World Sci. Publ., Hackensack, NJ, 2008, pp. 47-57. MR 2449459

Harvey Friedman, Some systems of second order arithmetic and their use, Proceedings of the
International Congress of Mathematicians (Vancouver, B. C., 1974), Vol. 1, Canad. Math.
Congress, Montreal, Que., 1975, pp. 235-242. MR 0429508

Robin O. Gandy, Proofs of strong normalization, To H. B. Curry: essays on combinatory logic,
lambda calculus and formalism, Academic Press, London, 1980, pp. 457-477. MR 592815
Kurt Gdel, Uber eine bisher noch nicht beniitzte Erweiterung des finiten Standpunktes, Di-
alectica 12 (1958), 280-287. MR 0102482

Petr Hajek and Pavel Pudlak, Metamathematics of first-order arithmetic, Perspectives in
Mathematical Logic, Springer-Verlag, Berlin, 1998, Second printing. MR 1748522

Denis R. Hirschfeldt and Richard A. Shore, Combinatorial principles weaker than Ramsey’s
theorem for pairs, J. Symbolic Logic 72 (2007), no. 1, 171-206. MR 2298478

Jeffry L. Hirst, Combinatorics in subsystems of second order arithmetic, Ph.D. thesis, Penn-
sylvania State University, 1987.

William A. Howard, Ordinal analysis of terms of finite type, J. Symbolic Logic 45 (1980),
no. 3, 493-504. MR 583368

, Ordinal analysis of simple cases of bar recursion, J. Symbolic Logic 46 (1981), no. 1,
17-30. MR 604874

Carl Jockusch and Frank Stephan, A cohesive set which is not high, Math. Logic Quart. 39
(1993), no. 4, 515-530. MR 1270396

, Correction to: “A cohesive set which is not high”, Math. Logic Quart. 43 (1997),
no. 4, 569. MR 1477624

Carl G. Jockusch, Jr., Ramsey’s theorem and recursion theory, J. Symbolic Logic 37 (1972),
268—-280. MR 0376319

Carl G. Jockusch, Jr. and Robert I. Soare, H(l) classes and degrees of theories, Trans. Amer.
Math. Soc. 173 (1972), 33-56. MR 0316227

Stephen C. Kleene, Countable functionals, Constructivity in mathematics: Proceedings of
the colloquium held at Amsterdam, 1957 (edited by A. Heyting), Studies in Logic and the
Foundations of Mathematics, North-Holland Publishing Co., Amsterdam, 1959, pp. 81-100.
MR 0112837

, Recursive functionals and quantifiers of finite types. I, Trans. Amer. Math. Soc. 91
(1959), 1-52. MR 0102480

Ulrich Kohlenbach, Effective bounds from ineffective proofs in analysis: an application of
functional interpretation and magjorization, J. Symbolic Logic 57 (1992), no. 4, 1239-1273.
MR 1195271

, Mathematically strong subsystems of analysis with low rate of growth of provably
recursive functionals, Arch. Math. Logic 36 (1996), no. 1, 31-71. MR 1462200

, Elimination of Skolem functions for monotone formulas in analysis, Arch. Math.
Logic 37 (1998), 363-390. MR 1634279

, On the arithmetical content of restricted forms of comprehension, choice and general
uniform boundedness, Annals of Pure and Applied Logic 95 (1998), 257-285. MR 1650651

, On the no-counterezample interpretation, J. Symbolic Logic 64 (1999), no. 4, 1491-
1511. MR 1780065

, On uniform weak Kénig’s lemma, Ann. Pure Appl. Logic 114 (2002), no. 1-3, 103-
116, Commemorative Symposium Dedicated to Anne S. Troelstra (Noordwijkerhout, 1999).
MR 1879410

, Higher order reverse mathematics, Reverse mathematics 2001, Lect. Notes Log.,
vol. 21, Assoc. Symbol. Logic, La Jolla, CA, 2005, pp. 281-295. MR 2185441




38 ALEXANDER P. KREUZER AND ULRICH KOHLENBACH

32. , Applied proof theory: Proof interpretations and their use in mathematics, Springer
Monographs in Mathematics, Springer Verlag, 2008. MR 2445721

33. Georg Kreisel, Interpretation of analysis by means of constructive functionals of finite types,
Constructivity in mathematics: Proceedings of the colloquium held at Amsterdam, 1957
(edited by A. Heyting), Studies in Logic and the Foundations of Mathematics, North-Holland
Publishing Co., Amsterdam, 1959, pp. 101-128. MR 0106838

34. Alexander Kreuzer and Ulrich Kohlenbach, Ramsey’s theorem for pairs and provably recursive
functions, Notre Dame J. Formal Logic 50 (2009), no. 4, 427-444 (2010). MR 2598872

35. Alexander P. Kreuzer, Primitive recursion and the chain antichain principle, accept for pub-
lication in Notre Dame J. Formal Logic.

, Der Satz von Ramsey fiir Paare und beweisbar rekursive Funktionen, Diploma Thesis,

Technische Universitdt Darmstadt, 2009.

, The cohesive principle and the Bolzano- Weierstraf$ principle, Math. Logic Quart. 57
(2011), no. 3, 292-298.

38. Horst Luckhardt, Fxtensional Gédel functional interpretation. A consistency proof of classical
analysis, Lecture Notes in Mathematics, Vol. 306, Springer-Verlag, Berlin, 1973. MR 0337512

39. Dag Normann, Recursion on the countable functionals, Lecture Notes in Mathematics, vol.
811, Springer, Berlin, 1980. MR 583016

40. Charles Parsons, Proof-theoretic analysis of restricted induction schemata, Meetings of the
Association for Symbolic Logic (Gaisi Takeuti, ed.), Association for Symbolic Logic, 1971,
abstract, p. 361.

41. , On n-quantifier induction, J. Symbolic Logic 37 (1972), 466-482. MR 0325365

42. Pavol Safarik and Ulrich Kohlenbach, On the computational content of the Bolzano-
Weierstraf3 principle, Math. Log. Q. 56 (2010), no. 5, 508-532. MR, 2742886

43. David Seetapun and Theodore A. Slaman, On the strength of Ramsey’s theorem, Notre Dame
J. Formal Logic 36 (1995), no. 4, 570-582, Special Issue: Models of arithmetic. MR 1368468

44. Richard A. Shore, Reverse mathematics: the playground of logic, Bull. Symbolic Logic 16
(2010), no. 3, 378-402. MR 2731250

45. Stephen G. Simpson, Subsystems of second order arithmetic, Perspectives in Mathematical
Logic, Springer-Verlag, Berlin, 1999. MR 1723993

46. Robert I. Soare, Recursively enumerable sets and degrees, Perspectives in Mathematical Logic,
Springer-Verlag, Berlin, 1987, A study of computable functions and computably generated
sets. MR 882921

47. Ernst Specker, Ramsey’s theorem does not hold in recursive set theory, Logic Colloquium
’69 (Proc. Summer School and Collog., Manchester, 1969), North-Holland, Amsterdam, 1971,
pp. 439-442. MR 0278941

48. Clifford Spector, Provably recursive functionals of analysis: a consistency proof of analysis
by an extension of principles formulated in current intuitionistic mathematics, Proc. Sym-
pos. Pure Math., Vol. V, American Mathematical Society, Providence, R.I., 1962, pp. 1-27.
MR 0154801

49. Thomas Streicher and Ulrich Kohlenbach, Shoenfield is Gddel after Krivine, Math. Log. Q.
53 (2007), no. 2, 176-179. MR 2308497

50. Gaisi Takeuti, Two applications of logic to mathematics, Iwanami Shoten, Publishers, Tokyo,
1978, Kan6 Memorial Lectures, Vol. 3, Publications of the Mathematical Society of Japan,
No. 13. MR 0505474

51. Anne S. Troelstra (ed.), Metamathematical investigation of intuitionistic arithmetic and anal-
ysis, Lecture Notes in Mathematics, Vol. 344, Springer-Verlag, Berlin, 1973. MR 0325352

52. , Note on the fan theorem, J. Symbolic Logic 39 (1974), 584-596. MR 0384494

53. Andreas Weiermann, How is it that infinitary methods can be applied to finitary mathematics?
Gédel’s T: a case study, J. Symbolic Logic 63 (1998), no. 4, 1348-1370. MR 1665727

36.

37.

TECHNISCHE UNIVERSITAT DARMSTADT, FACHBEREICH MATHEMATIK, SCHLOSSGARTENSTRASSE
7, 64289 DARMSTADT, GERMANY

E-mail address: akreuzer@mathematik.tu-darmstadt.de

E-mail address: kohlenbach@mathematik.tu-darmstadt.de



