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1 Introduction

Deep Learning are methods, which fit deep (neural) networks to data. These methods

have achieved tremendous success in applications in the last ten years in the areas

1. mastering of games (AlphaGo from Google DeepMind won in 2015 against European

champion in Go),

2. image classification,

3. text classification,

4. machine translation,

5. simulation of human conversation (ChatGPT).
The reason for this success is twofold:

1. availability of huge data sets,

2. massive increasement of computing power.
The nowadays most popular deep (neural) networks are

1. feedforward neural networks,

2. convolutional neural networks,

3. transformer networks,

which will be introduced next.

1.1 Feedforward neural networks

Feedforward neural networks are biological motivated and try to mimic the human brain.

They use a very simple modeling of nerve cells by functions of the form
f:Rd%Ra f(017"'70d>:O<w0+w1'01+"'+wd'0d)7

where wy, ..., wy € R are the weights and o : R — R is the activation function.
Traditionally, functions which make a kind of thresholding are used for the activation

function, which can be described as follows:

Definition 1.1 A function o : R — R is called a squashing function if it is nondecreasing
and satisfies

lim o(z)=0 and lim o(z)=1.
T——00 T—00



Figure 1: Simple modelling of nerve cell

The simplest example of a squashing function is the treshold squasher

0(z) = Ize0,00)}

which is not differentiable. A popular example of a differentiable squashing function is

the logistic squasher
1

o(r) = ———.
(%) 1+ exp(—x)
Nowadays often the so-called ReLU activation function (rectified linear unit) is used as
activation function:

o(x) = max{x,0}.

Using the above functions as building blocks, feedforward neural networks model networks
of nerve cells by functions fy : R — R of the form

r

(1) Fol@) =" w” - £ (@)
k=1
where
2) foi@) =0 (Z wi D (2) + w§f01’>
Jj=1

Ge{l,....rh1e{2,...,L}) and

d
" (9 = o (z W a0+ w£%>)

j=1

(te{l,...,r}).
Here o is again the activation function, » € N is the width of the network and L € N is

the depth of the network. The vector w € R¥ consists of all weights

), (0-1)
Wy 5 W5

i.e., w has
K=r+L-1)-r-(r+1)+r-(d+1)

many components.



1—st hidden layer L—th hidden layer

Figure 2: Modelling of network of nerve cells

Definition 1.2 The space
F(L,r)={fw : wc RE}

of all functions fy defined by (1)-(3), where the topology (i.e., the structure) and the
activation function of the networks are fixed and where the weights vary, is called the

space of feedforward neural networks with depth L, width r and activation function o.

Remark. a) The above function space is useful for regression, where the neural network
is used to predict a real number. For pattern recognition and classification, where one of
a finite number is to be predicted, the last layer of the network is often modified.

b) The above topology of the networks (L layers of hidden neurons with r neurons in each
layer) can be modified, e.g., by using layers with varying widths or by using sparse neural
networks where not all neurons of one layer have connections to all neurons in the next
layer, or by using skip connections between the layers (i.e., connections between layer [

and layers 0, ..., [ — 2).

1.2 Convolutional neural networks

Convolutional networks are applied to input which has some structure. In the sequel we
introduce them in connection which images, where the image is described by some d; X ds
dimensional matrix z with values in [0, 1]%*9 and the entry z; ; at position (i, j) describes
the grey scale value of the image at position (i, j).

Convolutional neural networks can be considered as feedforward neural networks where

1. The neurons are arranged in planes with positions corresponding to positions in
the image. In each layer there are several neurons for each position in the image,
and each neuron is connected only with neurons from the previous layer which

correspond to positions ”"close” to its position.



2. The weights are shared, more precisely: the same weights are used for neurons with
correspond to different positions.

3. There are additional pooling and subsampling layers.

We describe this as follows:
Let o be the activation function, e.g. the ReLU function o(z) = max{z,0}. We next give
an example for an convolutional neural network. We start with

O = iy

((i,7) e D={1,...,d1} x {1,...,ds}), and then compute the output of L convolutional
layers by

ki1

@ _ @ (-1) l
Olij)ss — O Z Z Wiy t5,51,80(i4t1—1,j4ta—1)s1 T w<£2)

s1=1  ty,t2€{1,...,M;}
(i+t1—1,j+ta—1)€D

for (i,j) € D, so € {1,...,k} and l € {1,..., L}, where kg =1, ky,..., k1 € N are the
number of channels and My, ..., M, € {1,2,... , min{d;,ds}} are the filter sizes.

Here one may see that weights generating the feature map 08)752 are shared, which has
the advantage that it can reduce the model complexity and the duration of the networks’
training.

Finally we apply a global maz-pooling layer:

kL
fW:Wbiasywout(X) :maX{ Z Wsy - OEE;),SQ (1€ {17 ce ,dl - B + 1}

so=1
,J e{l,...,dg—BJrl}},
where B € {1,2,...,min{d;,d>}} is an output bound and where

(@
s 1Stl:tQSMlvslE{la"'vklfl}1326{1:"'7kl}7l€{17"'7L} ’

l
Whias = (U{EQ))526{1,...,kT},le{l,...,L}

and

Wout = (ws>s€{1,...,kL}

are the weights of our convolutional network. To the output of this convolutional network
we can then apply a feedforward neural network.

Alternatively we could also insert a subsampling layer (or a local max-pooling layer) at
some point in the computation, which reduces the resultion of the image, e.g., (in case of
a subsampling layer) by choosing r € {1,..., min{d;, ds}} and by setting

0] (1+1)

= 014 (i—1)r14+(j—1)1),52
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for

(i,j)e{L...,(%}}x{1,...,[%1}::1}’

at some layer [ and by using D’ instead of D after this layer.

There exists various modifications of the above topology of a convolutional neural network.

1.3 Transformer networks

Transformer networks are applied to data which consists of sequences of data points. We
describe them next in the context of text data, i.e., our data is a sequence of words (which
we want, e.g., to translate in another language or which we want to classify, e.g., as hate
speech or not hate speech).

The first step is to transform the sequence of words in a sequences of real numbers, where
each word is decoded by a vector in R? (word to vector conversion). Here the text is first
tokenized, then shared subword units are learned by starting with a symbol vocabulary
in which successively the most frequent occuring pairs of symbols within the tokens are
merged and are replaced by some newly introduced symbol until the final vocabulary size
(e.g., 32,000) is reached. Then each symbol in the vocabulary is assigned to a vector in
Ramodel (either using values from some pretraining or using random values), and the text
to be considered is replaced by the sequence of vectors corresponding to its symbols. Here
often some additional coding of the position in the text (consisting of values from sinus
and cosinus) are added.

From now on we assume that each data point is of the form
r=(21,...,2) € RImoderxl,

In principle, we could try to apply a feedforward neural network to such data. But since
Amoder - | might be rather large, this network will need too many parameters. One solution
is to use recurrent neural network, which see successively x1, o, ..., ; and use some of the
outputs they have computed just after seeing z; as additional inputs for the computation
of its output for x;,1. So these networks have recurrent connections as in Figure 3.

The problem with this approach is, that in text data there might by long ranging depen-
dencies between the words. Consider the following two examples of the occurence of the
word ”bank”:

1. I do not like this bank. The reason is that each time I walk into it, there is a long

queue at the counter.
2. I do not like this bank. The reason is that each time I sit on it my back hurts.

Here you cannot determine the meaning of ”"bank” before you have seen words which

come long after the word ”bank”.



output

neural network

7

input
Figure 3: Example of a recurrent network.

Instead of feedforward neural layers the transformer networks use another mechanism to
compute their output, the so-called maximal attention layers.

Starting with the above new representation

20 = (201, ..,20;) € Rimoderxt
of the original input the transformer network computes successively representations
(4) Zr = (21,0 oy 2py) € RImoderxt

of the input for r =1,..., N, and applies a feedforward neural network to zy. Here 2, is

the representation of the input in level r. It depends on [ parts which correspond to x1,
.., ;. And N is the number of pairs of attention and pointwise feedforward layers of

our transformer encoder.

Given z,_; for some r € {1,..., N} we compute z, by applying first a multi-head attention

and afterwards a pointwise feedforward neural network with one hidden layer. Both times

we will use an additional residual connection.

The computation of the multi-head attention depends on matrices
unery,r,57 Wkey,r,s € deedemOdel and anlue,r,s € RdedMOdel (S = 17 s 7h)a

where h € N is the number of attention heads which we compute in parallel, where
diey € N is the dimension of the queries and the keys, and where d, = dyoqer/h is the
dimension of the values. Here it is assumed that d,,eq4e/h is a natural number and each of
the h attention heads will be used to compute a new part of length d, of the representation
zr; of x; for e =1,...,1. We use the above matrices to compute for each component z,_; ;

of z._; (i.e., for each representation of z; at level r—1 (i = 1,...,1)) corresponding queries

Qr—1,s5 — unery,r,s * Zr—1,i,
keys

kr—l,s,i = Wkey,r,s * Zr—1i

)

8



and values
Ur—1,s,i = anlue,r,s * Zr—1,i
(s e{l,...,h},i € {1,...,1}). Then the so-called attention between the component i of

zy—1 and the component j of z,_; (i.e., between the representations of x; and x; at level

r — 1) is defined as the scalar product
(5) < qr—1,s,5 kr—l,s,j >

of the corresponding query and key, and the index 5}—1,5,1' for which the maximal value
occurs, i.e.,

Jr—1,s; = arg max < (¢r—1s;, kr—l,s,j >,
je{1,...,1}

is determined. The value corresponding to this index is multiplied with the maximal

attention in (5) in order to define

gT‘,S,i - 'U,rflvsvafl,s,i ) ]EI‘%}?D(,Z} < q7‘71,s,’i7 krfl’s»j >
UT—17S75T—1,5,1" < Qr—1,s> kr_lysajrfl,s,i
(s e{l,...,h},ie{1,...,1}). Using a residual connection we compute the output of the
multi-head attention by

(6) yT = Zr—1 + (gr,h e 7?7’,[)

where
Uri = Ur1is - Yrni) € R = RImodel (1e{1,...,1}).

Here y, € Rémodetxl hag the same dimension as z,_;.

The output of the pointwise feedforward neural network depends on parameters
WTJ c RdffXalmodez7 br,l c Rdff’ [/Vr’2 c Rdmodeleff’ an c Rdmodel’

which describe the weights in a feedforward neural network with one hidden layer and
dss € N hidden neurons. This feedforward neural network is applied to each component
of (6) (which is analogous to a convolutionary neural network), i.e., to each representation

of x1, ..., x; computed up to this point on level r, and computes
Zri =Yri + Wea o Wen-ypi +b1) + b2 (i €{1,...,1}),
where we use again a residual connection. Here
o(r) = max{x,0}

is the ReLU activation function, which is applied to a vector by applying it to each

component of the vector separately. After computing z,,; (i € {1,...,1}) we define z, by

(4).



Given the output zy of the sequence of N multi-head attention and pointwise feedforward
layers, we can apply a feedforward neural network to this output to compute the output
of our transformer network.

In applications the maximal attention is defined by using the so—called softmaz function.

Here we set for nonnegative real numbers uq, ..., ux
e K
softmax(uy,. .., ux) = 7 e =R ,
Dipmr € D e
k=1 k=1
which is a vector in [0, 1] which ideally has a one in the maximal component of (uy, . .., ux)

and zeros in all other components. Using this function one defines the maximal attention
by

€<Q7‘—1,s,iyk7'7l,s,l> €<Q7‘—1,S,'Lykr71,s,l>
gr,s,i = *Ur—1,s,1 + -+
Zi':l 6<Qr—1,s,iakr—l,s,j> ’ Zé:l e<Qr—1,s,i:kr—1,s,j>

*Up—1,s,l-

Above we have described a Transformer encoder. In applications like machine translation

an encoder-decoder structure is used.

1.4 Learning of deep (neural) networks

In statistical applications of deep learning the aim is to fit a deep (neural) network
fw RIS R

to data
('Tla yl); vy (xnvyn)v

where the data points can be, e.g., points from R? x R or from R? x {—1,1}. Here f,, is

computed by

L (L
(7) fala) = w0,
k=1
(8) 0,(!) = a(ag)) forl e {1,...,L},
(9) agl) = Z wgffl) . 0§4l71) + wl(’l(;l)
j=1

forl e {2,...,L} and

(10) alV) = Z w® .z 4 w(%).

10



From (7)-(10) we see that the input is propagated through the network in order to compute

the function value, i.e., we compute successively

ay -, 1 Qg
oD, oY)
CLSQ), . 9 av("2)
052)7 ) 07("2)
agL), La'D
OgL)J 9 0£'L)
fw(x).
In order to compute the weight vector w of our network, we first choose a so—called loss
function
I(y,2) =20,
e.g.,
1 2
(y.2) = 5 (y—2)

(least squares loss) for y,z € R or

Iy, z) = log(1 + exp(—y - 2))

(logistic loss) for y € {—1,1}, z € R. Then we try to choose w such that the empirical

risk
(1) ) = = 1 fule)

is small.
Since [(y, fw(z)) depends nonlinearly on w, we use gradient descent to achieve this: We

choose a starting value
w(©®

(e.g., randomly from some proper distribution), and set
wit) —w® N v, (f(w(t)))

fort =0,1,...,T — 1, where X\ > 0 is the stepsize and T" € N is the number of gradient
descent steps.

Here the gradient V, (7(w)) is the vector of all partial derivatives

(12)



so in order to compute the gradient we need to be able to compute the partial derivatives
n (12).
This is possible by a simple algorithm (so-called backpropagation), which we derive next

by an application of the chain rule.

We have i
awi;’;f(w) -2 > G0 fula) af,] Fulz),
where
wa(g;s _ (Zwlk of ) b,
8w17j 1]
and for [ < L
Z]fw Ts) Zwls . 8 .awigl;(agL))'
Furthermore, for [ € {2,. ., L} we have |
ﬁl;”(am) o awz‘l) (@) =0 (i#F)

(with o(l V= 1), and in case m <1 —1

0 ! i _ d _
8w(m) (a](g)) = wlg;sl) UI(Ggl 1)) : aw(m) (agl U)
i,j s=1 i,J
In addition, it holds
0 1 , 0 1 ,
gla) =29 —5@)=0 (i#k)
ow'? ow'?
w; ; w; ;
(with 2@ = 1).
In case of I(y,z) = 3 - (y — 2)? we have

%@S, Ful@) = (9 = fulas)) - (1),

and we see that with the formulas above the so—called residual error
- f w(xS)

of the neural network is propagated back through the network during the computation of

the gradient. More precisely, if we recursively compute
L 1)
) fw(xs) — Ys,
5 = 0'(a(~L)) : ng») . 5£L+1) (i=1,...,7)

and



then we have O ()
wiLs +1 l
(fwlws) = o) - == = sy -0§)-
Gwm
Here the above formulas can be either verified by the formulas derived above, or directly

derived from the chain rule provided we set

50 Ofw(xs)

J aa§l)

To see this observe

Ofw(zs)  Ofw(zy) dal™

i

ow?’  9atY ' ow!)
ij

2,7 7

and . (1)
O fw(xs) _ Z O fuw(xs) ‘ da,"
8a§m) —1 8al(€m+1) aaf.’")
for m < L.

13



2 Neural network approximation

2.1 Introduction

In this chapter we investigate how well smooth functions f : R — R can be approximated
by neural networks. We consider only ReLLU networks, neural networks with squashing
functions as activation functions will be considered in the practicing course.

We use the following definition in order to describe what are the smooth functions which

we want to approximate by neural networks:

Definition 2.1 Letp = k+ [ for somek € Ny and 0 < 8 <1, and let C' > 0. A function
f:RY = R is called (p, C)-smooth, if for every a = (au,...,aq) € Nd with ijl a; =k
the partial derivative m exists and satisfies

o ok
Gora . 9z @ ) T Gag . gaag@

()| <C -z =27

for all x,z € R, where Ny is the set of non-negative integers.

So (p, C')-smooth functions are functions whose derivatives of order k are Hélder continu-
ous with exponent  and Holder constant C'. In particular, (p, C')—smooth functions with
p < 1 are Holder continuous with Holder exponent p.

The aim in the sequel is to derive for given spaces F of neural networks upper bounds on
d(g, F,| - _ = inf ||g — _
(9, F M oo -a,a14) = LNl — flloo, - .41

for (p,C)-smooth functions g : R4 — R. Here we are particularly interested how the
derived upper bound depends on the number of nonzero weights in the space F of neural
networks.

In order to understand what we can expect as a result we first derive a result for a space

of piecewise polynomials. To do this, we use the next lemma.

Lemma 2.1 Let p = k + [ for some k € Ny and 0 < 8 < 1, and let C > 0. Let
f:RY— R be a (p,C)-smooth function, let xo € R? and let py be the Taylor polynomial

of f of total degree k around xy, i.e.,

1 Girt-tia , ,
— . (D Wi @) Ay
pa)= Y S G g0 @ ) =
jl 1111 jdE{O,l,...,k},
J1t++ig<k

Then we have for any x € RY
[f(x) = pr(@)] < e C -l — o

for some constant ¢; € R depending only on k and on d.

14



Proof. We start the proof with a repition of some basic facts about Taylor polynomials.
Let f: R — R be (k + 1)-times differentiable function, then integration by parts shows

the standard integral form of the remainder of the Taylor polynomial:

f(z) = f(zo) + f(1)1<|x0) (@ —wo) 4+ f(kk(lmo) (z — g / f . (x — t)"dt.

Next let f: R? — R be (p, C)-smooth and define
h(s) = f(zo+s-(z —x0)) (s€R).

Then the above formula implies

h(l)(O)
1!

f(z) = h(1) = h(0) + (1=0) 4+ hO(0) (1 —0)’“+/IM (1 —t)kat.

Using the chain rule we get

hF)(s) | | | |
B Z Z 9200 9zl (20 + 5+ (2 = 0)) - (200 — 2y (gUn) — )y
' ]1 1 jk 1 ..
1 aj1+-~-+jdf
- Z k} gl jd! C o) L Qiag( (£E0+S- (z — 1))

1 da €10, kY,
1+ +ig=k

(2® — g0y (@D — gl Pyia

Combining this with the previous result we get the integral form of the remainder of the

multivariate Taylor polynomial of order k — 1:

1 it +ia , 4
flx) = > ———— / (o) - (2 =y (2D — gy

(| 831w . Odag(d)
J1seees Jjq€{0,1,..., k—1}, jl ]d

Jrttig<k—1

k 1 Qirtrtia f
+ ) f./u—t)“ , L (zg +t - (x — o)) dt
s o), jl' .. ]d' 0 a]lx(l) . a]daj( )
Jittig=k

(M) — $(()1))j1 (@ - x(()d))

Now we start our proof. The definition of p; and the above integral form of the remainder

of a Taylor series imply

15



7(@) = pu(a) o
@ —paw - S O g

gl @) Giag(@
J1se0» Jq€{0,1,...,k}, ‘]1 ]d
J1ttig=k

(2 = 2y (gD — gDy

k‘ 1 1 8j1+...+jdf
e [t -

- ¥

J1reeos iq€{0,1,....,k},
1t rig=k

(2D = 2y (gD — gDy

1 it
e [y e
Jd-Jo

-

ajlgj(l) .. ajdx(d)

P I
91-dg€4{0,1,...,k}, Ji:
J1+tig=k
= )Y V- 2 )t (2D — g

J1sees jdE{O,l,“A,k},
1+ +ig=k

. /1<1 B t)kil ( aj1+..~+jdf . (20 +1- (z — 20)) Gointtia f <x0)> i
0

i (D) . darg i) Giag(d)

Using the triangle inequality and the (p, C')-smoothness of f we conclude

| f(@) — pi(2)]
k 1 )
< D ﬁ'”“xﬂ”k'/(l—ﬂk LoOt? o — o7 dt
G1sedg€4{0,1,.. .k}, Ji: Jd: 0
J1+'“+jd:k

< - C o — ol MP,

which completes the proof. O
Let A > 0, K € N and consider a partition of [—A, A]? in K¢ cubes of side length
(2-A)/K. Let F be the set of all functions which are on each set of this partition equal
to a polynomial of total degree k or less. Let g be an arbitrary (p, C')-smooth function.
By choosing f on each set in the partition as the Taylor polynomial to g of Lemma 2.1
with zy arbitrary chosen from the considered set, we get by Lemma 2.1

2A\?
lg = Fllaionape < - C- <\/E- 7) |

so we see that the above space of piecewise polynomials (which has ¢, - K¢ many param-

eters) satisfies

1
d(gaf7 ” ’ ||oo7[—A,A]d> <cz- ﬁ

for any (p,C)-smooth function. This implies, that with a suitable space of piecewise

)

polynomials with K parameters we get

A(g, F, | loon ) = O (K-

ars
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for any (p, C)-smooth function g : R — R.

In the sequel we will show a similar result for deep neural networks.

2.2 Approximation power of deep neural networks

Let A > 0 be fixed. We define a local convex combination of Taylor polynomials, which

we will later approximate by deep neural networks.
For K ¢ Nandi= (iV,...,i®) c{0,..., K} set

2A 2A
Ti ( A+iW e ..,—A—i—i(d)-?)

and let
{ir, ... igene} ={0,..., K}%
For k € {1,..., (K +1)%} let

Girttiag

1 1)\ d)yj
p(e) = > a0 Grag@ Pie) () =)t (o0 — i)

l...4q,]
. . 1- d-
J1,--Ja€{0;-...q} J J

Ji+-+ja<lq

be the the Taylor polynomial of g with order ¢ around z;, and set

d Ko
P(z) = Y plx): (“ﬁ-lw(”’—xi)l)
et N

Girttiag

1 4 o
= . . . () (2) i
= > | > T 5 i@ ) H@ 7, )’

gl gal!

k=1 ‘711:“’jd€{o )))) q} i=1
Jit+ja<q
d
K . 4
(13 TI(1- 55 129 = a1}
j=1 +
where z, = max{z,0} (z € R).
Because of
d K (K+1)* d
H( SN g>,) 50 amd Y H(l—— 0 gn) 1
j=1 k=1 j=1 +

17
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K K
K 2A K 2
_ _ 2 M Rl . _
E (1 52 |z (—A+k K)’>+ E (1 oA |:r —(—A+k-



and
K

Z(l—%-|u—(—A+k‘-%)\)+:1

k=0

for all u € [—A, A]), and

d
K 4 .

IT(1- 551 =a01) =0

IT(1- g5 = k1),

if ||z — @, ||ec > 2A/K, P(z) is a local convex combination of Taylor polynomials of

m. Consequently we can conclude from Lemma 2.1 that for any (p, C')-smooth function

g:R? = R (where p = ¢ + 3 for some ¢ € Ny and 0 < 8 < 1) and for any x € [—A, A

we have

|P(x) = g()]
(K+1)4 d .
— Z (pi,, () — g(x)) H (1 ~ 51 |z — IEZ)’)
k=1 i N
(K+1) d "
< Z s, () — g(2)] H (1 -3 |z 1(i)|>
k=1 i N
: K |
= Z i, () — g()] H (1 i |z0) — xfz)‘)
k=1,...,(K+ 1), |lz—;, ||loo<2A/ K =1 N

1 d K 1
L 3 IT(1-5 2 —a .
=G (1 2A e =, ‘)+§Cl Kr’

k=1, (K+1)d,lz—z;, [l <24/K j=1

In the sequel we derive a neural network with ReLLU activation function which approxi-
mates (13).
Our starting point is the following approximation of the square function by a deep ReLLU

network.

Lemma 2.2 (Yarotsky (2017)) Let 0 : R — R be the ReLU activation function o(z) =
max{x,0}. Then for any R € N and any a > 1 a neural network

fsq € F(R,9)

exists such that

fsq(2) — 562‘ <a?-47R

holds for x € [—a, al.

Proof. We consider the "tooth” function ¢ : [0, 1] — [0, 1]

[\
—
|
=
8
V
N[= N



and the iterated function

gs(z) =gogo---og(x).
—_—
s times

In a first step of the proof we show by induction that

2° (z — %) p e [ZE 2] k=0,1,...,27 -1

gs(x)_ 2s 250 28
r(Er) e[S E] ko122

For s = 1 this follows directly from the definition of ¢ and ¢;. For the induction step
we remark that (g; o g)(z) = gs(2z) whenever z € [0, 3] and that g(z) = g(1 — z). This
combined with the symmetry of g; (by the inductive hypothesis) implies that for every
z €0, 3]

gess(o) = 0(0(e) = 0(20) = (1 = 20) = . (2 (5 =)

1 1 1
=4gs\ 9 5—1’ =0s\| 49 .1'—|—§ = Os+1 33‘1‘5 .
Consequently it suffices to consider z € [0, 3] which means
(95 © 9)(2) = g,(22)

and together with the inductive hypothesis we have

2% . (22 — 2k) 2r €[22 B =0,1,...,2571 -1

(950 9)(z) = 5 s
20 (3 —22) [ 2we[®A E k=122
_ 28+1'(l’_2&2‘]+€1) 7176[23%7%]71{::0717"‘728_1
25+1'<2351_Q3) 7'1’6[22’2_;11723%]7]{;:1727"'7287

which shows the assertion.

In a second step of the proof we show that the function f(x) = 2% z € [0,1] can be
approximated by linear combinations of functions g,. Let Sk be a piecewise linear inter-
polation of f with 2 4+ 1 uniformly distributed breakpoints 2%, k=0,...2F

v (3n) = () -

To determine the error of that piecewise linear interpolation we define the auxiliary func-

tion

_ Sr(z) — f(z) k k41
F(&) = 1) = Sl + 2L - e - 5550
for v € [Z7, B and k=0,...,2% — 1.

—_

We note that F(4) =0, F(&F) = 0 and F(z) = 0. According to Rolle’s theorem, there
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must be a point z;, where QL < 2z < x and F’(z;1) = 0 and there must be a point 2o,

where z < 29 < % and F’(z9) = 0. Using Rolle’s theorem again, there must be a point
n where z; < < 2, and F”(n) = 0. Thus we get for any z € [47, L]
Sr(z) — f(=)
O: F”(U) — f”(?]) + ,
(z = 3r) - (z — 57)
which implies
f"(n) k k+1
@) = sate) = |- T2 (o = gt - S5
k k+1 Cop
< |z - gp)e — =5 )‘ <2722

where the last inequality follows since the maximum of

W) = (o — o) (et )

is given by h(%—i— % . QLR)

Furthermore refining the interpolation from Sg_; to Sr amounts to adjusting it by a

function proportional to a sawtooth function:

_ gr(z)
SR_l(JT) — SR((L') = 92R .

To see this, consider let k € {0,1,...,2%! — 1} and assume = € [k/2771 (k4 1)/2%71)].
Since Sr_1(z) — Sg(x) and ggr(z) are on both intervals [k/2%71 (k + 1/2)/27!] and
[(k+1/2)/28%71 (k + 1)/287Y linear, vanish at k/2%71 and (k + 1)/2%1 and

gr((k+1/2)/2%71) =1,
we have for all z € [k/2571 (kK +1)/2571]:
Sp-1(z) = Sr(z) = (Sp-1((k +1/2)/277) — Sr((k +1/2)/2%71)) - gr(2).

By definition of Sg_; and Sk we have

Sp_1((k+1/2)/2%71) = (k/281)2 4 ((k + 1)/28-1)2

2
and
Sr((k +1/2)/2%71)) = ((k +1/2)/2771)%
Using 2 | 12 2 2 2
a —2|—b ~ ((a+b)/2) = a —Z-Z-b+b _ (a;b)
we get

(k+1)/2871 — (k/2F-1)2 _ 1/22R~2

(Soa((K+1/2)/271) = Sp((k + 1/2)/2%) - -

22R ’
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which implies the assertion.

Since Sy(z) = x we can recursively conclude that

Sp(z) =z — Z g;(gf)

with
’SR(SL') o 1'2‘ S 2721%72
for z € [0, 1].
In a third step of the proof we show, that there exists a feedforward neural network that

computes Sg(z) for x € [0,1]. The function g(z) can be implemented by the network

~

fyle) =2+ 0(x) ~4-olw— ) +2- 0z~ 1)

and the function g4(x) can be implemented by a network

A

fo. € F(s,3)
with
fgs(x) = fg(fg(- (fg($>))
Let
fia(z) = 0(2) — o(—2)
with
o(z) = 2 (z €R)
LH(2) = fia(fla(2) (2 € Rt € No)

be the network satisfying
Az'td(z) =z

By combining the networks above we can implement the function Sg(x) by a network
Foaon € F(R,T)
recursively defined as follows: We set fyo(x) = foo(z) = 2 and fso(x) = 0. Then we set
fl,z'+1(37) = fid(fl,i(x))v
f2,i+1(37) = fg(fzi(%’))

and
Foinr(x) = fialfas(@)) = fo(fau(x))/220HD
for i € {0,1,..., R —2} and
fsq[o,u(ff) = fid(fl,R—l(if) + f3,3—1(9€)) - ]Eg(fz,R—1(ff))/22R-
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By induction it is easy to see that we have

flz(«r) =z, f2z($) = gi(z) and f32($) = _Z %

r=1

which implies

R-1
fsq[o,l] (SL‘) — — gr(x) . gR(x) — SR(CE),

hence fsq[o’” (x) satisfies
(14) | foq (@) — 2% < 272072

for z € [0,1]. Tt is easy to see that fsq[
with R layers and 2 + 3 4+ 2 = 7 neurons per layer.

oy Can be computed by a ReLU neural network

In a last step of the proof we show that we can also approximate the function f(z) = x*

by a neural network, if z € [—a, a]. Therefore let fi.qn : [—a,a] — [0,1] with
z 1
ftran(z) - Z + 5

be the function that transfers the value of # € [—a,a] in the interval, where (14) holds.
Set

Fsa(@) = 40* fugy ) (Furan(2)) = 2a - fli(x) — a®.

2
) — 2ax — a®

Since
2 2 T
—4q%. [ =
T a (Qa +
we have
|fsq($) - $2|

§4a2 : ‘fsq[oyl](ftran(m)) - (ftran(x>)2| + 2(l| ;1;(1,) - iL"

<4q?. 9722 — 2 4R,

O
We can use the network of Lemma 2.2 to construct a network which approximates the

product of two numbers.

Lemma 2.3 Let 0 : R — R be the ReLU activation function o(x) = max{z,0}. Then

for any R € N and any a > 1 a neural network
fmult S F(R7 18)

exists such that
| frnatt(z,y) —x-y| < 2-a%-47F

holds for all z,y € [—a,al.
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Proof. Let
fsq € F(R,9)

be the neural network from Lemma 2.2 satisfying
|fsq<x> - x2| <4-a®-47"

for x € [—2a, 2a], and set

R 1 /. .
fmult(xay) = Z ' <fsq(x+y) - qu(:L‘ - y)) :
Since )
voy=7(@+y)’ = (@-y)?)
we have
: L o 1 2 7
o y) =@ -y] < 7+ |fule +9) = @+ 92| + 7 - [@ = 9)* = fule — )
1
§1-2~4-a2-4_R
<2.q%- 470
for z,y € [—a,al. O

Next we extend the previous lemma such that the network computes the product of finitely

many numbers.

Lemma 2.4 Let 0 : R — R be the ReLU activation function o(x) = max{z,0}. Then
for any a > 1 and any R € N with R > log,(2 - 4*¢ - a*?) a neural network

Fruatt,a € F(R - Tlogy(d)], 18d)

exists such that

d

fmult,d(x) — H x(l)

i=1

< AL Ad g R

holds for all x € [—a, a]®.

Proof.
We set ¢ = [logy(d)]. The feedforward neural network fmuzt,d with L = R-q hidden layers

and r = 18d neurons in each layer is constructed as follows: Set

(15) (21, 200) = [2W,2® . 2@ 1, .1
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In the construction of our network we will use the network fmult of Lemma 2.3, which
satisfies

(16) ’fmult(x?y) -z y‘ <2 (4dad)2 4"
for z,y € [—49a?, 4%a?). In the first R layers we compute

fmult(zlu 2’2), fmult<z37 24)7 s 7fmult(z2‘1717 22‘1)7

which can be done by R layers of 18 -297! < 18- d neurons. E.g., in case in case z = z(?

and 2,1 = 1 we have
fmult(zla Zl—i—l) = fmult(x(d)a 1)

As a result of the first R layers we get a vector of outputs which has length 297!, Next
we pair these outputs and apply fmult again. This procedure is continued until there is
only one output left. Therefore we need L = Rq hidden layers and at most 18d neurons

in each layer.

By (16) and R > log, (2-4*-a®?) we get for any | € {1,...,d} and any 2,2 €
(4" =1)-d, (4 = 1)-d]

|fmult(zla 2)| <21 - 2| + |fmult(zl7z2) — 21+ 29| < (4l — 1)26121 +1< (42l -1)- a?.

From this we get successively that all outputs of layer [ € {1,...,¢ — 1} are contained in
the interval [—(42 — 1) - a2, (4% — 1) - a¥'], hence in particular they are contained in the

interval [—4%a¢, 4] where inequality (16) does hold.

Define fgq recursively by

fzq(zh cee qu) = fmuzt(fzq—l(zb cee 722q—1), fzq—l(zzq—1+17 Sy qu))
and
f2(21722) = fmult(217z2)>
and set
2l
A= sup ‘f2l<217---722l)—HZi’-
21501291 €[~ a,a] i=1
Then
d
| frnuir,a(X) — Hﬂf(l)\ <A
i=1
and from

Ay <2-(4% a?)? 478

24



(which follows from (16)) and

Aq S sup |.]Emult(f2‘1—1<zla e ,qu—l), qu—l (ZQQ—1+17 . ,qu))
21,...,224 €[—a,a]
—fgqfl (Zl, ey 221171) . qufl (22qfl+1, ey 2211)|
+ sup f2q71<21, ey Zga-1) ¢ f2q71(22q71+1, ey 22a)
Z1,...,220 €[—a,a]
2¢-1
- <H Zz‘) : f2<1—1(22q—1+1, e 7,22(1)
=1

201
( Zz) : f2q71(22q71+1, s 722q)
i=1

() 11 -

=1 1=29—141

1

< 2.4l a4 R 42 A,

(where the last inequality follows from (16) and the fact that all outputs of layer [ €

{1,...,q—1} are contained in the interval [—42'a2', 42 a2']) we get for z € [—a, a]*
d
’fmult,d(x) - H x(Z)‘
i=1
<A,

<2. (4d . ad)2 4R, 41+2+~--+2‘J*1 .a1+2+-~+2q*1 . (1 4244 2q—l)
< <4d . ad)? . 4—R i 42d+1 . CL2d .d

— AL ad g R
where the last inequality was implied by

14+24 42071 =21<2.4.

We can now formulate and prove our main result.

Theorem 2.1 Let p,C > 0, A > 1 and K € N be arbitrary and define the space G of

neural networks by

G=14 > Yo Jesieda ¢ Frgiegs € F(Ly7)
k=1 j1,....ja€{0,...,[p]}
Ji+-+ja<p

where F(L,r) is the space of all neural networks with L hidden layers, r neurons per layer

and ReLU activation function, and where
L = max {[(p+ d) - log, K7, [log(2 - (8- A)%*2)]} - [logy(p + d)] + 1
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and
r=18-[p] + 18- d.
Then for any (p, C)—smooth function g : R — R it holds

1
N
Proof. Let p = ¢+ 8 for some g € Ny and § € (0,1], and let

d(g7ga || ' ||OO,[7A,A]‘1) S &1

(K+1)¢ 1 QirtFiag . (i) QN
o . . . v - ¢ JI

p(x) = Z Z Al Oigp) ... Qiag(d) (xlk) H(ﬂf Ly, )
k=1 ji,....ja€{0,....q} =

Jit+ia<q

d
TI (1 R o x.@y)
ix
i=1 2 +

be the local convex combination of Taylor polynomials of ¢ introduced in (13). Tt suffices
to show that there exists f € G such that

holds for any = € [—A, A]%.
To show this, it suffices to show that for any & € {1,... (K + 1)?} and j1,...,j4 €
{0,...,q} with j1 + -+ + jq < q there exists fy . j, € F(L,r) such that

.....

d

1 aj1+"'+jdg ) o K . .
: Y. (@) _ @Dyii 1— 2 ) W)
G g ) 1@ =) JHl ( 2k |>+
Ca
Frirda®)| S 72753

holds for all = € [—A, A]%.
Because of
PG O]
2A N

_ K (o 24 B K )

—max{O,ﬁ-(x (xik N 2 - max 0,ﬂ~<x xik>
+max< 0 £ T — ai(j)—i—%
"2A kK

we can compute with one layer of 2 - ¢ + 3 - d many neurons the values

() — x(l)) = max {O, T xf;)} + max {0 ) — x(i)}

1% 71y

Ji-times for each j = 1,...,d and the values

K 4 .
N P (/) I )
<1 54 |z — a7 |)+
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for each j = 1,...,d. Then we apply Lemma 2.4 (with an obvious modification of the
output layer and with sufficiently large R > log,(K?*?)) to compute

1 aj1+~~-+jdg d ) N K A ,
: Y- () _ @yii _ ) )
T rorer i Gaa § Gty H(l o4 1T ');

=1 7j=1

and we represent

by a product of at most ¢ terms of the form z® — 951(,?

These terms take on values
in [—2A,2A], all the remaining ones are contained in [0,1] C [-2A,2A], so we have
a product of g + d factors contained in [—2A,2A]. So we can apply Lemma 2.4 with
d=q+dand a=2-A. Here the assumption R > log,(2 - 42? . a??) means that we need
R > log,(2 - (8A4)?¢*24). The network has then not R but R - [log,(d + ¢)] many layers
and 18 - (¢ + d) neurons per layer, and because of our first layer we need to add one more

layer. Application of Lemma 2.4 yields the assertion. a

Remark. The neural network in the space G in Theorem 2.1 have
ey K log K

many weights and are able to approximate a (p, C')-smooth function with an error of order
1
Kr
So up to a logarithmic factor this is the same result as we have shown in Subsection 2.1
for piecewise polynomials. But, as we will see later, the advantage of our result for neural

networks is that due to the network structure we can derive from this result nice results

concerning the approximation of compositions of functions.
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3 Neural network generalization

In this chapter we want to bound the generalization error of neural network estimates,
which is this part of the error which arises because the neural network estimate is adopted
to some empirical risk defined by a sample average instead of the risk defined by an expec-
tation. To do this we will use results from the so—called VC theory (Vapnik-Chervonenkis

theory).

3.1 Motivation

Let (X,Y), (X1,Y7), ..., (X,,Y,) beiid. R?xR-valued random variables with E{Y?} <
oo. Let
m:R* = R, m(z)=E{Y|X =2}

be the corresponding regression function. Because of

E{Y - f(X)?} = B{(Y - m(X))+(m(X)—f(X)))2}
— E{Y - m(X)P} + / () — m(z) PP (dz),

where the last equality follows in case E{f(X)?} < oo from

E{((Y =m(X)) - (m(X) = f(X)))}
= E{E{[X}} = E{(m(X) — f(X)) - E{(Y —m(X))[X}}
= E{(m(X) = f(X)) - (B{Y[X} —=m(X))} =0

(and trivially holds in case E{f(X)?} = oo, since then both sides are equal to co) we

have

. = 1 E X _Y2 .
m() =arg min B{|f(X) - Y[}
Let F,, be a class of functions f : R? — R, set
Dn = {(Xla }/1)7 SR (Xna Yn)} )
and let

n\") — n'7Dn_ - Y;2
Mo () = mi( arg;ggan!f |

be the corresponding least squares estimate of the regression function m based on the
sample D,, of (X,Y).

The aim in the sequel is to bound the so-called Lo error
/|mn m(z)]*Px (dz) = E{|m,(X) = Y|*|D,} — E {Im(X) - Y|’}

of the least squares estimate.
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It is easy to bound an empirical version of it, because by definition of the estimate we

have:

1 — 1 —
T = 5 20 =Yl =23 (X0 P
1= =1

1 n
= —Ej AL — X;) - Y2
min - > [f(X | ”;:1 Im(X;) = Yil%,

which implies

B{Z)} < ;gglE{lf S YP} - E{Im(X) - Y]’}
= wmin [ 1(2) - m(o) PPx(ds).

In the sequel we will derive upper bounds on the difference between the L, error and

(some factor times) its empirical version.

3.2 Uniform exponential inequalities

In Section 3.1 we need upper bounds for terms like

n

E {Jm,(X) = YP[D,} = 3 Im(X) ~ VP

i=1
One problem here is, that within the expectation and the sample average there occurs a

random function m,, € F,. To get rid of this problem, one can upper bound the above

term by

sup {E{!f(X> — YR} - 31 —mz}.

fej:n

In order to derive upper bounds for terms like this, we need a measure for the ”complexity”

of the function space JF,,, which we introduce next.

Definition 3.1 Let € > 0, let G a set of functions g : R - R, let 1 < p < oo and let v
be a probability measure on R'. For g : R! — R set

ol ={ [ |g<x>|pu<d:v>}’l’

a) A finite set of functions gy, ..., gy : RE — R satisfying
Vge GIj=jlg)e{l,....N}: llg—gill,o) <e€

is called e-cover of G w.r.t. || ||,0)

b) The e-covering number of G w.r.t. | - |1,

N(eaga || ) ||LP(V))
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is defined as the size of the smallest e-cover of G w.r.t. || - ||1,). In case that there does

not exist a finite e-cover of G w.r.t. || - ||1,w) we set N(€,G, || - ||1,0)) = 00.
c) Let 2 = (21,...,2,) ben points in R'. Let v, be the corresponding empirical distribu-
tion, i.e.,
1 n
A ==Y Ia(z) (ACRY,
W)= 1 Tate) (ACE)

which implies

1 < z
=1

Any e-cover of G w.r.t. || - |1, %5 called Ly-e-cover G on 27, and for the e-covering
number of G w.r.t. || - |z,w,) we use the notation
Ny(€,G, 21).

N,(€,G, 27) is called Ly-e-covering number of G on z}.

Theorem 3.1 (Pollard (1984)).
Let Z, Zy, ..., Zy be i.i.d. Rl-valued random variables. Let B > 0 and let G be a class
of functions g : Rl — [0, B]. Then it holds for every n € N and every € > 0:

sup |— > €
geg

L2
S 8 . E{Nl(E/S,g,Z?)} - €Xp (_1;8 .€B2) ’

Zg —E{g9(2)}

where Z7 = (Z1, ..., Zy).

Remark: In Theorem 3.1 we ignore possible measurability problems (which can occur in

connection with the supremum or in connection with the covering number).

Proof of Theorem 3.1. The proof will be divided into four steps.

Step 1: Symmetrization by a ghost sample

We will replace the expectation inside the above probability by an empirical mean of a
”ghost sample”. To do this, we let Z|, ..., Z! be ii.d. random variables distributed as
7, and independent of Z7 and set

7" =(Z....7)).

Let g* = g*(Z}") be a function g € G such that

Z 9(Z:) —E{g(2)}] > e
if there exists such a function, and let g* be an arbitrary function contained in G otherwise.
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Because of 0 < ¢*(Z) < B we have

Vig (2)|1Z1'}

<

“|

From this we can conclude by Chebyshev’s inequality

P {E{g )2ty -~ Zg

9 (Z2) -+

* B n
V{g (Z)_§’Z1}
B> .| B
> ‘Zl}ﬁz-

)= $izr |

n B_2 2
BRI S Bz.
C TN
Thus, for n > 2'6—52, we have
PIBW (22} - L3 0 2) < Gz b > L
g 1 ni:19 i) =511 (=5

which implies

n 1 n
Psup| =Y g(Z)— > o(Z)| > 5
9€g | T [t 2
1 — 1 — €
>P = *Zz _ * ! —
> {n (Z;) 7 . g(ZZ)>2}
=1 =1
P S gz Bl 22| 5 e 1S
= ni:1g g 1 n —

Z

]
>e}.

E {[{uzylg () -Blg ()2} |3} {

)21}

v

This proves

P < sup
9eg

2
for n > 25
- €

n

3" 9(2) - Blo(2))

i=1

9°(Zi)

1
>epy<2-P<lsup|—
geg

- E{g"(2)|Z1'}

€
< =
i)

- E{g"(2)|Z1'}

Step 2: Introduction of additional randomness by random signs.

Let Ul,...,

0y ovvy Doy 21y ooy Z). Because of Zy, ...,

31

U, be independent and uniformly distributed on {—1,1} and independent of
Ty 71, ..

., Z) 1.i.d. the joint distribution of



Z, 7' is not affected if one randomly interchanges (corresponding) components of Z}*
and Z']. Hence

1 & 1 & €

P < sup |— Z;) — — Z)| > =
{ DWERESWIEE 2}
1 <& €
=P<{sup|— U (9(Z) —g(Z)| > =
foupl 301 20 - ) > 5

Step 3: Conditioning and introduction of a covering.

Because of U' and Z7' independent we have
€
~ 1

{225 é}U o2
nZU g(z:)

=E sup |— U -9(Z
Fix z1,..., 2, € R? and let G, /8 be an Li-g-cover of G on 27 of minimal size

>_

i)

} PZn (le)

< / sup
(Rd)n 9€g

|ge/8| = N1<€/87 g7 ZIL)

W.lLo.g. we may assume 0 < g(z) < B for all g € G./s (otherwise, truncate g correspond-

ingly).
For any g € G there exists g € G,/s such that

—Z|QZZ zz|<§

which implies

LS U] = | g+ S Ui (gle) — 9(20)
n 1 n

IN
| —
g
=
S\\
R
+
3|
¢
=
n
=iy
K

VAN

| —
]

=

Q

5

+

|
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Using this bound and the union bound we can conclude

Step 4: Application of Hoeffding’s inequality

P{ %ZUzg('Z@) >§}

where 21,...,2, €RY g: R - R and 0 < g(z) < B.

Since

In this step we bound

Ul . g<zl)7 .- '7Un : g(zn)

are independent random variables with expectation zero and
—B<U;-g(z)<B (i=1,...,n)

we have by Hoeffding’s inequality

1 & € 2-71-(52 n-e
P! = . . — V<. 8/ )} _9. - ).
(o] o (2l o550

In case n > 2- B?/€? the assertion is now implied by the above four steps. For n < 2-B?/¢?

the bound on the probability trivially holds, since the right-hand side is greater than one.
([

The right-hand side in the upper bound on the probability in Theorem 3.1 does not
converge to zero in case € < 1//n, which is in view of the optimal rate of convergence of
regression estimates not sufficient. In order to derive upper bounds which converge faster

against zero, one can consider the difference between expectations and a factor greater
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than one times the corresponding sample average, because we have

E {|m,(X) = YP|D,} — E{|lm(X) - Y|*}

n

225 (ma(X0) — Vi — m(X,) — ¥iP?)

=1

>t
& E{|m,(X)-YP’|D,} - E{jm(X) - Y}
—%Z (Ima(X3) = Yif? = [m(X,) = YiP?)
% (t+ B {ma(X) = YD, } — E {|m(X) — Y|*})

and the following theorem (which we can apply with e = 1/2 and o = § = t/2).

Theorem 3.2 (Lee, Bartlett and Williamson (1996)).

Let (X,Y), (X1, Y1), ..., (X, Y,) be ii.d. RYx R-valued random variables with |Y| < B
a.s. for some B > 1. Let F be a class of functions f : R? — [—B, B]. Then we have for
anyn €N, o, >0 and any 0 < e < 1/2:

P{af e FrE{|f(X) - Y]} —E{|m(X) - Y|}
- > (1£0X) = Yif? = (X)) = if?)
e (a+B+E{f(X)-YP} - E{m(X)-Y}) }

5 € e(l—e)-a-n
<14- ,F, . — .

In the proof of Theorem 3.2 we will need the following auxiliary result, which will be

proven in the practising course.

Theorem 3.3 Let B> 1 and let G be a set of functions g : R* — [0, B]. Let Z, Zi, ...,
Z, be i.i.d. R*valued random variables. Assume a > 0,0 < e > 1, and n > 1. Then
o Z? 19(Zi) — Eg(2) }

> €

P < sup —" =
{geg 04"" Zz‘f1 9(Zi) + Eg(Z)

. 2. .
4B (2.0,27) e (<2500,

Proof of Theorem 3.2: Let us introduce the following notation

Z=(X,Y), Z=(X;,Y;),i=1,...,n,
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and
g¢(x,y) = |f (@) —y* — [m(z) — y|*.
Observe that |f(z)| < B, |y| < B and |m(x)| < B imply

—4B* < gs(w,y) < 4B*

We can rewrite the probability in the theorem as follows

(17) P{afef;ng ——ng >ea+ﬁ+ng(Z))}

The proof will proceed in several steps.

STEP 1. Symmetrization by a ghost sample.

Replace the expectation on the left side of inequality in (17) by the empirical mean based
on the ghost sample Z'7 of i.i.d. random variables distributed as Z and independent of

Z7. Consider a function f,, € F depending upon Z7' such that

E{g;,(2)|2} }——ngn ) > e(a+p) + By, (2)|27},

if such a function exists in F, otherwise choose an arbitrary function in F. Chebychev’s

inequality together with

Vi (2|21} < E{g(Z |Z"}

E {((f2(X) —m(X)) - (fu(X) Y +m(X) = ¥Y))?| 27}
< 168 -E {(fn(X) —m(X))|27}

= 168 E{|f(X) - Y ~ [m(X) - YP|27}

= 16B°-E{g;,(2)|27'}

imply

P{E{gfn N2} — ngn

%(a+ﬁ)+ SE{9,.(2)|27}
Vi{9:.(2)|Z7}
n- (§(a+B) + §E{g;,(2)12})°
16B2E {g;,(Z)|Z}}
T n-(50a+ 8) + SE{gy, (2)1213)

Z;z}

IN

_ 1687 E {95.(2)| 2}

T (5)” ((a+B) + $E{g(2)21})]
16 B2

< -

~ e(a+ p)n’
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where the last inequality follows from

T 1
f@) = o ST =

for all z > 0 and all @ > 0 (which holds since the derivative of f changes at = = a its sign

128 B2
n

from plus to minus). Thus for n > Z(ath)

P{E{gf )|z} }——ngn a+ﬂ)+ E{gfn( )21}

€

{%ngn(zg)_%zgfn(Z) Sla+8)+ 3 “E{g;,(Z )IZ?}}

> P {E{gfn<z>|2?} =3 00.(%) 2 ela + ) + B{os, (2127}

E{gfn(Z)!Z?}—%ng(Z') §(a+5)+ “E{g;.(Z )|Z?}}

=k {f {Blo (D121} 1 Ty 97, (20204 8)+eBlgy, (2)|27} }

E{I{E{gmznzn}—fzr 1 97(ZD) <5 (aB)+ 5 B9y, (2)|27} }’Zn}}

=E {I{...}P {E{gfn(Z)\Z?} - ng(Zé)
)

> gP {E{gfn )27} — —ngn ) > e(a+ B) + eE{gy, (Z )!ZT‘}}
7

< S(a+8) + SE{9n,(2)127}

:gP{EIfe]::ng ——ng >€OA+6)+€ng<Z)}

128 B2
e2(a+B)

where the last inequality follows from (18). Thus we have shown that for n >
P{Elfe]::ng ——ng >ea+5)+6ng(Z)}

8 /
< ?P{Hf e F: Ezgf(zz‘) - E;Qf(z

_ Eng(Z)}-

(19) > 5

(a+pB)+

[NRINe
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STEP 2. Replacement of the expectation

Eg;(Z) >

> o Bo (7))

in (19) by an empirical mean of the ghost sample.

First we introduce additional conditions in the probability (19)

P{Elfe}":%jzlgf( ——ng %a+ﬁ)+2ng(Z)}
P{Elfe]f:%i:gf( ——ng > S(a+B)+ 5 5E9:(2),
—ng —Eg}(2) < <a+ﬁ+ ng +ng(Z)>
—ngZ’ Eg}(Z) < <a+ﬁ+ ng +E9f(Z)>}

l\D

L ) — Eg¢(Z
(20) +2P{3f € F: E“gf( 2 gf( ) >ep.
( +B+ ZZ 19f( ) +ng(Z))
Application of Theorem 3.3 to the second probability on the right—hand side of (20) yields
plsfer.  AYLG(Z) -BRZ)
(a+ B8+ 5 X 97(Z) + Egj(2))

(a+ B)e . . 3e2(a+ O)n
< 4EN1 <T, {gf : f S f},Z1> exXp <—W)

Now we consider the first probability on the right side of (20). The second inequality
inside the probability implies

(1+6)ng( ng ) —e(a+ B),

which is equivalent to

1 1—e (a+pB)
 BRA(Z) > _arp)
2599 2 i an ng VA

We can deal similarly with the third inequality. Using this and the inequality Eg;(Z) >
552 B97(Z) = 2555:E97(Z) we can bound the first probability on the right side of (20)
by

1 & B
P {Hf €F: =Y a(Z) -~ 92
i=1 i=1

€ 1—e 1 9 e(la+
> 6(04+5)/2+§ (mgggﬂzﬂ —ﬁ

l—e 1 5., e(a+B)
B +an ;gf(zi) C32B2(1+ e)> } '
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This shows

P{afef:%Zgﬂ ——ng ) > e(a+ B)/2+ eBgy(Z >/2}

<P {3f €F: %Z(gf(zé) —91(Z;))

32B2(1 1 ¢) | 64B2(1+e)n
362(a+5)n>

> ot B)/2 e(a+f) n e(1—e) )lZ(g]%(Zi)-|-g]%(Z{))}

(21) —|—8EN1 <(CY—|——5B)€7 {gf : f & .F}, Z?) exp <_ 640584

STEP 3. Additional randomization by random signs.

Let Uy,...,U, be independent and uniformly distributed over the set {—1,1} and in-
dependent of Zy,...,7,,Z],...,Z. Because of independence and identical distribution
of Zy,..., 7] the joint distribution of Z7', Z{" is not affected by random interchange of
corresponding components in Z]" and Z]"*. Therefore the first probability on the right side
of inequality (21) is equal to

P {Hf e F: %ZUi(gf(Zz{) - 91(Z;))

€ e(a+p) cl—e¢) (1 7
= glot i) - 32B2(1+e)+64321+6 <E i»)}

=1

and this in turn, by the union bound, is bounded by
P {Elf eF: '%éUigf(Zf)
2%<e(a+ﬁ)/2—3;jé§(;rf)€))+64Bizie % P }
P{Hf €F: ‘%gUigf(Z
>3 <6<a+5>/2 B 3222?(?&)) ' 6432 Iie ng }

— P{Hf €F: ‘%gUigf(Z

e(a+ B) e(l—e) 1 )
(22) zat M- GmnTe T Bt N ;gf(zi)} '

STEP 4. Conditioning and using covering.
Next we condition the probability on the right—hand side of (22) on Z7', which is equivalent

38



to fixing z1,..., 2z, and considering

1 n
P<{4 Fil—= UZ i
{fE ‘n; 95(2i)

lath) | _dl-9 1y~
> E(Oé "‘5)/4 - 6432(1 + e) * 6432(1 + E)ﬁ ;gf(zj)} .

Let § > 0 and let G5 be a Ly d-cover of Gr = {9y : f € F} on z,...,%,. Fix f e F.
Then there exists g € Gs such that

3" lg(e) — gp(a] <6

Without loosing generality we can assume —4B? < g(z) < 4B?. This implies

%Z Ugr(zi)| = %Z Uig(zi) + %Z Ui(gs(2i) — 9(2:))

IN
I

LS U] 3 las(z) — g(z)

and

n

% ZQ?(%‘) - % Zgg(zi) + % Z(Qi('zi) — 9°(%))

B % 292(%) + % > (gr(z1) + 9(20) (g7 (z1) — 9(=z1))

=1

v

1 1 ¢
n 292<Zi> - 8325 Z |97 (21) — g(2:)]
i=1 i=1

v

1 n
— Z g*(z;) — 8B?0.
i
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It follows
1 n
P<4 Ll E Uz i
{ i ‘nizl =)
e(a+f) e(1—€)
> 4 — i
= datp)f 6432(1+e)+64321—|—6 ngz

1 n
< P{39 €Gs: ‘EZUM(%) +9
i=1

e2(a+ B)
64B2(1 1 o)

e(l1—e) 25
+64BQI+6 < Zg %) -8B )}
<|g(;|maxP{| ZUQZ’
e(a+ B) e(1—¢)

= (O‘+5)/4_64B2(1+ 9 T %1r e

e(1—e¢)
+64192 1+en Zg (=4 }
Next we set § = ¢3/5. This together with B > 1 and 0 < € < 1 5 implies
36} €23 5 66(1 —€)

> ela+p)/4-

4 64B2(1+¢) 8(1+¢)
f €23 e(1—¢)p

T 20 64B%1+e) 40(1+e)
> 0.

Thus
1 n
P {3f SV 'ﬁ ;1 Uigy(zi)

e(a+ B) e(1—e)
Ze(a+6)/4_6432(1—|—6)+6432 ng & }

< |G. P U,q(z;
_Q’fgrgax {| Z gz

ex ea l—€) 1= ,
> - e
=4 T G4B2(1 +¢) +64BQ(1+e)nizlg ()

STEP 5. Application of Bernstein’s inequality.

In this step we use Bernstein’s inequality to bound

1 n
p{_
n

=1

2

ex o (l1—e) 1,
> = - .
T T 6Bt 6aB(1+on ;g (Zl)} ’
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where z;,...,2, € R? x R are fixed and g : R x R — R satisfies —4B? < g(z) < 4B2.

First we relate = 37" | g%(z;) to the variance of U;g(z;)
1< 1, 1 )
- > V(Uig(z)) = - D PV == (=),
i=1 i=1 ;

Thus the probability above is equal to
i3 Z

Vi= Uig(zi)> 0’ = %ZV(UL@J(Z@')),

=1

> A +A202}

where

e e2a e(1—¢)

4 64B2(1+¢) 7 64B’(1+e)

Observe that Vi,...,V, are independent random variables satisfying |V;| < |g(z)] <
4B%i=1,...,n, and that A;, Ay > 0. We have by Bernstein’s inequality

1 n

A =

> A+ A202}

A A 2\2
< 2Zexp | - 2”( L 20)2 8B2
20' +2<A1+A20’ )T
2
A
; iy ()
= 2exp — 76 .
3 B2 3—;+<1+—SB§A2>02
2
A
3'71'142 <A_;+O-2)
(23) =2 | " Tepr G 5
A—;+<1+832A2>02

An easy calculation shows that for arbitrary a, b, u > 0 one has

bh— 2
(a+u)2>(a+72a) b
a+b-u~ a+b2a b2

Thus setting a = A;/As, b = (1 + ﬁ), u = o2 and using the bound above we get for
the exponent in (23)

2
Ay 2
3-n-Ay (A_2+J) S 3-n-A, 4 A ﬁ
1682 4 = 16B2 A, 2
0 A_;—i_(l—i_ﬁ)ﬁ ° 2<1+SB§A2)
AA
= 18n 12

(8B2A, 4 3)*
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Substituting the formulas for A; and A, and noticing

P a >ea_ea_15ea
"T 4 64B%(14+¢) T 4 64 64
we obtain
18 AlAQ > 18 15ex 6(1 — E) 1
n——m——— n . .
(8B2A2 —+ 3)2 o 64 6432(1 + 6) e(l—e) +3 2
8(1+e€)
. 2 —_— .
> 18n15 e(l—e) - a 1

EEI 0 ()
9-15 €(l—¢) a-n
2.97-97 14e B2

S (l—€)-a-n

—  140B%(1+e€)

Plugging the lower bound above into (23) we finally obtain

1 eQ o e(l—e 1 n ,
P<|— (=] > & 1 |
{‘n ;UZQ(ZZ) — 4 64B%(1 +¢€) T 64B2(1+€)n ZZ::Q (z:)

<96 e2(1 —e)an
xp | ————"— .
=P\ T 0B (1 1+ o)

STEP 6. Bounding the covering number.
In this step we construct a L, %—cover of {gf: feF}tonz,...,z,. Let f1,.... fi,l =

/\/’1(203,]: x7) be an 20@—cover of F on z7. W.lo.g. we may assume |f;(z)| < B for allj

Let f € F be arbitrary. Then there exists an f; such that 2 37" | |f(z;) — f;(z)| < 20B
We have

—Z|9f (zi) — g5,(z)]
~n Z Hf(f”%') —il? = Im(:) — wil? = | fi(@:) — wil® + () — yz|2|
i=1
1 n
= Z |f(xi) = yi + fi(@s) — vl | f () — wi — fi (i) + wil
i=1
€p

1 n
< 4352 |f(zi) — fi(m)] < 5

Thus gy,,...,9s is an %—cover of {g; : f € F} on 27 of size Ni(50,F, 7). Steps 3
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through 6 imply

P {3f €F: %Z(gf(zﬁ) —9r(Zs))

e(a+ B)
32B%(1 +¢)

+@g%}$5l§jwﬁzwuﬁzw}

1—6 an
<4 .
= @y N (203 7 xl) eXp( 140 B2 1+e))

STEP 7. Conclusion.

€

> Sa+) -

128 B2

Steps 1, 2 and 6 imply for n > Z(atB)

P {Hf € F:Egy(2) - % ng(Zi) >e(a+ B+ ng(Z))}

32 € e2(1 —€)an
< —supN; (—6,}-, x?) exp (_M§B2—(1>+e))

64 + 3e2(a +
—l——sulp/\ﬂ (M,f, x’f) exp (—%)

< 14sup./\f1 ( <f F, x1> exp (—M) .

20B’ 214(1 4+ €)B*
For n < 1(28§ﬁ) one has
(1 —e)an S 128) _ 1
exp | ——————— exp | —— —
P\Tona(t+oB%) =P\ Tog) = 1w
and hence the assertion trivially follows. O

In the sequel: Derivation of upper bounds on covering numbers.

3.3 Covering numbers and VC dimension

Definition 3.2 Let € > 0, let G be a set of functions g : Rl = R, let 1 < p < oo and let
v be a probability measure on R'. For g : R' — R set

Hmm@yz{/w@M%w@}é

a) A finite set of functions gi,...,gn € G with
l9i — gillo,0) =€ foralll<i<j<N

is called e-packing of G w.r.t. | - |z,
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b) The e-packing number of G w.r.t. | -|/z,u)
M (&G 11 llz,w)

is defined as the cardinality of the largest e-packing of G w.r.t. || -||1,u). Here we set
M (,G, ]+ lL,w) = oo, if for every n € N there ezists a e-packing of G w.r.t. ||+ |1,
which contains n elements.

c) The L,-e-packing number of G on 2} is defined by
Mp (67 gy Z?) = M (Ea gy ” : ||Lp(l/n)) )
where v,, denotes the empirical distribution corresponding to 2% = (z1,...,2,) € (RH™.

Lemma 3.1 Let € > 0, let G be a set of functions g : Rt -+ R, let 1 < p < oo and let v
be a probibility measure on R'. Then it holds:

M2-6G, [ l,w) SN (€G- L,0)) M (G, l,0) -

Proof. a) If g,...,gn is a 2 - e-packing of G w.r.t. || - ||z, then each open ball with
radius € contains at most one of the g, ..., gy. This shows that each e-covering of G
w.r.t. || -|z,u) contains at least N functions.
b) If g1,...,gn is a e-packing of G w.r.t. || - ||, ) of maximal size, then we have that for
each g € G
9g1;---,9N, g

is not a e-packing. Consequently, for each g € G there exist 7 = j(g9) € {1,...,N}
satisfying

lg = gillz,0) <e
But this implies that gi,..., gy is a e-cover of G w.r.t. || - ||z, 0)- 0

In order to derive upper bounds for covering numbers we consider first the special case
that the functions are all indicator functions.
If f=14,9g=1Igfor A,BCR?and z, ..., 2, € R%, then

{%Z‘f(zi)_g(ziﬂp}p < max |f(z) — g(2)]

i=1,...,n

{ I, itAN{z,...,2,} #BNA{z,..., 2.}

0, else.
Consequently, for G = {14 : A € A} for A C P(R?Y) and € > 0, we have:

Np(e,G,27) < {AN{z1,...,2,} : Ae A}|.
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Definition 3.3 Let A be a class of sets A C R? and let n € N.
a) For zy,...,z, € R?

s(A {21, ) = {AN{z,. ...,z Ae A}

describes the number of subsets of {z1,. .., zn}, which can be "picked out” by sets from A.

b) Let G be a finite subset of RY. We say that A shatters G, if
s(A,G) = 2°I,

i.e., if each subset of G can be represented in the form ANG for some A € A.
c) The n-th shatter coefficient of A

S(A,n):= max s (A, {z1,...,2n})
is the maximal number of different subsets of n points that can be picked out by A.

Examples: a) The set of all interval of the form (—o0,a], a € R, shatters all subsets of
R of cardinality one, but it fails to shatter any subset of R of cardinality two (since it
fails to pick out only the larger of two numbers).

b) The sets of all intervals of the form (a, b], a, b € R, shatters all subsets of R of cardinality
two, but it fails to shatter any subset of R of cardinality three.

c) The set of all half spaces in R? shatter three suitably chosen points in R2.

d) The set of all convex sets in R? shatters n (suitably chosen) points in R? for any n € N

(choose points on a circle, and consider convex hulls of subsets of these points).

A set of sets which does not shatter a set G' can not shatter any superset of G. Conse-

quently we have:
S(A k) <28 = S(An)<?2"forall n > k.
The largest n with S(A,n) = 2" is the so—called VC dimension of A.

Definition 3.4 Let A be a class of subsets of R with A # (). The VC dimension
(Vapnik-Chervonenkis-dimension) V4 of A is defined by

Vi=sup{neN : S(A4n)=2"},
i.e., Va4 is the maximal number of points, which can be shatterd by A.

Examples: a) A = {(—o00,a] : aeR} =V, =1
b) A={(a,b] : a,b e R} =V, =2
c) A={A : Akonvex} = V4 =00

Our next theorem implies:
Either we have S(A,n) = 2" for all n € N, or S(.A, n) is bounded by some polynomial in
n of degree V4.
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Theorem 3.4 (Vapnik and Chervonenkis (1971)).
Let A be a set of subsets of R with VC dimension V. Then we have for all n € N:

s <35 (1)

Corollary 3.1 Let A be a set of subsets of R with VC dimension V4.

a)
S(A,n) < (n+1)"4  foralln € N.

b)
e-n

Va
S(A,n) < (—) for alln > Vy.
V4

Proof: a) By Theorem 3.4 and the binomial theorem it holds:

st < im:in«n—w ----- e

IA
el
s
o

= Z:;n (‘?‘) = (n+1)"

b) If V4/n <1, then Theorem 3.4 implies:

(ﬁ>m S(An) <

n

Va n
)
()
= i
ey
where the last inequality follows from 1+ z < e” (z € R). Consequently,

n \ 4 e-n\ "
<(—) = (") .
S(A,n) < (VA> e (VA>
O

Proof of Theorem 3.4: W.l.o.g. we can assume V4 < n, because otherwise the right-

= IM)=

A
ISECISEEIN

hand side is equal to 2" and thus trivially greater or equal to the left-hand side.

Let 21,..., 2, € R% In the sequel we show:
Va o
AN{z,..z)y - A < ()
(NGl s aca<) (]
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Va+1
The definition of V4 implies that for each i € {1,..., k} there exists H; C F; such that

To show this, let F, ..., F, with k = ( " ) be all subsets of {21, ..., z,} of size (V4+1).

ANF;#H; forallAec A

(since A does not shatter F; because of |F;| > V).
H; CF, C{z,...,2,} implies

(AN{z,....z,})NEF # H; forall Ae A
Consequently,

{An{z,...,2z,} : AeA}
C{CCH{z,....,z,} : CNF,#Hforallie{l,...,k}} =:C,.

Hence it suffices to show: ”
A
n
ol < ()
Gl = i—0 ¢

This is easy in case H; = F; for all i € {1,...,k}. Because F}, ..., F}, are all subsets of
size Va4 1 of {z1,...,2,}, and for C C {z,...,z,} the fact

CNE,#H;=F, forallie{l,... k},

implies in this case that C' contains at most V4 many elements, from which we can

Va n
Gl <2 (z) '
i=0

In the sequel we will reduce the general case to the special case just treated.
To do this we set

conclude:

H! = (H;U{z})NFE,.

Because of H; C F; we augment H; in the case z; € F; and z; ¢ H; by 21, and otherwise
H; does not change at all (so if H; changes, we have z; ¢ H;).
Define

C,:={CC{z,...,z,} : CNE #H forallie{l,... k}}.

We show next

(24) [Col < |Cul-

Therefore it suffices to show

1Co \ Ci| < [C1\ Col,

which we show by proving that the mapping

f:C\Ci—=Ci\Cy, f(C)=C\{xn}

47



is well defined and one-to-one.
Let C € Cy \ C;. Then
CﬂFl#Hz for all 7 € {1,,]{}}

and
CNF,, = H] for some ig € {1,... k}.

Consequently we have for some ig € {1,...,k} :
Hilo = C N Fio ;é Hio'
By definition of H, this set differs from H; at most by z;, hence we can conclude
ZleHZ{O:CﬂEOgC.

This implies that for C' € Cy \ C; we always have z; € C, and consequently the above
mapping is one-to-one, provided it is well defined.
So it remains to show that f is well defined, i.e., for all C' € Cy \ C; the relation

O\{Zl} GCl\CO

holds.
We have:

1. As seen above, C € Cy \ C; implies H; = H;, U{z1}, 21 ¢ Hy, and C N Fy, = H; ,
thus
C\{a} N F, = (CNFo) \{=} = Hi, \ {1} = Hi,.

This shows C'\ {z1} ¢ Cp.

2. In case z; ¢ F;, we have H; = H/, and because of C' € Cy we can conclude
(C\{za})NF,=CNFE #H; = H,.
In case z; € F;, we have z; € H/, which implies
C\{z}NF # Hj,

since the left-hand side does not contain z;, and the right-hand side contains z;.

Consequently we have in both cases: C'\ {21} € C;.

This proves (24).

By augmenting in the same way H] by 22, 23, ..., 2,, we get

ICol < |Ci] < -+ <G,
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and for C, all the sets Hi(n) satisfy the conditions of the special case above, which implies

the assertion. O

In order to upper bound the packing number of a set G of functions ¢ : R — R, it is
helpful to consider the VC dimension of the set

G ={{(zt) eER"xR : t<y(2)} : g€G}
of all subgraphs of functions of G helpful as can be seen from our next result.

Theorem 3.5 Let | € N, B > 0 and let G be a set of functions g : Rt — [0, B] with
Vg+ > 2. Then we have for any probability measure v on R' and any 0 < ¢ < B/4:

- log

2.¢-B 3.¢.B\ et
M(e,g,uwmu))sz-( ) |

€

Proof. We will show
B
®)  MEG] uw) <35 (07| 2 o5 @ MG ) | )

This implies the assertion, because in case

B
\‘? . 10g (2 - M (E,Q, ” . HLl(V)))J < Vg+
the assertion trivially holds, because in this case we have
€ €
log (2 - M (E,g, || . ||L1(,,))) < E . (Vg+ + 1) < E . 2Vg+ < Vg+,

and in case

B
\‘: : log (2 M (67 gv || ’ HLI(V)))J > VQ+
we can conclude by Corollary 3.1 b) that (25) implies

e-B
M <€7g> | - ||L1(V)) =3 <e - Ve

G+

Vg+
108 (2 M (e )

From the last inequality we get the assertion of Theorem 3.5 by using the elementary

relation
a b b
x§3-<g-log(2-aj)> — <3-(2-a-log(3-a))’.

Next we prove the above elementary relation. Let a € RY,b € N with @ > ¢ and b > 2.
We will show that

r<3 {% log(2x)}b

implies
(26) r < 3(2alog(3a))’.
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Note that )
r<3 {% log(Zx)}

is equivalent to
(22)* < 61/b% log(2z) = 6a log((22)"/?).

Set u = (27)'/* and ¢ = 6'/%a. Then e < a < ¢ and the last inequality can be rewritten
(27) u < clog(u).

We will show momentarily that this implies

(28) u < 2clog(c).

From (28) one easily concludes (26)

1

1
xr = §ub < ~(2clogc)’ = 5(2 - 6Ybalog(6Y%a))® < 3(2alog(3a)),

N | —

where the last inequality follows from 6/° < 3 for b > 2.
In conclusion we will show that (27) implies (28). Set fi(u) = w and fo(u) = clog(u).
Then it suffices to show

fi(u) > fo(u)

for u > 2clog(c). Because

/ — 1 L = <
filu) =12 2log(e) = 2log(c)  2clog(c) -

2o

for u > 2clog(c), this is equivalent to

fi1(2clog(c)) > fa(2clog(c)).

This in turn is equivalent to

2clog(c) > clog(2clog(c)) < 2clog(c) > clog(2) + clog(c) + clog(log(c))
& clog(c) — clog(2) — clog(log(c)) > 0

& log (210g(c)> >0
(29) & ¢ > 2log(c).

Set g1(v) = v and ¢2(v) = 2log(v). Then

g1(e) = e > 2log(e) = ga(e)

and for v > e one has

This proves



for v > e, which together with ¢ > e implies (29).

In order to prove (25) we choose

G={g1,-9m}

as e-packing of G w.r.t. || - ||z, ) with maximal size
m = M (67g7 H : HLl(zx)-)

(In fact it suffices to show (25) with M (€, G, || - ||z, (»)-) replaced by the size m of a packing
for an arbitrary packing, which shows that the case of an infinite packing cannot occur).
Let Q4,...,Q,T1,..., T} be independent random variables with @1, ..., @ identically
distributed with distribution v and T3, ..., T} identically uniformly on [0, B]. We set

RY = (Ry,...,Ry)

and
Gr={(z,t) : t < f(2)} for feg.
Then we have (where the first equality follows from the definition of the shatter coeffi-

cient):
(g+7k)
E{s(G" R}
>E{ ({Gy : fEGLRY)}
>E{s({Gy: feGand G;NR} #G,NRf forall g€ G\ {f}},R})}
=E Z I{G’fﬂR’fyéGgﬁR’f for all geg\{r}}
feg
=Y P{G;NR} #G,NR: forall g€ G\ {f}}
feg
=> (1-P{3geG\{f}:G;NR} =G,NRf})
feg
> 1— P{G;NRi=G,NR}).
Z( me max P{Gy ) 1})
feg
For arbitrary f,g € G with f # g we have because of Ry, ..., Rj independent and

identically distributed

P {G;NR} =G,N R}
—P{G;N{R} =G,N{Ri},....G N {Ri} = G, N {R}}
= (P{G;n{Ri} =G, n{Ri}})".
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Ty uniformly distributed on [0, B], g(Q1), f(Q1) € [0, B], the choice of Q; and G e-packing
w.r.t. || ||z, @) imply

P{G;N{Ri} =G, N {Ri}}

=1-P{G;n{R} #G,N{R:}}

=1-E{P{G;N{Ri} #G,N{R}|Q:}}
=1-E{P{g(Q) < T < f(Q1) or f(Q1) < Ty < g(Q1)|Q1}}

:1_E{|f(Q1);9(Q1)|}

1 [ 1@ - g(a)v(da)

<1-——.
- B

Using 1 + z < e” (x € R) we can conclude
P{Gmelngle}§(1_§> SeXp —? s

from which we get by using the lower bound on S(G", k) derived above
+ € - kf
S(G T k)>m-(1—m-exp -5 )

k= Lg -log(2-m)].

Next we set

Then
] o €k
—m. X —_——
P\" B
B
> 1—m-exp(—£- (—-10g(2-m)—1))
B €
Lo g ew ()
=1- —.e —
m 2m P B
=15 e ()
= 5 P (5
>1 1 1 > 1
2 P\1) =3
and hence I
JGRERTCROIEE
which proves (25). O

Any application of Theorem 3.5 requires a bound on Vg+. Our next result contains such
a bound.
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Theorem 3.6 Let G be a r-dimensional vector space of real functions on R?, and set

A={{z :9(2) >0} : gegG}.
Then
VA <.

If G satisfies the assumptions of Theorem 3.6, then

Gt = {{(zt) eR*xR : t<g(2)} : ge€gG}
C {{EHeR' xR : g(x)+a-t>0} : gegG, aeR}
and by Theorem 3.6 we get
Vg+§7’+1.

Proof of Theorem 3.6: Let 2;,..., 2., be (r + 1) distinct points of R?. We will show
that

{{z:9(2) 20} : geg}
does not shatter these points.

To do this, we set

L:G—R™ Lig) = (9(21), ..., 9(z41))"

Then L is a linear mapping, and the image LG of the r-dimensional vector space G is a
subspace of dimension less than or equal to r of R"*!. Hence there exists a nonzero vector

that is orthogonal to LG, i.e., there exist v{,...,v.11 € R with ~; # 0 for some i and

(30) Y-g(z1) o+ Y- 9(2r41) =0

for all g € G. W.l.o.g. we have 7; <0 for some i € {1,...,r+ 1}.
Assume that there exists ¢ € G such that

{z:9(2) >0}

picks from {z1,..., 241} exactly those z; with 7; > 0. Then ¢(z;) always has the same

sign as ;, hence it holds

ogz) >0 (el rr1}).
Because of
vi-g(z) >0
this implies
T g('zl) T Y g<zr+1> >0

which is a contradiction to (30). O
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3.4 VC dimension of sets of deep neural networks

Sets of deep neural networks are nonlinear spaces in their weights, hence Theorem 3.6
cannot be used to bound their VC dimension. But for these sets the following bound
holds:

Theorem 3.7 (Bartlett et al. (2019)) Let o(z) = max{z,0} be the ReLU activation
function, and let F be a set of neural networks of some fized topology with depth L and
W > 2 many (possibly nonzero) weights. Then

Ve, <ci-L-W-logW
for some c¢; > 0 which does not depend on L, W, or the number of neurons in the network.
In the proof we will need the following auxiliary results.

Lemma 3.2 Suppose W < m and let fi,..., f,, be polynomials of degree at most D in W

variables. Define

K = [{(sgn(f1(@)), ... sgn(fu(0))) : a € RV}

where
1 ifz>0,
sgn(z) =
0 ifz<0.
Then we have w
2-¢e-m-D
K<2 | — )
<2 (B5)

Proof. See Theorem 8.3 in Anthony and Bartlett (1999). A sketch of the proof goes as
follows:

By slightly pertubating the f; it is poosible to show

K = [{(sgn(fi(a)),...,sgn(fm(a))) : a € RV \ UL {a € R™ : fi(@) = 0}}].

Let CC(A) be the number of connected components of A C R" (where all points are
connected by a continuous curve with image inside each connected component). Since
inside any connected component of

RY\ UL {a e RY : fi(a) = 0},
a sign change of any of the fi(a), ..., f(a) is not possible, we get
K < CO®Y\ U2 {aeRY : fi(a) = 0}).
Now it can be shown that the right-hand side is bounded from above by

Y CC(nies{a e RV : fi(@) = 0}).

SC{L,.sm},|S|<W
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This in turn is equal to

> CC({aeRY : > fi(a)* = 0}).

SC{1,...m},|S|<W i€s

Since

Zfi(f_l)Q

i€S
is a polynomial in W variables of degree 2D, and since it can be shown that for any

polynomial f : R? — R of degree [ we have

CO({a € R: f(a) =0}) <1971 (1+2),

we get
K < > (2D)V=1. (2D + 2)
SC{L,...om},|S|<W
Y oom e-m\W
< 2.02D)". (,)<2.(20)W< ) ,
1
=0

where the last inequality follows from

(2) L =S (5) () =

O

Lemma 3.3 Suppose that 2™ < 2% . (m - R/w)* for some R > 16 and m > w > L > 0.
Then,
m < L+ w-logy(2- R-logy(R)).

Proof. Let R > 16 and m > w > L > 0. We have to show
m- R
m > L+w-logy(2- R-logy(R)) = m>L+w-10g2(T>'

Set

flz) =2 —L—w-log, (wa>

Then it suffices to show:
(I) f(L+w-logy(2- R-logy(R))) > 0.

(IT) f'(x) >0 forall x > L+ w-logy(2- R -logy(R)).
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Proof of (I): (I) means

L -1 2-R-1 .
L+w 10g2<2 . RIOgQ(R)) —L—w ‘10g2 (( + w Og2< R ng(R))) R) Z 07

w

which is equivalent to

> L+ w-log,(2- R-logy(R))

2 R -logy(R))

‘R,
w

which in turn is equivalent to
R? > 2L/v . 9. R . log,(R)

or

= >9.9L/w,
10g2(R) -

Because of L/w < 1 and R > 16 the last inequality is satisfied (since for R > 16 we have
R >4-log, R).
Proof of (II): The derivative of

1 .
flz)=x—L—-w m-lnzw—R
is given by
R w1
i W w R w1
fi@) In2 z-R w In2 =z
So (II) is implied by
w
QZ’>E

for all z > L + w - logy(2 - R - logy(R)), which holds since R > 16 implies

| 2-R-1 >
OgQ( R ng(R))_ 2

Proof of Theorem 3.7. Let H be the set of all functions h defined by
h:R'xR—=R, h(zr,y)=g(z)—y

for some g € F. Let (x1,41); - - - (Tm, Ym) € RY X R be such that

(31) {(sgn (b, 1) sgn (A ) © b € M} =27,

which is equivalent to F* shatters (x1,41), - (Zm, Ym)-

W.lo.g. we assume m > W. It suffices to show

(32) m<c - L-W-logW.

To show this we partition F in subsets such that for each subset all
glz;)) (i=1,...,m)
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are polynomials of some fixed degree and use Lemma 3.2 in order to derive an upper
bound on the left-hand side of (31). This upper bound will depend polynomially on m
which will enable us to conclude (32) by an application of Lemma 3.3.
Let

6 € RV

be the vector of all weights which determine a function g € F. Then we can write
F={g(0):R* >R : 0 cR"}.
In the sequel we construct a partition Pry; of R" such that for all S € P, we have
that
9(x1,0),...,9(xm,0)
(considered as functions of ) are polynomials of degree at most L + 1 for 6 € S.

In order to construct this partition we construct recursively partions P, ..., Pr.1 of RV
such that for each [ € {1,...,L 4+ 1} and all S € P; all activations

az,) (i=1,...,r,j=1,...,m)

in level [ (considered as a function of §) are polynomials of degree at most [ in 6 for 6 € S.
Since all activations on level 1 (which are just linear combinations of the input variables)
are linear polynomials as functions of @ this holds if we set P; = {R"}.

Let [ € {2,..., L+ 1} and assume that for all S € P,_; all activations

(33) A7V =1, e, =1,...,m)

in level [ — 1 (considered as a function of #) are polynomials of degree at most [ — 1 in 6

for 6 € S. Application of Lemma 3.1 yields that (33) takes on in each set of P;_; at most

2.<2-e-m-7‘“/l‘;1'(l—1)) <2-(2-e-m-(1-1)"

many different sign patterns. (Here we ignore neurons which have no nonzero weight and
hence assume w.l.o.g. that W > r;_;.)

If we partiton each set in P;_; according to these sign patterns in
A<2-(2-e-m-L)W

subsets, then on each set in the new partition all outputs of neurons in level [ — 1 are
polynomials of degree at most [ — 1 (since they are one each set either equal to zero or
equal to their activation). Consequently, on each set in this new partition all activations
in level [ are polynomials of degree at most [. We call this refined partion P;.

Using Pr.1 = Pr we have constructed a partition with

|Pry1| = H\P; 7S Lo@e-m-L)V
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such that for each set in this partition for all (z,y) € {(x1,v1),. -, (Tm,Ym)}
g(x) and h(z,y) =g(z) —y

(considered as a function of #) are polynomials of degree at most L + 1 in 6 for § € S.

Using

{(sgn(h(zs, p1)), -, sgn(h(@m, ym))) = h € H}|
< Z {(sgn(g(x1,0) —w1),...,s9n(g(xm,0) —ym)) : 6 € S}

SEPri1

we can apply one more time Lemma 3.1 to conclude

2" = {(sgn(h(zr,91)), -, sgn(h(@m, Ym))) = h € H}|

2.¢-m-(L+1)\"
< |7DL+1|'2'( W( )>

< 2L-(2-e-m~L)W'L-2-<

w

oL 2:e-m-W-(L+1)? WAL+l
W (L+1) '

2-e-m-(L+1)>W

Application of Lemma 3.3 with w =W - (L+1) and R=2-¢e-W - (L+1)? > 16 (since
W > 2) yields

m < L4+W-(L+1)-logy(2-2-e-W-(L+1)*-log, (2-e-W - (L+1)?%))
< c-L-W-logW,

where we have used
L<W,

which holds w.l.o.g. because otherwise the neural network has a layer with no connection

to the previous layer. a
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4 Least squares neural network regression estimates

4.1 A general result

Let (X,Y), (X1,Y1), (X5,Y3), ...be iid. R? x R-valued random variables with
E{Y?} < oo, let

m:R* > R, m(z)=E{Y|X =2}
be the corresponding regression function, and let F,, be a set of functions f : R — R.

Set
DTL - {(Xla}/l)u te (XTHYTL)}

In the sequel we use the results from Chapter 3 to derive a bound on the expected Lo

error of the least squares estimates

(34) mp(x) = my(x, Dy) = T, mp(x)

where

(35) mn() - mn(vpn = arg mlIl - Z ’f Y;|2
and

T3, (2z) = max{min{z, 8,}, —fn}
for z € R.

Our main result is the following theorem.
Theorem 4.1 Let > 1 and assume
(36) Y| <8 a.s.

Set B, = B and define the estimate m,, as above. Then
E [ fma(z) ~ m(z)*Px(dr)

1 + Supmne(Rd)n logNl < ) Tﬁf’fh ajl)
1 0 2. inf / () — m(z)2P x (dz),
n fe€Fn

where TgF, ={1sf : f € Fo} and (Taf)(x) = Ts(f(x)).

<e - pt
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Proof. We use the error decomposition

/ M (z) — m ()P x (dz)
B {]mn - Y|2\Dn} —E{|m(X) - Y[}

— (E {Ima(X) = Y]*|D,} — E{|lm(X) - Y|’}
. (%Z (X = Vi = 3" m(X,) - m?) )
+2- <% Z [ (X)) = Yi[* — %Z m(X) — Yz‘|2>
= Tl,n —FTQZ;: -

Because of [Tz —y| < |z —y| for |y| < [ the definition of m,, implies
i < 2 (32 <Y =13 () -
o S [
1 n
f — —-Yi? - - Xi) = Yif?
(flenf n} 100 <N L3 m() ¥, )

which implies

1 & 1 &
< 2. Z N —Yi|2— = X.) —Vi|?
BT, < 2 f13;E<n§:|f(Xz) P - 5 3 mx) A)
= 2 inf /|f (2)[*Px (da).
Hence it suffices to show

1+ Supx?e(Rd)n log Nl <ﬁ, Tgfn, l‘?)

ETi, <c -
n

To show this choose §,, > % Then

BT, < E{(Ti.).}= / CP{(TL), >t di = / TP, > )t

< 9, +/ P{T\, > t}dt.
on
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We have
P{T\, >t}

< P{af e ToF, BT~ YP) — B {jm(X) - ¥P)
2. (%Z £ = Vi = = 37 Im(X) - m?) > t}
- P{Hf € TpF, E{|f(X) =Y} —E{|lm(X) - Y}

- (% D_IF(X) = Yif = %Z [m(X,) - KI2>

t

>%. <§+%+E{|f(X)—Y|2}—E{|m(X)—Y|2}>}.

Application of Theorem 3.2 yields for ¢t > 9,, > %

1 t-n
P{T <14. ——,T 1) -
{Th, >t} < sil?p./\ﬁ (SO'B-n’ 5]:m$1) eXp( 16-214‘3/2‘ﬁ4)

which implies

> 1 t-n
ET,, < 6, 14.- L Ty Fat)- . dt
s +/(sn Sf;LpM(SOﬂ-n g xl) eXp( 16-214.3/2-54)
16-214 -3/2 - B* |
= 5” 14 - —aT ny T
+ - S;l{bp/\/] (80_5% s F, xl)
Op M
.e J— .
P\ 716214 3/2- B
With raja.
16214 - 3/2 - |
b, = suplog Ay (——— Ty Fp.
o SEfp OgN1 <80-ﬂ-n B ZE1>

we get the assertion.
Remark. It can be shown that if (36) does not hold the assertion of Theorem 4.1 still
holds provided

Eexp(cy-Y?) < oo and ||m|s < 00

hold and we set 8 = (,, = c3 - logn.

4.2 Rate of convergence of least squares neural network esti-

mates

Let o be the ReLU activation function, let F(L,r) be the corresponding space of neural

networks with L layers and r neurons per layer, and set
Ky
Gn = {ka c k€ F(Lp,m) (k= 1"._,Kn)}
k=1
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for some K,,, L,, r, € N. Let 3, > 0 and set

1 (+) —argmm—Z]g — Y

9EGn

and
1 () = M (2, Dp) = T, 11 (),

i.e., m, is the truncated least squares estimate of m corresponding to G,.
Theorem 4.2 Letp, C, A, B3>0, let (X,Y), (X1,Y1), ..., (X,,Ys) beiid [—A, Alx
(=3, 8] valued random wvariables, and assume that the corresponding regression function
m(z) = E{Y|X =z} is (p,C)—smooth.
Set

_d

Bn=0, K,=/[ci-nz] L,=[cy-logn| and r,=cs.

Then we have for c¢i, ¢ and c3 sufficiently large

2

E / Imn(z) — m(z)|*Px(dz) < cs - (logn)* - n~ .

Proof. By Theorem 4.1 we know

E/ |m(2) — m(2)|*Px (dz)

1+ SUP,ne(rd)n log MV} <ﬁ, T30, 1’1

<e - pt

inf / () — m(a) 2Py (dx).

n f€Gn

By Theorem 3.7 we know
V g+<Vg+<c5 L, -K,-L,- T log(K L, - r)<06 (logn)S-nﬁid,

(Here we have used
VTBn]H— S V]:+,

where T, F = {Tp, f : f € F} for aset F of functions f : R — R. This holds because if
Ts, F*t shatters (z1,91), ..., (Tn,yn), then |y;| < B, (i =1,...,n) holds and consequently
F* shatters these points, too.)

Using Lemma 3.1 and Theorem 3.5 we can conclude

1 n
1+ Supw?e(Rd)n lOgNl (m, ngna x1> Ce - (log n)3 . nﬁ - C7 logn

n n

< cg- (logn)*-n2d,

And by Theorem 2.1 we get

. 1 —2p
inf /|f ()PP x(dz) < |d(m, G, || - ||oo,[—A,A}d)’2 < g —5 S cipnH.
fean Kn

als
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O
Remark. Modifying the estimate as in the remark after the proof of Theorem 4.1 we see
that the assertion also holds if (X,Y) is a R? x R-valued random variable with supp(Px)

compact,

E {ecl'w} < 00

and m (p, C')-smooth.

4.3 Lower bounds on the rate of convergence

In this section we show that the rate of convergence in Theorem 4.2 is optimal up to the

logarithmic factor (logn)*.

Definition 4.1 Let D be a class of distributions of (X,Y) and let (a,)nen be a sequence
of positive real numbers.
a) (an)nen is called lower minimax rate of convergence of D, if

E [ [ma(z) = m(x)?Px (dx)

liminfinf sup =Cy > 0.
N0 Mn (X Y)eD Qn

b) (an)nen is called upper minimax rate of convergence of D, if there exists an
estimate m,, such that
B [ [ma(x) — m(x) P (da)

limsup sup =y < .
n—oo (X,Y)eD an

) (an)nen is called optimal minimax rate of convergence of D, if (a,)nen is a lower

and an upper minimaz rate of convergence of D.

From the previous section we know: Let p, C' > 0 and let D be the class of all distributions
of (X,Y) such that X € [0,1]? a.s., E{e?Y’} < 0o and m(z) = E{Y|X =z} is (p,C)-
smooth. Then

__2p
((10g n)*-n 2p+d)
neN
is an upper minimax rate of convergence of D.

In the sequel we will show that

(37) <n*2§id)neN

is a lower minimax rate of convergence of D, hence the rate of convergence in Theorem

4.2 cannot be improved by more than (logn)?* (in fact it can be shown that (37) is in fact
the optimal minimax rate of convergence, cf. Stone (1982)).

_ 2 . ..
It suffices to show that (n 2P+d) is a lower minimax rate of convergence of some

B neN
suitable D C D.
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Definition 4.2 Forp,C > 0 let D®) be the class of all distributions of (X,Y) satisfying:
1. X ~U([0,1]%)
2. Y =m(X)+ N where N ~ N(0,1) and X, N independent.
3. m (p,C)-smooth.
4. |m(z)| <1 for all x € [0,1]%
The main result of this subsection is:

Theorem 4.3 Let p,C > 0 and define D®C) as above. Then

(33) (=)

is a lower minimaz rate of convergence of DWC).
In the proof we will need:
Lemma 4.1 Let u € R! and let C be a random variable with values in {—1,1} satisfying
1
P{C=1}= 5= P{C = -1}.

Let N be an [-dimensional standard normally distributed random variable which is inde-
pendent of C, i.e., N = (NW, ... . NO) where NV, ..., NO are independent standard

normally distributed real-valued random variables which are independent of C. Set
Z=C-u+ N
and consider the problem of predicting the value of C' from the observed value of Z. Then

L*:=  min  P{g(Z) # C} = &(—|ul),

gRI—{-1,1}

where ® is the cdf. of N(0,1).
Proof. For arbitrary g : R' — {—1,1} the independence of N and C implies

P{4(2) 4 C}

=P{g(C-u+N)#£C}
=P{g(C-u+N)#C,C=1}+P{g9(C-u+N)#C,C=-1}
=P{g(u+N)=-1,C=1}+P{g(—u+N)=1,C = -1}

P {g(ut N)= 1} P{C=1} 1 P{g(—utN) =1} P{C=1}
:%~P{g(u+N):—1}+%-P{g(—u+N):1}.
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Let ¢ be the density of N, i.e., for v = (v, ..., v®) we have

(v) = L NS Vi Y 7
gov)—H e =(2-7) e :

i=1 ’

i

u + N has the density ¢(v — u), and —u + N has the density ¢(v + u) (which can be
shown by derivating the corresponding cdf).

Hence

P{g(Z) #C}
1 1
= 5'/I{g<z>:—1}'90(2—U) d2+§'/f{g<z>:1}'90(2+U) dz

1
— 2 / (Tigy=—1y * (2 — u) + Ig(z)=1y - (2 + ) d.

The right-hand side above is minimal for

. 1, ifelz—u)>plz+u),
o oz —w) > plz +1)
—1, else.

Because of

gp(z — u) > gp(z + u) =S (2 . 71-)7[/2 . 67||Z7u”2/2 > (2 . 7-[-)7[/2 . 67”Z+u”2/2
& et ull* > |z - ulf?

&S <zyzu> >0

we get
if <z,u> >0,

* ]'7
Z) =
9'(z) { —1, else

and as above we get

L* = P{g"(2)#C}
— P{y(Cu+N)#C,C=1}+P{g(Cu+ N) #C,C = -1}

1 1
= 5 P{g(ut N)=-1}+ 5 -Plg(-u+N)=1}
1 1
= §-P{<u—|—N,u> §0}+§-P{<—u+N,u> > 0}
1 1
= §~P{HuH2—|—<u,N> §0}+§~P{—HuH2+<u,N> >0}
1 1
= 5-P{<u,N> §—||U||2}+§-P{<U,N> > [lul’}.
In case u = 0 we have
D= 15 0= = 8(-[ul)
R R e
In case [|u|| # 0 we have that
u
< —N >
]
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is as a linear combination of independent normally distributed random variables normally
distributed, and because of E{< -, N >} = 0 and V{< ¢, N >} = [[ul*/[ju]?* = 1

this random variable is standard normally distributed. Hence

u

1
-P{<L,N> §—|]uH}+—~P{< , N > >HuH}
[l 2 [l

- O(=lull) + 5 - (1= @([|ul]))

L =

AN = DN =

O
Proof of Theorem 4.3: We prove Theorem 4.3 only in case d = 1, the general case will
be considered in the practising course.
1. Step: Depending on n we define a subclass of D®€).
Let p =k + 8 with k € Ny and 8 € (0,1] and set

M, = [(C* - n)T]

(where [z] = inf{z € Z : z > x}) and partition [0, 1] into M,, intervals A, ; of length
1/M,,. Let a, ; be the center of A, ;.
Choose a bounded function g : R — R satisfying

supp(g) C (—1/2,1/2), /gQ(x) dr >0 and g (p,2°"1)-smooth

(where we can achieve the last condition by rescaling a sufficiently smooth function), and

set
g(z) =C-g(z) (z€R).
Then
sumg) € (-1/21/2), [ fa)de = *- [ ga)do >0
and
g (p, C - 2°~1)-smooth.
For ¢, = (cn1y .-y Cnar,) € {—1,1}M =: C, set
My,
m(x) =3 cny - gny(@)
=1
where

Gnj(w) = M, P - g(Mp(x — an;)).

Then m(“) is (p, C')-smooth, which we can show as follows:
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(i) For z,z € A,,; we have

() =)
(%)kgmi(l‘) - (%)kgm(Z)

=1-M;?-M"-C-2°7" M, (2 — a,;) — My,(z —an,i)|5
<C- 27N e -2 <O |r— 2P

= |Cn,i’ )

(This also shows that g,,; is (p, C')-smooth on whole R.)

(ii) For z € A,; and z € A, ; with i # j let Z and Z, resp. be points on the border of
A, bzw. A, ; in direction of z and z, resp. Since g¢,; and g, ; are (p, C)-smooth

(see above) and zero on the border we have

(%) k gni(T) =0 = (d%)k 9n.j(2).

Using the result of step (i) we get

(%)km(cn)@) — (%)km(cn)(z)
(d) Inal) = na (d:)s)

< e - ‘( Gni(w (%) (2
(&) - (2 0 (%)kgn,j(z)_(%)kw)

<C- 2z —qf 0257 2 - 2P
1 1

- Ny
x—2I| |z—Z|
<c.o !
<o (BpA B

<C-(Je—F+|z—2)<C |x—2°,

gn]

+|an|

+

where the third inequality follows from the inequality of Jensen and the fact that

u s u” is on Ry \ {0} concave.
This shows that the set DY of all distributions of (X,Y) satisfying
1. X ~ U0, 1],

2. Y = m)(X) + N for some ¢, € C, and some N ~ N(0,1), where X and N are

independent
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is for n sufficiently large (which ensures ||m(")||,, < 1) a subclass of D), and it suffices

to show:
M2p 1
(39) liminfinf  sup C’Z : E/ Im, (z) — m') (z)*dz > 0.
n—oo My 0

(X,Y)eDF

2. Step: We use a regression estimate in order to estimate the parameter ¢, € C, of a
distribution (X,Y) € D¥.

Let m,, be an arbitrary regression estimate. By construction we have that the supports of
the g, ; are disjoint, which implies that {g, ; : 7 € N} are orthogonal in Ly. Consequently,
the orthogonal projection of m,, to (the linear vector space) {m(°) : ¢, € RM»} is given
by

M,
M () =D o+ gnj(x)
j=1

where
Ja, 1 (@) - gn(x) d

& =
" fAM 92,]-(56) dx

For ¢, € C, we have

1
Iy (z) — m) (2)[*dx

0
1
Z/ |y (x) — m) () Pda
0
My,
=30 [ s 0uste) = ns )P
j=1 /A
My
= Z |én,] - Cn,j|2 ' / gi,](x) dx
j=1 Anj

M
1 o
N /92@) dv - g+ D leng = ensl”

Set

_ 1, ife,; >0,

Cng =

—1, else.
Then
(g = Cngl 2 5 18ng = Cnjl = Tz sensd

which can be easily seen by considering the cases ¢,; = 1, ¢,; = —1 and ¢,; = —1,
Cn,j = 1.
Hence

1 Mn
. 1
/0 |, (x) — m! ")(x)|2dzc > /gz(zr) dx - ik E Iz, i#en b
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and consequently (39) is implied by

M,
o I S pos
() il 5 2P (B 7 sk > 0

3. Step: We choose ¢, € C,, randomly.
Let Cy 1, ..., Cy ar, be independent and identically distributed random variables satisfying

P{Cn,l = 1} - - P{le - —1},

1

2

which are independent of (X1, Ny), ..., (X, N,). Set
Cn == (le, ‘e 7Cn7Mn) .

Then

M
1 n
inf sup A Z P{¢n; # cuj}

Cn Cnecn
1 &

Here the optimal predictor is given by

o 1, #P{C,; =1|(X,Y1),....(Xpn,Y,)} > %,
e —1, else.

Due to symmetry of the problem we have
P {ENJ 7é C”?j} = E{P {én,j 7£ On,jI(le Yi)v SR (Xna Yn)}}
> E{P{Cy; # Cogl (X1, Y1), ... (Xa, Yo) }}
P{Cy;# Cnj} =P{Cu1 # Cus}

and we get

Cn Cn ecn no._

1 & _
inf sup ~— > PG # o} = P{Cu1 # Cur}
7j=1

Hence it suffices to show:

(41) liminf P {C; # Cp1} > 0.

n—00
(If one does not want to use the symmetry argument above, on can also show this for
each j instead just for j = 1).

4. Step: Proof of (41).

We use

P{Ch1# Cp1} =E{P{Cp1 #Cra|X1,.... Xs}}.
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Let X;,, ..., X;, be those X, satisfying X; € A, ;1. Then
(42) (Y;u s >Y;z) = On,l ’ (gn,l(Xi1)7 s 7gn71(Xiz)) + (Nilv s 7Nil) :
AllY; with X; ¢ A,,; do depend only on C,, 5, ..., Cy, p, and

{(Xo, Ny) s & {iy, ... 0 }}

and are consequently independent of the data in (42) given Xy, ..., X,. If we also

condition on all those random variables then we can conclude because of
gn,l(Xj) = 0 fOI' X]’ ¢ An71

from Lemma 4.1

!
P{Cpi# Coi|X1,..., X} = @ —\Zgg,l(xz,_)
r=1

= ¢ - Zgi,l(Xi) ’
i=1

where ® is the cdf. of N(0,1).

It is easy to see (e.g., by computation of the second derivative) that
1 O(—/7)

is convex. Application of the inequality of Jensen yields

P {én,l 7é Cn,l}

since
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4.4 Deep learning as a remedy against the curse of dimension-
ality

The optimal rate of convergence

__2p
n 2p+d

for estimation of a (p, C')-smooth regression function gets worse in case that d (the dimen-
sion of X) is large compared to p (so-called curse of dimensionality). Since this rate is
optimal, there is no chance to get a better rate regardedless what kind of estimate we use.
The only way to circumvent this problem is to impose additional conditions on the re-
gression function, which enable some estimates to achieve a better rate. In this section we
show that deep neural network can achieve better rates in case that the high-dimensional
regression function is a composition of suitable functions. This effect occurs due to the
network structure of the neural network.

We consider in the sequel functions, which fulfill the following definition:

Definition 4.3 (Kohler and Langer (2021)). Let d € N and m : R? — R and let P be a
subset of (0,00) x N.

a) We say that m satisfies a hierarchical composition model of level 1 with order and
smoothness constraint P, if there exists (p, K) € P, a (p, C)—smooth function g : RX — R
and some 7 : {1,..., K} —{1,...,d} such that

m(x) = g(a™), 2T for allx = 2V, 2T € R,

b) We say that m satisfies a hierarchical composition model of level | + 1 with order and
smoothness constraint P, if there exist (p, K) € P, C >0, g: RE - R and fi1,..., fx
R? — R, such that g is (p, C)—smooth, fi,..., fx satisfy a hierarchical composition model

of level | with order and smoothness constraint P and

m(x) = g(f1(x),..., fx(x)) forallx € R%

For | = 1 and some order and smoothness constraint P C (0,00) x N our space of

hierarchical composition models becomes

H(,P)={h:R* 5 R: h(x) = g(z"D, . 2E)) where
g:R¥ = Ris (p,C) —smooth for some (p, K) € P,
C>0andmw:{1l,....,K} - {1,...,d}}.

For [ > 1, we recursively define

H(I,P) = {h: R 5 R: h(x)=g(fi(x),..., fx(x)), where
g:R¥ = Ris (p,C)-smooth for some (p, K) € P,
C>0and f; e H(l—1,P)}.
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Next we introduce sets of sparse neural networks, where we control the number 7 of weights

which are nonzero. To do this, let ¢ be the ReLLU activation function. For L,r, 7 € N let
Fsparse(La r, 7-)

be the set of all feedforward neural networks with activation function o, L layers and r
neurons in each layer, where at most 7 of its weights are nonzero.

We consider the following truncated least suqgares estimate:

(43) M (x) = ma(2, Dy) = Tp, 100 ()
where
1 n
44 Ny (- :~n'7Dn = I - X; _Y;2-
(44) (") = (-, Do) =arg i ;m ) =Y

The main result is the following bound on its expected Ls error.

Theorem 4.4 (Schmidt-Hieber (2020), cf. also Bauer and Kohler (2019)).

Let A, B3>0, let (X,Y), (X1,Y1), ..., (X, Yy) beiid. [—A, A|2x[—3, B] valued random
variables, and let m(x) = E{Y|X = x} be the corresponding regression function. Let P
be a finite subset of [1,00) x N, let | € N and assume that m satisfies a hierarchical
composition model of level | with order and smoothness constraint P.

Set

Bn=08, Ln=/[ci-logn], 7m,=[c;- max n2p+K1
(p.E)eP

and

n = - (lo ax nIiK
7o = [c3 - (logn) - Jhax 0 1,

and define the least squares neural network regression estimate m,, as above.
Then we have for ci, co and c3 sufficiently large that for any sufficiently large n

2p

E/ Imp(z) — m(2)]?Px(dz) < ¢4 - (logn)* - max n~ 2+K
(p,K)eP

holds.

Remark. The rate of convergence in the above theorem does not depend on the di-
mension d of the predictor variable X, hence the above least squares estimate is able
to circumvent the curse of dimensionality in case that the regression function satisfies a

suitable hierarchical composition model.
Proof. By Theorem 4.1 we know
E [ ma(x) - m(a) P (d2)

4 1 + Supgg’fe(Rd)n lOgNl (ﬁ: Tﬂfsparse<Ln7 Tn, Tn)a l’?)
<c5- B

+2- inf / |f(z 7)|*Px (dx),

fEf—'spa'rse(Ln s'n 7Tn



so it suffices to show

1+ Sup,ne(rays log Ny (;n, TsFsparse(Ln, Tns Tn), :10’{)
(45) - il < ¢g-(logn)*- max n R
n (p,K)eP
and
2p
46 inf — Py(dr) < cg- (logn)t- max n #+K.
@) it [ 1) - m(@)PPx(dn) < co- (ogn)* - max a7

If we fix the 7, positions where the weights in Fypepse (L, 7, 7o) are allowed to be nonzero,

then the VC dimension of this function space is bounded by Theorem 3.7 by

¢y Ly -1, - log(m,),
from which we conclude by Theorem 3.5 that the Lrﬁ covering number on 27 of a
truncated version of this function space is bounded by

Co - (CIO . n)2-C7~Ln~7—n-log(Ln~7'n)'

Since (for n large) there are at most

(Tn+1+Ln'7"n'(Tn+1)+7‘n'(d+1))<C 2
<

Tn
many possibilities to choose the positions of these weights we see that we have for n large

_
80-8-n

S log (CH . 7Z2'Tn * Cg - (010 . n)

sup log NV} (

ze(RE)n

) TB-Fsparse(Lna Tn, Tn)a l‘?)
2.C7~Ln~Tn~10g(Ln'Tn)) S 1o - (log n)?) T,

which implies

1+ Supx?e(Rd)n 10gN1 (ﬁ; Tﬁfsparse(Ln7 Tn, Tn)v ZE?)

n

T) 2p
< 13- (logn)® - = < cg- (logn)*- max n” z+K,
< cg - (logn)™- T5 < - (logn)” - max n-=
In the remainder of the proof we show (46).
We observe in a first step, that one has to compute different hierarchical composition
models of some level i (i € {1,...,1 —1}) to compute a function n e H(l,P). Let N;
denote the number of hierarchical composition models of level i, needed to compute hgl).

We denote in the following by
(47) hY RS R

the j-th hierarchical composition model of some level i (j € {1,...,N;},i € {1,...,1}),
that applies a (p§ ), (') -smooth function gj(-) . RF — R with pg-) = ](-) + 85- ), qj(-) S
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and ng') € (0, 1], where (py), K j(z)) € P. The computation of A" (x) can then be recursively

described as follows:

i i i—1 i—1
(48) 1060 = 0" (150, 0 00

i—1 (i
Yo Kt()+1 =11

for je{l1,...,N;} andi e {2,...,1} and
j—1 (1) ; )
(49) BV (x) = g (ag(w(zt=1 KO) (i ))>

for some function 7 : {1,..., Ny} — {1,...,d}. Furthermore for i € {1,...,l — 1} the

recursion

Niy1
(50) Ni=1and N; = Y K"V

J=1

holds. Set

max ‘= Max max Hg(-i)Hoo,A
ic

described in Theorem 2.1, where

% . .
K = |7014 : ng'pg'l)*Kﬂ(‘)w ,L=cy5-logn],r=36- fp?} + 54 - K](-Z)
for j € {1,...,N;} and i € {1,...,1}, which satisfies

(®

P

; (i) ETIQNRO
Hfg(.i> —9; H (@ <cip-n TP
J o0, *gmaxygmax] J
1 1
To compute the values of hg ), cee hgv) we use the networks
1

~ N (1)
060 = o (700, o)

Ny

WY (x) = fg(l) <x(”(25—111K§1)“)), . ,x(’r(ziﬁ K,fl)))) .
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To compute the values of hgi), ce h(f (i € {2,...,1}) we use the networks

N;

060 = fyo (150 0,00 B 0)

K41 I

for j € {1,... ,Ni}. Finally we set

(%) = A ().
Since each ﬁ;l) (j € {1,...,N;}) needs [¢15 - logn] many layers and at most
C1s+ max nik
(p,K)eP

neurons per layer, this composed network is contained in the class

Fspa?"se(Lna rn? Tn)'
Next we use an induction on 7 to show that ¢; satisfies

51 t < 2+K
(51) 11— [ oo, 4,47 Clg(H}(%})eipn g

which implies (46).
Since each gj(-i) satisfies the assumptions of Theorem 2.1, we can conclude that
»{¥

J

A i SO0l __p
) (x) — gj(‘l)(x)‘ <cipon PPN <y max n WK
' (p,K)EP

(52)

fOI’ X € [_2gmax7 2gmax]K](i)

We show by induction that we have for all x € [—A, A
(53)

A\ (x) — b (x)) <crri (Kmag - Crip) ™" - Jhax N

By (52) we can conclude that

2 (1 1 _ __p_
‘hg )(X) _ h; )(X)‘ <ecpp-1- (Kmm . CLip)l 1, (p{%%gpn 2p+ K

for j € {1,...,N;}. Assume now that (53) holds for some i—1 and every j € {1,..., N;_;}.
Then for n sufficiently large

7 (i—1) 7 (i—1) (i—-1)
W60 < AT 00) = A0 + G < 2 G

follows directly by the induction hypothesis. Using (52) and the Lipschitz continuity of
g]@ we can conclude that

17 0) = 1 )|

A (i—1) 7 (i—1) @) [ 7.(:=1) 7 (i—1)
fmz‘dg,g] (hzj 1K(z)+1 ] h {:1 Kt(z)) g] (hzj 1K<Z)+1 SR h Z:l Kt(i)> ‘

(Z) 7 (i— ) 72 (i—1) (i) (i— 1) (1)
< ey max n WK 4 K(z Clrip-cir-(i—1)- (Kmaa: : OLip)i_2 . max n @K

(p,K)EP (p,K)eP

i— __p_
Szt (Kmax : CLip)Z . max n zK.
(p,K)eP
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The proof is complete. O
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