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Abstract

The rates of convergence of plug-in kernel, partitioning and nearest neighbors classifica-
tion rules are analyzed. A margin condition, which measures how quickly the a posteriori
probabilities cross the decision boundary, smoothness conditions on the a posteriori prob-
abilities and boundedness of the feature vector are imposed. The rates of convergence of

the plug-in classifiers shown in this paper are faster than previously known.
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vergence.

1 Introduction

Let (X,Y), (X1,Y1),(X2,Y3),... be i.i.d. random variables with values in IR? x {0,1}. In
classification we want to predict Y given the value of X, i. e., we want to find a classifier

f:IRY — {0,1} such that the misclassification risk
P{f(X) #Y}
is as small as possible. Denote by
m(z) =P{Y =1 X =z} =E{Y|X =z}

the a posteriori probability of Y given X = z. Then the Bayes classifier, i. e., the

classification rule with the smallest misclassification risk

P{ff(X)#Y}= min P{f(X)#Y}

fRE—{0,1}

is given by

1 if m(x 1/2
) = S

0 otherwise

(cf. Devroye, Gyorfi and Lugosi (1996), Theorem 2.1.) In applications, the distribution
of (X,Y), and hence also this optimal classifier are unknown. But often it is possible to

observe a sample

Dy ={(X1,Y1),...,(Xn,Y,)}

of the underlying distribution, and then the task is to learn a classification rule f,(-) =
fn(-,Dy) R? — IR from this data. For an introduction to pattern recognition and
classification we refer the reader to the monographs Devroye, Gyorfi and Lugosi (1996)

and Vapnik (1998).



In this paper we consider so—called plug-in classifiers, which estimate the regression
function m by a regression estimate m,(-) = mu (-, Dy) : IR? — IR and define the classifi-

cation rule by

1 if mg,(z 1/2
. (2) > 1/ 0

0 otherwise.

The rate of convergence of the difference between the misclassification risk of the plug-
in classifier and the optimal misclassification risk is related to the error of the regression
estimates. For a long time the following rather trivial bound was a main tool in this

domain:

P{fu(X) #Y} = P{f"(X) £ Y} < 2- E{jmn(X) = m(X)[} < 2 VE[m,(X) — m(X)[

(cf. Theorem 2.2 in Devroye, Gyorfi and Lugosi (1996)). It is well-known, that it is
possible to construct for (p, C')-smooth regression functions (i. e., roughly speaking the
functions that are p-times continuously differentiable) regression estimates such that the

expected Lo error
Ejim, (X) — m(X)]? = B / mn(z) — m() PPy (dx)

converges to zero with the rate

=2/ (2p+d)

(cf. Stone (1982), or Gyorfi et al. (2002)). So for (p, C')-smooth a posteriori probabilities

and suitably defined plug-in classifiers we have the bound
P{fa(X) £ Y} = PU(X) £ Y} < o - #/04)

and for large p the rate of convergence of the so-called excess risk achieves rates up to

n_l/z.

Recently, it was shown that under so-called margin condition
_ 1 _
EIcEIa>O:P{0<]m(X)—§\<t}§c-t (2)
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for all t > 0, one can derive much better rates than n=1/2. Corresponding results concern-
ing classifiers based on empirical risk minimization can be found, e.g., in Audibert (2004),
Mammen and Tsybakov (1999), Massart and Nédélec (2003) and Tsybakov and van de
Geer (2005). For plug-in classifiers it was shown in in Audibert and Tsybakov (2005) that

assuming margin condition (2) one gets

P{fu(X) #Y} -P{{(X) # Y} < (E/ [ (X) — m<X>PPX<dx>) e

(cf. Audibert and Tsybakov (2005), Lemma 5.2), which implies that for (p, C'))-smooth
regression functions and suitably defined plug-in classifiers we have the bound

2p-(1+a)

P{f(X)£Y}—P{f*(X) £ Y} <cy-n Tordrta) (4)

so for large o we can get rates up to n~L.

Furthermore, it was shown that under the
margin condition and by imposing restrictions on the distribution of X such as existence
of a bounded density with respect to the Lebesgue-Borel measure one gets for estimates
defined by minimizing the empirical risk on a special covering (these estimates are hard

to compute in practice) for (p, C')-smooth regression function under the margin condition

p-(1+a)

P{fu(X) £ Y}~ P (X) £V} < c5on” Groia, (5)

If, in addition, X has a density with respect to the Lebesgue-Borel measure bounded
away from zero and infinity, then it was shown that suitably defined local polynomial
kernel plug-in classifiers (these estimates are easy to compute in practice) satisfy

p(l+a)

P{fu(X) Y} =P{f"(X) #Y} <cy-n 2+ (6)

(cf. Theorems 4.3 and 3.3 in Audibert and Tsybakov (2005)). In (6) one can get for large o
rates better than n~!. However, the assumption on the distribution of X somewhat limits
the value of this result. The margin condition (2) measures how quickly the a posteriori

probability crosses the decision boundary {z : m(z) = 1/2}. It depends on the distribution



of X and on the steepness of the regression function near the decision boundary. But if
we require as in (6) that X have a density with respect to the Lebesgue-Borel measure
bounded away from zero, then for p > 1 the class of distributions of (X,Y") which yield m
(p, C)-smooth and which fulfill the margin condition for @ > 1 is very narrow.

In this paper we improve the bound (4) without assuming existence of a density of X.
As main result we prove bounds which are for d -« > 2 better than (4) but not as good as
the one in (5) for kernel, partitioning and nearest neighbor plug-in classification rules and
p < 1. In case a density of X exists which is bounded away from zero we provide for kernel
and partitioning plug-in classifiers simple proofs of (6) for p < 1. In contrast to Audibert
and Tsybakov (2005) this result does not require that the density of X is bounded away

from infinity. The main results are formulated in Section 2 and proven in Section 3.

2 Main results

In the sequel we make the following three assumptions on the distribution of (X, Y):

(A1) There exists ¢ > 0 and o > 0 such that for all 6 > 0 we have
1 = sl+a
E[m(X) = Sl Lmoo-gj<ep g S €077

(A2) X €10,1)¢ a.s.

(A3) There exists 0 < p <1 and C' > 0 such that m(z) = E{Y|X = z} is (p, C)-smooth,
ie.,

Im(z) —m(2)] < C - ||z — z||P for all z,z € [0,1]¢,
where ||z — z|| is the Euclidean norm of z — 2.

Note that the margin condition (A1) is slightly weaker than the margin condition (2).



First we consider the Nadaraya-Watson kernel estimate (Nadaraya (1964) and Watson

(1964)) defined by

Z?:1K<IZ;XZ> Y 0
n —Aq
S K (5)
with naive kernel K : IR — IR, given by K(u) = Lfjjuj<1; and bandwidth hy, > 0. The

plug-in classifier is then defined by (1).

Theorem 1 Assume that the distribution of (X,Y) satisfies (A1), (A2) and (A83) and

that the plug-in kernel classification rule is defined as above with bandwidth

S S
hy, =n dtp-G+a),

Then

p-(1+a)

P{fu(X) # Y} =P{f"(X) £ Y} <c5-n rEratd,

If we add restrictions on the distribution of X, we can improve the rate of convergence

above:

Theorem 2 Assume that the distribution of (X,Y) satisfies (A1), (A2), (A3) and, in
addition, assume that X has a density with respect to the Lebesgue-Borel measure which
18 bounded away from zero. Let the plug-in kernel classification rule be defined as above
with bandwidth

1
h, =n 2vtd,

Then

_p(1+a)

P{fu(X) #Y} —P{f"(X) A Y} < cs-n 25 .

Next we consider plug-in classifiers based on partitioning estimates. Let P,, be a cubic
partition of IR? into cubes with side-length h,, > 0. For z € IR? let A, (x) be that cube

Ajn € Py with o € Aj,,. Then the partitioning estimate with partition P, is defined by

S (50 Y 0,
Yo La, (@) (X3) 0 '

mp(z) =
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Let f,(x) be the corresponding plug-in classification rule defined by (1). In the same way

as Theorem 1 we will show

Theorem 3 Assume that the distribution of (X,Y) satisfies (A1), (A2) and (AS3) and

that the plug-in partitioning classification rule is defined as above with cubes of side-length
1
hn = ni d+p-(3+a) .

Then

p(1ta)

P{fu(X) #Y}—P{f*(X)#Y} <7 -n »Bra+d,

Under restrictions on the distribution of X, we get again a better rate of convergence

than above:

Theorem 4 Assume that the distribution of (X,Y) satisfies (A1), (A2), (A3) and, in
addition, assume that X has a density with respect to the Lebesgue-Borel measure which
s bounded away from zero. Let the plug-in partitioning classification rule be defined as
above with cubes of side-length

h, = n_Tlﬂl.

Then

p(1ta)

P{fu(X) #Y} ~P{f"(X) A Y} <cs-n "2 .

Next we consider nearest neighbor regression estimates. For z € IR? let
(X (@), Y1) (2)), -+, (X () (2), Yy (2))
be a permutation of D,, such that
e = Xpy(@)| < ... <lz = Xy (@)]]-

In case of ties, i.e., in case ||z — X;|| = [Jx — Xj||, we assume that the data point with

the smaller index comes before the other data point. For k,, € {1,...,n} the k,nearest



neighbor estimate is defined by

k
1 n
man(2) = 1~ > Y.
" i=1
Let f,(z) be the corresponding plug-in classifier.

Theorem 5 Assume that the distribution of (X,Y) satisfies (A1), (A2) and (A3) and
that the plug-in nearest neighbor classification rule is defined as above with
2p
Fin = [log(n) - 7 |

Then

p-(1+a)

P{fo(X) £ Y} —P{f*(X) £Y} < ¢y -log(n)" -n rEra+d

for some r > 0.

Under restrictions on the distribution of X, we will show again a better rate of con-

vergence:

Theorem 6 Assume that the distribution of (X,Y) satisfies (A1), (A2), (A3) and, in
addition, assume that X has a density with respect to the Lebesgue-Borel measure which
18 bounded away from zero. Let the plug-in nearest neighbor classification rule be defined
as above with

2
kn, = log?(n) i,

Then

_p(+a)

P{fu(X) # Y} — P{f*(X) # Y} < exo - log(n) & 0+ . ="z

Remark 1. For p <1 and d-« > 2 the rate of convergence in Theorems 1 and 3 is better
than in (4), but worse than in (6). However, as already mentioned in the introduction,
these theorems do not require the existence of a density of X with respect to the Lebesgue-
Borel measure, and therefore in Theorems 1 and 3 there is no contradiction between the

margin condition and smoothness of the regression function for large o and large p.



Remark 2. For large « the rates of convergence in Theorems 1, 3 and 5 approach the
parametric rate n~!. In Theorems 2, 4 and 6 the rate of convergence is even better than
n~! for large a, but because of the restrictions on the distribution of X the class of
distributions of (X,Y") satisfying the assumptions of Theorems 2, 4 and 6 is rather narrow
for «a large.

Remark 3. In the proofs of the above theorems we analyze the rate of convergence of
the pointwise error of local averaging estimates. This pointwise error was also analyzed in
Devroye (1981, 1982), Greblicki, Krzyzak and Pawlak (1984), Gyorfi (1981), Mack (1981)

and Walk (2001).

3 Proofs

3.1 Proof of Theorem 1

By Theorem 2.2 in Devroye, Gyorfi and Lugosi (1996) we have for any §,, > 0
P{fn(X) #Y} -P{f"(X) #Y}
= E{2m(X) = 1] Ly 02001

=2-E{Im(X) = 1/2] - Ljm(x)-1/21<60} * Lfn () 2F(X) |

+2-E{|m(X) = 1/2] - 1m0 —1/2560} - Lfu(X)£f(X) ) -

If fr(X) # f(X) then |m(X) — 1/2] < |mp(X) — m(X)|. Using the margin condition

(A1) we conclude
P{fa(X) # Y} =P{f"(X) # Y} <26, " + P{|mn(X) — m(X)| > d,}.

Put

_ > K (xﬁ,i() -m(X;)
SLK ()




Then

P{|mn(X) = m(X)| > én}

< P{[mn(X) — i (X)| > 6n/2} + P{|a(X) — m(X)| > 6n/2}.
First we bound

P{|mn(X) - mn(X)| > 571/2}

= /P{|mn(1:) — 1 (x)| > 6, /2P x (dx)

ol

hn
*Z—x,xj (Y5 = m(Xi)) on
Using K2(u) = K(u) (u € IRY) we get by Hoeffding inequality (cf., e.g., Lemma A.3 in

> %}Px(diﬁ).
mia X KR

Gyorfi et al. (2002))

1 n K x—X; 5n
i 2 K (=) n

2-n-(0,/(2n))?

- T— X
lzn K2(51)
n 1=1

<2-exp

hn
—-X;

(S k()

1< r—X;
=2-exp —§ZK( . J)-dz)
j=1 "

=S K5 )< h P (Sa ) ~log?(n)}

1
+2 - exp <—4 n-Px(Syh,) - (5%) - exp (

log?(n) - 67
: .

If we choose d,, such that d,, < 1/log(n) we get
P{’mn(X) - mn(X)’ > 571/2}

" - X; og?(n
< /P {:L ZK(JUhiX]) —Px(Szn,) < —% “Px(Sen,) — 1 gn( )}Px(dl’)
j=1 "

+4-/exp (—jl n-Px(Sen,) '57%) Px(dz).

Using
T — Xj
hy,

X

x J—
) = Iix;es,n,y and V(K(Tj)) < Px(Szh,)

K(

10



(where S; 1, denotes the (closed) ball of radius h,, around x) we can bound the probability

in the first integral by Bernstein inequality (cf., e.g., Lemma A.2 in Gyorfi et al. (2002)).
This yields

1< x—X; 1 log?(n)
P{-N"K 1y Py (S, = Py (Spp, ) — 2
" ;21 () = Px(Se) < =5 - Px(San) -

2 n
o e <_ - ($Px(Sen,) + HE00 2 )
=~ 2
2P x (Supn) + 2+ (3P x(Spn,) + 2E) . (1-0)/3

. 11:) Sz log2(n)
<2-exp<—n (3Px(Sen,) + =)

41+2/3

14
< 2-exp <—3 . logz(n)> .
To bound the second integral we use inequality (5.1) in Gyorfi et al. (2002) and get

1
4- /eXP <—4 n-Px(Spn,) 52) Px (dx)

16 1 1 1
- n - 82 ) / Z ne PX(Sx,hn) : 572L - €Xp <_4 “n- PX(S;B,hn) : 53) : WPX(CL’E)

Sz, )
16 - max,er, u-e 1
< Px(d
<= e @ "
16 C11
<.
e mn-62-nd ®)

Putting together the above results we get

P{[ima(X) = ita(X)] > 6,/2} < 2 exp <—134 -1og2<n>) 16w

provided we choose §,, such that é,, < 1/log(n).

So it remains to bound

P{[rin(X) —m(X)| > 6n/2} = /P{Imn(w) —m(z)| > 6n/2}Px (dz).

Fix z € [0,1]¢ and define the event B, (x) by

By(z) = {zn;K <‘T ;nX> > 0} .

11




By triangle inequality and (p, C')-smoothness of m we have

[ (2) — m(z)]

S (m(X0) — mix)) - K (52
- n e (X, L (@) +m(@)1p, @)
Y K < T )
S Im(X) - m(@)] - K (52
< 1p, () + m(@)1p, )

K
n z—X;
S K (55)
< Chg + m(x)an(x)c,

where the last inequality follows from the fact that

X,
K (x - Z) #0 implies ||z — X[ < hp.
n

Hence

P{iitn(2) — m(z)| > 6,/2} < P {m(z)lp, e > 6,/2—C-h2}

" xr — XZ
< P K =
< T () o)
provided we choose d,, such that
Op>2-C-hb.

From this we conclude

. = T — X
P{|ri,(X) — m(X)| > 6,/2} < /P{Z%K( - ):0} Py (dz)
= /(1 —Px(Szn,))" Px(dx)
< /e_n'PX(Sz,hn)PX(dx)

1
< e |  —  P(d
S S o

ci
n-hd

n

IA

where the last inequality follows from inequality (5.1) in Gyorfi et al. (2002).

12



Thus we get for any d,, satisfying 2- C - hh, < 6, < 1/log(n)

P{fn(X) Y} -P{f*(X) #Y}
16 C11
e n-hi. 52

c1
n-hd’

n

14
+2- exp(— < log(n)) +

With 8, = 4-C - k% and h,, = n~ Y/ (d+pB+a) we get the desired result.

3.2 Proof of Theorem 2

Set

8y =2C - hE = 2C -n~ %7d

and for z € IR? let B, () be the event that

° r—X; 1
EjK ~—n-P
im1 < hn >> 2" x(San.)

where S p,,, denotes the (closed) ball of radius h,, around z. Because of

we get by Bernstein inequality (cf., e.g., Lemma A.2 in Gyorfi et al. (2002))

P(B,(z)) = P{iZK(x;Xi)—PX<Sx,hn>§—;-Px(sx,hn>}
i=1 n
< ex — n(%PX(Szvhn))Q
= P TP (Son )+ 2L Px(San,) - (1-0)/3

= oxp [ Px(San,)
P 8+4/3

< exp(—cig-n-hy).
Using this together with Theorem 2.2 in Devroye, Gyorfi and Lugosi (1996) we get
P{fn(X) # Y} -P{f*(X) #Y}
= E{2m(X) 1] L, 0201}

< 2-E{m(X) = 1/2| - Lm(x)-1/21<80} * Ln ()25 (0} )

13



+§:2 B {Im(X) = 1/2] - Lgi15, <pm(x)=1/21235,} * LX) £F(X)) " 1Bu(e) }
=1
+Z§Xp(—012 - h‘i).
If fo(X) # f*(X) then |m(X) — 1| < [m,(X) — m(X)|, from which we conclude
P{f.(X) # Y}~ P{f'(X) £ Y}
< 2-E{|m(X) = 1/2| - Lmx)-1/2/<5.} |

+ 2 E{ m(X) = 1/2] - Ljm(x)-1/21<295,}
j=1

P {|ma(X) —m(X)| > 2771 6, X, X1, .., Xy ) 1Bn(x)}
+exp(—ci2-n- hz).
Using the margin condition (A1) we get
2-E {|m(X) = 1/2] - Lpm(x)-1/21<6,} § < 266,
Next we fix j € IN, assume that B, (X) holds and bound
P{|m,(X) —m(X)| > 271 6,|X, X1,..., Xu}.

Set

X Yia K (ﬁf) -m(X;)
() = — .
i K (xh,i()

On B, (X) we have

- X-X;
ZK < - ) >0,
=1
and together with the (p, C')—smoothness of m this implies
S (m(Xy) — (X)) - K (5
Sy K (X
S b(X0) — m(X)] - K (555)
n X-X;
S k(55

|7 (X) —m(X)| =

N———

< sup [m(u) —m(v)]
u,UE[O,l]d7||u—U||§hn

14



from which we conclude that on B, (X) we have

P{|ma(X) = m(X)| > 277" 6,| X, X1,..., X}

bn
< P{’mn(X) - mn(X)’ + ? > 2j71 : 5n|X7X17~ . JXTL}

< P{|mn(X) — (X)) > 27726, X, X1,. .., X0}
n X—X;

K
1 - 6
=PJ-> ( hX_)X_ (Vi —m(X;)| > 222X, X, ..., X,
[ Zj:1K< h‘n]) n

By Hoeffding inequality (cf., e.g., Lemma A.3 in Gyorfi et al. (2002)) we can bound the

last term by

2n - (29725, /n)? P X - X;
2exp | — = @7Xi < 2exp | —2% 3522[( . J
1y hn =1 n
7 2=l o X=X\, =
(Zj:lK(T))

(where the last inequality follows from K?(u) = K(u) (u € IRY)), which, in turn, is

bounded on B, (X) by

2exp (—22"*4572171 -c13 hi) = 2exp (—22j*4402n*2p/(2p+d)n €13 - n*d/@p*d))

= 2exp(—cyy - 2Y).
Putting together the above results and applying the margin condition (A2) again yields

P{fn(X) # Y} - P{f"(X) # Y}

<26 +4Y E{ Im(X) = 1/2[ - 1p(x)—1/2/<2i5,) - €xP(—C1a - 22j)}
=1

+exp(—cio-n - hg)

oo
<2661 4 4. g1t Z 271(140) exp(—c14 - 2%) + exp(—c12 - n - hY)
j=1

_p(+a)
S ci5- N 2p+d |

15



3.3 Proofs of Theorems 3 and 4

The proofs are similar to the proofs of Theorems 1 and 2, therefore we give only the outline
of the proofs.
Let Ky(w,2) = 14,(2)(2). Then the partitioning estimate is given by

mp(z) = Yo Kn(z, X5) - Y;
' Z?:1 Kn(x, Xz)

and with
_ 2im K, Xi) - m(Xi)
Z?:l Kn(x’ XZ)

we get for 6, > 2C - hl as in the proof of Theorem 1:

M ()

P{fn(X) #Y} -P{f"(X) #Y}

<2c- 5112+a +P {‘mn(X) - mn(X)’ > 6n/2} +P {|mn(X) - m(X)| > 6n/2}
<2e-01TY 4 2. exp <134 -logQ(n)> +4- /exp <411 n-Px(Ap(x)) - 6,21> Px(dx)
—|—/P {f: Ko (2, X:) = 0} P (da).
i=1

Now using the similar argument as in (7) we get

/P {Zn: Ko (2, X:) = 0} Py(dz) = /(1 Py (A (2)))"Px (dx)

i=1

< /exp(—n'PX(An(a;)))PX(dx)
1 1
= o / P () X (%)

and

. / exp (—i Py (An(a)) - 63) Py(dr) < — . / Px(jn(x))wx).

e-n-o62
Let Ajpn,...,AN,n be those sets of the partition that overlap with [0,1]%. Then

N, < c16/h% and we have
Ny

1 - L b o Ihd
J B = [, ) < < enl

16



From this Theorem 3 follows as in the proof of Theorem 1.

Similarly Theorem 4 follows from the proof of Theorem 2 if we replace K ((x — X;)/hy)
by K,(x,X;) and Sgp, by An(z). O
3.4 Proof of Theorem 5
As in the proof of Theorem 1 we have

P{fu(X) # Y} =P{f*(X) #Y} <26, + P {|ma(X) = m(X)| > du} .

Put
1 &
() = . > m(X ().
" i=1
Application of Hoeffding inequality (cf., e.g., Lemma A.3 in Gyorfi et al. (2002)) condi-
tioned on X, X1, ..., X, yields
P{[mn(X) —m(X)| > 0n}
< P{’mn(X> - mn(X)’ > 571/2} + P{’mn(X) - m(X)‘ > 571/2}
< 2- €xp (_2 : kn : (571/2)2) + P{‘mn(X) - m(X)| > 5n/2}

Fix € IR%. By (p, C)-smoothness of m we have

kn
[ () —m(x)] < ki > Im(X (@) — m()]
moi=1

k
1 n

< ?ZC' | X @ — =l
" oi=1

< O Xgy — .

Hence

P (i, (X) — m(X)| > 6,/2) = / P{J1itn(z) — m(z)| > 6,/2}P x(dx)

/® {rXum) ol > (;;;)””}wx»

17
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Put ¢, = (3,/(2C))"/? and set p,,, = Px(Sz.,). Then
P {HX(kn) — JJH > En} = P {Z lsa:,en(Xi) < kn}
i=1

1< k
= P {n Z 1SI,€n (Xz) — Pz < ;n _px,n}

=1
1« ke p
= 1{p$,n<4k%} +P {n z; s, ., (Xi) = Pan < — <n" + a;,n) } .
1=

By Bernstein inequality (cf., e.g., Lemma A.2 in Gyorfi et al. (2002)) we can bound the

probability on the right-hand side above by

n - (kn/n + Drn/2)? n - (kn/n+ pen/2)
2o (_2 Pen(1=pen) + 2 (kn/n +px,n/2)/3> < Zrexp <_ 112/3 )

< 2-exp<—1?11-k:n>.

We conclude

P{|mn(X) - m(X)| > 5n/2}

<2-exp (—134 . k:n> +Pyx <{:U : Px(Sze,) < 4%}) .

Choose a covering of [0, 1]¢ by balls Serien/2s -1 Oan, en/2 With radius €,/2 and such that

the number N,, of balls is as small as possible. Then
N, <ci7- Eﬁd
and we get

Py ({m  Px(See.) < 4’:})
k

PX ({.’B S Szk.,en/Z : PX(Sm,en) <4- n})

IN

n

IN

# I 107

n

K,
PX <{.’B (S Sxk,en/Z : Px(sxk7€n/2) <4- })

Px ({5” € Sxmn/?}) 1{PX(SIIWEH/Q)<4.’“n}

n

b
Il
—_
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Nn

= Px (Sopcn/2) Up (s, . y<ictn)
k=1

4k k
<N, —2 =g 2. 5P,
n n

where we have used the fact that © € S, , /o implies S, ., /2 C Sy, -

Gathering the above results we get

P{fn(X) # Y} - P{f"(X) #Y}

kn
<2¢- 0, +2-exp (=2 ky - (6,/2)%) + 2 exp (—134 : kn> +eig - 0,07
n

With
ky, = {log(n) nwﬁ%—‘
and
k. \ P/ ((1+a)p+d)
(3
n
we get the desired result. O

3.5 Proof of Theorem 6

Set

Sn = cro(ky /n)P/?.
Since X has a density with respect for the Lebesgue-Borel measure bounded away from
zero we get with e, as in the proof of Theorem 5 for each z € [0,1]¢

d/p
(5) 24.14:

_n on
2C n

PX(Sx,en) > Co0 <

provided we choose c1g sufficiently large. Using this and proceeding otherwise as in the

proof of Theorem 5 we get

P{fn(X) # Y} - P{f"(X) # Y}

< 2¢c- (5}["0‘ + 2 - exp (—2 k- (5n/2)2) + 2 - exp <_?:l . kn> .

19



With

2
k, = log?(n) - navid

the result follows. O
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