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Abstract

Estimation of conditional distributions is considered. It is assumed that the conditional
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measure. Partitioning estimates of the conditional distribution are constructed and results
concerning consistency and rate of convergence of the integrated total variation error of

the estimates are presented.
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1 Introduction

One of the main tasks in statistics is to estimate a distribution from a given sample. Let
1 be a probability distribution on IR? and let X, Xo, ...be independent and identically
distributed random variables with distribution p. A simple but powerful estimate of p is

the empirical distribution
1 n
) = 3 D 14l
iz

where 14 denotes the indicator function of the set A. By the strong law of large numbers

we have
n(A) = p(4) as. (1)

for each Borel set A. If we want to make some statistical inference about p it is not enough
to have (1) for each set individually, instead we need convergence of p, to p uniformly

over classes of sets. By the Glivenko-Cantelli theorem the empirical distribution satisfies

sup [pn((—00,2]) = p((=00,2])| = 0 a.s., (2)
zeR?
where (—oc0,z] = (—o0,zM] x ... x (=00, z®] for x = (zM,... 2@) e IRY. This is

great in case that we want to make some statistical inference about intervals, but for more
general investigations it would be much nicer if we are able to control the error in total

variation defined as

sup |pn(B) — u(B)], (3)
BEB,

where By are the Borel-sets in IR?. Clearly, for the empirical distribution the error (3)
does not converge to zero in general, since if p has a continuous distribution function we
have p({X1,...,X,}) =0 and p,({X1,..., Xn}) =1

If we are able to construct estimates fi,, of i such that

sup [in(B) = u(B)| — 0 a.s., (1)
BeBy



then it is easy to construct confidence sets B, for the values of X; such that they have

asymptotically level « for given o € (0,1), i.e. such that

lim inf u(B,)>1—a a.s.

n—oo

Indeed, any set B,, with

fin(Bn) > 11—«

has this property since

N(Bn) = Nn(Bn) - (Mn(Bn) - M(Bn))

> 1—a— sup |un(B) — pu(B)|.
BeBy

Unfortunatley, as was shown in Devroye and Gyorfi (1990), it is impossible to construct
estimates fi, such that (4) holds for all distributions p. However, it follows from Barron
et al. (1992) that in case we restrict ourselves to distributions where the nonatomic part
is absolutely continuous with respect to a known dominating measure, it is possible to
construct estimates such that (4) holds for all such distributions. Special cases include
discrete measures (where we assume for notational convenience that p(INg) = 1) and
measures which have a density with respect to the Lebesgue-Borel-measure. By Scheffe‘s
theorem it suffices in these cases to construct estimates (fin({k}))ren, of (u({k}))ren,

and estimates fn of the density f of u, resp., which satisfy

oo

Z W{EY) — p({ED)] — 0 a.s. (5)

and
/rfn @)\ dz) 0 as. (6)

where A denotes the Lebesgue-Borel-measure. Here one estimates u(B) by

= Zﬂn({k}) and /ln(B):/Bfn(x)dx, resp.

k€elNg



Many estimates which satisfy (6) universally for all densities are constructed in Devroye
and Gyorfi (1985a).

In this paper we want to apply the above ideas in the regression context. Here we have
given independent and identically distributed random vectors (X,Y), (X1,Y7), ... with

values in IR x IR . Given the sample
Dn = {(X17Y1)7 ceey (Xn; Yn)}

of the distribution of (X,Y’) we want to construct estimates P,{B|z} of the conditional

distribution P{Y € B|X =z} of Y given X such that

/ sup
BeBy

where p denotes again the distribution of X. In contrast to standard regression, where

P.{B|z} —P{Y € B|X = z}| u(dz) — 0 a.s., (7)

d" =1 and where only the mean E{Y|X = z} of the conditional distribution is estimated
(cf., e.g., Gyorfi et al. (2002)), we can use estimates with the property (7) not only for
prediction of the value of Y for given value of X, but also to construct confidence regions
for the value of Y given the value of X. Indeed, similarly as above one gets that (7) implies
that any set C),(z) with
P.{Ch(z)|z} >1—«
satisfies
limniilgo P{Y € C,(X)|Dp} >1 - a.s.,

since we have with P*{-} = P{:|D,,}

P{Y € Co(X)[D,}
= /P*{Y € Cy(z)| X = z}u(dx)
> / B (o)} u(d) — / B {Cu(w)lr} ~ P*Y € Ou(w)|X = a}| u(dn)

>1-a —/ sup |Pn(Blz) — P{Y € B|X = z}| u(dz).
BeB,



In order to construct estimates with the property (7), we consider two special cases:
In the first case the conditional distribution of Y given X is discrete (and for notational
convenience we assume again that the support is contained in INp). In the second case
the conditional distribution of Y given X = x has a density f(-|x) with respect to the
Lebesgue-Borel-measure. In both cases Scheffe‘s theorem implies that in order to have (7)

we have to construct estimates of P{Y = k|X = z} and f(-|x) such that

/Z ‘Pn{m} —P{Y =k|X =2} u(dz) = 0 a.s. (8)
k=0

and
/ / Falyl2) — Fl2)| Ady)u(dz) — 0 a.s., (9)

resp.
In order to construct in the first case estimates with the property (8) we use two

different approaches: In the first approach we consider for each y € INg
P{Y = y[X =2} = E{[y_y|X =z}

as a regression function and estimate it by applying a partitioning estimate to a sample
of (X, I{y:y}). In the second approach we consider Poisson regression, i.e., we make a
parametric assumption on the way the conditional distribution of Y given X = x depends

on m(z) and assume that

m(x)Y
y!

P{Y = y|X =2} = cem™) (y € INg)

for some m : R — (0,00), where m is completely unknown. In this case we estimate
m(z) = E{Y|X = x} by a partitioning estimate my,(z) applied to a sample of (X,Y’), and

consider the plug-in estimate

mp ()Y

P {Y =y|X =z} = "

ce (@) (y € INp).




In both approaches we present results concerning universal consistency, i.e. we show (8) for
all corresponding discrete conditional distributions, and we analyze the rate of convergence
of the estimates.

Estimates of the conditional density in the second case are defined as suitable parti-
tioning estimates. We present results concerning universal consistency, i.e., we show (9)
for all conditional distributions with density, and we analyze the rate of convergence under
regularity assumptions on the smoothness of the conditional density.

The paper is organized as follows: Our main results concerning estimation of discrete
conditional distributions and conditional densities are described in Section 2 and 3, resp.

The proofs are given in Section 4.

2 The estimation of discrete conditional distributions

In this section we study partitioning estimates of discrete conditional distributions. In our
first two theorems each conditional probability P{Y = y|X = z} is estimated separately.

We have the following result concerning consistency of the estimate.

Theorem 1 Let P, = {A,; : j} be a partition of R? and for x € R? denote by A,(z)

that cell A, j of P, that contains x. Let

> it Ly @) (Xa) - Iiyi—y)
> et La, @) (X5)

Po{yle} =

be the partitioning estimate of P{Y = y|X = x}. Assume that the underlying partitioning

Pn ={A,; : j} satisfies for each sphere S centered at the origin

Jlrrgoj:gi)és diam (A, ;) =0 (10)
and
o A
n—oo n



where diam(A) denotes the diameter of the set A. Then

/Z ‘Pn{y\fﬁ} —P{Y =y|X =z} p(dr) -0 as.
y=0

Next we consider the rate of convergence of the above partitioning estimate. It is well-
known that in order to derive non-trivial rate of convergence results in nonparametric
regression one needs smoothness assumption on the underlying regression function (cf.,
Devroye (1982)). In our next result we assume that the conditional probabilities are
locally Lipschitz continuous, such that the integral over the sum of the Lipschitz constant

is finite.

Theorem 2 Assume X is bounded a.s.,
[P{Y =y|X =2} —P{Y =y|X = 2}| < Cy(a) - |z — 2]

for all x,z from the bounded support of X and for some local Lipschitz constants Cy(x)
satisfying
/ZCy(x)u(dx) =C" < o0,
y=0
and assume

Z VP{Y =y} < .
y=0

Let f’n{y|x} be the partitioning estimate of P{Y = y|X = x} with respect to a partition

of R? consisting of cubes with side-length hy,. Then
E / S [Buiyle} — PV = y|X = 2} ()
y=0

(e.) 1
< 1+ V/P{Y = e+ Vd-C" - hy,
<c s { v} n-h%

so for

h, = g - n~ (@42



we get

E/SZ@AW&HY=MX=ﬂuwms%4fﬁr
y=0

In the next theorem we consider Poisson regression. Here the conditional distribution
of Y given X is given by

m(z)
y!

P{Y =y[X =z} = e (y € No)

for some m : IR? — (0,00). Because of m(z) = E{Y|X = z} we can estimate it by
applying a partitioning estimate to D,, and use a plug-in estimate

my(z)?
y!

P, {ylz} = ~em™ (@ (y € INg)

to estimate the conditional distribution of Y given X. For this estimate we have the

following result.

Theorem 3 Assume that E{Y'} < oo and

Yy
Pw:mxzﬂzmg)f"“>@emw

for some m : IR — (0,00). Let

S Tap @) (Xa) Y . n
2?1:1?4;(;)()(@) i Yia Lan() (Xi) > logn

my(z) =
0 otherwise.

be the (modified) partitioning estimate of m with partition Pp, = {An; : j} and set
s Mn (T Y —mn(z
Bfylat = " e (e o).

a) Assume that the underlying partition Py, satisfies (10) and for each sphere S centered

at the origin
li {J nj NS # 0} logn

n—oo n

= 0. (12)

Then

/Z ‘f’n{y\ﬂf} —P{Y =y|X = a}|p(dz) =0 as.
y=0

8



b) Assume X is bounded a.s. and assume that E{Y?} < oo and m is Lipschitz continuous,
1.€.

im(z) —m(z)] < C -z — 2]

for some constant C' € IRy. Choose the underlying partition such that it consists of cubes

of side-length h,. Then

o0
R c
E/Z ‘Pn{y\x} —P{Y =yl X =z} puldx) < 74(1 +cs5 - hy,
y=0

 /n-hd
so for

hTL = Cg - n_l/(d+2)

we get
E/i ’f’n{ylfc} —P{Y = y|X = a}| u(dx) < er -T2
y=0
Remark 1. Assume that the assumptions of Theorem 3 b) hold. The function f(u) =
uYe " /(y!) satisfies for u € [0, B]

By1
(y -1

<(B+1)-

so by boundedness of the Lipschitz continuous regression function m we get for y > 0

By—1

P =ylX =a} PV =yl X =2} < (B+1)

-C |z = 2.

This implies that the conditional probabilities are Lipschitz continuous and that the inte-
gral over the sum of the Lipschitz constant is bounded by

1+Z(B+1).m C=(01+B+1)-5) ¢,
y=1 '

hence under the assumption of Theorem 3 b) the estimate in Theorem 2 achieves the same

rate of convergence although it does not depend on the particular form of the conditional

distribution.



Remark 2. Under more restrictive regularity assumptions on the underlying distribution
consistency of a localized log-likelihood Poisson regression estimate was shown in Kohler

and Krzyzak (2005).

3 The estimation of conditional densities

In this section assume that Y takes values in IR?. Our aim is to estimate the conditional
distribution of Y given X consistently in total variation. We assume that Y has absolutely

continuous distribution and the conditional density of Y given X is denoted by

fylz).

For estimating f(y|x), introduce a histogram estimate. Let Q, = {B,; : j} be a
partition of IRd/, such that the Lebesgue measure A of each cell is positive and finite. Let
By (y) be the cell of Q,, into which y falls. As before let P,, = {4, : j} be a partition of
IR? and denote the cell into which z falls by A, (z).

Put
1
vn(A, B) = n le{XiEA,YiEB})
1=

then the histogram estimate is as follows:

Vn(An(z), Bn(y))

falylz) =

We will use the following conditions: assume that for each sphere S centered at the

origin we have

W By B (Bna) =0 19)
and
i+ B
n—oo n

The next theorem extends the density-free strong consistency result of Abou-Jaoude

(1976) to conditional density estimation.

10



Theorem 4 Assume that the partitions Py, and Q,, satisfy (10), (11), (13) and (14), resp.

Then

[ [ 1wl = i) Myputdo) 0 as

Devroye and Gyorfi (1985a), and Beirlant and Gyorfi (1998) calculated the rate of
convergence of the expected L; error of the histogram. Next we extend these results to

the estimates of conditional densities.
Theorem 5 Assume X and Y are bounded a.s., and

| flulz) = f(ylz)| < Ci(2) - [[u—yl
and
|f(ylz) = flylz)| < Ca(y) - [z — 2]

for all x,z from the bounded support of X and for all y,u from the bounded support of ¥

such that
/Cl(z)u(dz) < 00
and

/Cg(y)/\(dy) < 00.

Let fn(ylz) be the histogram estimate of f(y|z) with respect to a partitions Py and Q,

consisiting of cubes with side-lengths h,, and H,,, resp. Then

e[ / Faylz) — F(yl2)] Mdy)u(dz)
8

C C9
< d- -h d - - H,
_\/n-hg+\/n-h%-Hg'+f c10 - hn +Vd -ci1 - Hy,

so for

hy = ci12 - nVd+d+2) ng H, =c3- p~1/(d+d'+2)

we get

E//fn(y\x) ~ fyle)| Mdy)p(de) < crq - n” T,

11



4 Proofs

4.1 Proof of Theorem 1

Using

la— b =2(b—a)s + (a—b)

(where z = max{z,0}) we get
y=0

-2y [ (P =uix =2} - Pufyla})_ n(as)

X Palylodntan) — [ SPY = yIX = a)uldo) |
y=0 y=0

Using the Cauchy-Schwarz inequality and Theorem 23.1 in Gyorfi et al. (2002) we get for

each fixed y € INg

[ (PO =yix =2} - Pulyle)) Pln)

< / [Bofyle} — PAY = yIX = o} u(da)

< \/ / (Pufyls) ~ PLY =X =2}) u(dr) =0 as.

which implies together with the dominated convergence theorem, that the first term on
the right-hand side above converges to zero.

Concerning the second term we observe

/ ZPn{yr:c}u (dz) - | SOP{Y = yIX = e}u(d)

y=0

i) 1
-/ (Z - )(X{;/ = _ 1) ()
N / (I{Zya Tap(2)(X;)>0} 1> p(dx)
T Z I{Z?zl IAnj(X,L-):Q} “u{An
=0 :

12



Together with (11), it implies that

/ S P {yle}ulde) - / STP{Y = y|X = a}u(de)
=0

Yy y=0
< ’M{An,j} - Mn{An,j}‘

J:
— 0

a.s. (cf. Lemma 1 in Devroye and Gyorfi (1985b) or, with better constant in the expo-

nential upper bound, cf. the proof of Lemma 23.2 in Gyorfi et al. (2002)). O

4.2 Proof of Theorem 2

In the sequel we use the notation

1 n
vyn(A) = - Z Iy,—y x;eA)
i1

and with this notation the partition estimate is given by

Vyn(An(2))

Thus,
[ 3o 1Patsle) ~ PAY = g1 = o) ulie)
y=0

[e.9]

S RN D
‘2/ pn(An(@)) P =ylX =} ulda)
=35 [ [Pt - Py = uix = o} i)
.- vyn(4)  vyn(4) "
: Z‘BAE;/A e
- vyn(4) P{Y =y X €A} .
+§A;n/,4 n(A) p(A) ’“(d )
D33 [ PSR = gl = o) utao

13



- (A) Vy,n(A)
IPI ey |
> uyn( PV =y, Xc4}
Z 27; 1(A)
+§:§:/:HY_%§GA}3HY—MX—M )
y=0 AcP,
5 S tald) | —
%myoy in(A)  u(A)

+Z D lvyn(A) —P{Y =y, X € A}

y—OAEPn
[(|PE=2 28 ey = yix = ol o)
y=0 AeP, )
< 37 [pnlA) - p(A)]
AEPy,
D) (A —P{Y =y, X € A}|
y—O AeP,
P{lY=9yXcA
E=b 8 ey — g1 = o) u(a),
y=0 AeP, )

where we have used for the last inequality that

ZV% ) = kn(A).

Since n- i, (A) is binomially distributed with parameters n and p(A) we get by Cauchy-

Schwarz inequality

Y Ellun(A) —nA < Y VE{(ua(4) - u(4)?)

AePy, AEPy,

> A

AePy

IN

By Jensen inequality we have

<a1—|—...+al)2<a%+...a12
l - l ’

14



which implies
ar+ .. +a <y Jl(a+ . ad).

Using this inequality in the sum above for the c15/h% many cells A € P,, contained in the

bounded support of X (which are the only ones with u(A) # 0) we conclude

> Bl —a( Al <[22 (ValA)/n)

AEP, & A€Pn

- s

o AeP,

Similarly we get

D E{lyyn(4) —P{Y =y, X € A}]}

=5,
<33 Bl - PY =y X € AL
=5,
P{Y — ,X A
- ;)A%;n\/ {Y =y, X € A}
- Z 15D Acp, f;{ig— y, X € A}
B Z cl5Pn{Yhd y}
e
Finally
[P 2 8 ey —yix = ol o)
=5,
_ ;)A; / [, P{Y —5(61()— zhu(dz)  [4P{Y —5&;— z}p(dz) ()
) X%AZ; [ [L (Y = y|X = Z}H(Z{Y = ylX = o))

15



= ) - diam(A) - p(A)
<22 [ ple)
VY [ Oyt
y=0
<Vd-h, C*

Summarizing the above results, the assertion follows.

4.3 Proof of Theorem 3

In the proof we will use the following lemma.
Lemma 1 For arbitrary u,v € IRy we have

2|5

j=

7.6_’0

<2-|u—0l.

Proof. W.lo.g. assume u < v. Then

w o, v,
2| e
J=0
oo 1 oo ]
(VR (VR
< Z ﬁe - F +Z ﬁe - ?6

since 1 +x < e* (x € R).

Proof of Theorem 3. Proof of a): By Lemma 1 we get
[ 3" [Putuia = Py = 41X = o) u(aa)
y=0
_ / 3 ‘W emmnl@) _ M) )
e BL !

16




<. / mn() — () (dz) (15)

— 0

a.s. by Gyorfi (1991) (see also Theorems 23.3 in Gyorfi et al. (2002)).

Proof of Part b): Using (15),

E{/i Pn{yx}P{YyXx}u(dw)} =2 \/ {/'m" )}
-

< C4

T n-hd

where the last step can be done in a similar way as the proof of Theorem 4.3 in Gyorfi et

+cs5 - hm

al. (2002). O

4.4 Proof of Theorem 4

Introduce the notation
v(A,B)=E{v,(A,B)} =P{X € A)Y € B},
then

[ [ 1501 = i) Ayt

- — F(ylw)| A(dy)u(dz)
- 3 3t S| e
Un( A B) w(A, B) X
PPN Ao u()A()’()(d)
Un ( A B) v(A, B)
+ - A(dy)p(da)
AZ;BZQ// (B) ~ u(4)-A <B>‘ o
— f(ylz)| Ady)p(d)
AePy, BEQ,
B un A B) (A, B)
" 2 25 (B u(A)-A<B>‘“(AWB)

17



v(A, B)
AEP, BEQ, “(A)')‘(B)’M(A))\(B)
— fyle)| Mdy)p(de),
AePn BEQn

therefore

[ [ 15k0) = sul)| M@y

1 1
IR E R

AcPn BEQn

+ Z Z ’Vn(AaB)_V(AvB”

AeP, BEQ,

— f(ylz) | Mdy)p(dz)

A€ePy, BEQ,

< 3 Jin(A) — p(A)] (16)

AePy

+ 3 Y (w4, B)—v(A, B)] (17)

AeP, BEQ,

— f(ylz)| A(dy)p(dx), (18)

A€P, BEQ,

where we have used for the last inequality that

S Va4, B) = pa(A).

BeQ,

Because of (11), (16) tends to 0 a.s., while (11) and (14) imply that (17) tends to 0 a.s.

(cf. Lemma 1 in Devroye and Gyorfi (1985b)).

Concerning the convergence of the bias term (18), introduce the notation

fA (z) an (du) (dz)

then
AeP BeQ,
vy / / JuJs S — )| M)
AP, BEQ, (B)

18



— / / | Fullz) — F(yl)| A(dy)u(da)

— 0,

because of the conditions (10) and (13). This convergence is obvious if f(y|x) is continuous
and has compact support. In general, we use that f(y|x) € Li(p x A), and refer to the
denseness result such that the set of continuous functions in Li(p x A) with compact
support is dense in Li(p x A) (cf., e.g., Devroye and Gyorfi (2002)). An alternative
technique would be the Lebesgue density theorem (cf., e.g., Lemma 24.5 in Gyorfi et al.
(2002)), which is a pointwise convergence, and together with the Scheefe theorem and the

dominated convergence theorem we are ready. O

4.5 Proof of Theorem 5

Because of the proof of Theorem 4,

£{ [ [ 1htolo) — st Naputa) |

< Y E{|un(A) - p(A)[}

AePy,
+ 3 > E{|jw(4,B) - v(A,B)|}
AeP, BEQ,

V(Au). Buw)
W(An@) MBaw) Y

/]

According to the proof of Theorem 2, the condition that X is bounded implies that

A(dy) p(dz).

> B{lun(A) — (A} < /2
AePn, "

and, similarly, using X and Y are bounded we can show

Z Z E{|lvn(A,B) —v(A,B)|} < C16

n-hd. HY"
AeP, BEQ, n n

Concerning the rate of convergence of the bias term we observe
v(An(z), Bn(y))
— f(ylz)

19

A(dy) p(dz)




— [(ylz)| AMdy)p(dz)
AEP,, BEQ,
-Tx / / Jals! fjl') N ko) At
D)) [ [ Ll TUNGIRE) ) 4
) [ [ Al S
> [ [ ) Sl 0n0)

Applying the conditions the theorem we get that
v(An(z), Bn(y))
— fylz)
// ‘M(An(x)) A(Bn(y))

23 // JaJpCi(z) - V- Hn)\(du)“(dz))\(dy)u(dx)

p(dz)A(dy)

A€Pn BEQy A) )\(B)
2PN S Ang( e
/01 1(dz)A(Sy) - JC?H+/02 ) - Vd - hy,

where Sy is the bounded support of Y. O
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