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Summary

Estimation of regression functions from independent and identically distributed data is
considered. The Lo error with integration with respect to the design measure is used
as an error criterion. Usually in the analysis of the rate of convergence of estimates a
boundedness assumption on X is made besides smoothness assumptions on the regression
function and moment conditions on Y. In this article we consider the kernel estimate and
show that by replacing the boundedness assumption on X by a proper moment condition

the same (optimal) rate of convergence can be shown as for bounded data. This answers
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Question 1 in Stone (1982).
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1 Introduction

Let (X,Y), (X1,Y1), (X2,Y3),... be independent identically distributed IR? x IR - valued
random vectors with E{Y?} < co. In regression analysis we want to estimate Y after
having observed X, i.e. we want to determine a function f with f(X) “close” to Y. If
“closeness” is measured by the mean squared error, then one wants to find a function f*

such that
B{I7(0) ~ P} =minB{|7(X) - Y} (1)
Let m(x) := E{Y|X = x} be the regression function and denote the distribution of X by

p. The well-known relation which holds for each measurable function f

E{|f(X) - Y[} = E{jm(X) - Y} + /\ f(x) = m(x) * p(dz) (2)

implies that m is the solution of the minimization problem (1), E{|m(X) — Y|?} is the
minimum of (2) and for an arbitrary f, the Ly error [ | f(z) — m(z) |* p(dx) is the
difference between E{|f(X) — Y|?} and E{|m(X) — Y |?}.

In the regression estimation problem the distribution of (X,Y") (and consequently m)
is unknown. Given a sequence D,, = {(X1,Y1),...,(Xn, Yn)} of independent observations
of (X,Y), our goal is to construct an estimate my(x)=my,(x, Dy) of m(x) such that the
Ly error [|my(x) —m(z)>p(dz) is small.

It is well-known that there exist universally consistent estimates, i.e., estimates m,,

with the property

E [ mae) — m()p(d) =0 (n o)



for all distributions of (X,Y) with E{Y?} < co. This was first shown by Stone (1977) for
the nearest neighbor estimate and later extended by numerous papers, see, e.g., Devroye
et al. (1994), Greblicki, Krzyzak and Pawlak (1984), Gyorfi, Kohler and Walk (1998),
Gyorfi and Walk (1996, 1997), Kohler (1999, 2002), Kohler and Krzyzak (2001), Lugosi
and Zeger (1995), Nobel (1996) and Walk (2002). See also Gyorfi et al. (2002) and the
literature cited therein.

Unfortunately, there do not exist estimates for which the expected Lo error converges
to zero with some nontrivial rate for all distributions of (X,Y’), c¢f. Cover (1968) and
Devroye (1982), or Chapter 3 in Gyorfi et al. (2002). So in order to derive nontrivial rates
of convergence, one has to restrict the class of distributions, in particular by assuming
smoothness of the regression function.

Let D be a class of distributions of (X,Y’). In the classical minimax theory, one
considers the maximal error of an estimate within the class D of distributions of (X,Y)
and tries to construct estimates for which this maximal error is minimal, i.e., one tries to

construct estimates m,, such that

sup E/\mn m(z)|?pu(d) ~ inf sup E/\mn (z)Pu(dz).  (3)

(X,Y)eD (X,Y)€eD
Here the infimum is taken over all estimates. Then the optimal minimax rate of conver-
gence is defined as the rate of convergence at which the right-hand side of (3) converges
to zero.
In Stone (1982) the optimal minimax rate of convergence for a class of distributions of
(X,Y) was determined, where the regression functions is (p, C)-smooth according to the

following definition.

Definition 1 Letp = k+~y for some k € INg and some 0 <y < 1. Let C > 0. A function

m : IR = 1R is called (p, C)—smooth if for all ki, ..., kq € Nog with k = ki + ... + kq the



partial derivatives
oFm
dzk .. ahd
of m exist and satify
oFm oFm
@) - s () SOz 2| (2,2 € RY).
Oxy" ... 0z, Oxy" ... 0z,
Let D®C) be the class of all distributions of (X,Y) where X takes on only values
in [0,1]¢, X has a density with respect to the Lebesgue measure which is bounded away
from zero and infinity by some constants ¢; and ¢z, Var{Y|X = x} is bounded and m is

(p, C')—smooth. It follows from Stone (1982), that for this class of distributions

E [ [ (z) — m(z)*dz
(C'2d/(2p+d) ,—2p/(2p+d)

>0 (4)

lim inf inf sup
e Mn (X Y)eD@:©)

(cf. Theorem 3.2 in Gyorfi et al. (2002)), and that a suitably defined local polynomial

kernel estimate satisfies

E [ |my(z) — m(z)*dz
2/ Cprd) -2/ Cptd) .~ O (5)

lim sup sup
n—0oo (X,Y)eD®.0)

Actually, both bounds have been proven in Stone (1982) not for the expected Lo error but
instead in probability, which is a stronger result for the lower bound and a weaker result
for the upper bound. The (slightly) stronger upper bound (5) holds at least for p < 1, cf.
Theorem 5.2 in Gyorfi et al. (2002).

Since X has a density with respect to the Lebesgue-Borel measure, which is bounded
away from zero and infinity, for (X,Y) € D@P:C) | the same result also holds for the Lo
error with integration with respect to the distribution p of X, which is the error criterion
considered in this paper. But in this case one can relax the assumption on X: It follows
from Theorems 4.3, 5.2 and 6.2 in Gyorfi et al. (2002) (cf., Spiegelman and Sacks (1980),
Gyorfi (1981), and Kulkarni and Posner (1995)) that suitably defined partitioning, kernel

and nearest neighbor estimates satisfy
E/ | () — m(z) | pu(de) < const - €24/ 2p+d)p=2p/(2p+d) (6)
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provided X takes on values only in [0,1]¢, Var{Y|X = z} is bounded and m is (p,C)-
smooth for some p < 1. In case of the nearest neighbor estimates one needs the additional
condition d > 2p, for the other two estimates the result holds in any dimension. For
smoother regression functions (i.e., (p,C')—smooth regression functions with p > 1), it
was shown in Kohler (2000) that in case of bounded X and Y suitably defined least
squares estimates also achieve the above optimal rate of convergence, regardless whether
the distribution of X has a density with respect to the Lebesgue-Borel measure or not.

If one compares these rate of convergence results with the universal consistency results
cited above, then one gets the impression that it should be possible to replace the bound-
edness assumption on X by weaker conditions like existence of some moments of || X]||.
This conjecture was already formulated in Stone (1982) as Question 1. In this paper we
show that this conjecture is indeed true. In particular we show that for m bounded and
(p, C)-smooth with 0 < p < 1, Var{Y'|X = 2} bounded and E|| X||® < oo for some 3 > 2p,
a suitably defined kernel estimate satisfies (6). Furthermore we show that if we replace
the moment condition by E||X||® < oo for some 0 < # < 2p, there exists no estimate
for which (6) holds for all such distributions. Similar results for partitioning and nearest
neighbor regression estimates have been derived in Kohler, Krzyzak and Walk (2005).

Throughout the paper we will use the following notations: IN, IR and IR are the sets
of natural, real and nonnegative real numbers, respectively. The euclidean norm of z € IR?
is denoted by [z||. Set S,, = {z € R?: ||z — 2|| < r},z € R r > 0. 1p denotes the
indicator function of a set D. For = € IR, [z] is the least integer greater than or equal to
z, and |z] is the greatest integer less than or equal to x. Throughout the proofs ¢, ca,
...denote suitable constants.

The main results are stated in Section 2 and proven in Sections 3 and 4.



2 Main results

Let m,, be the kernel estimate defined by

(with 0/0 := 0) where the kernel K : IRY — IR satisfies
6115'0,1(:E) < K(:L‘) < C215’0,1(£) (l’ € Rd) (7)

for some constants 0 < ¢; < ¢o < oo, and the bandwidth h,(x) depends on z. We choose

hyn(x) such that it will increase with ||z||. More precisely, we set

2p
By - (14 [|2])P/22) if ||| < |n@e+dB |,
A L ) el <m0 .

0o if | > [n@D ],
where p and 3 are defined below and h,, = C~2/(2p+d)y~1/(2p+d)
Theorem 1 Assume that the distribution of (X,Y") satisfies the following four conditions:
(A1) m(x) = E{Y|X = x} is bounded in absolute value by some constant L > 1.
(A2) m(z) = E{Y|X =z} is (p, C)—smooth for some 0 <p <1, C > 1.
(A3) The conditional variance of Y satisfies

sup Var{Y|X =z} < o}
z€R?
for some og > 0.
(A4) There exists a constant 3 > 2p such that

E||IX||” < M

for some constant M > 0.



Define the kernel estimate m,, as above with kernel K satisfying (7) and with bandwidth

hn(z) defined by (8). Then
E/ Imp () — m(x)|?u(dr) < csz - 24/ (2p+d) ., —2p/(2p+d)
where c3 depends only on d, p, B, L, M, g, ¢1 and co.

Theorem 1 implies the following result concerning minimax rate of convergence: Let
0<p<1,C>1,>2p,L >0, M >0and op > 0. Let D(p,C 3, L, M,00) be the class
of all distributions of (X,Y’) which satisfy (A1), (A2), (A3) and (A4) for these values of

p, C, B, L, M and op. Then

0C. E/ [ma(e) — m(@)|u(de) < c5 - C2H P+ =20/ Cpd),
(X,Y)€D(p,C,B,L,M,00)

It follows from (4) that the above rate is the optimal minimax rate of convergence for the
class D(p, C 3, L, M, 0¢) of distributions of (X,Y’). Next we present a lower bound on the
rate of convergence, which implies that one needs a condition on the tails of || X|| in order

to get the above rate of convergence result.
Theorem 2 Letp > 0,C >0 and 3 < 2p. Then we have for M sufficiently large

lim inf n2P/(2P+d) inf sup E/ Imp (z) — m(x)|?u(dz) = oco.
n—ee Mn (X,Y)eD(p,C,3,C,M,1)

Remark. Let the kernel estimate m,, be defined as above with kernel K satisfying (7).
By rescaling of the kernel we can assume w.l.o.g. ¢; > 1. In this case the estimate can be

also defined via

R ) R )
max {1, Y K (i;();)}

This definition of the kernel estimate was used in Spiegelman and Sachs (1980) in con-

mp(z) =

nection with the anlalysis of the rate of convergence of the estimate for bounded X. By



combining ideas presented there with the proof of Theorem 1, it can be shown that The-
orem 1 also holds for the estimate (9) even if the kernel does not satisfy (7) but is instead

bounded, has compact support and satisfies
K(2) > ¢1s,,(r) (€ RY

for some ¢* € IR and some § > 0.

3 Proof of Theorem 1

We have
E{(m,(z) — m(x))?|X1,..., X} = B{(mn(z) — mn(2) X1, ..., Xn} + (g (z) — m(z))?

where

mn(x) = E{m,(z)| X1,..., X5}

| SLK () )
Sk (5Y)

Now,

B (Z;;l 1Sz,hn(z) (X))

2 1
< C4Uow “1(B(2)>0}

E{(my(z) — 1, (2))?|X1,..., Xn}

C1

where
n
B(zx) = Z 1S, o) (Xi)
i=1
is binomially distributed with parameters n and ¢ = p(S; 4, (x))-
Furthermore, by Jensen’s inequality and boundedness and (p, C')—smoothness of m we

get

(11 () — m(x))?

2 n 2
C2 doic Im(Xi) —m(z)| - 1s, ,, . (Xi) ,
< (). : i ipror 4 m(@)
<cl> ( Doim1 18, e (Xd) {B(z)>0} (2) 1 (B(x)=0)
ZZL:l(m(Xi) - m(x))2 1s, () (Xi) 2
sc¢ m T 1B +m(2)*1i g -
- 2 i1 18, oy (Xi) {B(x)>0} (@) 1 {B()=0}

< cgmin {C?|hy, (), 4L} + L*1p(0)—0-
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Summarizing the above results we get

E{(mn(z) —m(x))*}

< c102E {Béﬂ) . 1{B(x)>0}} 4 camin {C2hn(2)[?, 412} + L*P{B(x) = 0}.
Using
E {Béff) : 1{B(x)>0}} = é; : (Z) "(1—qm "
< ; kil ~ (Z) )
— g (M g (-0
S T TaEa FPE@ =0
we get

2

E{(mn(z) — m(x))*} < max{csop, [’} - + ¢4 min {C’2|hn($)|2p7 4L2} .

E / () — () ()

2 - max{cyo3, L*} / 1 / . 2 2 2
: dr + ¢4 | min {C?|hy(2)|P, 4L} p(dx).(10
o sy etes [ min (C2Hm @), 422} (). (10

Next we bound the first integral on the right-hand side of (10). Because of 1(S, 4, (x)) =

H(IRY) = 1 for la] > [n/(CrHd)] we have

1
—— u(dx
1 [n2p/(2p+d)-B) | 1
< pld) + | e )
/5072 lu’(Sx,hn) ( ) ]2223 SO,j\SO,jfl lu’<51'7hnjﬁ/(2p))

+ / 1 pu(dr).
RNS, | 2p/((2p+a)-5)

1



Fix 3 < j < [n?/(@r+d)8) | and set r = h,,j%/(*P). Then
r< C—2/(2p+d)n—l/(2p+d)n1/(2p+d) <1.
Choose z1, ...,z such that the balls

Szl,r/4a"'aszl,r/4 (11)

are contained in Sy j4+1 \ So j—2, do not overlap and such that the number [ of these balls

is maximal. Then [ can be bounded by

; < Yol(So,j+1) — Vol(So,-2) _ (j + D! — (-2 _ es - jA1=0-4/(2p) 1
N Vol(Sy,/4) (r/4)d hd
and Sy, /2, - -+ 58z r/2 cover Spj \ Soj—1 (because if any point z € Sp; \ Spj—1 is in none

of those balls, then S, .4 does not overlap with any of the balls (11) and is contained in

S0,j+1 \ So,j—2). From this we can conclude

1
L ) < / u(da)
/So,j\so,j—1 “(Sx,hnjﬁ/(zp)) Z Seprs2 M
< / p(dx) =1
Z Sep, ,,/2 zk,r/2)
since for z € S, /o we have S, /5 C Sy ;. Applying a similar argument to fSo ) ﬁ dx
we get
1 1 i~ 1 1+d-(8/(2p)—1) d
< R, - . .
[ < o () or o)
y (A4) we have
> %S0\ Soj-1) < 1+ Qﬁz 5= 1)1 (So,5\ So,-1)
<2 [ feluta
=1 S0,5\50,5—1
< 1+2°B{|x|%}
< 1+42°M < oo, (12)

10



which implies

NP (R Son) < D0 %0805\ Sog-1) =0 (N = o). (13)
j=N+1

From this we can conclude

1 1
/ 1(Se b () ld) ° (h‘fb

for some constant cg depending on d, p, 6 and M.
Concerning the second term on the right-hand side of (10) we have
/min {C2|hn(m)|2p,4L2} w(dx)

|n2p/((2p+d)-B) |

<C’h¥+ > C?h2P (5 4+ 1)Ppu(dx)
j=1 S0,5\S0,j-1

—|—4L2u (IRd \ So7n2p/((2p+d)‘ﬁ)fl>

<CRP (14> G+ 1)1 (S0, \ Soj1) | +4L%u <1Rd \ Somzp/((zmd)ﬂ)_l)
j=1

< cp- (O 4 7/ CrHD),
where the last inequality follows from (12) and (13).

Summarizing the above results we get

E / () — () Pu(d)

2 - max{cy03, L%} 1 _ .
< n+10 - g - ngJr" /(2ptd) ) 4 oy en (Cthijn 2p/(2p+d))

< cg - C24/(2p+d) p=2p/(2p+d)

4 Proof of Theorem 2.

First we define a subclass of distributions of (X,Y") contained in D(p,C, 3,C, 1). Assume

that X has a density

1

f(x)=co- A+ )+ (z € RY),

11



thus

1
8 < _
E|| X]| —69/(1+|x”)d+(2pﬁ) dr =: M < oo.

Set g(z) = C-g(z) for some function g : IR? — TR such that g(z) = 0 for z ¢ [-1/2,1/2]%,
g(x) # 0, g(z) bounded in absolute value by 1, and g(z) (p, 27~ 1)-smooth, where p = k+~

for some k € INg, 0 < v < 1. The class of regression functions will be indexed by a vector

_ 1 'maz(n) ‘maz(n)
c—(cn’l,...,cnﬁNnylj...,CAl ,...,czl

’ijmaz (n)

of +1 or —1 components, where jy,q2(n) and Ny 1,..., N, y are defined below. Denote

Jmaz(n

the set of all such vectors by C,,. For ¢ € C,, define the function

where

Set

M, = [Cz/mpw) .1/ @pd) /ﬂ :

partition [—j, j]¢ into (2j)def7j uniform cubes Aﬁlk of side length h,; = 1/M, ; and
let afhl? e ’a‘ZlyNn,j be the centers of those cubes A € {AZLk|kz =1,..., (2j)dMg7j} which
satisfy A C [~7,5]¢\ [=(j — 1),j — 1]%. (The last condition ensures that the supports of
the gi}k’s are disjoint.) W.lo.g. assume that afl’k is the center of Aik Here N, ; is the

number of those sets AZL . Which are contained in [—j,j]%\ [-(j — 1),7 — 1]%. In case of

1 < i
Mn,j = (2/2pt+d)p1/(2p+d)

1
hn,j = S 57

(which is implied by j < {%Cz/(Qp‘Fd)nl/(Qp"'d)] = Jmaz(n)) all cubes AZL , Which are not

contained in [—(j — 1/2),7 — 1/2] have this property. There are at most

(25 — 1)

d = (2.7 - 1)dM1(1i,j
haj

12



cubes in [—(j —1/2),5 — 1/2]%, thus

274 (25— 1) e
Ny > (hg) ( Jhd )¢ c105° 1M;{j.
n7j n?j

We can show similarly as in the proof of Theorem 3.2 in Gyorfi et al. (2002) that m(®) is
(p, C)-smooth. Hence each distribution (X,Y) with Y = m(®(X) 4+ N for X, N indepen-
dent, N standard normal, X having density f and ¢ € C, is contained in D(p,C, 3,C,1).

Thus it suffices to show

lim inf n2P/(2P+d) ipf sup E/ Imn(z) — m' (2)2u(dz) =
n—oo M (X v):y=m(©) (X)4+N,ceCn,
X hasdensity f

Let m,, be an arbitrary estimate. Since {gflk (x) : j,k} is an orthogonal system in Lo, the
max (1) .
projection m,, of m, to {m(c) L e € REST Nn,j} is given by
]maz(n)

ZZ kgnk
j=1 k=1

where

g fAik mn(ﬂc)gik(:ﬂ),u(dx)
" L an(@)?ulde)

Let ¢ € C, be arbitrary. Then

/ () — M@ (@) 2u(dz) > / in(z) — M@ (&) 2pu(d)
Jmaz (1) Nn,j

- XX / KT 2) = ) )
j=1

Jmaz (n) N

Let 6’771 i be 1 when 6*; i = 0 and —1 otherwise. Because of

— ) /\gf;,m)\?u(dx).

k=1

g = Cnil 2 L@ ey
we have
Jmaz (1) Nn,j )
[ (o) = mOa)Putae) = D IETER [ 198460 Pt
2 2

13



Fix 1 < j < jmaz(n) and 1 < k < N, j. Then

ghpl@) =0 for x¢[—j 4]

SO

/ 6] 4 (@) Puldz) = / 167 (@) 2 () d
1

Cl1l——————— J X QdIE
ST [ 1.4t

— M Vg 2 /g (w)dz
n7‘7

which implies

E / () — mO () Pu(d)
j’maz(n) Nn,j 1

1 - & '
> Z ZW‘02-011~/92(x)d$‘P{%,k#c;,k}WWl'

Now, let us randomize ¢ by taking a sequence C’,ll’l, .. ,Cflm]\‘}zgn) - of i.i.d. random
variables independent of (X1, V1), (X2, N2), ..., satisfying
1 1 1
P{Cn,l = 1} = P{Cn,l = _1} = 5
Then
n?P/@rtd) ing sup E/ Imn(z) — m9 (z)>pu(dz)

M1 (X v):y =m(©) (X)+N,ceCn,
X hasdensity f

Jmaz (n) Nn,j
> inf n—4/(2p+d) Z R
¢ k=1

j=1 k=

1 » .
'/QQ(x)dl’de)QlﬂrdP{czz,k #C) .}

where ¢ is the vector of 6‘771  Which can be interpreted as a decision on C’ﬁ;  using the
observed data. Fix 1 < j < jpee(n) and 1 < k < N, ;. Let Xj,,...,X; be those
X; € A/ . Then

(}/il, - ,}/Z'l) = C’fl,k . (ggl,k(Xil)’ - 7gZL,k(Xil)) + (Ni17 e Nil)?

14



while
{Yl,...,Yn}\{Yil,...,E-l}

are independent of Ci p given X1,..., X,. By Lemma 3.2 in Gyorfi et al. (2002) we get

l
P{&  #C0, |X1,... . X} > @ —\ > (g (Xi))?

r=1

n

S ENDSCHEI

i=1

where ® is the standard normal distribution function. Since ®(—+/z) is convex we get by

Jensen’s inequality

n

P, £CI,) = of- E{Z@f;,gxi»?} — o (Bl 007 ).

i=1

Because of

nB{(g) ,(X1)*} = nM " [ ¢*(My(z —a),,))f(x)dz

2y Aiyk
—2p 2 ) C9
< nMn,] 4 g (MTLJ (:E an,k’)) (1 + (] _ 1))2p+ddx
n,k

we conclude

n 2/ (Crtd) g sup E/ Imn(z) — m O (z)2u(dx)
M (X v):Y =m(©) (X) £ N,ceCn,
X has density f
Jmaz(n) 1
> ¢4 - p~ 4 (2p+d) N, ..g%td -
= ; m g gy
o) J2p+d) () 2p+d) 1
> cq5 -~/ (2t jd71 . 024/ (2p+d (nd 2p+d /jd> 'j2p+d .
jmaa:(n) 1
> o C2ED Y2 o
=1 7
since Jmaz(n) — oo as n — oo. O

15
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