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Abstract

Let (X,Y) be a IR? x INg-valued random vector where the conditional distribution of Y
given X = z is a Poisson distribution with mean m(z). We estimate m by a local poly-
nomial kernel estimate defined by maximizing a localized log-likelihood function. Using
this estimate of m(x) we estimate the conditional distribution of ¥ given X = z by a
corresponding Poisson distribution and use this distribution to construct confidence inter-
vals of level o of Y given X = x. Under mild regularity assumption on m(x) and on the
distribution of X we show that the corresponding confidence interval has asymptotically

(i.e., for sample size tending to infinity) level «, and that the probability that the length
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of this confidence interval deviates from the optimal length by more than one converges

to zero with the number of samples tending to infinity.

Key words and phrases: Poisson regression, local polynomial kernel estimate, confidence

interval.

1 Introduction

Let (X,Y) be a IR? x IR-valued random variable. In regression analysis the dependency
of the value of Y on the value of X is studied, e.g. by considering the so-called regression
function m(z) = E{Y|X = z}. Usually in applications there is little or no a priori
knowledge on the structure of m and therefore nonparametric methods for analyzing m
are of interest. For a general introduction to nonparametric regression see, e.g., Gyorfi et
al. (2002) and the literature cited therein. In this paper we are interested in the special
case that Y takes on with probability one only values in the set of nonnegative integers
INp, and we assume that the conditional distribution of Y given X = z is a Poisson

distribution, i.e., we assume

m(x)Y

P{Y = y|X =2} = "

ceT™@) (€ Ny, z € IRY).

In case of a linear function m this is the well-known generalized linear model (cf. McCul-
lagh and Nelder (1983)) with Poisson likelihood. In the sequel we do not want to make any
parametric assumption on m. In this situation we want to use the observed value of X to
make some inference about the value of Y, in particular we are interested in constructing
confidence intervals for Y given X = z.

To do this we assume that a sample (X1,Y1), ..., (X,,Y,) of the distribution of (X,Y)

is given, where (X,Y), (X1,Y1), (X2,Y2), ...are independent and identically distributed.



In a first step we use the given data
D, = {(X17Y1)7 B (Xna Yn)}
to construct an estimate my,(z) = my(z, D)) of m(z) and estimate the above conditional

probabilities of Y=y given X = x by

my ()Y
y!

P {Y = y|X —a} = e (@), 1)

Of course, any of the standard nonparametric regression estimates (like local polynomial
kernel estimates, least squares estimates, or smoothing spline estimates) could be used to
estimate the regression function m at this point. However, we are not so much interested
in good estimates of m but instead in good estimates of P{Y = y|X = z}. Our main aim
is to construct estimates such that the integrated L; distance between P{Y = y|X = z}
and f’n{Y = y|X = z} converges to zero. Since convergence of the L; distance between
densities to zero is equivalent to convergence to zero of the total variation distance between
the corresponding distributions (cf., e.g., Devroye and Gyorfi (1985)), this automatically
implies that the level of confidence regions of Y given X = x based on f’n{Y =y|X =z}
converges in the average and for sample sizes tending to infinity to the nominal value (cf.
Corollary 1 below).

We define regression estimates with this property similarly to Fan, Farmen and Gij-
bels (1998) by maximizing a localized log-likelihood function with respect to polynomials.
This kind of estimate can be considered as an adaptation of the famous local polynomial
kernel regression estimate (cf., e.g., Fan and Gijbels (1996)) to Poisson regression. The
main result of this paper is that we show (under some mild conditions on the underly-
ing distribution) almost sure convergence to zero of the integrated L; distance between
P{Y = y|X = z} and its estimate (1).

Automatic methods for the choice of the bandwidth of the Nadaraya-Watson kernel es-

timate (cf. Nadaraya (1964), Watson (1964)) in Poisson regression have been investigated



in Climov, Hart and Simar (2002) and Hannig and Lee (2003), when in the first paper, in
addition, the estimation of a direction vector in a single index model is considered. The
Nadaraya-Watson kernel estimate can be also defined as localized log-likelihood estimate
provided polynomials of degree zero are used. Related penalized log-likelihood estimates
have been investigated (in particular in view of automatic choice of the parameters) in
O‘Sullivan, Yandell and Raynor (1986) and Yuan (2003). For related local maximum like-
lihood estimates the choice of the bandwidth was investigated in Fan, Farmen and Gijbels
(1998) in particular in the context of nonparametric logistic regression.

In the proof of the main results we use ideas developed in empirical process theory for
the analysis of local-likelihood density estimates as described in Chapter 4 of van de Geer
(2000) (see also Le Cam (1970, 1973), Birgé (1983) and Birgé and Massart (1993)) and
apply them to Poisson regression.

The definition of the estimate is given in Section 2, the main results are described in
Section 3, an outline of the proof of the main theorem is given in Section 4, and Section

5 contains the proofs.

2 Definition of the estimate

We define the estimate by maximizing a localized version of the log-likelihood-function

L(9) = E log Vi1 €
i=1 v

of a Poisson distribution. To define such a localized log-likelihood function, let

K : R? — IR be a so-called kernel function, e.g., K(u) = Lfju<1y (Where 14 denotes
the indicator function of a set A and ||| is the Euclidean norm of u € R?), and let

hn, > 0 be the so-called bandwidth, which we will choose later such that

hn —0 (n— o0).



The localized log-likelihood of a function ¢ : IR? — IRy at point = € IR? is defined by

- XZ Yi _ . €T — XZ
Lioe(g|z) = Zlog <9(Y') e Q(Xz)> K (h) _
=1 v

n
We estimate m(z) by maximizing Lj,.(g|x) with respect to functions of the form

g(a:(l), .. ,x(d)) = exp Z Wy - (x(l))jl . (x(d))jd
J15ee3Jd=0,.... M

More precisely, let M € INg, 3, > 1 and set

fM,ﬁn - {f : IRd — IR . f(x(l)a cee 7m(d)) = Z ajln--,]'d ’ (x(l))h et ('r(d))]d
JiseJa=0,.... M
. log(6n)
(:1:(1), .. .,:z:(d) € IR) for some aj,,_j, € R with |aj,,__j,| < W

and
GmB, = {g ‘R - R, : g(z) =exp(f(z)) (z€RY) for some f € fM,Bn} .

The bound on the coefficients in the definition of Fjs g, implies

1
3 < g(z) < B, foralzel0,1]?

for all g € Gy, Later we will choose 3, such that

With this notation we define our estimate by

where g, € G g, satisfies

- X;)Yi -X;
J, = arg max Zlog <g(Y'l) . e_g(Xi)> K (.CE - ) .

9€9M 6, i1 n

(Here zp = argmax.ep f(z) is the value at which the function f : D — IR takes on

its maximum, i.e., zo € D satisfies f(29) = max.,ep f(z).) For notational simplicity we



assume here and in the sequel that the maximum above does indeed exist. In case that it
does not exist, it is easy to see that the results below do also hold if we define the value

of the estimate at point x as the value of a function g, € Gy 5, which satisfies
n N Y
Gz( X)) o, r—X;
1 JTNY o= 0(X0) ) L K
2_log ( i ¢ i
=1

- Xi)"i - X
> sup Y log <9(Y') _e—g(xi)) K <“”h> e,

9EGM. B —1 n

provided €, > 0 is chosen such that

en — 0 (n— 00).

3 Main results

In the next theorem, we formulate our main result which concerns convergence to zero of

the integrated L; distance between the conditional Poisson distribution and its estimate.

Theorem 1 Let (X,Y), (X1,Y1), (X2,Y2), ... be independent and identically distributed
R? x INg-valued random vectors which satisfy

m(z)Y

q e”™)  (y € Ny, 2 € RY)

P{Y =y|X =z} =
for some function m : R — (0,00). Assume
X e0,11? as. (2)

and

m(x) —m(2)| < Ciip(m) - lz — 2|| (2,2 € RY) (3)

for some constant Cpp(m) € IR, i.e., assume that || X|| is bounded a.s. and m is Lipschitz

continuous with Lipschitz constant Cp(m).

Define the kernel function K : R* — IR by

K(u) = K([[ull?) (ue€ R



for some K : IR+ — IRy which is monotone decreasing, left-continuous and satisfies for

some r,R,b, B >0
b-1pr2y(v) < K(v)<B- Lo,rzp(v) (v eERy).

Choose By, hy, > 0 such that

hnB2 exp(c- Bn) — 0 (n — 00) (5)
for any constant ¢ > 0, and
X h?d
lZg(nTSG — 00 (n— o00). (6)

Define the estimate P,{Y = y|X = x} as above. Then
[o.¢]
/Z ‘Pn{Y —y|X =2} -~ P{Y = y|X = 2}| Px(dz) > 0 as.
y=0
By a discrete version of Scheffe’s theorem (which follows, e.g., from the proof of The-
orem 1.1 in Devroye (1987)) we have for z € IR?

i ‘?H{Y —yX =2} —P{Y =y|X = x}(
y=0

ACINg
yeA yeA

therefore under the assumptions of Theorem 1 the integrated total variation distance
between P{Y = :|[X = z} and P,{Y = -|X = z} converges to zero almost surely. This
can be used to construct asymptotic confidence intervals for Y given X = z. Let a € (0, 1).
Assume that given X we want to find an interval I(X) of the form I(X) = [0, u(X)], which

is as small as possible and satisfies

P{YelX)}~1-a.



To construct such a confidence interval we choose the smallest value w,(z) € IR such that

Y PV =yX=a}>1-o0, (8)
y€No,y<up (z)

and set I,(xz) = [0, up(x)]. From Theorem 1 we can conclude

Corollary 1 Under the assumptions of Theorem 1 we have

liminf P{Y € I,,(X)|Dp} > 1 —a a.s.

n—oo

Proof. By (8) we have

P{Y € I,(X)|Dn}

_ / S P{Y = y|X = 2} Px(dn)
ye[n(x)ﬁ]No

>1—a— > Pu{Y =y|X =2} Px(dx)

yeln, (LI:)O]NO

_/ > P{Y =y|X =2} Px(dax)|.
y€EI,(z)NNg

Because of

> Pu{Y =y|X =2} Px(dr) - / Y P{Y =y|X =2} Px(dn)
yEln(z)NNg yEI, (x)NNg

< [ sup [T PY = yIX =) = 3 PLY = yIX = o} P(da),

ACNo yEA yEA
(7) and Theorem 1 yield the assertion. O
Next we investigate whether the length wu,(X) of the confidence interval I,,(X) con-
verges to the optimal length u(X), where for = € IR? we define u(x) as the smallest natural
number which satisfies

Z P{Y =yl X=z}>1-qa.
yeNo,y<u(x)



If the case

Z P{Y =yl X=z}=1-«
yE€No,y<u(z)

occurs, a very small error in the estimate of m(x) may result in |u,(z) — u(z)| > 1.
Therefore, in general we cannot expect that u,(X) converges to u(X). Instead we show
below, that the probability that u,(X) deviates from u(X) by more than one converges

to zero.

Corollary 2 Under the assumptions of Theorem 1 we have
P {|up(X) —u(X)|>1} -0 (n— o0).

Proof. Set

P,y = ylx) = "

X)Y
e (X) and P{Y = y|X} = mX)? e~ m(X)
y!

y!
Since m is bounded away from zero and infinity on [0,1]¢ we can conclude that u(x) is
bounded and that

P{Y =y|X =a} > ¢ for y <u(x)+1

for some constant ¢; > 0. Assume that |u,(z) — u(x)| > 1. In case up(z) > u(x) + 1 we

have

> P.{Y =y|X =z} — > P{Y =y|X =z}
y€No,y<u(z)+1 y€No,y<u(z)+1
<(l-a)-— Z P{Y =y|X =2} — P{Y =u(z) + 1| X =z}
y€No,y<u(z)
<l-a)—(1—-a)—c =—a.

In case u(z) > uy(x) + 1 we have u(x) — 2 > up(z) which implies

> P.{Y =y|X =z} — > P{Y =y|X =z}
yeNo,y<u(z)-2 yENg,y<u(z)—2
>(1—a)— Y P{Y =ylX =a} +P{Y =u(2) - 1|X =z}
y€No,y<u(z)—1
>(l—a)—(1—a)+c =q.



From this we conclude that

un(X) —u(X)| > 1

implies

max Yo PV =yX}— > P{Y=yX}>a.

k X)—2u(X)+1
EluX)=2u(X)+H1H N <k yeNo,y<k

From this we get

P, (X) — u(X)| > 1} <P sup | Pufy =yl X} = S PLY = yix)| > 1
ACNo yeA yeA

By (7) and Theorem 1 we have

2-E sup |> Po{Y =y|X} - ) P{Y =y|X}
ACNo |, 7y yeA

CEY[Pu{Y = yiX) ~ P{Y = ylX)
y=0

< Ei/ ‘Pn{y —y|X =2} —P{Y = y|X = x}‘ P (dz)
y=0

-0 (n— o),

which implies the assertion. ]
Remark 1. We would like to stress that in the above results there is no assumption on
the distribution of X besides X € [0, l]d a.s. In particular it is not required that X have
a density with respect to the Lebesgue-Borel measure.

Remark 2. If we assume that the regression function is bounded by some constant L
and that we know this bound (this assumption is not required in the results above), we
can construct a strong pointwise consistent estimate m,,(x) of m, i.e. an estimate which
satisfies for P x—almost all x

my(x) — m(x) a.s.,

which is bounded by L, too (the last property can be ensured by truncation of the esti-

mate). Since the function f(z) = 2z¥ - e~ * is Lipschitz continuous on [0, L] with Lipschitz

10



constant (y + 1) - LY, this pointwise consistency implies

b

Therefore for truncated versions of estimates which are strong universal pointwise consis-

— 0 a.s.

Yy Yy
M () —ma@) _ MUY )
y! y!

tent, the result of Theorem 1 does hold, too, provided a bound on the supremum norm
of the regression function is known a priori. Various strong universal pointwise consistent
estimates have been constructed in Algoet (1999), Algoet and Gyorfi (1999), Kozek, Leslie
and Schuster (1998) and Walk (2001). For related universal consistency result see, e.g.,
Stone (1977), Spiegelman and Sachs (1980), Devroye et al. (1994), Gyorfi and Walk (1996,
1997), Lugosi and Zeger (1995) and Kohler and Krzyzak (2001),

In view of this, the main new results in Theorem 1 are, that firstly the bound on m does
not have to be known in advance, and secondly the consistency result in Theorem 1 holds
also for the localized maximimum likelihood estimate which has not been considered in the
papers above, but which seems to be especially suited in the context of this paper where the

main aim is not estimation of the regression function but estimation of P{Y = y|X = x}.

4 QOutline of the proof of Theorem 1

In the proof of Theorem 1 we observe first that it suffices to show that the integrated

Hellinger distance

i \/f’n{Yzy\XZw}*\/P{Yzlezx} 2Px(dx)
2 (

between the two conditional discrete distributions converges to zero almost surely. Then

we bound this integrated Hellinger distance from above by some constant times

. {1 P.{Y|X} +P{Y|X} Dn}7

2P {V|X}
Y
e”™X) and P{Y|X} = m(}i(;) emmX),

where
(X)¥

. m
PV IX} ==

11



Using the Lipschitz continuity of m we approximate this term by

P {Y|X}+P.{Y|X z—
At e o)

— PX(dl'),
EK (Igf)
where
R Y Y
P {Y|X} = gx(;(') e 92X) and P {Y|X} = mgf') e @)

By definition of the estimate and concavity of the log-function, the empirical version

s Y _5 ) m(z)Yi —m(x
L5 0 Gt e IR B Ll ¢
[ ° omU@)"i . o—m(a) fin

;!
of the nominator above is always greater than or equal to zero. Therefore it suffices to show

that the difference between the nominator above and its empirical version is asymptotically

small, which we prove by using results of empirical process theory.

5 Proofs
Proof of Theorem 1. In the first step of the proof we observe that

/i’pn{y:y’X:w}_P{Y:mX::U}‘Px(dw) —0 a.s. 9)
y=0

follows from

/i <\/]-3n{y —y|X =z} — V/P{Y = y|X = $}>2 Px(dx) - 0 a.s. (10)
y=0

For the sake of completeness we repeat a proof of this well-known fact (cf., e.g., Devroye

and Gyorfi (1985)). Observe that for a,b > 0
o=l = IVa— Vol [Va+ Vi < (Va - VB +2v6- [va - Vil
and conclude from this and the Cauchy-Schwarz inequality

/Z ‘ﬁn{y =y|X =2} - P{Y = y|X = 2}| Px(d)
y=0

12



< /f:o <\/15n{Y =ylX =2} —VP{Y =y|X = w}>2Px(dw)

w2 [ VRV ZyX =a] Wﬁ'n{y — yIX =2} - /P{Y = yIX = 2| Px(da)
y=0

< /i <\/f>n{y —yX =2} — PV = yX = x}>2 Py (dz)
y=0

o

+2-/JZP{YyXa:}
y=0

J i <\/15n{y —yX =2} - VPV = y[X = x})QPX(da:).

y=0
With

\liP{YyXx}\fll

y=0

and

/J i (\/Pn{Y =ylX =2} — /P{Y =y|X = x}>2pX(dx)

y=0

<1 J /i} (\/ﬁn{y —y|X =2} — /P{Y = yX = x})QPX(d:U)

(which follows from another application of the Cauchy-Schwarz inequality) the assertion
of the first step follows.

In the second step of the proof we show

/;io <\/13n{Y =yl X =2} —V/P{Y =y|X = x})2PX(dm)

< —16‘E{log (Pn{Y’X}+P{Y|X}> ‘Dn} (11)

2P{Y|X}

where

. (XY P

By Lemma 4.2 and Lemma 1.3 in van de Geer (2000) we get

> (VPuly =i =2} = VI =41X = m})2

y=0

13



2
<16.Z(¢Pn{YyX$}+P{YyX$}¢p{yyxx}>

2

y=0

R P{Y = y|X =z} _ T
<16 ;1 g((Pn{Y—y\X—x}—i—P{Y—y[X—x})/Q) P{Y = y|X =z}
=-16-> log (Pn{Y — g|ng;}:Z‘1;({i ;}y‘X - x}> P{Y =y|X =z}

y=0
P, {Y|X} +P{Y|X}

= ~16-Eo, {log ( 2 P{Y[X} ) ‘X - x} ’

where in Ep, {:|X = 2} we take the expectation only with respect to Y for fixed X = =
and fixed D,,. By integrating this inequality with respect to Px we get (11).

In the third step of the proof we show

P,{Y|X}+P{Y|X}
E{log ( 2 P{Y|X] D,
P {Y|X}+P.{Y|X o
E{log( {2‘~Pi{+Y|X{} | }> K( hnX> Dn}
_/ Px(dz) —0 a.s. (12)
where
A~ Y Y
P,{Y|X}= gm(;? e7#(X) and P{Y|X} = m(yx!) —y

The first expectation on the left-hand side of (12) can be written as

/EDTL {log (p"{?ﬁ{;&{}ym}) X = m} Py (dx)
_ /:201% (P"{Y = y’;f‘;;f:} ;E{I;} yIX = “”}> P{Y = y|X = 2}Px (dz)
= [ éu(@)Px(ao).

Furthermore

E {log (PT{E\giz-zgéfle}) K (x;nx) Dn} ) [ bnalu) - K (z};u) P x(du)

EK <$;RX> [K (x,;U) Py (du)

I

14



where

_ P {Y|X} + P, {Y|X}
dnalu) = Ep, {10g< 2 P {Y[X} )

X:u}

%5171;)%' ce9x(w) L % - emm(@) mw)? )
_ Z log o . e .
27 . efm(z) Y

y!

Because of my,(z) = §,(x) we have
Pn.a(r) = Pn(T).
We will show in Lemma 1 below that there exists ¢,, > 0 with
cnhn — 0 (n— o0)
such that for all z,u,v € [0,1]?

’?bn,x(u) - an,x(v)’ <cp- Hu - UH’

(i.e., such that ¢y, , is Lipschitz continuous with Lipschitz constant ¢, independent of x).

Using this, we can bound the absolute value of the left-hand side of (12) by

/an,z(fﬁ)PX(diﬁ) /f%;(;)(K(;};u)(dp);(dU)PX(dm)
x(du

i
S 18na(@) = bnaw)] - K (524) Py
S/ J K (5 “)PX< u) i)

<c¢p-R-hy,—0 (n— ),

where we have used in the first inequality that the set of all x with

/K (xh_n“) Py (du) =0

has P x—measure zero (for a related argument see, e.g., the last step in the proof of Lemma

24.5 in Gyorfi et al. (2002)), and where the second inequality follows from K ((z—u)/hy) =

0 for ||z —u|| > R - hy.

15



In the fourth step of the proof we show

n
o> tog |
i 2m(;)'Y¢ - e~ ml@)

i

G (Xi) e e—ﬁz(Xi) m(x) " e—m(:p)
. + . Xz'
K <x h > =0 (13)

n

for n sufficiently large (i.e., whenever log(3,)/(M +1)? > log(||m||s ), where ||m||s is the
supremum norm of m) and all z € [0, 1]¢.
Let n be such that log(8,)/(M + 1)¢ > log(||m||). By concavity of the log function

we have

a+b 1 a 1 1 a 1 a
1 =1 ——4+—--1]>=-log—+ =-logl = = -log —
og % og <2 b+2 )_ 5 og— + og 5 og

i P ) m(z)Yi —m(x

l n log gz(})/il') .e gz(Xz) —+ ( )' e ( ) K <.7) Xz)
" 2 "

n 02 (X)Yi | —g.(X)

11 i r - X;

>—.—) 1 - K
=2 nz o8 @) —m(x) ( hn )

i—1 yr ¢

by definition of §,. This proves (13).
In the fifth step of the proof we set

m(z)"

Y;!

. e_m(‘r) ,

. 0. (X))
Py} = 2000 09 ana Poviixg =
i!

and show that

1 1 — P.{Vi|X:} + P.{Vi|X;} (x—XZ->
Ap = —- sup |— log - K
th z€[0,1]¢ n ; ( 2. PJI{Y;’XZ} hn
P.{Y|X}+P.{Y|X} r—X
E {log ( > P{VIX] K ™ D, 0 a.s.(14)

implies the assertion.

16



From step 2 we conclude

o
IN

i VY =ylX = o} - VPV = yIX =) "pc(ar)
[x(

< —16-(B,—Cp)—16-C,

where

B P {Y|X}+P{Y|X}
Bn—E{log< P {YX) ) Dn}

and

. {1og (Pepnin) ¢ (22) pn}
P x(dx)

C":/ B ()

hn

By step 3 we have

B,—-C,—0 a.s.,

so by step 1 the assertion of Theorem 1 follows from

limsup(—C,) <0 a.s. (15)

n—oo

Set

f’rc{Yi\Xi}-i‘P:c{YﬂXi}) K (I—Xi

B %Z?:l log < 2P Y] X;} hn )
D, —/ - (l‘}:nX) P x (dx).

In step 4 we have shown

D, >0,

SO

_Cn = (Dn - Cn) - Dn < (Dn - Cn)

and (15) follows from

D,—C,—0 a.s.

But this in turn is implied by (14), since

‘Dn_cn’ SAn




and

by Lemma 3.1 b) in Kohler (2002)

In the sizth (and final) step of the proof we show (14). Let H,, be the set of all functions
h:RYx Ny — R

which satisfy

M . efg(z) + Oéiy . efa _
h(z,y) = log [ ; v o
2.9 .7 hy

for some g € Gurp,, u € RY and a € [ca,c3], where ¢y = mingcp ¢ m(z) > 0 and
3 = max,¢(g 14 M(z) < oo. Let k;, = [logn] be the smallest integer greater than or equal

to logn. Then

1 " 3
Ap < 57 - sup h(X:,Y:) — ER(X,Y) o
n hg heH., - ( i ) g i,
where
1 1 —
Tin =3 = > h(Xy,Y)  lgy<p,y — E{R(X, V)1
Ln = 4 hseugn n; (Xi, Y3) - Lvicn) {h(X,Y){y<py}|
1
T, sup [h(X;, V)| - Lyy, ok,
"ol ;hem ' (Yizkn}
and
1
Tsp = T E{ sup |h(X Y)]l{y>k,n}}
n heH,

For arbitrary € > 0 we get for n sufficiently large (because of

B -log <2 - max {(1/2) : <g(ax)>y e~9@)+e 1/2})

< B-ly-log(g(z)/a) - g(x) + o

|h(z,y)|

IN

IN

B - (y-log(Bn/c2) +¢c3+ Bn) < ca-y-logn (16)
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for z € [0,1]%, y € IN and h € H,,, cf. (4)-(6)) by Markov inequality

P {Tgm > 6}

=P > D sup [A(X, V)| Lympy > by e
k=kn+1 i=1 "€Mn

< E {Zl?;kn+1 Z?:l SUPpetH,, |h(X5,Y5)] - 1{Yi:k}}

- n-hd-e

n-S%° ca-k-logn - m@)® - —m()
< k=k,+1 ¢4 g1 - SUDgzelo,1]d T " €
- n-hi.e
calgn oo oGt g

hd - ¢ Mt kn! (k—1—kp)!
__cslogn _ cgn

hi e k!

kn

<c510gn-c]§”- ka\ "2
= hi-e 2

s logn kn, kn
< ?.exp <10ghg+kzn-log03— ?Jog? .
Since
log 1‘;%"

log(n) - log(logn) =0 (n—o0),

the last term is summable for each € > 0. Application of the Borel-Cantelli lemma yields

I, — 0 a.s.

Similarly we get

o0
Tspn = hlzkzgﬂE{hsetgnlh(X,Y) 1{Y—k}}
< CG;Zg" i k- sup mgj)k.e—mm
n gek,41 €04
kn,
SR
So it remains to show
Tvn—0 a.s. (17)
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To do this, we apply Theorem 9.1 in Gyérfi et al. (2002) and Lemma 2 below. From these

we get for an arbitrary € > 0

Brr -k \ n- e hy!
P{T, <8 : _ .
T > e} < (09 h - € P\ k7 - (logn)?

By the assumptions of Theorem 1 we have
n-hl 00 (n—o0) and = =0 (n— ).
Using this we get

n - h2d . 62
P{T1, > €} <ciz2-exp <013 kp -logn — Cl4log?n)4> .
Because of
n - h2d
log(n)"

— 00 (n— o)

the right-hand side above is summable for each € > 0. Application of the Borel-Cantelli

lemma yields (17). The proof of Theorem 1 is complete. O

Lemma 1 Let ¢y, be defined as in the third step of the proof of Theorem 1 and assume

that the assumptions of Theorem 1 are satisfied. Then there exists c, > 0 with
cnhn — 0 (n— 00)
such that for all x,u,v € [0,1]¢
|Pna(t) = Pna(V)] < cp - flu—wvl].

Proof. The functions in Gy g, are bounded in absolute value by (3, and are Lipschitz

continuous on [0, 1]¢ with Lipschitz constant bounded by

c15 - Bn log By

k

for some constant ¢15 depending on M. In addition, the function f(z) = 2" - e~ satisfies

If ()] < (k+1) 'ﬁﬁ for z € [0, 5,],

20



from which we can conclude that the function

Go(w)e ) 4 m(x)te™™®_ gr(wte s 1 (18)
2m (z)ke—m(@) 2m(z)ke—m@) 2

u —

is Lipschitz continuous on [0, 1]? with Lipschitz constant bounded by

ci(k + 1)BF log B, -

19»‘ =

where ¢z = ming¢(g e m(x). Here we have used that m is bounded away from zero and
infinity on [0,1]? (since it is Lipschitz continuous and always greater than zero).

The function in (18) is always greater than or equal to 0.5. In this range the derivative
of the log-function is bounded, and since with f; and fy also fi - fs is Lipschitz continuous

with Lipschitz constant bounded by

(If1lloo + 1 f2llo0) - (cLip(f1) + cLin(f2)),

we can conclude that

~ k,—gz(u) k ,—m(x)
u — log (g:v(u) € + m(x) € ) . m(u)ke—m(u)

2m(x)ke—m(x)

is on [0,1]¢ continuous with Lipschitz constant bounded by

1
cxr( 108 B + B+ i) (k1) ™ - 5+ (k1) - elg) < ook +1)%6,7
2

wqw‘ =

From this we conclude that ¢, , is on [0, l]d Lipschitz continuous with Lipschitz constant

bounded by

o0

k 1 k+3
Z +k < oy el
cak!

k=0 2

With (5) we get the assertion. O
To formulate our next lemma we need the notion of covering numbers. Let z1,...,,z, €

IR? and set 2} = (x1,...,2,). Define the distance dy(f, g) between f,g:IR? — IR by

hf.9) = 5 315w — gl



Let F be a set of functions f : IR? — IR. An e cover of F (w.r.t. the distance d;) is a set

of functions fi,..., fr : IR — IR with the property

1r§11j;£1kd1(f, fj) <e forall feF.

Let N (e, F,xT) denote the size k of the smallest e-cover of F w.r.t. the distance d;, and

set N (e, F,z}) = oo if there does not exist any e—cover of F of finite size.

Lemma 2 Assume that the assumptions of Theorem 1 are satisfied. Set k, = [logn]| and

let Hy,1 be the set of all functions h : R? x INg — IR which satisfy

y!

M . efg(z) _|_ Oéiy . efa _
h(z,y) = log : K (u !

) Ayyery (@€ Ry € Ny)

for some g € Garp,, u € [0,1] and o € [ca,c3]. Then we have for any (z,y)} € (IRYxIN)"

and any € > 0

hie R ke \
N2 Hor, (2, )7 ) < [ cpp——2
g Mt (@)Y ) < { e hi e
for some constants caa, cos € IR.

Proof. Let H, 2 be the set of all functions h,, 2 : R? x INg — IR which satisfy

u—2

th(x,y):K( - > (z € R,y € IN)

for some u € [0,1]%, and let Hy,3 be the set of all functions hy, 3 : R? x Ny — IR which

satisfy

g(yil)y . e_g(x) _|_ aiy . e_O‘

hn3(z,y) = log A<,y (T € R%, y € INg)

for some g € G, and a € [c2,c3]. The functions in H, 2 and H, 3 are bounded in
absolute value by B and ¢4 - ky, - logn (cf. (16)) for n sufficiently large, resp. By Lemma
16.5 in Gyorfi et al. (2002) we have

n h;ile n
,Hn72,(x,y)1 N @aHn,3;($ay)l .

d
hée

16 - ¢4 - ky, - logn

d
N (M ) <

22



By the results of the eighth step in the proof of Theorem 2.1 in Kohler (2002) we have

hie coqkn logn 2d+3)
n n < .
N(1604-kn-logn’Hn’2’(x’y)1> - ( hde

Let y < k,, and consider the function

%@71‘ + 1;73;@*” 1 Y -y _v—u 1
¢(u,v) = log BT = log g w4 o (u € [1/Bn, Bnl],v € [c2,c3]).
y!

The partial derivatives of the function inside the log-function are for y < k,, bounded in

absolute value by
cos + kin - B2

Since the log-function is on [1/2,00) Lipschitz continuous with Lipschitz constant 2, we
can conclude that ¢ is for y < k,, on [1/8,, 8] X [¢2, c3] Lipschitz continuous with Lipschitz

constant
2k
co6 -+ ky, - ﬂn ",

From this we get

N h‘fle Hos, (1.9)7 ) <A hge Hoa, (2,9)" ) N hge Hos, (2. )"

0 T —_— T . —_— T

16B7 n,3s YY) =~ 027‘]{:”‘ ?Lk"’ n,4, YY) 027‘]{:”‘ ?Lk"’ n,5s YY) )
where ‘H,, 4 and H,, 5 are the sets of all functions

Yy
hn,4(may) = g(;E') ' e_g($) (:E € IRdvy € H\IO)
with g € Gur 3, , and
a¥ —a d
hn,5($7y):?'e (xe]}{?yGINO)

with a € [cg, c3), resp., and we can assume w.l.o.g. (z,7)7 € (R? x {0,1,...,k,})" in the

covering numbers on the right-hand side.
It is easy to see that for y < k,, the derivative of ¢/(z) = z¥e~%*/(y!) is on [0, 8,] bounded

in absolute value by some constant times k, /3%, which implies

hle n hde n
N(ananA,(x?y)l) < N<%79M,5n7($,y)1>

n
co7 - kp - cog - k2 -
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)

2(M+1)4+2
c2905n
hile/(k2 - Bi™)
where the last inequality followed from monotonicity of the exponential function and
Lemma 9.2, Theorem 9.4, Theorem 9.5 and Lemma 16.3 in Gyorfi et al. (2002).

Similarly we get

N ( LSV )"> < €50
9L n,5s Z, y 1 = T 5 2L -
cor + kon - BRI hie/(K2 - Bi™)
Putting together the above results we get the assertion. O
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